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Abstract

This paper considers an ML inspired approach to hypothesis testing known as classifier/classification-
accuracy testing (CAT). In CAT, one first trains a classifier by feeding it labeled synthetic samples
generated by the null and alternative distributions, which is then used to predict labels of the ac-
tual data samples. This method is widely used in practice when the null and alternative are only
specified via simulators (as in many scientific experiments).

We study goodness-of-fit, two-sample (TS) and likelihood-free hypothesis testing (LFHT),
and show that CAT achieves (near-)minimax optimal sample complexity in both the dependence
on the total-variation (TV) separation € and the probability of error ¢ in a variety of non-parametric
settings, including discrete distributions, d-dimensional distributions with a smooth density, and
the Gaussian sequence model. In particular, we close the high probability sample complexity of
LFHT for each class. As another highlight, we recover the minimax optimal complexity of TS
over discrete distributions, which was recently established by Diakonikolas et al. (2021). The
corresponding CAT simply compares empirical frequencies in the first half of the data, and rejects
the null when the classification accuracy on the second half is better than random.

Keywords: Goodness-of-fit testing, Identity testing, Two-sample testing, Closeness testing, Likelihood-
free hypothesis testing, Scheffé’s test, Classifier-accuracy testing, Likelihood-free inference

1. Introduction

The rapid development of machine learning over the past three decades has had a profound impact
on many areas of science and technology. It has replaced or enhanced traditional statistical pro-
cedures and automated feature extraction and prediction where in the past human experts had to
intervene manually. One example is the technique that has become known as ‘classification accu-
racy testing‘ (CAT). The idea, first explicitly described in Friedman (2004), is extremely simple.
Consider the setting of two-sample testing: suppose the statistician has samples X and Y of size n
from two distributions Py and Py respectively on some space X', and wishes to test the hypotheses

HO : Px = PY versus H1 : Px 75 Py. (TS)

The statistician has many classical methods at their disposal such as the Kolmogorov-Smirnov or
the Wilcoxon — Mann — Whitney test. Friedman’s idea was to use machine learning as a powerful
tool to summarize the data and subsequently apply a classical two-sample test to the transformed
data. More concretely, the proposal is to train a binary classifier C : X — {0, 1} on the labeled data
U1 {(X;,0),(Y;, 1)} and compare the samples C(X1),...,C(X,) and C(Y1),...,C(Yy).
Friedman’s idea to use classifiers to summarize data before applying classical statistical analysis
downstream can be generalized beyond two-sample testing (TS). Likelihood-free inference (LFI),
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also known as simulation-based inference (SBI), has seen a flurry of interest recently. In LFI, the

scientist has a dataset Z1,..., Z, id Py~ and is given access to a black box simulator which given
a parameter 6 produces a random variable with distribution Py. The goal is to do inference on 6*.
The key aspect of the problem, lending the name ‘likelihood-free®, is that the scientist doesn’t know
the inner workings of the simulator. In particular its output is not necessarily differentiable with
respect to 6 and the density of Py cannot be evaluated even up to normalization. This setting arises
in numerous areas of science where highly complex, mechanistic, stochastic simulators are used
such as climate modeling, particle physics, phylogenetics and epidemiology to name a few, and its
importance was realized as early as Diggle and Gratton (1984). In this paper we study the problem
of likelihood-free hypothesis testing (LFHT) proposed recently in Gerber and Polyanskiy (2022) as
a simplified model of likelihood-free inference. Compared to two-sample testing, here in addition
to the dataset Z of size m, we have two ‘simulated® samples X, Y of size n each from Px and Py
respectively. The goal is to test the hypotheses

H() . Zz ~ PX versus H1 . Zz ~ Py. (LFHT)

It is important that apriori Px and Py are only known to belong to a certain ambient (usually non-
parametric) class. This stands in contrast with the earliest appearances of (LFHT) in Ziv (1988);
Gutman (1989), where authors studied the rate of decay of the type-I and type-II error probabilities
for fixed Py, Py.

In the context of (LFHT) the idea of Friedman materializes as follows. First, train a classifier
C : X — {0,1} to distinguish between Px and Py and second, compare the transformed dataset
{C(Z;))}Ly to {C(Xi)}y and {C(Y;)}L,. The second step compares iid samples of Bernoulli
random variables (provided C is trained on held out data), thus any reasonable test simply thresholds
the number of Z; classified as 1, namely the test is of the form

1 m
~ ZC(Zj) > (1)
7j=1

for some v € [0, 1]. The idea to classify Z as coming from either Px or Py based on the empirical
mass on some separating set S = C~1({1}) ~ {dPy/dPx > 1} has been attributed to Scheffé
in folklore (Devroye and Lugosi, 2001, Section 6). To illustrate the genuine importance of these
ideas, we draw on the famous Higgs boson discovery. In 2012 Chatrchyan et al. (2012); Adam-
Bourdarios et al. (2015) at the Large Hadron Collider (LHC) a team of physicists announced that
they observed the Higgs boson, an elementary particle theorized to exist in 1964. It is regarded as
the crowning achievement of the LHC, the most expensive instrument ever built. They achieved
this feat via likelihood-free inference, using the ideas of classification accuracy testing/Schefté’s
test in particular. As part of their analysis pipeline they trained a boosted decision tree classifier on
simulated data and thresholded counts of observations falling in the classification region.

This work was initiated as an attempt to understand the theoretical properties of classifier-
accuracy testing, motivated by the clear practical interest in these questions. Our intuition told
us that restricting the classifier to have binary output might throw away too much statistical power.
In regions with large (small) density ratio, the binary output ought to loose useful information about
the (un)certainty of the classifier output. The Neyman-Pearson Lemma phrases this succinctly: the
optimal classifier aggregates the log density ratio, while heuristically Scheffé’s test aggregates indi-
cators that the log density ratio exceeds some threshold. The operational implication of this would
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be to train probabilistic classifiers C : X — R approximating the log density ratio, and to aggre-
gate this R-valued output instead of the binary output. However, our results show that this is not
necessary for optimality, at least in the minimax sense.

1.1. Informal description of the results

We study the problems of goodness-of-fit testing, two-sample testing and likelihood-free hypothesis
testing in a minimax framework (see Section 2.1.1 for precise definitions). Namely, given a family
of probability distributions P, we study the minimum number of observations n (and m for LFHT)
that are required to perform the test with error probability less than 6 € (0,1/2) in the worst case
over the distributions Px and Py. We show for multiple natural classes P that there exist minimax
optimal (with some restrictions) classification accuracy tests.

Let us clarify what we mean by ‘classification-accuracy’ tests for goodness-of-fit testing (GoF)
and the problems TS and LFHT. Suppose we have a sample X of size 2n from the unknown
distribution Px. We also have a second sample Y of size 2n from Py € P which corresponds
to the known null distribution in the case of GoF and is unknown in the case of TS,LFHT. Fi-
nally, for LFHT we have an additional sample Z of size 2m from Pz € {Px,Pvy}. Write Dy, £
{X*t, Y™ Zt}) for the first halves of each sample and Die = { Xt Y Z%*} for the rest. We train
a classifier C : X — {0, 1} on the input D, that aims to assign 1 to Px and 0 to Py. Going forward,
it will be easier to think of C in terms of the ‘separating set’ S = C~1({1}). Thus, S is a random
subset of X whose randomness comes from Dy, and potentially an external seed. Given two datasets
{A;}¢ 1, {B; }?:1, we define the classifier-accuracy statistic

a b

Ts(A,B) & %Z 1{4; € S} — %Z 1{B; € S}. 2)

i=1 j=1

The name ‘classifier-accuracy’ is given due to the fact that Ts( X", Y*) + 1 is equal to the sum of
the fraction of correctly classified test instances under the two classes. Finally, we say a test is a
classifier-accuracy test if its output is obtained by thresholding |7s| for some classifier C = 1g on
the test data Die.

Theorem 1 (informal) There exist classifier-accuracy tests with minimax (near-)optimal sample
complexity for all problems GoF, TS, LFHT and multiple classes of distributions P.

1.2. Proof sketch

The bulk of the technical difficulty lies in finding a good separating set S C X. But how do
we measure the quality of S? Define the “separation” sep(S) £ Px(S) — Py(S), and the “size”
7(S) £ min{Px(S)Px(S), Py (S)Py(S€)}. The following lemma describes the performance of
classifier-accuracy tests (2) in terms of sep and 7.

Lemma 2 Consider the hypothesis testing problem Hy : p = q versus an arbitrary alternative H;.
Suppose that the learner has constructed a separating set S such that | sep(S)| = |p(S) — q(S5)| >

sep for every (p,q) € Hi, and 7(S) = (p(S)(1 — p(S)) A (¢(S)(1 — q(5))) < T for every
(p,q) € Hyo U Hy. Then using only the knowledge of T, the classifier-accuracy test (2) with n test
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samples from both p and q and an appropriate threshold achieves type-1 and type-1I errors at most

0, provided that
> log(1/9) (1 N T)
sep sep

for a large enough universal constant ¢ > 0.

With Lemma 2 in hand it is clear how we need to design S. It should satisfy
’ sep(S)! is big under Hy, and 7(S) is small under both Hy and H; 3)

with probability 1 — 4. The latter condition, namely that 7 is small i.e. C = 1g is imbalanced, may
seem unintuitive as given any two (sufficiently regular) probability distributions there always exists
a balanced classifier whose separation is optimal up to constant.

Proposition 3 Let P, Q be two distributions on a generic probability space (X, F). Then
TV(P,Q) < 2sup{P(C(X) = 0) = Q(C(X) = 0) : P(C(X) = 0) = Q(C(X) = 1)},
where C : X — {0, 1} is a possibly randomized classifier. Here the constant 2 is tight.

Despite Proposition 3, we find that choosing a highly imbalanced classifier C is crucial in obtain-
ing the minimax sample complexity in some classes. This has interesting implications for practical
classifier-accuracy testing. Indeed, classifiers are commonly trained to minimize some proxy of mis-
classification error; however, the above heuristics show that this is not necessarily optimal, instead
one should seek imbalanced classifiers with large separation. Another way to phrase it is that when
training a classifier for testing one should have the downstream task in mind, namely, maximizing
the power of the resulting test, and not classification accuracy.

1.3. Prior work and contribution

The problem of two-sample (TS) testing (aka closeness testing) and the related problem of goodness-
of-fit (GoF) testing (aka identity testing) has a long history in both statistics and computer science.
We only mention a small subset of the literature, directly relevant to our work. In seminal works
Ingster studied (GoF) for the Gaussian sequence model Ingster (1982); Ingster and Suslina (2003)
and for smooth densities Ingster (1987) in one dimension. Extensions to multiple dimensions and
(TS) can be found in works such as Li and Yuan (2019); Arias-Castro et al. (2018). For discrete
distributions on a large alphabet the two problems appeared first in Goldreich and Ron (2000); Batu
et al. (2000), see also Chan et al. (2014); Valiant and Valiant (2017) and the survey Canonne (2020).
Recent work Diakonikolas et al. (2018, 2021) has focused on GoF and TS with vanishing error
probability.

The problem of likelihood-free hypothesis testing appeared first in the works Ziv (1988); Gut-
man (1989), who studied the asymptotic setting. Minimax likelihood-free hypothesis testing (LFHT)
was first studied by the information theory community in Kelly et al. (2010, 2012) for a restricted
class of discrete distributions on a large alphabet, with a strengthening by Huang and Meyn (2012)
to vanishing error probability (in some regimes). More recently, the problem was proposed in Ger-
ber and Polyanskiy (2022) as a simplified model of likelihood-free inference, and authors derived
minimax optimal sample complexities for constant error in the settings studied in the present paper.



MINIMAX OPTIMAL TESTING VIA CLASSIFICATION

The idea of using classifiers for two-sample testing was proposed in Friedman (2004) and has
seen a flurry of interest Golland and Fischl (2003); Lopez-Paz and Oquab (2016); Kim et al. (2021);
Hediger et al. (2022). In likelihood-free inference the output of classifiers can be used as summary
statistics for Approximate Bayesian Computation Jiang et al. (2017); Gutmann et al. (2018) or to
approximate density ratios Cranmer et al. (2020) via the ’likelihood-ratio trick’. A classifier with
binary {0, 1} output was used in the discovery of the Higgs boson Chatrchyan et al. (2012); Adam-
Bourdarios et al. (2015) to determine the detection region.

Our work is the first to study the non-asymptotic properties of classifier-based tests in any setting
and we find that classifier-accuracy tests are minimax optimal for a wide range of problems. As a
consequence of our results we resolve the minimax high probability sample complexity of LFHT
over all classes studied, and also obtain new, tight results on high probability GoF and TS.

1.4. Structure

In Sections 2.1.1 and 2.1.2 we define the statistical problems and distribution classes we study.
In Tables 1 and 2 we present all sample complexity results, and in Section 2.2 we indicate how to
derive them. Sections 3.1, 3.2 and 3.3 study the problem of learning good separating sets for discrete
and smooth distributions and the Gaussian sequence model respectively. The appendix contains all
proofs omitted from the main text, including all lower bounds in Appendix D.

2. Results

2.1. Technical preliminaries
2.1.1. TWO-SAMPLE, GOODNESS-OF-FIT AND LIKELIHOOD-FREE HYPOTHESIS TESTING

Formally, we define a hypothesis as a set of probability measures. Given two hypotheses Hj and
H, consisting of distributions on some measurable space X', we say that a function ¢ : X — {0, 1}
tests the two hypotheses against each other with error at most 6 € (0,1/2) if

max max Psp((S) #1i) < 4. 4)

Throughout the remainder of this section let /P be a class of probability distributions on X. Sup-
pose we observe independent samples X ~ P{™, YV ~ PY" and Z ~ PY™ whose distributions
Px, Py, Pz € P are unknown to us. We now define the problems at the center of our work.

Definition 4 Given a known Py € P, goodness-of-fit testing is the comparison of
HO : PX = Po versus H1 : TV(Px, Po) Z € (GOF)

based on the sample X . Write ngor (€, 0, P) for the smallest number such that for all n > nys there
exists a function v : X™ — {0, 1} which given X as input tests between Hy and Hy with error
probability at most 6, for arbitrary Py, Pg € P.

Definition 5 Two-sample testing is the comparison of
H() . Px = PY versus H1 . TV(Px, Py) Z € (TS)

based on the samples X,Y. Write nts(e, 6, P) for the smallest number such that for all n > nvs
there exists a function 1 : X" x X™ — {0, 1} which given X,Y as input tests between Hy and H;
with error probability at most 6, for arbitrary Px, Py € P.
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Definition 6 Likelihood-free hypothesis testing is the comparison of
H() . PZ = Px versus H1 : Pz = PY (LF)

based on the samples X,Y,Z. Write Rig(€,0,P) C R? for the maximal set such that for all
(n,m) € N?> withn > x,m > y for some (x,y) € RLF, there exists a function 1 : X™ x X™ x
X™ — {0, 1} which given X,Y, Z as input, successfully tests Hy against Hy with error probability
at most 9, provided TV (Px,Py) > € and Px,Py € P.

2.1.2. CLASSES OF DISTRIBUTIONS

We consider the following nonparametric families of distributions.
Smooth density. Let C(3, d, C)) denote the set of functions f : [0,1]? — R that are [ — 1]-times
differentiable and satisfy

(@ () — fl@)
Fley 2max [ max [f@e,  sp LW SEON) g
O<lal<f8-1] a#ye01]d al=[6-11 [z — yll;
where [ — 1] denotes the largest integer strictly smaller than 3 and || = 3% «; for the mul-
tiindex a € N%. We write Py(,d, Cy) for the class of distributions with Lebesgue-densities in
C(B,d,Ch).
Distributions on a finite alphabet. For & € N, let

Pp(k) £ {all distributions on the finite alphabet [k]},
Pob(k, Cob) = {p € Po(k) : [pllee < Cob/k},

where Cpp, > 1 is a constant. In other words, Ppy, are those discrete distributions that are bounded
by a constant multiple of the uniform distribution.

Gaussian sequence model on the Sobolev ellipsoid. Define the Sobolev ellipsoid £(s,C) of
smoothness s > 0 and size C > 0 as {§ € RN : Z;ilj%ﬂg < C}.For 0 € R® let py =
®°,N(0;,1), and define our second class as

PG(S, CG) £ {,u,g 10 e 5(8, CG)} .

To briefly motivate the study of Pg, consider the classical Gaussian white noise model. Here we
have iid observations of the stochastic process

dY; = f(t)dt +dW,, t € [0,1],

where (W;)>0 denotes Brownian motion and f € L?[0, 1] is unknown. Suppose now that {¢; };>1
forms an orthonormal basis for L2[0, 1] and given an observation Y define the values

1 1
wt (o) = [ J0a0a+ [ owam £ o+e,

Notice that ¢; ~ N(0,1) and that E[e;e;] = 1;—;. In other words, the sequence {y;};>1 is
an observation from the distribution pg. Consider the particular case of ¢; = 1 and ¢or =
V2 cos(2mkx), porr1 = V2sin(2rkx) for k > 1 and assume that f satisfies periodic boundary
conditions. Then 6 denotes the Fourier coefficients of f and the condition that Z;’il j 25932- <C
is equivalent to an upper bound on the order (s, 2)-Sobolev norm of f, see e.g. Proposition 1.14
of Tsybakov (2008). In other words, by studying the class Pg we can deduce results for signal
detection in Gaussian white noise, where the signal has bounded Sobolev norm.
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Table 1: Minimax sample complexity of testing (up to constant factors) over Py, Pg, Pppb.

NGoF nTs Rir
/K log(1/5
Pob () RO 4 o8GO | pgor | m > G/ and n > nger and nm. >
log(1/6) log(1/6 log(1/6
Pu(B,d) Q({a+d/z)/a Ogiz/ V| nger | m > % and n > ngor and nm > ng ¢
log(1/6 log(1/68 log(1/6
Pa(s) E\éigl(p/)/) + Ogig/ ) NGoF | M > % and n > ngor and nm > nZ ¢

Table 2: Minimax sample complexity of testing (up to constant factors) over Pp.

ncor(Pp) nts(Pp) Rir(Pp)
n>m m > mf;(e# and mn® > knZ.¢
(OPT) ngor (Pob) ) ;
. tog (1) (k2log(§))é (OPT) mn* > kng.r and n > ngor
2 I prs 2 .
€ 5 m>n o (E)anéOF(m7%)
(CAT) N GoF (m, %o pr) (CAT) &l
and n > nGoF(l();w) , %)
1
k< loge(f) n6or (Pob) neor (Pob) m > logi# and n > neor and nm > ni ¢

2.2. Minimax sample complexity of classifier-accuracy tests

In Tables 1 and 2 we present our and prior results on the minimax sample complexity of GoF, TS
and LFHT; here

* unmarked entries denote minimax optimal results achievable by a classifier-accuracy test;

« entries marked with (OPT) denote minimax optimal results that are not known to be achiev-
able by any classifier-accuracy test;

* entries marked with (CAT) denote the best known result using a classifier-accuracy test.

In the constant error regime (6 = ©(1)) the results of Tables 1 and 2 are well known; for
instance, the sample complexities of GoF, TS, and LFHT under Pp were characterized in Paninski
(2008); Bhattacharya and Valiant (2015); Gerber and Polyanskiy (2022), respectivelyl. Less is
known under the high-probability regime (6 = o(1)): for Pp, ngor Was characterized in Huang
and Meyn (2013); Diakonikolas et al. (2018) for uniformity testing, with the general case following
from the flattening reduction Diakonikolas and Kane (2016); nTg was characterized in Diakonikolas
et al. (2021). For Rf, the k > n case for Ppy, is resolved by Huang and Meyn (2012), and the
achievability direction of the case m > n of R for Pp can be deduced from Diakonikolas et al.

'Gerber and Polyanskiy (2022) only resolved the minimax sample complexity of LFHT for Pp up to log(k)-factors
in some regimes. However, by combining the classifier accuracy tests of this paper for m < n and the reduction to
two-sample testing with unequal sample size Bhattacharya and Valiant (2015); Diakonikolas et al. (2021) for m > n
these gaps are filled.
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(2021) via the natural reduction between TS and LFHT (see Gerber and Polyanskiy (2022)). The
remaining upper bounds are achievable by the classifier-accuracy tests below, and the proofs of all
lower bounds are deferred to Appendix D.

As for the efficacy of classifier-accuracy tests, the upper bounds in Tables 1 and 2 follow from
the combination of Lemma 2 and the following results:

* Ppp : see Corollary 10;
¢ Py : see Section 3.2 and Corollary 10;
* Pg : see Proposition 14;

* Pp : for GoF, see Proposition 7 if k < log(1/4)/€*, and Proposition 12 otherwise; for TS, see
Proposition 7; for LFHT, see Proposition 7 if n > k A m, and Section 3.1.3 and Proposition
12 otherwise.

3. Learning separating sets

In this section, we construct the separating sets S used in the classifier-accuracy test (2). Section 3.1
is devoted to discrete distribution models Ppj, and Pp, where we need a delicate tradeoff between
the expected separation and the size of S. A similar construction in the Gaussian sequence model
‘Pg is presented in Section 3.3.

3.1. The discrete case

Given two iid samples X, Y of sizes Nx, Ny u Poi(n) from unknown discrete distributions p =
(p1,---,Pk),q = (qu,-..,qr) over a finite alphabet [k] = {1,2,...,k}, can we learn a set S cC (k]
using X, Y that separates p from ¢? To measure the quality of a given separating set A C [k], we
define two quantities sep(A) = p(A)—q(A) and 7(A) £ min{p(A)p(A°), ¢(A)q(A°)}. Intuitively,
the first quantity sep(A) measures the separation of A, and the second quantity 7(A) measures the
size of A. Recall that by Lemma 2, in order to perform the classifier-accuracy test (2), we aim to
find a separating set S such that

| sep(S)] is large and 7(S) is small. (5)

The rest of this section is devoted to the construction of S satisfying (5), and we will present our
results on learning separating sets in order of increasing complexity.

Notation: for a random variable X we write (X)) for the optimal sub-Gaussian variance proxy
of X. In other words, o?(X) is the smallest value such that E exp(A\(X —EX)) < exp(A\202(X)/2)
holds for all A € R.

3.1.1. A NATURAL SEPARATING SET

Let { X, Y; }ic[i) be the empirical frequencies of each bin 7 € [k] in our samples X, Y, i.e. n.X; ~
Poi(np;) and nY; ~ Poi(ng;). A natural separating set is the following:

S‘l/gé{i:Xi>Y}0rXZ~:Y;andCi:1},

where C, Cs ... C}, are iid Ber(1/2) random variables. We use the subscript “1/2” to illustrate our
tie-breaking rule: when X; = Y}, the symbol i is added to the set with probability 1/2.
Our first result concerns the separating power of the above set.
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Proposition 7 Suppose p,q € Pp(k) with TV (p, q) > €. There exists a universal constant ¢ > 0
such that

€

N n n 1
P <sep(51/2) > ce? <k A T A >> >1-9,

provided n > %nTs(e, 9, Pp(k)).

Together with the trivial upper bound 7(5; /2) < 1/4, Proposition 7 and Lemma 2 imply that
using S 1/2 achieves the minimax sample complexity for the following problems:

* GoF in Ppyp, and Pp as long as k = O(log(1/5)/e);
» TSin Ppy, as long as k = O(log(1/6)/e*), and in Pp for all (k, €, 5);
 LFHT in Ppy, as long as k = O(log(1/6)/e*), and in Pp as long as n > m.

However, in the remaining regimes the above test could be strictly sub-optimal. This failure
comes down to two issues. First, Proposition 7 requires n 2 nts(€,d, Pp(k)) in order to find a
good separating set, which can be sub-optimal when the optimal sample complexity for the original
testing problem is only n 2 ngor (€, 9, Pp(k)). Second, the quantity 7(5’1/2) is (1) in the general
case because the tie-breaking rule adds too many symbols to the set. These issues will be addressed
separately in the next two sections.

3.1.2. THE “BETTER OF TWO” SEPARATING SETS

This section aims to find a separating set S with essentially the same separation as 5'1 /2 in Propo-

sition 7, but with a smaller T(S’) The central idea is to use a different tie-breaking rule from 5’1 /2
Given a subset D C [k], we define the imbalanced separating sets

N

S.(D)={ieD:X; >V},
S.(D)={ieD:X; <Y}

In other words, in both S’> and §<, we do not include the symbols with X; = Y; in the separating
set. Consequently, |5 (D)| V |S<(D)] is upper bounded by the sample size; if in addition g; is
bounded from above uniformly over ¢ € D, this will yield good control of 7 for both separating sets
S (D) and S (D). In particular, 7(Ss (D)) V 7(S< (D)) = O(1 A (nmaxep ¢;)).-

Next we aim to show that the above sets achieve good separation. However, there is a subtlety
here: removing the ties from S /2 may no longer guarantee the desired separation, as illustrated in
the following proposition.

Proposition 8 Consider the distributions p, q on [3k] with p; = 1{i < k}/(2k) + 1{i > k}/(4k)
and q; = 1{i < k}/k. Then, for n < 0.6k,

Esep(S([3k])) < 0.

Proposition 8 shows that sticking to only one set 5”> or §< fails to give the same separation
guarantees as Proposition 7. A priori it may seem that S is designed to capture elements of the
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support where p is greater than ¢, but it fails to do so spectacularly. An intuitive explanation of
this phenomenon is as follows. Since the probability of each bin is small (< 1/k) under both p
and ¢, in the small n regime?® can expect that (a) each bin appears either once or not at all and (b)
there is no overlap between the observed bins in sample X and Y. In this heuristic picture, the set
§> is simply the set of observed bins in the X-sample. Each X-sample falling in the first £ bins
contributes —i to the separation, while each X -sample in the last 2k bins contributes only +ﬁ to
the separation. Since p puts mass 1/2 on both the first k& and last 2k bins, there is an equal number
of n/2 observations in each part and the overall separation is < —gr. Similar results can be proved
for §< with p, g as above but swapped, and also for modified p, ¢ separated by smaller ¢ in TV for
any € € (0,1).

Motivated by the above discussion, in the sequel we consider the sets S, S< jointly. Specifi-
cally, the next proposition shows that at least one of the sets S> and S< have a good separation.

Proposition 9 There exists a universal constant ¢ > 0 such that for any D C [k] and probability
mass functions p, q, it holds that

— s 2
E [sep(S> (D)) — sep(S - qil,
} ZEZ; YAl (pi A\ qi)

A i + i
7 (sep(8- (D)) + o (sep(S(D)) < = S PEL Ay g2
ZED

Based on Proposition 9, our final separating set is chosen from these two options, based on evalu-
ation on held out data. As for the choice of D, in this section we choose D = [k]. The following
corollary summarizes the performance of this choice under Ppy,.

Corollary 10 Suppose p,q € Ppp(k, O(1)) with TV (p, q) > e. There exists a universal constant
¢ > 0 such that using the samples X,Y we can find a set S C [k] which, with probability 1 — 0,
satisfies

1 n o n

’sep(S) > ¢e? < A A > and  7(§) < % (1 A %) , 6)

€ k k
provided n > %nGoF(Ev d, Pob(k, O(1))).

By Corollary 10 and Lemma 2, using the above set S achieves the minimax sample complexity
for all problems GoF, TS, and LFHT and all parameters (k,€,0) under Ppp. However, under Pp,
the performance of S is no better than that of S /2- This is because a good control of (S ([K]))
requires a bounded probability mass function; in other words, choosing D = [k] is not optimal for
finding the best separating set under Pp. In the next section, we address this issue by choosing D
to be one of O(log k) subsets of [k].

3.1.3. THE “BEST OF O(log k)” SEPARATING SETS

This section is devoted to the two missing regimes m > n for LFHT over Pp and k > log(1/6)/e*
for GoF over Pp (cf. discussion after Proposition 3 and Corollary 10). For the former, recall that

Technically, to satisfy the stated conditions we would require n < v/k, but the described event captures dominant
effects even for larger vk < n < k.

10
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the classifier-accuracy test based on 5‘1 /2 achieves the sample complexity

k+/log(1/0)

N
If n 2 k then (7) is the same as n 2 ngor; if m/log(1/d) < n then (7) is implied by n 2 ngor +
kl%(leéd), which is optimal within an O(logl/ 2(1/6)) factor (cf. Table 2). In our application to GoF
we take m = oo, and the missing regime k > log(1/6)/e* corresponds precisely to ngop < k.
Summarizing, in the remainder of this section we may assume that k& A (m/log(1/d)) = n.

Let t = k A (com/log(1/6)), where ¢g > 0 is a small absolute constant. By the previous
paragraph, we assume without loss of generality that ¢ > n. For ¢ = [logy(t/n)] > 1, define the
following ¢ + 2 subsets of [k]:

| o 27— 97 . . 2¢
DOZ{Ziqgét}, Dj:{ g; € (tat]}fOTJGVL D£+1={ q7,>t}

Here 9 denotes the empirical pmf of /2 held out samples drawn from ¢ (for GoF, one can un-
derstand QZQ = g; for the distribution ¢q is known). The motivation behind the above choices is the
“localization” of each ¢, as shown in the following lemma.

n Z nGOF(ev 57 PD) + (7)

Lemma 11 For a small enough universal constant cy > 0, with probability at least 1 — k¢ it holds
that for each i € [k]:

1. if Y € Dy, then q; < 2/t;
2. if§) € Dj for some j € [{), then g; € (2772 /t,27F1 /1];
3. if @Y € Dyyy, then q; > 2711,

Lemma 11 ensures that with high probability, the distribution g restricted to each set D; is near-
uniform. This is similar in spirit to the idea of flattening used in distribution testing Diakonikolas and
Kane (2016). The proof of Lemma 11 directly follows from the Poisson concentration in Lemma
17 and is thus omitted.

Our main result of this section is the next proposition, which shows that there exist some j €
{0,1,--- ,¢+41} and Sc D; such that Sisa near-optimal separating set within logarithmic factors.

Proposition 12 Suppose p,q € Pp(k) with TV (p, q) > €, and X, Y are n iid samples drawn from
D, q respectively. There exists a universal constant ¢ > ( such that using the samples X,Y, we can
find some j € {0,1,--- ,£+ 1} and a set S C D; which, with probability 1 — O(kJ), satisfies

>c(){”/k #5=0 } and (5 <"

)Sep(g) n/\/ktj2i ifj e [0+1] ot

provided that
m

1
— >z ,
/\ log(l/é)k - anOF(€/£? 57 73D)

By Proposition 12 and Lemma 2, using the above set S leads to the following sample complexity
guarantee for the problems GoF and LFHT:

11
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* for GoF under Pp, it succeeds with n = ©(ngor(€/¢,d/k, Pp)) observations, which is within
a multiplicative O (log®™") (k)) factor of the minimax optimal sample complexity in the miss-
ing k > log(1/6)/€* regime;

e for LFHT under Pp and m > n, it succeeds with n = ©(ngor(€e/¢, 0 /k, Pp)+/klog(k/d)/m)
observations, which is within a multiplicative O(log®™) (k) log(k/d)) factor of the minimax
optimal sample complexity in the missing n < m A k.

Therefore, classifier-accuracy tests always lead to near-optimal sample complexities for all GoF, TS,
and LFHT problems under both Pp}, and Pp, within polylogarithmic factors in (k, 1/5). We leave
the removal of extra logarithmic factors for classifier-accuracy tests as an open problem.

3.2. The smooth density case

We briefly explain how Corollary 10 can be used to learn separating sets between distributions in
the class Py of 3-Holder smooth distributions on [0, 1]%. The reduction relies on an approximation
result due to Ingster Ingster (1987); Ingster and Suslina (2003), see also (Arias-Castro et al., 2018,
Lemma 7.2). Let P, be the L?-projection onto piecewise constant functions on the regular grid on
[0, 1]¢ with ¢ cells.

Lemma 13 There exist constants c1, ¢ independent of v such that for any f € Py(8,d, Cy),
1P fll2 > cillflla = car™.

For simplicity write f, g for the Lebesgue densities of Px, Py € Py. Suppose TV (Px,Py) =
2lf — glli > e By Jensen’s inequality and Lemma 13, ¢ < ||P:(f — g)||2 for r < e /P The
key observation is that P, f is essentially the probability mass function of the distribution Px when
binned on the regular grid with ¢ cells. We can now directly apply the results for Ppy (Corollary
10) with alphabet size k < ¢4 which combined with Lemma 2 leads to the sample complexity
guarantees in Table 1 for the smooth density class Py in all three problems GoF, TS and LFHT.

3.3. The Gaussian case

Suppose we have two samples X,Y of size n from ®§‘;1N (OJX ,1) =: ppx and pgv respec-
tively, where #%, 6" have Sobolev norm ||0||? = > y 9]2 §2° bounded by a constant. In addition,

TV(pgx, p1gv) > € > 0. We use 0% and 6 to denote the empirical mean vector from samples X
and Y, respectively.
The separating set is constructed as follows:

S={ZeRN:T(Z) >0},

where T(Z) = 2 Zj]:1(é]X - 97)(2] — (éJX + 93/)/2) for some J € N to be specified. This is
simply a truncated version of the likelihood-ratio test between f1;x and 5, where we set all but

the first J coordinates of 6% and 6 to zero. The performance of the separating set is summarized
in the next proposition.

12
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Proposition 14 There exists universal constants c,c such that when J = |ce~'/* | the inequality
A A 1
P (M@X(S) — gy (S) > ¢ < nel/s A > 62> >1-9
€

holds, provided n 2 %nTs(e, 0, Pg).

Applying Proposition 14 and Lemma 2 with the trivial bound 7(.5) < 1/4 leads to the sample
complexity guarantees in Table 1 for the Gaussian sequence model class Pg in all three problems
GoF, TS and LFHT.
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Appendix A. Auxiliary Lemmas

We state some auxiliary lemmas which will be used for the proof. We begin with a simple identity
for standard normal distributions.

Lemma 15 Take a,b € R and let Z be standard normal. Then

Ed(aZ +b) = (h) .

Proof Let Z’ be a standard Gaussian independent of Z. Then

E<I>(aZ+b):P(aZ+bZZ’):P<Z/_aZ< b >:<1><b).

Vi+a2 = V1+a2 V1 + a?

The following lemma is the celebrated result of Gaussian Lipschitz concentration.

Lemma 16 (Lipschitz concentration for Gaussians (Vershynin, 2018, Theorem 5.2.1)) Let () be
a d-dimensional standard Gaussian and let f : R — R be o-Lipschitz. Then f(Q) is sub-Gaussian
with variance proxy o>.

The next lemma states the Chernoff bound for Poisson random variables.

Lemma 17 ((Mitzenmacher and Upfal, 2017, Theorem 5.4)) For all A > 0 and x > 0 we have

P(Poi(A) — A > z) < exp (—Q(Aﬁx)) )

2

P(Poi(\) — A < —) < exp <—;> .

The following technical lemma is helpful in establishing the Bernstein concentration in Lemma
19.

Lemma 18 Leta > 0,p,q € [0,1] and define T = p(1 — p) Aq(1 — q),v = p(1 —p) V ¢(1 — q).
Then it always holds that

v
a\géaﬁ+a2+lp—ql-
In particular, if |p — q| > a~/T + a2, then
4p — q| > a/T + a/v + d®.
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Proof After rearranging and noting that 1 + 2+/2 < 4, it is clear that the first inequality implies the
second. Below we prove the first inequality.

Since the claim is invariant under the transformations (p, ¢) — (¢, p) and (p, q) — (1—p, 1—q),
it suffices to consider the case where p < 1/2 and p(1—p) < ¢q(1—q). It further suffices to consider
the case where p < ¢ < 1/2: if not, then p < 1—¢ < 1/2, and the transformation (p, ¢) — (p, 1—q)
keeps (7, v) invariant while makes |p — ¢| smaller. The proof is then completed by considering the
following two scenarios:

e if p>gq/2,thenv = q(1 —q) < 2p(1l —p) = 27,50 a\/v/2 < a\/T;

e if p < q/2, then 2a\/v < a®> + v < a®* 4 ¢ < a® + 2(q — p).

Appendix B. Omitted Proofs from Section 1
B.1. Proof of Lemma 2

Before we prove Lemma 2, we begin with a technical lemma on the Bernstein concentration of the
classifier-accuracy test (2).

Lemma 19 Suppose A;,..., A, i Ber(p) and By, ..., By, i Ber(q). Let T = p(1—p)Aq(1—q)
and define the averages A = % Yo Ajand B = % E;nzl Bj. There exists a universal constant
c > 0 such that

- 1 1 Jclog(1/0)Tr  1eclog(1/4)
A-B|<Zlp—q -4/ _ = <
P(‘ Blsglb—d-oV = "2 uAm ) S0

clog(1/o)r 2clog(1/6)>

<.

P|[A-B|>2[p—q|+2
<| ‘ - \p q\ + nAm nAm
Proof Let v = p(1 — p) V ¢(1 — q). Note that the first inequality is trivially true if

clog(1/0)r n clog(1/0)
nAm nAm

Ip—q| <

Assuming otherwise, by the second statement of Lemma 18, the first probability is upper bounded
by

- 5 [clog(1/0)r 1 Jclog(1/6)v  bclog(1/6
8 nAm 8 nAm 8 nAm
By choosing c sufficiently large (independently of p, ¢, n, m, 0), and applying Bernstein’s inequality
separately to both A and B, the above probability can be made smaller than J.

For the second inequality, using the first statement of Lemma 18, it is upper bounded by

p<m_3\2,p_q,+ clog(l/B)r 1 clog<1/5>y+cbg<l/5>>_

nAm V2 nAm nAm
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Again, taking c sufficiently large (independently of p, ¢, n, m, 0) and applying Bernstein’s inequality
separately to both A and B, the above probability can be made smaller than . |

Now we proceed to prove Lemma 2. Using n test samples (X, Y") from both p and ¢, consider
the following classifier-accuracy test: we accept Hy if

ii(l(){i €5)-1Yie€9))| <
=1

cTlog(1/6) n clog(1/9)

)

and reject Hy otherwise. Here ¢ > 0 is a large absolute constant, and we note that the threshold
only relies on the knowledge of 7 in addition to (n, d).

To analyze the type-I and type-II errors, first assume that Hy holds. Since sep(S) = 0 under
H), the second statement of Lemma 19 implies that we accept Hy with probability at least 1 — 6/2
if ¢ > 0 is large enough. If H; holds, with probability at least 1 — 4/2, by the first statement of
Lemma 19 we have

:LG: (L(X; € 8) — 1(Y; € S))| > [sep| — ( CTloi(l/é) N clogg/(s)) |
=1

By the lower bound of n assumed in Lemma 2, in this case we will reject H, as desired.

B.2. Proof of Proposition 3

Lemma 20 Let i be a non-negative measure on some space X and let a,b : X — Ry such that
[ a(x)du(z) > 0 and b(z) = 0 only if a(z) = 0. Then

e (80) < Lol <y (82,

Proof Defining 0/0 = 1, we have

[ ataanta) = [ 5 bwauto

< v (55) [reme,

The other direction follows analogously. |

Proof [Proof of Proposition 3] Let p, ¢ be the densities of P, Q with respect to a common dominating

measure, and let £ 2 {z : p(x) > q(z)} so that TV(P,Q) = P(E) — Q(E) > 0. Assume without
loss of generality that P(E) + Q(E) > 1. Given t € [0,1] define E; £ {x : % > t}, so
that the map ¢ — P(E;) + Q(E}) is non-increasing and left-continuous. Note that £y = E while

E, = @, so that t* = max{t € [0,1] : P(E;) + Q(E;) > 1} exists. Now choose the randomized
classifier C as follows:
0 ifx e E(t*)*a
C(Z’) = 1 if © ¢ Et*,
Ber(r) ifx € Ey — E(t*)Jr,
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where E(t*)+ = Mg>pr By C By, and

o 1 —P(E@x)y+) — Q(Eyx)+)
" BB T Q) — P(Bgeyr) — QB <

This classifier is balanced, as

o

(C(X)=0)+Q(C(X)=0)
= P(Eysy+) + Q(Eyryt) +r(P(Ep) + Q(Ep+) — P(Epyt+) — Q(Exy+))
1

For t € [0, 1] define

1 otherwise.

i 2 { (P(E) — QUE)/(P(EL) + Q(EY) if P(EY) +Q(EY) >0,

Let0 <t < s <1, weshow that f(t) < f(s). Without loss of generality assume that f(s) < 1 and
that P(E5\E:) + Q(ES\E¢) > 0. Notice that f(t) < f(s) if and only if

Plugging in P(C(X) = 0) + Q(C(X) =0) = 1 and P(E) + Q(E) < 2 yields the result.
To show tightness, one can consider p(x) = 1o 1), ¢(z) = (1+€) 10,1/ (14 C(T) = Loc(1/2+4e),1)5
and lete — 0. [ |

Appendix C. Omitted Proofs from Section 3
C.1. Useful Lemmas

Before we present the formal proofs, this section summarizes some useful lemmas on the expected
value and sub-Gaussian concentration of the separation.

Lemma 21 Let u > X\ > 0and X ~ Poi(u),Y ~ Poi(\). Then

P(X>Y)+ = P(X Y)—;_c<\’l;%/\1>

holds, where ¢ > 0 is a universal constant.
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Proof For ¢ € [\, u] define the function
1
f(t) =P(Poi(t) >Y) + iP(Poi(t) =Y).
Clearly f()\) = 5. We have

%P(Poi(t) >Y)=—P(Poi(t) >Y) + P(Poi(t) >Y — 1) = P(Poi(t) = Y).

Similarly we get
%P(Poi(t) =Y) = —P(Poi(t) = Y) + P(Poi(t) = Y — 1).

Thus, we obtain
F() = %E P(Poi(t) € {Y — 1,Y})].

Next we prove the following inequality: if y is a non-negative integer with |y — ¢| < 8+/%, then

P(Poi(t) = y) = O < %) . @)

To prove (8), we distinguish three scenarios:

1. If t < 1/100, then the only non-negative integer y with |y — ¢t| < 8/t is y = 0. Therefore
P(Poi(t) = y) = et = Q(1).

2. If 1/100 < ¢ < 100, then 0 < y < 180. In this case,

P(Poi(t) = y) > i in P(Poi(t) = y) = Q(1).
(Poi(t) y)_l/wglgl%moogrgggo (Poi(t) = y) = Q(1)

3. If t > 100, then for t — 8/t < <y <t 8+/t, we have

P(Poi(t) = y1) o Y2! R 1790\ 0(16vD)
Sre oy = T = - = (100" =0(1).
P(Poi(t) = yo) i (1=0077) M

In the above we have used that |t /y — 1| = O(t~1/?) for all y € [y1, o], and yo —y1 < 16V/%.
Consequently,

P(Poi(t) = y) = (P(| POi(tiﬁ_\/i' . 8ﬁ)> =4 (%) ’

where the last step is due to Chebyshev’s inequality.
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Now we apply (8) to prove Lemma 21. We first show that for non-negative integer v,
{y =N <2VAIA{VA S VESVA+ 1} = {Jly — t| <8V} )

In fact, if VX < v/2 — 1, then the LHS of (9) implies that y = 0 and ¢ < 2, thus (9) holds. If
VAN > /2 — 1, then the LHS of (9) implies that

ly—t| <y =AM+ ({t—X) <2VA+ 2VA+1) < 8V < 8V,

and (9) holds as well. Next, by (8) and (9), as well as Chebyshev’s inequality P(|Y — A| < 2\&) >

%, we have

3
") > = min P(Poi(t) =
fyzg | min PPoit)=y)

> gﬂm <VE<VA+1}- min P(Poi(t) = y)

ly—t|<8vt
0 H{VA<VESVA+1} _ H{VA<VE<VA+1}
B Vi1 B VA+1 '

Finally, for some absolute constant ¢ > 0 it holds that

PI{VA<SVESVA+ 1} A
NI dtZC(m“)’

which is the statement of the lemma. [ |

Fo =10 = [ ez c |

Lemma 22 Forany D C [k], each of sep(Ss(D)), s € {>, <,1/2} is sub-Gaussian with variance
proxy o which can be bounded as

i + 4 1
02§Z(Pi—qz‘)2/\p 4 2(9(),

: n n
1€D

with universal hidden constants.

Proof Using standard tail bounds of the Poisson distribution (Lemma 17) we have for any ¢ € D
with p; > ¢;,

P(i € S<(D)) < P(i & S1/2(D)) < P(i & 5-(D))
= P(Poi(np;) < Poi(ng;))

) 1 . 1
<P <P01(npi) —np; < *gn(pi — Qi)> +P (POl(nQi) —ng; > En(pi — Qi))
2
< 2exp (_Cn(p, ) )
P+ q;

for some universal ¢ > 0. Similarly, if : € D with p; < g; we get

o s e B . . _ n(pi — @)
P(i € 55 (D)) < P(i € 512(D)) < P(i ¢ S<(D)) = P(Poi(npi) > Poi(ngi)) < 2exp | —c
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Using these estimates we turn to bounding the moment generating function of sep(S’s) for s €
{>,<,1/2}. Before doing so, recall (Buldygin and Moskvichova, 2013, Theorem 2.1) that the
best-possible sub-Gaussian variance proxy ogp () of the Ber (1) distribution satisfies

—

l_1)7
o

log

O N

el

=3

)

=

~—
—roi=

where the values for u € {0, 5,1} should be understood as the limit of the above expression (re-
sulting in 03, = 0, 1,0 respectively). Notice also that y > 02, (1) is increasing on [0, 3] and
decreasing on [%, 1], and

2 .
Tog(2/1) if0 < p<1/4,
Jgpt(ﬂ) < 1/4 if 1/4 <p< 3/4,
2 .
e/ M3/4<np<l

Let I' C D denote the subset of indices given by

)2 L
Tz{ieD:2exp<—cn(p’ ql))Zi}:{iGD:(pi—Qi)zﬁpl—’_Qllog(S)}.

Di + ¢ n c

Now, for any s € {>h<’ 1/2}, the sub-Gaussian variance proxy o2 of sep(S‘S) — Esep(Ss) -
Y iep(Pi — qi)(1{i € S} — P(i € Ss))) is at most

Sy P Y e e S S et P
(2 (2 )

i€T i€D\T en(pi = ai)* ™ i€D "

where the second step used the definition of 7'. In particular, since ) .. ,(pi + ¢;)/n < 2/n, the
above expression is always upper bounded by O(1/n). [ |

C.2. Proof of Proposition 7

By Lemma 21, we have

E sep( 51/2 ZPZGSl/Q qi)
1€[k]
1
=D _(P(i € i) = 5)(pi — )
i€[k]
oy ( nlpi — il /\1) 7 — gl
ielk] pz A Qz) +1

min

qu] Z %%Apz g;h%—cm
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Applying the Cauchy-Schwarz inequality twice, we can bound the first term above by

3 ) n(Siealpi—al) 0 (Cieclpi—al)”
o W Yiea Valaitp) 1 N2k + k2

Therefore, we get the lower bound

Esep(Sy5) > T e
sSe min —_— —
Pio1/2 0<e1<e k(n + k) !

n n'
By Lemma 22 we know that sep(S1/2) is sub-Gaussian with variance proxy O(1/n), which
implies that | sep(S; 2| 2 €2 /\ V& A %) with probability at least 1 — 4, provided that

1 n o n log(1/0)
A e e > o\ Y)
‘ (e A \/;/\ k) ~ n

The above rearranges to n 2 nys(€, d, Pp).

—
——
s
>
AV
[Nl
=N
a o
AVARWAN
O[> D>~
Vv
a
)
7N
A | =
>
=3
>
>3
N———

where \ =

C.3. Proof of Proposition 8

A direct computation gives
3k
2E sep(Ss) = 22 —qi)P(1 € 55)
=1

— P (Poi (2k> > Poi (%)) 41— /)
< (1= e @0y n/k ] _ mn/ah)

e—n/k + 6—3n/(2k) +1— e—n/(4k) <0,
for exp(—n/(4k)) £ 0.86. Rearranging, this gives the sufficient condition n/k < 0.6.

C.4. Proof of Proposition 9

Similar to the proof of Proposition 7, we have by Lemma 21 that

Esep(S1/2(D)) = 3 (pi ~ 61)Pli € §17a(D)) > c€(D) + 1 {p(D) ~ 4(D))}

i€D
. o 1
—Esep(D\ S1/2(D)) = > (¢ — pi)P(i & S1/2(D)) > c£(D) + ;la(D) —p(D)}
ieD
where ¢ > 0 is universal and £(D) = Y, "'(pli/\q’ A |pi — gi|. Therefore,
n(ping;)

E [sep (85 (D)) — sep(S<(D))] = E [sep($1/2(D)) — sep(D\ 512(D))| = 2£(D).  (10)

The bound on the sub-Gaussian variance proxy follows directly from Lemma 22.
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C.5. Proof of Corollary 10

By a two-fold sample splitting, suppose that we have independent held out samples (f( , }7) identical
in distribution to (X, Y"). In the sequel we will use samples (X, Y") to construct two separating sets,
and use samples (X , }7) to make a choice between them.

Let the sets S~ 2 S5 ([k]), S« £ S-([k]) be constructed using X, Y. By Proposition 7 and 9,
we have

. A 1
rawwgwmwm&nzé<A ”A“)

€ kK k
2/ & p1+Qz<
o (55) Z Nk:\/n
i€[k]

where the last step have used that p; + ¢; < 1/k in Ppp. Going forward, we assume that

1 n o n log(1/4)
2 (= e e > o\ Y)
‘ <6/\\/;/\]€>N kvn ’

which rearranges to . > ngor (€, d, Pp). Consequently, this ensures that | sep(Ss)| V | sep(S<)| =
e (L A /T A7) with probability 1 — O(5). Moreover, as n 2 log(1/ 52, with probability at least
1 — 0 we have Poi(n) < 2n (cf. Lemma 17). Under this event, one has |Ss| V |S<| < 2n, and

. . So|v |8 2
7($2)V T(82) < w/\ <"
k k
Next we make a choice between §> and 5’< based on held out samples ()Z' ,
the empirical pmfs constructed using X,Y respectively. For any set A C [k
p(A) — ¢(A). We define our final estimator to be

o 5 ifIER(S)] = [En(S)l,
S ~ otherwise.

Y). Let p, § denote
| write sep(A) =

Clearly 7(S) < 7(55) V 7(S<) < 1A (n/k). To show the high-probability separation of S, note
that by Lemma 19, it holds with probability at least 1 — O(J) that

|sep(5)] > %\@(9)‘ o[ ([T es(1/8) | log(1/5)

:i@M$NV@M&M—0(If$fXQ%SMU
Zb%“$””%M&”—O<lfolﬁ%%“v

~a(a (i) o (ERIR 4 0,

Here the first term always dominates the second as long as n 2 ngor(€, 6, Pp).
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C.6. Proof of Proposition 12

Similar to the proof of Corollary 10, we apply a two-fold sample splitting to obtain n independent
held out samples (X, Y). In the sequel we construct 2(£+2) candidate separating sets from (X,Y),
and make a choice among them using held out samples (X , f/)

The construction of the 2(¢ + 2) separating sets is simple: for each j € {0,1,--- ,¢ + 1}, we
construct two sets S (D;) and S, (Dj). The following lemma summarizes some properties of these
separating sets. Recall that we assume thatt = kA (com/ log(1/d)) > nsothat £ = [logy(t/n)] >
1.

Lemma 23 Fixanyj € {0,1,--- , £+ 1}, and let €; = ZiGD]- |pi — qi|. With probability at least
1 — 6, the following statements hold:

1. if j =0, then
3 & Eylog(1/§
sep(S (Do) v [sep(5(D)| 2 Eo — O ( g</>) |
where
2 _Z pi — @il A |pi — '|>n—€%—'E( )
0= npi — 4 Pi —qi| < P o(€o0).

1€Dg

2. ifj €[l then

’sep(§>(Dj))‘ Vv ‘Sep(s’<(Dj)>) RE-O ( W) 7

n
where
B= 3 nloi - al Al -l 2 9 = By (e
i€D; kt/2
3. ifj=4L4+1, then
G & log(1/6
S )| 00| 2 =0 (P10

where

2
nipi — 4 n 2
Epq = Z nlpi — ail Alpi—ail 2 \/;€?+1 =: Epy1(€041)-

o
1€D41 qi
Proof We prove the above statements separately.
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1. Case I: j = 0. By Proposition 9, it holds that
Efsep(S>(Do)) — sep(S<(Do))] 2 Y nlpi — ¢il* A lpi — ai| = Eo,
i€Dg

where we have used Lemma 11 that ¢; < 2/t < 2/n for all i € Dy. Moreover,

0 (sep(5= (D)) V 0% (sep(S<(Dy)))

i + ¢ 1 Ey
S Z pi — ail* A ]% S Z - (nlpi — @il® A lpi — ail) = —
1€Dg 1€Do

where the last inequality is due to the following deterministic inequality: if ¢ < 2/n, then

lp—ql> A nlp—q> Alp—q)-

The proof of the above deterministic inequahty is based on two cases:
« if p < 3/n,then |p —¢I* < Ip — a* A (lp — dal/n);
« ifp > 3/n thenp+q S nlp—ql* Ap — gl

Consequently, we have the first statement. For the second statement, similar to the proof of
Proposition 7 we have

: n(66)2 / 2 1 n n6(2)
EFy> min (| —%4e—€ ) €5 — N =) x—.
0= acloel < k 0750 )~ "k k

2. CaseII: j € [{]. By Proposition 9 and Lemma 11 we have
Efsep(S-(D;)) — sep(S<(D;)] 2 Y n(pi — @:)* Alpi — ¢i| = E
i€Dj
Similar to Case I, we have
& Pita o Ej
0?(sep(S> (D)) V 0*(sep(S<(D;)) S D Ipi — i A== S =2,

n
i€D;

and the first statement follows.
For the second statement, note that | D;| < t/2/~! = O(y/kt/27) by Lemma 11. Therefore,

n(e; )2 1 n ne?
E42 min +€; - Zez — A - | < S
) ( D;l T ]> 7 (6]- \/k:t/2ﬂ> VEt]2
3. CaseIIl: j = ¢+ 1. By Proposition 9 and Lemma 11, we have

n(pi — ¢i)*

E[sep(§>(De+1)) — sep(§<(Dg+1))] 2 Z g

ieDz+1

A pi — qi| = Egta.

The first statement then follows from Lemma 22. The second statement then follows from

B > . n(62+1)2+ ' S 2 ( 1 /\\/ﬁ) \/52
¢11 > min — d €1 — €y | D€ | — — ) =/ €
€441 €[0,€041] vnk - * €r+1 k ko
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The proof is complete. n

Based on Lemma 23, we are about to describe how we choose from the sets { S~ (Dj) <(D )}£+1 :
Similar to the proof of Corollary 10, using the held out samples (5( , }7), we can obtain the empirical
estimates sep(Ss(D;)) forall s € {>, <} and j € {0,1,--- ,£+1}. With a small absolute constant
c1 > 0and Ej as defined in Lemma 23, the selection rule is as follows: if there is some s € {>, <}
and j € {0,1,---,¢+ 1} such that

[eD(Ss(D))| = e1Ej(e/ (£ +2)),

then choose S = gs(Dj); if there is no such pair (s, j), choose an arbitrary S.
We first show that with probability at least 1 — O(kd), such a pair (s, j) exists. Since ||[p—q|[1 >
€, there must exist some j € {0,1,---,¢+ 1} suchthate; > ¢/(¢ + 2). As long as

n > cangor (€/¢, 0, Pp)

for a large constant co > 0, one can check via Lemma 23 that | sep(Ss (D;))| V | sep(S<(D;))| >
4c1Ej(e/(£ + 2)) for a small enough universal constant ¢; > 0. Assuming that n > log(1/4), we
have 7(S> (D;)) V7(S<(D;)) = O(n27 /t) with probability 1 — O() due to Poisson concentration
(Lemma 17). On this event, it holds with probability at least 1 — § that (cf. Lemma 19)

271og(1/0) , log(1/5)>

t n

86D (S5 (D) V [8ep(S<(D;))| = 2e1 Eje/ (¢ +2)) — O (

which is at least clE (e/(¢ + 2)) as long as

\/7/\7“/1/\10g /) > csngor(€/4, 9, Pp) 11D

for some large c3 > 0. Therefore, provided (11) holds, the desired pair (7, s) exists with probability
1 — O(kd) due to a union bound.

Conversely, if |5ep( S (D;))| > c1E;(e/(£ + 2)) holds for some (s, j), the true separation
|sep(Ss(Dj))] is at least of the same order as well. Indeed, Lemma 19 shows that

lsep(Ss(D;))| > %‘@(Ss(Dj))\ 0 < 27 log(1/9) N log(1/6)> |

t n

which is at least ¢; Ej(e/(¢ + 2))/4 as long as (11) holds. This completes the proof.

C.7. Proof of Proposition 14
The statement of Proposition 14 follows immediately from the following lemma.
Lemma 24 Let sep(S) 2 11gx (S) — pgv (S). There exist universal constants ¢; > 0,i € [5] such

that for J = |c1e'/#] we have

Co C3 62

\/ﬁ_e—i- J/n

P (‘sep(g) — Esep(S)| >t + ) < 2exp(—csnt?)

s

forallt > 0.
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Proof Write || - [, (-, -) for the % norm/inner product restricted to the first .J coordinates. Notice that
given 0% and Y, T'(0) is simply a Gaussian random variable with ET'(0) = 10Y =02 —|0% —0]|?
and var(T) = 4/|0X — 0¥ ||?. Define the vectors

AX Y J
U=A{0; —0; }j=
V={0X+0Y1_,.
Note that they are independent, jointly Gaussain with variance 217 /n and means equal to the first .J

coordinates of % F 6 respectively. Let ® be the cdf of the standard Gaussian and ¢ = @’ be its
density. The separation can be written as

sep(S) = f(6%) — £(67),

16Y — o]2 — |6 — o)? ( 1< U > < u >>
0 — | ‘ =0 (——(V,— Y+ (0, — ) ). 12
f( ) < 2”9)( _ QYH 2 ||UH ”UH ( )

We focus on proving the desired tail bound first. To make the dependence on the variables explicit,
write g(U, V) = f(6) — f(0Y) for the separation. Given U, V is a N'(#X + 6%, 21, /n) random
variable. Differentiating g and using that ¢ is 1/v/2me-Lipschitz we have

9vs@ V)l = - 3 7o <¢ (5 qom) (1)

o (4 + ()

where

1 U
gl o)
8me < U1
< G

8me

By Lipschitz concentration of the Gaussian distribution (Lemma 16) we conclude that g — E[g|U] is
sub-Gaussian with variance proxy CZ/(4men). Next we study the concentration of E[¢|U]. To this
end, note that

e sl (-t oo ) )

Thus, using the independence of U and V' and Lemma 15 we obtain

Elg(UV)|U] =E[£(6~) — f(6")|U]

() ()
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where we write W = <0X — oY, ﬁ> Let ® = ®(-/1/4 + 2/n) to ease notation. Once again by

Lipschitzness of ®, we obtain for every ¢ > 0 that
P (‘é(W) - E<f>(W)‘ > t) <P <‘§>(W) - &)(EW)‘ >t — || var(W))
t

<p (\W —EW|> ——
1@ ]lLip

— var(W)) ,

and an analogous inequality can be obtained for —WW. The last ingredient is showing that W con-
centrates well.

Lemma 25 W is sub-Gaussian with variance proxy 1/(2n).

Proof [Proof of Lemma 25] To simplify notation, let 7 = X — 0¥, 0> = 1/(2n) and let Q be a
zero-mean identity-covariance Gaussian random vector so that

w L <7‘,T+UQ >
[T+ oQ
We have

T4+ 0Q B T T4+ 0Q B T
<T’ !T+0Q\> - <EHT+0Q!’ [+ oq] > (I + o€l E”T*"Q")+"<E||T+ocz|r’@>’

o2 sub-Gaussian
|-|<1 almost surely o2 sub-Gaussian

where we use that E||7 + oQ|| > ||7|| by Jensen’s inequality, and apply Lemma 16 twice. Overall,
this implies that T is sub-Gaussian with variance proxy o2 = 1/(2n) as required. |

Recall that we have decomposed the separation as follows:

sep(S) —Esep(S) = g —E[g|U] +B(W) — &(-W) — E[@(W) — &(—W))],

O(1/n) sub-Gaussian O(1/n) sub-Gaussian tails beyond O(1/+/n)

which completes the proof.
Let us turn to calculating the expected separation. We have already seen that

Esep(S) =E [é(W) —o(-W)|.

Again by Lipschitzness we have [E® (W) — ®(EW)| < H(i)|||_ipE|W — EW] < 1/4/n by Lemma
25. Thus, we see that

Esep(S) +Q (%) > OEW) — ®(—EW),

where the implied constant is universal. To simplify notation, let 7 = % — 0¥, o2 = 1/(2n) and
let ) be a standard normal random variable. Looking at EWW we have

1 1
EW — (. o0 ) = SE(n Vol + QI = 2E[n. @) I+ 00l]
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by Stein’s identity. By the rotational invariance of the Gaussian distribution, the above is equal to

e = e g /(irl+oque+ -+ 03]
‘TH [Q VUl +0Qu? + -+ 0°Q3 = Qu/Ir? + 0@ + -+ °Q3
_2r|E @

Ul +0Qu)2 + -+ 02Q% + \[Ir|2 +02Q3 + - + 02

By the Cauchy-Schwarz inequality we have

(ElQi))? < E Qi
VUl +0Qu2 + -+ 02Q% +/II[2 + 02Q3 + - + 020}

Plugging into our expression for EW this yields

x (||| + aVJ).

2
ol

~ Nl +oVT

To clarify notation, let us now write || - || s for the #2-norm restricted to the first .J coordinates. Taking
J = ce~1/* it holds that

7115 =717 =D S rf = |7l = T2 3% = |r)* = FE|r|I2.
j>J G>J

Since ||7||s < 1 and ||7]| > e by assumption, we see that for large enough universal constant ¢ we
have ||7||; > €/2. Since the map = +— x?/(x + ¢) is increasing for x, ¢ > 0 it follows that

62

>
e+ J/n

for a universal implied constant. By the inequality ®(z) — ®(—z) > x/2 for z € [0, 1] we obtain
SEW) — ®(—EW) > 1 AEW/2,

which completes the proof. |

Appendix D. Lower bounds

Recall the notation of Section 2.1.1. Given two hypotheses Hy, H1, our aim is to lower bound the
minimum achievable worst-case error. To this end, we use the following standard fact:

minmax sup Pg.p(1(S) # i) > 1(1 —TV(ERy,EP)), (13)
Y =01 peq, 2
where Py, P; are any random probability distributions with P(P; € H;) = 1 and EP; denote
the corresponding mixtures and TV denotes the total variation distance. Hence, deriving a lower
bound of order 4 on the minimax error reduces to the problem of finding mixtures EF; such that
1 —TV(EP,,EP;) = Q(J). To this end we utilize standard inequalities between divergences.
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Lemma 26 (Polyanskiy and Wu (2023+)) For any probability measures P, Q the inequalities

B 1 kieio) L
1-TV(P,Q) > e = 21+ 2(PQ)

hold, where KL and x? denote the Kullback-Leibler and x* divergence respectively.

Many of our lower bounds will follow from reduction to prior work.

D.1. Lower bounds for Pp,

In Gerber and Polyanskiy (2022) the authors gave the construction of distributions p; ,po €
Pob(k,2) (originally due to Paninski) for a mixing parameter 7 such that TV (py.,po) = € <
KL(py.e, po) for all ), where the implied constant is universal. They further showed that

5 - an TL2€4
X (Enpn,?apo ) < exp <Ck> -1 (14)

and

n n-rm n n m mn+m64
W (Balp§™ @ p2m )] €y o™ @ w5 @ 5] ) < exp (C(k:)>_1 (15)

for a universal ¢ > 0.

Remark 27 More precisely, (15) can be extracted from Gerber and Polyanskiy (2022) using the
chain rule for x? (as opposed to KL).

D.1.1. LOWER BOUND FOR TS AND GoF

Take Py = p%z’% and P, = p?{}o ® p%z’" in (13) for a fixed 9. Then, by Lemma 26 and the data-
processing inequality we have

!

1 1
L= TV(ER, EP1) > 5 exp(=nKL(peyllpo)) > 3 exp(—cne?) = Q(9)

for a universal ¢ > 0. This shows that GoF, TS are impossible at total error ¢ unless n 2
log(1/8) /€2, which gives the first term of our lower bound.

For the second term, consider the random measures Py = p(?zn and P, = p%zm ® pg]‘ in (13).
Then using (14) and Lemma 26 we have

1
1+ XQ(EleEPO)

2 4
exp (_ane > = Q(0).

Therefore, TS is impossible unless n > +/klog(1/68) /€2, which yields the second term of our lower
bound.

1—TV(EP,EP) >

>

N~ N
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D.1.2. LOWER BOUND FOR LFHT

The necessity of m > log(1/6)/e® and n > \/klog(1/8)/e® follows as for TS above. Taking
Py =p§" @pEp @ pg™ and Py = pi™ ®p§7§”+m) in (13), using (15) and Lemma 26 we obtain the

inequality
1 1
21+ XQ(Epl”EP())

%exp (_cm(m;r n)64> = Q(9).

1—TV(EP),EP)) >

v

Therefore, LFHT is impossible with error O(6) unless mn > klog(1/5)/e* (note that the m2-term
is never active), which completes the lower bound proof.

D.2. Lower bounds for Py

We don’t provide the details because they are entirely analogous to Section D.1 and rely on classical
constructions that can be found in Gerber and Polyanskiy (2022).

D.3. Lower bounds for Pg

Given a vector ) € {£1}N define the measure

P _ é N(njcle%,l) if1<j<cpe /s,
K =1 N(0,1) otherwise.

Let 11,72, . .. be iid uniform signs in {41}, and ,, be the mean vector of P,. Writing || - |5 for the

Sobolev-norm of smoothness s and || - || for the Euclidean norm, we see that for any 7
—1/s
o) ca€
2541
2 _ 25,2 _ 25 2 2otl 2 2stl —1/s o 2 2s+1
2 =D 5% = D 5*de = <de = (2eeV =,
J=1 J=1

[e.e]
2541 _
Iyl = Z'Y?]j =Ze e V= By

J=1

Then for any Cg > 0 we can choose ci, ¢ independently of e such that Py, P,, € Pg(s, Cg)
almost surely and ||y, || = 10e. Then for e < 1/10 we know that

TV(Py, P,) = 2& <”72’7”> —1>e

D.3.1. LOWER BOUNDS FOR GoF AND TS
Take Py = P%@Q” and P; = P™ @ P§"™. Then

2s+1

—1ys(crez —0) 252 —0)* = ne.

KL(P()le) = nKL(P()HP]l) = Nncoe
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Using Lemma 26 this gives us
!

1—TV(Py, 1) 2 exp(—KL(Py|| P1)) = exp(—O(ne?)) = Q(6).

By (13) we know then that n > log(1/6)/€? is necessary for both GoF and TS over Pg.
To get the second term in the minimax sample complexity consider the construction Py = P%’Q”
and P, = Pf?” ® P%@" where 7 is a uniformly random vector of signs. Writing w = cle% note

that

62671/5

1 1

n _ & ®

EPS™ = ® <2N(w,1) "+ SN (-w 1) ">
J=1

From here we can compute

KL(P||EPy) =< e Y/*KL (N(o, 1)®n

1 on Ly 1\@n
2N(w,1) +2N( w, 1) )

s [ g
=/ <2w2 — Ex~n(0,1,,) 10g cosh <WZX2>>

=1

6_1/8 9 4 9 Astl

- Y

where we used the inequality log cosh(x) > “”2—2 — f—; for all z € R. Thus, using Lemma 26,

2 4s+1

1 — TV(P||EPL) 2 exp(—KL(P|[EP1)) > exp(—O(n2e 5 )) = Q(6).

254+1/2

By (13) we know then that n 2> y/log(1/0)/e s  is necessary for both GoF and TS over Pg.

D.3.2. LOWER BOUNDS FOR LFHT

If m > n, from the GoF lower bound n. 2 ngor we conclude that mn 2, n% oF» as desired. Therefore,
throughout this section we assume that m < n.
Let Py = PJ" ® P& ® P and Py = PJ" ® PS™ @ PE™, where 7 is a uniformly random

vector of signs. Once again, we define w = cle%. We follow a proof similar to the cases
Ppb, P in Gerber and Polyanskiy (2022). We use the data processing inequality, the chain rule and
tensorization of x2:

X2(ER|[EP) = X2 (EPS ™™ EPE™ @ P™)

Ex,Ey, 1 xE / P (‘% 25 Az = mw)” + (2 — "’1“)2}>
= X XEnl|X m
R fe, (2m)m /2 exp(—3 3500 %)

CQE_I/S

dz -1,

where X1 ~ (3N (w,1/n) + 2N (—w, 1/n)) and n1, ]| X, are iid scalar signs from the posterior
p(+|X1), with joint distribution p(n;, X1) = ¢(v/n(X1 — mw)) /2.
The Gaussian integral above can be evaluated exactly and we obtain

—1/s
X*(EP|EPL) = (Ex, y y exp(w?mmin}))= " — 1.

33



GERBER HAN POLYANSKIY

Now, we can calculate

. p(Xim = 1) + p(Xy|m = —1)?
Yp(Xim = 1) + p(X1m = —1))2

1 1/ (p(z1]m = 1) — p(x1lm = _1)>2dx
2 4) plalm=1)+pl@|m=-1)
<5tie O RN 1/m)IN (b, 1/n)

be{£1}
1 exp(4w?n) —1
n xp(dw”n) —1

2 8

Together with P(n; = n}) < 1, we have

—w? 1 1 e4w2n -1 2 2
Exy i exXp(@imimf) < e ( Tah ) (e m — e=w*m)
= COSh(w2m) + tsinh(w2m),
with ¢ = 1A ((€4w2” —1)/4). Distinguish into two scenarios:

e if ¢ = 1, then 4w?n > 1, and the above expression is e ™ < e4'nm;

s ift < 1, then w?n < 1/2 and t < 8w?n. Since m < n, and cosh(z) < 1+ 22, sinh(z) < 22
for all € [0, 1], the above expression is at most

1+ (w?m)? + 2tw?m < exp(17wimn).

Combining the above scenarios, we have
2 4 —1/sy _
X (ER||EP) < exp(17w nm - cpe™ /%) — 1.

Thus, we obtain

1 |
1-TV(ER),EP,) > > exp(—17w*nm - coe /%) = Q(6).
(EPo 1) 2 1+ x2(ER|EPy) ~ xp( 2 ) (6)

This gives the desired lower bound
 log(1/5)

~ 4s+1
€ s

D.4. Lower bounds for Pp

Clearly all lower bounds that apply to Ppy, also apply to Pp; in particular this gives the sample com-
plexity lower bound for GoF. In addition, lower bounds on the minimax high-probability sample
complexity of TS were derived in Diakonikolas et al. (2021). Hence, inspecting the claimed mini-
max rates, we only need to consider the problem LFHT in the cases m < n < kandn < m < k.
We give two separate constructions for the two cases, both inspired by classical constructions in the
literature. As opposed to the i.i.d. sampling models, we will use the Poissonized models and rely
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on the formalism of pseudo-distributions as described in Diakonikolas et al. (2021). Specifically,
suppose we can construct a random vector (p,q) € [0,1]? such that 1) Ep = Eq = O(1/k) and
|E[p — q]| = ©(¢/k); and 2) the following x? upper bounds hold for the Poisson mixture:
x?(E[Poi(np) @ Poi(nq) @ Poi(mp)]||E[Poi(np) ® Poi(ng) @ Poi(mgq)]) < B(n,m, ¢, k), 16)
x2(E[Poi(ng) ® Poi(np) ® Poi(mp)]||[E[Poi(np) ® Poi(ng) ® Poi(mp)]) < B(n,m, €, k);

then (n,m) € Rig(e, d, Pp) requires kB(n,m, e, k) = log(1/d) (essentially via Lemma 26).

D.4.1. CASEm <n<k
Suppose that m < n < k/2, and let p, ¢ be two random variables defined as

(+,1)  with probability %,
(p,q) = ¢ (£,%)  with probability 2(1 — %),
(£,0)  with probability (1 — %).
Note that E[p] = E[q] = O(1/k) and |[E[p — q]| = O(e/k). Let X, Y € R3 be random, whose
distribution is given by
X|(p, q) ~ Poi(np) ® Poi(ng) ® Poi(mp),
Y|(p,q) ~ Poi(np) ® Poi(ng) ® Poi(mgq).

Now, for any (a, b, c) € N® we have

= e = () 40— e () (32 (2

L= s ()10 ()

Similarly, for Y we get

1 /n 5 mmye 1 N anromess (€n\® [2en\ [ 2em\©
P = o) = g (e () - e () () ()

A R )

In particular, we have

P(Y—(a,b,C))—Q< ! ){}1 if (2,6, ¢) = (0,0,0),
k

alble! ()¢ otherwise.
Notice also that
P(X = (CL, bv C)) - P(Y = (CL, bv C))
1 1 N e e\atbte . @nimle . o
= a2t e (%) n*om [Qbe (rremle/t <1 — 2% /’“) + Ly (e Ik 1020)]
—ow 21y
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where

2 .
wmefh=c =0,

Pmeifp>1,c=0,

e ifh=0,c=1,
2b+c

[Toe| S a7

otherwise.

We now turn to bounding the x2-divergence between X and Y. Using the estimates (17), we obtain

2 _ (P(X = (a’ b, C)) — P(Y = (a’ b, C)))2
X = 3 P(Y = (a,b,0))

(a,b,c)EN3

1 (e\2a+2b+2¢c 9q42b  2c72
(E) L m Ibc

g Igg + Z + Z aldblc! -

()
b=c=0,a>1 a>0,b+c>1 k \n
I 1+Z 1 62a 2a—1 N le?an2a 1 62b—|—2chb-l—c—lTnc )
— 100 | k2a—1 al k2 ble! k2b+2c—1 be
a>1 a>0 b+c>1

2.4 1 62b+2c 2b+c—1

2 c
TL m-e ne €2n? /K> €2n2 /K> n m- oo
s k4 <1+ k >+L p— Z blol  f2b+2e—1 Tpe-
—0(1) bte>1

=0(1)

Focusing on the sum and decomposing it as Zb+621 = ZC:O,bzl + Zb:O,c:l + ZbZO,QQ + Zb,ch
we have the estimates

1 62b+20n2b+0_1mc

2
Ibc

bl f2br2e1
b+c>1
1 62b+2,n/2bf141)Tn2 e4mn2 1 62cncfl,,nc40 1 62b+2c7712b+cfl7nc4b+c
~ b! k2b+1 + k3 + c! kzc—l ble! k2b+2c—1
c=0,b>1 b=0,c>2 b,c>1
< 64m2n 64mn2 64m2n 64mn2 e4mn2
~ k3 + k3 + k3 + k3 ~ k3

As m < k, we obtain

e4mn2

k3
By (16) we conclude that in the regime m < n < k, (n,m) € RL¢ (¢, §, Pp) requires n?m >
k%log(1/6)/e*, as desired.

XNY) S

D.4.2. CASEn<m <k

This case is entirely analogous to the previous case with minor modifications. Suppose that n <
m < k/2, and let p, ¢ be two random variables defined as

1 1 . oqe
(55 7;) with probability 7,
(p,q) = ¢ (£,%)  with probability 3(1 — =),
(£,0)  with probability (1 — 2).
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Let X,Y € R3 be random, whose distribution is given by
X|(p, q) ~ Poi(np) ® Poi(ng) ® Poi(mp),
Y|(p, q) ~ Poi(ng) ® Poi(np) ® Poi(mp).
Now, for any (a, b, c) € N3 we have

POX = (a,5,0)) = - (e % (%)C‘“’ I Ca (2kn>” (&)

1 m En\ @ em\ ¢
2= e () 1 () ):
TR B U
Similarly, for Y we get

P(Y = (a.b.) = i (e (2) "7 L Moo (2”> ()" (e

alble! \ k m 2 k k k k
1 m en\b remy\c¢
21 —(n+m)e/k e
o= ge La (k)(k))
In particular, we have
1 1 if (a,b,¢) = (0,0,0),
P(Y = b =Q —
( (a; 70)) <a!b!c'> { % (ﬂ)a-i-b otherwise.
Notice that
P(X = (CL, bv C)) - P(Y = (CL, ba C))
1 1 m €\ atbtc
_ _ - = ey —(n+m)e/k [ & a+b, c —2ne/k(9b _ oa P _
ana 2t T e (k) nem (6 (2" =2%) + Lo la—O)

s
=Jab

where
0 ifa+b=0,
Jap) S § % ifa+b=1, (18)
200 if g b > 2.

We now turn to bounding the y2-divergence between X and Y. We have

AUX|Y) = Z (P(X = (a,b,¢)) = P(Y = (a,b, c)))2

(a,b,c)EN3 P(Y - (a, b, C))

1 (g)2a+2b+26 n20-+2b,,2¢ JQb
al

E al?b!2c!?2 \k
1

X

m ( n )a+b
a+b+c>1 alble! k \m
1 62a+2b+2cna+b7ch+a+bf1 ng
- Z alble! L2a+2b+2c—1
a+b+c>1
2a+2b,,a+b, a+b—1 72
_ 662m2/k2 Z 1 € n m Jab
~—— a'b! k2a+2b—1 ?
o(1) at+b>1
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where the last step follows from Jy, = 0 if @ = b = 0. Now writing ¢ = a + b and distinguishing
into cases t = 1 and £ > 2, by (18) we have

e4n3 ot e2tntmt*14t 6477‘3 N e4n2m < e4n2m

BT et R BOY R
t>2

XXNY) S

where the last line uses that n < m. Once again, we can conclude by (16) that n?m > log(1/)k?/e*
is a lower bound for the sample complexity of LFHT.
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