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Abstract

We consider stochastic approximations of sampling algorithms, such as Stochastic Gradient
Langevin Dynamics (SGLD) and the Random Batch Method (RBM) for Interacting Particle
Dynamcs (IPD). We observe that the noise introduced by the stochastic approximation is nearly
Gaussian due to the Central Limit Theorem (CLT) while the driving Brownian motion is exactly
Gaussian. We harness this structure to absorb the stochastic approximation error inside the diffusion
process, and obtain improved convergence guarantees for these algorithms. For SGLD, we prove
the first stable convergence rate in KL divergence without requiring uniform warm start, assuming
the target density satisfies a Log-Sobolev Inequality. Our result implies superior first-order oracle
complexity compared to prior works, under significantly milder assumptions. We also prove the
first guarantees for SGLD under even weaker conditions such as Holder smoothness and Poincare
Inequality, thus bridging the gap between the state-of-the-art guarantees for LMC and SGLD. Our
analysis motivates a new algorithm called covariance correction, which corrects for the additional
noise introduced by the stochastic approximation by rescaling the strength of the diffusion.
Finally, we apply our techniques to analyze RBM, and significantly improve upon the guarantees
in prior works (such as removing exponential dependence on horizon), under minimal assumptions.

Keywords: Langevin Monte Carlo, SGLD, Sampling, CLT, Random Batch Method.

1. Introduction

The task of simulating stochastic systems or sampling from a target distribution in continuous do-
mains via discretizations of Stochastic Differential Equations (SDEs) is a fundamental problem in
machine learning, theoretical computer science, statistical physics and scientific computing (Parisi,
1981; Robert et al., 1999; Frenkel and Smit, 2001; Shreve, 2005; Lee and Vempala, 2022). This
problem finds applications in several domains such as Bayesian inference (Welling and Teh, 2011),
generative modelling (Ho et al., 2020), differential privacy (Gopi et al., 2022) and algorithmic ge-
ometry (Kannan et al., 1997). Popular algorithms for this problem include Langevin Monte Carlo
(LMC) (Parisi, 1981), Hamiltonian Monte Carlo (HMC) (Neal et al., 2011), Stein Variational Gradi-
ent Descent (SVGD) (Liu and Wang, 2016) and Interacting Particle Dynamics (IPD) (Carrillo et al.,
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2021). In this work, we study the stochastic approximations of Langevin Monte Carlo (LMC) and
Interacting Particle Dynamics (IPD). LMC aims to sample from a target distribution over R%, whose
density 7*(x) o exp(—F(x)) is known only upto a normalizing constant. This is achieved via an
Euler discretization of the Langevin SDE with a step-size 7 > 0 as follows:

Xgpi1 ¢ X — NV F(xg) + v/ 2n¢ek, e ~ N(0,1) (LMOC)

While LMC is a popular algorithm in various statistical applications, there exist several practical set-
tings where computing V F' might be infeasible, or even intractable, whereas an unbiased estimate
of V F'is easily computable. Perhaps the most popular example is that of problems with a finite-sum
structure, where F'(x) = /n )" | fi(x). Here, a stochastic gradient (or a random batch gradient)

can be computed as 5 S8 Vin(x)for I, ..., Ip Y Uniform([n]) and used in place of VF'(x)
in the LMC update. The resulting algorithm is a stochastic approximation of LMC called Stochastic
Gradient Langevin Dynamics (SGLD) (Welling and Teh, 2011), and is widely used in practice in
large-scale problems. However, theoretical analysis of its convergence properties is relatively un-
explored. Most prior works on analyzing the convergence of SGLD require restrictive assumptions
like dissipativity and warm start (Raginsky et al., 2017; Zou et al., 2021), with some being specific
to finite-sum problems with smooth components (Kinoshita and Suzuki, 2022). On the contrary,
the convergence of LMC is well characterized (Vempala and Wibisono, 2019; Erdogdu and Hos-
seinzadeh, 2021a; Chewi et al., 2022a) under a variety of isoperimetric conditions (e.g. Poincare
Inequality, Log Sobolev Inequality) which are significantly weaker than the assumptions used to
analyze SGLD. This situation is in stark contrast to that of optimization where Gradient Descent
(GD) and Stochastic Gradient Descent (SGD) are analyzed under (nearly) identical assumptions.

IPD is an algorithm that simulates the aggregation-diffusion dynamics of n particles with pairwise
interactions, and is actively used for simulating physical systems, sampling, and optimization (see
Appendix A). When implemented naively, IPD incurs a per-step complexity of O(n?) which can be
prohibitive for several problems. To ameliorate this, the Random Batch Method (RBM) performs a
stochastic approximation of the inter-particle interactions by only considering the interaction of each
particle with a random subset of B particles, thereby reducing the per-step complexity to O(nB).

X} 1 = X} + 1gh(x,) + % ZK?(X}Q,X@ +moek, Vi€ [n], €, ~N(0,I) (IPD)
j=1

For both SGLD and RBM, the stochastic approximation takes the form of a conditionally i.i.d. av-
erage, and hence the error produced by the stochastic approximation is nearly Gaussian due to the
Central Limit Theorem (CLT). This is in addition to, and independent of the Brownian motion driv-
ing the system, which is typically of higher magnitude. The key focus of our work is to utilize the
i.i.d average structure (or CLT structure) of the stochastic approximation and apply non-asymptotic
CLTs (or CLT-like arguments) to understand the interaction between the two independent sources
of stochasticity. To this end, we show that the stochastic approximation noise can be effectively
absorbed inside the Brownian motion, and use this insight to derive state-of-the-art guarantees for
these algorithms. Motivated by our analysis, we also design a novel covariance-correction strat-
egy which compensates for the stochastic approximation error by adaptively rescaling the diffusion
term, and show that this leads to faster convergence without increase in computational complexity.
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Result Algorithm Assumptions Metric Complexity
Raginsky et al. (2017) SGLD Component Smooth, Dissipative Wy %Afd)(Unstablc)
Dissipative, Warm Start .
Zou et al. (2021) SGLD Component Smooth TV ‘E%(Unstablc)
Kinoshita and Finite-Sum, LST
Suzuki (2022) VR-SGLD Component Smooth v KL de—z‘/ﬁ (Stable)
Theorem 5 SGLD Smooth, LS, 4" moment VKL €7 (Stable)
Theorem 6 AB-SGLD Finite-Sum, Smooth, LSI VKL | L7 (Stable)
vy
Corollary 32 CC-SGLD Smooth, LSI, 6" moment TV dﬁ#(Unstable)
Theorem 7 Averaged SGLD Smooth, PI, 4" moment TV d:—f (Stable)
Corollary 28 SGLD Smooth, PL, 6" moment TV | £ (Unstable)
Corollary 32 CC-SGLD Smooth, PI, 6 moment TV | 27 (Unstable)

Table 1: Comparison with prior works for SGLD. d, € and n respectively mean the dimension, error
and number of components (for finite-sum problems). Note that 1. dissipativity implies
LSI and p™ moment bounds 2. v/KL is a stronger ‘metric’ than TV and under LSI it is
stronger than W,

1.1. Contributions

Our work develops non-asymptotic CLTs (our CLT-like arguments) to quantify the approximate
Gaussianity of the noise introduced by the random batch-based stochastic approximations used in
SGLD and RBM, leading to state-of-the-art convergence guarantees and algorithmic improvements.
Our key contributions are summarized as follows.

SOTA Guarantee for Smooth SGLD under LSI When F' is smooth and 7* satisfies a Log-
Sobolev Inequality (LSI), we prove that the oracle complexity (i.e. number of stochastic gradient
evaluations) of SGLD to attain last-iterate e-convergence in KL divergence is O(d'?/c), assuming
every iterate has O(d?) 4" moment. When F has a finite-sum structure, we remove the 4" moment
assumption by using adaptive batch-sizes. Compared to prior works, our result obtains a signifi-
cantly improved oracle complexity in a stronger metric, without imposing restrictive assumptions
like dissipativity, component smoothness and warm start (see Table 1). Our last-iterate error bounds
are stable, i.e. they do not diverge as the number of iterations k& — oo. Our results for SGLD
also improve upon the best-known rates for more sophisticated algorithms such as variance-reduced
SGLD (VR-SGLD).

Stationarity Guarantee for Smooth SGLD In the above setting, without any isoperimetric as-
sumptions on 7*, we obtain a stable O(d*°/2) oracle complexity for average-iterate e-convergence
of SGLD in Fisher Divergence (FD). In the sampling literature, convergence in FD is consid-
ered analogous to first-order stationarity in nonconvex optimization (Balasubramanian et al., 2022;
Chewi et al., 2022b), making our result the first known stationarity guarantee for smooth SGLD.
As a corollary, we derive a stable oracle complexity of O(d*°/e*) for e-convergence in Total Varia-
tion (TV) whenever 7* satisfies a Poincare Inequality (PI), providing the first known rate for SGLD
under PI. Prior to this work, such guarantees were only known for LMC (Balasubramanian et al.,
2022). Thus, our results significantly bridge the gap between SGLD and LMC.
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Result Algorithm Assumptions Metric Bound
—g;(x) = VV(x), K}/ (x,y) = H(x — y) averaged
Jin et al. (2020) RBM IVH|| < L, V2V =rLr > 2L Wo % + n?
poly growth of g} , Vg;. averaged
Jin et al. (2021) RBM K}, VK, V2K}’ are bounded W, eCEn /T 42
Theorem 9 RBM Finite gzj , bounded K;j VKL \/ng2K
Theorem 11 CC-RBM Finite gzj , bounded K;J v KL %

Table 2: Comparison with prior works for RBM (prior works consider convergence to continuous
time version of IPD). The function H is bounded uniformly. The exponential bound can
be inferred by following the proof of (Jin et al., 2021, Theorem 3.1). Averaged W» refers
to average of W, distance of laws of individual particles and KL is the KL divergence
between the laws of entire trajectories of all particles.

Statistical Indistinguishability of SGLD and LMC Without imposing any smoothness or isoperi-
metric assumptions, we obtain trajectory-level KL divergence bounds between SGLD and LMC,
which show that the two algorithms are nearly statistically indistinguishable. This result leads to
a highly general technique for obtaining last-iterate TV guarantees for SGLD under a variety of
settings. As a corollary, we obtain a é(d3‘5/52) last-iterate oracle complexity for SGLD when F' is
smooth and 7* satisfies PI.

Covariance Correction We design a novel algorithmic improvement for SGLD and RBM called
Covariance Correction, which compensates for the excess noise due to stochastic approximation
by appropriately rescaling the diffusion term. We show that this leads to faster convergence with-
out increasing computational complexity. For SGLD with Covariance Correction (CC-SGLD), we
obtain last-iterate TV guarantees of ©(d**/c2) under smoothness and LSI, and ©(d""/?/c2) under
smoothness and PI.

Analysis of RBM  Assuming only boundedness of the inter-particle interactions sz, we derive
an O(n2nK/B2) trajectory level upper bound between K iterations of RBM (run with n particles,
batch-size B and step-size 1) and IPD. We improve this to O(WQ"K /B3) for Covariance Corrected
RBM (CC-RBM). Our results (see Table 2) significantly improves upon prior works that either
make stringent assumptions on g, K? and its derivatives (Jin et al., 2020), or suffer an exponential
dependence on nK (Jin et al., 2021).

1.2. Related Work

Sampling algorithms such LMC and IPD have been extensively studied by prior works. Below we
give a concise review of the relevant literature and refer to Appendix A for a detailed discussion

LMC and SGLD In typical Bayesian inference settings, the function £' in LMC is an empirical
average of n sample functions, which can be expensive to evaluate as n is generally very large. For
such large-scale problems, SGLD has emerged as the sampling algorithm of choice (Welling and
Teh, 2011). While some prior works have investigated the convergence properties of SGLD (Ra-
ginsky et al., 2017; Zou et al., 2021), they generally impose stringent assumptions like dissipativity
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and warm start. On the contrary, the convergence of LMC is well understood under much weaker
isoperimetric assumptions (Vempala and Wibisono, 2019; Chewi et al., 2022a).

IPD and RBM IPD can be computationally prohibitive whenever the number of particles n is
large. To ameliorate this, the Random Batch Method, which considers the interaction of each parti-
cle only with a random subset of other particles, was first proposed in Jin et al. (2020), which also
provided convergence guarantees under stringent regularity conditions on the confining and inter-
action forces (see Table 1.1). These conditions were relaxed in Jin et al. (2021) at the cost of an
exponential dependence on the horizon nK. Subsequent works (Ko et al., 2021; Daus et al., 2021)
also analyze RBM in specialized settings.

1.3. Notation and Organization

By KL (V‘ ‘ ,u), we denote the KL-divergence between probability measures v and p. FD (V‘ ‘ ,u) =
E, [|[VIn(v/p)||?] denotes the Fisher Divergence between v and pi. Whenever 1 and v are proba-
bility measures over R? with finite pt" moments, we denote their p-Wasserstein distance with respect
to the Euclidean metric by W, (u, v). Whenever X ~ pand Y ~ v, we use KL (X ] ‘Y) to denote
KL (,u| ‘V) and W,,(X,Y) to mean W), (u,v). Similarly, given a sigma algebra G over the same
measure space as the random variables X,Y, we use KL (X ‘ ‘Y\g) to denote the § measurable
random variable KL (Law (X |G)||Law (Y'|G)). The first order oracle complexity of any algorithm
refers to the number of stochastic gradient computations, i.e., the number of computations of the for,

V f(x,£) (see Section 2 for a formal construction). We use <2 to denote equality in distribution and

£ to denote approximate equality in distribution. We use [n] and (n) to denote the sets {1,...,n}
and {0,...,n — 1} respectively. By C' we denote universal constants which can change in every
appearance. By < we denote < up-to universal constants.

In Sections 2 and 3, we define the exact problem setup and state the set of assumptions which we
use. In Section 4, we discuss our main technical results and in Section 5 we apply them to establish
the convergence of SGLD, RBM, CC-SGLD, and CC-RBM and discuss their significance.

2. Preliminaries

LMC and SGLD We consider the problem of sampling from a distribution over R¢ with density
7*(x) o exp(—F(x)). Under minimal assumptions, Langevin SDE dx; = —V F(x;)dt + v/2dB;
admits 7* as the stationary distribution (Roberts and Tweedie, 1996). Here, d B; denotes the stan-
dard Brownian increment in R? (Stroock and Varadhan, 1997). The forward Euler discretization of
this SDE with step size n > 0 leads to LMC. Stochastic Gradient Langevin Dynamics (SGLD) is a
stochastic approximation of the LMC updates, which arises as follows : For k € NU{0} and ¢ € N,

let & ; i [P¢ be a sequence of random variables (supported on the domain ) that are sampled inde-
pendently of xg, (€x)renu{oy- Given access to a first order stochastic gradient oracle, which inputs

x € R? and batch size B € N, and outputs stochastic gradients V f(x, 1), - - -, Vf(x, & ) such
that [E [Vf(xk, k1) ‘xk = x] = VF(x), the updates of SGLD are given by:

B
K1 i = 5 2 VI (i €a) + V20w, e ~ N(0,1) (SGLD)
i=1
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Covariance Correction When conditioned on X; = x, the stochastic approximation noise in
SGLD, which is given by & ZzB:I (Vf(Xk,&ki) — VF(%y)) is close in distribution to A'(0, X(x))
due to the Central Limit Theorem (CLT). Thus, SGLD updates can be approximately expressed as:

- d . A -~
X1 = X — NV F(X) +nv/E(Xe)éx + /21er,

where € ~ N(0,I) independent of €. Since nwaﬁ +e,~N (0, I+ %), we conclude
that SGLD approximately resembles LMC but driven with higher noise covariance I+ % Thus,

given an estimate 3(X;,) of ¥(X;,) (computed using another random batch of size B3) one can correct
for this additional noise via a covariance corrected update as follows:

B - A~
Xpt1 = Xp — % Z Vf (X, &ki) + /20 (I — %)ﬁk
i1

The estimator 3)(X;,) is specified in Section 5.4. To ameliorate the computational expense of com-

puting the matrix square root, we apply the linearization /I — 75(%x)/2 ~ I—n2(Xx)/4. The resulting
linearized update, called Covariance Corrected SGLD (or CC-SGLD) is as follows,

B - ~
Kot = K — 1 > VI (i Ga) + /20 (1= 25 ) ¢ (CC-SGLD)
=1

As we shall show in Section 5.4, the estimator f](fck) is chosen to be a sum of rank 1 matrices such

that (I — %)ek can be evaluated with O(dB) computational cost. Thus, each step of CC-SGLD
has the same oracle complexity and computational complexity as that of SGLD.

IPD, RBM and CC-RBM Let x{,...,x} € R be the initial positions of n particles drawn
from an arbitrary initial distribution. We denote their positions at time k¥ € N U {0} by x} for
i € [n]. Let ef NN (0,T) be independent of the initial positions. Fixing a step-size 7 > 0 and
diffusion strength o > 0, the resulting discrete-time aggregation-diffusion dynamics for the sys-
tem, driven by an external force g : RY — R and interaction forces K,/ : R? x R? — R, is
known as Intracting Particle Dynamics (IPD). Popular choices for g}, and K} are g}, = —V¢(x})
and K¥(x,y) = —Vxh(lx — y a
respectively. Implementing K steps of IPD involves ©(n”K) evaluations of K}/ which may be
prohibitively expensive. To mitigate this, we define the Random Batch Method (RBM) and Covari-
ance Corrected Random Batch Method (CC-RBM). At each time step k, the Random Batch Method
draws Iil, ... IiP % Uniform([n]) for B € [n], independent of everything else, and deploys a

. o . o . DI TR i
stochastic approximation of the inter-particle interactions as, Ki (%) = & Zle K, * (X5,%5 ).

The RBM updates are then given by
Xjop1 = X+ ngh(Xg) + 1K (Xe) + Ve (RBM)

), where ¢ and 1) are the confining and interaction potentials

Covariance Corrected RBM additionally samples Ji!, Jil, ..., JiB' JiF’ Y Uniform([n]) for some
B’ € [n], and constructs the covariance estimator for K}C as follows,
& 1 & iJ i o Ji iJ oi i iJ oi o JE iToi o i\ T
Y = SBB' Z (ch (X, %" ) — K (X5, %" )) (Kk (X, %" ) — K (X, %" ))
=1
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The covariance corrected update for RBM is then given by
Rjo 1 = R, + ngh (kL) + 0K () + o/ T —1/o?Sie]

Similar to CC-SGLD, approximating the matrix square-root as 4/I — 77/022A]}'C ~I-— ’7/2”222 gives
us the following update for Covariance Corrected RBM (or CC-RBM).

Xj,+1 = X + 0k (XL) + KL (Re) + oy (I = %Ek) i (CC-RBM)

Since 3 is a sum of rank-1 matrices, the cost of evaluating (I — 5253} )¢} is O(dB). Thus, CC-
RBM has the same computational complexity as that of RBM.

3. Assumptions

Our analysis of SGLD makes the following expected smoothness assumption on the potential F’,
which is weaker than that of prior works which assume component smoothness (Raginsky et al.,
2017; Zou et al., 2021; Kinoshita and Suzuki, 2022), i.e., smoothness of f(x,£) V¢ € =.

Assumption 1 (Expected Holder Smoothness) F'(x) is s-Holder smooth (or s-gradient Holder
continuous) for some s € (0, 1], i.e., there exists a constant L > 0 such that V F' (x) satisfies:

IVE(x) = VF(y)| < L|x—y|°, Vx,yeR? (s-Holder)
When s = 1, F(x) is said to be L-smooth (or L-gradient Lipschitz), i.e.,
IVE(x) - VF(y)l| < Llx—yl, Vx,y € R? (L-smooth)

We use the following growth condition to control the stochastic gradients. As shown in Appendix
G.1, this assumption is significantly weaker than that of prior works. (Raginsky et al., 2017; Zou
et al., 2021; Kinoshita and Suzuki, 2022).

Assumption 2 (Almost-sure Stochastic Gradient Growth) For M,G > 0, the functions f(x,§)
satisfy:
IVf(x,6) — VEx)| < M|x||+G, VxeRL¢eE (lin-growth a.s)

For the analysis of SGLD in the L-smooth setting, our techniques generalize to the following relaxed
assumption on the stochastic gradients which is satisfied for a large class of problems.

Assumption 3 (Subgaussian Stochastic Gradient Growth) For M,G > 0, the functions f(x,§)
satisfy the following norm-subgaussianity condition (Jin et al., 2019) for the stochastic gradients:

P{Wﬂx,f) CVF@)| >t

2
X} < 2exp (—2> Vx e R? (lin-growth subG)
2 [M]x| + G

To establish the convergence of SGLD to the target distribution, we impose the following isoperi-
metric assumption on 7* proposed by Latata and Oleszkiewicz (2000), which interpolates between
the well known Poincare and Log-Sobolev Inequalities (Bakry et al., 2014).
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Assumption 4 (Latala-Oleskiewicz Inequality) The target 7 satisfies the Latata-Oleskiewicz in-
equality of order a € [1,2], i.e., for every smooth function g : R? — R, ©* satisfies the following
inequality for some constant AL o(q)

Er [¢°] — Er [g7]7" 1
sup Z 17 e S Ex |IV9]?] (a-LO)
pe(1,2) (2-p) ALO(a)
When o = 1, a-LO is equivalent to the Poincare Inequality with constant A\pj = ALo(1),

271 2 i 2
Er [¢] - Er-lof” < 5 Er- [ IVl P

When o = 2, a-LO reduces to the Logarithmic Sobolev Inequality with constant A\Lsi = ALo(2)-

1
Ex- [9°10g (¢°)] — Ex [9°] log (Ex- [¢"]) < 5B [1v41?] (LSI)

We highlight that the exponent s in s-Holder and the order o in a-LO must satisfy the relation
a < 1+ s. Finally, we impose the following mild technical condition on the iterates of SGLD.

Assumption 5 (Moment Growth) The iterates of X1, . .., X SGLD satisfy the following p-moment
growth condition for some p > 1.

E[||%]|%) < C,d”?, ¥ q € [0,p] (p-moment growth)
where Cq > 0V g € [0, p] and can be an arbitrary non-negative increasing function of q.

As we shall show in Appendix G.2, the p-moment growth condition is milder than assumptions like
dissipativity and strong convexity outside of a compact set used in prior works (Zou et al., 2021;
Raginsky et al., 2017; Cheng et al., 2020). On the contrary, we assume p-moment growth only for
p = 4 (in Theorems 5 and 7) or p = 6 (in Theorems 8 and 10), making our assumptions much
weaker than that of prior works. Furthermore, for finite-sum problems, we remove this assumption
by using adaptive batch-sizes (Theorem 6).

4. Technical Results

Our main results on SGLD and RBM, presented in Section 5, are divided into three major groups:

1. Stable convergence results for SGLD which use a conditional CLT type result (Lemma 2) to
establish a differential inequality for the KL divergence to the target distribution (Lemma 3).

2. A sharp convergence analysis of the law of the trajectory of SGLD (and RBM), to the law
of the trajectory of LMC (and IPD), without any smoothness or isoperimetric assumptions,
using a novel Wasserstein CLT (Lemma 4) and associated entropic CLT.

3. Analysis of CC-SGLD and CC-RBM using the above entropic CLTs.

In this section, we establish our key technical results like Lemmas 1, 2 and 4.
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4.1. Conditional CLT Type Analysis and Descent EVI

Using N (%5, &) == 5 >y Vf Rk, &,j) — VF(Xy,) to denote the stochastic gradient noise, we
can express the SGLD updates as follows :

X1 = X — N(VF(Xg) + N(X, &) + /2ner, e, ~ N(0,1) (1)

Adapting the arguments of Vempala and Wibisono (2019) to SGLD, we construct a piecewise-
continuous stochastic process (X¢);e[o,x») defined as follows for any d-dimensional Brownian mo-
tion By (which is independent of xg):

Law (x0) = Law (Xo)
dx; = — [VF(Xpy) + N(Xgn, &)] dt + V2dBy, t € [kn, (k+ 1)), k € [K]

Note that x; < Xy — (t — kn)(VE (Xgy) + N(Xky, &) + /2(t — kn)ze, z¢ ~ N(0,I) where
t € [kn,(k+ 1)n], k € (K). An inductive argument shows that Law (xj,) = Law (X;). To this
end, we call (x¢);¢c[0, k) @n interpolating process for SGLD, and write 1y = Law (x;). We shorten
N (xzy, &) to N, whenever clear from the context. Our analysis begins by establishing a differential
inequality for the time-evolution of KL divergence along the interpolating process. We present the
proof of this lemma in Appendix B.2.

Lemma 1 Assume KL (po||m*) < oc. Then, for any k € (K) and t € [kn, (k + 1)n),

d X 1 .
aKL (pe||7*) < —§FD (pe||7*) +E [HVF(xt) - VF(an)Hﬂ +E [\|E[N|xkn,xt]ﬂ2
The term E [HVF(xt) — VF(xpy) ||2} in Lemma 1 corresponds to the discretization error of SGLD,
which can be controlled in a straightforward manner. The key technical challenge is to sharply
bound the term E [\|E[N|xkn, X¢] Hﬂ , which corresponds to the error due to stochastic approxima-
tion. When conditioned on xg,, N is an average of B i.i.d random vectors, and hence, is approx-
imately Gaussian due to the Central Limit Theorem. In fact, if Nj|xz, ~ N(0,X) were exactly
Gaussian, then N and x; would be jointly Gaussian conditioned on Xy,,. In this case, standard results
on conditional expectations of Gaussians would imply that: E [H]E[N|x;m, x|?| < WM

B

where E [Tr( 2)2] < (M*Cyd? + G*) under the lin-growth subG and p-moment growth conditions

for p = 4. However, since N need not be Gaussian in general, we require a conditional CLT type
result (Dedecker and Merlevede, 2002) to sharply control the stochastic approximation error. To
this end, we derive sharp bounds for || E[N|xj,, x| |? by exploiting the fact that N is conditionally
an i.i.d. sum of zero-mean vectors. The proof of this result is presented in Appendix B.3.

Lemma 2 Let the lin-growth subG and p-moment growth conditions be satisfied with p = 4. Then,

C(t — kn)(M*Cyd® + GY)
B2

E | IEIN|xen, xi]|*] <

Equipped with Lemmas 1 and 2, we derive the following differential inequality for the time evolu-
tion of the KL divergence along the trajectory of the interpolating process. The proof of this result
is presented in Appendix B.4
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Lemma 3 Let the L-smooth, lin-growth subG and p-moment growth conditions be satisfied with
p = 4. Then, for n < /6L, the following inequality is satisfied for any k € (K) and t € [kn, (k +
1)n],
d * 1 * 2
KL (] [77) < =3 FD (el |7) + CL* (¢ = k)d +
C(t — kn)(MACyd? + G
+ JiE

CL(t — kn)(M?*Cod + G?)
B

4.2. Random Function Representation and Entropic CLT based Analysis

We now describe our technical approach to the analysis of SGLD and RBM via the random function
representation and Gaussian-smoothed Wasserstein CLTs. While the description below focuses on
SGLD, our analysis of CC-SGLD, RBM and CC-RBM applies similar arguments.

Since LMC is a discrete-time Markov Process (with iterates xg,Xq,...), it admits a random
function representation, i.e., for any K € N, there exists a measurable function Hg such that
x1.x+1 = Hgi (X0, €0, . - ., € ). Moreover, from equation (1), we recall that the SGLD iterates can
be expressed as Xj11 = X — NV F(xg) + v/2n(éx + /1/2Ng), éx ~ N(0,1), Ny = N(%p, &)
Comparing with the update rule of LMC, we conclude that LMC and SGLD must admit the same
random function representation, i.e., X1.x+1 = Hg(Xo,21,...,2x) where 2z, = € + \/77/>2Nk.
Applying the data-processing inequality and the chain rule for KL divergence, and using the fact
that Law (xo) = Law (Xq), we conclude the following:

K

KL (Rpsc|[x1:x) <D F [KL (2] Fi|er)]
k=0

where i, = 0(Xo.x,Z0.k—1)- Since z = €, + \/%Nk where Ny |F} is approximately Gaussian
and €, is exactly Gaussian, controlling the term KL (ik\}“k‘ }ek) involves establishing an entropic
CLT for z|Fy. To this end, we prove a reverse To-type inequality for Gaussian convolutions to con-
trol this term as KL (ik\]—"k‘ ‘ek) <WE(WVI+nZeX, Y| F) + Wi (X + Nk, VI + nZY | Fr)
where X, = E [NkN{]ﬁk] and X,Y NN (0,I). The first term is bounded by directly computing
the Wasserstein distance between zero-mean Gaussians. To control the second term, we quantify
the approximate Gaussianity of N by developing a novel Wasserstein CLT for Gaussian convolu-
tions of bounded random vectors, which may be of independent interest. This result, which is an

extension of Zhai (2018), is proved in Appendix C

Lemma 4 ()W, CLT for Gaussian Convolutions of Bounded RVs) LetY,...,Yp bei.idran-
dom vectors in R? satisfying E[Y;] = 0, E[Y;Y!| = Sy and |Y;|| < B almost surely, and
let Y = ﬁ Zf;l Y. Furthermore, let X and Z be sampled iid from N (0,1), independent of
Y1,...,Yp. Then, the following holds for 3* < 1/5 and | Sy ||, < 1/5d

255%d(1 + log(B))?
W2(I— Sy X +Y,2) < 2P (;Og( )

Our entropic CLT analysis does not require any smoothness assumptions on F' or isoperimetric
assumptions on 7*, and only uses the lin-growth a.s and p-moment growth assumptions for p = 6.

10
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5. Results for SGLD and RBM
5.1. Convergence of SGLD under Smoothness and LSI

Our first result is a stable convergence guarantee for the last iterate of SGLD with respect to KL
divergence when F' is smooth and 7* satisfies LSI. The proof, which is presented in Appendix B.5,
follows from Lemma 3 and uses the fact that L.SI is a gradient dominance condition for KL (‘ ‘77*)
in the space of measures (Otto and Villani, 2000), i.e., FD (ﬂt‘ ‘77*) > 2) 5 KL (Mt‘ ‘71'*)

Theorem S (Convergence of SGLD under Smoothness and LSI) Let the L-smooth, lin-growth

subG and p-moment growth conditions be satisfied with p = 4 and let ©* satisfy LSI. Then, for
n < Ausif6L2, the last iterate of SGLD satisfies the following.

CL*yd ~ CLy(M2Cad + G?)

KL (Law (x
( ( K)‘ ALsl BAs

7_(*) S e_ALsmK/2KL (Law ()ACO)|

7r*) +

Cn(MACad? + G*)
ALsiB?

The first term e~ ts""*/2KL (Law (%0) ‘ ‘w*) arises from the error due to initialization which decays
exponentially fast. The second term Cffs?d, which is independent of the batch-size B and diminishes
as n — 0, corresponds to the inherent bias of LMC (Bernton, 2018; Wibisono, 2018). The remaining
terms, which diminish with increasing batch-size B for any fixed > 0, encapsulate the error due

to stochastic approximation.

Oracle Complexity Lemma 1 of Vempala and Wibisono (2019) shows that KL (Law (%0) ‘ ‘77*) =
O(d) is easily ensured via appropriate Gaussian initialization. Thus, for any ¢ < 1, Theorem 5
implies that 7 = O (¢/d), B = O(v/d) and K = O (d/c) ensures KL (Law (%)||7*) < €. Thus,
Theorem 5 implies an oracle complexity of O (d'*/e) for e-convergence in KL divergence, which
translates to O (d'°/e2) oracle complexity for e-convergence in TV and W, via Pinsker’s inequality
and Talagrand’s inequality respectively.

Stability and Tightness of the Analysis For any 7 < Asi/612, and any batch size B > 1 the rate
obtained in Theorem 5 is stable, i.e., does not diverge as K — oo. Moreover, Theorem 5 doesn’t
require any uniform warm start assumption. In the noise-free setting (i.e., M, G = 0) Theorem 5
recovers the result of Vempala and Wibisono (2019) for LMC upto constant factors.

When F' admits a finite-sum structure, i.e., F'(x) = I/n )" | fi(x), we propose an adaptive batch-
size schedule for SGLD, for which we establish results similar to Theorem 5 without the p-moment
growth assumption. The algorithm, called AB-SGLD, is as follows:

1. By :=min{n,1+ [M|X| + G|} ; Sample indices i1, ..., ip, Py Uniform([n])

2. Xpy1 ¢ X — /By, Zf:’“l V fi; (Xk) + v/2ner, where e, ~ N(0,1)
We refer to Appendix B.6 for the proof of Theorem 6. For simplicity, we assume 1 < 1/8 and
M>L>1.
Theorem 6 (Stable Convergence of AB-SGLD) Let the L-smooth and lin-growth subG condi-

2
tions be satisfied, and let w* satisfy LSI. Then, for n < W and any K € N:

. * —AsinK/a . * Cn (1o 2.2 2y, CL?
KL (Law (%) ||7*) < e """/*KL (Law (%0)||7*) + o (L*d+ M*mj + G*) + ——— (Mm; + M + G)

LsI ALsi

11
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where m,, = B [||x||P]/?. Furthermore, the amortized batch size B = 1/k 3 1, E [ By] satisfies,

_ M M L
B<S2+G+ T\/KL (Law (%o)||m*) + Vi (Lx/8+Mm2 +G) + L/ Mm; + M +G
NeanK ALsi ALsi

Expected Oracle Complexity Since LSI implies subgaussianity (Van Handel, 2014), it is rea-
sonable to consider mj, my = O(\/ﬁ) Moreover, appropriate Gaussian initialization ensures
KL (Law (%o)||7*) = O(d). Hence, for any ¢ < 1, setting = O(/d) and K = O (/e) en-
sures e-convergence in KL divergence. Under this setting, the amortized batch size of AB-SGLD
is B = O( V/d). Hence, we conclude that the expected oracle complexity of AB-SGLD to achieve
e-convergence in KL is KB = O (4"°/¢), which further implies O (4'°/¢?) oracle complexity for
e-convergence in TV and W.

5.2. First Order Stationarity of Averaged SGLD under Smoothness

Recalling the definition of y; from Section 4.1, we denote the averaged law of SGLD as jix, =

1/Kn fOK" urdt. We prove a stable convergence guarantee for FD ([L KU‘ ‘w*) without imposing any
isoperimetry assumptions on 7*. Such guarantees for sampling are considered analogous to first-
order stationary point analysis for nonconvex optimization (Balasubramanian et al., 2022; Chewi
et al., 2022b). Our result, which follows from Lemma 3 and convexity of Fisher Divergence, implies
a stable convergence guarantee in TV if 7* satisfies PI. We present the proof in Appendix B.7.

Theorem 7 (First Order Stationarity of SGLD) Ler the L-smooth, lin-growth subG and p-
moment growth conditions be satisfied with p = 4. For any 1) < 1/6L, the following holds

< KL (Law (%o)||7*)

L M2 2 M4 2 4
) < FL2pd+ n( C2d+G)+77( Cyd* + G*)

Kn B B2

FD (ﬂKn|

Additionally, the following holds if ™ satisfies PI,

KL (Law (x * L?nd  Ln(M?Csyd + G? M*C,d? + G4
V(i) < (Law ( o)\w)+ nd  Ln(M*Cod+G?)  n(M'Cy + )
A1 Kn ApI Ap1B ApB

Sampling from [ix, It is easy to sample from fif, without any added sample complexity as
follows : 1. Sample to ~ Unif[0, Kn]. Let ko be the largest integer such that nko < ¢y. 2. Run
SGLD for ko steps 3. Perform a partial update X = Xy, — (to — nko)8k, + \/2(to — nko)e, € ~
N(0,T), where gy, is the stochastic gradient at step ko. By the construction of the interpolating
process, it is easy to show that Law (X) = [ix.

Oracle Complexity ~Appropriate Gaussian initialization ensures that KL (Law (fco)| ’w*) = 0(d)
Thus, for € < 1, setting n = O (¢/d), B = O(v/d) and K = O (4*/&?) suffices to ensure e-
convergence of averaged SGLD in FD, thereby implying an oracle complexity of O (d*°/¢2). Under
the same setting, Theorem 7 also implies an oracle complexity of O (4*°/et) for e-convergence in
TV when 7* satisfies PI.

Stability For any n < 1/6L and B > 1, the rates presented in Theorem 7 are stable as they don’t
diverge when K — oo, nor do they require any uniform warm start assumption. Furthermore, in the
noise-free setting (i.e. M, G = 0), Theorem 7 recovers the result of (Balasubramanian et al., 2022,
Theorem 1 and Corollary 5) upto constant factors.

12
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Batch Size Theorems 5, 6 and 7 require a batch size of B = O(+/d) for e-convergence, which
significantly improves upon prior works. In comparison, Zou et al. (2021) require B = O(d) and
Raginsky et al. (2017) assume B = O (poly (¢/¢)). The VR-SGLD algorithm of Kinoshita and
Suzuki (2022) requires a batch size and inner loop length of O(y/n). Note that n >> d for most
practical scenarios.

5.3. Analysis of SGLD and RBM via Wasserstein CLT

We use the arguments presented in Section 4.2 to prove convergence bounds between the trajectories
of SGLD and LMC (as well as RBM and IPD) under minimal assumptions (assuming only lin-
growth a.s and p-moment growth). The proof is presented in Appendix D.2

Theorem 8 (Statistical Indistinguishability of SGLD and LMC) Let x1.x and X1.x and denote
the iterates of LMC and SGLD respectively, with the same step-size and initialization. Furthermore,
let the lin-growth a.s and p-moment growth conditions be satisfied. Then,

2 3
KL (R1x|x1x) S 773—? (M*Cud® + G*) + g—f (MSCgd® + GSd®) (1 + log B)?

Theorem 8 implies that the convergence of LMC to 7* is nearly sufficient to ensure the convergence
of SGLD. To this end, Theorem 8 gives us the following highly general technique to derive last-
iterate TV guarantees for SGLD : 1. Using any existing convergence guarantee for LMC, choose
71, K such that TV (xg, 7*) < C:)(e) 2. Set B such that KL (fCLKHXl:K) < (:)(62). Consequently,
TV (Xx,7*) < O(e) by the Data Processing Inequality and Pinsker’s inequality.

We quantitatively demonstrate this technique in Appendix D.3, we use Theorem 8 to
prove last-iterate TV guarantees for SGLD under the assumptions of s-Holder and
«a-LO, obtaining an oracle complexity of @(%) for e-convergence in TV, where
v = max {1+ B (1+1s),32(1+ ) +58/2s} and f = 2/a — 1. For s = 1, this result im-
plies an oracle complexity of ©(4*°/c) when 7* satisfies PI (i.e., & = 1). This has a better
€ dependence but worse d dependence than the TV guarantee of Theorem 7. However, unlike
Theorems 5, 7 and 6, these guarantees are not stable.

Our techniques apply whenever a sampling algorithm and its stochastic approximation admit the
same random function representation, and as such, can be extended to other sampling algorithms
such as HMC. In fact, using similar techniques, we obtain the following statistical indistinguisha-
bility guarantee between RBM and IPD, whose proof is presented in Appendix F.1.

Theorem 9 (Statistical Indistinguishability of IPD and RBM) Let (Xfc)ie[n], kelx] and

X! )iciml kel K| denote the iterates of the interacting particle method and the random batch method
k/i€ln],ke[K]

K (x4, %0)|| < M hotds

Bo?
40M?2d

respectively, with the same initial distribution and step-size 1. Suppose

almost surely, for every k € [K| and i, j € [n]. Then, the following holds for any n <

2274 3776 2
i i n"M*nK  dn°M°nK(1+ log B)
KL ((Xk)ie[n],kE[K]}|(Xk)i€[n],k6[K}) 5 B2o4 B0

13
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5.4. CC-SGLD and CC-RBM for IPD

We now consider covariance correction introduced in Section 2. For CC-SGLD, we define the
estimator >(Xy,) as follows:

Sk) 0 if (M||%z|| + G)* > B/sna
pr— T
T e S (VG 60) - VG 62)) (VG €8)) — TG £7)) ol

Where V f (X, 51(612), V f(Xk, {,ﬂ), oo, V(X 5,(61})3), V f(Xk, 5,(62})3) is a fresh batch of stochastic
gradients. We use the entropic CLT approach discussed in Section 4.2 to establish Theorem 10
which is proved in Appendix E.2.

Theorem 10 (Statistical Indistinguishability of CC-SGLD and LMC) Let the lin-growth a.s
and p-moment growth conditions be satisfied with p = 6. Then, the iterates of CC-SGLD satisfy the
following guarantee.

_ K 7K P Kd(1 +log B)’
~ B3 B3 B* '
The leading order term in Theorem 10 is O(7°K/B3) whereas that in Theorem 8 for SGLD is
O(n*K/B?). This indicates that CC-SGLD is a better stochastic approximation to LMC in com-
parison to SGLD, and enjoys faster convergence. Using this, we derive an unstable last-iterate TV
guarantee for CC-SGLD under s-Holder and «-LO. The result, which is stated in Appendix E.3,
improves upon that implied by Theorem 8 under the same setting. In particular For s = 1, we
obtain a ©(d"%/e2) oracle complexity for CC-SGLD when 7* satisfies LSI, which improves upon
our previous guarantees for SGLD and AB-SGLD under smoothness and L.SI. When 7* satisfies PI,
we obtain an oracle complexity of (:)(dlo/ °/¢2). In a similar way, we derive the following guarantee
for covariance corrected RBM, which is proved in Appendix F.2.

Theorem 11 (Statistical Indistinguishability of IPD and CC-RBM) Let (X;;q;)ie[n}, ke(k] and

(ﬁi;)ie[n],ke[ K] denote the iterates of the interacting particle method and the covariance corrected
random batch method respectively, with the same initial distribution and step-size 1. Suppose

K,ij (fc%,ki)” < M holds almost surely, for every k € [K] and i,j € [n]|. Then, for any

3
KL (%1:x| | %1:10) (M*'Cyd® + G*) + "B—K (M°Ced® + G°) +

3

B 2
N < foar2d
2 14 3176 37176 2
v i P M*nK n’M°nK  dnp?M°nK (1+ log B)
KL ((Xk)ie[n],kG[K]H(Xk)iG[n],kG[K]) 5 B2B/o4 + B35 B4g6

As per Theorem 9, a batch size of B > (n?nK)'/? suffices to ensure that the trajectories of all the
particles of RBM and IPD stay close in distribution. Similarly, Theorem 11 ensures the same for CC-
RBM and IPD when B > (7?nK)'/3 (assuming B = B'). Both these results significantly improve
upon prior works on the convergence of RBM (Jin et al., 2020, 2021) that either require highly
stringent regularity assumptions on gy, K and their derivatives, or suffer from an exponential
dependence on nK (See Table 2).

6. Conclusion and Future Work

In this work, we introduced techniques to give sharp analyses of stochastic approximations of sam-
pling algorithms, significantly improving upon prior work. Future work can further extend these
techniques to understand convergence properties under the Rényi Divergence, and other algorithms
like Hamiltonian Monte Carlo and randomized midpoint methods.
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Appendix A. More References

LMC and SGLD Discretizations of diffusion processes Bakry et al. (2014) such as Langevin
Monte Carlo (LMC) and its closely related cousins like Hamiltonian monte-carlo and underdamped
LMC have been widely studied in various settings, including large scale (Vempala and Wibisono,
2019; Chewi et al., 2022a; Cheng and Bartlett, 2018; Dalalyan and Karagulyan, 2019; Lovész and
Simonovits, 1990; Lovasz and Vempala, 2004; Lee and Vempala, 2018). Recent advancements
have focused on the sharp study of LMC with non-log-concave densities and have obtained sharp
analyses with minimal assumptions under various metrics like the KL. divergence and Renyi di-
vergences whenever the target distribution satisfies certain functional inequalities. Vempala and
Wibisono (2019) established precise and succinct convergence bounds whenever the target distribu-
tion satisfies log-Sobolev inequalities (LSI) and (Chewi et al., 2022a; Erdogdu and Hosseinzadeh,
2021b) considered settings more general settings like the Latata-Oleskiewicz (LO) Inequality and
the Modified Log-Sobolev Inequality (MLSI)

Interacting Particle Methods for Sampling and Optimization Equation (IPD) a system which
is made up of multiple agents which evolve in time by interacting with the environment and each
other via the aggregation-diffusion equations (Carrillo et al., 2019). These models give rise to rich
dynamics, and can lead to various phenomenon like swarming, flocking, chemotaxis and vortex
formation (Degond et al., 2017; Vicsek et al., 1995; Cucker and Smale, 2007; Bertozzi et al., 2012;
Chorin, 1973) and hence are widely used by the scientific community. This has also has generated
significant interest from a mathematical perspective (Backhoff et al., 2020; Carrillo et al., 2019;
Bertozzi et al., 2012; Ha and Liu, 2009) where precise behavior of popular models, large deviations
principles and convergence to mean field limits have been studied. Inspired by these models, vari-
ous optimization, sampling and control algorithms have been designed (Carrillo et al., 2018, 2021;
Duncan et al., 2019; Liu and Wang, 2016; Craig et al., 2022; Chen, 2021).

Appendix B. Stable Convergence of SGLD under Smoothness
B.1. Technical Lemmas

Lemma 12 Let X be a non-negative random variable such that E [X k] < oo for some k > 1.
Then, the following holds for any o > 0,

E [X*] 1
E [XT{x>q}] < k-1 <1 tRC 1)
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Proof Since X is a non-negative random variable, the following holds almost surely,

Xixzay = /O Lixz>aylpx>ndt

= /0 ]I{XZmax{a,t}}dt

:/ ]I{XZa}dt+/ ]I{th}dt
0 a

(e}

= allixzay + / Ixzpdt
(03
Then, by Fubini’s Theorem and Markov’s Inequality,
oo
E [XI{x>q}] = oP{X > a} +/ P{X >t}dt

k 00
E[,fl} +IE[X’“}/ t=kdt
« (07

1+

-5 ()

<

Lemma 13 Let the lin-growth subG condition be satisfied. Then, for any x € R and k € N

Ehvf@£>—VF&N%

x] < 2P (M x| + G)*

Proof Let z = |V f(x,£) — VF(x)|| and v = M||x|| + G. Since z is a non-negative random
variable, it follows that,
_ [~ 2k
x| = [ Py > ylxbay
0

= 2kz/ p2k-1p {Z/u > x} dv
0

o0 2
< 4k/ a2 le=" 2y
0

E| (/0

_ k2k+1 /'OO tk’—le—tdt
0
— 2k+1k!

where we use the lin-growth subG condition in step 3. Hence, we conclude that,

E ||V f(x,€) - VF(x)|*

x] < 2P (M x| + G)*
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Lemma 14 (Otto-Villani Theorem Otto and Villani (2000)) Let 7 satisfy LSI with constant
ALsi. Then, ©* satisfies Talagrand’s inequality T, for any p € [1, 2], i.e., for any probability measure
I

2
W}?(Mﬂr*) S EKL (MHF*)7 Vp € [172]

Lemma 15 ((Guillin et al., 2009, Theorem 3.1)) Let ©* satisfy PI with constant \p\. Then, the
following holds for any probability measure p.
4

TV(p, 7)* < b

FD (pf[7")

Lemma 16 ((Chewi et al., 2022a, Lemma 16)) Assume F satisfies the L-smooth condition. Then,
for any arbitrary probability measure L,

Ex {HVF(X)H?} < FD (p||7*) +2dL

Lemma 17 (Chi Square Between Two Isotropic Gaussians) Let p be the density of N (1, 1)
and q be the density of N' (o, 0*1). Then,

2
(p> 1] = enul—uz\\?/a? 1
q

Lemma 18 (Controlling Moments under LSI) Assume 7 satisfies LSI. Then, for any arbitrary
probability measure |1 and any p € [1,2],

Eymg

1 2 p/2 .
By [[Ix[1P] < 277 <>\LS|KL (MHW*)> + 27 e

1/p

where my, = Ex.« [||x]?]

Proof Let I' denote the WV, optimal coupling between o and *. Then, by Jensen’s inequality

Exp [[1X]7] < 27 B peryar [ = X [7] + 277 e o [[|x7|[7)
< 2P7YWP () + 2P 'mb)

< 9p—1 <2KL (NHW*)>Z)/2 4 9p—1lyP
- ALs P

where the last inequality follows from Lemma 14. |
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B.2. Proof of Lemma 1

Proof Consider any k € (K)andt € [kn, (k-+1)n]. Defining g(Xx, {x) = VEF(Xky) +N(Xk, Ek)s
we note that the interpolating process is described by the following SDE for ¢ € [kn, (k 4+ 1)n],

dXt = —g(an, gk)dt + \/idBt

Let iy (X¢|Xks, €1) denote the density of Law (x¢[Xgy, §x). Then, the Fokker Planck Equation for
Ht|kn 18 given by,

0
a#ﬂkn(xt‘xknafk) = V(9% E) bt ory (Xt 1%y 1))+ Aptg o (581X Ek)

Marginalizing out xj,, and £, we obtain,

pe(xt) = / ity (Kt X i) e (X ) AX ey AP
Rdx=B

Taking the partial differential with respect to ¢ on both sides, and interchanging the differential and
the integral wherever appropriate,

0 0
&Mt(xt) = /RdeB <atﬂt|kn(xt|kafk)) Nkn(xkn)dxkndPgB

= /Rd . (V-(9 (Rt k) epion (Xt Xk €5)) ) 1o (X)X dPE
X =
+ / (Auﬂkn (Xt‘ka gk)) Hkn (an)dxkndpr
Rdx=B
=V. </Rd . Q(kafk)/mkn(xt\ka§k)ﬂkn(xkn)dxknde>
X =
+A </ [ e (Xt [ Xk fk)ukn(xkn)dxkndP§B>
Rdx=B

=V. (/Rd . Q(ka§k)ﬂt|kn(xt|xkn,fk)ﬂkn(xkn)dxkndpg> + Ape(xt)
Xz

We note that, by disintegration theorem,

/Rd . 9Ky ) ey (Xt [ Xy €)1k (Ko AX ey APE ZMt(Xt)/ 9Kk §k) APy, g1, (K Ek)
X =

Rdx=
= e (x¢)E [g(Xr Ek) Xt ]

Hence, we obtain the following continuity equation for pu;(x;)

o pa(x0) = V. (00 [g sty 80)le]) + A (30) @
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We now analyze the time-evolution of KL (y1||7*) using equation (2). Interchanging differentials
and integrals wherever appropriate,

d d (X
EKL (,utHW*) =% /]Rd pi(x) log <'M*((X)) dx

(e (X)E [9(X k) [x¢ = x]) log (:t(§)> dx

+ [ Aw(x)log (i“?) dx )

where the last step uses the fact that % Ja te(x)dx = 0 since [pq p(x)dx = 1 for any t €
[kn, (k 4+ 1)n]. We now note that,

pe(x)
™ (x)

0V o (L105) = W)+ sV )

Taking the divergence on both sides, we obtain the following identity,

21 = 9. () (V105 (229 - vr () )

It follows that,

/Rd Apiy(x) log <7’:t((z))> dx = /Rd V. <,ut(x) <v log (“ff’)?) - VF(X)>> log (;‘t((’;))) dx
oo 22,30 ) o

= (v, g (£35) )| - | (435 ]
— —FD (u||7*) + E [<VF(X,5), V log (’:((’):))) >} (4)

where the second equality follows from integration by parts on R?, the third follows from the fact
that iy = Law (x;) and the last follows from the definition of Fisher Divergence. Following similar
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steps, we obtain,

|-t <xkn,gk>|xt—x]>1g(“t(x> dx

(%)

—‘/Rd’“( ><E[g<xz€m£k>l><t—x |, Vlog (ﬁtz»

) <E[ (Xkns Ek)[xe] , Vlog (w*(z ) ]
_ g :<g(Xk;77,§k) < Ej)) ]
) :<VF(an) + N, Vlog <:i((xt;> >} N

where N stands for N(x,;, ). We note that,

o |(v v (i) == (e v (255))

Substituting the above into equation (5), we obtain,

V. (e () [g(xpn, &) 3¢ = x]) log (Mt(x)> dx = -F KVF(X’“?)’ Vlog (Mi(Xt> ) >]

T (x) T (xt)
Mt

N )

R4

From equations (3), (4) and (6), we obtain,

et ) = —FD (o) + B [<VF(xt) — VF (i), V log (f;‘i(f) ) ﬂ

dt
_E [<IE [N|x¢, %] , Vlog <7/;Li((§i)) ) >]

< 3 FD (| |7*) + E[I V() — VF(p) 2] +E [ E NIy, ]

B.3. Proof of Lemma 2

Proof Define uy, = M]|x,|| + G and h = t — kn. Denoting N = 1/B Zle N;, where
N; = Vf(Xky, &) — VF(Xky), we conclude from lin-growth subG and Lemma 13 that

E [HNjuzm\xkn] < 2m+mlu2™ for any j € [B] and m € N.

Our proof begins by obtaining a coarse bound for E, |, | [|E[N[x;, x| ||2} . Using the condi-
tional CLT structure of N (i.e., using the fact that N is an empirical average of zero-mean random
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variables that are i.i.d conditioned on xy;), we obtain the following via Jensen’s inequality.

2 2 2
Eiiy |EINTn, XeJI| < By, [ELNIP 11| = B [ INJ i |
= FE [N [Py | < 208/ ™
We now proceed to refine this bound as follows. Note that, since Ny, ..., Npg are i.i.d conditioned

on Xy, and Law (x¢|Xgy, N1,...,Np) = N(xp, — hVF(xy,) — /B Zle Nj, 2h), it is easy to
see that they remain i.i.d even after conditioning on x;, due to the permutation invariance of the

function Zle N, . Hence E [N|x,, x/] ‘g [N | X}y, X;] by linearity of conditional expectation.
It follows by Jensen’s inequality,

Ext‘xkn ||E[N|X/€77axt]||2:| = Ext\xkn |:||IE[N1|an,Xt]H2:|
2
= Ext‘xkn |:HEN2:B|xkn [E [N1|Xk;77, NQ:B, Xt]]H :|

< Enycabery |IB N1y Nz x| ®)

Let p(x¢|Xgy, N1, No.g) denote the density of Law (x¢|Xpy,, N1, No.g) and p(x;|Xz,, No.p) de-
note the density of Law (x¢|Xy,, No:.g).

E [N1[Xpy, No.B, %¢] = /d N1dPN, x4, No. i (N1)
R

_ / N p(X¢| Xk, N1, Nao.p)
Rd p(Xt|Xky, No.p)

_ [~ p(X¢| %Ky, N1, No:g)
Rd p(X¢| Xk, No:p)

p(%¢|Xky, N1, No.)
=/ N —1)dp N
/Rd ! < p(Xt|Xk77a NQ:B) N1|xk’7( 1)

p(Xt|XkJ7]7 Ny, Na.5)
_E N -1
N1 %k { L ( p(X¢ Xy, No.p)

dPn, IN2. 5, Xk (N1)

dPN1 ‘Xk’,] (N1>

where the third equality uses the fact that N, ..., Np are i.i.d conditioned on xy,, and the fourth
equality uses the fact that Ny is zero-mean conditioned on xj,,. Now, applying Cauchy-Schwarz
inequality,

E|N kaN:B7X 2§]E|:N 2Xk]E
[|E [N1[xkp, N2 all N[ p(X¢|Xpn, N2.B)

(p(Xt|szmN1,N2:B) - 1>2]

€))

p(X¢[Xpn, N1, N2:B)>2 1
p(%¢|Xky, No.)
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Let N be an identical and independent copy of N1 conditioned on xy,,. It follows that,

2

EN | (p(xt|xk’771 N17 N2:B)>2 1] = EN ‘ p(xt|ka N17 NQZB) 1
x = x -
11Xkn p(Xt‘ana NQ:B) 11Xkn ENl\Xk |:p(Xt|Xk77a Ny, N2;B)]

n

2
<R . p(xt[xXky, N1, Nowp) | - 1
— 7N1,Ni[xgy p(Xt‘lea N1, N2:B>

where the last step is an application of Jensen’s inequality and the convexity of 1/z2. Taking expec-
tations wrt Ns. g, Xt\xkn on both sides,

E p(xt|xk’777 N17 N2:B) 2
NlaNZ:Bvxtlxkn - 1

<E
P(Xt’Xk;m NQ:B) o

2
,O(Xt‘X]mle)NQ:B) 1
p(xt‘ka le NQ:B)

N1,N1,Na. Xt [Xpp (

2
p(xt\xkn,Nl,Nw)) .

=K - E < =
N1,N1,No.g|xiy X¢t|Xgn,N1,No. g p(Xt|ka N1, No.p)

Since p(¢[xk, N1, No.p) = N (x4 — hVF (x) — #/BNy — #/Y°7 ) N;, 2h), we conclude
from Lemma 17 that,

2

2 N 2

E . (Xt Xk Ny, Noig) \ - mINosall
Xt|Xkn,N1,N2.p p(Xt|qu7, 1\117 NQ:B)

Furthermore, by Jensen’s inequality and Lemma 13,

g |IP™ om 2m 3m+1 2m
Ex, Sbee, HNl—NlH <2 E[||N1|| |an]§2 ml 2™ Y m e N

Hence, the exponential can be controlled as follows

2B — 1] = ENLNllxkn [e 2B — ]

© h™m ~ 12m
=3 srp i EN Kb [HNl -N| ]
m=1

oo hm22m+1uim

ENLNLNQ:BIX/W €

<

— ‘ BQm
m=
< Shui > 4hu? m
= B2 B2
m=0

It follows that,

i p(x¢t|Xpn, N1, No.g) | 2 1
N1,Na2.5,%¢t[Xpy -

)" (10)

p(X¢ Xy, No.p)

< 8hui > 4hui
= B2 Z B2
m=0
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From equations (8), (9) and (10), we obtain the following finer bound,

B | BN g, x:]]12] < 8huk Z (‘””k) (1

Thus, from equations (7) and (11), it follows that,

E S8hu? anm 42
DI 2 : k 4hu A
Xt [ Xk “’ [ |Xk77axt]H } < mm{ 7 § ( B2k> B

Note that, when ui < B/6n, the following holds,

hug i <4huk> Shui i (o)™ < 24hu} _ du?

Hence, the coarse bound and fine bound are combined as,

2 Auj
Eqppy BN, x| < ZEL 20 m0) +

5 5

24hu;  4u?
S pr T Hupem)

Since the p-moment growth condition holds with p = 4, and Law (xy,) = Law (X;) by construc-
tion of the interpolating process,

Ex,, [uf] <8 (M'E|I%ell'] +G*) <8 (M'Cud? + GY)
Furthermore, applying Lemma 12,

12h_
[0y | < 5Bl

Hence, it follows that,

24h 4u?
E [“E[N‘Xlﬁnaxt]”ﬂ < ?E [uk] +E [Bk]l{ui>3/eh}]

2h
< B [ul
_ BT6(t — kn)(M*Cyd? + G*)

B2
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B.4. Proof of Lemma 3

Proof From Lemmas 1 and 2, we infer that,
576(t — kn)(M4C4d2 + G4)

d X 1 i
KL (| |77) < =3FD (el [7) + E [|VF () = V) 2] + -

12)

The remainder of this proof controls the discretization error term E [HVF(xt) — VF(xpy) 12
this end, let h = ¢ — kn. We note that, 0 < h < 7 < 1/6L. Furthermore, via direct integration of the

interpolating process, we infer,

X¢ 4 Xy — h(VF (xiy) + N) + V2hzy, z; ~ N(0,1)

Hence, by the L-smoothness of F’,

E [IVF(x)) = VF(x) 2] < L2E [[Ix0 = x|
< L2h’E [HVF(X,W)HZ} + L2h%E [||NH2} +2L%hd

We now rewrite the RHS in terms of x;. To this end, we note that by the L-lipschitzness of VF'

IVE(xpn) | < [[VE )|+ Llixt — X

< IVE(xe)[| + LA VE (x| + LA|IN| + LV 2h||z (13)
Using the fact that h < 7 < 1/31 and rearranging,
3 1 3LVh
IVE (o)l < SIVEGe)l + S IN + R |
27 27L2h
IV F e I* < IV F (x2)]* +*HNII + =5 llzel®
Substituting the above into (13), we get,
9 L2 2 2 L4 3
PLL) [||VF(xt)||2} 4 2L2R%E [||N||2] + w +2L2hd

E|IVF(x) = VF(x)|?] < ==

Using the fact that E [HVF(xt)Hﬂ < FD (u||m*) + 2dL as per Lemma 16, and h < 1/61, we get

27L U FD (pi||) + 2L°1°E [||N|ﬂ +5L%hd

E[IVF(x) = VF(xi)|?] <
< iFD (ul | 7) + 2L2B°E [INJ2] +5L2hd

Recall that, due to the lin-growth subG and p-moment growth conditions, the following holds as a
consequence of Lemma 13.

B [IN?] < ZE (M%) + 6] < & (M2Cod + G?)

& oo
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Hence,

H

3Lh
E [HVF(xt) VEF (%) } 7D (] |7*) + === (M?Chd + G?) + 5L%hd

Substituting the above into (12),

d 1
KL (] |[77) < =5 FD (pe[w*) +5L2(t — kn)d +

dt
576(t — kn)(M*Cyd? + G*)
+ 77

3L(t — kn)(M2Csd + G?)
B

B.5. Proof of Theorem 5

Proof Since 7* satisfies LSI, we know that KL (,ut’ ‘7r*) < 2>\L5| FD (,ut’ ‘7r ) Thus, from Lemma
3, we conclude,

iKL(MHW*) < _EKL( ¢||7*) + BL*(t — kn)d +

dt
576(t — kn)(M*Cyd? + G*)
+ 57

Multiplying both sides by e*t5'“"*"/2 and using the fact that kn < t < (k + 1)n,

3Ln(M?Cyd + G?)  576n(M*Cyd? + G*)
B * B2

3L(t — kn)(M?Csd + G?)
B

% (e/\LSI(t—kn)/zKL (Mt| ’W*)) < eXLSI(tfkn)/Q [5L2nd—|—

Applying Gronwall’s Lemma for ¢ € [kn, (k + 1)n)

6)\LS|W/2KL (,Uf(k;+1)n| ‘71'*) — KL (,uk'n‘ ‘7’[’*)

2 (> 3Ly(M2Csd + G?)  576n(M*Cyd?® + G*)
< Lsin/2 1 12
~ Ausi (e ) [5 md + B + B2
A5Ln? (M?Cad + G? 482 ( MACLd2 + G4
< 5.95122d 4 SOL BCZ +G?) 60487 3204 +aY

Where the last inequality uses the fact that A\ gy < /622 < /6, and €2 — 1 < 0.525z for
x < /6. Furthermore, recalling the fact that y, = Law (Xj), we obtain the following descent
lemma for the discrete-time iterates of SGLD,

KL (Law (R511)|[7*) < e S"°KL (Law (Rk41)||77)

315Ln*(M2Ced + G?) .~ 604.8n*(M*Cyd? + G4)}
B * B2

+ e [5.25L2772d +

Iterating through the above lemma, we get,

KL (Law (x5)||7*) < e ™" 2KL (Law (%o)||7*)
3.15Ln*(M2Cod + G?) | 604.8n*(M*Cyd? + G4)}
B - B?

DN
e Lsim/2

+ [5.25L2n2d +

1 — e—Lsi7/2
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Using the fact that e > 1 + x, we obtain,

11L%nd
KL (Law () [7*) < e "KL (Law (%0)||77) + ==
LSI
TLn(M?Cod + G?)  1210n(M*Cyd? + G*)
B/\LSI >\LSIB2

B.6. Analysis of AB-SGLD

Recall that F" has a finite-sum structure of the form F'(x) = )" ; fi(x). Similar to our analysis of
smooth SGLD, we construct the following interpolating process (Xt );c(o, k7]

Law (x0) = Law (X0) &1, .. Een = Unif[n] Vk € [K]
dx; = — [VF(X]m) + N(an,fk)] dt + \@dBt, t e [k?], (k + 1)77], ke [K]

where B; is a Brownian motion independent of xg and N (xp,,, &k) is defined as,

N (X, &) = Blk Z feo;,(X) — VF(Xx)

By = min{n, 1+ [M|xx| + G|}

Since Law (x9) = Law (Xq), and By, is a deterministic function of xy,,, writing a closed form for
Law (x¢|xy,) and performing an inductive argument shows that Law (x;,,) = Law (X3), i.e., the
above stochastic process is an interpolating process for AB-SGLD. As before, let iy = Law (x;).
Our first step is to analyze the time-evolution of KL (,ut‘ ‘ﬂ'*)

Lemma 19 (ABSGLD : Flow of KL along Interpolating Process) Assume KL (,uo } |7T*) < 00.
Then, the following differential inequality is satisfied for any k € (K) and t € [kn, (k + 1)n),
d

SKL () < —5FD (] |7*) + B [IVFGee) — VEGerg)I12] +E [IENPeiy, ]I

Proof Since By, is a deterministic function of x,, this lemma can be considered a special case of
Lemma | with Z = [n] and P: = Unif[n]. The proof is completed by applying the same arguments.
|

We shall now use the adaptive batch-size property to control the stochastic gradient error term. Our
analysis crucially uses smoothness and LSI.

Lemma 20 (AB-SGLD: Controlling Stochastic Gradient Error) Let the lin-growth a.s condi-
tion be satisfied and let 7* satisfy LSI. Then, the following holds for any t € [kn, (k 4+ 1)n], k €
(K),n<1
128(t — kn)M?

8(t —kn)M=

E [IEIN |, x| < ===

(1] |7*) + 32(¢ — kn) (2M°*m3 + G?)
where m3 = E [HX”Z}
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Proof Let up = M||xy,|| + G and h = t — kn. Denoting N = 1/B Zf:’“l N;, where
N; = Vf(Xmy,&,j) — VF(Xky,), we conclude from lin-growth subG and Lemma 13 that
E [||Nj||2m|x/m] < 2mFmly2™ for any j € [B] and m € N. Furthermore, since By, is a de-
terministic function of x,, and N1, ..., Np, are zero-mean i.i.d conditioned on xy,,, we can repeat
the same arguments as Lemma 2 to obtain the following bound,

8hut ”
Ex, | ey [1EIN | 135511 ] < kz(“”) < 16hu} < 32 (M?xiy | + G)

where the second inequality follows from the fact that By, > uy and h < n < 1/3. Now, applying
Lemma 18, we obtain

E I N | xe, 3017 < 32 (M7E | lxisP] + &)
- 128M2%h

ALsl L (4| |7*) + 32h (2M°m3 + G?)

B.6.1. PROOF OF THEOREM 6

Proof Consider any k € (K) and t € [kn, (k + 1)n|. Furthermore, let h =t — kn < n < 1/6L.
From Lemma 19 and Lemma 20, it follows that,

d 1
CKL () < —5FD (ul|7*) + B [IVF(x0) — VF(es)?]
2
U (1) + 520 (20 5 )
LSI

To control E [HVF(xt) — VF(xkn)HQ}, we recall that h < 1/6L and follow the same steps as
Lemma 3 to obtain,

E [HVF(xt) V(%) | ] FD (1u||7*) + 2L2h%E [||NH2} +50%hd

»MH

We now control E [HNHQ} . From Lemma 13, we obtain the following.

A(M || x| + G)?
k

E [|INJP x| < < 4M [y | +4G

Now, applying Lemma 18,

)
E [|\N||2} < 4M\//\LSIKL (11| |7*) + M, + 4G

<4M + i—MKL (kkn||7*) +4Mm; + 4G
LSI
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where the last inequality uses \/x < 1 + #/4 for any > 0. Hence,

1 AL2h2M
E [IIVE(x) = VF i) 7] < 5D (pu][2°) + =5 =KL (s |)

+5L%hd + 8L2Mh? 4+ 8L>Mh*m,; + 8L*h*G
Using h < n < 1/6L, it follows that,

d (LM + 128 M?)h

1 . ‘
KL (el [7) < =2 FD (el [77) + e KL (trn|77)
+32h (L*d + 2M°m3 + G?) + 8L°h* (Mm; + M + G)
A . LM + 128 M? .
< 2K (gl ) + LN ()

+32n (L?d + 2M*mj + G?) 4+ 8L*n* (Mm; + M + G)

ALsi(t—kn)/2

Multiplying both sides by e , applying Gronwall’s Lemma for ¢ € [kn, (k + 1)n] and using
the fact that /2 — 1 < z for z < 1/e,

. o _ (2LM +256M%)n? "
KL (pagr1yy||[7) = KL (g || 77) < ( ALsi "kt (1l [7°)

+ 64n* (L*d + 2M*mj + G?) + 16L%*)* (Mm; + M + G)

It follows that

. _ 2LM + 256 M2%)n? .
KL (kgrray||7) < e s (1 - ( ALSI . > KL (k)

4 eI/ [64172 (de + 2M2m§ + Gz) + 16L2773 (Mmy + M + G)]
< 67ALSITI/4KL (,U«kn‘ ‘W*)
+ e—ALsm/zL [64772 (L2d + 2M2m% + GZ) + 16L2773 (Mml + M + G)]

2
Where the last inequality follows from the fact that n < m implies 1 +

2
LM +2i?M n? <1+ ”’\LS' < ™51/ Tterating through the above recurrence, we conclude that for

any k € (K),

KL (s la) < €857 KL (o] )

Sl 2 (72 2.9 2 2.3
= (640 (L*d + 2M*m3 + G?) + 16L%n* (Mm; + G)]
4L2 2
< e SR (,u,()Hﬂ-*) + )\5677 (L2d+ 2M2m2 n GQ) 6/\777 (Mm; + M + G)
LSl LSl

(14)

Recalling that y,, = Law (X}), the desired last iterate guarantee is,

2,2
KL (Law ()A(K—FI)H']T*) S e—)\LSI?]K/‘lKL (,U/OHTF*) + )\5677 (L2d+2M2m2 +G2) 64L n

(Mm; + M +G)
LSl ALsl
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We now control the expected amortized batch size B = 1/x > 5, E [By]. We note that,
E By <14+E[1+ [M|%X]| + G| <24 ME [||x]]] + G

Mv?2

Vst

From the above inequality and (14), it follows that,

<2+ KL (pkn||7*) + G

M\/QKL (Law (%x0) ’ ‘71'*) i sy
K+/ALsi

k=1

<24+G+

28M
| 2B8Myn

8L
(L\/&+Mm2+c;) + 22 oMm, + G
ALsI

ALsI
28M /7]
ALsi

50M .
<24+G+ 3/QK\/KL (Law (Xo)HTF*) +

8L
(L\/& 4 Mmy + G) + 22N oMy + 2M 1 2G
Lsi”

ALsi
[ |

B.7. Proof of Theorem 7

Proof From Lemma 3, and using the fact that kn < ¢ < (k + 1)n, we obtain,

1 Ln(M? 2 M4 2 4
%KL (pe] |77) < —4fD (pue||7*) + 5Lnd + 3L f;dJrG ), 576n( g;ld +GY)

Integrating from ¢ € [kn, (k 4+ 1)n|, and rearranging, we get,

(k+1)n
LD Gl <4 KL Gall7) = KL (gl 7))
n

12L0%(M?Cad + G?) N 2304n%(M*Cyd? + G*)
B B?
Averaging the above inequality for £ € (K') and using the fact that /14, = Law (X;,), we obtain.

1 [Kn 4KL (Law (%o)||7*) ) 12Ln(M?Cad + G?)  2304n(M*Cyd* + G*)
— FD )< 20L*nd
A R L
Using the fact that FD (M‘ }77) is a convex functional of  for any probability measure m (Wu, 2000),

we conclude that FD (ﬂKﬂ ’7’['*) < K%] fOK" FD (,ut| ’77*) Hence, we obtain the following guaran-
tee.

+ 20L*nd +

4KL (Law (%o)||7*) 12Ln(M?Cad + G?) N 2304n(M*Cyd? + G*)
Kn B B2

We now consider the case when 7* satisfies PI. From Lemma 15, we conclude that,

2 < 16KL (Law (o)|[7*) | 80L*nd | 48Ly(M3Cad +G?) | 9216n(M*Cud® + GY)

- Ap K1 API Ap B Ap1 B2

|

FD (fixcn||7*) < +20L%nd +

TV(ﬂK’U: 7T
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Appendix C. Improved Wasserstein CLT with Gaussian Convolutions

We now prove the W CLT for Gaussian convolutions of bounded random vectors, as stated in

Lemma 4. Our proof is an extension of the high-dimensional W, CLT of Zhai (2018), whose proof

structure we closely follow and adapt. In particular, the presence of the Gaussian convolution leads

to improved regularity, which allows us to derive sharper bounds than Zhai (2018) by adapting their

proof. Without loss of generality, we begin by assuming that Xy is diagonal with entries §i2 for

i 6 [d]. Under our assumptions, ¢ < 1/safor every i € [d], a fact which is crucial to our proof. Let
= VI —SyX + Y. Then, X can be written as,

X4 Z VI-EyX; 4+ Y,

where X, N (0,I) are sampled independently of Y7, ..., Y p. Our proof relies on the following
key technical lemma, which is analogous to Lemma 1.6 of Zhai (2018). We present a proof of this

lemma in Appendix C.2
Sy 1 25d36
X I-—X Y| </ ——
W2< 15/ A 1+\/E )—\/ 13

C.1. Proof of Lemma 4

Lemma 21

Proof The proof proceeds similar to the proof of Theorem 1.1 in Zhai (2018), using Lemma 21 as
the key ingredient (analogous to Lemma 1.6 in Zhai (2018)). First, by the property that a sum of
independent Gaussian random variables is also a Gaussian random variable, we have:

k—1

k
by
WQ(ZXj, Xj-i-\/I—Eka—l-Yk) =Ws <\/EZ1,\/% I—]:Z1+Yk>

=1 =1
[« Xy Y
k Z I1-—7Z7 —
\/>W2 < 1, L 1 + \/E>

< V25 (15)

k

In the third step, we have applied Lemma 21. Now, by triangle inequality, we must have:

B B
VBW, (X, X) = W3 X5 3 VI- T X, +Y))
7j=1 7j=1

B k
<YW, ZX + Z VI-3yX; +Y],ZX +Z\/I—2YX +Y;
k=1 Jj=k+1
B k B
§ZWQ ZXJ,ZX +VI-2y X+ Y, | <
k=1 j=1 =1
< 583Vd(1 + log B) (16)
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In the third step, we have used the fact that Wh(Z + A,Z + B) < Ws(A,B) whenever
Z,A and Z,B are independent random variables. Hence, we have proved that W3 (X, X) <

25894/ (1 + log B)? u

C.2. Proof of Lemma 21
Define n; := g% Suppose Y, Z are independent random variables such that Z ~ A(0,I) and Y

has the same distribution as any one of Y1,...,Yp used in the statement of Lemma 4. In this
section only, for any vector x € R? we will let x; denote its component along the i-th standard

basis vector. Notice that the i-th co-ordinate of /I — ETYZ + ﬁY is given by /1 — n%zi +Y,,
where, Y := % Clearly, | Y] < %, a fact which we will use heavily below. We will also use the

observation that Y. ¢? < 4% and 8%n; > k.
Let f(x) := % where 7 is the density of /T — ETYZl + Y and p is the density of Z;. The

proof of the following lemma is identical to that of Lemma 4.1 of Zhai (2018), with n replaced with
the co-ordinate dependent n;, and o; replaced with 1. The result relies on the fact that giz < 1/5d < 1.

Lemma 22
d — — — —
2n2Y, Y —n Y2 —ni(YH)?2 +1
2 - o 7 (2 (2 .
E [f(zl) } - EY,Y’ [exp (; : L 2(?73 Z_ 1) : - ’r(nl)
Where Y, is an independent copy of Y; and r(n) := m — %log(l + ﬁ)
Proceeding similarly, we let Q); := M?YiY;_;(L;g;I)m(Y;)QH —r(n;) and Q := Z?:1 Q;. Let

J(i)(x) be the ratio »721223

other than the ¢-th co-ordinate. The following lemma is a rewriting of Lemmas 4.4 and 4.5 in Zhai
(2018)

, where 7(;)(x) denotes the marginal density under 7 of all co-ordinates

Lemma 23 sup, 5s2d < 1, 532 < 1. Then, the following bounds hold:

27|V

1@l < m el < 1R - Qi <1
2.

EQ; = ! —r(n;)

! 2(n? — 1) ’
> 25 n;n;EY2Y?2 1
EQiQ; < ZZ = e+ 5
W12 T2 D2 -1 2 - 1)

4
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5.
k(d—1)+ 5271]-
E(Q - Qi)Q; <
6. 2 2 2
Bnjd + 3nskd 2n4d
EQ? <sup ————3— < sup —5—>——
i 2k(ni —1)? i (n3—1)?

Proof Items 1 - 4 and item 6 can be shown by essentially the same methods used in Lemmas 4.4
and 4.5 of Zhai (2018). For item 5, we have:

d—1 nn;EY2Y?
E(Q — Qi)Qi = ; Q;Qi < sup 5 RSN ; 5 (ng’_f 5 (;13 L 5
=S z(vf%_—lm T et
2 _
In the last step we have used the fact that EY;? = .. |

The proof of Lemma 21 now follows by using the bounds established above along with the proof
of Lemma 1.6 in Zhai (2018) and by noting that 3?n? > k for every i € [d].

Appendix D. Analysis of SGLD via Entropic CLT

D.1. Technical Lemmas

Lemma 24 (Chain Rule for KL Divergence ) Suppose v is a distribution over some Polish space
ET and p be a product distribution over =T given as i = ®I_jju. Let vi(-|X<¢) denote the

conditional distribution of the t-th co-ordinate conditioned on the co-ordinates 1, ...,t—1 (and the
marginal of the first co-ordinate under v when t = 1) and let v, denote the joint marginal law of
the co-ordinates 1, ...,t — 1 under the measure v.

T
KL (VHM) = Z]EX<tNV<tKL (Vt('|X<t)HNt)
t=1

Proof Lemma 4.18 in Van Handel (2014) |

Lemma 25 (Tensorization of Ts) Suppose P is the law of N' (0, X) for some non-singular 3. Then
for any probability measure Q over R, we have:

W3(P,Q) < 2Amax(Z)KL (Q|P)
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Proof Proposition 1.8 in Gozlan and Léonard (2010) |

Lemma 26 (Reverse T, for Gaussian Convolutions) Suppose Z ~ N(0,0*1), A, B are random
variables independent of Z. Then, KL (Z + A‘ ‘Z + B) < #W%(A, B)

Proof Let I' be a W, optimal coupling between the laws of A and B. Let f : R? — R be defined

by f(x) = m exp (— “2);”22 ) The density of Z + A with respect to the Lebesgue measure is

given by P(x) = Ef(x — A) and similarly the density of Z + B is given by Q(x) = Ef(x — B).
Therefore, the KL divergence can be written as:

— A)dI'(A
KL(Z+AHZ+B):/f(x—A)logG; d?EA:g

§/f(x—A)log< x= A)dPAxB

“2 L [ 56 A) [~ BI? ~ [~ A ar(a x B)ax

) dr'(A x B)dx

1
=53 / |A — BJ|]?dI'(A x B) = ﬁWS(A,B) (18)

The second step above follows from the log-sum inequality. The third step follows from the defini-
tion of f. In the fourth step we have used Fubini’s theorem to integrate out x, noting that f(x — A)
is the density of a Gaussian with covariance o°I and mean A. We have finally used the fact that T
is a W, optimal coupling between A and B. |

Under the (low probability) event that the conditions in Lemma 4 are not satisfied, we use the
Wasserstein CLT of Zhai (2018) to quantify the approximate subgaussianity of the stochastic gradi-
ent noise.

Lemma 27 (Zhai (2018)) Let Y = 1/VB Zf;l Y; where Y1,...,Yp € R? are zero-mean i.i.d
random vectors with covariance matrix % such that |Y;|| < [ holds almost surely. Let Z ~
N(0,Y) be sampled independently of Y ;. Then,

256%d (1 4 log(B))*
B

Wi(Y,Z) <

D.2. Proof of Theorem 8

Proof Denoting N = N(xy, &), we note that the iterates of SGLD and LMC (with the same
step-size and initialization) can be written as,

Xjt1 = Xk — NV F(xp) + /2n2k

X1 = X — NV F(Xy) + /202
where z;, and z;, are defined as,

zr = e ~ N(0,1),

7p = /12Ny + &, &, ~ N(0,1)
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Defining the filtration Fj, = o(Xo, ..., Xk, Zo, - - - , Zk—1), we observe that SGLD and LMC admit
the same random function representation, i.e., there exists a measurable function Hx such that,

(5(17"‘7)A(K+1) :HK()A(()vZOaila"'aiK)

(x1,...,XK+41) = Hg (%0, 20,21, .. .,2K)

Since Law (%xg) = Law (x¢), we use the data processing inequality and Lemma 24 to conclude the
following.

K
KL (5(1,...,)A(K+1HX1,...,XK+1 ZE KL Law Zk|fk sz ]
k=0

We shall now controlu each term in the above summation. To this end, let
X, X1, X2, Z, Z1, Zo, W 2 (0, I). It follows that,
.rk)

KL (VITXe + VX 4 NG|V T2 + T2

1
< §W22 (X + /NG, Z’fk>

KL (Law (2x | Fi)||zx) = KL <X1 + /1/2Ny| |2

"

Where the last inequality follows from Lemma 26. Now, let Y = /7Ny and define Xy =
E [YYT fk]. It follows that,

1
KL (Law (2, | Fi)||2k) < iwg <X+ \/ﬁNk,Z’}‘k>

< W3 <X +Y, \/ﬁz‘ﬂ> + W3 <\/ﬁzawlﬂ> (19)

Wasserstein CLT Term Covariance Mismatch Term

We first bound the covariance mismatch term via direct computation of the Wasserstein distance
between two zero-mean Gaussians. It follows that,

W2 (\/I n zyz,w‘fk) " (21 Yy — 21+ ZY>

Let A1, ..., Ag > 0 denote the eigenvalues of Xy . Then,

W2 <\/1+2Yz W}'k> Ed:(wm —2\/1+7A)

J 2
Z,\/4<1/4<Z)\> = Tr(Sy)?/a
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Define uj, = M ||X|| + G. From the definition of Y and the lin-growth a.s condition, it follows that

Bl V)

nu

T (Sy) = 1/ BE IV f (e &1) = VEGxo)IP [ 5] < T

Hence, the covariance mismatch term is bounded as follows

W3 <\/I +XvZ, W‘}'k>

Ve 20)

For controlling the Wasserstein CLT term, we observe that Y = 1/vB Zf; 1 Y; where Y; =
1/BN (X, &,i). We note that ||'Y;|| < ug+/7/B. Our proof proceeds by considering two cases

Casel: u% > B/spd  In this case, the conditions required to apply Lemma 4 are not satisfied, and
hence, we control this term using the Wasserstein CLT of Zhai (2018).
7)

4% (X +Y,/I+ Eyz‘}"k> = W3 <X +Y,Z1 + /2y Zo

25nd(1 + log(B))2u2
=W; (Ya\/gz2fk>§ nd( B2g( )"ui

where the last inequality follows from Lemma 27

Case 2 : uz < B/spa  We first note that, Tr (Xy) < mui/B < 1/5d. We then define G; = (I +
Ey)_l/QYi and G = 1/VB Zil G;. Moreover, let ' = E [GIG;'F] We note that, since (I +
Sy)~2 2L |G| < .| < 1. Furthermore,

lg=I+3y) 'Sy =I—-(I+3%y)™"

Moreover, let A1,..., Ay denote the eigenvalues of >+ and pq, ..., g denote the eigenvalues of
I'c. From the above identity, we note that, 1; = Ai/1+A; hence ||T'g|| < ||Zy|| < 1/5d and
Tr(I'g) < Tr(Xy). Hence, the conditions required to apply Lemma 4 are satisfied. It follows
that,

IN

W2 <X+Y, 1+2Yz‘fk) T+ Sy | W3 ((I+Ey)1/2X+G,Z‘]-"k)

gwg <\/1 —TeX +G, Z‘]—"k>

IN

where the first inequality follows from the fact that ||I + Xy || = 1+ || Zy|| < 1+ /54 < 6/5. Now,
using the sharper Wasserstein CLT of Lemma 4, we conclude that,

6
4% <X+Y, VI+ Eyz‘fk> < 51/\/22 <\/I—FGX+G,Z‘}"]€)

_ 30m°d (1 + log(B))* u$
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From Case 1 and Case 2, it follows that,

25nd(1 + log(B))?u?
W2 (X +Y, \/HTYZ‘H> < 125 5/50a)

B2 k
30n3d (1 + log(B))* u$
* B Lz <n/ond}
25md(1 + log(B))%u3 30m°d (1 + log(B))* ul
= B? Luz>yma) + B4

(2D
Thus, from (19), (20) and (21), it follows that,

n*ug N 30m3d (1 + log(B))? uf

KL (Law (2 | Fr) sz)

~ 4B2 B4
251d(1 + log(B))?u}
+ B2 H{u%>3/5nd}

Recalling that u;, = M ||x|| + G, we use the lin-growth a.s condition for p = 6 to conclude that,

E[ul] <8 (M4E [chu‘*] + G4) < 8 (M2 + G
E[uf] <32 (M°E ||%]°] + G°) < 32 (M°d" + G°)
75m2d? 12007%d>
E [0l o npomay | < oz B[] € 5 (M°d* +G°)

where the last inequality uses Lemma 12. From the above inequalities, we obtain

960n°

3 2
E [KL (Law (2 | fk)| ’zk)] < §i7) (]\44(12 + G4) i

(MSd* + GSd) (1 + log B)?

% (M®d*T3 4+ G8d®) (1 + log B)?
B2 (M4d2 &) + 300077 (MSd3+3 4 Ga?) (1 + log B)?

Thus, we finally obtain the following statistical indistinguishability guarantee

277K

3
KL (i) < 230 (Mt + @) + 200

B (M°d° + G%d%) (1 +log B)?

D.3. Convergence of Non-Smooth SGLD under «-LO

In this section, we use R, (u‘ |u) to denote the Rényi divergence of order ¢ between two measures
pand v.
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Corollary 28 (Convergence of SGLD under LO) Let the s-Holder, lin-growth a.s, and p-
moment growth be satisfied with p = 6. Furthermore, assume the target 7 satisfies a-LO for
some o € [1,2] and define 5 = 2/a — 1. Then, for ¢ < 1/poly(d), the last iterate of SGLD,
under appropriate Gaussian initialization, requires N stochastic gradient oracle calls to ensure
TV(Law (x5 ) , %) < €, where

€%

([ qax{LHB(141Ys),3/2(148)+5/2)
N=6

Proof Our proof relies on the recent result of Chewi et al. (2022a) where the authors establish
an unstable convergence guarantee for LMC under Holder smoothness and Latata-Oleskiewicz in-
equality. In particular, Theorem 7 of Chewi et al. (2022a) implies that, under appropriate Gaussian
initialization such that Ay = R3 (Law (%) ’ |7*) = O(d), it suffices to set n and K as follows to

achieve TV (Law (xg4+1),7%) <€
- ?s
dA,

NG
s

T =K =6 (A7)

Ui

=
I
(o}

where 5 = 2/a — 1. Under this choice of 77 and T, Theorem 8 suggests that KL (5(1:;(’ ‘XLK) <
O(nTd*/p?). Thus, to ensure TV(Law (Xx41),Law (xgx+1)) < ¢/2, it suffices to set B >

0 (max {1, 2 AL }) Hence, TV (Law (Xx41) ,7) < ¢ by subadditivity of Total Varia-
tion. The required stochastic gradient complexity is,

~ B(1+1/s)  13/2 A 3B/2+F/2s
NzKBz@(max{dAo ) })

/s ) /s

([ guax{i+B(14+1/s) 3/2(148)+5/25}
= 0O 62/5

where we use the fact that Ag = O(d). [ |

Rates Under LSI and Smoothness We recall that the LO inequality of order o = 2 is equivalent
to the Logarithmic Sobolev Inequality. Moreover, as a consequence of the fact o — 1 < s < 1,
we note that LSI and Holder continuity together imply smoothness. To this end, we observe that
Corollary 28 implies an oracle complexity of (:)(dS/ ®/e2) to ensure e-convergence in TV for the last
iterate. We note that this matches the guarantee implied by Theorem 5 via Pinsker’s inequality.
However, we emphasize that Theorem 5 is a stronger result as it establishes convergence in KL di-
vergence, which automatically implies convergence in TV (due to Pinsker’s inequality) and W, (due
to the Otto-Villani theorem). Furthermore, unlike Corollary 28, Theorem 5 is a stable convergence
guarantee.
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Last-Iterate Convergence Under Poincare Inequality From Assumption 4, we recall that the
LO inequality of order oo = 1 is equivalent to the Poincare Inequality. In this setting, we observe that
dmax{2+1/s,3+1/25}
e
TV for the last iterate. To the best of our knowledge, this is the first known result for the last-iterate
convergence of SGLD under the Poincare Inequality, as well as the first analysis of SGLD under

Poincare Inequality that does not assume smoothness. For the smooth case, i.e., when s = 1, we

note that the implied oracle complexity is S (g) for last-iterate convergence. When compared to

that Corollary 28 implies an oracle complexity of © to ensure e-convergence in

~ 2.5 . .
the O (%) guarantee of Theorem 7 for average-iterate convergence in TV, we note that the rates

implied by Corollary 28 exhibit an improved e-dependence at the cost of a worse d dependence.
However, we highlight that, unlike Corollary 28, Theorem 7 is a stable convergence guarantee

Appendix E. Analysis of Covariance Corrected SGLD
E.1. Technical Lemmas

Lemma 29 LetZ,7Z- i N(0,1) and let N be a zero-mean random vector independent of Z, Zio

such that ¥ = Cov|N] < Yo. Let 3 be an arbitrary PSD matrix with 3 < Y2 and let Z =
(I —£/2)Z + N. Then,

. y/
KL (Z||Z) < 2w? <\[22,,/51 EZ2+N>
+ 8Amax(L — D)KL (ﬁzm\/;l — zzg> +2Tr (2)3

Proof Since 3 < /2, (I—%/2)2  I/2, and thus B = /(I — £/2)2 — I/2is a well defined symmetric
positive definite matrix. Furthermore, if Z1, Zy are i.i.d. isotropic Gaussians over R%, we can write:

zZ 2 $5Z1 + 57 and Z L 4521 + BZy + N, where N is independent of both Z; and Z.

Applying Lemma 26 with o0 = % and Z replaced with Z, we have:

KL (Z||z) < W3 (\Z/%,BZQ + N)

Z
(2,,/;I—ZZQ+N> +2W; \/;I—EZQ—l—N,BZQ—i—N)

( > <\/;I— EZQ,BZQ>

Z - -
2 2 2 2

< 2W; <2, 3137, + N) + 4AW; <Bzg, 31— 2z2> + 4W; <\/§I — X2y, \/51 — 2z2>

< >+8Amax(§—2)KL <\/§I—222H,/;I—222>
+4W3 (BZQ, V31— 2zg> : (22)

where the second step uses the triangle inequality for WV, along with the inequality (a + b)? <
2a?+2b?, the third step follows from the definition of W, by restricting to the W,-optimal coupling

+ 2W3
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between 4/ %I — XZs and BZ,, and the last step follows from an application of Lemma 25. The

remainder of our proof controls the term W22 (BZQ, \/%I — EZQ). To this end, we define the
matrices A1, Ay and Aj as follows,

Al=35I-%

1
2
2

Ag:BQZ(I—%i) _ 11

y
Az=Ar+ Ay -2 (A AA%) "

Since 0 < ¥ < L2, A1, Ag, Ag, 3 are simultaneously diagonalizable PSD matrices. To this end,
let A1, ..., Aq denote the eigenvalues of ¥. Clearly, 0 < )\; < 1/2 for all ¢ € [d]. Moreover, the
corresponding eigenvalue 1, . .., g of Ag is given by

= (L= = 2y =20 [0 v? ] <

where the last inequality follows from a Taylor expansion. By direct computation of the Wasserstein
distance between zero-mean Gaussians, we have,

d d d B
W3 (BZQ, Na - 222) = Tr(As) = <y Np<h (Z )\Z«> = 1mx(3)
i=1 i=1 i=1
Substituting the above inequality into (22), we obtain,
= Z
2 2 1
KL (Z||Z) < 2w (\/5 VI —%Z, + N)
. A\ 3
+ BAmax (3 — D)KL (y/él — 57|/ 11— EZQ) +2Tx(3)

|
Lemma 30 For any PSD matrices %, % < L/
KL (y/%l—ﬁZgH\/%I— 2z2> —u (-2 (z- %))
o0 - [tr(f)k) —tr(Zk)]
28 23
+; - (23)

Proof From standard formula for KL divergence between two multi-variate Gaussians, it follows

that:
KL <\/;I—izg}|\/51—zzg> :% [logjzg —i))]

I

) B (G-

,g)

DN ] N | eed
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We first note that by basic algebraic manipulation,

tr ((g o) - i)) —d=2tr ((1 S (z - z))
Now, consider log(det(A)) for a d x d PSD matrix 0 < A < I. Taking Ay,...,\s to be the
eigenvalues of A, we have

d

log(det(A Zlog = log(1+A\i—1)= ZZ 1)k M;l)
i=1 =1 k=1

> tr [(T— A)F]

(24

1
det (53 .
Therefore, log de(%A) = log detd=2%) _ Py % [tr (Ek) - tr(Ek)}, which proves the re-
e
2

t( _2) det (I-233)
sult. |
Lemma 31 (Covariance Estimation Guarantees) Consider any B’ > 1. Let y1,...,yp and
V1,...,¥p be iid samples from some probability measure P supported on R?, with covariance

matrix ¥. Furthermore, assume ||y — E [y]|| < M holds almost surely for any 'y ~ P. Define 3 as
i/B and X as follows,

Bl

~ 1 5 o \T
S=nm E:l(YJ' —35) (y; = ¥5)
j_
Then, the following holds,

1. E[i}:z

2 B [T ($2)] - T (22) < 444

()< ()
Proof The first property can be verified directly by taking expectations and using the fact that
y1.5,¥1.5 are independent. To prove the third property, we note that ||y — E [y]|| < M implies
that, Tr (X), Tr (ﬁ)) < 2M?*/B. Hence, Tr <§]k> < Tr (2)k < <%)k Finally, to prove the
second property, define A; = (y; —¥;) (y; — ¥ j)T. Then,

B/
. 1 1
2 _ 2
> = BBy 2 AT AB%(B')? D, A
j=1 k,l€[B'],k#l

Since y1.p/, ¥1. are sampled i.i.d, it follows that, E [A,A;] = 42? whenever k£ # [. Hence, we
can conclude that,

E[A}] x2?
B2B' BB
The final result follows by taking the trace on both sides and observing that Tr (A%) <16M* ®

E [22} -
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E.2. Proof of Theorem 10

Proof Define uj, = M||%Xx|| + G. Denoting N, = N (X, &) and B = E [NyN7 | %], we note
that the iterates of CC-SGLD and LMC (with the same step-size and initialization) can be written
as,

Xk+1 = Xk — T]VF -l- \/ nzg
Xpr1 = X — NVE(Xk) + /202

where zj, and z;, are defined as,

zp = e, ~ N(0,1),

Zr, = /12Ny + gk]l{u%>3/5nd} + (I - g2k> ékH{uiSB/find}’ & ~ N(0,1)
Defining the filtration F, = o(Xo, ..., Xk, Zo, - - -, Z2x—1), we observe that CC-SGLD and LMC
admit the same random function representation, i.e., there exists a measurable function Hy such

that,

(5(17 “e ,)A(K_i_l) = HK()A(Q,ig,il, e ,ZK)

(X1,...,Xg+1) = Hig(x0, 20,21, -.,2K)

Since Law (x¢) = Law (Xg), we use the data processing inequality and Lemma 24 to obtain,
K
KL (%1, Xeea|[x1, .o xkq1) = Y B [KL (Law (25 | Fi)||24)]
k=0

Define the filtration G, = F, V o (fk §k] | i € {1,2},j € [B]). By Jensen’s inequality, it follows
that,

Let E denote the event £ = {u% > B/spd}. We note that Sk is Gr measurable and E is F-
measurable. Furthermore, let X, W, Z ~ N(0, ). Hence,
gk>

E [KL (Law (2 | Gr)||21)] = KL (MNk + Xy + (1 - n/4f)k> WI, gy || Z

L <\/777sz +X||Z

Qk) Iipy + KL (\/%Nk + (I - ”/4216) W(|z

gk) Iipey

Uncorrected KL Covariance Corrected KL

We proceed by controlling the uncorrected and covariance corrected KL terms separately.

Bounding the Uncorrected KL.  To control the uncorrected KL, we essentially repeat the same ar-
guments as Theorem 8. In particular, let X1, Xo, Z1, Zo, 23951/\/ (0,I). From Lemma 26, it follows
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that,

KL (MNHXuz

5

gk) + W2 <\/I +nXil3, 2o

G1) = KL (VI -+ V7K + VNG|V + 2

S

< W3 <X1 + /INg, VI + 750 Zs

IN
N | =

4% <X1 + /NNy, Zy

8

Hence,

KL <\/n/>sz +X||Z

gk) H{ui>5/5nd} < )/\}22 (Xl + /NN, mz?) gk) H{“%>B/5nd}
+ W22 <mz3a Z2 gk:) H{ui>3/5nd}

We recall from our analysis of Theorem 8 that the first term corresponds to the Wasserstein CLT
term whereas the second term corresponds to the covariance mismatch. Thus, repeating the same
arguments as Theorem 8, we conclude that,

Wa <\/I + 02 Zs, Zo

For the Wasserstein CLT term, we note that N = 1/V/B Zle Ny.j/vB where ||Ny, ;|| < ug. Thus,
from the Wasserstein CLT of Zhai (2018), it follows that,

Wi <X1 + /NN, VI+ 1Y, Zs3 Qk) =nW; (Nkv V223

Hence, we obtain,

KL (MNk +X||Z

From Lemma 12, we note that,

2,4
n uk

<
g’“) = 4B?

25nd(1 + log(B))?u3
gk) < o2

2,4 2,,2
n-uy 251d(1 + log(B)) uy,
gk) Lz >pjsmay < g2 Huz>B/mmay + [z L2 B/50a}

75m2d?

E {“iﬂ{ugﬁ/w}} < —p7 E [uf]

E |kl o) | = B [0t ooy
375m3d3

E [u}]
It follows that,
1007°4d? 1875m3d3 (1 + log(B))?
= [KL <v 1/2Ng + X||Z gk) H{ui>3/5nd}:| < —pgr Elu] + B E [uf]

From the lin-growth a.s and p-moment growth conditions, we know that, E [ug] <
32 (M%Csd® + G°). Hence, the uncorrected KL term is bounded as follows,

5 3 2
E [KL <\/n/sz +X||z gk> ]I{E}] < (320077 1 187507 (1 +log(B)) ) (MSCod® + G%d?)

B3 B4

(25)
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Bounding the Covariance Corrected KL Let Z1, Zy S\’ (0,I). We note that the presence of
the indicator Iy pey = H{u§<3/5nd} ensures X, X < I/2. Hence, applying Lemma 29,

Qk) [{gey < 2W3 <\/mz1 +v/1/2Ny, % gk) Iipey
+ 4T — %] KL <\/1/21 — /23,2 ||/ /2L — /254 Zs
+ % Tr (f]k>3 I pey
< W3 <\/mz1 + /Ny, Zo gk> I pey
+ 4KL <\/1/21 — /233,21 ||/ Y2 — /25 2o gk> I pey

T ()
+ Z Tr (Ek> H{EC}

KL (\/%Nk n (I _ n/4f]k> w||z

9k> Iigey

It follows that,

E [KL <\/7772Nk + /I =125, W||Z

gk> H{EC}} <E [W% (\/I — 5k Z1 + 1INy, Zo
3 3
’[7 A~
+ ZE [Tr (Zk) ]I{EC}:|
+E [KL <\/1/21 — /254 2 || /12D — )25 Zo

As before, the first term corresponds to the Wasserstein CLT, the second term corresponds to the
error due to linearization of the matrix square root, and the last term corresponds to the covariance
mismatch of CC-SGLD, which depends upon how well Sk approximates ;. We note that the error
due to linearization can be easily controlled via the lin-growth a.s and p-moment growth conditions
as follows:

)]
)]

3 R 3 3 8 3
n n n

~ 2
where we use the fact that Tr <2k> < 2k and E [uf] < 32 (MSCsd® + GY) as per the lin-growth

a.s and p-moment growth conditions We then control the Wasserstein CLT term via Lemma 4. We
note that, similar to Theorem 8, the presence of the indicator [pey =1 {u2<B/s,a) ENSUTES that all
k—=

conditions of Lemma 4 are satisfied. Hence, repeating similar arguments, we obtain the following
bound

25n3d (1 + log(B))? u®
W22(VI—UZkZ1+\/ﬁNk,Z2gk)ﬂ{EC}S md( B4g( )"

From the lin-growth a.s and p-moment growth conditions, we know that, E [u%} <
32 (M5Cgd® + G°). Hence,

E [WQZ (\/ I—nXiZy + /1Ny, Zy

800n%d
gk) H{EC}} < 372 (1 +log(B))* (M5Csd®™! + GSd)
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We now control the covariance mismatch term by applying Lemma 30. We note that, since
Tr(X), Tr(i) < wui/B, the presence of the indicator H{uﬁSB/Snd} ensures that %, %), < La.
Hence, it follows that,

KL.<\/Vi[—wﬂzik21H\/V2I—472Ek22

gk> [gey < %Tr ((I — %) (2k - Ek)) Iipey
+3 325 e (58) - (3] e

We now control this quantity by first taking conditional expectation with respect to Fj. From
Property 1 of Lemma 31, we know that E [f]k | ]-"k] = Y. Furthermore Iz is Fj measurable.
Hence,

IE[KL.<\/VZI—wMQikzlﬂx/VQI—JVQEkZQ

) ] eey < % [ 1 (52) 18] - (57

o= o
7=3

Applying Property 2 and Property 3 of Lemma 31 wherever appropriate,

2 2,4
n 2 - neu
TEmE A ()] <
00 3 oo J
: ey 277“% 277u%
EQWTEC%)M”}:< Bj)}%( B ) Mut<sma
Jj= j=
8773u2 > 40773u2
<Y e < S
j=0
Hence,
2,4 3,6
~ n-u 3n’u
EPQ(MVﬂ—%EﬂﬂWWﬂ—%Eﬂ2%>quﬂq<Zgﬂ—Bf

Recall that, as per the lin-growth a.s and p-moment growth conditions, E [uﬂ <8 (M 4Cyd? + G4)
and E [uf] < 32 (M®Csd® + G°). Hence, the covariance corrected KL term is controlled as,

E [KL <\/1/21 52| | = 25 e

967>

BS

8n?
gk> H{EC}:| S ? (M4C4d2 + G4) +
(26)
From (25) and (26), we finally obtain the following statistical indistinguishability guarantee,
8K 961> K
B3 B3
32000°K  1875n°K (1 + log(B))?
B3 + B4

KL (Law (%1.5) || Law (x1.5)) < (M*Cyd® + G*) + (MOCed® + G°)

)@ﬁ%ﬁ+@ﬁ)
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E.3. Convergence of Non-Smooth CC-SGLD under LO

As before, we use R, (,u! ’1/) to denote the Rényi divergence of order ¢ between two measures p
and v.

Corollary 32 (Convergence of CC-SGLD under LO) Let the s-Holder, lin-growth a.s, and p-
moment growth be satisfied with p = 6. Furthermore, assume the target 7 satisfies a-LO for
some « € [1,2] and define B = 2/a — 1. Then, for € < 1/poly(d), the last iterate of CC-SGLD,
under appropriate Gaussian initialization, requires N stochastic gradlent oracle calls to ensure
TV(Law (X ) ,7) < €, where

([ grax{i+B(1+1/s),4/3(14+8+5/25)}
N=6

€Y

Proof The proof of this result closely resembles that of Corollary 28. In particular, we know
from Theorem 7 of Chewi et al. (2022a) that under appropriate Gaussian initialization such
that Ay = R (Law (xo)||7*) = O(d), the following choice of 7 and K suffices to ensure

TV (Law (xg41),7") <€
~ 62/5
1=6 <ws>

1/s
i (48505
€/s

T=nK =6 (A7)

K

where S = 2/a — 1. Since € < 1/poly(d), under this choice of n and 7', Theorem 10 suggests
that KL (>A<1:KHX1:K) < O(nTd?/p3), Thus, to ensure TV (Law (Xx 1), Law (xx11)) < ¢/2, it

suffices to set B > O (max {1, d1/3A§/3(1_1/8)}). Hence, TV(Law (Xg+1) , Law (xg11)) < e by
subadditivity of Total Variation. The required stochastic gradient complexity is,

_ A,B(l-f—l/s) 4/3A4B/3+25/33
NzKBz@(max{d 0 d 0

s €s

s (dmax{1+ﬁ(1+1/s>,4/3(1+5+ﬂ/2s>})
)

€Y
where we use the fact that Ag = O(d). [ |

We observe that for s > 1/2, the oracle complexity of CC-SGLD strictly improves upon SGLD
(whereas for s < 1/2 both have the same oracle complexity since B = O(1) in that setting). We
elucidate this improvement for the special cases of LSI and PI as follows.

Rates Under Smoothness and LSI Recall that a-LO of order o« = 2 is equivalent to LSI. Fur-
thermore, LSI and Holder contmulty together imply smoothness. To this end, Corollary 32 implies

an oracle complexity of @( ) for attaining last iterate e-convergence in TV. We note that this
improves upon all our prior guarantees for SGLD under this setting. However, we highlight that the
guarantee implied by Corollary 32 is unstable.
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Rates Under PI Since a-LO of order @ = 1 is equivalent to PI, Corollary 32 implies an oracle
~ max 1 3,8 3+2/3s . . . .
complexity of © <d {2+€/2 /s i }> under this setting for last-iterate e-convergence in TV. For

~ 10
= 1, the implied oracle complexity is © (d62/3>. This strictly improves upon the last-iterate

guarantee implied by Corollary 28 in this setting. When compared to the o} (%) average-iterate

guarantee implied by Theorem 7, we note an improved dependence on € at the cost of a sublinear
additional d dependence

Appendix F. Analysis of RBM and CC-RBM
F.1. Proof of Theorem 9

Proof The proof of this result is similar to that of Theorem 8 and uses the same technical tools.
We first note that the iterates of IPD and RBM, with the same initialization and step-size can be
expressed as,

Xir1 = X + gk (X ZKM (X, X7,) + V1107,
Kir1 = X + ngi (X Z K (x5, %)) + /o,

where z; and 2!, are defined as follows for any k € [K],n € [n]
zi = ¢ ~ N(0,1),
%= YINL el d~ O]

n

B y y
1 Z’I” " AI” 1 il i Al
= EZ K" (%% ) — EZK}C(X%7X]€)

j=1 =1
where I,il,.. IiB by Uniform([n]) for every i € [n|. Define the filtration F}, =
o(X,...,X%,2),...,25_,|i € [n]). Clearly, N} is an empirical average of zero-mean i.i.d ran-

dom varlables condltloned on J.. Furthermore, we note that IPD and RBM admit the same random
function representation, i.e., there exists a measurable function H g such that,

(Xpcqali € [0]) = Hi (%), 20, 21, - - 2 i € [n])

(X1.xe1li € [n]) = Hic (xg, 20,21, -, 2 [i € [n])

Since Law ()26) = Law (xf)) for every ¢ € [n], we use the data processing inequality and Lemma
24 to conclude the following.

K n

KL (Rl p1li € [n]]|xTgeiali € [n]) =) 0D E [KL (Law (2} | Fi)]|z)]
k=0 i=1
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We shall now control each term in the above summation by following the same steps as Theorem 8.
To this end, let X, X, Xo,Z,Z1,Zo, W iS N(0,1). It follows that,

0

— KL (VITXa + V/TX 4 Ny | T2 + T2

)

Where the last inequality follows from Lemma 26. Now, let Y = v27/cN! and define Xy =

KL (Law (2} | Fi)||24) = KL (X1 + VijoNy | |24

%)

<

N | —

W2 <X + V21/oNi Z

E [YYT fk]. It follows that,
~i i L2
KL (Law (2, | Fir)[|zk) < 502 ( X+ ViINg, Z| Fi
< W2 <X +Y, \/ﬁz‘fk) +W3 <\/1 + Eyz,W‘]-"k> (27)
Wasserstein CLT Term Covariance Mismatch Term

We note that, Tr(Xy) < 47M?/Bs2. Controlling the covariance mismatch term in a manner similar
to Theorem 8 (i.e., by direct computation of the Wasserstein distance), we obtain,

(28)

w2 (\/1+ YvZ, W

Tr(Sy)?  4n?M*
< <
]:k) - 4 T o'B?

To control the Wasserstein CLT term, we observe that the CLT structure of N};, allows us to express
YaY =1/VB Zle YU where ||[YO)|| < %M. We note that the condition < Bo?/40nM2d

ensures that HYU ) H2 < 1/5 and Tr(Xy) < 1/54. Thus, all the conditions required to apply Lemma
4 are satisfied. Applying the same arguments used to control the Wasserstein CLT term in Case 2
of Theorem 8, we conclude that the Wasserstein CLT term is bounded as follows for some universal
constant C'c(T,

Cerrn® MSd(1 + log(B))?
W; <X+Y,\/I+Tyz'fk)s et 06(34 8B (29)

Thus, from equations (27), (28) and (29), we obtain the following statistical indistinguishability
guarantee,

2974 3176 2
i i n“M*nK dn>M°nK (1 + log(B))
KL (X} )icn) kelK] H(sz)ie[n],ke[K]) < CcovBQicI4 + Car Big6

where Ccoy and C'c T are universal constants. |
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F.2. Proof of Theorem 11

Proof The proof of this result follows a structure similar to Theorem 9 and uses the same techniques
as Theorem 10. We first note that the iterates of IPD and CC-RBM, with the same initialization and
step-size can be expressed as,

Xp1 = X + 18k (X ZK” (X, X7,) + V107,

X1 = X, + ngj,(X Z K” ) + 1oz,

where z, and 2}, are defined as follows for any k € [K],n € [n]

zi = e ~ N(0,1),
i = VINj + (I_n/zgzz;;) &, & ~N(0,T)

B

| 4
Ni=+=> K (% ZK” (%4, &g]
j=1
where Iit,..., I'B by Uniform([n]) for every ¢ € [n]. Define the filtration F}, =
o(X,...,X5,2),...,25_,|i € [n]). Clearly, N} is an empirical average of zero-mean i.i.d ran-

dom variables conditioned on . Furthermore, we note that IPD and RBM admit the same random
function representation, i.e., there exists a measurable function H such that,

(X1.icali € [n]) = Hic (x5, 20,25, -, 2 |i € [n])

(X1.xc1li € [n]) = Hic (xg, 20,24, -, 2 [i € [n])

Since Law (x{) = Law (x{) for every i € [n], we use the data processing inequality and Lemma
24 to conclude the following.

n

K
KL (%1 4li € [n]][Xpeiali € [0]) = D Y E[KL (Law (2, | i)||2},)]
k=0 i=1

We now control each term in the above summation by following the same steps as Theorem 10.
To this end, we define the filtration Gy as Gy, = Fi V o(J;,J : i € [n],j € [B']), where
J ,ij J ,? are the additional random variables used in the estimator 3:i. We note that by Jensen’s
inequality £ [KL (Law (i}C | Fk) ‘ ‘ZZ)] <E [KL (Law (22 | gk) ‘ ‘Z;%)] Furthermore the condition
1 < Bo®/s0nd ensures that 253, 53 < T/2. To this end, let Zy ~ N(0,T) be sampled indepen-
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dent of everything else. Hence, from, Lemma 24,

. ) 7 , :
(o (34 1901 < 203 (22, - Bz + Vg

2n3 . \3
gk> + T (S)
I n 1 73 1 77 i

+ 8)\max(§ - ?Z)KL (\/21 - 7 ZQH\/ I- 5% Z2 gk>
Z; " Vi 2n° 3

<ow? (= /L i v =
< 212 (\/i”/21 52+ ¥ gk) . ﬂ(zk)
+4KL(\/;I—Z Z||+/} I—"E’Zgg>
m . m_ 1613 M6
= W3 (zz, VI-3%5iZe+ {:”N;g gk> +

obB3
+4KL<\/§I ERL AT R, 2

Qk) (30)

We note that the first term is the Wasserstein CLT term which is controlled in a manner similar to
Theorem 9. Thus, for some universal constant Ccyr,

o Vo
W2 (zz, I - ;Zz@zz 4 THN}C

To control the covariance mismatch term, we use the same techniques as Theorem 10. In fact, using
Lemma 30 and the properties of the covariance estimator established in Lemma 31, we obtain,

E [KL <\/;I — %2222\}\/%1 — 4217 Qkﬂ
A S B AN L G R )
Et ((I 2 > ( )) +; E

€29

CCLTU3M6d(1 + log B)?
Gk T

o? o2 o? o2k k

B i Py [u((i;)k) . tr((Ez)k)}
- —~ o2k k

AR &gk 177 [tr((i;)k) - tr((zg)k)}
~ B2B/o* £ k

k=3

4M4’I72 321’]3M6 - M4772 N n3M6 (32)

T B2Blot  356B3(1 — 4772]\1/132) - B2B'c* = o5B3

where Cc,, is some universal constant. Hence, from equations (30), (31) and (32), we obtain the
following guarantee

oy ?M*nK p3MSnK  dnpPMSnK (1 + log B)?
KL (% )ieim kep || (< )ietmlhel) S Fagror + ~ Bags Figt
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Appendix G. Discussion on Assumptions
G.1. Stochastic Gradient Growth

We discuss how Assumption 2 is actually weaker than the assumptions made in Raginsky et al.
(2017) and Zou et al. (2021). Beyond this, we also demonstrate how, unlike our result, Raginsky
et al. (2017) requires the stochastic gradient noise to become very small (i.e. 0(64)) to ensure
€-convergence.

G.1.1. ASSUMPTION 2 AND RAGINSKY ET AL. (2017)

We first compare Assumption 2 to the assumptions made in Raginsky et al. (2017). Our work
analyzes SGLD with the random batch stochastic approximation, (i.e. SGLD run using mini-batch
stochastic gradient estimate % Zle V f(Xk, &k,5)), which is the most commonly used stochastic
approximation in the literature. Moreover, both our work and Raginsky et al. (2017) consider
the general stochastic problem F'(x) = E¢[f(x,&)] (i.e. both are more general than finite-sum
problems)

Under setting, we note that Raginsky et al. (2017) considers the following assumptions

* Boundedness at a Point |V f(0,&)|| < BV ¢ € =, as implied in Assumption A.1 of Ragin-
sky et al. (2017)

+ Component Smoothness |V f(x,&) — Vf(y,&)| < M|x —yl, Vx,y € R, ¢ € = as
implied in Assumption A.2 of Raginsky et al. (2017)

Applying Assumption A.2 with y = 0 shows that ||V f(x, €)|| < M||x|| + B V¥ x € R?%. Moreover,
since VF(x) = E¢[V f(x,&)], Jensen’s inequality implies that ||[VF(x)|| = [|[E¢[Vf(x,€)]| <
Ec(IVf(x,€)|] < Mlx|| + B. Finally, from the triangle inequality, we conclude that
IVF(x)=Vf(x,&)| < IVEX)|+|Vf(x,6)| <2M]|x||+2B. This is identical to Assumption
2 (with M < 2M and G < 2B). Thus, Assumption A.1 and A.2 of Raginsky et al. (2017) imply
Assumption 2.

Along similar lines, one can show that Assumption 2 is more general than that of
Zou et al. (2021). Firstly, Zou et al. (2021) consider the finite-sum problem, i.e.,
F(x) =1/n3;cpn fi(x), whereas we consider the general stochastic problem F'(x) = E¢[f (x, £)].
Moreover, Assumption 4.4 of Zou et al. (2021) assumes component smoothness, i.e.,
IVFfi(x) = Vi) < Lix —y| Yi € [n],x,y € R% Lastly, Zou et al. (2021) uni-
formly bound the gradient at a point, i.e., their proof relies on the fact that there exists a constant
G such that ||V f;(0)]| < G Vi € [n] (see Lemma 6.2 in Zou et al. (2021) and also their proof of
Theorem 4.5 in Appendix A.1 which uses Lemma 6.2).

Under this setting, one can apply the same arguments as above to show that Assumption 2 of our
work is weaker than the assumptions in Zou et al. (2021). In particular, the component smoothness
and boundedness at a point assumptions imply |V f;(x)|| < L||x|| + G Vi € [n],x € R? Then,
one can apply triangle inequality and Jensen’s inequality to show that |VF(x) — Vfi(x)] <
2L|x|| +2G Vi € [n],x € R4,
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We note that, unlike Raginsky et al. (2017); Zou et al. (2021) our work does not make any component
smoothness or uniform boundedness at a point assumptions.

G.1.2. MAGNITUDE OF STOCHASTIC GRADIENT NOISE IN RAGINSKY ET AL. (2017)

In Assumption A.4 of their paper, Raginsky et al. (2017) assume that, for any x € R¢, the variance
of the stochastic gradient oracle at x is bounded by 25(M?||x||? + B2).

Beyond Assumption A.4, Raginsky et al. (2017) also assume component dissipativity (i.e., dissi-
pativity of each f(x,&), see Assumption A.3), component smoothness and boundedness at a point
(discussed above), to prove the following convergence guarantee for SGLD in Wasserstein-2 dis-
tance (see Proposition 3.3 of Raginsky et al. (2017)).

Ws(Law (Xg ), m*) < CoKnd"* + CLEn”* 4+ Cye™ " "Pas (33)

where Cy, C1,C5,c s are problem dependent constants. Consider any ¢ > 0. To ensure
Wa(Law (Xf) , ) < O(e), one must ensure each term in (33) is O(e). To set Cye~"/%s < O(e),
n and K must satisfy 7K > In(1/c). This implies that Knd"* > §/*In(1/c). However, to ensure
e-convergence, K7d"/* must be O(e) which implies 64 In(1/e) < O(e) ie. § < O(e?)

Note that since § effectively controls the variance of the stochastic gradient oracle, § < O(e?)
means that the strength of the stochastic gradient noise must be very small to ensure convergence.
On the contrary, in Assumption 2 (and in its relaxation in Assumption 3), we allow M = O(1),G =
O(+/d) and only require a constant O(v/d) (or O(d"/?) for CC-SGLD) batch size in all our results.
Hence, our results ensure e-convergence without needing the strength of the stochastic gradient
noise to diminish with e.

G.2. Moment Bounds

We now demonstrate that dissipativity and smoothness of F' along with the growth condition
on stochastic gradients implies p-moment growth. This result is a straightforward adaptation of
Lemma 3.2 of Raginsky et al. (2017) under relaxed conditions (as highlighted above, the growth
condition is weaker than Assumptions A.1 and A.2 of Raginsky et al. (2017). Moreover. Raginsky
et. al. assume dissipativity for each component f(x, &) while we only assume it for F).

Suppose F is L-smooth and (m, b) dissipative, i.e., (VF(x),x) > m|x||* — b. Also assume that
lin-growth a.s is satisfied (the proof holds even with lin-growth subG). For convenience, assume
VF(0) = 0, i.e., 0 is a stationary point of F' (the result holds even if we consider any arbitrary
stationary point x* # (). Recall that the trajectory X1, Xa, ..., Xk follows the update rule

X1 = X — 08k + V20€k, 8k =35 Y V(% &kj) e ~N(0,1)
j=1

Let yi, = X — ng. Using the fact that e ~ N(0,1)
Ell% 11 %6] = B 19512 + /20 {ex. &) + 2nllexlPl%6| = E[gel?%e] +2nd  (34)
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Let Ny = g — VE(Xg). It follows that, ||yx||* = ||%&]|® — 21 (gk, Xx) + 7?||gk||?>. Moreover,
Elgk|xx] = VF(X), and, by the L-smooth and lin-growth a.s conditions,

E[llgr|?[%e] < [VF&)|1? + 2(M?|%4 % + G?) < (L2 + 2M)[|%4]1* + 2G°
Hence,

E[l[3xl*1%] < (1+0*L? + 20> M?)|[%4]|* = 20 (VF (%), %e) + 20°G?
< (1 =2nm 4+ n°L? + 20 M%) ||%e ||> + 20°G? + 2nb (35)

where the last inequality follows from dissipativity. Now, setting 7 < we conclude from

(34) and (35),

__m___
L24+2M?2>

Efll%k1][*) < (1 = nm)E[|% %] + 2nd + 2nb + 27*G*
Unrolling the above recurrence and using we obtain,
E[|%x%] < 2d/m + 2b/m + 29G2/m < dV k € [K]

From the above and (35) it also follows that E[||y4||?] < d ¥V k € [K]. Thus, we have established
p-moment growth for p = 2. We follow a similar procedure for p = 4. In particular, expanding
powers and taking expectations wrt € gives us

Ef|[%e+1 )] < E[l[¥%llY] + 8nE[||9£)1?] + 8n*d® + 4ndE[[|3+|]?
< E[|g%l[*] + C (nd + nd* + n*d*) (36)

where C' > 0 is an absolute numerical constant. The last inequality uses the fact that E[||y4[?] < d.
As before, using ¥, = X —nV F (X ) —nNg, using the dissipativity and moment growth conditions
and expanding powers, we get,

197l < [1 = dnm + e (L2 + M?) + ean (L2 + M?)?] | %il|* + (c5r”G® + cand) ||%x|1* + esn' G

where ¢y, ..., cy are universal constants. Taking expctations and using the fact that E[||%||?] < d,
we conclude from the above inequality and (36) that,

Ellxs1['] < [1—dpm + ein(L2 + M?) + ean (L? + M*)?] E[|[%k[|"] + C(nd + nd® + n*d* + ' G*)

Setting n < W for some large enough universal constant cg and unrolling the above
recurrence, we conclude E[|%x[*] < d? Vk € [K]. A similar procedure can be followed for
p = 6,8,... to show that for any even p, the p-moment growth condition holds under some

appropriate choice of 7. Extension to odd p follows by an application of Jensen’s inequality (i.e.
E{[[%]12m 1] < (B} [27])*"em < dm )

Finally, since dissipativity is a weaker condition than strong convexity outside of a compact set (as
per the discussion in Cheng et al. (2020), Section 2.1), the above proof also establishes that strong
convexity outside of a compact set implies p-moment growth
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