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Abstract

We consider mixtures of £ > 2 Gaussian components with unknown means and unknown covari-
ance (identical for all components) that are well-separated, i.e., distinct components have statistical
overlap at most £~ for a large enough constant C' > 1.

Previous statistical-query Diakonikolas et al. (2017) and lattice-based Bruna et al. (2021);
Gupte et al. (2022) lower bounds give formal evidence that, even for the special case of colinear
means, distinguishing such mixtures from (pure) Gaussians may be exponentially hard (in k).

We show that, surprisingly, this kind of hardness can only appear if mixing weights are allowed
to be exponentially small. For polynomially lower bounded mixing weights, we show how to
achieve non-trivial statistical guarantees in quasi-polynomial time.

Concretely, we develop an algorithm based on the sum-of-squares method with running time
quasi-polynomial in the minimum mixing weight. The algorithm can reliably distinguish between
a mixture of £ > 2 well-separated Gaussian components and a (pure) Gaussian distribution. As
a certificate, the algorithm computes a bipartition of the input sample that separates some pairs of
mixture components, i.e., both sides of the bipartition contain most of the sample points of at least
one component.

For the special case of colinear means, our algorithm outputs a k-clustering of the input sample
that is approximately consistent with all components of the underlying mixture. We obtain similar
clustering guarantees also for the case that the overlap between any two mixture components is
lower bounded quasi-polynomially in % (in addition to being upper bounded polynomially in k).

A significant challenge for our results is that they appear to be inherently sensitive to small
fractions of adversarial outliers unlike most previous algorithmic results for Gaussian mixtures.
The reason is that such outliers can simulate exponentially small mixing weights even for mixtures
with polynomially lower bounded mixing weights.

A key technical ingredient of our algorithms is a characterization of separating directions for
well-separated Gaussian components in terms of ratios of polynomials that correspond to moments
of two carefully chosen orders logarithmic in the minimum mixing weight.

1. Introduction

Gaussian mixture models (GMMSs) are among the most extensively studied statistical models in a
wide range of scientific disciplines Pearson (1894); Dasgupta (1999); Ashtiani et al. (2020). Over
the course of the last two decades, a major body of research explored what kinds of algorithmic
guarantees are feasible for GMMs Dasgupta (1999); Vempala and Wang (2002); Kalai et al. (2010);
Moitra and Valiant (2010); Hsu and Kakade (2013).

Recent years have seen significant algorithmic advances along two dimensions.
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The first kinds of advances concern mixtures of a large number of spherical Gaussians, i.e.,
Gaussians with identity I as covariance.! Several works showed how to cluster such mixtures in
time quasi-polynomial in the number k£ of components under a minimum mean-separation require-
ment of O(y/log k), which up to a constant factor matches the minimum separation that guaran-
tees clusterability of the mixture Hopkins and Li (2018); Diakonikolas et al. (2018); Kothari et al.
(2018). In a recent breakthrough, the running time has been improved to polynomial assuming a
slightly larger minimum separation of O(logl/ 2+¢ k) for any ¢ > 0 Liu and Li (2022). Even without
any separation requirement, it is possible to compute quasi-polynomially sized covers of the set of
means Diakonikolas and Kane (2020).

The second kinds of advances concern mixtures of a small number of Gaussian components
with unknown covariances. These advances extended previous algorithmic guarantees to the robust
setting, i.e., in the presence of a small constant fraction of adversarially chosen outliers. Concretely,
it is now possible to estimate the parameters of an arbitrary mixture of Gaussian components in the
presence of such outliers Bakshi et al. (2020a); Liu and Moitra (2021); Bakshi et al. (2020b). The
running time is polynomial in the ambient dimension but (at least) exponential in the number of
components.

One of the most outstanding challenges remaining in this area is to clarify what kinds of algo-
rithmic guarantees are possible when the number of components is large and their covariances are
unknown. So far, mixtures of a large number of Gaussian components with unknown covariances
have defied comparable algorithmic progress.” Indeed, there is formal evidence, in the form of
statistical-query Diakonikolas et al. (2017) and lattice-based Bruna et al. (2021); Gupte et al. (2022)
lower bounds, to suggest that this setting is computationally inherently harder than the spherical set-
ting. Specifically, these results suggest that even for £ components with tiny statistical overlaps, say
at most 2%, approximately clustering the components may require time exponential in k despite
the sample complexity being polynomial in d and k. Underlying this evidence is the well-known
parallel pancakes construction: Orthogonal to a randomly chosen direction w, all components of
this mixture distribution agree with a (pure) standard Gaussian distribution, and along direction u,
the components are well-separated but their mixture matches the first ¥ moments of a (univariate)
standard Gaussian distribution.’

In this work, we show that, surprisingly, this kind of hardness can appear only in the case
that mixing weights are allowed to be exponentially small. Indeed, we develop algorithms with
substantial statistical guarantees that run in quasi-polynomial time whenever the mixing weights
are bounded from below by a polynomial. Before our work, the best known running times to
achieve these kinds of guarantees were (at least) exponential in k. We hope that our work opens up

1. Many known algorithms for mixtures of Gaussians with covariance I4 also extend to somewhat more general settings,
e.g., the case that the covariances are different multiples of /4 or diagonal matrices (axis-aligned case) or that case
that the covariance is upper bounded in the Loewner order by I,. For our discussion, we focus on the simplest case
(all covariances identity) because, to the best of our knowledge, these kinds of generalizations are orthogonal to the
kind of generalization we aim for in this work.

2. A notable exception is a particular smoothed model for such mixtures when the ambient dimension is large enough
Ge et al. (2015).

3. As a consequence of this construction, all means are colinear with u. We also emphasize that these means are
well-separated relative to the variance of each component in direction u. However, since this variance is very small
(about k~°M), the standard Euclidean distance between the components is tiny. We remark that parallel pancakes
constructions have been discussed in the literature already before Diakonikolas et al. (2017). The influential work
Brubaker and Vempala (2008) provided an efficient algorithm for the case k = 2.
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a new direction of research on efficient algorithms for mixtures of well-separated Gaussians with
polynomially lower bounded mixing weights.
Within this new direction of research, we identify the following appealing open question:

Consider a mixture of k > 2 Gaussian components with unknown means
Ui, - i € R and unknown covariance ¥ € R**4 (identical for all com-
ponents) * and with minimum mixing weight pyin > 0. Suppose the compo-
nents are well-separated in the sense that any two distinct components have
statistical overlap at most pgﬂn for a large enough constant C' > 1.

Given a sample of size n > dC1°8(/Pmin)) " can we compute in time poly-
nomial in n a k-clustering of the sample that is consistent with the mixture
components on all but at most a pXC._ fraction of the sample?

We conjecture that such an algorithm does exist. Indeed, we confirm the conjecture for the
special case that the means are colinear (Theorem 2) and under a diameter bound (Theorem 3).
In the general case, our algorithm provides a somewhat weaker guarantee and computes only a
bipartition of the sample that separates at least one pair of mixture components (Theorem 1).°

We identify an interesting challenge in the context of establishing the above conjecture that our
techniques can partially overcome: Any hypothetical algorithm establishing the above conjecture
or our (non-hypothetical) algorithms inherently cannot be robust to even a tiny fraction of outliers
(assuming the hardness of the parallel-pancakes constructions in Diakonikolas et al. (2017); Bruna
et al. (2021); Gupte et al. (2022)). The reason is that a tiny 1/k'%° fraction of outliers are enough
to simulate these hard instances by adding components with appropriately decaying mixing weights
and spaced means. At the same time, many recent algorithmic approaches in the context of GMMs
are inherently tied to robustness. For example, certain kinds of identifiability proofs used in the
analysis of sum-of-squares based algorithms automatically imply robust algorithms. Also many
kinds of iteration schemes inherently require robustness for their subroutines in order to guarantee
that the next iteration can successfully deal with the errors introduced by previous iterations.

1.1. Results

Separating bipartition Suppose we are given a quasi-polynomial size sample of a mixture of k&
Gaussian components with unknown means i1, . . ., i, € R? and unknown covariance 3 € R%*¢
and with minimum mixing weight at least 1/%%° such that there exists a pair of mixture components
a # b with |22 (g — )| > Iogk. Then, as Theorem 1 shows, it is possible to compute in
quasi-polynomial time a bipartition of the samples such that, for each side of the bipartition, there
exists a component with 0.99 of its samples assigned to it.

Theorem 1 Given a sample of size n > (kd)o(log k) from a mixture of k Gaussian components
N(u1,%),. . N (ug, X) with minimum mixing weight at least 1/k*° such that max || S ~2 (11—

4. The hard instances in all lower bounds cited above are mixtures with identical covariances. A natural motivation
to consider identical covariances is affine invariance. Algorithms for the spherical case assume that the input data
is presented in a favorable affine transformation. However, a natural property desired for algorithms operating on
geometric data is to be invariant under affine transformations Brubaker and Vempala (2008).

5. The algorithm for the general case also computes such a bipartition under the weaker assumption that there exists
a pair of mixture components that has small overlap (as opposed to all pairs having small overlap). Under this
assumption full clustering is impossible and a partial clustering seems the appropriate guarantee to aim for.
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wp)|| > /log k, there exists an algorithm that runs in time n - d9Uoek) and returns with probability
0.99 a partition of [n] into two sets C1 and Co such that, if the true clustering of the samples is

S1, ..., Sk, then

max ’Cl N Sil >0.99 and max ’02 N Sil

1l iod 1221194 - g g9
i |Si] i 1S

For general mixing weights, the same result holds with k replaced by 1/pmiy in all guarantees.
See Theorem 11 for the full result.

Colinear means Suppose, in addition, that the mixture of Guassians is well-separated, i.e., the
minimum mean separation satisfies mingp||X""/2(uq — )| > vlogk, and that the unknown
means fi1, ..., (b are colinear. Given a quasi-polynomial number of samples from the mixture,
Theorem 2 shows that it is possible to compute in quasi-polynomial time a partition of the samples
into k clusters such that the fraction of samples assigned to incorrect clusters is polynomially small
in k.

For simplicity, in the theorem statement below we assume that all eigenvalues of 3 and all
eigenvalues of the covariance matrix of the mixture are polynomially lower and upper bounded in &
and d.

Theorem 2 Given a sample of size n > (kd)o(log k) from a mixture of k Gaussian components
N(u1,%), ..., Nk, $) with minimum mixing weight at least 1/k'%° such that min, 4[| S~1/2 (11—
)| > VIogk and pi1, ..., juy, colinear; there exists an algorithm that runs in time n®1°8%) and re-
turns with high probability a partition of [n] into k sets C1, ..., C, such that, if the true clustering of
the samples is S1, ..., Sk, then there exists a permutation 7 of [k] such that

k
1 3 —o(1)
_ . L < .
1 n s 1|CZOSW(1)\_I<:

For general mixing weights, the same result holds with & replaced by 1/ppin in all guarantees.
See Theorem 39 for the full result.

Given such a clustering, we can also recover the means and the covariance of the components
using robust Gaussian estimation algorithms Diakonikolas et al. (2019) or robust moment estimation
algorithms Kothari et al. (2018). For example, via Kothari et al. (2018), we obtain a multiplicative
approximation to the covariance (1 — k~9)% < 2 < (1 + k~9)% and a "covariance-aware”
approximation to the means ||X~2(j1; — ;)| < k=9,

Small radius If instead of colinear means we have bounded means || ~/2y;|| < R with R =
polylog(k), Theorem 3 shows that it is again possible to cluster the samples with a quasi-polynomial
number of samples and quasi-polynomial time.

Theorem 3 Given a sample of size n > (kcl)o(RzJ“log k) from a mixture of k Gaussian components
N(p1,%), ..., Nk, X) with minimum mixing weight at least 1/k*° such that min || S~/ (10—
)| > Viogk and |S~Y2 ]| < R, there exists an algorithm that runs in time nO@F*+108%) gng
returns with high probability a partition of [n] into k sets C1, ..., Cy, such that, if the true clustering
of the samples is S1, ..., Sy, then there exists a permutation w of [k| such that

k
1 -0
1- = E . L < (1)
- - ’Cz N Sﬂ.(l)‘ <k
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For general mixing weights, the same result holds with & replaced by 1/pmiy in all guarantees.
See Theorem 47 for the full result.

As in the case of colinear means, given such a a clustering, we can recover the means and the
covariance of the components.

Unlike our results for separating bipartitions and colinear means, this result follows from a direct
reduction to a previous algorithm for spherical components Hopkins and Li (2018). Concretely, we
observe that this algorithm requires only a rough multiplicative approximation (in the SOS sense)
of a polynomial of the form ¢(v) = ||X!/2v||* for some ¢ polylogarithmic in k. As we show, the
empirical moment tensor of the mixture readily provides such an approximation.

1.2. Related works

Comparision to recent algorithms based on lattice basis reduction Two independent works
(also independent and concurrent with our work) obtain polynomial-time algorithms for learning
parallel-pancakes mixtures for the case that the component variance is zero along the hidden di-
rection (infinitesimally flat pancakes)6 Zadik et al. (2022); Diakonikolas and Kane (2022). These
algorithms are based on the LLL lattice basis reduction algorithm Lenstra et al. (1982) and have a
completely different flavor than our algorithms and previous algorithms for Gaussian mixture mod-
els. However, these lattice basis reduction techniques are expected to be brittle and limited to the
case that the variance in the hidden direction is tiny.

Comparision to previous algorithms for mixtures with few components and unknown covari-
ances Like our algorithms, many recent algorithms for learning GMMs make use of the sum-of-
squares semidefinite programming hierarchy. While these algorithms and analyses have not been
designed for our setting, we find it still instructive to discuss the differences and similarities to our
algorithms.

Many of these algorithms also have in common that they employ the proof-to-algorithm paradigm,
which has become the predominant way to analyze algorithms based on sum-of-squares for sta-
tistical estimation problems. (For expositions of this paradigm, see Barak and Steurer (2014);
Raghavendra et al. (2018); Fleming et al. (2019).) This paradigm allows us to derive efficient esti-
mation algorithms in a black-box way from identifiability proofs formalized in the sum-of-squares
proof system.

As mentioned earlier, several recent algorithms consider mixtures of few well-separated Gaus-
sian components with unknown covariances in the presence of adversarial outliers Bakshi et al.
(2020a); Bakshi and Kothari (2020); Diakonikolas et al. (2020). While these algorithms have run-
ning times (at least) exponential in the number of components, their separation requirements are
also exponentially stronger than ours. Even in the case that all covariances are the same (X)) and
the well-separatedness stems purely from the means 1, . . ., tg, their identifiability proof requires
separation ||X~1/2 (g — pp)||> > k90 (e.g., (Bakshi and Kothari, 2020, Lemma 4.16)). In con-
strast, our separation condition is logarithmic in &, which is the weakest separation condition, up to
constant factors, that guarantees clusterability.

In order to deal with the kind of mild separation considered in this work, one could use one
of the (robust) algorithms for parameter learning or density estimation of general k-component
GMMs Moitra and Valiant (2010); Belkin and Sinha (2010); Bakshi et al. (2020b); Liu and Moitra

6. These works also crucially assume a mild bound on the bit complexity of the unknown means.
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(2021). While some of these works use separation between components in order to compute a rough
partial clustering of far-away components as a pre-processing step, there doesn’t appear to be a way
to further exploit milder kinds of separation. For example, Moitra and Valiant (2010) learns the
means of the mixture up to small error after projecting along a randomly chosen direction. This
kind of projection cannot be expected to preserve any kind of separation of the high-dimensional
mixture and even the sample complexity for recovering the means of this 1-dimensional mixture
may be exponential in k£ (as shown in Moitra and Valiant (2010)). Both of the more recent works
Bakshi et al. (2020b); Liu and Moitra (2021) end up enumerating subspaces related to the unknown
parameters of the mixture. To the best of our knowledge, their approaches cannot avoid this step
even for the kind of mildly-separated mixtures with lower bounded mixing weights considered in
our work.

2. Techniques

We consider uniform’ mixtures of k& > 2 well-separated Gaussian components N (u1,Y), ...,
N (ug, ¥) with unknown means p, ..., ux € R? and unknown covariance ¥ € R%*? (identical
for all components). Here, we say components are well-separated® if the maximum affinity® (also
called overlap) between two distinct components is bounded by 1/ k¢ for a large enough constant
C > 1. For Gaussian components, this notion of well-separatedness means

min |[57/2(uq — )| > VViog M
Distinguishing well-separated mixtures from (pure) Gaussians Our algorithms are informed
by investigating the parallel pancakes construction underlying Statistical Query lower bounds for
such mixtures. This construction provides a mixture of k£ well-separated Gaussian components that
appears to be exponentially hard to distinguish from the standard Gaussian distribution N (0, I;). In
particular, this mixture matches the first (k) moments of N (0, 1).

The starting point of our algorithms is the following observation: In order for a mixture with
k > 2 well-separated Gaussian components to match the first ¢ moments of N (0, I;), the minimum
mixing weight is necessarily smaller than 2~ In particular, if the mixture has uniform mixing
weights % then always one of its first O(log k&) moments distinguishes it from a standard Gaussian.

Underlying this observation is the following simple fact: A distribution uniform over k real
values can match no more than O(log k) moments of N(0,1). To verify this fact, let A be a ran-
dom variable uniformly distributed over &k (not necessarily distinct) real values. Then, for all even
integers s < t, the ratio of the normalized order-s and order-t moments of A is sandwiched in the
following way,

1
k,—l/s < (E As) /S
- (E At)l/t -
(This ratio is maximized if A is constant and minimized if P{A # 0} = 1/k.) In particular for
s = logy k, this ratio is lower bounded by 1/2. On the other hand, for B ~ N (0, 1), the normalized

2

7. In this section we restrict ourselves for ease of explanation to uniform mixtures. Our technical sections state all
results for non-uniform mixtures.

8. The term “clusterable mixture” is sometimes used in the literature to refer to mixtures with well-separated compo-
nents.

9. The affinity of two probability measures is defined to be 1 minus their statistical distance Pollard (2002).
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moments satisfy (E B")'/" = ©(r)!/2 and thus the ratio of normalized order-s and order-t moments
is ©(s/t)"/2. In particular, for some choice ¢ = O(s), this ratio is smaller than 1/2. It follows that
for this choice of s and ¢, the ratios of normalized moments differ for A and for B, which means
that either their order-s or their order-t moments differ. !

This observation about uniform mixtures of k& > 2 well-separated Gaussian components raises
two questions: (1) do the first O(log k) moments also allow us to identify parameters of the mixture
that are useful for clustering (in addition to allowing us to distinguish the mixture from N (0, 1)),
and (2) can we make make these results computationally efficient?

At a high level, we address question (1) by investigating ratios akin to Equation 2 between
multivariate polynomials of degree ©(log k) derived from moments of the underlying mixture. To
address question (2), we employ the proofs-to-algorithms paradigm (cf. Barak and Steurer (2014);
Raghavendra et al. (2018)) and translate our arguments to syntactic proofs captured by the sum-of-
squares proof system. These proofs then allow us to derive efficient algorithms (with running time
(kd)CUosk) or (kd)(los ©°™") in a black-box way.

From decision to search: separating directions and ratios of moments In order to address
question (1), we consider the goal of finding a direction v € R? that may be useful for clustering
in the sense that along direction v, two of the components are significantly further apart than their
standard deviation in this direction. More formally, we say that v is a separating direction for a

mixture of & Gaussian components with unknown means j1, . . ., i € R% and unknown covariance
¥ € R4¥4 if there exist two means e and pp such that
[t = 1, 0)| > V/og k- |10 ()

We note that this direction v witnesses that the overlap of the components N (114, 2) and N (up, )
is K~ Conversely, whenever the overlap of two components is that small, there exists a vector
v as above.

We aim to identify separating directions as solutions to inequalities between the following kind
of moment polynomials: For r € N, we denote the degree-2r moment polynomial pa, € Ra,[v] by

par(v) :=Ely — ¢/, v)*", 4)

where y, y' are two independent random vectors identically distributed according to a uniform mix-
ture of k Gaussian components N (u1,%), ..., N(uk, 2).

Using the fact that y — y’ can be expressed as a sum of two independent random vectors,
one distributed uniformly over {/q — tp}, ey and one distributed according to N(0, 2X), these
polynomials turn out to admit the following kind of approximation,

par(v) = (K727 | Mo, + ©() - | 4v]3) 5)

Here, A = /2 - Y2 M € R¥*4 consists of the differences of means (Ha — Mb)apelr] S
R as rows and ©(r) hides a nonnegative function upper bounded O(r) and lower bounded by
Q(r/k?/™). (Since we will only consider r > log k, we have k~2/" > Q(1).) Note that the first

10. This proof shows that in order to distinguish a uniform distribution over k values from N (0, 1), it is enough to
compare two moments of order logarithmic in k where the choice of orders depends only on & but not on the particular
distribution.
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term k2 - |M ’UH%: in (the binomial expansion of) Equation 5 corresponds to the order-r moment
of the uniform distribution over {/ia — tip}, e[y and the last term O(r)" - (v, 2Xv)" to the order-r
moment of N (0,2Y).

We claim that for an appropriate choice s < ¢ with s = ©(t) = O(logk), a direction v is
separating in the sense of Equation 3 if and only pog(v)'/* > po;(v)'/t. (Note that by convexity,
p2s(v)/* < pos(v)Y/* holds for all directions v.) Underlying this claim is the familiar fact that
for all 7 > log k, the norm || Mv||,, equals up to constant factors the maximum entry of Muv, i.e.,

maxgp|(ta — Hp, V).
Indeed, suppose that v is a separating direction. Then, pas(v) satisfies the lower bound,

pos(v)V/® > k25 rgggma — wp, V)2 (6)

Since s = O(log k), we have pas(v)'/* > max,p(ta — 1, v)?. At the same time, pa; (v) satisfies
the upper bound,
par(0)/" < ma(ua = puy,0)* + O(F) - [ 4w (7)

Since v is a separating direction and t = ©(log k), the upper bound is dominated by the first term
max,4p(tta — Hp, v)?. Taking together both bounds, it follows that pas (v)'/* > pay(v)!/t for every
separating direction v.

Conversely, suppose that pgs(v)l/ $ 2 por(v)'/* and our goal is to show that v is a separating
direction. We lower bound py;(v) using the last term in the approximation Equation 5 and apply the
upper bound from Equation 7 to pas(v). In this way, we obtain the inequality

1/t

Q(t) - || Av|}3 < rgggdua — 1, 0)? + O(s) - | Avll3. ®)

By choosing ¢ to be a large enough constant multiplied by s, we can ensure that the second term on
the right-hand side is negligible. In this case, v satisfies max, 2, (pq — o, v)2 > Q(t) - || Av||3 for
t = O(log k), which means that v is a separating direction.

Challenges toward efficient algorithms for clustering Disregarding computational efficiency,
the above characterization of separating directions in terms of ratios of moment polynomials sug-
gests the following simple strategy for clustering uniform mixtures of Gaussian components N (u1, X2),
.. N(pg, 2): we find an e-cover of all separating directions by brute-force searching for an e-cover
of all solutions to an explicit polynomial system of the form {pss(v) = 1, pa(v) < O(1)'}. Each
separating direction gives us some information about what pairs of sample points belong to differ-
ent components. For large enough mean separation min(wngZ‘_l/ 2(1tq — po)|| > logk, we can
hope that by considering all such directions, we collect enough information to be able to extract a
clustering of the sample that is approximately consistent with the components of the mixture.

This naive approach would require access only to moments of order O(log k) (which could be
accurately estimated from a sample of size d°(1°¢%)) but the running time is exponentially large (due
to brute-force searching for solutions to a polynomial system).

A natural strategy to make this approach computationally efficient is the sum-of-squares hier-
archy of semidefinite programming relaxations for systems of polynomial inequalities. Indeed, we
can show that the above characterization of separating directions is faithfully captured by the sum-
of-squares proof system underlying the sum-of-squares hierarchy. Unfortunately, it appears to be
challenging to carry out the rounding step in full generality, i.e., extracting from the sum-of-squares
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hierarchy enough separating directions to separate all pairs of components and obtain a complete
clustering of the sample.!!

However, we can show that using the sum-of-squares hierarchy, it is possible to separate at least
some pairs of components of the mixture by what we call a separating polynomial. Furthermore,
for the special case of well-separated components with colinear means, we provide a more careful
analysis and show that in this case the sum-of-squares hierarchy does offer enough information to
extract a complete clustering.

Efficiently computing a separating polynomial As discussed above, we consider the goal of
separating some pairs of components of a mixture (as opposed to the stronger goal of separating all
pairs of components as would be required for a complete clustering). One way to achieve this goal is
by finding a separating direction in the sense of Equation 3. In light of our previous characterization
of separating directions, a natural starting point is a sum-of-squares relaxation for a polynomial
system A of the form {pas(v) = 1, pai(v) < O(1)'} for appropriate s < ¢ satisfying s = ©(t) =
O©(logk).

Unfortunately, the structure of the set of separating directions does not appear to be amenable
to the usual kind of rounding techniques for sum-of-squares relaxations, and it appears to be chal-
lenging to extract a single separating direction. To overcome this obstacle, we allow our rounding
procedure to output a more general object, called a separating polynomial, that still allows us to
separate some pairs of mixture components.

Recall that a solution to a sum-of-squares relaxation for a polynomial system .A can be inter-
preted as pseudo-distribution D that behaves in certain ways like a distribution supported on vectors
satisfying A. More concretely, the pseudo-distribution D satsifies (in expectation) all polynomial
inequalities that can be derived syntactically from A by a low-degree sum-of-squares proof (see
Section A, especially Definition 4). The previously discussed characterization of separating direc-
tions in terms of the polynomial system .4 turns out to be captured by low-degree sum-of-squares
proofs. Concretely, we can derive from A via low-degree sum-of-squares proof the polynomial
inequality'? ||Mvl|35 > (Clogk)® - ||Av||3® (corresponding to Equation 3). Here, C' > 1 is an
absolute constant that we can choose as large as we like. Consequently, the pseudo-distribution D
satisfies this inequality in expectation, ED(U) |Mvl||3s > (Clogk)* - fED(v) | Av||3° . By linearity of
(pseudo-)expectation, there exist distinct components a # b such that

E (g — pp,v)?* > k72 B ||Mo|2 > (k725 - Clogk)® - E ||Av|3*. )
Dmm [y, ) > D(U)H 125 = ( gk) D(U)H 12

We extract the following polynomial from this pseudo-distribution,

q(u) == E)(u, v)% . (10)

11. In the context of estimation problems, rounding procedures for sum-of-squares hierarchies tend to work well if there
is a unique target solution (e.g., a planted sparse vector in a random subspace) or if there is a small number of target
solutions (e.g., the components of a low-rank tensor). One could try to simplify the structure of the set of separating
directions, e.g., by focusing on “extreme” separating directions of the form v = X! (1, — 3). Unfortunately, we do
not know the same kind of characterization in terms of polynomial inequalities for such a simplified set of separating
directions.

12. Here, we reuse the notation introduced in the context of Equation 5.
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By construction, q(u, — pp) equals the left-hand side of Equation 9. At the same time, letting
Y,y ~ N(ue, ) and w ~ N(0, ), we have

Eq(y —y') = Eq(Aw)

= E E(v, Aw)?
D(v)

= (2s— D' E ||Aw]||%*
( ) D(U)H 5

Consequently, since s = ©(log k) and (2s — 1)!I! < O(s)?,

q(fta — 1)

(k=2/5 . Clogk)* .
E o Aw) > Q(0)°. (11

(2s — ! -

>
For an appropriate choice of C' > 1, the right-hand side above is at least 10°. Since by convexity

E q(pa — p + Aw) > q(uq — pp), we obtain the following inequality,

Eq(pa — pp + Aw)
E q(Aw)

> 10°. 12)

This inequality shows that the polynomial g(u) separates the components N (pq, ) and N (puyp, X2)
in the following sense: The numerator of Equation 12 is the typical value of ¢(y — y') for y ~
N(pia, X) and y’ ~ N (pp, X). The denominator of Equation 12 is the typical value of ¢(y — y') for
Y,y ~ N(ue, X) and all ¢ € [k]. Equation 12 asserts that the gap between these values is at least
10°.

The polynomial ¢(u) can be used to compute a bipartition of the sample that separates at least
one pair of components. Note that ¢(u)'/?* = (E D) (U V)% )1/25 satisfies the triangle inequality
(see Lemma 4.5 in Barak and Steurer (2014)). Then we can define the distance function dy(z, y) =
q(x — y)l/ 25 and use it in a greedy algorithm in order to obtain the bipartition.

Efficiently computing a clustering for colinear means For the case that the means are colinear,
we consider a strengthening of our previous approach. Instead of trying to solve a polynomial sys-
tem of the form {pas(v) = 1, pa¢(v) < O(1)"}, we aim to solve the following related optimization
problem:

1/t
minimize M subjectto v € R, (13)

P2s (7})1/8
Algorithmically, we again employ an appropriate sum-of-squares formulation.

To simplify some of our arguments, it is useful to preprocess the mixture and bring y — v/
in isotropic position so that 1%2 22717:1(/% — o) (pta — )" + 2% = I;. (Here, y,y are two
independent random vectors distributed according to the mixture.) For every vector v, we denote
by vl its orthogonal projection into the span of {pta — /Lb}a,be[k} and by v+ = v — vl its projection
into the orthogonal complement.

Every optimizer v of Equation 13 necessarily satisfies,

p2t(v)1/t p2t(UH)1/t
20V = a7 <0(1). (14)

10
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Here, the upper bound O(1) hides an absolute constant whenever we have well-separated compo-
nents and logk < s < t. The argument for this upper bound is similar to our discussion for the
characterization of separating directions.

We can also use the decomposition v = vl + v for our previous approximation Equation 5 of

moment polynomials,
2 2 L2 T
vour (o) s
2r 2 2

Here, we use that after bringing y — ¥’ in isotropic position, the covariance ¥ acts as identity
orthogonal to the span of {11q — fip}, e (s In particular, Av = Avl vt and || Av|)3 = || Avll |3 +
L”2

2.

o) = (k72 [

o
An immediate consequence of Equation 15 is the following representation of the ratio we seek
to minimize,

p2e ()" (W)Y O() - [lt]IE £ O(2) - || Avl |3
Pas()V/ pas ()5 +O(s) - o3 £ O(s) - [[ Al
We claim that for an appropriate choice of s and ¢ Equation 16 and Equation 14 together imply that
v v!l||. Indeed, for the sake of a contradiction, suppose |[v—|| > ||Av'|| so that the terms

| < ||Avll||. Indeed, for the sake of dicti PP L Aol hat th

involving || Avll|| in Equation 16 are negligible. But then, if we choose t as s times a sufficiently
p2e ()1 +O(1)- [0t 13 pat (vt

p2s(vl)1/+6(s):Jv L3 p2s(vll)1/=”
which contradicts our optimality condition Equation 14. (For this argument, we are also using the

previous upper bound % < O(1) from Equation 14.)

It turns out that in order to compute a clustering for colinear means, it suffices to find a vector
satisfying |[ot]| < || Avl]].

We note that the algorithm we present in Section C and Section D to find such a direction v fol-
lows a somewhat different strategy and minimizes ratios of the form ||v]|3 /p2s (v)'/* or pas (v) 1/t /|03

via appropriate sum-of-squares formulations.

(16)

larger constant factor, the remaining ratio

is strictly bigger than
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Appendix A. Preliminaries

In this section we introduce sum-of-squares proofs and their duals, pseudo-distributions and pseudo-
expectations.

Sum-of-squares proofs.

Definition 4 (Sum-of-squares proofs) Let p(z) and q1(x), ..., gm(x) be polynomials over x € R"
and let A = {q1(x) > 0, ...,gm(x) > 0} be a system of polynomial inequalities. A sum-of-squares
proof of degree t that p(x) > 0 under A is an identity of the form

p(x) = (Zm )Hq] (17)

SClm] \i=1 jes
for polynomials rg;(z), such that maxg; deg(rg,;(z)? Hjes gj(z)) <t

If there exists a sum-of-squares proof of degree t that p(:c) > (0 under A, we write A I% p(z) >
0. We also use the notation A li )if A lﬁ p(z) —g(x) > 0and A l% p(z) < q(z) if
A I— ) > 0. If A = (), we omit it altogether and write lT p(z) > 0. We also sometimes
omit A 1f it is clear from context What axioms are assumed. We note that if A l% p(z) > q(x) and
A l— ), then A l— p(z) > r(x), which allows writing chains of inequalities of the form

Akp >r<>

Pseudo-distributions and pseudo-expectations. We begin by defining pseudo-distributions and
pseudo-expectations.

Definition 5 (Pseudo-distributions) A pseudo-distribution D of degree t is a function from R" to
R with finite support such that Zzesupp (py D(z) = 1Land 3 )D(a:)p(:v)2 > 0 for all

polynomials p(z) with deg(p(x)?) < t.

z€supp(D

Definition 6 (Pseudo-expectations) Given a pseudo-distribution D of degree t, the associated
pseudo-expectation ED is defined by E, @f(x) = ZmEsupp(D) D(z)f(x) for a function f(x).

We now define the notion of a pseudo-distribution that satisfies a set of polynomial inequalities.

14
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Definition 7 (Constrained pseudo-distributions) A pseudo-distribution D of degree t satisfies the
set of polynomial inequalities A = {q1(z) > 0, ..., qgm(x) > 0} if, for all S C [m)], it holds that
INED(JC)T(J:)Q [1cs qj(z) = 0 for all polynomials r(x) such that deg(r(x)? [[iesai(z) <t

D approximately satisfies A up to error 1 if, under the same conditions as in the previous case,
ED(J;)T(.’II)Q [Tiesai(z) = —n||r(z)?|2 [1;es lgj(@)]l2, where [|p(z)||2 denotes the 2-norm of the
vector of coefficients of the polynomial p(z).

The connection between pseudo-distributions and sum-of-squares proofs is made in Fact 8,
which shows that if a pseudo-distribution satisfies a set of polynomial inequalities, then it also
satisfies any other polynomial inequalities derived from this set through sum-of-squares proofs.

Fact8 If D is a pseudo-distribution of degree t that satisfies A and if A l% p(x) > 0, then
ED(I)r(x)Qp(x) > 0 for all polynomials r(z) such that deg(r(z)*p(x)) < t. If D approximately
satisfies A up to error 1, then, under the same conditions as in the previous case, E D(x)r(x)Qp(x) >
=nlr(@)?)2llp(z)]l2.

Finally, Fact 9 shows that there exists an algorithm with time complexity (n+m)0(t) to compute
ne®)

a pseudo-distribution of degree ¢ that approximately satisfies A up to error 2~
Fact9 Forxz € R" if A = {q1(x) > 0, ...,qm(x) > 0} is feasible and explicitly bounded '* ,
then there exists an algorithm that runs in time (n + m)O(t) and computes a pseudo-distribution of

. ) s
degree t that approximately satisfies A up to error 27" @14,

Appendix B. Separating polynomial

Setting. We consider a mixture of k& Gaussian distributions N (y;, ¥) with mixing weights p; for
i =1,...,k, where u; € R% ¥ € R¥*? is positive definite, and p; > 0 and Zlepi = 1. Let
Pmin = Min; p;.

The distribution satisfies mean separation for at least one pair of means: for some C., > 0,
there exist a, b € [k] such that

2
Hz_l/z(ﬂa - ,Ub)H Z Csep logpr;iln-

Theorem 10 (Separating polynomial algorithm) Consider the Gaussian mixture model defined
—1
above, with C.p, larger than some universal constant. Let ng = (p;lilnd)o(log Pmin). Given a sample

of size n > ng from the mixture, there exists an algorithm that computes in time n - dOogri) g
d-variate degree-O(log p;liln) polynomial q such that with high probability the following two prop-
erties hold. Let s = [logp_i . Then:

* There exist distinct a,b € [k] such that the independent random vectors y ~ N (piq, X)
and y' ~ N (pp, 2) satisfy

1
P —y') > — + >0.99999.
{q(y Y) =555 (2
13. Explicit boundedness means that A contains a constraint of the form 23 + ... + 22 < B. In our applications it is
possible to add such a constraint with B large enough such that the constraint is always satisfied by the intended
solution.
14. In our applications this error is negligible.
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e Forall a € [k, the independent random vectors y,y' ~ N (uq, ) satisfy

1
P -y )< —13>0. :
{q(y y>_2003}_099999

Theorem 11 (Separating bipartition algorithm) Consider the Gaussian mixture model defined
-1
above, with Cy.p, larger than some universal constant. Let ng = (p];lilnd)o(log Puin). Given a sample

-1
of size n > ng from the mixture, there exists an algorithm that runs in time n - d°(1°8Pmin) and
returns with probability 0.99 a partition of [n] into two sets Cy and Cy such that, if true clustering
of the samples is S1, ..., Sy, then
|C1 N Sil

max

‘CQ N S¢|
—_ —— >10.99.
i |Si]

1S~

>0.99 and max
(2

We introduce some further notation for this section. Let the random variable z € R¢ be dis-
tributed according to the difference of two independent samples from the mixture. Then z is dis-
tributed according to a mixture of Gaussians N (y; — pt5,2%) with mixing weights p;p; for all
i,j € [k]. Let ¥, = 2%, let p, be p1; — pj with probability p;p;, and let w, ~ N(0,%.). Then we
also have that z = p, + w,, with pu, and w, independent of each other.

B.1. Exact moment results

The main ingredient of the algorithm is Lemma 12, stated below. This lemma shows that, given a
pseudo-expectation that satisfies the moment lower bound E(z,v)?* > ¢* and the moment upper
bound E(z,v)? < C* for s < t, it is possible to construct a separating polynomial. Note that
the constraints that the pseudo-expectation satisfies are expressed in terms of exact moments of the
distribution, to which we do not have access. Finite sample considerations are discussed starting
with Section B.2.

Lemma 12 (Separating polynomial from pseudo-expectation) Letc > 0and C > 0. Let s > 1
and t > 50000C's/c integers. Given a pseudo-expectation E of degree at least 2t over a variable
v € RY that satisfies {E(z,v)? > c*,E(z,v)? < C*}, let q(u) = (Ev®?%, u®29). Then:

* There exist distinct a,b € [k] such that the independent random vectors y ~ N (piq, %)
and y' ~ N (pp, ) satisfy

1 /cy\s
P -y > = <7> > 0. :
{q(y y)_2 16 > 0.99999
* Forall a € [k, the independent random vectors y,y' ~ N (uq, X) satisfy

4 S
P {q(y — ) <320 (?9) } > 0.99999 .

In what follows, we prove a number of supporting lemmas, after which we prove Lemma 12.
Then, we state and prove Lemma 17, which shows that there exists a vector v € R? which satisfies
the constraints required by Lemma 12.

We proceed with the supporting lemmas. Lemma 13 and Lemma 14 give sum-of-squares bounds
on the moments of the mixture.
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Lemma 13 (Moment upper bound) Fort > 1 integer,
l% E<Z, U>2t < 22t_1E<Ilfza U)Qt + 22t—1(UT2ZU)ttt

Proof

&)
[ B2, )2 = E({p,) + (s, 0))% £ 2B s, ) + 2, 0
2
< 22t_1E<MZ,U>2t + 22t—1(,UTZZ,U)ttt
where in (1) we used Lemma 52 and in (2) we used that E{w,,v)? = (v 2, 0){(2t — 1)!! <
(v 3, 0)tt. [ |

Lemma 14 (Moment lower bound) Fort > 1 integer,

Bz, 0)% > E{p., )% + (v S.0) =

Proof

2t
2 B2, 0)? = B({pae, o) + (wm, o)) = 3 (2?)E<uz,v>f'<wz, )2

j=0
(1) 2t _i (2 2t s —9s
=0

3
> E(p., v)% + E(w,, v)2 > E(p,,v)? + (v 2,0)

where in (1) we used that p, and w, are independent, in (2) we used that E(w,, v)2t*j = 0 for
t
2t — j 0dd, and in (3) we used that E(w., v)* = (v S,0) (2t — 1)l > (v S,0)t L |

Going forward, Lemma 15 proves that, if the moments of z are small in direction v, then the
variance of the components of the mixture is also small in direction v. Given in addition an upper
bound on the moments of z in direction v for a sufficiently large moment, Lemma 16 proves that
the contribution of the means in direction v is large.

Lemma 15 Let C' > 0. Fort > 1 integer

2C
{E(z,v)* < C"} l%{ Tvo< = ; }
Proof Substitute the lower bound of Lemma 14 into the axiom:
l_E (s, v 2t TZ ) tt/Qt < .

Use that [5; E(u.,v)? > 0 to drop the first term and then divide by ¢'/2!. This proves that
l% (vT 2, v) < 28C*/t!. Finally, by Lemma 56, this implies that l% v Y0 <20/t [
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Lemma 16 Letc > 0and C > 0. For s > 1 and t > 16C's/c integers,

c

{B(z,0)% > ¢ Bz, 0)% < O} B {Bdps, o) > (ZH .
Proof Substitute the upper bound of Lemma 13 into the first axiom:
|2v_s 225—1E<uz,v)28 + 228_1(UTZZU)SSS > 5
Use, by Lemma 15 and Lemma 55, that l% (vTX,0)* < (20/t)°:
= 2257 R (., v)* + (8Cs/t)° > ¢°.

Then use that ¢ > 16C's/c to obtain that 2= 225" E(p., v)2* > ¢*/2. Finally, divide by 22! to
obtain that [~ E{u.,v)%* > (c/4)%. [ |

Now we prove Lemma 12.

Proof of Lemma 12 Let w ~ N (0, I;). Note that, for y ~ N (e, X) and y’ ~ N (up, X) we have
that y —y' ~ i —p1p+55 “w, 50 q(y—y') = q(pta—pp+ 52 *w). Similarly, fory, ' ~ N (ua, T)
we have that y —y’ ~ Y%, so qy—1vy') = q(Zi/Qw). Therefore, we want to show (1) that there
exist distinct a, b € [k] such that q(uq — pp + Z;m'w) is large and (2) that q(Zi/Qw) is small.

By Lemma 16, we have EE(pu.,v)?* > (¢/4)°. By linearity, we also have EE(u.,v)%® >
(¢/4)%, so Eq(p,) > (¢/4)*. Therefore there exists some i, in the support of . such that q(u,) >
(c¢/4)®. Therefore, there exist a,b € [k] such that ¢(uq — 15) > (¢/4)°. Furthermore, @ and b are
distinct, because otherwise q(jq — pip) = 0.

We attempt to lower bound q(pq — pp + Ei/ 2w):

Ev®%, (11 — pp + 22 2w)®%)

q(ta — iy + S 2w) = (
= E(v, fta — iy + 22/ 2w)?*

1 - -

2 WE«% Ma — ,u’b>2s - E<'U, Ei/2w>2s
1

= W(J(Ma — f1y) — q(Zi/Qw)

> (¢/16)° — q(S w).

We want to show that q(Ei/ 2w) is small with high probability. We start by analyzing the mean
and second moment of q(Zi/Z'w). For ¢ € {1,2}, we have

~ 1 - 4
Eq(TY/w)’ = E ((Ev®%, (51%w)*)) = E (B, ©1%w))

—~
[
~

< EE(v, £ 2w)?! = EE(v, £/ 2w) 2
= EE(2Y 20, w)?** < (s0)*E(v "2, 0)%

2 74
< (2CS0/t)*"

—~
~
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where in (1) for £ = 2 we used Lemma 61 and in (2) we used that, by Lemma 15 and Lemma 55,
EwTS,0)% < 0(2C/t)*. Then Eq(3,1/2w) < (2Cs/t)* and Eq(X*w)? < (4Cs/t)%.
Therefore, by Chebyshev’s inequality, with probability 0.99999,

a(21%w) < (2Cs/t)* + /100000 (4C's /1) < 320 (4C's/t)* .
In this case, we also have
q(pta — po + S ?w) > (¢/16)° — 320 (4Cs/1)* > (c/16)° /2,

where in the last inequality we used that ¢ > 50000C's/c. This concludes the proof. |

Lemma 17 (Existence of vector that satisfies moment contraints) Let s,t > [log p;ilﬂ inte-

2, there exists some v € R? that satisfies E(z,v)?* = 1
cov(z)/?v|]? < 8.

—1/2
gers. If t < max;; |5 (u; — 1)
and E{z,v)* < 30¢. Furthermore,

Proof Let (a,b) = arg max; ||Ez_1/2(,ui — ;)| and let v = ¥ (g — ). The vector for which
v

. P
we will guarantee the stated properties is v* = T )7s

We begin by proving that max; j(u; — pj,v)? = {q — pp, v)?, which will be used later. We
have

H}%XW — pj,v)? = H}%sz' — 115, 55 (1 — 1))

= max(3; 2 (s — 1), 252 (10 — mp))?
2,J

< IS i = )P 1222 (10 — )2
<122 (0 — )"
= </’La _Mb7v>2'

We also have for the variance in direction v that

(v 20) = ((tta — t5) '35 (e — 1))t = 1212 (1t — 1) || *

We now derive upper bounds for the 2¢ moments of (z, v) in direction v and lower bounds for
the 2s moments in direction v. Recall that we assume ¢ < max; ; || w; Y ?(pi— 5|2

bound, using Lemma 13 we have

. For the upper

E(z, ,U>2t < 22t_1E<Uz> ,U>2t + 22t—1(vT2zv)ttt
< 22 max(p; — py,v)? + 227D 2 (g — )| P

= 222 (g — o) |+ 22272 (e — ) ||
< 227NV 2 (g — ) | M+ 22 S 2 (0 — )|
< 22512 (g — )| M

19



BUHAI STEURER

For the lower bound, using Lemma 14 we have

s

S

E(z,v)% > E(p.,v)? + (v 2,0)° = 5
S
> p?nin H}E;JXQLZ — Uj7U>28 + HEZ—I/Q( )||28 >

8

= Phinl| =212 (1t — o) I + 125 (10 —ub)\l%g
> Pioin| S22 (Ha — o)1

Recall that v* = W. Clearly, E(z,v*)?* = 1. Furthermore,

t

E(z,0) 225 (pa — )| [ 4 ‘

*\2t ) a 2 t

Elz,v")™ = 2s\t/s < 2t/s 1/2 - 2/s < (48 ) < 30
(B(z,v)>) 125 (0 — o)1

mln pmln

where in the last inequality we used that prln/ii > e~ 1. Therefore v* satisfies the desired moment
constraints.
Finally, we prove that || cov(z)'/?v*||? < 8. Note that cov(z) = cov(p.) + .. We have then

leov(2)/2v* 1> = (v*) T cov(z)v*
= (v*) T cov(p.)v* + (v*) 8,0
) *\ 2 1/2, %12
< max(p; — i, v7)° 4[| 70|

),

1% (e — )| 1228 (0 — o)1

(E(z,v)2s)1/s (E<Z v)2e)l/s
~1/2 1/2

@ S P =l 25 (0 — )2

2 —1/2 2 -1/2

LI e — )l | B =
®3) 1
< e?te? —17z
1527 (ta = pw) [
W2 +o0(1) <8,
. *\ T * *\ T T, % *\ T T, % :
where in (1) we used that (v*) " cov(p,)v* = (v*) ' Ep,p, v* < max, (v*)' pp, v* for p, in

the support of ., in (2) we used the lower bound that we derived above on E(z, v>25, in (3) we

used that p/* > ¢~1, and in (4) we used mean separation.
|

B.2. Finite sample bounds

Recall that, to apply Lemma 12, we need to find a pseudo-expectation that satisfies the moment
lower bound E(z, v)?* > ¢* and the moment upper bound E(z,v)? < C? for s < t. Lemma 18
shows that it suffices to find a pseudo-expectation that satisfies ||cov(z)'/?v||? < 8, E(z,v)? = ¢,
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and E(z,v)2 < C'. Without the bound on the norm of ¢ov(z)'/2v the errors may be arbitrarily
large.

The result is supported by Lemma 19, which shows that quadratics in the empirical covari-
ance matrix are close to quadratics in the population covariance matrix of the components, and by
Lemma 20, which shows that the empirical moments are close to the population moments. The
proofs of these two lemmas are deferred to the appendix.

Lemma 18 (Moment constraints from empirical moment constraints) Lern < 0.001. Let ¢, C
> 0andlett > 1 integer. For n > (p;ilnd)o(t)n_%_l, with probability 1 — ¢,

{Haﬁ(z)mvll2 < (L+m)-8,B(z,0)% > ¢ +n,E(z,0)* < C' - n}
b {E(z,0)% > ¢ E(z,v)% < C'}.

Furthermore, with probability 1 — €, the axiom is satisfied with s, t, and v as in Lemma 17 and with
c=(1—n)"and C = (30" + )"/,

Proof By Lemma 19,|1 | cov(2)'/?v]|? < (1+n)%-8 < 9. Then, by Lemma 20,'%1@(2,1})28 >’
and l% E(z,v)? < C*. With n as given, this holds with probability at least 1 — .

For the second claim of the lemma, we have by Lemma 17 that there exists some v with
E(z,v)% = 1, E(z,v)* < 30, and | cov(z)"/?v||? < 8. By Lemma 19, we also have that
|cov(z)/2v||2 < (14 1)? - 8 < 9, and then by Lemma 20, we also have that E(z,v)? > 1 — 5
and E(z, v)? < 30 + 7. Again, with n as given, this holds with probability at least 1 — . |
Lemma 19 Let C > 0. Forn > kd?log®(d/e)O(n~?), with probability 1 — e,

{6 (=)o) < C} 5 {]| cov(2)' /0] < (1 +n)C},
{ll cov(2)"/2v]* < C} 5 {[[év(2)/20]|* < (1 +m)C}.

Proof See Section F.5. [ ]

Lemma 20 Let C' > 0and lett > 1 integer. For n > (C’p;ilnd)o(t)n_%_l, with probability 1 — ¢,
{llcov(=)"/20]* < C} gy (A=, ) < E(z,0)* + 0},

{ll cov(z)"0]|” < O} 5t {E (= v)* = E(z,0)* —n}.

Proof See Section F.5. [ ]
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B.3. Proof of Theorem 10
Proof Let s = [logp, i ] and ¢ = 10000000s. The algorithm is:

1. Compute a pseudo-expectation E of degree 2t over v € R? such that |[cov(z)'/?v||? <
1.01 - 8, E(y, v)?* > 1 —0.005, and E{y, v)?* < 30" + 0.005}.

2. Construct a separating polynomial ¢ based on E as in Lemma 12.

3. Return q.

We now analyze the algorithm. First, we argue that there exists a pseudo-expectation E that
satisfies the given constraints. Note that ¢ < max; ; HE;I/ Q(M — p5)]|? if Csep is a large enough
constant. Therefore, the conditions of Lemma 17 for s and ¢ are satisfied. Then, by Lemma 18, for
n > no, there exists a vector v € R? that satisfies the given constraints. Then, there also exists a
pseudo-expectation that satisfies the constraints.

Second, we argue that ¢ has the desired properties. By Lemma 18, E also sastisfies with high
probability that By, v)?* > 1 — 0.01 > 0.99° and E(y,v)?* < 30 + 0.01 < 31*. Then the
conditions of Lemma 12 are satisfied with ¢ = 0.99 and C' = 31. Then, we are guaranteed to return
a separating polynomial ¢ with the following properties:

¢ For independent random vectors y and ¢’ sampled from different components, we have
with probability at least 0.99999 that

(y — ’)>1(£)S>1 0.99)*, 1
MW=Y)=5\16) “2\16 ) =~ 20°°

e For independent random vectors ¢ and 4’ sampled from the same component, we have
with probability at least 0.99999 that

405\° 4315\ 1
) <320 (%) <320 <
ay—y)= <t>_ < ¢ >—2oos

The time complexity is dominated by the time to compute the pseudo-expectation. The pseudo-
expectation is of degree O(log p;iln) over d variables, and each constraint requires summing over

. . . —1
the n samples. Therefore, the time to compute the pseudo-expectation is 7 - d°1°8Pmin). |

B.4. Proof of Theorem 11

We start by stating and proving Lemma 21, which shows how to obtain a bipartition of the samples
given a suitable distance function. We then prove Theorem 11.

Lemma 21 (Bipartition from distance function) Assume access to a distance function d, : RY x
R% — R such that:

* There exist distinct a,b € [k| such that the independent random vectors y ~ N (g, %)
and y' ~ N (pp, X) satisfy

1
P<d,(y,y >}>0.99999.
{q(yy)_m >
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e Forall a € [k, the independent random vectors y,y' ~ N (g, ) satisfy

1
P<d,(y,y') < } > 0.99999.
{ oy, y') < 505 [ >
Given a sample of sizen = Q(p;nln) from the mixture, there exists a polynomial-time algorithm that
returns with probability 0.99 a partition of [n] into two sets Cy and Cy such that, if true clustering
of the samples is S1, ..., Sy, then

|C1ﬂS¢|

max ——— 7‘02 mSl|
i |54

> 0.99.
|55

>0.99 and max

Proof The algorithm is:
1. Choose i € [n] uniformly at random.

2. Let S = {j € [n] : dg(yi,y;) < ﬁ}'

3. Return S and [n] \ S.

We now analyze the algorithm.
First, we prove that, with probability at least 0.995, a 0.99-fraction of the samples from the same
component as ¢ are included in S. With high probability, a 0.99998-fraction of the pairs of samples

(y,y") with y and 3/ from the same component as ¢ satisfy d,(y,y’) < \/%W' Then, the fraction of

samples from this component that are farther than ﬁ from more than a 0.01-fraction of the other

samples in the component is at most % = 0.002. Then, overall, with probability at least
0.995, i is closer than —— to at least a 0.99-fraction of the other samples in the component. In this

/200
case, S includes a 0.99-fraction of the samples from the same component as 4.

Second, we prove that, with probability at least 0.995, at least a 0.99-fraction of the samples
from one of the components are not included in S. Let a,b € [k] be the two components for
which the large-distance guarantee holds. With high probability, a 0.99998-fraction of the pairs

of samples (y,y’) with y from a and v from b satisfy d,(y,y’) > J%' We have dg(y,y’) <

dq(y,yi) + dg(y', yi), so if dg(y,y') > \/%, then at least one of dy(y,y;) or dy(y',yi) is at least
2—\}% > ﬁ. Then, for such pairs, it is impossible for both  and 3’ to be in S. Suppose that a
pq-fraction of the samples from a are in S and that a py-fraction of the samples from b are in S. We
need then that 1 — ppp > 0.99998, so min(pg, pp) < /1 —0.9998 < 0.01. Therefore, [n] \ S
contains at least a 0.99-fraction of the samples from one of a or b.

Therefore, with probability at least 0.99, the conclusion of the lemma holds. |

Proof of Theorem 11 The algorithm is:
1. Run the algorithm from Theorem 10 to obtain a polynomial q.
2. Run the algorithm from Lemma 21 with the distance function d,(z,y) = q(z — y)/*.

3. Return the resulting bipartition.
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We now analyze the algorithm. Recall that ¢(u) = E(u, v)2*, so q(u)'/?* = (E(u, v)?*)'/25. Then,
we have byLemma 62 that ¢!/ satisfies the triangle inequality. It follows that d,(z,y) = ¢(z —
y)l/ 25 is a distance function. Then, by the guarantees of Theorem 10, d,, satisfies the requirements
of Lemma 21, so the stated guarantees follow.
The time complexity is dominated by the time complexity of the algorithm from Theorem 10.
|

Appendix C. Parallel pancakes

The model studied in this section is a well-separated mixture of Gaussians with colinear means
that is in isotropic position. As shown in Section C.1, the isotropic position property makes this
model similar to the parallel pancakes construction, in the sense that the only direction in which the
components of the mixture have variance different from 1 is the direction of the means. In Section D
we study the same model without the isotropic position assumption.

Setting. We consider a mixture of k& Gaussian distributions N (y;, 3) with mixing weights p; for
i=1,...k, where u; € R% ¥ € R4 is positive definite, and p; > 0 and Zlepi = 1. Let
Pmin = Min; p;.

The distribution is in isotropic position: for y distributed according to the mixture, we have
Ey = 0 and cov(y) = Ij.

The distribution also satisfies mean separation and mean colinearity:

* Mean separation: for some Cl., > 0 and for all i # j,

HE_”Q(M — ,Uj)H2 > Clep 108 Pryiy-
* Mean colinearity: for some unit vector u € R and for all 4,
pi = (i, w)u.
Also define 02 = u " Yu, which is the variance of the components in the direction of the means.

Theorem 22 (Parallel pancakes algorithm) Consider the Gaussian mixture model defined above,
with Cse,, larger than some universal constant. Let

1\°W -
no — <> . ( 1 d)o(logpmin).

pf‘
o2 min

Given a sample of size n > ng from the mixture, there exists an algorithm that runs in time
71 . . ., . .

nOUoePuin) and returns with high probability a partition of [n] into k sets C1,...,Cy such that,

if the true clustering of the samples is S1, ..., Sk, then there exists a permutation w of k] such that

1 : Pmin o@)
1—n;|C¢ﬂ5w(i)!§( p ) :

We introduce some further notation for this section. Let y be distributed according to the
mixture. We specify the model as y = p + w, where p takes value p; with probability p; and
w ~ N(0,X), with u and w independent of each other.
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C.1. Isotropic position properties

In this section we prove some consequences of the fact that y is in isotropic position. Lemma 23
shows that ¥ = Iy — (1 — o®)uu" with 0 < 02 < 1. This means that ¥ can have at most one
eigenvalue less than 1 and that the eigenvectors corresponding to this eigenvalue are parallel to the
direction of the means u. Then Lemma 24 uses this form of ¥ to quantify the separation of the
means along direction u in terms of o.

Lemma 23 (Isotropic position component covariance matrix) We have that:
1oo%=1- 3L pilp,u)?,
2.%=I;—(1-0®)uu',and (3)0 < 0% < 1.

Proof We have that Ey = Ep + Ew = Epu. Because the distribution is in isotropoic position, we
also have that Ey = 0, so the equation above implies that Eg = 0. Then cov(pu) = Zle Di b /LZT.
Furthermore, since g and w are independent, we have that cov(y) = cov(u) + cov(w) =
Zle pipipt; -+ 3. Because the distribution is in isotropic position, we also have that cov(y) = I,
so the equation above implies ¥ = I; — Zle pipipt; . Plugging in p; = {(u;,u)u, we have
Y=1Iq- (ZL pi{pi; U>2) uu'.
Then, it follows that 02 = u'Xu = 1 — Zle pi{pi, u)?. This proves (1). The fact that

1—02 =% pi(ui, u)? also proves (2). For (3), > > 0 follows by the definition using that ¥ is
positive definite and o2 < 1 follows by (1). |

Lemma 24 (Isotropic position mean separation) For all i # j,
<Mi — MKy, u>2 > Csepa2 logp;liln'

Proof By Lemma 23, % = I; — (1 — ¢?)uu . This implies that ©~ /2 = I, + (1/\/02 - 1) uu '
Then, using that p; = (p;, u)u, we have that

V21— py) = (Id ¥ (V}Q - 1) uuT) (s = 3 = s = s

Therefore, the separation condition HE”/ 2(ui — pg) H2 > Cyeplogp i is equivalent to ﬁ(uz -
i, u)? > Cieplog p;liln. The conclusion follows by multiplying both sides by o2 |

C.2. Exact moment direction recovery

In this section we discuss how to recover a direction close to the direction of the means u, assuming
oracle access to moments Ey®! for any positive integer ¢. Access to these moments allows us to
calculate exactly directional moments of the form E(y, v)!, which simplifies the analysis. Finite
sample considerations are discussed starting with Section C.3.

Theorem 25 shows that there exists an algorithm that computes a unit vector @ with correlation
1 — O(min(c?, 1)) with the direction of the means u. We remark that it is necessary for @ to have a
correlation of at least 1 — O(0?) with u in order for the components of the mixture to be separated
along direction .
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Theorem 25 (Direction recovery with exact moments) Assume oracle access to Ey®' for any

Z1
positive integer t. Then there exists an algorithm with time complexity (log %) - dO008Pwin) that
outputs a unit vector @ € R? such that (u,@)* > 1 — 320 min(o?, 7).

The two main ingredients for Theorem 25 are Theorem 26, which gives an algorithm to compute
pseudo-expectations over unit vectors correlated with u, and Theorem 27, which gives an algorithm
to sample from such pseudo-expectations. We note that Theorem 26 can be interpreted as a collec-
tion of sum-of-squares identifiability proofs for the direction of the means w.

We state these two supporting theorems and then prove Theorem 25. After that, we work toward
proving the supporting theorems.

Theorem 26 (Direction sum-of-squares identifiability) Assume oracle access to Ey®! for any
positive integer t. Then there exists an algorithm with time complexity (log %) - dOUogpi) that
computes two peseudo-expectations Ey and B, of degree O(log p;ﬁln) over a variable v € R such
that the following holds. Let s = [logp_1 |, let t = 5000s, and let T = 22%¢; Then Ey||v||? = 1,

! Craeph?
Ep|[v]|? = 1, and:

« If0® > 7, then Ky (u, v)%* > (1 — 7)%. 3
o Ifo? < 7and E{u,u)?® > (4es)®, then EU<U,~U>25 > (1
o Ifo? < 0.001 and E{p,u)? < (100s)%, then Ep (u, v)*

—o?)s.
> (1 —2002)%.

Theorem 27 (Direction sum-of-squares sampling) Lert € N and € € R such thatt > 1 and
0<e<1/(3t?). Letu € R? be a unit vector. Given a pseudo-expectation E of degree 2t over a
variable v € R? that satisfies E||v||> = 1 and E(u,v)? > (1 — €)?, there exists an algorithm with
time complexity d°®) that returns a unit vector i € R such that (u, @)% > 1 — 16e.

Proof of Theorem 25 Let 7 = CSOOZQ. The algorithm is:
sep

1. Run the algorithm from Theorem 26 to obtain pseudo-expectations Ey and Ef.

2. Run the algorithm from Theorem 27 for pseudo-expectations Ey and Ey, to obtain unit
vectors 4y € R? and 47, € RY, respectively.

3. If % > 7, return 4. Else, for s = [logp_i 1, if E{y, 4r)?* > (50s)%, return @ Else,
return y,.

We now analyze the algorithm. We consider the three possible cases in step (3) of the algorithm:

« Suppose 02 > 7. Then Theorem 26 guarantees that E¢r(u, v)2* > (1 — 7)%, so by
Theorem 27 we have (u, i) > 1 — 167 > 1 — 16 min(o?, 7).

« Suppose 02 < 7 and (E(y,dy)?)'/* > 50s. By Lemma 29, (E(y,y)?%)Y/5 <
(E(p, u)?)Y/* + es, so it must be the case that (E(w,u)2*)/* > (50 — e)s > 4es.
Then Theorem 26 guarantees that By (u, v)2* > (1 — 62), so by Theorem 27 we have
(u,iy)? > 1 — 1602 > 1 — 16 min(o?, 7).

« Suppose o2 < 7 and E(y, t7)?* < (505)°. We have by Lemma 30 that (E(y, ty7)>*)"/*
> (E(p,u)?*)'/5, so it must be the case that (E(u,u)>*)'/* < 505 < 100s. Then
Theorem 26 guarantees that E (u,v)2 > (1 — 2002)%, so by Theorem 27 we have
(u,ig)? > 1—16-2002 > 1 — 320 min(o?, 7).
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Let @ be the unit vector returned by step (3) of the algorithm. Then we are guaranteed that in all
cases (u,@)? > 1 — 320min(0?,7) > 1 — 320 min(o?, 1), where we used the loose upper bound

r<i,
=k
The time complexity of the algorithm is dominated by the time to run the algorithm from Theo-
rem 26. u

C.2.1. SUM-OF-SQUARES IDENTIFIABILITY (PROOF OF THEOREM 26)

We prove a number of supporting lemmas and then prove Theorem 26. The most important com-
ponents are Lemma 32 and Lemma 33, which give sum-of-squares proofs that, for suitably chosen
s,t = O(log p;ﬁln), either the maximizer of E(y, v)2* or the minimizer of E(y, v)? over unit vec-
tors v must be close to wu.

We start with Lemma 28, Lemma 29 and Lemma 30, which give sum-of-squares bounds on the
moments of the mixture. Informally, for t = Q(log p;liln), these bounds correspond to the following
decomposition of the directional 2¢ moments:

(Ely, v)2)Y*t = (u,0)? (B{p, w)) " + 0(1) - t(0 T D0). (18)

Lemma 28 (Moment equality) Fort > 1 integer,
Lo
|2Lt E(y,v)% = Z <2s> (u, V)PE(p, u)? (v o) 75(2t — 25 — 1)1

s=0

Proof

2t
e By, o) = E((u0) + (w,0)* =Y <2.t)1€<u,v>j<'w, o2

j=o N/

(1) o (2t (2) < (2t
"/ j 2t—j \&) 2s 2t—2s
= Z (j)JE(M,vWE(’w,v) I Z <28)]E(u,v> E(w,v)

j=0 s=0

t
® <§t> (u, V)ZE(p, u)?* (v o) =52t — 25 — D!
s
s=0

where in (1) we used that & and w are independent, in (2) we used that E(w, v)Qt—j =0for2t—j
odd, and in (3) we used that g = (u, u)u and that E(w, v)?72% = (v o)t 52t —2s — 1)!I. W

Lemma 29 (Moment upper bound) Fort > 1 integer,
t
7 By, 0)* < ((u,0)? (Bl ) + et(vT30))
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Proof Starting with the result in Lemma 28,

t
|2Lt E(y,v)* = Z <§i) (u, v)E(p, u)?* (v Sv) 52t — 25 — 1)!!

s=0

1) & » N
- z_(:) @D (1, 0)% (B, u)*) ™" (0 S0)" (2t — 25 — 1)1
< C) (1, 0) % (B, ) )" (0T S0) 5 (et)

s=0

(u

t
= ( v)? (E(u,u)2t)l/t + et(vTZv)> :
In (1) we used that s < ¢ and Jensen’s inequality as follows:

B ) = E{p, u)C/) < (B, u)*)*""

In (2) we used that ( )(2t —2s—1II < ( )(et)t  for 0 < s <t integers, which is proved in
Lemma 75. u

Lemma 30 (Moment lower bound) Fort > 1 integer,

b By, 0)? 2 ((,0)2 (Bl u)®) " + pifit/2(0 TEU)>t .

Proof Starting with the result in Lemma 28,

B Ely, o) =Y <2t) (u, ) ZE(, u)2 (v )5 (2t — 25 — 1)1

1) L /9t . . -
= Z (23> <u7v>2s (E<”7U>2t) /" (Pi{;) ('UTZ’U)t (Zt — 25— 1)”

s=0

2y (t)<u 02 (B *)”" (i) @70 42)
s=0
< o)) 4V a(y TEv)) .

In (1) we used that s < ¢ and the fact that the s-norm is greater than or equal to the t-norm as
follows:

k k
2 _ lem,w?s = Zl< Py iy w)?)*

. s/t s/t
(Z(P1/5<M27 >2)t> (Zpt/s H“ 2>

i=1

\Y]

s/t

( et sz-w,m”) — it (B, w)*)
=1

v
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In (2) we used that (5')(2t — 2s — 1)!l > (%)(¢/2)'~* for 0 < s < ¢ integers, which is proved
in Lemma 75.
|

Lemma 31 shows that the contribution of the means to the (log p;iln) moments in direction u
is lower bounded by Q(k?c? log pr;iln). This result is used in some of the later proofs to argue that
if the mean contribution is small, then o2 is small, and conversely, that if o2 is large, then the mean
contribution is large.

Lemma 31 For 2s > [logp_1 | integer;

C _
(B, w)*)"/* > 2202 og L

s i — Mj,u)] > Csepa2 logp;liln. Then there exist a,b €

[k] such that |(ig — pp,u)| > (k — 1)4/Csepo?logp,i . Hence, there exists a € [k] such that

[{tta, u)| > 524/ Ciepo®log poi,. Then

Proof By

k—1\? 9
(Bp, u))'/* 2 pii max(pi, ) > pyf, (2) Ciep0® 108 Diyiny > T k70" 108 Dy
where we used that p/* > e~2. n

We now state and prove the sum-of-squares identifiability proofs of Lemma 32 and Lemma 33.
Let 5,t = O(logp_i,) with s < ¢. Lemma 32 proves that, in the case (E{u,u)?*)!/* > O(s), if
E(y,v)? is close to its maximum value over unit vectors v, then {u, v)?* is close to 1. Lemma 33
proves that, in the opposite case (E (g, u)2*)1/s < ©(s), if E(y,v)? is close to its minimum value
over unit vectors v, then (u, v)? is close to 1.

Lemma 32 (Direction sum-of-squares identifiability from moment maximization) Ler M > 2.
Let s be an integer such that 2s > [logp_1 1. Suppose that E{p,u)* > (Mes)*. Then, for
€< o? /M,

{012 = 1,E(y,v)> > (1 — €) (B{p, w)? — €) } = {(u, 1)>* > (1 — 4o /M)*} .

Furthermore, v = u satisfies the axiom with € = (.

Proof Substitute the upper bound of Lemma 3 into the axiom:

o (00 (Bl )®)"" + es(0750)) > (1= ) (Bl u) — )

Divide by E(u, u)?
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Recall that (E(u, u)?s ) Ys > Mes, and substitute the lower bound on both sides:

e <<U,v>2 + ]\14(7;2”))5 2 (1=¢) <1 - (MGGS)S>

Use that v Yv =1 — (1 — 02)(u, v)%:

€

i (w4 - =) 2 -0 (1- )

We simplify now the right-hand side. Use the loose bound 1 — ¢/(Mes)® > 1—¢€ > (1 —¢€) 1
to obtain

1 S
o (w0 + 1= A=A ) = -0
Finally, apply Lemma 65 with z = (u,v) and v = 1 to obtain that
1

M — — ° —1— s
|2L<u’v>2s Z i 1—e 1 _ M 1 ME
s — M-1+0? M —1+ 0?2

>s > (1—40%/M)°.

To show that v = u satisfies the axiom, simply note that Lemma 33 implies that E(y, u)2* >
(g, u)?.
|

Lemma 33 (Direction sum-of-squares identifiability from moment minimization) Suppose o2

< 0.001. Let s be an integer such that 2s > [log p_l . Suppose that E(u,u)>* < (100s)°. Let t
be an integer such that t > 5000s. Then, for ¢ < 02/100,

{HUH2 =1,E(y,v)* < (1+¢) <((E<u,u>2t)1/t + et02>t + 6> } |2Lt {{u,v)*" > (1 —200°)"}.

Furthemore, v = u satisfies the axiom with € = Q.
Proof We start by proving that, for t > s, E{u, u)?* < (100e%s). We have that

Proin - max{ui, u)** < E(p,u)* < (100s)°.
i

Taking the s-th root and using that p;lilrfs < 2, we obtain that max; ([, u>2 < 100e2s. Therefore,
E{p, u)? < max;(u;, u)? = (100e?s)t.
We now proceed with the main claim. Substitute the lower bound of Lemma 4 into the axiom:

T (<u, 0)? (E(p, u)?) ! +p}1{;t/2(ﬂzv))t <(1+e) <<(E<u, uy?) My azet)t 4 6) .
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Divide by E(u, u)?t:

2 T Pt/ t 2 et ' €
- w, )"+ (v Yv)—2 | < (1+e l140°——m— | +———].
ar | (w0)” +( )(E<p”u>2t)1/t ( ) (B, u>2t)1/t E(p, u)?t
1/t
Let A = —Pmn®/2__ pen

(E{p,u)2t) /'t

t
v 2 T ! 2 2e ‘

|2—t(<u,v> + Av Ev)) §(1+6)<<1+0 Y +W :
1/t

/* < 1.4. Then 26 A < 8A. Then:

n 1/t
min

— e/t > e~! Then A > < /2 Fort > 5000s

Note that (E (g, u)?*) Yt < 100e2s and p 100625

we have then A > 10 and p;Hl

|2Lt ((u, v)? + A(UTEU)) <(1+e¢) <(1 +8A0%)" + W) .
Divide by (1 + 8A02)t:

<<u>1++ Qg m))t ={l+e) <1 B (s 8Aa?>t> |

Use that v ' Yv =1 — (1 — 02)(u, v)2:

2 A(l = (1— 2 2
21; (<U,U> A ( 20')<U,U> )> S(l—i-ﬁ)(l—i- ¢ t)'
1+ 8Ac E{p,u)? (14 8Ac?)
We simplify now the term involving e. Note that, by Jensen’s inequality, E (g, u)?* > (E(u, u)?)*

= (1 —0?)!. Alsonote that (1 —o?)(1+8Ac?) > 1foro? < 1/2and A > 10. Then use the loose
bound

€ €

b E(p,u)? (1 + 8Ac2) =1 (1 =0?)(1+8A0?))

t—1
- <1+e<(l+¢)

to obtain

v u,v)?2 + A1 — (1 — o?)(u,v)? ! .

Finally, apply Lemma 66 with z = (u,v) and y = l%re to obtain that

() > <11ie(i:;(1 - 1002)>t = <<1 - AE_1> (1- 100’2)>t

1+e
= (1= 02/100)(1 — 100%))" > (1 — 2002)".

To show that v = w satisfies the axiom, simply note that Lemma 32 implies that E{y, u)? <

((E(u, u)?") Yy et02>t.
|

We now prove Theorem 26.
Proof of Theorem 26 Let s = [logp_ ! ], ¢ = 5000s, and 7 = 800e/(Cscpk?). The algorithm is:
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1. If 02 > 7, then let M = Cjepk?0?/(200¢). Else, let M = 4.

2. Binary search up to resolution 02 /(100M/) the largest Ty in the interval [0, (p,; )*] such
that there exists a degree-2s pseudo-expectation that satisfies {Ilv]|? = 1,E(y,v)? >
T }. Let Ey be the resulting pseudo-expectation for this 7.

3. Binary search up to resolution /10000 the smallest T}, in the interval [0, (p,i, + et){]
such that there exists a degree-2¢ pseudo-expectation that satisfies {IIv]|?> = 1, E{y,v)?
< Tp}. Let Ef, be the resulting pseudo-expectation for this 77,.

4. Return ]EU and E L

We now analyze the algorithm. To begin with, suppose that the T;; found is at least the maximum
value of E(y, v)2* and that the T}, found is at most the minimum value of E(y, v)2*. In this case Ey;
and Ej, satisfy the axioms of Lemma 32 and Lemma 33, respectively. Then our algorithm achieves
the stated guarantees:

* Suppose o2 > 7. Note that, in this case, M = Csepk:202/(2006) > 2. By Lemma 31,

we have that
C
(E(u,u>2s)1/s > 1sepk:2 2logjomlrl =2eM logpmlln > Mes.

Then the conditions of Lemma 32 are satisfied, and s satisfies (u, v)2* > (1—402/M)?
=(1-17)%.

* Suppose 02 < 7 and E{u, u)> > (des)’. Note that, in this case, M = 4. Then the
conditions of Lemma 32 are satisfied, and Ey satisfies (u,v)?® > (1 — 402/M)* =
(1—o?)s.

* Suppose 0 < 0.001 and E(g, u)** < (100s)°. Then the condition of Lemma 33 are
satisfied, and E, satisfies (u, v)% > (1 — 2002).

We argue now that Ty is large enough and that 77, is small enough in order for the pseudo-
expectations to satisfy the axioms of the lemmas. For that, we need

Ty > (1—0® /M) (E{p, u)* — /M),

Tr, < (1 + 02/100) (((E(u, up2) !t 4 a2et>t + 02/100> .

We prove that the intervals in which we perform the binary search 77y and 77, contain E(g, u
and ((E(u, u)?)Y/t 4 o2et)!, respectively. Then, binary search with the proposed resolutions is
guaranteed to find Ty and 77, that satisfy the bounds stated above.

Using that E(p, u)? = 1 — o2, we have that

k k t
= Zpi<ﬂi>u>2t = Z( l/t :uza (Zpl/t Hi, W )
1=1 =1

t
( L= 121% (ki u > = p VR, u)? = p V(1 = 0?)

—t
— pmin

>25
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and

>2t

v
=
®
£
N
I
—
|
)
\_9

E{p, u

Therefore,
E(p, u)* € [(1—0°)°, (Putn)’]s

(Bl ™)+ oet) € [(1= 0% (gl + et)].

Then the intervals in which we binary search are wide enough and binary search is guaranteed to
succeed.

The time complexity of the algorithm is given by the number of steps in the binary search
multiplied by the time to compute each of the pseudo-expectations. The number of steps in the
binary search is

—1 \s -1 t
: ; t 1
) <max {log((pl;iln)st), log (pm‘;) ,log (Puiy + 1) }) =0 <10g — + log? p;liln> .
o o

For each step, we compute a pseudo-expectation of degree O(log p;liln) over d variables, which
-1
requires time d°(°8Pmin) . Therefore the time complexity is

1 - 1 .
0] <10g — + 10g2 pr:l:iln> . dO(lOngiln) = <10g 2) . dO(logpmiln).
g o

C.2.2. SUM-OF-SQUARES SAMPLING (PROOF OF THEOREM 27)

We state and prove Lemma 34, which is used in the proof of Theorem 27. This lemma shows that,
given a symmetric postivie definite matrix M correlated with a rank-1 matrix vu " for a unit vector
u, there exists an algorithm to recover a unit vector correlated with u. After that, we proceed to
prove the theorem.

Lemma 34 (Matrix rank-1 approximation) Ler(0 < e < %. Let u € R? be a unit vector. Given a
symmetric positive semi-definite matrix M € R with | M||p < 1 such that (uu', M)p > 1—¢,
there exists a polynomial-time algorithm that finds a unit vector i € R® such that (u,4)? > 1 — 8e.
Proof The algorithm is to compute vv "
which is uniquely defined up to a sign flip.
We now analyze the accuracy of the algorithm. We have that (uu', M)r > 1 — ¢, so |luu' —
M2 <2 —2(uu', M)p < 2¢. Forvv" the best rank-1 approximation of M, we have then that

as the best rank-1 approximation of M and return ﬁ

uw" —vo'||p < HuuT - MHF + HM - ’UUTHF < 2v/2€,
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so [luu” —wvuT||% < 8e. Letd = ro7- To analyze the error of @, note that

™ —vuT [ =1+ ol * = 2fjo]* (uu aa ")

>1-— <uuT,fulT>
F

1 2
= — HuuT — aaTH ,
2 F

where in the inequality we used that 1 + 2% —22%y > 1 —yforr € Rand 0 < y < 1, with x = ||v]|
andy = (uu', a0 "). Then |luu" — @4 "||% < 16¢. Therefore,

2

1
(u,0)? = (", 46"\ p =1 — §HuuT —aa |2 >1—8e

Proof of Theorem 27 The algorithm is to compute M = Ewvv', apply the algorithm from
Lemma 34 to M in order to obtain a unit vector #, and return 4.

We now analyze the algorithm. We start by analyzing the properties of E in more detail. Our
first goal is to obtain the lower bound E(u, v)2 > 1 — 2¢. We start by proving the much weaker
lower bound E(u, v)2 > 1—te. Then, we use this lower bound to prove an upper bound E(u, v)?t <
1—t(1—E(u, v)?)/2. Comparing this result with the given lower bound E (u, v)? > (1—¢)t > 1—te
leads to the conclusion that E(u, v)2 > 1 — 2.

We proceed with the detailed proof of this fact. Recall that IE satisfies ||v||> = 1 and (u, v)?* >
(1 — ). We have that {||v]|2 = 1} }* {0 < (u,v)2 < 1}, where the lower bound is trivial and the
upper bound is by Lemma 57. Therefore, I also satisfies 0 < (u,v)? < 1.

By Lemma 58 and using that (1 — €)! > 1 — te, we have that

{0 < (u,0)? <1, (u, )2 > (1 — €)'} {(u,v)? > 1 —te}.

By Lemma 59 applied to 1 — (u, v)? with C' = i, we also have that

{1 —te < (u,0)? < 1} B {(u,0)? <1 —t(1 = (u,v)?)/2} .

Then ~ -
1 —te < E{u,v)? <1—1t(1 - E(u,v)?)/2,

so by rearranging, E(u,v)? > 1 — 2e.
Then M = Evv satisfies

(wu", Myp =u' Mu = E{u,v)? > 1 — 2.
In addition, M is symmetric positive-definite and
[M||p < Tr(M) =ETr(vo") = E|jv]|> = 1.

Therefore, M satisfies the conditions of Lemma 34, and we are guaranteed that @ satisfies (u, 71)2 >
1 — 16e.

The given pseudo-expectation is of degree O(t) over d variables, so representing it requires
d°®) space. Then we simply bound the time complexity by d°(*), which dominates the other steps
of the algorithm. |
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C.3. Finite sample bounds

In Section C.2 we assumed oracle access to Ey®!. However, our algorithm only has access to
empirical moments. Lemma 35 gives a sum-of-squares proof that that the empirical moments are in
fact close to the population moments. We defer the proof of the lemma to the appendix.

Lemma 35 (Closeness of moments) Forn > (p_1 d)?®n=2¢=1 with probability 1 — €,

Pmin

(Il = 1} ot {Ew, 00 < Ely,v)* + 0},
(Il = 1} b {Bw, 0)* = By, 0)* —n}.

Proof See Section F.6. |

C.4. Proof of Theorem 22

In the setting of Theorem 22 we only have access to empirical moments. Theorem 36 and Theo-
rem 37 adapt Theorem 26 and Theorem 25 to this setting, respectively. Also recall that the goal of
Theorem 22 is to return a clustering, not only a unit vector close to u. Toward that goal, Theorem 38
shows that there exists an algorithm that, given a unit vector close to u, computes such a clustering.
We state and prove all of these theorems and then combine them to prove Theorem 22.

Theorem 36 (Finite sample equivalent of Theorem 26) Let

O
0= 70’2 pmln ) min

Given a sample of size n > ng from the mixture, there exists an algorithm that runs in time (log %) .

n - dO0o8Puin) that computes with high probability two peseudo-expectations Ey and K, of degree
—1 . d . _ _
O(log p,iy,) over a variable v € R® such that the following holds. Let s = [log pmml lett =

5000s, and let T = 0852222- Then IEUHU]P =1, ELHU”Q =1, and:

. IfU2 > T, then IEU<u,v>25 > (1 —71)%
« If o < 7 and E{p,u)? > (4des)?, then Ey (u, )% > (1
s Ifo? < 0.001 and E{p, >25 < (100s)*, then Ep,(u, v>2

a?)°.

> 1—200)

Proof The algorithm is the same as that in the proof of Theorem 26, except that in step (2) and
step (3) of the algorithm the constraints that the pseudo-expectations are required to satisfy are
{|Jv]|? = 1,E(y,v)?* > Ty} and {||v||? = 1, E(y, v)* < T1}, respectively.

By Lemma 35, for n > ng, we have that with high probability

{Ilo]® = 1, E(y, v)* > Ty} fg= {E(y, v)* > Ty — 0%/(100M)},

{J[o]? = 1, E(y, v)* < Tp} b {E(y, v)* < Tr, + ¢2/10000}.

These errors, combined with the errors from the binary search resolution, are still within the
amount tolerated by Lemma 32 and Lemma 33, respectively, so the same guarantees hold.
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The number of steps required by the binary search is the same as in Theorem 26. For each
step of the binary search, we compute a pseudo-expectation of degree O(log pr:liln) over d variables,
and each constraint requires summing over the n samples, so the time required is n - d©(°8 Prain).
Therefore the time complexity is

1 - 1 -
@) (log — + log? p;liln> - - dOUBPL) = <log 2) - - 0008 P,
g g

Theorem 37 (Finite sample equivalent of Theorem 25) Ler

1\°W O(log p—1 )
ng = g . (pmlnd) % Pmin .

Given a sample of size n > ng from the mixture, there exists an algorithm with time complexity
-1

(log #) -1 - d90°8Pwin) that outputs with high probability a unit vector i € R® such that (u, 1) =

1 — 320 min(o?, 7).

Proof The algorithm is the same as that in the proof of Theorem 25, with two exceptions:

* In step (1) of the algorithm, we run the algorithm from Theorem 36 instead of the algo-
rithm from Theorem 26. The pseudo-expectations E;, and Ey; satisfy the same guaran-
tees.

« In step (3) of the algorithm, we check if E(y, @i7)2* > (50s)* instead of E(y, dg/)2* >
(50s)°. By Lemma 35, for n > ng, with high probability the difference between the
two moments is less than 1. Then, if E(y, 4;/)2% > (50s)%, we also have E(y, 4/)25 >
(50s)* — 1, and if E(y, 4r/)%* < (50s)®, we also have E(y, 4y)%* < (50s)° + 1. Itis
easy to verify that the analysis in Theorem 25 is still correct with these slightly weaker
bounds.

Therefore, the same guarantees hold as in Theorem 25. The time complexity of the algorithm is
dominated by the time to run the algorithm from Theorem 36.
|

Theorem 38 (Clustering algorithm) For some C > 0, suppose that a unit vector @ € R is known
such that (u, @)? > 1—Cmin(o?, 1). Suppose that Csep/C is larger than some universal constant.
Then, given a sample of size n > (p;iln)o(l) from the mixture, there exists an algorithm that runs in
time n°0°8Puin) and returns with high probability a partition of [n| into k sets C1, ..., Cy, such that,
if the true clustering of the samples is S1, ..., Sk, then there exists a permutation w of k] such that

1 d Pmin o)
l—n;\CZﬂSﬂ(l)lg( & ) .
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Proof Our algorithm runs the algorithm from Theorem 5.1 of Hopkins and Li (2018) with some ¢ =
O(log .}, ) large enough on input samples (y1,a@)/(1/2(C + 1)02), ..., (yn, 0)/(1/2(C + 1)0?2),
and returns the clustering that this algorithm computes as an intermediate step.

We now analyze the algorithm. Note that (y,a)/+/2(C + 1)o? is distributed according to a
one-dimensional mixture of Gaussians in which all the components have the same variance, namely
@' %4/ (2(C + 1)0?). We have that

WS =1—1-0)u,a)?=1— (u,0)? + o?(u, 1) < Co®+ 0% = (C +1)0?

Therefore, the variance @' X4/(2(C 4 1)a?) is upper bounded by 1/2. For the guarantees of the
algorithm from Hopkins and Li (2018) to hold, we further need to show that the mixture has large
separation between the means of the components Note that the mean corresponding to p; in the
original mixture becomes (u;, @) /1/2(C + 1)o? in the new mixture. For i # j, we have that

(i = p @) = (s ) — (g wyu, @)% = (u, @) (s — g, )
Z<’U,,’ll>205€p(u Eu)logp;lin < ﬁ> sepO'QIng;liln
Z C;ep 210gpmm

where in the last inequality we used that (u, @)> > 1 — C/k > 1/2. Then

2

<Mi — Ky ’&> > Csep IOg pf.l ‘

2(C +1)02 4(C+1) i
For Cj.p,/C larger than some universal constant, the separation coefficient Cyp/(4(C + 1)) is
large enough for the guarantees of Theorem 5.1 of Hopkins and Li (2018) to hold meaningfully
with t = O(log p;iln). Then this algorithm computes a clustering with the stated guarantees. The
algorithm requries n > (p;ﬁln)o(l) and runs in time nCU°8 Puin) |
Proof of Theorem 22 Run the algorithm from Theorem 37 to obtain a unit vector 4 that satisfies
(u,@)? > 1 — 320min(o?, 7). Then run the clustering algorithm from Theorem 38 using this unit
vector 4. For Ciep/320 larger than some universal constant, this algorithm is guaranteed to return a

clustering with the stated guarantees.

The time complexity from Theorem 37 is (log 2 ) - n - d°( 108 2,,i) and the time complexity

from Theorem 39 is %8 Pmin) . We assume n, > ( )O - (pyi,d)©los Prin) . Therefore, the time
complexity is dominated by the time to run the clustering algorithm from Theorem 39. |

Appendix D. Colinear means

In this section we remove the isotropic position assumption from the model in Section C. Our strat-
egy is straightfoward: we first put the mixture in isotropic position and then run the algorithm from
Theorem 22. The technical challenge is that we can only put the mixture in approximate isotropic
position. Then, we show that the guarantees of Theorem 22 continue to hold with approxiamte
isotropic position, albeit with a sample complexity that depends on the condition number of the
covariance matrix of the mixture.
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Setting. We consider a mixture of k& Gaussian distributions N (12, %:°) with mixing weights p; for
i =1,...k where Y € R% %0 € R is positive definite, and p; > 0 and >3 p; = 1. Let
Pmin = Mmin; p;.

The distribution also satisfies mean separation and mean colinearity:

* Mean separation: for some Cy., > 0 and for all i # j,

—1/2 2 —

« Mean colinearity: for some vector p1 .. € R? and some unit vector u° € R? and for all
i,

0 0 0 0 0\, 0
Hi = Hpase + <:uz — Hpgser W >u .

Also define, for yo distributed according to the mixture,

(uO)T COV(yO)_luo
- (u0)T(20)~1y,0

As shown in Lemma 41, 02 has the same interpretation as in Section C: it is equal to the variance
of the components in the direction of the means after an isotropic position transformation.

Theorem 39 (Colinear means algorithm) Consider the Gaussian mixture model defined above,
with Csep, larger than some universal constant. For yV distributed according to the mixture, let

o(1)
1 0 0y\—1 -1 7O(logp_}
ny = <02 ~rcov(y)l - [l cov(y®) | - (P d) 08 Pmin).
Given a sample of size n > ng from the mixture, there exists an algorithm that runs in time

-1
nCUoePuin) and returns with high probability a partition of [n] into k sets C1,...,Cy such that,
if the true clustering of the samples is S1, ..., Sk, then there exists a permutation w of k] such that

1 d Pmin o)
1—n;|CiﬂSﬂ(i)]<( % ) .

We introduce some further notation for this section. Let y° be distributed according to the
mixture. We specify the model as y° = pu® + w®, where u" takes value p; with probability p; and
w® ~ N(0,%°), with u° and w" independent of each other.

D.1. Isotropic position transformation

In this section we argue that, if we put the mixture in exact isotropic position, the conditions of
Theorem 22 are satisfied and we can simply run that algorithm.

Assume acces to Ey° and to an invertible matrix W € R%*? such that W cov(y?)W ' =
I. Then, define the random variable y by the affine transformation y = W (y® — Ey"). The
distribution of y is in isotropic position: it has mean O and covariance matrix I;. Furthermore,
Lemma 40 shows that y is a mixture of Gaussians in which the components are affine transformed
versions of the original components, and that the mixture continues to satisfy mean separation and
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mean colinearity. Then, the conditions of Theorem 22 are satisfied. Therefore, if the original
input samples are 3?, ..., 40, we can simply run that algorithm on input samples W (39 — Ey°), ...,
W (y, — Ey”)".

We define now some variables used to state Lemma 40. Recall that y = W (y° — Ey"). Define
wi = W —Ey°), ¥ = WE'WT, and u = % Also define random variables p =
W (u® — Ey®) and w = Ww".

Lemma 40 (Model after isotropic position transformation) The random variable y is distributed
according to a mixture of k Gaussian distributions N (;, ¥) with mixing weights p; fori = 1,...) k,
where X is positive definite. Alternatively, we specify the model as y = p + w, with p and w
independent of each other. Furthermore, for all i # j we have mean separation

2
HE_1/2<M'L' - M])H > Csep logp;ﬁln
and for all i we have mean colinearity

pi = (phi, w)u.

Proof Recall that y° = p® + w®. Then W (y" — Ey°®) = W(u® — Ey®) + WP, soy = p + w.
Also note that p takes value W(,u? — Ey®) = pu; with probability p; and w ~ N(0, WEWT) =
N(0,%). Therefore, y is distributed according to a mixture of k& Gaussian distributions N (y;, )
with mixing weights p;.

To show that ¥ is positive definite, we note that for any vector v € R% with v # 0 we have that

v S =0 WEW o= (W) T2W v >0,

where we used that W v # 0 because TV is invertible, after which we used that X° is positive
definite.
We prove now mean colinearity and mean separation. We start with mean colinearity. Recall
that 419 = p9 4 (W0 — ud ., u)u®. Then, using that Ey® = En®,
Eyo = :U’gase + <Ey0 - Mgase’ u0>u07
SO
i = Wi —Ey°) = W((pi — By’ u”)u’) = (@ — By, u®) W',

. _ W
Then, using that © = WO

Wud Wud
(s = { ( — By,
Wl ) ]

Wul Waud

0 0 0 0
— (W _E

i — By’ u ><||Wu°|r’ HWu0||>W“
= (g — By, u")Wu”

= Hi,

15. It is straightforward that if sample y? comes from the i-th component in the original mixture then W (y{ — Ey°)
continues to come from the ¢-th component in the affine transformed mixture.
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which proves mean colinearity. For mean separation, we have that
[ 720w = v Dy e -
0 T 0117 Ty—1 0
= (] = ) TWT WS W )W (i — )
= (1 — ) TWTWHTHE)TTWTIW (4] — 1))

= (1] = 1) " ( Z0) N = 1)
-

2
— u3) ‘
CSEP log pmln

Lemma 41 o 10
o @) Teovy) g
(u0) T (20)~1y0 '
Proof For the purposes of this proof, we define 02 = ' Yu as in Section C.1 and prove that it also
matches the definition in this section.

We have, as in the proof of Lemma 40, that
1) T2 = )1 = 12712 (s — )P
For the left-hand side, we have that
IE) T2 = u)IP = 1E) T2 = ), u®)u)?
= 1) T2 () = i, ).

For the right-hand side, using from Lemma 23 that ¥ = I; — (1 — o?)uu ', we have that
-1/2 2 2y, T\ V2 ?
17200 = i) |1? = || (T = (1= o)) (s = 113))
1/2 2
Wu NY(Wu')T
= <Id - = W (g — M?a u’) W
2
(Wu®)(Wu®) " 0 0 0 ,,0\2
| (et (5 =0) S w0 -

1
= 5 I — ).

Therefore 1
(50202 - () — 9, u0)? = 3 Wl () — pf, u®)?,

SO
2 Wl (u”) " cov(y”)~'u’

T IE 2012 T (w0 T(S0) Tl
where we used that, by Lemma 74, W = Q cov(y°) /2 for an orthogonal matrix Q, so || Wu
Il cov(y®) =1/, u

oIl =
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D.2. Finite sample isotropic position transformation

Without access to Ey° and to W, we apply the isotropic position transformation with Eyo and some
matrix T € R?*? defined as follows. Let the singular value decomposition of cov(y°®) be UAU ".
Then define W and W as

A

W = (U cov(y)0) 20T, W =(Wcov(y® )W) 2W. (19)

This choice is analogous to that in Appendix C in Hsu and Kakade (2013). By Lemma 72, we have
that Weov(y?)W T = Iy and W cov(y®)W T = I,. Hence, W corresponds to an isotropic position
transformation for the empirical covariance matrix, and W to one for the population covariance
matrix. In our algorithm, we will apply the approximate isotropic position transformation to input
samples 3, ..., y0 as W (0 — Ey0), ..., W (30 — Ey).

D.3. Finite sample bounds

Lemma 42 gives a sum-of-squares proof that the empirical moments of the mixture with approx-
imate isotropic position transformation are close to the population moments of the mixture with
exact isotropic position transformation. This lemma is supported by Lemma 43 and Lemma 44,
which prove that the moments do not change much due to the use of IFEyO and W, respectively.

Additionally, for arbitrary unit vectors v, Lemma 45 proves that (W (1) — ug), v) is close to
(W (19 — ,u?), v) and Lemma 46 proves that v T T (2°)1/2 is close to v T W (£°)!/2. These facts are
used in the proof of Theorem 39 to argue that the clustering algorithm is correct.

Lemma 42 (Closeness of moments) Letn < 0.001. For

_ O(1 _9 _
n > (|| cov(y®)] - || cov(y?) )M - ok )02,

pmln

with probability 1 — e,

{0l = 1} B {BOV(5° — By®), o) < (14 3) - BOV(° — By®),0) +n}

(Il = 1) B {B0V 6P~ B30 > (1 - 1) B — B0 ).

Proof Select n such that the results of Lemma 43, Lemma 44, and Lemma 35 hold each with
probability 1 — ¢/3. Then, overall, all three results hold with probability 1 — €. Then we have with
probability 1 — e that

E(W (y° - Ey°), v)*
< (14 n/10)E(W (y° — Ey°),v)? +1/10
< (1+1/10) ((1+n/10)E(W (3" — Ey®), 0)* +0/10) + /10
< (14 1/10) ((1 +n/10) (1 + n/10)E(W (y° — Ey°),v)*" +1/10) 4 1/10) + /10
< (1+n)EW (y° —Ey°),v)* +1.
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)

> (1—n/10)E(W (y° — Ey°),v)* — /10
) ((
)

> (1—n/10) ( (1 = n/10)E(W (y° — Ey°),v)* — 77/10) —n/10
> (1—n/10) (1 —n/10) (1 — n/10)EW (y° — Ey°),v)* —n/10) —n/10) — n/10
> (1= n)E(W(y" — Ey°),v)* —n.

Lemma 43 Letn < 0.001. For

t- | cov(y)|| - | cov<y0>1||)0<”

2 .
n > kdlog“(d/e) < .

with probability 1 — ¢,

{0l = 1 b {BOV (6° ~ By®), 0)* < (14 ) BV (6 ~ By),0) + 0}

Proof See Section F.7.

Lemma 44 Letn < 0.001. For

_ _ O(1)
tpohd- | cov(m®)] - || cov(y®) 1H>

n > kdlog?(d)e ! - ( .

with probability 1 — €,
{0l = 1} b7 { BV (4° — By®),0)* < (14 ) - B(W (3° — Ey®),0)* +n},
{0l = 1} b7 { BV (6° — By),0)* = (1 = ) - B(W (y° — Ey"),0)* = n}

Proof See Section F.7.

Lemma 45 Letn < 0.001. Let v € R? be a unit vector. For

| cov(z?)] - cov<y0>1u>"“’
77 b

n > kdlog?(d/e) - (
with probability 1 — ¢, for all i, j € [k],
(W (1 = 1), 0) = (W (i = 1), 0)] < .
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Proof See Section F.7. |

Lemma 46 Letn < 0.001. Let v € R? be a unit vector. For

0y]| . oy—17\ °W
n > kdlog®(d/e) <pm1n [eov(y®)] - [ cov(y®) |> |
n

with probability 1 — €,
loTW (02 — o TW ()2 < .

Proof See Section F.7. |

D.4. Proof of Theorem 39

Proof of Theorem 39 The first step of the algorithm is to apply the approximate istropic position
transformation described in Section D.2 to input samples vY, ...,y0. Then, the new samples are
W (9 — Ey°), ..., W (y2 — Ey°). After that, the algorithm is the same as that of Theorem 22.

We now argue that, for n > ng, the same guarantees as in Theorem 22 hold. Recall that
Theorem 22 is composed of two parts: the algorithm of Theorem 37 which computes a unit vector
@ with correlation 1 — 320 min (o 1) with u, and the clustering algorithm of Theorem 38, which
uses a unit vector ¢ with such correlatlon in order to cluster the samples.

For the algorithm of Theorem 37, we note that by Lemma 42, for n > ng, we have sum-of-
squares proofs that, for t = O(log p__i ),

2 2
E(W(y° — Ey®),0)% < (14— JE(W(y® — Ey°),v)% + ——
Wy" =By, )™ < {1+ {o500a7 ) BV W~ By, o)™ + 1550027
and ) )
BW (y° — By®), )2 > (1 —2 _ VEW(° — Ey®),0)% — —7
(W(y y),v)™ > 100000 (W(y y'),v) T0000M

where W (y° —Ey°) corresponds to the mixture in approximate isotropic position and W (y° —Egy°)
corresponds to the mixture in exact isotropic position. It is easy to verify, similarly to the analysis
of the errors in the proof of Theorem 37, that these errors are tolerated by the algorithm and that it
behaves as if the distribution was in exact isotropic position.

For the clustenng algorithm of Theorem 38, the main issue is that the samples are colinear in

direction but 4 is guaranteed to have large correlation with We prove, nevertheless,

HW 0|| HW 0||
that the algorithm has the same guarantees. First, we show that the variance of the one-dimensional
components @' W TS0 a/(2(C + 1)o?) is upper bounded by 1, as required by the algorithm of

Hopkins and Li (2018). We have by Lemma 46 that, for n > ng, with high probability
la" W E)2) = la"T W (E) 2| < Jla"w(s0)V? - a W (s%)V?] < o/100,

so using that WTWEWTh > o2,

}_n

T wE'wTqa > S o' Wx'wTa.
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Therefore, using from the proof of Theorem 38 that (a." W TX0Wa)/(2(C + 1)0?) < 0.5,

A TWTEOW 4 - ATWTEOWwa
2(C+1)o2 = 2(C+1)o?

Second, we show that the one-dimensional means (W (10 — Ey°), 1) have large separation. We
have by the proof of Theorem 38 that, for n > ng, with high probability

X C _
(W (i = ), ) > =520 log i,
We are interested in a similar bound with W changed into w. By Lemma 45, for n > ng, we have

with high probability

so using that (W (u — 19), @)% > o2,

(W (0 — ), > 3 (W (4 — ), )2
Therefore,
(W (0 — ). > S22 og ),
SO
((W(M? — u?),ﬁ>>2 s Cop 1o
ACT 12 ) (O +1) EPmn

For Cj.,/C larger than some universal constant, the separation coefficient Cip/(8(C + 1)) is
large enough for the guarantees of Theorem 5.1 of Hopkins and Li (2018) to hold as before with

t =0(logp,).
Then, overall, the same guarantees as in Theorem 22 hold. |

Appendix E. Small radius

Setting. We consider a mixture of k£ Gaussian distributions N (y;, ¥) with mixing weights p; for
i =1,...,k, where u; € R% ¥ e R¥*? is positive definite, and p; > 0 and Zlepi = 1. Let
Pmin = Min; p;.

The distribution also satisfies mean separation and a small radius condition:

* Mean separation: for some C., > 0 and for all i # j,

2
HE_I/Q(IM - NJ)H > Csep Ingr;iln'
¢ Small radius: for some R > 0 and for all ¢,

] <
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Theorem 47 (Small radius algorithm) Consider the Gaussian mixture model defined above, with

. _ 2 -1 . .
Csep larger than some universal constant. Let ng = (pmilnd)O(R HogPuin) . Given a sample of size

O(R2+logp_ !

n > ng from the mixture, there exists an algorithm that runs in time n min) and returns

with high probability a partition of [n] into k sets C1, ..., Cy, such that, if the true clustering of the

samples is S1, ..., Sk, then there exists a permutation w of k] such that
k
1 Prmin ) O
AT ansal (59"
1=

We introduce some further notation for this section. Let y be distributed according to the
mixture. We specify the model as y = u + w, where p takes value p; with probability p; and
w ~ N(0, %), with p and w independent of each other.

E.1. Component covariance estimation

Lemma 49 gives a sum-of-squares proof that, for t = Q(R*), the directional moment E(y,v)?

approximates the ¢-th power of the variance of the components in direction v. This is the main
ingredient of the algorithm, and it shows that the ¢-th moment of the distribution identifies within
constant factors the covariance matrix of the components. Lemma 48 is a simple upper bound on
the means of the mixture, used in the proof of Lemma 49.

Lemma 48 (Bounded mean term) Fort > 1 integer,
% E(p,v)? < R* (v 20)t.
Proof
l% E<N: ,U>2t _ E(El/zz_l/Qu, ,U>2t _ E(E_l/Q/J,, 21/2'U>2t < EHE_UQHH%HEl/QUHQta
where in the inequality we used Lemma 57. The conclusion follows by noting that ||X~1/2u| < R

and || 2'/20|)? = v T Zw. [

Lemma 49 (Small radius component covariance estimation) Fort > 4R? integer,
1, 1 T
% E(v Yw)t < EIE(y,mQt < 4t v o)t
Proof For the upper bound, by Lemma 13 and Lemma 48,
|2Lt Ely, U)Qt < 22t_1E</1'7 U>2t + 22t—1(UTEU)ttt
< 22t71(R2t + tt)(UTEU)t
< 4ttt (v xv)t.

For the lower bound, by Lemma 14 and Lemma 48,

tt
5 Ey,0) = Edu, o) + (v Zo)'
1
> (—RQt + Qttt> (v L)t
Lot Tyt
> Et (v’ Xv)
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We note that the term +E(y, v)* can be rewritten as

E.2. Finite sample bounds

Lemma 50 gives a sum-of-squares proof that the empirical moments of the distribution are close to
the population moments. We defer the proof to the appendix.

2

Lemma 50 (Closeness of moments) Forn > (pr;ilnd)o(t)n_ e~ 1, with probability 1 — e,

e (1—n) - E(y, 0)* < Bly,v)? < (1+7) - Ely,v).

Proof See Section F.8. |

E.3. Proof of Theorem 47

If the covariance matrix of the components were known, we could apply an affine transformation to
the samples and change the distribution into a mixture of spherical Gaussians. After that we could
simply apply an algorithm for clustering mixtures of spherical Gaussians.

It might look like the covariance matrix approximation of Lemma 49 could be used to design a
sum-of-squares program that identifies this covariance matrix. However, because Lemma 49 only
gives an approximation in each direction for the ¢-th power of the variance of the components, and
because it is non-trivial to take ¢-th roots in sum-of-squares proofs, we found it challenging to obtain
a low-degree sum-of-squares proof of identifiability for the covariance matrix.

Instead, we observe that the sum-of-squares algorithm of Hopkins and Li (2018) for clustering
mixtures of spherical Gaussians only uses as axioms upper bounds on the ¢-th moments of the
distribution of the components. It is not difficult to adapt this algorithm to work with the ¢-th power
approximations that we obtain from Lemma 49.

Proof of Theorem 47 The algorithm is:

1. Sett = O(R? +logp, i) large enough.

2. Estimate D = FE(yy )%

3. Apply the algorithm from Theorem 5.1 of Hopkins and Li (2018), but with the following
moment constraint in the set of axioms instead of the original moment constraint:

1 n
Vo € RY, — 3 "wily — p,0)* < 4(8t)" (v, Dv®"),
an
=1

where « is a parameter and w; and p are system variables, as in the original axioms.
4. Return the clustering that this algorithm computes as an intermediate step.
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We now analyze the algorithm. We first discuss the new constraint. The universal quantifier over
v € R? can be modeled by requiring that there exists a sum-of-squares proof in v of the constraint
(see Fleming et al. (2019)). For the random variable »-l 24, which is distributed according to a
mixture of spherical Gaussians with covariance matrix Iz, it follows by standard arguments (see
Hopkins and Li (2018)) that, for our choice of n, with high probability

1/2 2t < 994t 2t
B sz — 1), 0)* < 22t)" o]

when « is the fraction of samples coming from one of the components, w; is 1 for all samples from
that component and O for all other samples, and p is the mean of that component. Then, by a change
of variables v — 21/21),

|— sz yi — )2 < 2(20) (0T Sw).

We connect now this to D. By Lemma 50, for our choice of n, with high probability
o 1
2t 9

By combining this result with Lemma 49,

E{y, 0)2 < #10%, Do) < 2. Ely, )2,

1
b 5 (v Do) < (0¥, Due) <247 (0T Z).

Therefore,
- sz v)? < 4(8t) (v, D),

so the constraint is valid.
To study the guarantees of the algorithm, we show that the new constraint implies a constraint
of the form required by the original algorithm, which only includes a term ||v||* on the right-hand

side. We use that |2Lt (v®, Dv®) < 2.4 (vTSv)t in

= szz o) < 4(81)' (v, Dv®)

to obtain
|— sz yi — p, )2 < 8(32t) (v Xo).

By a change of variables v — 2_1/21),

1/2 2 ty),,112t
I—MZ — ), 0)* < 8(320)' ]|

Finally, by dividing both sides by 4 - 16' we obtain

2t
I—MZ (= -} <20 ol
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Then the algorithm from Theorem 5.1 of Hopkins and Li (2018) behaves as if we had samples from

21/1t. 42_1/ 2y, which is distributed according to a mixture of well-separated spherical Gaussians

with covariance matrix

mld. It is easy then to verify that we inherit the guarantees of the

algorithm of Hopkins and Li (2018) and, for t = O(R? + log p;liln) large enough, we return a
clustering that satisfies the statement of our theorem.
The algorithm of Hopkins and Li (2018) requires n > (p_i )0 . 40 = (p_1)00) .

DPmin
dO(RQHng;iln), so our choice of n is large enough to satisfy this. The time complexity is dominated
by the algorithm of Hopkins and Li (2018), which has a time complexity of n®®) = nO(R*+logp_ 1)
|

Appendix F. Auxiliary results
F.1. Sum-of-squares lemmas

We first prove a number of useful SOS facts.

Lemma 51 (Restatement of Lemma A.1 in Kothari and Steurer (2017))
For variables X1, ..., X; € R,

X 1
F-X X < F(XT XD,

Lemma 52 (Restatement of Lemma A.2 in Kothari and Steurer (2017))
For variables A, B € R andt > 2 even,

A,B _ —
== (A4 B)t <2t71A! 4 2 1B,

Lemma 53 For variables A, B € Rand 6 > 0 andt > 2 even,

t—1
IAfB (A+B)! < (1+6)7tA + <1 + (1;> Bt
Proof

2 (A+B) = Zt: <t>Ath_s
)

I
()
Y
o+

1
V)
-
=}
7N
W o
N———
~+ | »

3.

4
N~

=

+
N
-
=}
7N
PSS
~

~

Sl

[V
| =
N~

Sy
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where in (1) we used Lemma 51 and in (2) we used the identities

zt; @ = ti (t 5 1>I“S =(1+a2)

e s=0

and

s=0 s=0
|
Lemma 54 For variable X € R and t > 0 integer,
{X > 0} {x' > 0}.
Proof For ¢ even, li X*? > 0 is trivial. For t odd, we have that l% Xt = Xt=1X > 0, where we
used that t)_(l X*t=1 > ( because t — 1 is even. |

Lemma 55 For variable X € R and t > 1 integer,
o< x <1y {xt <1}

Proof We havel% 1-Xt=(1-X)(1+X+...4+X*1) > 0, where we used that, by Lemma 54,
- X7 > 0fori € {0,....t —1}. m

Lemma 56 (Restatement of Lemma A.3 in Kothari and Steurer (2017))
For variable X € Randt > 2 even,

{x' < H-{x <1}
Lemma 57 For variables u,v € R4,
u,v
o (u,0)% <l - [Jo]|.
Proof By Lagrange’s identity,
d—1 d
() = Jull® - o>+ D0 > (wiwy — ujvy)?,

i=1 j=i+1

SO
u,v

5 (u,0)? < Jlull?- o).
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Lemma 58 For variable X € Rand § € R andt > 1 integer,
o< X <1,x' >0 - {x >4}
Proof We havel% X=X'-0)+1-X)1+ X +..+ X"1) + 5 > 4, where we used that,

by Lemma 54, 5~ X > 0 fori € {0,...,t — 1}. m

Lemma 59 For variable X € Rand C' > 2 and t > 1 integer,

{0<X§C;}|%{(1—X) <1—gitX}

Proof We have that

e

1=2
(2) y =
gl—tXnLZthl:l—tXnLtXZthz
=2 =1
(3) @ 1
ST tX 41Xy = < 1—tX + ——tX
tX +¢ ; X 4 ot
C -2
—1- %X,
C—1

We use throughout that, by Lemma 54, l% Xt > 0fori € {0,....,t}. In (1) we used that
l% —X? < X' In (2) we used that (’;) < t*. In (3) we used that l% 0< X K<L & implies that

X i+1 1
Fr0< X< o

X L oyl i_ < L i—1—j >
I”_l(Ct)iX X _<Ct X) Z(Ct)JX X =0

In (4) we used that 3"/~ CLSZz 1(}22 _li—lz%lo u

Lemma 60 (Restatement of Claim 1.5 in Raghavendra et al. (2018)) 3
If E is a degree-d pseudo-expectation and if p, q are polynomials of degree at most %, then E[q(x) -

p(z)] < $E[g(x)?] + LE[p(x)?].

Lemma 61 If Eisa degree-d pseudo-expectation and if p is a polynomial of degree at most 5, then

(E[p(2)))* < E[p(z)?].
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Proof Let E, be the given pseudo-expectation over x, and let E, be a copy of the given pseudo-
expectaiton but over 2’ instead of x. Then we have

(Ex[p()])* = (Ea[p(2)])(Ew [p(2")]) = Esor [p(2)p(a")]-

Then, by Lemma 60,

N

(Exlp(2)])* <

Lemma 62 (Restatement of Lemma 4.5 in Barak and Steurer (2014))
If E is a degree-d pseudo-expectation over vectors u, v, then

(Elhu+ol) " < (& ug) ™ + (& 012) "

We give now some sum-of-squares proofs that are more specific to our setting. The purpose of
Lemma 63 and Lemma 64 is to aid in transforming some sum-of-squares proofs about polynomials
p(x) and ¢(z) into sum-of-squares proofs about polynomials p(z)! and ¢(x)!. Lemma 63 shows
that, under some conditions, if {p(x) > 1} li {q(z) > 1}, then also {p(x)* > 1} lﬁ {q(z)t > 1},
while Lemma 64 shows that, again under some conditions, if {p(z) < 1} Il {q(x) > 1}, then

also {p(z)* < 1} li {q(x)"! > 1}. These are used in Lemma 65 and Lemma 66, which implement
sum-of-squares proofs with some polynomials raised to the ¢-th power.

Lemma 63 Letp,q: R — Rwith p(z) > 0 forall z € R. Let v > 1 be a real number and t > 2
be an even integer. Suppose that, for all z € R, q(x) — 1 — v(p(x) — 1) > 0. Then, for all x € R,

q(z)' =1 —~(p(x)" = 1) > 0.

Proof We consider two cases. First, suppose that 1 + vy(p(z) — 1) < 0. This implies that p(x) <
1—%, which implies that 1+~ (p(x)t—1) < 1+v(p(z)—1) < 0. Therefore q(z)" > 1+~ (p(z)!—1)
is satisfied trivially for ¢ even.

Second, suppose that 1 + v(p(z) — 1) > 0. Then the given assumption implies that ¢(x)* >
(1+~(plx) — 1))". Then

(@) = 1= ~(p(x)' = 1) > (1 +y(p(x) = 1)) =1 = y(p(x)" — 1).
To show that the expression on the right-hand side is non-negative, it suffices to show that
fl@) =1+~ —-1)) =1 -~ - 1)

is non-negative everywhere. For v > 1, we have that lim,_, o, f(z) = oo and lim,_, f(x) = occ.
Then, it suffices to show that f(x) is non-negative at all its critical points. We have

d _ _
T f@) =tly(@ = 1)+ 1) byttt
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S0
d
@f(m):0<:>’y(a;—1)+1:x<:>x:1.

We have f(1) = 0 > 0. Therefore, f(z) > 0 for all z € R.

Lemma 64 Letp,q: R — R forall z € R. Let v > 0 be a real number and t > 2 be an even
integer. Suppose that, for all x € R, q(x) — 1 — v(1 — p(x)) > 0. Then, for all z € R,

q(z)' =1 —~(1 —p(x)") > 0.

Proof We consider two cases. First, suppose that 1 + (1 — p(z)) < 0. This implies that p(z) >
1—1—%, which implies that 1+v(1—p(x)!) < 14+v(1—p(x)) < 0. Therefore g(x)* > 1+~v(1—p(z)?)
is satisfied trivially for ¢ even.

Second, suppose that 1 + v(1 — p(x)) > 0. Then the given assumption implies that q(x)¢ >
(1+~(1 = p(x)))". Then

g(x)" =1 =~y(1=p(2)") = (L+ (1 =p()))" =1 = 7(L = p(x)").

To show that the expression on the right-hand side, it suffices to show that

fl@) =1+l —2) =1 -~(1 -2

is non-negative everywhere. For v > 0, we have that lim,_, _ f(z) = oo and lim,_,~, f(z) = 0.
Then, it suffices to show that f(x) is non-negative at all its critical points. We have

d _ _

o f@) =t = at(y(1 = 2) + 1)

SO d
@f(:v):0<:>a::'y(1—x)+l<:>:c:1.

We have f(1) = 0 > 0. Therefore, f(z) > 0 forall z € R.
|

Lemma 65, which is used in Lemma 32, provides a sum-of-squares proof of the following

t
statement: if (22 + 77 (1 — (1 — 02)x2))t > %, then 2%t > (@ M_}ng) .

Lemma 65 For a variable v € R and for 0 < 0% < 1and 0 < v < M and M > 2, we have that

{<7 <x2+]\14(1 -(1 —02)x2)))t > 1} o {<M7—7<M_ 1+02)x2>t > 1}.

Proof Let

p(@) = 4 <x2 b 0%2)) = (M_Alf”x? + ]\1/[>
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and
q(z) = §(M — 1+ 0?)2?,

for some 0 > 0 to be determined later. Note that p(z) > 0 for all x € R.
We check now that, for all z € R,

a(@) = 1= —=plx) = 1) 20,

which corresponds to a sum-of-squares proof that {p(z) > 1} l1 {q(z) > 1}. We note that the

coefficient %‘S was chosen such that 22 cancels. We have then
M6 Mo /vy M6
a(w) = 1- =2pa) 1) = -1- 22 (L —1) = =215
gl vy \M Y

Setd = ML_W, which makes the term equal to 0. Therefore, for all z € R,

0
q(z) —1— 777 (p(z) =1) 2 0.
Therefore, by Lemma 63, for all x € R,
ol
flz) =q(z)" =1~ ,y_” (p(z) = 1) = 0.

Because f(x) is a univariate polynomial of degree 2¢, there also exists a sum-of-squares proof of
degree at most 2¢ that f(x) > 0. Note that this constitutes a degree-2¢ sum-of-squares proof that
{p(x)t > 1} li {q(x)! > 1}. This concludes the proof.

|

Lemma 66, which is used in Lemma 33, provides a sum-of-squares proof of the following

e (22HAQ=(1-02)2)\! _ 1 2t A-1 2y’
statement: 1f< 11807 < v, then 2™ > ;EA_I)(l —1007)) .

Lemma 66 For a variable x € R and for 0 < 02 < 0.1 and A > 10 and t even and v > 0.9, we
have that

2+ A1-(1-0222)\’ e | (va=1) 22
{(7 1+ 8A02 > Sl}IQ_t{<7A—1 1—1002> 21}‘

Proof Note that we need o2 < 0.1 in order to have 1 — 1002 > 0.

Let
22+ Al — (1 -0%)2?) (1-A(1-0?))2>+A
p(z) =~ 5 =7 5
1+ 8Ac 1+8Ac
and )
T
Q(:U) - 1 _ 100_2a

for some 6 > 0 to be determined later.
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We check now that, for all x € R,

5(1+8Ac?) )
Y(A(1 —02) —1)(1 — 1002)(

gla) — 1 - — p(a)) >0,

which corresponds to a sum-of-squares proof that {p(x) < 1} l— {q(z) > 1}. We note that the
5(1+8A0?)

coefficient FAA—0?)_1)(1-1002

y was chosen such that z2 cancels. We have then

5(1+ 8Ac?
00 1 e ala)
. 3(1+8A0?) < . yA )
Y(A(1 = 062) —1)(1 — 100?) 1+ 8A0?
1 §(1+ 8Ac?) 1+8Ac% — A
N Y(A(1—02) —1)(1 —1002) 1+ 8Ac?
_ 5(1+8Ac?% — yA)

Y(A(1 = 02) = 1)(1 — 100?)
(A1 =0?) = 1)(1 = 100%) — §(1 + 8Ac? — yA)
N Y(A(1 —02) —1)(1 — 1002)
_ (= 107A)o* + (119A — 10y — 85A)0? + (y0A — yA + 4 — 5)
(A — 0%~ 1)(1 — 1007)

Note that the denominator is positive. Set § = 77(2:}). Then the numerator, viewed as a quadratic

117A2—10yA—8A%2—3A+10
10A(yA-1)

the quadratic is also positive for all o2 between the two roots. Hence, in order to prove that the

expression is positive for all 0 < o2 < 0.1, it suffices to show that the second root is at least 0.1 in
2

our setting. Indeed, for all v > 0.9 and all A > 10, we have that 11yA?10yA—8AZ_3A+10 > (0.1.

10A(yA—T)
Therefore, for all z € R,

in 2, has roots at 0 and at . Furthermore, when the second root is positive,

U2 (1 +8A02)

(@) = () =1~ —x = ey e (P 20

Therefore, by Lemma 64, for all x € R,

22D (1 + 8A0?)

fla)=q(x)t —1- 8-l

TR o?) D~ 1007 L T P@) 20

Because f(z) is a univariate polynomial of degree 2¢, there also exists a sum-of-squares proof of
degree at most 2t that f(x) > 0. Note that this constitutes a degree-2¢ sum-of-squares proof that

{p(z)t <1} l— {q(x)! > 1}. This concludes the proof.
|
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F.2. Finite sample lemmas

Lemma 67 (Restatement of Theorem 4 in Brubaker and Vempala (2008))

Forn > C%z(d/é), with probability 1 — 6,

| cov(y®) M2 (Ey® — Ey®)|| < e

and
s — cov(y®) " /2eov(y°) cov(y”) /| < e.

Lemma 68 Forn > C%z(d/é)

, with probability 1 — 0,

17q — @ov(y°)~1/% cov(y”)cov(y®) 7| < e.
Proof By Lemma 67,

| a — cov(y®)~2eov(y") cov(y®) /2| < 2¢.

Then
(1 —€)Iy < cov(y®) Y 2cov(y°) cov(y®) V2 < (1 + €)1y,

(1—€)cov(y®) = cov(y®) < (1+€)cov(y?),

1
ooV Seov(y?) 27—

Usingthatl%re >1— 2 andi <1+ 2efore<1/2,

cov(y”).

(1 — 2¢e)cov(y®) < cov(y®) < (1 + 2¢)cov(y?),

)

(1 —2¢)I; = cov(y®) /% cov(y®)cov(y®) /2 < (1 + 2€)1,,

17a — cov(y®) ™2 cov(y”)eov(y”) 2| < 2e.

Lemma 69 (Restatement of Lemma 22 in Moitra and Valiant (2010))

Let the random variable y € R be distributed according to an istotropic mixture of k one-dimensional
Gaussian distributions with minimum mixing weight pmin. Letyq, ..., Y, € R be generated i.i.d. ac-
cording to the distribution of y. Then, with probability 1 — 9,

n 2
1 . . 1 _o
( § yf - Eyt> < pmin(t)'
n no

Lemma 70 Let the random variable y € R® be distributed according to an istotropic mixture of
k d-dimensional Gaussian distributions with minimum mixing weight pyin. Let y1, ..., yn € R be
generated i.i.d. according to the distribution of y. Then, with probability 1 — d'6,

1 & ?
ot ®t
gE y, —Ey
=1

L1 o
<~ (p=] ,
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Proof The proof is similar to the proof of Lemma 22 in Moitra and Valiant (2010).
We denote by y(j) the j-th coordinate of y. Let o € N satisfy Z?zl aj = t. Let 2% =

H;lzl (y71))? . By Chebyshev’s inequality, with probability at least 1 — 4,

1o Y 1 ¢ ’
(n Z zit — Eza) < SE (n Z zit — Ezo‘>
i=1 i=1
z& —Ez®] = 0. Using that for independent

We now bound the right-hand side. Note that E[2 ™7 | 2
random variables the variance of the sum is equal to the sum of the variances,

n 2
1 1 1 1 _

( E z — Ez"‘) =—-FE [(z”‘ — Eza)ﬂ <-E [(ZO‘)Q] < *pmgl(t).
n < n n n

The last inequality follows by using that E( (g ')) < pfgl(t) for all j and that, for random varaibles
Ty, ..., 2 € R, [E[xy - ... - x]| < (B} - ... - Eal)/*. Then, by a union bound, with probability at
least 1 — d%4,
1 T o
t -0t
=~ u By < —d'p,
i=1

Lemma 71 Let the random variable y € R® be distributed according to an istotropic mixture of
k d-dimensional Gaussian distributions with minimum mixing weight pyin. Let yi, ..., yn € R? be
generated i.i.d. according to the distribution of y. Then, for n > %, with probability 1 — dJ,

72”:%”21& pmln ) ()

Proof Denote by y() the j-th coordinate of y. We have

t
n d

L=y e G) O)y2 IR
n;HyZHQt_nZ Z(yi] )2 Zdt 12 J tlzZZ(y] 2t

i=1 \j=1 i=1 j=1 " 4=1

Note that, for each j, y) is distributed according to an isotropic mixture of % one-dimensional
Gaussian distributions. By a union bound, with probability 1 — d the result in Lemma 69 holds for
each coordinate %), Then

1< 2 - gt—1 < ) 2t 4 1 —O(t)>
- i1 <d (g —p .
- ;_1 il E Mpmm

—0(t)

We have that E(y(?))? < Pmin - Using that nd > 1, we get then

1 n
SO Nl < dt - < ().
i=1
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F.3. Isotropic position transformation lemmas
The setting for the following two lemmas is that of Section D.3.
Lemma 72 (See Lemma 10 in Hsu and Kakade (2013)) We have

* Weov(y V(O WT = I,
. Wcov(y )WT =0,
s Weov(yO W' =1,

Proof The results are immediate by substitution. |

Lemma 73 (See Lemma 10 in Hsu and Kakade (2013)) Suppose that

1/2

4 — cov(y®) "/ 2eov(y°) cov(y?) /2| < e.

Then
172 — (W cov(y”)W ) 2[| < O(e) - | cov(y”)]| - || cov(y®) ™.

Proof The given assumption implies that all eigenvalues of cov(y®)~/?cov(y°) cov(y®) /2 lie
between 1 — € and 1 + €. Hence all eigenvalues of the inverse of this matrix lie between 1%% =
1+ O(e) and 72~ =1 — O(e). Then

1 — cov(y*) 2557 (y°) ! cov(y”) 2] < O(e),

(1-0(e)) - cov(y®) "L = @ (5%) " = (1+0(e)) - cov(®) .
Then
W = (U Teov(y®)0)~ 20T || < [I(U Teov(y”)0)~"/2|| = |leov(y®)~/2|
= [lcov(y®) 2 < (1 + 0()) - || cov(y”) ") /2.

The given assumption also implies that

—e-cov(y®) < cov(y?) — cov(y®) < €- cov(y?).
Hence

leov(y®) — cov(y?)| < e [l cov(y®)]-
Using these bounds on || || and ||[cov(y°) —cov(y?)]|, together with the fact that Wecov(y?)W T =
14, we get that
la = W cov(y” )W || = [|W (cov(y°) — cov(y”))W |
< W - |[eov(y®) — cov(y?)]
e+ (L+0(e)) - [l cov(y”)] - | cov(y”) "l
< 0(e) - | cov(y?)| - || cov(y®) .

Then all eigenvalues of W cov(y°)W T lie between 1 — § and 1 + 6, for § = O(e) - || cov(y°)]| -

|| cov(y®)~t||. Hence all eigenvalues of the square root of this matrix lie between v/1 -9 = 1 —
O(9) and v/1+ 0 =1+ O(J). Then

l1a = (W cov(y")W )| < O(e) - [ cov(y)] - [l cov(y®) "]
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F.4. Miscellaneous lemmas

Lemma 74 Let W € R and ¥ € R with ¥ = 0 symmetric. Suppose that WEW T =

Then W = QX712 for some orthogonal matrix Q € R4*.

Proof We have

WEW ' = I; = (WE2)WS)T = [ = WSV = Q=W =Qu™'/?

for some orthogonal matrix Q.

Lemma 75 For integers 0 < s <,

@Z) (2t — 25 — Il < <Z> ().
F—

Proof We use the known fact that (2¢t — 2s — 1)!! = S22 Then

2t=5(t—s)!
(gz) (2t — 25 — 1)!! _ (23)1((22?! 2)! 2522_(,5251!)! _ (t + 1)(t + 2) - (275)
(- et RN @)
For the upper bound, we have
(t+D)(E+2)---(20)  EFD)E+2) - (t+s) (E+s+1)(E+s+2)---(2)
(s+1)(s+2)---(2s)(2t)t— (s+1)(s+2)---(29) (2t)t—s
< ( DE+2)---(t+s)
- + 1)(s+2)---(29)
where in the last inequality we used that (%) s = (1+£2)  <e.
For the lower bound, we have
t+DE+2)--(2)  (E+DE+2) () E s+ D(E+s+2)---(2)
(s+D(s+2) @)@ (s 1)(s+2)---(25) (26)7
(t+s+1)(t+s+2) (2t
- (2t)t—s
1
> .
— Qt—s
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F.5. Proofs deferred from Section B
Proof of Lemma 19 For the first proof, with probability 1 — €/100,
l% o' cov(z)v = v cov(z)/2cov(z) Y2 cov(z)cov(z) " cov(2) P
()
< l[eov(z)"1/? cov(z)cov(z) /2| - [[eov(z) ' *o?
< (1 +n)C,

where in (*) we used Lemma 68.
Similarly, for the second proof, with probability 1 — €/100

I% v cov(z)v = v cov(z)/? cov(z) TV %eov(2) cov(z) V2 cov(z) P

()

< || cov(z)~/2e0¥(z) cov(z) 2| - || cov(z)/2u||?
< (14 n)C.
where in (*) we used Lemma 67. |

Proof of Lemma 20 We have
l—E (z,v) E(z,v)% + <E<z,v)2t —E(z, v>2t)

For the second term we have that

b (Blz0)* ~ Bz’

. 2
<IE )72z, cov(2)?0) % — E(cov(z) "2z, cov(z)l/Qv)2t>

((cov(z)/?2)%, (cov(2)'?v)®*) — E<(cov(z)—1/2z)®2t,(cov(z>1/2v)®2t>)2
c (

= (E(cov() /22)% — E(cov(z) /22)%, (cov(2)!20) *2)?
[B(cov(z)"1/2
[ (co(

|E (cov z)” 1/2z)®2t E(co

z)®2t

2)7V22) 52 (cov(2) 20) P |

E(cov )
z) 1/2z)®2tH2 ot

z)” (
v (

Note that Ez = 0. Then cov(z)_l/ 2z is in isotropic position. By Lemma 70, with probability
1 — d?*§, we have that

[E(cov(z)"122)%% — E(cov(2)™/22) |12 < —(p ).

Selectn = (Cp_ 1 d)°Wn~le~! large enough the right-hand side is upper boundeed by 7C~ with
probability at least 1 — €. Then it follows that

. 2
l% (E(z,v>2t — E(z, U>2t> <n?
Then, by Lemma 56, we get that

(t) E<z )* —E(z,0)* <n,
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% —E(z,0)% + E(z,0)% <.

Rearranging leads to the desired results.

F.6. Proofs deferred from Section C
Proof of Lemma 35 We have

i Ely, ) = E(y,0) + (E(y,0)* - E(y,v)*).
For the second term we have that
. 2 . 2
Hr (B, o) — Bly,0)*) " = (B(y®,o%%) - By, v®%))

= (By®2 — Ey®2 202

< |[Ey®* — Ey=*|*.
By Lemma 70, with probability 1 — d?§, we have that

Phin

N 1 _
By ™2 — By ™| < —(prid) .

Forn > (pr;ilnd)o(t)n_ge_l the right-hand side is 12 with probability at least 1 — €. Then it follows
that

I (fE<y,v>2t - Il‘3<3w>2t)2 <.

Then, by Lemma 56, we get that

o Ely,0)* — Ely,0)" <,

o By, ) + E(y,0)* <n.

Rearranging leads to the desired results. |

F.7. Proofs deferred from Section D

Proof of Lemma 43 We have

2t

b BOV (4 — By®), ) =B ((W(y° — Ey), 0) + (W (Ey® - By®),v))
Let § > 0 to be specified later. For the upper bound:

Vo 2 0 0 2~ 0 ~ 0 2t

o B (<W(y —Ey"),v) + (W(Ey" —Ey"), v>)

2t—1
< (140 E(W(y° - Ey°),0)* + (1 - 5) (W (Ey® — Ey°), v)*,
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where in the inequality we used Lemma 53.
For the lower bound:

5 B (W (y° — By®), ) + (W(Ey" - By"), v>)2t

M LNzl 41 2-1 )
> < ) ~E<W(y°—Ey°),v>2t—< 5) (W (Ey® — Ey®),0)*

146 144
(2) 1 2t—1 R . 1 2t—1 ~ A
> <1+5> BV (y° — Ey®),0)* - O (1 " 5> (W (Ey° — Ey°),v)*,

AB
where in (1) we used that, by Lemma 53, lT A < (1462 YA+ B)* + (1+ 3)*'B%, s0

AB 1 . .
lT (A+ B)? > (135)2714% — (11%‘5)2’5*132": In (2) we assumed that § = O(1), which will
be the case for our choice.

2t—1
Now take § = 7gk. Then (1 + 6)*~ < 1+ nand (ﬁ) > 1 — n for  small.

For the second term in both bounds, we use that

L2 (W (By® — By®), ) < || (Ey® — By®)|*
= |[WwW W (Ey° — Ey)|*
< [WW 2 W By — By®) |
= (W cov(y®)TW V2|12 W (Ey® — Ey°) .

By Lemma 67 and Lemma 73, with probability 1 — e,
~ n O(1)
IW(Ey - Ey")l| < (7)

and R R
I(W cov(y®) W )12 <1

Then the second term in both bounds becomes

v NNzt . 1004\ 271 o(1)
|§0(1+5) -<W<Ey°—Ey°>,v>2t§o<n> (1) =n

Proof of Lemma 44 We have
B BOW (5 — By). o) = B (W(y® —Eg").0) + (W - W) (00~ By).0))

Let > 0 to be specified later. For the upper bound:
b B (W(y° — Ey),0) + ((W = W) (4~ By”),v))

< (148 E(W (Y —Ey®), o) + <1 + 5)2“ : E<<W - W) (y° - Eyo),v>2t ,

2t

61



BUHAI STEURER

where in the inequality we used Lemma 53.
For the lower bound:

o E <<W(y0 —Ey"),v) + <<W N W) (y" - Eyo),v>)2t
2() R -mO (112};)%_1 (W) @ me)”

S 2H]EWOIEO *_of(1 12t_11@ W) (4 — By, 0)
2 (1) RV om0 o (1+5) B((W-w) 6 - me)”

where in (1) we used that, by Lemma 53, lT A < (146 YA+ B)* + (1+ 3)*'B%, s0

5 (A + B)? > ()21 42 — (A0)2-152 Iy (2) we assumed that & = O(1), which will
be the case for our ch01ce or1

Now take § = 7gb. Then (1 + 6)*~* < 1+ nand (1+6> > 1 — n for n small.

For the second term in both bounds, we use that

8 W) 0 ) = () it -’

< |- WW*H B W (y° — By

= [ covtuty T B i -y

By Lemma 67 and Lemma 73, with probability 1 — ¢,

- o (tp” )

By Lemma 71, with probability 1 — €,
- 2t -
E Wy’ —Ey")[|" < (pdad) .

mlIl

Then the second term in both bounds becomes

%O<I+;)“-E<<w—w> o -ma).)"

_ o)
100\ 21 B
<o) <tp".1 d> S

Proof of Lemma 45 We have
(W (1 — 1), 0) — (W (1 — 1), 0)] = (W = W) — 19),0)]
= (g = WW W (1 — 1), )]
<[ g = WW - W (1 — 1)l
= || Ig — (W cov(y")W Y2 [W (1 — u9)]].
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By Lemma 67 and Lemma 73, with probability 1 — e,

Hfd—(WCOV(yO)WT)l/QHS (Z)O(l).

Pryin

Note that W (uf — 1) = i — pj = (i — pj,uyu, so [[W(nd — )| = i — pj,w)l-

Using that 3% pi(us,u)? < 1, we have that % (15, u)? < p=l . so (s, u)? < pol, so

(i = 15, )| < 24/ iy Then [[W (1 — p)|| < 24/ Pt
Therefore,

Proof of Lemma 45 [Proof of Lemma 46.] We have
lo W (E)YZ — o TW (S = T (W — W)(20) /2|
= |lv" (Ia = WWHw (292
<[y = WW |- W (2012
= |[1a — (W cov(y®)W )2 - [W(50)2].
By Lemma 67 and Lemma 73, with probability 1 — e,
sz - (Wcov(yO)WT)1/2H <.

Note that, by Lemma 74, W (X£°)1/2 = Q(x°)~1/2(£%)%/2 = @ for an orthogonal matrix Q.
We have ||Q| = 1, so ||[W (X912 = 1.
Therefore,

loTW(E0)2 — o TW ()2 <.

FE.8. Proofs deferred from Section E
Proof of Lemma 50 We have

l% IAE<y7 v>2t - ]E<y7 U>2t = ]E<y®2ta U®2t> — E<y®2t7 v®2t>
_ Ey®2t . ]Ey®2t ,U®2t>

E(yy")® - E(yy "), (vo)®).

We now bound E(yy " )®* — E(yy ")®". Define

E = E(cov(y) " 2yy " cov(y) /%)% — E(cov(y) yy " cov(y) /)
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By Lemma 70, with probability 1 — d?'§, we have that

) 1
1E|r = [|E(cov(y) " /2y)®% — E(cov(y)~/?y)®¥|| < ﬁ(p;ilnd)o“)~

For n > (p.1.d)°®n~2e~1 this term is 1 with probability at least 1 — . In this case ||E|| <
IEllF <n.s0

—n- cov(y)®* < (cov(y)"/*)* B(cov(y)'/*)®* < - cov(y)™".
We observe the connection between E(yy T)®! — E(yy ' )®! and E:
E(yy")® —E(yy")® = (cov(y)'/*)* E(cov(y)"/*)*".
Using this and using that cov(y) < Eyy ", we finally obtain that

—n-E(yy ¥ <E(yy)® —E(yy)® < n-E(yy )"

Then
b By, v)% — E(y, ) = (E(yy")® - E(yy")®, (v0T)®)
<n- (Eyy")®, (vo)®h)
=n-E(y,v)*
and
- Ely, 0)% — E(y, )% = E(yy ") — E(yy "), (0v")®)
> —n- (E(yy ), (vv)®
=-n- E<y7 U>2t'
The conclusion follows. |

64



	Introduction
	Results
	Related works

	Techniques
	Preliminaries
	Separating polynomial
	Exact moment results
	Finite sample bounds
	Proof of Theorem 10
	Proof of Theorem 11

	Parallel pancakes
	Isotropic position properties
	Exact moment direction recovery
	Sum-of-squares identifiability (proof of Theorem 26)
	Sum-of-squares sampling (proof of Theorem 27)

	Finite sample bounds
	Proof of Theorem 22

	Colinear means
	Isotropic position transformation
	Finite sample isotropic position transformation
	Finite sample bounds
	Proof of Theorem 39

	Small radius
	Component covariance estimation
	Finite sample bounds
	Proof of Theorem 47

	Auxiliary results
	Sum-of-squares lemmas
	Finite sample lemmas
	Isotropic position transformation lemmas
	Miscellaneous lemmas
	Proofs deferred from Section B
	Proofs deferred from Section C
	Proofs deferred from Section D
	Proofs deferred from Section E


