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Abstract

Best-of-both-worlds algorithms for online learning which achieve near-optimal regret in both the
adversarial and the stochastic regimes have received growing attention recently. Existing techniques
often require careful adaptation to every new problem setup, including specialised potentials and
careful tuning of algorithm parameters. Yet, in domains such as linear bandits, it is still unknown if
there exists an algorithm that can simultaneously obtain O(log(T’)) regret in the stochastic regime
and O(\/T ) regret in the adversarial regime. In this work, we resolve this question positively and
present a general reduction from best of both worlds to a wide family of follow-the-regularized-
leader (FTRL) and online-mirror-descent (OMD) algorithms. We showcase the capability of this
reduction by transforming existing algorithms that are only known to achieve worst-case guarantees
into new algorithms with best-of-both-worlds guarantees in contextual bandits, graph bandits and
tabular Markov decision processes.

1. Introduction

Multi-armed bandits and its various extensions have a long history (Lai et al., 1985; Auer et al.,
2002a;b). Traditionally, the stochastic regime in which all losses/rewards are i.i.d. and the adver-
sarial regime in which an adversary chooses the losses in an arbitrary fashion have been studied
in isolation. However, it is often unclear in practice whether an environment is best modelled by
the stochastic regime, a slightly contaminated regime, or a fully adversarial regime. This is why
the question of automatically adapting to the hardness of the environment, also called achieving
best-of-both-worlds guarantees, has received growing attention (Bubeck and Slivkins, 2012; Seldin
and Slivkins, 2014; Auer and Chiang, 2016; Seldin and Lugosi, 2017; Wei and Luo, 2018; Zimmert
and Seldin, 2019; Ito, 2021b; Ito et al., 2022a; Masoudian and Seldin, 2021; Gaillard et al., 2014;
Mourtada and Gaiffas, 2019; Ito, 2021a; Lee et al., 2021; Rouyer et al., 2021; Amir et al., 2022;
Huang et al., 2022; Tsuchiya et al., 2022; Erez and Koren, 2021; Rouyer et al., 2022; Ito et al.,
2022b; Kong et al., 2022; Jin and Luo, 2020; Jin et al., 2021; Chen et al., 2022; Saha and Gaillard,
2022; Masoudian et al., 2022; Honda et al., 2023). One of the most successful approaches has been
to derive carefully tuned FTRL algorithms, which are canonically suited for the adversarial regime,
and then show that these algorithms are also close to optimal in the stochastic regime as well.
This is achieved via proving a crucial self-bounding property, which then translates into stochastic
guarantees. This type of algorithms have been proposed for multi-armed bandits (Wei and Luo,
2018; Zimmert and Seldin, 2019; Ito, 2021b; Ito et al., 2022a), combinatorial semi-bandits (Zim-
mert et al., 2019), bandits with graph feedback (Ito et al., 2022b), tabular MDPs (Jin and Luo, 2020;
Jin et al., 2021) and others. Algorithms with self-bounding properties also automatically adapt to
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Setting Algorithm Adversarial Stochastic o(C) | Rd.1 | Rd.2
Lee et al. (2021) V/dT log(|X|T)log T dlog(|X|T) log(T)
. . Theorem 3 dv/vL, logT d?ulTogT v
Linear bandit e
Corollary 7 d/TlogT e 2es v v
Corollary 12 dT log | X| W v v v
Contextual bandit Corollary 13 KTlog |X] W v v v
Ito et al. (2022b) vaTlogTlog(KT) M# v
Graph bandit — S loa(KT)Ioe T
Strongly observable Rouyer et al. (2022) VaTlog K - —
Corollary 15 \/Hllﬂ{&, alog K}T 10gK min{a&,a log i}logKlogT v v v
Graph bandit Ito et al. (2022b) (51log(KT)log T)3T3 Slog(KT)log T v
Weakly observable Corollary 19 (51og K) 5T3 élog leog T v v v
Jin et al. (2021) H2S2AT log? T HOS?Alog? T v
Tabular MDP s 2
Theorem 26 HS2AL, log*T W v v %

Table 1: Overview of regret bounds. The o(C') column specifies whether the algorithm achieves the
optimal dependence on the amount of corruption (v/C or C §’ depending on the setting). “Rd. 1”
and “Rd. 2” indicate whether the result leverages the first and the second reductions described in
Section 4, respectively. L, is the cumulative loss of the best action or policy. v in Theorem 3 is the
self-concordance parameter; it holds that v < O(d) (see Appendix B for details). A’ in Jin et al.
(2021) is the gap in the Q* function, which is different from the policy gap A we use; it holds that
A < A’. a,a, § are complexity measures of feedback graphs defined in Section 5.

intermediate regimes of stochastic losses with adversarial corruptions (Lykouris et al., 2018; Gupta
et al., 2019; Zimmert and Seldin, 2019; Ito, 2021a), which highlights the strong robustness of this
algorithm design. However, every problem variation required careful design of potential functions
and learning rate schedules. For linear bandits, it has been still unknown whether self-bounding is
possible and therefore the state-of-the-art best-of-both-worlds algorithm (Lee et al., 2021) neither
obtains optimal log 7" stochastic rate, nor canonically adapts to corruptions.

In this work, the make the following contributions: 1) We propose a general reduction from best
of both worlds to typical FTRL/OMD algorithms, sidestepping the need for customized potentials
and learning rates. 2) We derive the first best-of-both-worlds algorithm for linear bandits that obtains
log T regret in the stochastic regime, optimal adversarial worst-case regret and adapts canonically
to corruptions. 3) We derive the first best-of-both-worlds algorithm for linear bandits and tabular
MDPs with first-order guarantees in the adversarial regime. 4) We obtain the first best-of-both-
worlds algorithms for bandits with graph feedback and bandits with expert advice with optimal
log T stochastic regret.

2. Related Work

Our reduction procedure is related to a class of model selection algorithms that uses a meta bandit
algorithm to learn over a set of base bandit algorithms, and the goal is to achieve a comparable
performance as if the best base algorithm is run alone. For the adversarial regime, Agarwal et al.
(2017) introduced the Corral algorithm to learn over adversarial bandits algorithm that satisfies the
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stability condition. This framework is further improved by Foster et al. (2020); Luo et al. (2022).
For the stochastic regime, Arora et al. (2021); Abbasi-Yadkori et al. (2020); Cutkosky et al. (2021)
introduced another set of techniques to achieve similar guarantees, but without explicitly relying
on the stability condition. While most of these results focus on obtaining a v/T" regret, Arora et al.
(2021); Cutkosky et al. (2021); Wei et al. (2022); Pacchiano et al. (2022) made some progress in
obtaining polylog(7") regret in the stochastic regime. Among them, Wei et al. (2022); Pacchiano
et al. (2022) are most related to us since they also pursue a best-of-both-worlds guarantee across
adversarial and stochastic regimes. However, their regret bounds, when applied to our problems, all
suffer from highly sub-optimal dependence on log(7") and the amount of corruptions.

3. Preliminaries

We consider sequential decision making problems where the learning interacts with the environment
in T rounds. In each round ¢, the environment generates a loss vector (¢, )ycx and the learner
generates a distribution over actions p; and chooses an action A; ~ p;. The learner then suffers
loss ¢; 4, and receives some information about (¢ ,,),cx depending on the concrete setting. In all
settings but MDPs, we assume /;,, € [—1, 1].

In the adversarial regime, (¢;,)ycx is generated arbitrarily subject to the structure of the con-
crete setting (e.g., in linear bandits, E[¢; ,,] = (u, ¢;) for arbitrary ¢, € R%). In the stochastic regime,
we further assume that there exists an action * € X and a gap A > O such that E[¢; , — {4 »+] > A
for all x # x*. We also consider the corrupted stochastic regime, where the assumption is relaxed
to E[l; » — €y ox] > A — C for some C; > 0. We define C' = Zthl Ct. The goal of the learner is

to minimize the pseudo-regret, defined as Reg = max,cy E ZZZI(Q A — ft,u)] .

4. Main Techniques

4.1. The standard global self-bounding condition and a new linear bandit algorithm

To obtain a best-of-both-world regret bound, previous works show the following property for their
algorithm:

Definition 1 («-global-self-bounding condition, or a-GSB)

T

Z(l - pt,u)

t=1

Vue X: E

e
} + cologT

T
Z (bea, — lru) ] < min {CO T, (a1 logT)!™°E

where cq, c1, ca are problem-dependent constants and py ., is the probability of the learner choosing
u in round t.

With this condition, one can use the standard self-bounding technique to obtain a best-of-both-world
regret bounds:

Proposition 2  If an algorithm satisfies «-GSB, then its pseudo-regret is bounded
by O (c(l)_aTo‘ +cologT) in the adversarial regime, and by O(cilog(T)A™T-a +
(c1log T)1=* (CA™Y)™ + colog(T))) in the corrupted stochastic regime.
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For completeness, we provide a proof of Proposition 2 in Appendix D. Previous works have found
algorithms with GSB in various settings, such as multi-armed bandits, semi-bandits, graph-bandits,
and MDPs. Here, we provide one such algorithm (Algorithm 3) for linear bandits based on the
framework of SCRiBLe (Abernethy et al., 2008). The guarantee of Algorithm 3 is stated in the
next theorem under the more general “learning with predictions” setting introduced in Rakhlin and
Sridharan (2013), where in every round ¢, the learner receives a loss predictor m; before making
decisions.

Theorem 3 In the “learning with predictions” setting, Algorithm 3 achieves a second-order
regret bound of O(d\/y log(T) ZtT:l(gtyAt —my.a,)% + dvlog T> in the adversarial regime,

where d is the feature dimension, v < O(d) is the self-concordance parameter of the regu-
larizer, and my, = (x,my) is the loss predictor. This also implies a first-order regret bound

of O(d\/y log(T) ZZ;I Et,u) if by, > 0 and my = O; it simultaneously achieves Reg =

2 2 . . .
(@) (d VEgT + 4/ d ”EgTC> in the corrupted stochastic regime.

See Appendix B for the algorithm and the proof. We call this algorithm Variance-Reduced SCRiBLe
(VR-SCRiBLe) since it is based on the original SCRiBLe updates, but with some refinement in the
construction of the loss estimator to reduce its variance. A good property of a SCRiBLe-based
algorithm is that it simultaneously achieves data-dependent bounds (i.e., first- and second-order
bounds), similar to the case of multi-armed bandit using FTRL/OMD with log-barrier regularizer
(Wei and Luo, 2018; Ito, 2021b). Like Rakhlin and Sridharan (2013); Bubeck et al. (2019); Ito
(2021b); Ito et al. (2022a), we can also use another procedure to learn m, and obtain path-length or
variance bounds. The details are omitted.

We notice, however, that the the bound in Theorem 3 is sub-optimal in d since the best-known
regret for linear bandits is either dv/T log T or /dT log |X|, depending on whether the number of
actions is larger than 7'¢. These bounds also hint the possibility of getting better dependence on d
in the stochastic regime if we can also establish GSB for these algorithms. Therefore, we ask: can
we achieve best-of-both-world bounds for linear bandits with the optimal d dependence?

An attempt is to try to show GSB for existing algorithms with optimal d dependence, including
the EXP2 algorithm (Bubeck et al., 2012) and the logdet-FTRL algorithm (Zimmert and Lattimore,
2022)'. Based on our attempt, it is unclear how to adapt the analysis of logdet-FTRL to show
GSB. For EXP2, using the learning-rate tuning technique by Ito et al. (2022b), one can make it

satisfy a similar guarantee as GSB, albeit with an additional log(7") factor, resulting in a bound
dlog(|X|T') log(T)
A

in the stochastic regime. This gives a sub-optimal rate of O (log? T'). Therefore, we
further ask: can we achieve O(log T') regret in the stochastic regime with an optimal d dependence?

Motivated by these questions, we resort to approaches that do not rely on GSB, which appears
for the first time in the best-of-both-world literature. Our approach is in fact a general reduction —
it not only successfully achieves the desired bounds for linear bandits, but also provides a principled
way to convert an algorithm with a worst-case guarantee to one with a best-of-both-world guarantee
for general settings. In the next two subsections, we introduce our reduction techniques.

1. Another potential algorithm is the truncated continuous exponential weight algorithm by Ito et al. (2020), which
obtains optimal regret dependence on d, is computationally efficient, and can achieve first/second-order bounds.
However, the regret bound shown by Ito et al. (2020) has sub-optimal dependence on log 7", making it impossible to
obtain a O(log T') regret bound in the stochastic regime using the analysis framework of Ito et al. (2020).
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Algorithm 1 BOBW via LSB algorithms

Input: LSB algorithm A

Ty + 0, T() — —C2 log(T).

Z1 ~ unif(X).

t< 1.

fork=1,2...,do

Initialize A with candidate Zy,.

Set counters Ni(z) = 0 forall z € X.

fort=T,+1,Tp +2,...do

Play action A, as suggested by .4, and advance .4 by one step.

Nk(At) — Nk(At) +1

if t — Ty >2(Ty — Ty—1) and 3x € X \ {Tx} such that N (z) > t_sz then
Th+1 — .
Tk+1 — t.

break.
end

end
end

4.2. First reduction: Best of Both Worlds — Local Self-Bounding

Our reduction approach relies on an algorithm to satisfy a weaker condition than GSB, defined in
the following:

Definition 4 (a-local-self-bounding condition, or o-LSB) We say an algorithm satisfies the -
local-self-bounding condition if it takes a candidate action ¥ € X as input and satisfies the follow-
ing pseudo-regret guarantee for any stopping time t' € [1,T):

Yu e X :

% ¢
E [Z (be a, — ﬁw)] < min{ g °E[t']%, (c1logT)' ™“E Z(l —H{u=2}pia) +cologT
t=1 t=1

where cy, c1, ca are problem dependent constants.

The difference between LSB in Definition 4 and GSB in Definition 1 is that LSB only requires the
self-bounding term ) ,(1 — p;,,) to appear when w is a particular action Z given as an input to the
algorithm; for all other actions, the worst-case bound suffices. A minor additional requirement is
that the pseudo-regret needs to hold for any stopping time (because our reduction may stop this
algorithm during the learning procedure), but this is relatively easy to satisfy — for all algorithms
in this paper, without additional efforts, their regret bounds naturally hold for any stopping time.

For linear bandits, we find that an adaptation of the logdet-FTRL algorithm (Zimmert and Latti-
more, 2022) satisfies %—LSB, as stated in the following lemma. The proof is provided in Appendix C.
Lemma S For d-dimensional linear bandits, by transforming the action set into {(g) | x € X\
{fﬁ}} U {((1))} C R Algorithm 4 satisfies %-LSB with cg = O((d + 1)?logT) and ¢y = c3 =
O((d +1)%).
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With the LSB condition defined, we develop a reduction procedure (Algorithm 1) which turns
any algorithm with LSB into a best-of-both-world algorithm that has a similar guarantee as in Propo-
sition 2. The guarantee is formally stated in the next theorem.

Theorem 6 If A satisfies a-LSB, then the regret of Algorithm 1 with A as the base algorithm is
upper bounded by O (c(l)fo‘TO‘ + ¢9log? T) in the adversarial regime and by O (61 log(T)A™ 7o +
(c1log T)1= (CA™Y)™ + o log(T) log(CA™Y)) in the corrupted stochastic regime.

See Appendix E.1 for a proof of Theorem 6. In particular, Theorem 6 together with Lemma 5
directly lead to a better best-of-both-world bound for linear bandits.

Corollary 7 Combining Algorithm 1 and Algorithm 4 results in a linear bandit algorithm with
O (d\/T log T) regret in the adversarial regime and O <d21+gT +dy/ ¢ lzg T) regret in the corrupted

stochastic regime simultaneously.

Ideas of the first reduction Algorithm 1 proceeds in epochs. In epoch k, there is an action
T € X being selected as the candidate (7 is randomly drawn from X’). The procedure simply
executes the base algorithm A with input = Z, and monitors the number of draws to each action.
If in epoch k there exists some = # Zj being drawn more than half of the time, and the length of
epoch k already exceeds two times the length of epoch k — 1, then a new epoch is started with Ty 1
set to x.

Here, we give a proof sketch for Theorem 6 with o = % It is straightforward in the adversarial
regime: Let 7, = Tx+1 — T} be the length of epoch k. In each epoch k, the regret is upper bounded
by O(,/coTi) due to the LSB property of the base algorithm. Thus, the over all regret is upper
bounded by O(Y",. v/comi) = O(y/co Y, 7) = O(V/coT) because 75, > 275,_1 (except for the last
epoch).

Next, we analyze the regret in the stochastic regime assuming co = 0 and C' = 0 (see the formal
proof for the general case). Let m = max{k : Ty # x*} be the index of the last epoch in which T},
is not x*. Below, we show that Z,,, # x* is drawn for at least 2(7;,,+1) times. If 7,,, > 27,,,_1, then
by the termination condition of epoch m, we know that just one step before epoch m terminates,
T, is drawn for at least half of the times in epoch m, which is at least %5 — 1 = Q(7,,) = Q(Tp41)
times. If 7,,, < 27,1, then by the termination condition of epoch m — 1, we know that Z,,, must

Tm—1

have been drawn for ~5-+ = (T}, 1) times in epoch m — 1.

Notice that the regret up to the end of epoch m is upper bounded by O(\/c1T},+11logT), but

also lower bounded by €2(7},,+1A) by the argument above. This implies that T}, 1 = O(QIA#T)

and thus the regret up to the end of epoch m is upper bounded by O(%). Finally, if epoch m is

not the last epoch, then in the last epoch m + 1, it must be that Z,,,+1 = x*. By the LSB property,

in the last epoch, the regret is upper bounded by O(\/ 1 Z?:Tmﬂ +1(1 = pge+) logT and lower
bounded by ZZ’:T’"H»lJFI(l — Pt )A. This implies that ZtT:TmHJrl(l — Ptar) = O(QIA#T) and
thus the regret is upper bounded by O(M%T).

Theorem 6 is not sufficient to be considered a black-box reduction approach, since algorithms
with LSB are not common. Therefore, our next step is to present a more general reduction that
makes use of recent advances of Corral algorithms.
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4.3. Second reduction: Local Self-Bounding — Importance-Weighting Stable

In this subsection, we show that one can achieve LSB using the idea of model selection. Specifically,
we will run a variant of the Corral algorithm (Agarwal et al., 2017) over two instances: one is Z, and
the other is a importance-weighting-stable algorithm (see Definition 8) over the action set X'\{Z}.
Here, we focus on the case of o = %, which is the case for most standard settings where the worst-
case regret is v/T'; examples for v = % in the graph bandit setting is discussed in Section 5.

First, we introduce the notion of importance-weighting stablility.

Definition 8 (%-iw-stable) An algorithm is %-iw—stable (importance-weighting stable), if given an
adaptive sequence of weights qi,q2,--- € (0,1] and the assertion that the feedback in round t
is observed with probability q, it obtains the following pseudo regret guarantee for any stopping
time t':

C2

mintgt/ qt

Definition 8 requires that even if the algorithm only receives the desired feedback with probability
¢+ in round ¢, it still achieves a meaningful regret bound that smoothly degrades with ), %. In
previous works on Corral and its variants (Agarwal et al., 2017; Foster et al., 2020), a similar notion

of %—stability is defined as having a regret of \/ c1 (maxTSt/ qi) t’, which is a weaker assumption

than our %-iw—stability. Our stronger notion of stability is crucial to get a best-of-both-world bound,
but it is still very natural and holds for a wide range of algorithms.
Below, we provide two examples of %—iw—stable algorithms. Their analysis is mostly standard

FTRL analysis (considering extra importance weighting) and can be found in Appendix G.

Lemma 9 For linear bandits, EXP2 with adaptive learning rate (Algorithm 9) is %—iw—stable with
constants ¢ = ca = O(dlog|X)|).

Lemma 10 For contextual bandits, EXP4 with adaptive learning rate (Algorithm 10) is %-iw-stable
with constants ¢; = O(K log |X|), ca = 0.

Our reduction procedure is Algorithm 2, which turns an %—iw—stable algorithm into one with %—LSB.
The guarantee is formalized in the next theorem, whose proof is in Appendix F.1.

Theorem 11 [fBisa %—iw-stable algorithm with constants (c1, ¢2), then Algorithm 2 with B as the
base algorithm satisfies 5-LSB with constants (c)), ¢}, ch) where ¢y = ¢j = O(c1) and ¢y, = O(c2).

Cascading Theorem 11 and Theorem 6, and combining it with Lemma 9 and Lemma 10, re-
spectively, we get the following corollaries:

Corollary 12 Combining Algorithm 1, Algorithm 2 and Algorithm 9 results in a linear ban-
dit algorithm with O(\/dTlog]X\) regret in the adversarial regime and O(W +

A/ WC’) regret in the corrupted stochastic regime simultaneously.
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Algorithm 2 LSB via Corral (for a = )

Input: candidate action Z, -iw-stable algorithm B over X'\ {Z} with constants c1, cs.
Define: ¢;(q) = —% 12:1 Vi + %25:1 In i.

By = 0.

fort=1,2,...do

Let

-
1

G 0 1 1

gr = argmin ¢ ( ¢, ) zr — +P(q) ¢y @ = <1 - 2> @+ 51,

quQ < 1 Btl] > Qt 4t
1

NEENCY T 8ey

B

with m =

Sample ¢ ~ g;.

if iy = 1 then draw A; = 7 and observe /; 4, ;

else draw A; according to base algorithm 53 and observe /; 4, ;
(g A )=}

Define z;; = — T 1 and
X3

C2

mMinr<¢ 4r,2

end

Corollary 13 Combining Algorithm 1, Algorithm 2 and Algorithm 10 results in a contextual
bandit algorithm with O(\/KT log |X]) regret in the adversarial regime and O(W +

A/ WC’) regret in the corrupted stochastic regime simultaneously, where K is the number

of arms.

Ideas of the second reduction Algorithm 2 is related to the Corral algorithm (Agarwal et al.,
2017; Foster et al., 2020; Luo et al., 2022). We use a special version which is essentially an FTRL
algorithm (with a hybrid %—Tsallis entropy and log-barrier regularizer) over two base algorithms:
the candidate Z, and an algorithm B operating on the reduced action set X'\{Z}. For base algo-
rithm B3, the Corral algorithm adds a bonus term that upper bounds the regret of 3 under importance
weighting (i.e., the quantity B; defined in Algorithm 6). In the regret analysis, the bonus creates a
negative term as well as a bonus overhead in the learner’s regret. The negative term can be used to
cancel the positive regret of B, and the analysis reduces to bounding the bonus overhead. Showing

that the bonus overhead is upper bounded by the order of \/ c1 log(T) Zthl (1 — p;z) is the key to
establish the LSB property.

Combining Algorithm 2 and Algorithm 1, we have the following general reduction: as long
as we have an %-iw-stable algorithm over X\{x} for any T € X, we have an algorithm with the
best-of-both-world guarantee when the optimal action is unique. Notice that %—iw—stable algorithms
are quite common — usually it can be just a FTRL/OMD algorithm with adaptive learning rate.
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The overall reduction is reminiscent of the G-COBE procedure by Wei et al. (2022), which
also runs model selection over z and a base algorithm for X'\{Z} (similar to Algorithm 2), and
dynamically restarts the procedure with increasing epoch lengths (similar to Algorithm 1). However,
besides being more complicated, G-COBE only guarantees a bound of %‘(”(T) + C' in the corrupted
stochastic regime (omitting dependencies on cy, c2), which is sub-optimal in both C and 7'

5. Case Study: Graph Bandits

In this section, we show the power of our reduction by improving the state of the art of best-of-both-
worlds algorithms for bandits with graph feedback. In bandits with graph feedback, the learner is
given a directed feedback graph G = (V, E), where the nodes V' = [K] correspond to the K-
arms of the bandit. Instead of observing the loss of the played action A, the player observes the
loss ¢; ; iff (A¢,j) € E. Learnable graphs are divided into strongly observable graphs and weakly
observable graphs. In the first case, every arm ¢ € [K] must either receive its own feedback, i.e.
(i,i) € E, or all other arms do, i.e. Vj € [K|\ {i} : (j,7) € E. In the weakly observable case,
every arm i € [K] must be observable by at least one arm, i.e. 35 € [K]: (j,47) € E. The following
graph properties characterize the difficulty of the two regimes. An independence set is any subset
V' C V such that no edge exists between any two distinct nodes in V', i.e. Vi,j € V' i # j we
have (i,7) ¢ E and (j,4) ¢ E. The independence number « is the size of the largest independence
set. A related number is the weakly independence number &, which is the independence number of
the subgraph (V, E’) obtained by removing all one-sided edges, i.e. (i,5) € E’ iff (i,j) € F and
(j,7) € E. For undirected graphs, the two notions coincide, but in general & can be larger than «
by up to a factor of K. Finally, a weakly dominating set is a subset D C V such that every node
in V' is observable by some node in D, i.e. Vj € V 3i € D : (i,j) € E. The weakly dominating
number § is the size of the smallest weakly dominating set.

Alon et al. (2015) provides a almost tight characterization of the adversarial regime, providing

upper bounds of O(y/aT logT log K) and O(y/aT log K) for the strongly observable case and
O((0log K )%T %) for the weakly observable case, as well as matching lower bounds up to all log

factors. Zimmert and Lattimore (2019) have shown that the log(7T") dependency can be avoided and
that hence « is the right notion of difficulty for strongly observable graphs even in the limit 7" — oo
(though they pay for this with a larger log K dependency).

State-of-the-art best-of-both-worlds guarantees for bandits with graph feedback are derivations

of EXP3 and obtain either O( a log: (1) Yor O(= log(T)X’g2(TK) ) regret for strongly observable graphs

and O(%Z(T)) for weakly observable graphs (Rouyer et al., 2022; Ito et al., 2022b)°. Our black-

box reduction leads directly to algorithms with optimal log(7T") regret in the stochastic regime.

5.1. Strongly observable graphs

We begin by providing an examples of %-iw—stable algorithm for bandits with strongly observable
graph feedback. The algorithm and the proof are in Appendix G.3.

2. However, Wei et al. (2022) handles a more general type of corruption.

3. Rouyer et al. (2022) obtains better bounds when the gaps are not uniform, while Ito et al. (2022b) can handle graphs
that are unions of strongly observable and weakly observable sub-graphs. We do not extend our analysis to the latter
case for the sake of simplicity.



DANN WEI ZIMMERT

Lemma 14  For bandits with strongly observable graph feedback, (1 — 1/log K)-Tsallis-
INF with adaptive learning rate (Algorithm 11) is %-iw-stable with constants ¢ =

O(min{a, alog K'}log K), ca = 0.

Before we apply the reduction, note that Algorithm 2 requires that the player observes the loss
¢ o, when playing arm A;, which is not necessarily the case for all strongly observable graphs.
However, this can be overcome via defining an observable surrogate loss that is used in Algorithm 2
instead. We explain how this works in detail in Section H and assume from now that this technical
issue does not arise.

Cascading the two reduction steps, we immediately obtain the following.

Corollary 15  Combining Algorithm 1, Algorithm 2 and Algorithm 11 results in a graph
bandit algorithm with O(\/min{&,alogK }T log K) regret in the adversarial regime and

1) min{a,a log IA(} log T'log K + \/min{&,a log IA(} log T'log K C)

regret in the corrupted stochastic regime

simultaneously.

5.2. Weakly observable graphs

Weakly observable graphs motivate our general definition of LSB stable beyond o = % We first
need to define the equivalent of %—iw—stable for this regime.

Definition 16 (%-iw-stable) An algorithm is %—iw—stable (importance-weighting stable), if given
an adaptive sequence of weights q1,qa, . .., qr and the feedback in any round being observed with
probability q;, it obtains the following pseudo regret guarantee for any stopping time t':

t/

2
L a 1 ’ Co
Z (gt,At - gt,u)] <E |¢} <Z \/>> + rtng?( —

t=1

E

An example of such an algorithm is given by the following lemma (see Appendix G.4 for the algo-
rithm and the proof).

Lemma 17 For bandits with weakly observable graph feedback, EXP3 with adaptive learning rate
(Algorithm 12) is 2-iw-stable with constants ¢; = ¢ = O(5log K).

Similar to the %—case, this allows for a general reduction to LSB algorithms.

Theorem 18 If BB is a %-iw-smble algorithm with constants (c1,cg), then Algorithm 5 with B

as the base algorithm satisfies 3-LSB with constants (c{y, ¢}, ch) where ¢f = ¢i = O(c1) and

1
¢y =0(ci + c2).

See Appendix F.2 for the proof. Algorithm 5 works almost the same as Algorithm 2, but we need to
adapt the bonus terms to the definition of %-iw—stable. The major additional difference is that we do
not necessarily observe the loss of the action played and hence need to play exploratory actions with
probability 7; in every round to estimate the performance difference between  and B. A second
point to notice is that the base algorithm B uses the action set X' \ {Z}, but is still allowed to use
Z in its internal exploration policy. This is necessary because the sub-graph with one arm removed
might have a larger dominating number, or might even not be learnable at all. By allowing  in the
internal exploration, we guarantee the the regret of the base algorithm is not larger than over the full
action set. Finally, cascading the lemma and the reduction, we obtain

10
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Corollary 19 Combining Algorithm 1, Algorithm 5 and Algorithm 12 results in a graph ban-

dit algorithm with O((élogK)%T%) regret in the adversarial regime and O(W +

1
) 1
<%) ’ ) regret in the corrupted stochastic regime simultaneously.

6. More Adaptations

To demonstrate the versatility of our reduction framework, we provide two more adaptations. The
first demonstrates that our reduction can be easily adapted to obtain a data-dependent bound (i.e.,
first- or second-order bound) in the adversarial regime, provided that the base algorithm achieves
a corresponding data-dependent bound. The second tries to eliminate the undesired requirement
by the corral algorithm (Algorithm 2) that the base algorithm needs to operate in X'\ {Z} instead
of the more natural X'. We show that under a stronger stability assumption, we can indeed just
use a base algorithm that operates in X'. This would be helpful for settings where excluding one
single action/policy in the algorithm is not straightforward (e.g., MDP). Finally, we combine the
two techniques to obtain a first-order best-of-both-world bound for tabular MDPs.

6.1. Reduction with first- and second-order bounds

A first-order regret bound refers to a regret bound of order O (\/cpolylog(T) L + capolylog(T)),

where L, = mingcy E[Z;le ﬁm] is the best action’s cumulative loss. This is meaningful under
the assumption that ¢; , > 0 for all ¢,z. A second-order regret bound refers to a bound of order

O <\/clpoly10g(T)E [ Zle(ft,At —mya,)?] + czpolylog(T)>, where my ; is a loss predictor for
action z that is available to the learner at the beginning of round ¢. We refer the reader to Wei and
Luo (2018); Ito (2021b) for more discussions on data-dependent bounds.

We first define counterparts of the LSB condition and iw-stability condition with data-dependent
guarantees:

Definition 20 (%-dd-LSB) We say an algorithm satisfies %-dd-LSB (data-dependent LSB) if it takes
a candidate action T € X as input and satisfies the following pseudo-regret guarantee for any

stopping time t' € [1,T):
Vue X :

t/

Z (4, — ﬁt,u)] < 4| (c1logT)E

t=1

E + cologT

t/
Z <Z Praéty — {u = Zv\}pgu&u)

t=1 T

where ¢y, ¢ are some problem dependent constants, &, = (¢ —mm)2 in the second-order bound
case, and & , = Uy o in the first-order bound case.

Definition 21 (%-dd-iw-stable) An algorithm is %—dd—iw—stable (data-dependent-iw-stable) if
given an adaptive sequence of weights q1,qz,- -+ € (0,1] and the assertion that the feedback in
round t is observed with probability q, it obtains the following pseudo regret guarantee for any

stopping time t':

t/

t/
upd; - .
£ [Z (€t714t - gt,u)] < ClE [Z ptifth

c
+E { - } :
i—1 i— 4t mINg<¢’ gt
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where upd, = 1 if feedback is observed in round t and upd, = 0 otherwise, and &; ; is defined in the
same way as in Definition 20.
We can turn a dd-iw-stable algorithm into one with dd-LSB (see Appendix F.3 for the proof):

Theorem 22 If B is %-dd—iw-smble with constants (c1, c2), then Algorithm 6 with B as the base
algorithm satisfies 1-dd-LSB with constants (¢}, cb) where ¢, = O(c1) and ¢y, = O(\/e1 + ¢2).

Then we turn an algorithm with dd-LSB into one with data-dependent best-of-both-world guarantee
(see Appendix E.2 for the proof):

Theorem 23 If an algorithm A satisfies %—dd-LSE, then the regret of Algorithm 1 with A as the

base algorithm is upper bounded by O (\/clE {Zthl ft,At] log? T + 3 log? T) in the adversarial

regime and O (cl IZgT +4/ 4 IZgTC' + ¢ log(T) log(CA_1)> in the corrupted stochastic regime.

6.2. Achieving LSB without excluding =

Our reduction in Section 4.3 requires that the base algorithm B to operate in the action set of X'\ {Z}.
This is sometimes not easy to implement for structural problems where actions share common com-
ponents (e.g., MDPs or combinatorial bandits). To eliminate this requirement so that we can simply
use a base algorithm B that operates in the original action space X, we propose the following
stronger notion of iw-stability that we called strongly-iw-stable:

Definition 24 (%-strongly-iw-stable) An algorithm is %-strongly-iw—stable if the following holds:
given an adaptive sequence of weights q1,qz,--- € (0,1]% and the assertion that the feedback in

round t is observed with probability q;(x) if the algorithm chooses A, = x, it obtains the following
pseudo regret guarantee for any stopping time t':

t/

> (b, — L)

t=1

E <E

1 (&)
“ ; q:(Ar) * min,<y ming ¢ (z)
Compared with iw-stability defined in Definition 8, strong-iw-stability requires the bound to have an
additional flexibility: if choosing action x results in a probability ¢;(z) of observing the feedback,
the regret bound needs to adapts to ), m. For the class of FTRL/OMD algorithms, strong-
iw-stability holds if the stability term is bounded by a constant no matter what action is chosen.
Examples include log-barrier-OMD/FTRL for multi-armed bandits, SCRiBLe (Abernethy et al.,
2008) or a truncated version of continuous exponential weights (Ito et al., 2020) for linear ban-
dits. In fact, Upper-Confidence-Bound (UCB) algorithms also satisfy strong-iw-stability, though it
is mainly designed for the pure stochastic setting; however, we will need this property when we
design algorithms for adversarial MDPs, where the transition estimation part is done through UCB
approaches. This will be demonstrated in Section 6.3. With strong-iw-stability, the second reduction
only requires a base algorithm over X':

Theorem 25 If B is a %-strongly-iw-stable algorithm with constants (c1,c2), then Algorithm 7

with B as the base algorithm satisfies -LSB with constants (cy, c¢;, cy) where ¢y = ¢j = O(cy) and
ey = O(y/c1 + ¢2).
The proof is provided in Appendix F.4.

12
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6.3. Application to MDPs

Finally, we combine the techniques developed in Section 6.1 and Section 6.2 to obtain a best-of-
both-world guarantee for tabular MDPs with a first-order regret bound in the adversarial regime. We
use Algorithm 13 as the base algorithm, which is adapted from the UCB-log-barrier Policy Search
algorithm by Lee et al. (2020) to satisfy both the data-dependent property (Definition 21) and the
strongly iw-stable property (Definition 24). The corral algorithm we use is Algorithm 8, which takes
a base algorithm with the dd-strongly-iw-stable property and turns it into a data-dependent best-of-
both-world algorithm. The details and notations are all provided in Appendix I. The guarantee of
the algorithm is formally stated in the next theorem.

Theorem 26 Combining Algorithm 1, Algorithm 8, and Algorithm 13 results in an MDP algo-
rithm with O(\/ S2AHL, log?(T)i2 4 S°A? log2(T)L2) regret in the adversarial regime, and
O(HQSQ}X2 loeT 4 4/ HQSQAALQ losTr 4 §5A2,210g(T) log(CA_l)) in the corrupted stochastic

regime, where S is the number of states, A is the number of actions, H is the horizon, L, is the
cumulative loss of the best policy, and . = log(SAT).

7. Conclusion

We provided a general reduction from the best-of-both-worlds problem to a wide range of
FTRL/OMD algorithms, which improves the state of the art in several problem settings. We showed
the versatility of our approach by extending it to preserving data-dependent bounds.

Another potential application of our framework is partial monitoring, where one might improve
the log?(T') rates of to log(T') for both the T > and the 7' regime using our respective reductions.

A weakness of our approach is the uniqueness requirement of the best action. While this as-
sumption is typical in the best-of-both-worlds literature, it is not merely an artifact of the analysis
for us due to the doubling procedure in the first reduction. Additionally, our reduction can only
obtain worst-case A dependent bounds in the stochastic regime, which can be significantly weaker
than more refined notions of complexity.
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Appendix A. FTRL Analysis

Lemma 27 The optimistic FTRL algorithm over a convex set §2:

t—1
py = argmin {<p, > ET> + my + wt(p)}
=1

pEQ

guarantees the following for any t':

tl

> (b — u, &) < to(u) — miny(p)

Q
t—1 pe

t/

+ D () = e () = ulpe) + Yo (pr) + Y max (e = py b —ma) = Dy (b, 1))
t=1 t=1

stability

Proof Let L, £ Z';:l .. Define Fy(p) = (p, Li—1 + my) + ¥i(p) and Gi(p) = (p, L¢) + ¥i(p).
Therefore, p; is the minimizer of F; over 2. Let p, 1 be minimizer of Gy over (2. Then by the
first-order optimality condition, we have

Ft(pt) - Gt(p;-i-l) < Ft(p;—l-l) - Gt(p£+1) - Dwt (P§:+1apt) = —<P2+1aft - mt> - D¢t (p2+17pt)-
(D

By definition, we also have

Gi(Piy1) — Fir1(pes1) < Gi(pes1) — Fep1(Pe41) = Ye(pes1) — Va1 (Peg1) — (Pes1, mus)-

(2)
Thus,
t/
Z<pt7 £t>
t=1
t/
<> ((pes ) = (Dhs1: b — me) = Dy (D1, 01) + Ge(Phsr) — Fe(pr)) (by (1))
t=1
t/
= (e, ) = (Pry1s b — mu) = Dy, (D1, o) + Gi—1(ph) — Fi(pr)) + G (Pyy1) — Go(ph)
t=1
t/
= ((pt,€t> — (Dys1, b — my) — Dy, (D1, pt) — Ye(pe) + e—1(p) — (pr, mt)) + Gy (pfy+1) — Go(p})
t=1
t/
<> (ot = Piyr> b — mu) — Dy, (i1, 0e) — Ye(pe) + Yeo1(pr)) + Go(u) — Igggll Yo(p)
t=1
(by (2), using that p;, 41 1s the minimizer of Gy)
t/
= (I;leag ot —p, by — ) — Dy, (p,pt)} — Ye(pe) + z!m(m))
t=1
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+ ;<U, le) + 1y (u) — I}}'gg Yo(p)
=> (r;;leas%( {(pe = p. by — mu) — Dy, (D, 1)} — ie(pe) + wt_l(m)
t=1

+Z (u, ) + Yy (u) — mlm/’o( )

Mu

(max{ Pt — Dby — ) — Doy (9 )} + (0(00) — 1 () — e (pr) + ¢t_1<pt>>)

+Zu le) + vo(u) — Hgm/)o( p)

Re-arranging finishes the proof. |

Lemma 28 Consider the optimistic FTRL algorithm with bonus by > 0:

t—1
Pt = argmin { <p7 Z(&' - b7)> + my + ¢t(p)}

peQ T=1
with 1/},5( ) = %MS( ) + %wm( ) where Y"™(p) = %Zzpf‘ for some a € (0,1), ¥*(p) =
> ln and 1 is non-increasing. We have

t/

> o —u,b)

t=1
1 Ko 1 < <1 ) K1n5 1 -
S + - _ « ETS _
L—a mno 1*042 Nt N1 ;p“ ZUtZP
t/ t/
1
+2BZZ tzeéoz_ <1+ )Zptabt Z'UJbt +5Z< t_bt>-
t=1 i=1 t=1 =
forany 6 € (0,1) and any £;*,b° € RE, ¢ bte € RE, 2, w; € R such that
08+ 68 = b — my, 3)
b + b =b 4)
e 1
mpy; (G — ) > =, )
1
Bpei(l; —we) = =7, ©6)
1—ayTs 1
0 <mpy; b < T (7
1
0 < Bpeibg < 1 (8)

forallt,:.
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Proof Letu' = (1 — §)u + £ 1. By Lemma 27, we have

t t

Z(pt—ul’et_bt> 1_057702])11

t=1

IN

1 & P1i
(m_ml>z )52

i=1 i=1 i
1 1
+ Zmax (P =P e — by — my) — — Dys(p, pt) — 7 Dyio(p, pr)
~ N g

1 Kl« 1

B . z'f:( > Z L Klng
“1l-a n l—as=\n m Pii B

t=1 1=1
t/
+ Z max | (py — p, 0" — x41) — —Dys (p,pt)>
t=1
stability
t/
+> max ( (pe —p, —b'1) — Dws(p,pt)>
stability-2

. 1
+ ;mgx (pe — p, —bi°1) — %Ddﬂ-"(p»pt))
stability-4
where in the last inequality we use (p; — p, 1) = 0.

By Problem 1 in Luo (2022), we can bound stability-1 by ZZ 1 pt G x¢)? under the
condition (5). Similarly, stability-2 can be upper bounded by % S p? b < 1 K pribi;

under the condition (7). Using Lemma 30, we can bound stability-3 by 26 3" | p? 20 — we)?

under the condition (6). Similarly, we can bound stablllty-4 by 20 ZZ 1 Pt Zb;°12 < Zfil pt,ib;’i

under (8). Collecting all terms and using the definition of «’ finishes the proof

Lemma 29 Consider the optimistic FTRL algorithm with bonus by > 0:

peQ

t—1
pt = argmin { <p, Z(ET - br)> +my + @Dt(p)}
T=1
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with ¥ (p) = % > In I%i’ and n is non-increasing. We have

t’ Klnl t K
Z<pt —u, b)) < 2 +2 Znt pr,i(ft,i — My — @)
t=1 t=1 i=1
t t/ t
+22<pt,bt>—z<u,bt>+5z<— 1 Et—bt>
t=1 t=1 t=1

for any § € (0,1) and any x, € R if the following hold: mypy;(le; — my; — ) > —% and
NeDt,ibe; < %for all t,i.

Proof Letu' = (1 —d)u+ Kl By Lemma 27 and letting 179 = oo, we have

t' t/

i 1 1
Zpt—u b — by) SZ < pt><—> Zmax ((pt = p, b — by — mu) — Dy, (p, 1))
t=1 t=1 i=1

m -1 P

Kn& v

< o : —i—Zm}z}x(pt pyle —my — x1) — DT/Jt(p7pt))
¢ t=1

stability-1

tl
+ Zmax ( pt — D, _bt> Dw (P;Pt))
t=1

/

stability-2
where in the last inequality we use (p; — p, 1) = 0.
Using Lemma 30, we can bound stablllty-l by 2, Zfilpii(ﬁt,i - my; — xt)Q, and bound

stability-2 by 21 ZZ 1Pt bez < Zfil Dt,;bt,; under the specified conditions. Collecting all terms
and using the definition of v’ finishes the proof. |

Lemma 30 (Stability under log barrier) Let ¢(p) = %Zi In ;, and let {; € RX be such that
Bpilei > —%. Then
max {(pe = p, &) = Dy(p,pr)} < > Bttt

PEA([K] y

Proof

,€ - D 5 S - 7£ - D )
peA(IK]) {(pt —p,4:) — Dy(p,pt)} ;&%ﬁ%{@t q,0t) — Dy(q,pt)}

Define f(q) = (p+ — q,%:) — Dy(q,pt). Let ¢* be the solution in the last expression. Next, we
verify that under the specified conditions, we have V f(¢*) = 0. It suffices to show that there exists
qE€ Rf such that V f(q) = 0 since if such ¢ exists, then it must the maximizer of f and thus ¢* = q.

1 1
Ba;i B

V@i = —Llei = V()i + [V (pe)li = —lei +
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By the condition, we have —ﬁ — 4 < 0 for all 7. and so V f(q) = 0 has solution in R, which
1 ’

isq; = (7% + nt,igt,i)

Therefore, V f(¢*) = —; — Vi (q*) + Vb (pr) = 0, and we have

q%gx {{pt — @, &) — Dy(q,p1)} = (ot — ¢", Vb(pr) — V(")) — Dy(q*,pt) = Dy (pt, ).

It remains to bound Dy, (pt, ¢*), which by definition can be written as
1 P
Dy(pi,g*) =Y =h <*Z>
p B q;
where h(x) = x — 1 — In(z). By the relation between ¢ and p;; we just derived, it holds that

Z;“ 1 + Bpy,ily,i. By the fact that In(1 + z) > = — 22 for all z > —%, we have

h (ZZZ) Bprili —In(1+ Bpyile) < 5°p; 12“

i
which gives the desired bound.
|

Lemma 31 (Stability under negentropy) If is the negentropy \(p) = >, p;log p; and £y ; > 0,
then for any n > 0 the stability is bounded by

1 n
max (p; — p, lt) — *Dw(papt) < 5 g pt,ifii~
p€R>O n i

Ifl, > —%, then the stability is bounded by

1
max (p, — p, (1) — ~Dy(p,p1) <0 > _ prily, .
pER n p

instead.

Proof Let fi(pi) = (pti — pi)lsi — % (pi(logp; — 1) — p;log pt; + pri). Then we maximize
>~; fi(pi), which is upper bounded by maximizing the expression in each coordinate for p; > 0.
We have
, 1
filp) = —lei — H(logp — log p,i),

and hence the maximum is obtained for p* = p; ; exp(—nty;). Plugging this in leads to

1
fi(p*) = prilei(1 — exp(—nly;)) — p (—=pei exp(=nlei)nlei + pei(1 — exp(—nlis)))

Pt Pt 1
= prilti — Tt]Z (1 —exp(—nli:)) < prilei — 7 (77@ i— 277253,1') pt i,

23



DANN WEI ZIMMERT

for non-negative ¢; and
filp") < ﬁpt,z‘fiz‘

for ¢, ; > —1/n respectively, where we used the bound exp(—z) < 1 —x + %2 which holds for
any z > 0 and exp(—x) < 1 — = + 22, which holds for x > —1 respectively. Summing over all
coordinates finishes the proof. |

Lemma 32 (Stability of Tsallis-INF) For the potential 1)(p) = — >, ﬁ any p; € A([K]),
any non-negative loss £y > 0 and any positive learning rate n > 0, we have

2—a p2
max(p — pt,€t>—*D¢(p,pt < 2219 G

Proof We upper bound this term by maximizing over p > 0 instead of p € A([K]). Since ¢; is
positive, the optimal p* satisfies p; < p; in all components. We have

K —1 K * ~ K * =

pt —p P; 4 D; P . _

w (0", pt) Z/ Zl_ dp:Z/ / p* 2 dpdp ZZ/ pi 2 dpdp
i=1 i @ i=1 Y Pt,i /Pt =1 Y DPti Y Pt

K 4
= E 5(19? - pt,i)2p§f;2-
By AM-GM inequality, we further have

1 (pi —Pt,i)2pf,;2 N 2—a 2
mae(p = prs ) = Dopope) < max 37 | (i = prdlos = o —— | <5 D 2w
i
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Appendix B. Analysis for Variance-Reduced SCRiBLe (Algorithm 3 / Theorem 3)

Algorithm 3 VR-SCRiBLe

Define: Let 1/(-) be a v-self-concordant barrier of conv(X') C RY.
fort=1,2,...do
Receive m; € R%. Compute

t—1
~ 1
w, = argmin w, » Lr4+my )+ —p(w
' weconv(X) {< 7_21 t> Nt ( )}

where

1 vlogT
16d”\| 2075 116 — )2

Ny = mi
H—l

where H; = V21 (wy).
Sample s; uniformly from Sy (the unit sphere in d-dimension).
Define

1
+ _ —3 - _ ~3
w, = wy + H; ?s4, w, = wy — H, ?s4.

Find distributions ¢, and ¢;” over actions such that

+ _ + - _ -
Wy = E Qi 2T wy = E Qt T

zeX reX

+ —
Sample A; ~ q; £ %, receive ¢y 4, € [—1, 1] with E[¢; ;] = (z, {;), and define

~ G a, — dra 1
by = d(lya, —mya,) % H{ s¢ +my
9 a, T a,

where my 5 = (x,my).
end

©))

Lemma 33 In Algorithm 3, we have E [E] =¥y and

Z mln{pt x> 1 pt,:r}(ft,x - mt,x)2

reX

|:H£t th V24 :| < d2
wt

where py ;. is the probability of choosing action x in round t.
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v

For any x, we have ¢;

qt,x
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_ n _
qt,At - qt,At
+
4 A,

d(et,At - mt,At) <

)

+ 4y 4,

dE

_l’_
a4y A,

(Et,At - mt,At) <

+
dE e

Z qt,x (ft,x - mt,m) (

2

T

i a4y +

dE

dE [<wt+

—wy b —my)
2

1
d<H_%St, ft — mt>Ht2 St + mt]

D=

_1
d_Ht StS;rHt 2 (Et — mt) + mt:|

dz(zt,At - mt,At)2 (

E

_2¢(wt):| -

d2(£t7At - mt,At)2 (

E [Z Qt,de(gt,m -

+ —
R

=2 < g4 and
q;—z—"_qt,z _Q,x

Gio = G| NUe = Gl

Qe + Qs 2

26

+ _
qt,At - qt,At

+ 4 a,

_ qtia:
P
+ —
Atz — 4,
<337€t - mt> <w21>

1
St:| Ht2

E |d*(y,4, — mua,)* (

+
4y,

T

1
HP sy +my

)

1
HZsi +my

»n
e

(note that qt+ ,q; depend on s;)

1
St] Ht2 St +my

1
St] Ht2 St + my

S¢ + my

(because E[s;s/ ] = 1)

)2
)2
+ _
qt,At - qt,At

+
qtuAt

+ - 2
Ay A, — ¢4,

1
H?s
+ - ’ t ot
qt,At + qt,At

—1
Ht

.\ B -
qt,At - qt,At
—f LA
4r.a, T A,

St

il

) 2
+ —
qt,x - qt,m

v, =
qt,z + qt,a:

+ q;At

mt,x)z

+

=1- qt,x-
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~ 2
Therefore, we continue to bound E [Hﬁt — th )

] b
~24p(we)

Z min{g », 1 — qt,x}dz(ft,x - mt,x)2
reX

]

Z min {pyz, 1 — propd* (e — muyg)? ] .

reX

(E[min(-, )] < min(E[], E[) and pro = E[Elgr. | s.])

Lemma34 If n < ﬁ, then maxy, ((wt—w,a—mﬁ—%DMw?wt)) < 877t||(7t _

2
MG -2y ()

Proof We first show that ntHZt — Milly-2¢(w,) < %. By the definition of ¢;, we have

7 1
by — H -d H < =
77tH L — My T2 = 16d I StHH T
Define
~ 1
F(w) = (wy — w, bl —my) — nsz/,(w,wt).
¢
Define A = Hzt — Mi|lg—2¢(u,). Let w' be the maximizer of F. it suffices to show ||’ —

Wi || y24 () < 8MeA because this leads to

F(w') < [’ = w2y )10 — mellv-2p00) < 8mA%.

To show [|w’ — wy|g2y(w,) < 8meA, it suffices to show that for all u such that ||u — wy|lg2y(w,) =
8\, F(u) < 0. To see why this is the case, notice that F'(wy) = 0, and F'(w’) > 0 because w’ is
the maximizer of F'. Therefore, if ||w’ — wy||g2y(w,) > 8n:A, then there exists u in the line segment
between w; and w’ with |[u — w||g2y(,) = 8neA such that F(u) < 0 < min{F(wy), F(w')},
contradicting that F'is strictly concave.

Below, consider any u with [|u — wt||v2y(w,) = 8m:A. By Taylor expansion, there exists u’ in
the line segment between v and w; such that

~ 1
F(u) < [lu = willvapgunlie = millv-2pw) = 51t = wellGoy -

Tt
Because 1) is a self-concordant barrier and that [|u/ — wi||g2y(w,) < |t — willg2y(w,) = 8 < 1,
we have V21(u') = 1V2¢)(w;). Continuing from the previous inequality,
1 (8m:0)*
F( ) < H’U, — wt”v2¢ Hgt thv—Qw(wt) - 87ntH’U, — wt|]2v2¢(wt) = 877tA N Y- = 0.

8y
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This concludes the proof. |

Proof [Proof of Theorem 3] By the standard analysis of optimistic-FTRL and Lemma 34, we have
for any u,

T

> (la, — lrw)

t=1

so(n«:

=0 vlogTE

E

T
viogT ~
T S -
nr P

)

+dvlog(T) | . (by the tuning of 7;)

2
m|
V=29 (we)

> [,

t=1

(10)

In the adversarial regime, using Lemma 33, we continue to bound (10) by

T
Z(&,At — My Ay )2
t=1

When losses are non-negative and m; = 0, we can further upper bound it by

O |d,|viogTE + dvlog(T)

T

Z Ui A,

t=1

O |dy|viogTE + dvlog(T)

Then solving the inequality for E [ZtT:l 4, At:| , we can further get the first-order regret bound of

T

Z Et,u

t=1

<O \|d,|viegTE + dvlog(T)

T
E [Z(£t7‘4t - gt,u)

t=1

In the corrupted stochastic setting, using Lemma 33, we continue to bound (10) by

T
O|d VlOg Z 1_ptu gtu mtu +Zptx gta: mtx)z
t=1 THU

<O |dy|viog(T)E
t=1

T
Z(l - pt,u)]

Then by the self-bounding technique stated in Proposition 2, we can further bound the regret in the
corrupted stochastic setting by

d*vlog(T) d?vlog(T)
O < A + A Cl.
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Appendix C. Analysis for LSB Log-Determinant FTRL (Algorithm 4 / Lemma 5)

Algorithm 4 LSB-logdet

Input: X(={(})}),z = (9).
Define: H(a) := Epwofz2 '], o := Epmalz].
Let 7y be John’s exploration over X, i.e., 7y is such that max ¢y Hav||§{(7rx),1 <d.

fort=1,2,...do

Let
7y = min log
t — )
4d Sl —pra)

Py i= argmin <,Uomz£ >_ —logdet< (c )_Ma/‘t—lﬁc—> )

acA(XU{z})

pr = (1 = md)pe +ned((1 — prz)ma + Pra7z)

where 77 denotes the sampling distribution that picks z with probability 1.
Sample an action A; ~ p;.
Construct loss estimator:

ly(a) =a' (H(ﬁt) - /ﬁﬁtu;t) B (ae — 1z ) te(ar) -

end

We begin by using the following simplifying notation. For a distribution o € A(X U {Z}), we
define oy as the restricted distribution over X" such that ay o< v over X, i.e. ay , = 7%
x € X. We further define

Lemma 35 Assume o € A(X U {Z})) is such that G is of rank d — 1 (i.e. full rank over X).
Then we have the following properties:

H = (1= 0z) (G + aa(ma —#)(ma ~ 7))

1 1 B
([GX]JF + [GX] max +am [GV] <‘ma”[2GX]+ + aA) fL‘\l‘T> ,

[Hy] ™ =1 o

where [GY]* denotes the pseudo-inverse.
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Proof The first identity is a simple algebraic identity

HX = H(a) — ,ua,ul =(1—-a3)G(a)+ azTT | — (1 = ag)ma + az2)((1 — az)me + agi?)T

= (1~ az) (G + az(ma —F)(ma ~2)7) |

which holds for any «. For the second identity note that by the definition of ¥ = (

)andVz € X :

(z,7) = 0, we have GYZ = [GY]*Z = 0. Furthermore G} [GY/]* = I — 22! due to the rank d — 1

assumption. Multiplying the two matrices yields

~ ~ 3R ~ 1
(GZ + az(me — ) (M — x)T) . <[GX]+ + G maz " +2m[GY]T + (Hma||[2GX]+ + ozA)

=1 -72" +maZ + az(mg — ) ([Gﬁfﬁma + [Imalligy - 2 = [Ga] ma — <Hma||[2GX]+ +

=1 -2 +maZ — (ma—2)3" =1

which implies for any z, y € span(X’)

T A\
(o, 1)) = olCal 0,
(z, [Hy] (@ = ma)) =0,
~ 1
WK—WMH@m—lzzszgi%-

Lemma 36 Let 1, my € A(X U{Z}), then for any X € [0, 1]:

H,

A%
7T1+(17)\)7T2 t AI{T"l :

Proof Simple algebra shows

H§\]7r1+(17>\)7r2 = )‘H}’l +(1- A)HX + AL = A)(pry — i) (B, — Um)T .

Lemma 37 Let m € A(X) be arbitrary, and 7 = (1 — nud)m + midmy for (nid) € (0, 1), then it

holds for any x € X:

md
1-— ntd
2
| —mzllgre < —=

Ve

My — MzlligV1+ >
[ gy <

30
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Proof We have
GY =ndGy, + (1 — md)GY + nd(1 — med) (e — My ) (M — Mimy) T

hence

2
[medGY , +(1=ned)GY +ned(1=ned) (mr = ) (M = 5y )T]f1

2 __md
[Wtd(l—ﬁtd)(mﬁ_mﬂx)(mﬂ'_mﬁx)T]+ 1-—- ntd .

2
lmr —malligy = (md)? /mr — My |

< (md)? |mz — ma ||
For the second inequality, we have
o~ mallgys < Iz =Myl goye + s — Mmooy
<— (I ligy o+ liey 1) < —
T T — Mg mz — Mg = T —>
= Vmd xNGT I+ xWGT 1T N

where the last inequality uses that John’s exploration satisfies ||z — m,, H[QGV j+ <dforallz € X.
X
|

Lemma 38 The Bregman divergence between two distributions o, 5 over X U {Z} with respect to
the function F(c) = —logdet (H, ) is bounded by

2
1— 5. 1m0 — mﬁ”[Gg]-‘r
where D\ is the Bregman divergence of — log(x).

Proof We begin by simplifying F'(«). Note that

N

1
HY = (1—az) (GX + Oé;gi“\—r) ‘M (GX + OZEC\ZU\T> ,

M =1+ (JazlGl  me — 8)(y/azlGY) e — 3)T — 52 .

M is a matrix with d — 2 eigenvalues of size 1, since it is the identity with two rank-1 updates. The
product of the remaining eigenvalues is given by considering the determinant of the 2 x 2 sub-matrix

. . Vi+ ~
with coordinates W and Z. We have that

all

m G G ma GY)Fma \?
det(M)=3z"Mz. 2@ o (iTM a “)
NG mall ™ NG Fmal G mal
2 2
=1'<1+a5 (GY]*ma )_% G | = 1.

Hence we have

F(a) = —log(l — az) — log(az) — logdety—1 ((1 — O@)GX)
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Where det;_; is the determinant over the first d — 1 eigenvalues of the submatrix of the first (d — 1)
coordinates. The derivative term is given by

(a =B, VF(B)) = Z (z — Be) [|o — NBH?HE]A

zEXU{F}

= > aele sy —d
zeXU{Z}

= [ Y e ) - p) Y| —d
2EXU{F}

Te ((HY + (o — )t — 1)) [HY) ) = d

= Tr (B [HY) ™) + o = sy — d.

The first term is
Tr (H}{ [H}’]*l)

=Tr ((1 - a;)GX[HE’]_l) +az(1 —az) ||z — ma||[2Hg],1 (by Lemma 35)

1— az .
=Trg_, (1 — %GX[GX]*) +az(1 — az) (Hx — m,BH[QHE’}—l + [|ma — mﬁ”ﬁqg]—l)
(by Lemma 35)
2

B(1—Ba) © 1~ 5

= Trg1 (1 — afGX[G}?]*) + (by (13))

1_/8.’17

The norm term is

2
lpe = msl gz
= [lpta = (05T + (1 = az)mg) 1 + (05T + (1~ ag)mp) — gy
= (1 — 045;)2 ||ma — mBH[QHX]—l + (a:'l? - 553\)2 ||EL‘\ - mﬁ”[ZHX]_l

2
(1—az)?[|ma — m,@H[GXH' (az — B3)?

N 1—fs T R8s
Combining both terms
l—az az(1—oz) +(az —Bz)? | 1-az
=Trg; (1 — B@GX[GX]*) + 5-(1— Bo) + 1- 5, [ma — mﬁ||[2cg]+ —d

1-az o 1—an Lo
Tg—1 (1—5g alGgl +5§+ T— + 5. lme mﬁ”[GX}*
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Combining the everything

D(a, B)
= Dlog(o@y/@)i) + Dlog(1 —agz,1 ﬁm)

1—oaz

1- B.T

>D 1-ap 2

= log(a53\75§3\) + Dlog(l - Oéx, Bx) 1 — ﬁ Hma - m,BH[GX]Jr )
T

Ima = msllisy + Das (1= az)Gh, (1 = B)GY)

where the last inequality follows from the positiveness of Bregman divergences. |

Lemma 39 Foranyb € (0,1), anyx € Randn < %ﬂ»‘l it holds that

1
sup |a — blx — Dlog(a b) < nb?a?.
a€(0,1]

Proof The statement is equivalent to

1
sup f(a) = sup (b—a)x — =Dig(a,b) < nb*z?,
a€l0,1] ac0,1] n

since x can take positive or negative sign. The function is concave, so setting the derivative to 0 is
the optimal solution if that value lies in (0, 00).

)= oyt (L1 s _ b
o) = x—i_n a b a_l—l—nbx'

Plugging this in, leads to

. nb2x? 1 1
= — | log(1 +nb -1
J(@) 1+nbx 7 og(1 +nbz) + 1+ nbx
2,2
< nb-x 1 (nbx n2b2a? — nbax ) — b2,
14+nbx n 1+ nbx
where the last line uses log(1 + z) > z — 2 for any = > —%. |
Lemma 40 The stability term
~ 1
staby := sup  (Hp, — fa, be) — —D(a, pr)
aEA(XU{Z}) Mt

satisfies
Et [stabt] = O((]- - pt,f)ntd) .
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Proof We have

tp, — Ha = (Prz — az)T + (1 — prg)myp, — (1

- O‘ZL‘\) Mq
(pt,&?

- 0‘55)(1‘\ — mg, + mp, — mpt) + (1

- a’w\) (m;ﬁt - ma) .
Hence for A; =y € X

(tp, — Has be) = (ttp, — pras [HY )TNy — p15,) Vet a,

= (prz — az){T — mgp,, [Hg]’l(y — g ) A,
+ (s — az)(mp, — my,, [H3 17 (y — p15,)) .4,
+ (1= az)(mp, — ma, [H3, 17 (y — pp,)) e, a,

= (P13 — 02) (& — my,, [Hy |7 (mp, — pz,)) v, A,
+ (prz — az)(mp, — mp,, [Hy ] (y — my,)) o a,

+ (1 - aff) <m5t - Mg, [H;;]]il(y - mﬁt»gt,At
S ‘a/x\_pt,é/t\’ + ‘pt,ft\_a/x\’K o

my, — My, [Hy |7 (y — mg,))]
1- biz 1- biz bt Pt bt bt
1—oaz

v
. mem@ = Ma, [G5, ] (y — mz,))]

(By Eq. (12))

_l’_

(By Eq. (13) and Eq. (11))

< M(l + 2\/@
l—piz

1—az

1— Piz Hmpt - ma”[GXt]'*‘ Hy - mﬁf)H[th}Jr

TR
3

(Cauchy-Schwarz and Lemma 37, Lemma 36)
Equivalently for A; = Z,
(pe = o &) = (i, = e [Hy ) ™ (@ = 1)),
= (pra — 03) (@ — my,, [H5 ) 7' (@ — ) .,
< ’pt,i - 0@‘ ‘
btz
Hence the stability term for A; € X, is bounded by

~ 1
sup </~Lpt — Mo €t> - 7D(O‘apt)
aeA(XU{z}) Mt

S 1
< s 2272l o0ua LD - an 1 - pa)

aeA(xu{zy) 1~ Pz n

1—oaz

4 1 2
1—p- \3 [ma — mﬁtH[thﬁ ly - mﬁtH[thﬁ T [0 = mﬁtH[G};tﬁ

2 laz — i3l
<y - mﬁtH[G;%}Jr + afeu[gl] m(l +2Vd)
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laz — py 1

7l 2 : .
T ntm Hy - Mp H[G;gtpr - ED(l —az, 1 —pz) (AM-GM inequality)
2
< Hy - m§t||[G¥t}+
Oz — Pig 1
b osup 2P0 h) - L ap1 - ) (Lemma 37)
az€[0,1] 1- bz Nt
2
< e[|y = mz, H[GY j+ +O(md) . (Lemma 39)
bt

Taking the expectation over y ~ p; x leads to
EAt~5t,X [Stabt] = O(ntd)

For A; = 7 we have two cases. If p, ; > %, then by Lemma 39,

7 — Oz 1
stab; < sup [prz—as| 1
az€[0,1] Ptz yiz

Otherwise If 1 — p; 7 > %, then by Lemma 39,

stab; < sup w - lDlog;(Oéﬁc\apt,%) <0 (ntpf@ X ;) <Om(1 —pez)) -
az€[0,1] Dz t n
Finally we have
E; [stab] = (1 — Pt3)EAi~p, v [stab¢] + py zE A, ~or. [stab] = O((1 — py z)ned)
|

Proof [Proof of Lemma 5] By standard analysis of FTRL (Lemma 27) and Lemma 40, for any 7
and x

dlogT

; +3 01— prz)d) <O [ | dlogTY (1 -Frz) |
T t=1 t=1

iEt [<pt7 by) - Zt(x)} <
t=1

where the last inequality follows from the definition of learning rate and p; z = p; z. Additionally,
we have

By [0 — oo )] = o — o) < md(1 = p13).

so that
SB[ B — G(@)| =0 (| dlog T (1~ iz)
t=1 t=1
Taking expectations on both sides finishes the proof. |
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Appendix D. Proof of Proposition 2

Proof [Proof of Proposition 2] The guarantee in the adversarial regime is directly by Definition 1.
In the corrupted stochastic regime, if z* # argmin, ¢ y E[Zle ?¢ 4], then it holds that TA — C' =
SSLUA = Cy) < SOL B[l — £i.0v] < 0 for some u # x*. Therefore, by Definition 1, we have
that for any u € X,

T

Z(€t7At — Et,u)] < (c1log T)lfaTa + cologT < (c1 log T)lfo‘ (CAfl)a +cologT.
t=1

E

Now, assume that z* = argmin, . v E[> 7, ¢;.]. By Definition 1, we have

«

T T
Z (b, A, — Ly zr ] (c1logT) 1 K Z —prar)| +e2logT.
=1 =1
On the other hand,
T T
E [Z(£t7f4t — ét@*) Z AE Z(l — Pt 33*) — O
t=1 t=1
Combining the two inequalities, we get
T
E [Z(@,At - zt,y)]
t=1
T T
= sup (L+NE [ (fra, — zt,ﬁ)] —AE | (Cra, — lear)
A€[0,1] i— i—
T @ T
< sup 2(cilogT)\°E [Z(l —Prar)| +2c2logT — A (AE Z (1 —pra)| — C’)
A€[0,1] = =1
<0 <01 log(T)A™ T4 + (¢ log T)' " *(CA™H)* + ¢3log T) . (using Lemma 41)
|

Appendix E. Analysis for the First Reduction
E.1. BOBW to LSB (Algorithm 1/ Theorem 6)

Proof [Proof of Theorem 6] We use 7, = T},+1 — 1}, to denote the length of epoch k, and let n be the
last epoch (define T, 11 = T). Also, we use E;[-] to denote expectation conditioned on all history
up to time ¢t. We first consider the adversarial regime. By the definition of local-self-bounding
algorithms, we have for any u,

Tkt

]ETk Z (Et,At - Et,u) < C(l)_aETk [Tk]a +c2 10g(T),
t:Tk-f—l
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which implies

Trt1

E| Y (boa, —liw)| < b “Elm]™ + calog(T)
t=Tp+1

using the property E[z®] < E[z]|® for x € Ry and 0 < a < 1. Summing the bounds over
k=1,2,...,n, and using the fact that 7, > 274 for all k < n, we get

T
E D (ba, — L)
t=1

<o <IE [ral® + E [71] <1 o 2% u >> T ezlog(T)log, <@b1;(ﬂ>

<O (eg “T* + colog*(T)) . (14)

The same analysis also gives

<O ((e1log T)'“T* + ¢ 10g*(T)) . (15)

T
Z (e.a, — i)
=1

Next, consider the corrupted stochastic regime. We first argue that it suffices to consider the regret
comparator z*. This is because if * # argmin,cy E [ZtT:l Euu}, then it holds that C' > TA.
Then the right-hand side of (15) is further upper bounded by

O ((c1log T)'=*(CA™H)™ + colog(T) log(C’A‘l)) ,

which fulfills the requirement for the stochastic regime. Below, we focus on bounding the pseudo-
regret with respect to z*.

Let m = max{k € N|Z} # z*}. Notice that m is either the last epoch (i.e., m = n) or the
second last (i.e., m = n — 1), because for any two consecutive epochs, at least one of them must
have 7, # x*. Below we show that |[{¢t € [T},,41]| A¢ # 2*}| > % — 279.

If 7, > 27,,,—1, by the fact that the termination condition was not triggered one round earlier,
the number of plays N,,(z*) in epoch m is at most ””T_l +1= T""H ; in other words, the number of

times ) _, m:,f ! 11 I{Ay # 2%} is at least 77"2—_1 Further notice that because Tm > 2Tm—1 > 4Tim—2 >

Tm—1 1 m 1 _ Tmy1 1
-, wehave = > 230 T — 5 = A — 5.
Now consider the case m > 1 and 7,,, < 27,,,—1. Recall that Z,,, is the action with N,;,_1(Z),)

m— m m— 1 m 1 1
Tml This implies that >/ oA £ 2y > e > §max{72 5 ey Tk}

1 T
§ ket Th = T

Finally, consider the case m = 1 and 71 < 27y, then we have T5 — 279 < 0 and the statement
holds trivially.

AV
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The regret up to and including epoch m can be lower and upper bounded using the self-bounding
technique:

Tmt1 Tt Tyt
E| > (bra—la)| =@+NE| Y (ba, —la)| =B | D (bra, — lea)
t=1 t=1 t=1

for0 <A<

<0 ((01 log T)1~E [Tyn1]® + c2log(T) log (ii’;&%)) Y ((éE [Trin] — c2 log(T)> A— c)

(the first term is by a similar calculation as (14), but replacing 1" by T},, and cq by ¢; log T")
<0 ((:1 log(T)A_ﬁ + (e1log T)' = (CA™H + colog(T) log(CAfl))
where in the last inequality we use Lemma 41.

If m is not the last epoch, then it holds that Z,, = 2* for the final epoch n. In this case, the regret
in the final epoch is

T
IE! > (ft,At—zm*)] =(1+ME

t=T,+1

T
> (ba, - gm*)] —\E

t=T,+1

T
> (la, - et,m]

t=Tp+1

T @ T
<0 <(c1 logT)' ™K | > (1—pis) ) Y (IE > (I—pra)| A= C) + o log(T)
t=Tp+1 t=Tp+1
<0 <01 log(T)A_ﬁ + (e1log T)1 ™ (CA_l)a) + o log(T). (Lemma 41)
|
Lemma 41 For A € (0,1]and ¢,/ X > 1 and C > 0, we have
1 1 a @ /
)\Ien[él’ll] {chaXa + 50/ log X — A(XA — C)} < cATT-a 4217 (Z) + 2c' log (1 + 8 ZC>

Proof If ¢! =X > ¢/ log T, we have
1 ]. e 2 _ o
56170‘X‘1 + 56/ log X < XY < AXA4c\ T-a A T-a,

where the last inequality is by the weighted AM-GM inequality. Therefore,

1 1 a a
min { !X+ —log X — AM(XA —C)p < min A\ T-aA"T-a + CA\.
Ae[0,1] | 2 2 A€[0,1]
Choosing A = min{1, c!~*C~1=% A=}, we bound the last expression by
cmax {1, (clfaC*(lfa)A*Oﬁ e } A"Ta 4 clmegope
(12 [e3
< cmax {1, C_O‘C'O‘Ala} A" T-a 4 TN

< cATToa 4 9ctTaCcaATe,
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If ' =X < ! log T, we have

1 1 /2

icl_aXa + ic'logX —AMXA-C)<dlogX —AXA+\C < log (1 + ASAZ) + \C
where the last inequality is because if X > /\S;ZQ then ¢ log X — AXA < dlogX — VX < 0.
Choosing A = min{1, %}, we bound the last expression by ¢ log(1+ (¢2+C?)/A?%) < 2¢/ log(1+
(¢ 4+ C)/A). Combining cases finishes the proof. [ |

E.2. dd-BOBW to dd-LSB (Algorithm 1/ Theorem 23)

Proof [Proof of Theorem 23] In the adversarial regime, we have that the regret in each phase & is
bounded by

Trt1 Tyt
Er, | > (boa, — )| < |ealog(MEs | > D prafia| +calogT.
t=T)+1 t=Tp+1 =

We have maximally log T" episodes, since the length doubles every time. Via Cauchy-Schwarz, we
get

kmax Tk+1 Kkmax Tk+1
Z Er, Z (lra, —liw)| < |crlogT Z Er, Z Zpt,rft,x Viog T + ¢olog? T .
k=1 t=Tp+1 k=1 t=Tp+1 =

Taking the expectation on both sides and the tower rule of expectations finishes the bound for the
adversarial regime. For the stochastic regime, note that §; , < 1 and hence

Zpt,xgt,x - H{u = /m\}p?,ugt,u
T
<1- ]I{u = {E\}p?,u
= (1 -Hu=2}pru)(1 +H{u=2Z}pru) <2(1 - {u=T}pru) .

dd-LSB implies regular LSB (up to a factor of 2) and hence the stochastic bound of regular LSB
applies. |

Appendix F. Analysis for the Second Reduction
F.1. 1-LSB to i-iw-stable (Algorithm 2/ Theorem 11)

Proof [Proof of Theorem 11] The per-step bonus b; = By — B,_; is the sum of two terms:

t 1 t—1 1 €1
b;sz 6127— 6127

[c
qt,2 < 1 ’
- t 1
42 42 1Yoy - qt,2

qr

po — 2 B c2 e <1 i<y gro )
t — . . - . .
min:<¢qr2  MNy<t—14r2 qt,2 minr<¢—1 4r,2

A

39



DANN WEI ZIMMERT

Since Zi—’z < 2, using the inequalities above, we have

— 15 G2 1
/@byt < my [ =en S my2er < 7. (16)
t7

q, 1
Baabte < BL2 0y < 280y < = 17
g2 4

By Lemma 28 and that Zf*’i < 2, we have for any u,

t’ t
Z<Qt —u, 2) < Z<Qt =, 21)
t=1 t=1

term;
2 Vatz  logt a 3 4 v v
+O<\/a+ Z \/é + 3 +Znt £nl<nl qf’i(zt,i - Qt)2+2qt7gbf—i—2qt,gb;°> — 'LLQth.
t=1 = o< t=1 t=1 t=1
termo term; termy terms termg

(18)
We bound individual terms below:

t/

Z<Qt — G, 2t)

t=1

E[term;] = E

<0 (Z ;) = 0(1).

t=1

¢ s
E termy] = E Z i , ér[urll . qt%i(zt,i — Ht)2]
t -4

t=1 i=1
o 2.
=E Mt Iiy = il 4, — q1i¢t,A 2
; ; N (I e, A, — qrile,a,)
o 2 3
<E Z Nt Z (\/Qt,i(l - Qt,z‘)2 +(1— Qt,i)qtz,Z')]
t=1 =1
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t/ t/ <
q
term5 = Z qt72b-|t—s < Z qt,2 t: -
t=1 t=1 C1 ZT:1 P
v 1
qt,2
—vay g (19)
t 1
t=1 ZT*I qr,2
v 1 t/
<Va Z tqtigl th’z (Cauchy-Schwarz)

t=1 27:1 gr2 \ t=1

4 4
< ci,|1+ log (Zl> ZQt,Q

=1 2 t=1

¢

O y|c1) amalogT

t=1

IN

Continuing from (19), we also have terms < Zf:l g by < (/i Zle % < 24y/cqt! because
qr,2 < 1.

t/

t . t/ .
t=1

— min-<¢—1¢r;2 P Min; <¢ Gr,2

Using all bounds above in (18), we can bound E [Zi/:l (@ — u, zt)] by

tl

O | min \/m, 1 [Z%,Q

Z 1 Co
Cl - + -
— — ming<¢ qt,2

~~ ~~

pos-term neg-term

logT » 4+ cologT | —uo B

For comparator Z, we choose u = e and bound E {Zﬁlzl (le A, — Etﬁ;)} by the pos-term above. For
comparator x # I, we first choose u = eo and upper bound E [Zi;l (be,a, — L, Zz):| by pos-term —
neg-term. On the other hand, by the %-iw—stable assumption, E [Zilzl(ﬁ WA, €t,x)} < neg-term.

Combining them, we get that for all x # Z, we also have E [Eg:l(& A — Et,m)} < pos-term.
Comparing the coefficients in pos-term with those in Definition 4, we see that Algorithm 2 satisfies
1-LSB with constants (c}), ¢}, ¢y) where ¢ = ¢} = O(c1) and ¢, = O(c2). [ |
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F.2. 2-LSB to 2-iw-stable (Algorithm 5/ Theorem 18)

Algorithm 5 LSB via Corral (for o = %)

Input: candidate action Z, %-iw-stable algorithm 3 over X'\{Z} with constants c1, cs.

2
Define: 1;(q) = _% Yiial+ %Zg:l In i

fort=1,2,...do
Let B generate an action A;.

Let
t—1 0
g; = argmin < ( ¢, ZZ-,— — +e(q) ¢y @ = (1 — )G,
q€AS — B

1 1 2 1
where 7y = P 8= 87’ and ; = max {\/ﬁq;ﬁzﬂ?t%ﬁ} :
t3 + 8¢ 2

Wl

Sample iy ~ G;.

ifi; = 1 then set A, = 7 ;

else set A, = A, ;

Sample j; ~ ;.

if j; = 1 then draw a revealing action of A; and observe Zu A,

else draw A; = A, ;

4z, {ir=1}1{ji=1}
Tt a

Define z;; = nd

2
L t 1 3 c
5 2
B, =c¢} + —
! (Z v/ 47,2 min;<t 4r,2

end

Proof [Proof of Theorem 18] The per-step bonus b; = By — B,_; is the sum of two terms:

2 _ 2 1 1
1 t 1 3 t—1 1 3 3
{S = Clg E - E <3 Va2 < <Cl >
Va2 — \/Ur2 T )é ~ \ @2

-

=1 =1 (27’:1 o
po _ 2 B C2 _C2 (1 i<y gro )
b ming<;qro  miny<;-1¢ra @2 min-<¢—1 ¢r2
Since ZZ—’E < 2, using the inequalities above, we have
1 T 3 1
3 7s qr2C1\3 1
Mdiabyt < e <> <ni(2e1)3 < . (20)
qt,2 4
—~ Lo q_t72 1
B 2by° < 5(] c2 < 2Bcy < T (21
t7
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A BLACKBOX APPROACH TO BEST OF BOTH WORLDS IN BANDITS AND BEYOND

By Lemma 28 and that % < 2, we have for any u,

1 v q I / ¢ 4 t'
3 2 ogt
+o(c;+ztl+ : #3 i o—0 +zqt2u+zqt2bt)_@§;bt
3
—— t=1

WW

termo term4 terms termg
(22)
We bound individual terms below:
, , 2 1
a : : Ay dio
Elterm;] = E Z(qt — G, 2| <O Z% =0 Z -+ =
t=1 t=1 t=1 ts t3

terms < O (term; )
log t'

terms = <O (c2logT).

[é
E [termy) = E Z ntqth(Zm - Zt,1)2]

4
3

gEZt” <E

> %2] = E[O(term, )] .
=1 It

l Q.2 2
=iy T N 23)
(T )
1 t’ (:1[ 3 t/ 3
5 V/Gt,2
<c Z 21571 <Z qt,2> (Cauchy-Schwarz)
t=1 =1 \/ﬁ t=1
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e~ )
(qu)B (log T)3

’ 1 1 9
Continuing from (23), we also have term; < Zizl qe2bp® < ¢f Zle L < O(cit'3) because
3
qr,2 < 1.

/

m1nT<t qr2 m1n7—<t 1472
termg = b =cC 1-— < C lo R — < O cologT
6~ thQ t 22( mlnT<t 1QT2> 2; g( mlnT<tq7'2 ) ( 2708 )

Using all bounds above in (22), we can bound E [Zf:l (¢ — u, zt>] by

t/

Z 4t,2

t=1

Wl

2 2
1 3 AR
O | min cf’E[t’]g, (c1logT) +ealogT | —uoE | cf (E ) + — =

i—1 qt,2 mMing<¢ g2

pos-term neg-term

For comparator Z, we choose u = e and bound E [Zf:l (l,a, — Et@)} by the pos-term above. For
comparator x # T, we first choose u = ey and upper bound E [Zilzl (bra, — 1L t A, )} by pos-term —
neg-term. On the other hand, by the %—iw—stable assumption, E [Zf:l(ﬁ o Et,x)} < neg-term.
Combining them, we get that for all x # Z, we also have E [Zi;l(&z A — Et,x)} < pos-term.
Finally, notice that E¢[I{A; # Z}] > G2(1 — ) = qt2,. This inlqplies that Algorithm 5 is

2-LSB with coefficient (c{,, ¢}, ¢4) with ¢j = ¢} = O(cy), and ¢, = O(c} + c2).
|

F.3. f-dd LSB to f-dd -iw-stable (Algorithm 6 / Theorem 22)
Proof [Proof of Theorem 22] Define by = B; — B;_1. Notice that we have

NeGs,2be < 21m1qs 204

c1&, A, 1[ir=2]

<9 a7, 49 < 1 1 >
> 2Neqe2 C2 : - —
\/ Zt 1 &, ATH[ZT—2} min;<g qr2 min-<¢—1 4r,2

mlnTSt qr2 >
minTﬁt—l qr,2

< 2mn/c1 + 2meeo (1 -

< 24

A~
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Algorithm 6 dd-LSB via Corral (for o = 3)

Input: candidate action Z, -iw-stable algorithm B over X'\ {Z} with constant c.

Define: 1)(q) = Z?Zl In é. By =0.

Define: For first-order bound, &, = /{;, and m;, = 0; for second-order bound, & , = (¢, —
mm)2 where my ;. is the loss predictor.

fort=1,2,...do

Let BB generate an action Et (which is the action to be chosen if B is selected in this round).

Receive prediction my . forall z € X, and set y¢1 = my z and yg2 = m A,
Let
t—1
0 1 1 1
gt = argmin q Zr+ Yt — +—=(q) ¢y @ = (1 - ) g+ —1,
q€A, < Tz::l " B4 > us 2t2 42

N

t—1 -

1 1 . .

where 7y = Z(log T)2 <Z(I[[zT =] = qr.) %6 A, + (c1+ c3) log T>
T=1

Sample iy ~ ¢;.

if iy = 1 then draw A; = 7 and observe /; 4, ;

else draw A; = A; and observe ¢; 4, ;
(L, A, —yt,i){ir=i}

Define z;; = 0 + yt,; and
& dliy = 2] ¢
Bi= |1} > + :
j—t qu2 mMin-<¢ qr2
end

By Lemma 29 and that % < 2, we have for any u,

¢ v 2
log T ) 9 9
> o —u,z) < O( +> tin Zl Gt (2t — Yt — O1)

!
t=1 \nt/_/ t=1 - =
termq
termo
t t t
+ E (@ — Q> 2t) + § Qt,2bt> - E ugby
t=1 t=1 t=1
N——
terms termy
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vl B 5
term; < O >t 2oima (Ulie = i) — qri)?Ee,a, + (c1 + c3) log T log T
log T

Vo2
<0 ZZ (I[ix = 4] — qt,i)%&r 4, log T + (VV/e1 + c2) log T

t=1 i=1

roy 2 (¢ —my a, )iy = i 2
v <2 S onp 3t (144t )

qt,i

<E Z Mt Z [ie = i] — q14)* (€., — mt,At)Ql (choosing 6 = £; 4, — my a,)

t=1 i=1
2
<E Z Z(H[’it =] — qt1)%&t,a, log T
_\ t=1 i=1
o ¢/ 1 1
E [terms] = E Z(qt — G, EBelz])| = E [Z< 2t2qt + 47521 Et[zt]> <0(1).
Lt=1 t=1
t/
termy < ) quobs
t=1
v let,AtH[it=2]
iy 1 1
- Z 4,2 T min  min
P ol ET ) ' A;H[:T_Q} <t 47,2 7<t—1947,2
t Et Atﬂ[lt 2] + .
qt 2 . minr-<t qr2
< Va \/@Aﬂ[ztzzwch(l—.’)
T, 71 r=2 it
=1\ X ¢ AqT[; ] t=1 MiNr<t—19r,2
y o Gadi=? ”
4ig min;<¢—1qr2
=V Z St oA =2 Z& adlie =2 +02210g < min:<¢ gr2 >
RS e P

(Cauchy-Schwarz)

t
A [iy = 2] 1
<V 1+log<2“t 2 &l =2+ calog o=

t=1 qt?

t/
<0 Jcl th,AtH[it = 2|logT + c2log T

t=1
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4 liy = 2] )
terms = —uo By = —uo 5 Su.41 + -
qt 2 ming<¢ g2

Combining all inequalities above, we can bound E [Zi/:l (gt — u, zt>} by

tl

O|E CIZZ [ie = @] — q1,i)%&t A, Log T + ClzgtAt ir = 2]log T'| + (\/c1 + c2)log T

t=1 i=1 t=1
pos-term
(25)
&, 11y = 2] 2
— U2 E .
—1 qtz Hllﬂtgt' qt,2
neg-term

Similar to the arguments in the proofs of Theorem 11 and Theorem 18, we end up bounding
E [Zilzl(ﬁt, A, — Em)] by the pos-term above for all x € X'. Finally, we process pos-term. Ob-
serve that

2
Z(H[it =i| — Qt,i)2§t,At]

=E; { (1—q1)*6z+(1— Qt,l)qg,ﬁt,gt +qi2(1 — Qt,2)2§t,gt +(1— qt,2)qz2§t,;’5]
=K {2% 19;, Pobis+ 2qt 194,28, A, ]

= 2(]1:,1%2,2&,& + 2(]752,1 Zpt,xft,z
THT

< 2prz(1 = pra)éez +2 Zpt,xgt,x
TAT

=2 (Z Prata — Piaft,@) ]
x
and that

[ﬁt Ay } Zpt 7t < Zptzftx Dy xftw

THET
Thus, for any u € X,

E [Z(m - ft,u)]

t=1
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log T+ (y/e1 + ¢2)log T | ,

t/
< E [pos-term| < O aE [Z (Z Pt — pigft,f)

t=1 T

which implies that the algorithm satisfies 3-dd-LSB with constants (O(c1), O(/c1 + ¢2)). [

F4. %-LSB to %-strongly-iw-stable (Algorithm 7 / Theorem 25)

Algorithm 7 LSB via Corral (for o = %, using a %—strongly—iw—stable algorithm)

Input: candidate action Z, 1-iw-stable algorithm B over X with constant c.
_ 2 2
Define: 1);(q) = 7772 Yo V@ F % Yoiqln %.
By =0.
fort=1,2,...do
Let BB generate an action A; (which is the action to be chosen if 5 is selected in this round).
Let

qeA2

t—1
0 1 1
Gt =argmin{ ( q, > zr — +i(q) py @ = <1 - > a + —1,
< ; B4 > 2t2 42

1 1
VI A, #3) +8ya s

where 17, =

Sample iy ~ ¢;.
if iy = 1 then draw A; = 7 and observe /; 4, ;
else draw A; = A; and observe ¢; 4, ;

Define z;; = %ﬂﬂ{ﬁt # 7z} and

end

Proof [Proof of Theorem 25] The proof of this theorem mostly follows that of Theorem 11. The
difference is that the regret of the base algorithm B is now bounded by

t/

1 log T {A; #7 log T
oy celeT | G HAZT oy el

i G2+ @i l{A; =2} My G2 o) qi,2 ming<y qt,2

(26)

t/

C1

because when fL = T, the base algorithm B is able to receive feedback no matter which side the
Corral algorithm chooses. The goal of adding bonus is now only to cancel the first term and the
third term on the right-hand side of (26).
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Similar to Eq. (18), we have

term;

t T o t/

V@ 2{As #2 log T

+O<\/01+§ el tN ) + g —I—g N mmqmzm— +§ qr.2by —I—g thbt>
SUX A e L T s

terms Vv e
termy terms termg
termo
t/
—uz » by 27)
t=1
where
t—1 .7 N c1l{ Ay £z}
I A T I{A T [
bzs _ 1 Z { 7é } 1 Z { T 7£ } < qt,2 < 717
qr2 qr,2 A 47 qt,2
=1 ) t {A,#7z} )
T \/Cl ZT:l qr,2
po — C2 B 2 _ (1 _ ming<ygre >
t — . . .
minr<t qr2 minr<¢—14r,2 Qt 2 minz<¢—14r,2

satisfying 7;+/qz 20;° <1 5 and [qy, 2b < <1 5 as in (20) and (21).

Below, we bound termy, . . ., termg.
t/ t 1
Elterm;] =E | (¢ — G, 2)| < O (Z t2> = 0(1).
t=1 t=1
# N
termy < O | min H{At # T}, Z qt2l{ Ay # x}logT
t=1
logT
termg = og < O(cglogT).
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t 5
E [termy| = E min 204 — 0,)2
[ 4] _;ntete[ L a2zt — ) ]

[ 203 - .
<E Z Mt Z ar; (2 — Coa,)° T{ Ay # f}] (when Ay = 2, 241 = 242 = 0)

=E Z Ul Z \/C]Tz (I[éy = i]lr. A, — Qt,ift,At)2 H{At # fC\}]

<E §2m§:< @il = ari)? +(L—%0§>H&%%x4

= =1

<E Z ney) e 2l{Ar # 7} | < O (E[termy)).
Lt=1
t/
terms + termg = Z qt.2(bf° + by°)
t=1
cl]I{Aﬁéx}
qt,2 ( 1 1 )
= Z 4,2 + c2 - - —
]I{A £7} minr<¢ qr,2 mMinr<¢—14r,2
ZT 1 qr,2
v ]I{Aﬁé:c} 4 ]
~ min
= fz q2l{ Ay # 7} + c2 Z (1 - W)
Z ) I{A, #x} =1 minr-<¢—14r,2
T= qr,2

(28)

t I{A#7}

< qt,2 m1n7'<t 1472
- \/a ; Z {A, #3} Z 4, QH{At 7 I} T Z log < min,<¢ gr2
T=1 qr,2

(Cauchy-Schwarz)

T A~
< ci,|1+log (Z HA 77}

—1 4,2

t/
) Z qe2l{As # T} + calog
t=1

mMinr<¢ qr,2

t/

0 c1 Z qol{A; # T} og T + colog T | . (29)
=1

IN

Continuing from (28), we also have terms; < \/>Zt 1 % < 24/cqt'.
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Using all the inequalities above in (27), we can bound E [Zf:l (@ — u, z)| by

t/
O | min aE[t], \|a [Z qol{A; # T} | logT p + (/1 + ¢2)log T

t=1

pos-term
I At *7X c
—ugE c1 Z { } .

— qt,2 mmtét’ at,2

neg-term
~ /
For comparator 7, we set u = e;. Then we have E[Y!_ (¢, 4, — {;5)] < pos-term.

Observe that E [Zf:l qmﬂ{gt # 55}] =E [Zf:l(l - pt@)} , so this gives the desired prop-
erty of %—LSB for action . For x # Z, we set u = ey and get E [Zf:l(ft,/‘t —Em)} =

E [Zi;l(gt,At — EWL)} + E [Zf:l(ﬁt,gt — Em)} < (pos-term — neg-term) + (neg-term +

c1E[t']) where the additional /ci?’ term comes from the second term on the right-hand side
of (26), which is not cancelled by the negative term. Note, however, that this still satisfies the re-
quirement of %—LSB for x # T because for these actions, we only require the worst-case bound to
hold. Overall, we have justified that Algorithm 7 satisfies 3-LSB with constants (c{,, ¢}, ) where
co=¢; =0(c1) and c3 = (y/c1 + 2). [ |

F.5. 1-dd-LSB to -dd-strongly-iw-stable (Algorithm 8 / Lemma 42)

Lemma 42 Let B be an algorithm with the following stability guarantee: given an adaptive se-
quence of weights q1, qa, - - - € (0, 1] such that the feedback in round t is observed with probability
qt(x) if x is chosen, and an adaptive sequence {my z }4cx available at the beginning of round t, it
obtains the following pseudo regret guarantee for any stopping time t':

<El e Z upd, - & Ar c2
- ! —1 qt At mintSt’ minx qt(ﬂf)

tl
E [Z (r,a, = Crn)

t=1

where upd; = 1 if feedback is observed in round t and upd;, = 0 otherwise. & » = (ltz — mm)2 in
the second-order bound case, and &; , = !, in the first-order bound case. Then Algorithm 8 with
B as input satisfies %—dd-LSB.

Proof The proof of this lemma is a combination of the elements in Theorem 22 (data-dependent
iw-stable) and Theorem 25 (strongly-iw-stable), so we omit the details here and only provide a
sketch.
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Algorithm 8 dd-LSB via Corral (for o = %, using a %—dd—strongly-iw—stable algorithm)

Input: candidate action Z, -iw-stable algorithm B over X’ with constant (c1, c3).

Define: 1/(q) = Z?Zl In é. By =0.

Define: For first-order bound, &, = /{;, and m;, = 0; for second-order bound, & , = (¢, —
mm)2 where my ;. is the loss predictor.

fort=1,2,...do

Receive prediction my , for all z € X, and set y;,1 = my 7 and y; 2 =

m, 7.

Ay
Let B generate an action A; (which is the action to be chosen if B is selected in this round).
Let

= 0 1 1 1
)y — 1 —_ —_ g ]_ —_— (] 71
q: = argmin <q, > "zt B > + 77t¢(¢]) . ( 2t2) G+ 1l

9€A2 T=1

N
N

-1
where 7 = i(log T) <Z(H[ZT = i) — qr) 26 A J[Ar # T + (c1 + 2) log T>

T=1
Sample ¢ ~ g;.
if iy = 1 then draw A; = 7 and observe /; 4, ;
else draw A; = A; and observe ¢; 4, ;

Define z;; = (mfﬁw + yt,i) ]I{gt # T} and

t . e ~
Bt _ el Z §t7At]I{Z7— = Q}H{At 7é .Z'} i Co (30)
T=1

_ - : ]
ar o mMinr<¢ 4r,2

end

In Algorithm 8, since B is %—dd—strongly-iw—stable, its regret is upper bounded by the order of

0y (M =7} b, A # P = 2}@7&) . s

2 . .
— 1 i’ ming<y ming g¢(x)

t!

‘o Z {A, # 2}{iy = 2} - &a,

2
t=1 qt,2

C2

t/
+oler Y Ga, + 3D
t=1

ming<y ming g¢(x)

because if B chooses Z, then the probability of observing the feedback is 1, and is g; 2 otherwise.
This motivates the choice of the bonus in (30). Then we can follow the proof of Theorem 22 step-
by-step, and show that the regret compared to Z is upper bounded by the order of

t 2
E e Y Y (Wi =] — o264, I{ Ay # T} log T

t=1 i=1
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t/
+E || Y &oallie = 2I{A; # ZHog T | + (Ver + c2)log T
t=1

t/
<\ |aE Z <QQt,1Q§2§t,f + 2(131(11&,2@7;) I{A # 3}]
Lt=1

t/
+ 4| ciE [Z & x,a2l{ A # T}
t=1
(taking expectation over ¢; and following the calculation in the proof of Theorem 22)

log T+ (y/c1 + ¢c2) log T

t/
cE Z 2q1,147 91,3 Pr[Ar # T) + 247 1412 Z Pr[A; = z]& .
t=1 THAT

t/
+ |E Z qt,2 Z PrlA; = 2]& » | logT + (v/e1 + ¢2)log T

t=1 TH£T
(taking expectation over /Tt)

tl

A Y| 20001 = pea)és + 202, Y pratee

t=1 THET

IN

t!

+ |aE Zme&m log T+ (y/c1 + ¢c2) log T

t=1 x#%

(using the property that for x # Z, p, = Pr[ﬁt = z|q2 and thus 1 — p, 5z = Pr[ﬁt # Z)q1.2)

t/
< |aE Z 2piz(1 —piz)ées +2 Zpt,xft,x (g1 <pz<1
t=1 TAT

t/
+ \ ok Z Zpt,x€t7x logT + (y/e1 + ¢2)log T
| t=1 z#£%

-
<0 cE Z (Z Ptabte — pf@;ﬁtﬁ:\)

Lt=1 T

logT" | + (y/e1 +¢2)logT

which satisfies the requirement of %—dd—LSB for the regret against Z. For the regret against x # T,
similar to the proof of Theorem 25, an extra positive regret comes from the second term in (31).
Therefore, the regret against x # T, can be upper bounded by

t

Z Z pt,xgt,m

t=1 =z

O aE logT | + (v/c1 +¢2)logT
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which also satisfies the requirement of %—dd—LSB for z # 7. |

Appendix G. Analysis for IW-Stable Algorithms

Algorithm 9 EXP2

Input: X

fort=1,2,...do

Receive update probability ¢;.

Let
| Injlx 1
= min , , Pi(a) x ex E E
Ug { dZqulT 2% <tQ} (a) P(m )

Sample an action a; ~ p; = (1 — %)P —|— “lty where v is John’s exploration.
With probability ¢, receive ;(a;) = (ay, 0t> + noise

(in this case, set upd, = 1; otherwise, set upd, = 0).

Construct loss estimator:

N _ upd, al

fila) == (IE i [0D ]) " auli(ar)

end

G.1. EXP2 (Algorithm 9/ Lemma 9)

Proof [Proof of Lemma 9] Consider the EXP2 algorithm (Algorithm 9) which corresponds to FTRL
with negentropy potential. By standard analysis of FTRL (Lemma 27), for any 7 and any a*,

ZEt

Zpt A ] ZEt[Et ]§IH‘X|+ZT:IEt[m}gx((Pt—P,M—;DMP,PQ)].
t=1 t

Nr

To apply Lemma 31, we need to show that nta(a) > —1. We have by Cauchy Schwarz
la™ (Epp, [b07]) | < \/aT (Epop, [06T]) a\/atT (Epp, [b0T]) " ay. For each term, we have

T (Epop 107]) 0 < T (Bpslb]) " a = 2,
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due to the properties of John’s exploration. Hence |,4;(a)| < |¢¢(a)| < 1. We can apply Lemma 31
for the stability term, resulting in

E, [mgx <<Pt — P4 — ;Dw(P, Pt)>]

T T\ —1 1

S 77tEt Z Pt(a)a (Eprt [bb ]) azqtat (Eprt [bb ]) a]
t
1

E ~p; | DD
=1t ZP t bp ;E ) a

]EbNPt I8 ]) L 2Md
N 2 P _ '
ntz i qt qt

By |4;(a)| < 1 we have furthermore

T

S (Pi(a) - pi(a >>et<a>] <y

a tht

Z]Et

S (r0) - niai| - Y

a

Combining everything and taking the expectation on both sides leads to

Nog |X| <= 3d
g| ‘+Z Tt
nr —1 qt

E > pila)le(a) — £i(a*)

1

ming<, g

1
<E |7 dlog\x|zq—+2log|xyd
t=1 1t

G.2. EXP4 (Algorithm 10 / Lemma 10)

In this section, we use the more standard notation II to denote the policy class.
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Algorithm 10 EXP4

Input: II (policy class), K (number of arms)
fort=1,2,...do

Receive context x;.

Receive update probability ¢,.

Let
| InjHoj
nm = Pt( X €eXp Mt . .
KZT 1qT ( Z )

Sample an arm a; ~ p; where p;(a) = zmﬂ(xt):a Py(m)m(xy).
With probability ¢, receive ¢ (a;) (in this case, set upd, = 1; otherwise, set upd;, = 0).
Construct loss estimator:

~ updIla; = alfu(a)
@) =" @

end

Proof [Proof of Lemma 10] Consider the EXP4 algorithm with adaptive stepsize (Algorithm 10),
which corresponds to FTRL with negentropy regularization. By standard analysis of FTRL
(Lemma 27) and Lemma 31, for any 7 and any 7*

>E,
t=1

>, Pt<7r>z2<w<xt>>] =3B [l ()] < el Z ~E, Z pt<w>25<ﬂ<xt>>]
™ t=1 T

b, 5 )
Z 2 A )

Qtpt

In |T1| 1
< +E <o | Ky~
Nr 2q —

Taking expectation on both sides finishes the proof. |

56



A BLACKBOX APPROACH TO BEST OF BOTH WORLDS IN BANDITS AND BEYOND

G.3. (1 —1/log(K))-Tsallis-INF (Algorithm 11 / Lemma 14)

Algorithm 11 (1 — 1/ log(K))-Tsallis-Inf (for strongly observable graphs)
Input: G\ 7.

Define: ¢(z) = YK | ﬂ(fiéﬁ), where f =1 —1/log(K).
fort=1,2,...do

Receive update probability ¢,.

Let

t—1
pi = argmin {z«c,m T ;tm:c)}

zeA(K]) | =1

log K
where 7, =
St q (1 +min{@, alog K})

Sample A; ~ py.

With probability g; receive ¢;; for all A; € N (i) (in this case, set upd, = 1; otherwise, set
upd; = 0).

Define

~ i — i e LHI{A ]
70i = upd, (b — i € T} I{A € N(i)}
D ieN (i) Pt.jqt

+1{i e Zt}> ,

where Z; = {ie (K] :i g N (i) Apri > ;} and N'(i) ={j € G\ Z|(j,i) € E}.

end

We require the following graph theoretic Lemmas.

Lemma 43 Let G = (V, E) be a directed graph with independence number o and vertex weights
p; > 0, then

Di < 2pic

dieV: < .
Di + Zj:(j,i)eE pj T~ DiDi

Proof Without loss of generality, assume that p € A(V'), since the statement is scale invariant. The
statement is equivalent to

1
min p; + Z Dj = 2
J:(Gi)eE
Let
min min | p; + Z pi| < mln Pz + Z pPipj
pEA(V) ¢ PEA(V) =
j:(4i)EE % J:(3H)er
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Via K.K.T. conditions, there exists A € R such that for an optimal solution p* it holds

Vi€ Vieither 2pF+ > pit+ Y. pj=A

J:(4,0)eE FHONIS
or 2pf + Z p; + Z p; > Aand p; =0.
J:(4))eE J:(4.j)EE

Next we bound \. Take the sub-graph over V., = {i : p¥ > 0} and take a maximally independence
set S over V. (|S| < o, since V4. C V). We have

1< iy |20+ >, i+ D, pi] =1SIA<al

jevy i€s J:(ji)EE Ji(@.5)eE
0

Hence )\ > é Finally,

Sler+ X ) =33 (2002 X wpe X ] 20 L
i

i J:(i)eE g J:(i)er J:(i.5)€E

Lemma 44 (Lemma 10 Alon et al. (2013)) let G = (V, E) be a directed graph. Then, for any
distribution p € A(V') we have:

i
< mas(G),
Z Pit 2i)eE Pi

i
where mas(G) < « is the maximal acyclic sub-graph.

With these Lemmas, we are ready to proof the iw-stability.
Proof [Proof of Lemma 14] Consider the (1 — 1/log(K))-Tsallis-INF algorithm with adaptive
stepsize (Algorithm 11). Applying Lemma 27, we have for any stopping time 7 and a* € [K]:

2elog K
nr

IN

T . . T R 1
Z E¢[(pt, br) — lt,ar] + Z Ey [max<p —pis b)) — D¢(papt):|
=1 =1 P "t

T

2elog K ~ 1
_ ccelog b + ZEt [max(p —pi, by + 1) — Dw(p,pt)} ,
Ui =1 p Ug

(Et,It —1)H{At EN(It)}
2 eN (Ty) Pt

where ¢; = —upd, , which is well defined because Z; contains by definition
maximally one arm.
We can apply Lemma 32, since the losses are strictly positive.
~ 1 Nt g o 9
E: m;iX(P —pi, b+ 1) — n—D¢(p,pt) < 5Et Dy (bi+cr)
t

7
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We split the vertices in three sets. Let My = {i|i € N (i)} the nodes with self-loops. Let My =
{i|i & My,¢ Z;} and M3 = Z;. we have

Nt ek 5 2
§]Et ZPM ® (Et,i‘FCt)
7

pzj‘Llo;K Apy ;
<l |upd, | Y Puac+ ) - + Y Stz ||
(X ieni) Prjar)?
i€ M1UM; ieMy IEN(D) Pl ieM, 1t

since for any ¢ € My, we have Zje NG Pti > % The first term is in expectation

1 . .. . 4p ;upd
E; [ZieMluMg Pt,iCtQ] < s the third term is in expectation [E, |:ZiEM2 ifpt} <

< 4 while
qi t

the second is

1‘iEIC)gII( 1+log1K
jo% upd 2 P
Et Z t,i t < Z t,i

St O jeny Pri)? | T @ St Xjen Pra

The subgraph consisting of M contains sef-loops, hence we can apply Lemma 44 to bound this
term by 29, If alog K < @, we instead take a permutation p of p, such that M, is in position
1,..,|M;| and for any i € [|M;]]

ﬁt,i < ﬁt,z‘ _ < %aﬁtf .
2jen@ Pi T 2jen@ni Pri Y- Prj

The existence of such a permutation is guaranteed by Lemma 43: Apply Lemma 43 on the graph
M, to select ppy, |- Recursively remove the i-th vertex from the graph and apply Lemma 43 on the
resulting sub-graph to pick p;_1. Applying this permutation yields

4 ek It _
2 P " _da S p, R _ da B _ dalog K
PP ST S5 . T :
qt ieM,y FEN(3) DPt,j at i—1 j=1 V2 qt i—1 <Z;:1]A?J]> log K qt

Combining everything
~ 1 _
E; [mgx(p —pi, by + 1) — an(pvpt)} < % (6 +4min{a, alog K}) .
t t

By the definition of the learning rate, we obtain

2elog K +§T:77t (6 + 4min{a, alog K})
_— — min{q, alo
at 5

> Eel(pe. br) — lrar] <
t=1 i t=1

1
<18, | (1 4+ min{a, alog K'}) E —logK .
at
t=1
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G.4. EXP3 for weakly observable graphs (Algorithm 12 / Lemma 17)

Algorithm 12 EXP3 (for weakly observable graphs)

Input: G \ Z, dominating set D (potentially including 7).

Define: i)(z) = Efi 1 Tilog(z;). vp is the uniform distribution over D.
fort=1,2,...do

Receive update probability g.

Let
t—1
P = argmln { x)} ot = (L —~v)P, +~yvp
t 1\ 3 -
\/323:1 Vs ’ 40 77t5
where 7, = : and v = [ —.
log(K) ming<¢ gs qt

Sample A; ~ py.
With probability g; receive ¢;; for all A; € N (i) (in this case, set upd, = 1; otherwise, set
Define
Z . KtyiupdtH{At S N(Z)}
ti = .
> jeN (i) Pt.jat

end

Proof [Proof of Lemma 17] Consider the EXP3 algorithm (Algorithm 12). By standard analysis of
FTRL (Lemma 27) and Lemma 31 by the non-negativity of all losses, for any 7 and any a*,

DB
t=1

ZPt(a)Zt(a)] - ZT:]Et [Zt(a*)}
’ =1

Tr - N (i )Pt,th
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where in the last inequality we use 2 > Py ; x % X q—lt = % %‘5. We have due to E.[(P;—p, Zt)] <
Ve
log K T
> 5| S| - Yom i) < 253 o
t
2
L1 \°  45log(K
<6(5log(K))7 (S — ) + 40 log(K)
=1 Vit ming<T q¢
Taking expectation on both sides finishes the proof. |

Appendix H. Surrogate Loss for Strongly Observable Graph Problems

When there exist arms such that i ¢ N(i), we cannot directly apply Algorithm 2. To make the
algorithm applicable to all strongly observable graphs, define the surrogate losses ¢ in the following
way:

b=t {@Z D) e BY = Y pujlegl{(G.5) ¢ EY
JelK\{z}
Vje [KI\{z} by = 6 ;1{(5,7) € B} — 6:51{(7,Z) ¢ E},
where p; is the distribution of the base algorithm B over [K| \ {Z} at round ¢. By construction
and the definition of strongly observable graphs, ¢; ; is observed when playing arm j. (When the
player does not have access to p;, one can also sample one action from the current distribution for

an unbiased estimate of ¢, z.) The losses ¢; are in range [—1, 1] instead of [0, 1] and can further be
shifted to be strictly non-negative. Finally observe that

Ell.a, — lrz) = ai2 Z prili; — bz
JelK\{z}

= qt,.2 Z prjle; — bz
JelK\{z}
- E[gt,At - gt,f]a

as well as

E gz&,At— Z Pt,ﬂm = 4,1 gt,f_ Z pt,ﬂm
JeK\{z} JjelK\{Z}

=qt1 gt,ac* Z Pejle
JelKN\{z}

=E | b4, — Z pt.jltj
JelKN\{=}
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That means running Algorithm 2, replacing ¢; by ?; allows to apply Theorem 11 to strongly observ-
able graphs where not every arm receives its own loss as feedback.

Appendix I. Tabular MDP (Theorem 26)

In this section, we consider using the UOB-Log-barrier Policy Search algorithm in Lee et al. (2020)
(their Algorithm 4) as our base algorithm. To this end, we need to show that it satisfies a dd-
strongly-iw-stable condition specified in Lemma 42. We consider a variant of their algorithm by
incorporating the feedback probability ¢; = ¢; + (1 — ¢¢)I[m; = 7]. The algorithm is Algorithm 13.

We refer the readers to Section C.3 of Lee et al. (2020) for the setting descriptions and notations,
since we will follow them tightly in this section.

I.1. Base algorithm

Lemma 45 Algorithm 13 ensures for any u*,

5A2 2
+H«:[S. L,}
q; ming g,

T T
Z wp — i, £y ] <o, |us2acE |3y wUkls 0)ls0)

/12
=1 t=1 s,a

Proof The regret is decomposed as the following (similar to Section C.3 in Lee et al. (2020)):

T T T T
Z(wt —ut, by) = Z<wt — Wy, by) +Z<@t,£t — )+ Z<@t —u,ly)
t=1 t=1 t=1 t=1
Error Bi;g- 1 Reg-term
T R T
+ Z<u7 Et - £t> + Z<u - U*v Z1f>7
t=1 t=1
Bias-2 Bias-3

with the same definition of u as in (24) of Lee et al. (2020). Bias-3 < H trivially (see (25) of
Lee et al. (2020)). For the remaining four terms, we use Lemma 49, Lemma 50, Lemma 51, and
Lemma 52, respectively. Combining all terms finishes the proof. |

Lemma 46 (Lemma C.2 of Lee et al. (2020)) With probability 1 — O(9), for all t, s, a, s,

Et(S,"S?a)

2
Lemma 47 (¢f. Lemma C.3 of Lee et al. (2020)) With probability at least 1 — 6, for all h,

‘P(S/’87CL) _Ft<8/‘sva)‘ <

SOy ) s g(r) + (/)

i max{l Ni(s,a)}

Proof The proof of this lemma is identical to the original one — only need to notice that in our
case, the probability of obtaining a sample of (s, a) is q; - w¢(s, a). [ |
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Algorithm 13 UOB-Log-Barrier Policy Search

Input: state space S, action space A, candidate policy 7.

. I o 1 1
Define: (2 = {w ) UJ(S, a, S,) 2 T3S2A}’ w( Zh Z (s,a,8")ESK X AXSp 11 In w(s,a,s’)"
0= TaS3A
Initialization:

w1(s,a,s’) = _ =7, 1.
|Shl|AllSh1]

fort=1,2,...do

If 7, = 7, upd, = 1; otherwise, upd, = 1 w.p. ¢; and upd, = 0 w.p. 1 — ¢;.
If upd, = 1, obtain the trajectory sy, ap, ¢t(sp,ap) forall h =1,... H.
Construct loss estimators

7 upd; gt(sa a)Ht(S7 a)
l(s,a) = L ) where (s, a) = I{(sp(s); an(s)) = (s,a)}

where ¢, = ¢+ + (1 — q¢1)1[m = 7.
Update counters: for all s, a, s,

Nii1(s,a) < Ny(s,a) +1i(s,a), Nyii(s,a,s) < Ng(s,a,s’) + (s, a)l{sp(s)41 = s'}.
Compute confidence set
Piy1 = {P : ‘f’(s’|s,a) — Pi1(8)s,a)| < e1(8']s,a), V(s,a, s')}

Nit1(s,a,8")

where Py, 1(s']s,a) = Tt N s (sayy @nd
(s'|s,a) = 4 Pii1(s']s,a) In(SAT/)) n 281n(SAT/90)
€11(s']s,a) =
i ’ max{1, Ny+1(s,a)} 3max{l, Ny+1(s,a)}
2 n
i ZT . Zs . upd_I.( Zgg)ef(s ,a)? + max,<t % > S AlnthAT) then
Ni4+1 < 77
Wi+1 = argminwEA(Pt+1)l"|Q ¢(w)
tr—t+1.
end
else
M+1 =t
Wity = ArgMinye A (P, 1)N0 {(w, ) + %D«/)(wa @t)}-

end
Update policy 741 = w01,
end

63



DANN WEI ZIMMERT

Lemma 48 (c¢f. Lemma C.6 of Lee et al. (2020)) With probability at least 1 — O(6), for any t and
any collection of transition functions { P} } scs such that P§ € ‘P, for all s, we have

T T 2 5 42,2
Z Z |wptsv”(5,a) —wi(s,a)| b(s,a) =0 | S HAZ <wt’,€t>L2 + S .A L,
— ay
t=1

t=1 s€S,acA iy gy
where 1 = log(SAT/S) and 07(s,a) = ((s,a))
Proof Following the proof of Lemma C.6 in Lee et al. (2020), we have

Z Z ’wpts’m(s,a) - wt(s,a)| li(s,a) < By + SB>
t=1 s€S,acA

where

(s']s,a)e P(z!|z,y)e ,
=0 Z 2, 2 max{l Ni(s, a)}wt(S,a)\/max{l’Nt(%y)}wt(:p,y\s)

t=1 s,a,s’ z,y,z’

+0 Z Z Z max{l Nt ,a)} (32)

t=1 s,a,s’ z,y,z’

The first term in (32) can be upper bounded by the order of

wi(s,a)P(x |z, y)wi(z,y|s ) [w(s,a)P(s|s,a)w(z,y|s" )
Z Z Z max{l Ni(s,a)} \/ max{1, N¢(z,y)}

t=1 s,a,s’ z,y,z’

we(s, a) P (x|, y)we(z, y|s' ) w(s,a)P(s'|s, a)we(z,y|s' )

<
IR PP D 1 T M| P DA & T
<iqu wlsad [~ ko
=2 = ~max{1, Ny(s,a)} Byl max{1, N¢(z,y)}
< HSET: Z wy(s,a)t

t=1 s,a,s’ maX{l Nt(s’a)}

2

<0 (Z5L (sawmr) + H1os(11/9) ). (by Lemma 47

ming g,

The second term in (32) can be upper bounded by the order of

min, g

SAu
S2AZ Z max{l Nt a)) O( > A 7 (SAIn(T )+Hlog(H/5))> . (by Lemma 47)

Combining the two parts, we get

<o

(S*A*In(T). + HS* A 1og(H/5))) <O (S 4A2L2> :

min; g min; ¢
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Next, we bound B;. By the same calculation as in Lemma C.6 of Lee et al. (2020),

By

r P(s|s,a)t wi(x,a)
<o[X% zwt<s,a>¢max{2,'Nt<;a>} IEVEIEER') pp pe Ll

t=1 s,a,s’ =,y t=1 s,a,s’

- s'ls,a) 24,2
<03 50 Smtoy| e it BN

min
t=1 s,a,s’ T,y t dy

For the first term above, we consider the summation over (s, a,s') € T, = Sy x A X Sp41. We
continue to bound it by the order of

d P(s'|s,a)t ,
> S ey e ) )

t=1 s,a 8/67—}1 €,y

< O‘Z Z Zwt (5,a)P(s'|s, a)w(z, y|s ) (z,y)?

sasGTh T,y

+§Z > ZQQWt(S,a)wt(f”’mS,)'max{la]LVt(s’a)}

t=1 s,a,s'€Tp, ©,Y

(by AM-GM, holds for any o > 0)

d H\S ] quwi(s,a)t
<a Z Zwt:cyﬁtxy hﬂz > tNt( )
t=1 t=1 s,aeS, x A t\5,a
T 2 2
H A
gaz <wta/€t> + |Sh+11[Sh| A (by Lemma 47)
= @
2\ ,2
<0 ( H|Sh|\8h+1|AZ M (choose the optimal «)
t=1 t
T
wy, 2)12
<0 ((Sh CRINEZ
t=1 t

Therefore,
B <0 L (wg, 02)2 HS?AL2
1< ;(|8h| + [Sh1l) HA; ; mine g,
<0 HAZ bwn, B> | HSP A
p min; q;
Combining the bounds finishes the proof. |
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Lemma 49 (¢f. Lemma C.7 of Lee et al. (2020))

T 2\ 2 5 42,2
<O<IE [SJHAZW“?)L L TAY

min
— gt t 4

T

E [EI’I'OI'] =E [Z<@t — Wy, €t>

t=1

) |

Proof By Lemma 48, with probability at least 1 — O(J),

T

Error = Z(wt wy, b)) < ZZW& s,a) — we(s,a)ll(s,a)

t=1 t=1 s,a

T 2 5 42,2
HAZ wt,ﬁ S'A L/
— miny g

Furthermore, |Error| < O(SAT) with probability 1. Therefore,

[ T 2) 5422 |
E[Error] <O | E | S Z wt,ﬁ S,A L, + dSAT
— min, g
[ T 2)2 5 42,2 |
wt, " S A%y
<O(IE S\ HAY g )
t=1 t

by our choice of 4.

Lemma 50 (c¢f. Lemma C.8 of Lee et al. (2020))

T
Zwtagt_gt] <O |E

T
¢ S5A%,2
ENPZ) e .
—~  q " min, g
Proof Let &; be the event that P € P, forall = < ¢.

)l - Seanien - 2823)

< Z|¢t 5,a) — w(s,a)|l(s,a)

Blas 1

Et |:<ﬁ}\t7 et

Thus,

By (@0 — )] <3 Iu(s.0) — wils, a)la(s, @) + O(HIE,)

s,a

Summing this over ¢,

T T
ZEt[wt,Et Et}gzzwtsa wtsa)|€tsa+O<HZH5t>
=1 =1

t=1

(*)

66



A BLACKBOX APPROACH TO BEST OF BOTH WORLDS IN BANDITS AND BEYOND

ming q;

By Lemma 48, (x) is upper bounded by O <S \/ HA Zle <w;}£%> 2+ SS.A%?) with probability
t

1 — O(6). Taking expectations on both sides and using that Pr[£;] < &, we get

2 5 42,2 |
(wt,,€t>L2 n S .A L,
qy ming gy
(we, 03) S5A2 2]

12

/

N

<o |E|Ss,|HA + 0 (5SAT)

T
E [Z@,zt — )
t=1

o~
Il
—

E

<O|E|S,|HA

~ g " min, g
|
Lemma 51 (¢f. Lemma C.9 of Lee et al. (2020))
T o~
E[Bias-2] =E | (u,4; — )| < O(1).
t=1

Proof Let & be the event that P € P, for all 7 < ¢. By the construction of the loss estimator, we
have

[, [<U7Zt — &) { 5t] <0
and thus

E, [(u, 0 — m} <I[€,] H-T3S*A (by Lemma C.5 of Lee et al. (2020), (s, a) < T3S2A)

and
T T
Z u, by — ) ] < HT'S?AE | > "1[&)]| < O(SHT®S?A) < O(1),
t=1 t=1
where the last inequality is by our choice of 4. |

Lemma 52 (¢f. Lemma C.10 of Lee et al. (2020))

E[Reg-term] < O S2AIn(SAT)E

ZZ Updt]It S, C]gét(s CL) I maX }/_[2
g a4

t=1 s,a

Proof By the same calculation as in the proof of Lemma C.10 in Lee et al. (2020),

. ~ Dy (u, W) — Dy (u, w. ~ ~
(@ —u, By < 20000 ; ol B1) 4 S G5, 0)20, (5, a)?
t

Dy (u,w;) — Dy(u, w upd,I; (s, a)¢;(s, a)?
< y (u, W) = y( t“)+mZ pd, L ( q/2) t(s,a)”
t

s,a
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Lettq,to, ... be the time indices when 7, = ”tz , and let ¢;+ be the last time this happens. Summing

the inequalities above and using telescoping, we get

tiy1— 1

T
Z(at—%zbﬁz Dy ( +77tz Z Zupdt]ltsaftsa)
t=1 i

1
O(S2AIn(SAT)) hag upd,I; (s, a) et (s,a)?
<3 | ARSI S S
(computed in the proof of Lemma C.10 in Lee et al. (2020))
2
< Z O(S*Aln(SAT))

(by the timing we halve the learning rate)

_0 (SQA ln(SAT)>
Mt

72 2
4y

<0 | |S2AI(SAT) (ZZ updilufs, )by(s,0)’ | max 1 )
4t

1 s,a

L.2. Corraling

We use Algorithm 8 as the corral algorithm for the MDP setting, with Algorithm 13 being the base
algorithm. The guarantee of Algorithm 8 is provided in Lemma 42.

Proof [Proof of Theorem 26] To apply Lemma 42, we have to perform re-scaling on the loss because
for MDPs, the loss of a policy in one round is H. Therefore, scale down all losses by a factor of %
Then by Lemma 45, the base algorithm satisfies the condition in Lemma 42 with ¢; = S2A4:2 and
co = S°A%%/H where & - is defined as 0 » = i/ H, the expected loss of policy 7 after scaling.
Therefore, by Lemma 42, the we can transform it to an %—dd—LSB algorithm with ¢; = S2A4:? and
ca = S%A2%.2/H. Finally, using Theorem 23 and scaling back the loss range, we can get

) <\/SQAHL* log?(T)e2 + S5 A* logQ(T)L2>

regret in the adversarial regime, and

H?S2A%1og T N \/HQSQALQ logT
A A

C + S°A%%log(T) log(CA1)>

regret in the corrupted stochastic regime. |
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