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Abstract

In the study of sparse stochastic block models (SBMs) one often needs to analyze a distributional
recursion, known as the belief propagation (BP) recursion. Uniqueness of the fixed point of this
recursion implies several results about the SBM, including optimal recovery algorithms for SBM
Mossel et al. (2016) and SBM with side information Mossel and Xu (2016), and a formula for SBM
mutual information Abbe et al. (2021). The 2-community case corresponds to an Ising model, for
which Yu and Polyanskiy (2022) established uniqueness for all cases.

In this paper we analyze the g-ary Potts model, i.e., broadcasting of g-ary spins on a Galton-
Watson tree with expected offspring degree d through Potts channels with second-largest eigen-
value \. We allow the intermediate vertices to be observed through noisy channels (side infor-
mation). We prove that BP uniqueness holds with and without side information when d\? >
1 + C'max{\,q '} logq for some absolute constant C' > 0 independent of ¢, \,d. For large q
and A\ = o(1/log q), this is asymptotically achieving the Kesten-Stigum threshold d\?> = 1. These
results imply mutual information formulas and optimal recovery algorithms for the g-community
SBM in the corresponding ranges.

For g > 4, Sly (2011); Mossel et al. (2022) showed that there exist choices of ¢, A, d below
Kesten-Stigum (i.e. d\? < 1) but reconstruction is possible. Somewhat surprisingly, we show that
in such regimes BP uniqueness does not hold at least in the presence of weak side information.

Our technical tool is a theory of g-ary symmetric channels, that we initiate here, generalizing
the classical and widely-utilized information-theoretic characterization of BMS (binary memory-
less symmetric) channels.

Keywords: stochastic block model, Potts model, broadcasting on trees, cavity equation, belief
propagation, boundary irrelevance, g-ary symmetric channels

1. Introduction

Stochastic block model. The stochastic block model (SBM) is a random graph model with com-
munity structures. It has a rich set of results and phenomena, investigated in the last decade (see
Abbe (2017) for a survey). In this paper, we focus on the sparse symmetric multi-community case.
The model has four parameters: n € Z>1, the number of vertices; ¢ € Zx>2, the number of commu-
nities; a, b € R>(, parameters controlling edge probabilities. The model is defined as follows. First,
we assign a random label (community) X; ~ Unif([¢]) i.i.d for i € V' = [n]. Then a random graph
G = (V, E) is generated, where (7, j) € E with probability £ if X; = X, and with probability %
if X; # X, independently for all (i, j) € (‘2/) When a > b, we say the model is assortative. When
a < b, we say the model is disassortative.
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For the SBM, an important problem is weak recovery. We say the model admits weak recovery
if there exists an estimator X (G) € [q]" such that

lim lEdH(X,f((G)) c1-1 (1)
n—oo N q
where dy(X,Y):= min > 1{X;#7(Y;)}. 2)
TeAut([g]) i)

Decelle et al. (2011) conjectured that the (algorithmic) weak recovery threshold is at the Kesten-
Stigum threshold, and there is an information-computation gap for ¢ > 5. The positive (algorithmic)
part of their conjecture has been established by a series of works Massoulié (2014); Mossel et al.
(2018); Abbe and Sandon (2016, 2015a,b, 2018); Bordenave et al. (2015); Stephan and Massoulié
(2019), in a very general sense allowing asymmetric communities. Abbe and Sandon (2015a,b,
2018) gave inefficient reconstruction algorithms below the Kesten-Stigum threshold, for disassor-
tative models with ¢ > 4 and assortative models with ¢ > 5, giving evidence for the information-
computation gap. The informational weak recovery threshold has been established in special cases
by Mossel et al. (2015, 2018) (¢ = 2), Mossel et al. (2022) (¢ = 3,4 assuming large enough
degree), Coja-Oghlan et al. (2017) (general ¢, disassortative). For the assortative case, the informa-
tional weak recovery threshold for ¢ = 3,4 with small degree or ¢ > 5 is still open, despite some
partial progress Banks et al. (2016); Gu and Polyanskiy (2020). The information-computation gap
is also wide open.

When weak recovery is possible, the natural follow-up question is to determine the optimal
recovery accuracy

1 ~
_sup nh_)néoE I—EdH(X,X(G)) . 3)
X=X

Decelle et al. (2011) conjectured that the belief propagation algorithm is optimal. The conjecture is
not proved yet but significant progress has been made: a series of works Mossel et al. (2016); Abbe
et al. (2021); Yu and Polyanskiy (2022) established an optimal recovery algorithm for the symmetric
two-community SBM; Chin and Sly (2020, 2021) gave optimal recovery algorithms for the general
case (general ¢, not necessarily symmetric) under the condition that SNR is large enough.

A fundamental quantity of the stochastic block model is its (normalized) mutual information

lim lI(X;G). 4
n—oo n
Coja-Oghlan et al. (2017) proved a mutual information formula for the disassortative model (general
q). Abbe et al. (2021); Yu and Polyanskiy (2022) proved a mutual information formula for the ¢ = 2
case. Dominguez and Mourrat (2022) conjectured another formula for the ¢ = 2 case and proved a
matching lower bound. It is not known whether their conjectured formula is equivalent to the one
proved by Abbe et al. (2021); Yu and Polyanskiy (2022).

Broadcasting on trees. The stochastic block model has a close relationship with the broadcasting
on trees (BOT) model. The reason is that in SBM, the local neighborhood of a random vertex
converges (in the sense of local weak convergence) to a Galton-Watson tree with Poisson offspring
distribution. Therefore, properties of BOT can often imply corresponding results on SBM.
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For the symmetric ¢g-SBM, the corresponding model is the Potts model, i.e., the BOT model
whose broadcasting channels are Potts channels. This model has three parameters: ¢ € Zx>9, the
number of colors; A € [—q%l, 1], edge correlation strength; d € Zx¢, expected offspring. The Potts
model is defined as follows. Let 7" be a regular tree of offspring d or a Galton-Watson tree with
offspring distribution Pois(d) (Poisson distribution with expectation d). Let p be the root of 7. We
assign to every vertex v a color o, € [g] according to the following process: (1) o, ~ Unif([g]);

(2) given o, colors of children of u are L Py(+|ow), where Py is the Potts channel defined as
Py(jli) = A1{i = j} + 122,

An important problem on BOT is the reconstruction problem, asking whether we can gain any
non-trivial information about the root given observation of far away vertices. We say the model
admits reconstruction if

lim I(op;0r,|Tk) > 0, )
k—o00
where L stands for the set of vertices at distance k to the root p. We say the model admits non-
reconstruction if the limit is zero. It is known that non-reconstruction results for the Potts model
imply impossibility of weak recovery for the corresponding SBM, but the other direction does not
hold: in the case a = 0, there is a gap of factor 2 (as ¢ — ©c0) between the BOT reconstruction
threshold and the SBM weak recovery threshold.

The reconstruction problem on trees has been studied a lot under many different settings, e.g.,
Bleher et al. (1995); Evans et al. (2000); Mossel (2001); Mossel and Peres (2003); Mézard and
Montanari (2006); Borgs et al. (2006); Bhatnagar et al. (2010); Sly (2009); Kiilske and Formentin
(2009); Liu and Ning (2019); Gu and Polyanskiy (2020); Mossel et al. (2022). For the Potts model,
it is known Sly (2011); Mossel et al. (2022) that the Kesten-Stigum threshold Kesten and Stigum
(1966) dA\? = 1 is tight (i.e., equal to the reconstruction threshold) for ¢ = 3,4 when d is large
enough, and is not tight when ¢ > 5 or when ¢ = 4, A < 0 and d is small enough.

Belief propagation. Belief propagation is a powerful tool for studying the BOT model. It is usu-
ally described as an algorithm for computing posterior distribution of vertex colors given observa-
tion. Here we take an information-theoretic point of view and describe BP in terms of constructing
communication channels.

We view the BOT model as an information channel from the root color to the observation. Let
M, denote the channel o, — (T}, 01, ). Then (My)kez., satisfies the following recursion, which
we call belief propagation recursion: -

M1 = Ey(My 0 Py)* ©6)

where b follows the branching number distribution (constant in the regular tree case, Pois(d) in the
Poisson tree case), and (-)*? denotes x-convolution power. Let BP be the operator

BP(M) := Ey(M o Py)* (7)

defined on the space of information channels with input alphabet [¢]. Due to symmetry in colors,
we can regard BP as an operator on the space of FMS channels (see Section 2). In terms of the BP
operator, the reconstruction problem can be rephrased as whether the limit channel BP*°(Id) :=
lim;, oo BP™(Id) (where Id stands for the identity channel Id(y|z) = 1{z = y}) is trivial or
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not. The problem of optimal recovery for SBM can be reduced to the following problem on trees:
whether the limit

nhango I(O'p;ka‘Tk) (8)
where w is the observation of o through a non-trivial channel W, stays the same for any non-trivial
FMS channel W. Therefore, it is important to study the non-trivial fixed points of the BP operator
(the trivial channel is always a fixed point).

Mossel et al. (2016) proved uniqueness of BP fixed point for ¢ = 2 and large enough SNR.
Abbe et al. (2021) improved to ¢ = 2 and SNR ¢ [1,3.513]. Yu and Polyanskiy (2022) proved
uniqueness of BP fixed point for ¢ = 2 and any parameter A, d, closing the question for binary
symmetric models. For ¢ > 3, Chin and Sly (2020) proved a local version of BP uniqueness, i.e.,
when the initial channel U is close enough to Id, and d\? > Cy, where ( is a constant depending
on ¢, then BP*°(U) = BP>°(Id). They did not give asymptotics for Cy, but it seems like it is at
least polynomial in ¢q. Chin and Sly (2021) generalized Chin and Sly (2020) to asymmetric models.

Boundary irrelevance. Abbe et al. (2021) reduced the SBM mutual information problem to the
boundary irrelevance problem, on a tree model called the broadcasting on trees with survey (BOTS)
model. In the BOTS model, we observe label of every vertex through a noisy FMS channel W
(called the survey). We say the model admits boundary irrelevance with respect to W if

lim I(op; 0, |Tk, wr,) =0, 9)
k—o0

where T}, is the set of all vertices within distance at most k£ to the root, and w is the observation
of o through W. We say the model admits boundary irrelevance if the model admits boundary
irrelevance with respect to all erasure channels EC. with 0 < e¢ < 1. Boundary irrelevance is
equivalent to the condition that the operator

BPy (M) := (Eb(M o PA)*b> « W (10)

has a unique fixed point in the space of FMS channels. Because BP and BPy have very similar
forms, the boundary irrelevance problem has a close relationship with the problem of uniqueness of
BP fixed point. Indeed, these two problems can be solved using the same method.

Our results. Our first main result is uniqueness of BP fixed point and boundary irrelevance for
a wide range of parameters. In fact, we prove the stronger result that the BP fixed point satisfies
global stability.

Theorem 1 (Uniqueness of BP fixed point and boundary irrelevance) There exists an absolute
constant C' > 0 such that the following statement holds. Consider the q-ary Potts model with
broadcasting channel Py on a regular tree or a Poisson tree with expected offspring d. If either
d\? < ¢ 2 or d)\? > 1+ Cmax{\, q '} logq, then boundary irrelevance holds. That is, for any
non-trivial g-FMS survey channel W, we have

kILI{:OI(UP’ULk‘Tk’wTk) =0. (11)

Furthermore, under the same conditions, stability of BP fixed point holds, i.e., for any non-trivial
q-FMS channel P, BP*(P) and BP*(1d) converge weakly to the same limit as k — oc.
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For a more precise statement, see Theorem 14 and Theorem 15. We generalize this result to asym-
metric initial channels in Prop. 38 and Prop. 40. Compared with Chin and Sly (2020), our result has
a much weaker assumption on the initial channel, and works for a much larger region of (A, d) (at
least when ¢ — 00).

Our second main result is that boundary irrelevance does not hold between the reconstruction
threshold and the Kesten-Stigum threshold.

Theorem 2 (Boundary irrelevance does not always hold) Consider the q-ary Potts model with
broadcasting channel Py on a regular tree or a Poisson tree with expected offspring d. If d\?> < 1
and reconstruction is possible, then boundary irrelevance does not hold for weak enough survey
channel. That is, there exists ¢ > 0 such that for any FMS survey channel W with C, (W) < ¢, we
have limy,_,o0 I(0,; 01, | Tk, wr,,) > 0.

By Sly (2011); Mossel et al. (2022), for any g > 4, there exist choices of ), d satisfying the assump-
tion in Theorem 2. Therefore for any fixed ¢ > 4, boundary irrelevance does not always hold, in
contrast to the binary case where boundary irrelevance always holds Yu and Polyanskiy (2022).

Applications. Main applications of uniqueness of BP fixed point and boundary irrelevance include
a mutual information formula and an optimal recovery algorithm.

Theorem 3 (Mutual information formula) Ler (X,G) ~ SBM(n,q, %, by Letd = w

n
and \ = %' Let (T, o) be the Potts model with broadcasting channel Py on a Poisson tree
with expected offspring d. Let p be the root of T, Ly, be the set of vertices at distance k to p, T}, be

the set of vertices at distance < k to p. If (q, \, d) satisfies (27) or (28), then we have

1 b c
nh_)ngo EI(X;G) :/0 k]g}gol(ap;wTk\p|Tk)de, (12)

where w€ denotes observation through survey channel F.C,, the erasure channel with erasing prob-
ability e.

For SBM with side information, boundary irrelevance immediately implies that the local belief
propagation algorithm is optimal.

Theorem 4 (Optimal recovery for SBM with side information) Work under the same setting as
Theorem 3. Suppose that in addition to G, we observe side information'Y,, ~ W (-|X,) for all
v € V, where W is some non-trivial FMS channel. If (q, \, d, W) satisfies (27) or (29), then belief
propagation (Algorithm 1) achieves the optimal recovery accuracy of

1~ lim Pe(op|Ti,wr, ). (13)

For vanilla SBM, uniqueness of BP fixed point implications optimal recovery, given an initial
recovery algorithm with nice accuracy guarantees.

Theorem 5 (Optimal recovery for SBM) Work under the same setting as Theorem 3. Suppose
d\? > 1 and (g, \,d) satisfies (28). Suppose there is an algorithm A and a constant ¢ > 0 (not
depending on n) such that with probability 1 — o(1), the empirical transition matrix F € R7*?
defined as

C#weVv:iX,=i,X,=j} -

Fi,j : #{Q} c V- Xv — Z} y X = A(G) (14)

satisfies
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(1) |F'1 — 1o = o(1);
(2) omin(F') > € where oyiy denotes the smallest singular value;
(3) there exists a permutation T € Aut([q]) such that Fy;); > Fr(;); + eforalli # j € [q].

(Note that we do not asssume I stays the same for different calls to A.)
Then there is an algorithm (Algorithm 2) achieving the optimal recovery accuracy of

1 - lim Pe(oy|Ti01,). (15)

Our assumption on the initial recovery algorithm is a generalization of the one used in the ¢ = 2
case by Mossel et al. (2016). Our assumption is much weaker than the one of Chin and Sly (2020),
which requires the initial point to be close enough to Id and seems unlikely to hold near the KS
threshold. In comparison, our initial point assumption seems more likely to hold near the Kesten-
Stigum threshold. For example, it is plausible that a balanced algorithm would achieve the empirical
transition matrix F' to be close to Py for some |A| = Q(1).

Our technique. For the positive result (Theorem 1), we generalize the degradation method of
Abbe et al. (2021) to g-ary symmetric channels. In this method, we find suitable potential functions
® on the space of FMS channels, such that for two channels M, M related by degradation (M <deg
M), we have (1) ®(M) — &(M) contracts to 0 under iterations of BP (2) if ®(M) = ®(M), then
M = M. This shows that the limit channels BP*°(M) and BPOO(M ) are equal.

To carry out this method, we develop a theory of g-ary symmetric channels, generalizing the
classical theory of binary memoryless symmetric (BMS) channels. We show that g-ary symmetric
channels are equivalent to symmetric distributions on the probability simplex P([¢]), and degrada-
tion relationship has a coupling characterization under the distribution interpretation.

We remark that Yu and Polyanskiy (2022) also uses channel degradation but in a very different
way. For more discussions see Section H.

For the negative result (Theorem 2), we show that when the survey channel W is weak enough,
the limit channel BP§ can be arbitrarily weak. We prove this by studying behavior of x2-capacity
under BP recursion. One difficulty of working with y2-capacity is that in general they are not subad-
ditive under *-convolution. Subadditivity is a very desirable property when studying BP recursion,
and holds for KL capacity (folklore) and symmetric KL (SKL) capacity Kiilske and Formentin
(2009). For x?-capacity, subadditivity is true for BMS channels Abbe and Boix-Adsera (2019), but
there are counterexamples when ¢ > 3. Nevertheless, we establish a local subadditivity result, i.e.,
x2-capacity is almost subadditive under %-convolution for weak enough channels.

Mutual information formula (Theorem 3) and optimal recovery for SBM with side informa-
tion (Theorem 4) are direct consequences of boundary irrelevance (Theorem 1), generalizing Abbe
et al. (2021) and Mossel and Xu (2016) respectively. For optimal recovery for the vanilla SBM
(Theorem 5), we need to handle asymmetric initial points (Section E), and suitably generalize the
algorithm in Mossel et al. (2016).

Structure of the paper. In Section 2, we establish a theory of FMS channels. In Section 3,
we prove Theorem 1, boundary irrelevance and uniqueness of BP fixed point for a wide range of
parameters. In Section 4, we prove Theorem 2, that boundary irrelevance does not hold between the
reconstruction threshold and the Kesten-Stigum threshold.
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In Section A, we discuss limits of information channels. In Section B, we give missing proofs
in Section 2. In Section C, we give missing proofs in Section 3. In Section D, we give missing
proofs in Section 4, including the local subadditivity of y2-information (Lemma 20). In Section E,
we discuss asymmetric fixed points of the BP operator. In Section F, we prove Theorem 3, SBM
mutual information formula. In Section G, we prove Theorem 4 and 5, optimal recovery algorithms.
In Section H, we discuss several further directions.

2. FMS Channels

In this section we introduce ¢-ary fully memoryless symmetric (¢-FMS) channels.! They are a gen-
eralization of binary memoryless symmetric (BMS) channels to g-ary input alphabets. For back-
ground on BMS channels, see e.g., Richardson and Urbanke (2008).

Definition 6 (Fully memoryless symmetric (FMS) channels) A g-ary fully memoryless symmet-
ric (q-FMS) channel (or an FMS channel when q is obvious from context) is a channel P : X — )
with input alphabet X = |[q| such that there exists a group homomorphism v : Aut(X') — Aut())
such that for any measurable E C ), we have

P(Elz) = P(u(1)E|7(x)) (16)

forall x € X, 7 € Aut(X). Here Aut(X) denotes the symmetry group (also known as the
automorphism group) of X.

By definition, 2-FMS channels are exactly BMS channels.

We remark that ¢-FMS channels are a special case of input-symmetric channels (see e.g., (Polyan-
skiy and Wu, 2023+, Chapter 19)) whose group of symmetries is the whole Aut(X’). Makur and
Polyanskiy (2018) studied comparison between g-ary symmetric channels, but their definition of
symmetric channels is quite different from ours.

The BSC mixture representation of BMS channels has been useful in proving results about
BMS channels. Therefore it is desirable to generalize this theory to FMS channels. We define fully
symmetric channels (FSCs), which generalize BSCs, and will serve as basic building blocks for
FMS channels.

Definition 7 Let X = [¢], Y = Aut(X). Form € P(X)/ Aut(X), define channel FSC : X — Y
as

FSCr(7|i) = Tﬂ' ~1(3i) Vie X, € Aut(X), (17)

where Aut(X') acts on Y by left multiplication.

We can verify that
. 1 1 .
FSCr(nt|n(i)) = WTF(T]T)—l(T](i)) = MWT_W) = FSCr(7]i) (18)
fori € X, n,7 € Aut(X'). So FSCs are examples of FMS channels.
One of the most basic relationships between two channels is degradation.

1. Here “fully” modifies “symmetric”, and indicates that the symmetry group of the channel is the full symmetric group
Aut(X) as opposed to a subgroup.
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Definition 8 Let P : X — Y ad Q : X — Z be two channels with the same input alphabet. We
say P is a degradation of Q (denoted P <gcs Q) if there exists a channel R : Z — ) respecting
Aut(X) action such that P = R o Q). We say P and Q are equivalent if P <qeg Q and Q <geg P.

In other words, P is a degradation of () if we can simulate P by postprocessing the output of Q).
In the binary case, all BMS channels are equivalent to mixtures of BSCs (see e.g., Richardson
and Urbanke (2008)). We generalize this result to g-ary FMS channels.

Proposition 9 (Structure of FMS channels) Every FMS channel is equivalent to a mixture of
FSCs, i.e., every FMS channel P : X — ) is equivalent to a channel X — (mw,Z) where
m~ P € P(P(X)/Aut(X)) is independent of X, and Z ~ FSC (| X) conditioned on m and X.
Furthermore, Py is uniquely deteremined by P.

Proof is deferred to Section B. In the setting of the above proposition, we call 7 the m-component
of P, and P, the m-distribution of P. Prop. 9 establishes an equivalence between an FMS channel
and a probability distribution on P(X’)/ Aut(X’), which maps an FMS channel to its 7-distribution.
In particular, the m-distribution is an invariant property of an FMS channel under equivalence. For
BMS channels we usually denote the m-component as a single number A € [0, %] and call it the
A-component.

Degradation has a nice characterization in terms of the m-components.

Proposition 10 Let P,Q be two FMS channels, and 7p and m¢ be their m-components. Then
P <qeg Q if and only if there exists a coupling between p and ¢ such that

7 <m Elrg|np = 7] Vr e P(X)/ Aut(X), (19)

where <,, denotes majorization (see e.g., (Hardy et al., 1934, 2.18)). We use the convention that
elements m € P(X)/ Aut(X) are non-increasing so that the expectation is well-defined.

Proof is deferred to Section B.

There are different ways to construct new FMS channels from given FMS channels. In this
paper we focus on two ways: composition with Potts channels and *-convolution.

Fix ¢ > 2. For A\ € [_ﬁ’ 1], define Potts channel P : [¢] — [g] as Px(y|z) = Al{z =y} +
% for x,y € [¢]. Then given any ¢-FMS channel P, Po P is also a ¢-FMS channel. Furthermore,
the 7-distribution of P o Py is fi(Pr), where Py is the m-distrbution of P, f(7w) = Aw + %, and
[« 1s the induced pushforward map.

Given two channels P : X — Y, Q) : Y — Z, their x-convolution Px Q : X — YV x Z
is defined by letting P and ) acting on the same input independently. When P and @ are ¢-FMS
channels, P x Q has a natural g-FMS structure. If the 7-component of P (resp. Q) has distribution
Py (resp. ), then the m-component of P x () has distribution

1
E —_— T, [P 20
s | (& mmo =
reAut([g]) i€[q]
i)
where 7, = | o——5— € P(lg))/ Aut([g]) @b
2 jela) ™ Tr() ) ielq)
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and 19 € P(P([q])/ Aut([q])) denotes the point distribution at & € P([q])/ Aut([q]). We use M*®
to denote the b-th x-power: M*? = Id and M*0 = M*®—1) & Mf,

Given any ¢-FMS channel P, we can restrict the input alphabet to get a ¢’-FMS for ¢/ < gq.
(Because of symmetry, the restricted channel is unique up to channel equivalence no matter what
size-q' subset we choose.) In this paper we only use the case ¢’ = 2, i.e., restrict to a BMS channel.
We use P% to denote the restricted BMS channel.?

We study the behavior of information measures under belief propagation. The following infor-
mation measures are particularly useful.

Definition 11 Let P be a q-FMS channel and 7 be its w-component. We define the following
quantities.

P.(P)=Emin{l — 7 : i € [q]}, (probability of error)
1
C(P)=1logq—E Z m; log —, (capacity)
i€lq) '
C\2(P)=E |¢ Z 1], (x?-capacity)
| i€lq]
1
Cskr(P) =E Z <7r,- — > log(m;) | . (SKL capacity)
| i€(q]

For BMS channels we also define the Bhattacharyya coefficient

=E [2 VAl - A)} (Bhattacharyya coefficient)

where A is the A-component of P.

These information measures respect degradation, as summarized in the next lemma.

Lemma 12 Let P and Q be two q-FMS channels with P <4eg Q. Then P.(P) > P.(Q),C(P) <
C(Q),C\2(P) < C,2(Q), CskL(P) < CskL(Q). If ¢ = 2 then we also have Z(P) > Z(Q).
Proof By definition of degradation, and data processing inequality for f-divergences. |

3. Uniqueness and boundary irrelevance results

In this section we prove uniqueness of BP fixed point and boundary irrelevance results for the Potts
model for a wide range of parameters. We consider the g-ary Potts model with broadcasting channel
P, on aregular tree or a Poisson tree with expected offspring d.

We state two results, one for the low SNR regime and one for the high SNR regime. We define
the following constants used in the results.

2. Here “R” stands for “restriction”.
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Definition 13 Forq € Z>o, A € [—qfll, 1}, d > 0, we define

7 (A + 122, 0)

Cg.N) = sup : (22)
rep(g)  SH(m0)
vel+CRY
where f(m,v) := <7r_1 + 17r_2,v2> , (23)
q
H " ()\77 + %’v)
C"(q,A) == sup , (24)
7€P([q]) fH(Wv ’U)
vElLCRY
2
where fH(m,v) := ||x'/4)3||l7 3/ 0|3 — <7r1/4,7r73/4v> ; (25)
2 ¢—2 a2-1\"
H — [ .
¢ (g, N\ d) = (q+ . d)\—1> . (26)

We have the following bounds on these constants: C'*(g, \) < ¢ (Prop. 31), C* (g, \) < ¢°/?
(Prop. 32), ¢t (g, \, d) > 1 (obvious).

Theorem 14 (Low SNR) [f
dX\2Ct (g, \) < 1, (27)

where C* is defined in (22), then boundary irrelevance and stability of BP fixed point hold.

Theorem 15 (High SNR) Ifd)\? > 1 and

dx\? -1

d\? exp <—cH(q, A d) - > CH(g,\) < 1, (28)

where ¢t is defined in (26), C™ is defined in (24), then boundary irrelevance and stability of BP
fixed point hold.
Let W be a q-FMS channel. If d\*> > 1 and

d\? —1

d\? exp (—CH(q, A d) - ) CHgNzWh) <1, (29)
where WE denotes the restriction of W to a BMS channel, and Z denotes the Bhattacharyya coef-
ficient, then boundary irrelevance holds with repsect to W.

Proof [Proof of Theorem 1 given Theorem 14 and 15] We prove the low SNR case and the high
SNR case separately.
Low SNR: By Prop. 31, C*(q, \) < ¢?. If d\?> < ¢~2, then (27) holds and Theorem 14 applies.
High SNR: We prove that (28) holds whenever d\? > 1 + 56 max{\, ¢ '} logq.
By Prop. 32, CH (g, \) < ¢°/2. For d\? > 1, we have

2 q—2 /2 1
cHg N\ d) > <q + qT -max{\, 0}) > (q + max{\, 0}) > i max{\,¢ '}, (30)

10
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Therefore

d\? —1
)C (g, A) < dX\? exp <_8max{/\,q—1}> ¢ = Ggn(d).

3D

d\2 —1

dX 2 exp(—cH (g, \,d) - 5

Computing g; , (d), we see that gg »(d) is monotone decreasing in d when d)\? > 8max{\, ¢ 1}.
Therefore it suffices to prove g, \(dp) < 1 where doA? = 1+ 56 max{\, ¢~ '} log . We have

9g(do) = (1 + 56 max{A\, q '} log q) exp(—T7log q)q5/2 < (1+56log q)q_g/Q. (32)

The last expression is < 1 for all ¢ > 3. This finishes the proof. |

3.1. The degradation method

Let (M})x>0 and (Mk) >0 be two sequences of ¢-FMS channels satisfying the belief propagation
recursion, i.e.,

Myy1 = BP(My), My = BP(My), (33)
BP(M) := Ey[(M}, 0 P\)* « W1, (34)

where b follows the branching number distribution (constant if working with regular trees), and W
is the survey FMS channel (trivial if there is no survey).

For the boundary irrelevance problem, we take Mg = 0, My = Id. For stability of BP fixed
point, we take My = Id and M be a given non-trivial FMS channel. Our goal is to show the the
limit limy_,, M}, and limg_, o, M}, both exist in the sense of weak convergence (Section A) and are
equal. s

From now on, we assume that My = Id, and either (1) W is non-trivial and My = 0, or (2)
W = 0 and M) is non-trivial. Note that in both cases, the initial channels satisfy My <geg Mo.
Because the BP operator preserves degradation preorder, we have Mk <deg My, for all k& > 0. So
the two channel sequences are naturally related to each other by degradation.

Because My = Id, we have My, >qes My for all k& > 0. Therefore by Lemma 21, My, :=
limy,_, o, M}, exists. For the boundary irrelevance problem, we also have M), <4, My for all
k > 0, and by Lemma 22, MOO = limg_ oo M, 1 exists. However, for the stability of BP fixed point
problem, it is a priori unclear whether the limit limy,_, ., M}, exists.

We prove the limit limg_, Mk exists and is equal to M., by generalizing the degradation
method from Abbe et al. (2021). Let ¢ : P(]g]) — R be a strongly convex function invariant
under Aut([g]) action. Extend it to a function ® : {FMS channels} — R as ®(P) = E¢(np).
By degradation, we have ®(Mj,) > ®(Mj,) for all k > 0. The following proposition shows that it
suffices to prove contraction of potential function ®.

Proposition 16 Assume that ¢ : P([q]) — R is a-strongly convex for some o > 0, and that

lim (®(My) — ®(My)) = 0. (35)

k—o0

11
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Then under the canonical coupling, we have
lim E|lr, — 7|2 =0, (36)
k—o00

where T, (resp. ) is the w-component of My, (resp. Mk ). In particular, if My = 1d, then both

limits limy_, oo M} and limy_, o M}, exist in the sense of weak convergence, and the two limits are
equal.

Proof
®(My) — (M) = Bz, E[p(m) — ¢(7) 7] (37)
> Ex, E(Vo(Tk), T — Tk) + %Hm — T |I5] 7]
> Er, (V7). Elme|fi] - ) + SElme — 7l
> SE|lm, — 7l

where the second step is by a-strongly convexity, and the third step is because 7 <,,, E[mx |7 and
¢ is convex (thus Schur-convex). Taking y the limit k — oo, we see that the Wasserstein W5 distance
between the w-distributions of My, and M}, goes to 0. Because limg_, o My, converges weakly to a
limit Mo, limg_~, M}, also converges to the same limit. |

Proposition 17 Assume that ¢ : P([q]) — R is a-strongly convex for some o > 0, and that

lim ((My) — ®(My)) = 0. (38)

k—o0

whenever My = 1d and (1) W is non-trivial and ]\70 =0,0r(2) W =0 and ]\70 is non-trivial.
Then boundary irrelevance and stability of BP fixed point hold.

Proof Boundary irrelevance: Let MO = 0, My = Id. By Prop. 16, we have

lim My = lim M. (39)
k—oo k—o0
In particular,
lim C(Mj) = lim C(My) (40)
k—o0 k—o0

where C denote capacity (Definition 11). Note that

kli}rgo C(My) = klggo I(op; oL, wr, | Tk), 40
lim C(My) = lim I(o,;wr,|Th). (42)
k—o00 k—o0

So this proves boundary irrelevance.
__ Stability of BP fixed point: Suppose there is a non-trivial fixed point FMS channel U. Let
My = U, My = Id. By Prop. 16, we have

lim M, = lim M. 43)
— 00

k—o0

12
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Because U is a fixed point, LHS is equal to U. On the other hand, RHS does not depend on U.
Therefore there is a unique non-trivial FMS fixed point. |

We remark that it might be possible to extend the degradation method to asymmetric models.
See Section H for more discussions.

3.2. Low SNR

For the low SNR case, we use SKL capacity as the potential function. We define
1
¢t () = CskL(FSCr) = Z(m — 5) log ;. (44)
i€[q]

It is useful for our purpose because it is strongly convex (Lemma 23) and additive under x-convolution
(Lemma 24). Using this properties we show that desired contraction holds (Prop. 25). We defer the
proof of Theorem 14 to Section C.1.

3.3. High SNR
For the high SNR case, we use Bhattacharyya coefficient as the potential function. We define

2

#(m=2msch = — [ | S va | -1]. (45)
i€[q]

It is useful for our purpose because it is strongly concave (Lemma 26) and multiplicative under -
convolution (Lemma 27). Using this properties we show that desired contraction holds (Prop. 29).
We defer the proof of Theorem 15 to Section C.2.

4. Boundary irrelevance does not always hold

In this section we prove that boundary irrelevance does not hold for the Potts model between the
reconstruction threshold and the Kesten-Stigum threshold.

Proposition 18 In the setting of Theorem 2, for all § > 0, there exists € > 0 such that for any FMS
survey channel W with C. » (W) <€, we have

kh—>nolo La(op;wr, |[T)) < 0. (46)
Proof [Proof of Theorem 2 given Prop. 18] In the reconstruction regime,
1 . > 1 . .
kli)nolo I(op;0r,, wr, | Tk) > kli)ngo I(op;or,|Tk) >0 47

Take 0 > 0 such that §log 2 < limy o [(0p; 0, |T}). Because I < I, 2 log 2, and by Prop. 18,
for weak enough survey channel W we have

kh_}rgo I(op;wr, |Tk) < klggo L2 (0p;wr, |T))log2 < dlog2 < kli}r{.lo I(op;or,,wr,|Tk).  (48)

13



GU POLYANSKIY

Therefore

lim I(op;0p, |Tk, wr,) = lim (I(o,;0r,,wr,|Tk) — 1(0p; wr, | Tk)) (49)
k—o00 k—o00

= klggo I(O'p; ULkaWTk‘Tk) — k1i>no10 I(Up;WTk‘Tk) > 0.

Proof of Prop. 18 is deferred to Section D.2. The proof uses contraction and local subadditivity
properties of the information measure C, 2.

Lemma 19 (Contraction) For any FMS channel P, we have
C,2(P o Py) < NC,2(P). (50)

Proof By reversibility and x?-contraction coefficient: 7, 2(Unif([q]), Py) = A% [

Lemma 20 (Local subadditivity) Fix g € Z>>. For any € > 0 and q-FMS channels P, () with
Cy2(P) < ¢, we have
Ca(PxQ) < (1+04(e7)(Ca(P) + Cy2(Q)), (51)

where Oy hides a constant depending on q.

Proof is deferred to Section D.1.
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Appendix A. Limit of channels

In this section we build the foundation for discussing limits of information channels. We view
a channel P : X — ) as a distribution of posterior distributions under uniform prior, i.e., the
distribution of Pyy where Px = Unif(&’), Y ~ P(:|X). Let p denote the posterior distribution
variable and P, € P(P(X)) be its distribution (called P’s posterior distribution’s distrbution). Note
that P, is invariant under channel equivalence.

We often work with sequences (Fj)x>0 of channels with the same input alphabet X. Let Py j,
denote the distrbution of posterior distributions of Py under uniform prior. Let P, be a channel with
input alphabet X and posterior distribution’s distrbution Py . We say (P)r>0 converges weakly
to P if (Pr ;) k>0 converges weakly to Pr o as distributions on P(X').

In general, given such a sequence, a limit does not necessarily exist. Nevertheless, when the
channels are related to each other via degradation, a limit channel exists.

Lemma 21 Let (P : X — Yi)r>0 be a sequence of channels with the same finite input alphabet.
If Py >deg Pry1 for all k, then (Py)> converges weakly to some channel P

17
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Proof By definition of degradation, there exists channel Ry : Vy — Vi1 suchthat Py = RpoP.
This gives rise to an infinite Markov chain

X-Yy—-Y1—-Y—---. (52)
Let iy, denote the posterior distribution variable Pxy, . Then we have

Elpp—1|Ye] = pog- (53)

Let F}, denote the o-algebra generated by (Y;);>x. Then (Fy),>o is a reverse filtration and (111) x>0
is a reverse martingale with respect to (Fj),>0. By reverse martingale convergence theorem (e.g., (Dur-
rett, 2019, Theorem 4.7.1)), limy_, o, p converges almost surely. Define pio := limy_, oo pr. Let
P, be a channel with input alphabet X whose posterior distribution’s distribution is f. Then
(Pg) k>0 converges weakly to Px. |

Lemma 22 Let (P : X — Yi)ir>0 be a sequence of channels with the same finite input alphabet.
If P, <geg Pry1 forall k, then (Pg) k>0 converges weakly to some channel Pe.

Proof By definition of degradation, there exists channel Ry : Vi — Vi1 suchthat P,y = RioP;.
This gives rise to an infinite Markov chain

X-Yo-Yi—Yy—---. (54)

Let 14, denote the posterior distribution variable Py |y, . Then we have

Elpe41]Ye] = k- (55)

Let F}, denote the o-algebra generated by (Y;);<x. Then (Fy)i>o is a filtration and (p) x>0 is a
martingale with respect to (F},),>0. Note that the variables 1, take values in P(X’), so are uniformly
bounded. By martingale convergence theorem (e.g., (Durrett, 2019, Theorem 4.2.11)), limg_, oo ttx
converges almost surely. Define pio := limg_ o . Let Py be a channel with input alphabet X’
whose posterior distribution’s distribution is fio. Then (Py)x>0 converges weakly to Ps. |

By symmetry, in Lemma 21 and Lemma 22, if the sequence (P ) x>0 consists of FMS channels,
then the limit P, is an FMS channel.

Appendix B. Proofs in Section 2

Proof [Proof of Prop. 9] Existence: The proof strategy is to partition ) into Aut(X’)-orbits and
show that the channel P restricted to each orbit is equivalent to an FSC.

Step 1. We first prove that we can replace P with an equivalent FMS channel whose Aut(X )
a~ction is frge, so that in later steps each orbiL is easier to handle. Define cllannel P:X —>Yx
Y, where J = Aut(X), sending X to (Y,Y) where Y ~ P(:|X) and Y ~ Unif(Aut(X)) is
independent of X. We give P an FMS structure where Aut(X’) acts on ) by left multiplication. It
is easy to see that P is equivalent to P. Therefore we can replace P with P and wlog assume that
Aut(X') action is free.

18
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Step 2. Let O = Y/ Aut(X) be the space of orbits of the Aut(X’) action on ). For an
orbit o € O, for any two elements y1,y2 € o, the posterior distributions 71 = Pxy—,, and
7o = Px|y—y, (with uniform priors) differ by a permutation, by the assumption that P is FMS.
In particular, 71 and 72 map to the same element in P(X’)/ Aut(X). Therefore we can uniquely
assign an element 7, € P(X)/ Aut(X) for any o € O.

Note that by symmetry, the distribution of o does not depend on the input distribution. Let
P, € P(O) be this distribution. Then P is equivalent to the channel X — (o, Z) where o ~ P, is
independent of X, and Z ~ FSC,,_(-|X). (Because Aut(X) action on Y is free, this equivalence is
in fact just renaming the output space.)

Step 3. Finally we prove that the FMS channel X — (o, Z) is equivalent to X — (7., Z).
One side is easy: given (0, Z), we can generate (7,, Z). For the other side, given (7, Z), we can
generate o' ~ P, _.. Then (¢, Z) has the same distribution as (0, Z), conditioned on any input
distribution. This finishes the existence proof.

Uniqueness: For any FMS channel X & Y, we can associate it with a distribution ) on
P(X)/ Aut(X), defined as the distribution of the posterior distribution Q) x|y, where Y ~ Qy|x o
Unif (X) is generated with uniform prior distribution. (By definition Q) is a distribution on P(X).
However, by symmetry property of FMS, @ is invariant under Aut(X’) action.) It is easy to see
that ) distribution is preserved under equivalence between FMS channels. Furthermore, for an
FMS channel of form X — (m, Z) as described in the proposition statement, this distribution of
posterior distribution is equal to P. Therefore P is uniquely deteremined by P. |

Proof [Proof of Prop. 10] Degradation = Coupling: Say P maps X to Y, and () maps X to Z. Let
7 € P(X) be the posterior distribution of input X given output Y, where Y ~ Py |x o Unif(X)
is generated with uniform prior distribution. Similarly define ﬂ'b. Then 7p (resp. mq) is the orbit of
Tp (resp. 7)) under permutation.

Degradation relationship P = R o () induces a coupling on the posterior distributions 7%, and
77&2. One can check that this coupling is invariant under Aut(X’) action and satisfies

7' = Elnglnp = '] vr' € P(X). (56)
S

For any ' € P(X), let p(7’) € P(X)/ Aut(X) denotes its projection. Then we have

p(7') < Elp(mg)|7p = 7']. 57
Taking expectation over the orbit, we get
T <m Elrg|np = 7] Vi e P(X)/ Aut(X). (58)

Coupling = Degradation: Step 1. We prove that for m, 7’ € P(X)/Aut(X), if 7 <, 7/,
then FSC; <geg FSCr. Because m <,,, 7', there exists a € P(Aut(X')) such that (see e.g., (Hardy
et al., 1934, 2.20))

Ti= Y. gy ViedX. (59)
oc€Aut(X)
For p € Aut(X), we have

. 1 1 .
FSCr(pli) = =D = >, aamﬂ-;_lp—l(i) = Y asFSCu(pali).
q oc€Aut(X) q c€Aut(X)

(60)
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Therefore we can let R map po to p with probability a,, for all o € Aut(X). This gives the desired
degradation map R.

Step 2. We use the FSC mixture representation (Prop. 9). Suppose P maps X to (7p, Zp), and
Q maps X to (mg, Zg). If

m = E[rg|tp = 7] Vr e P(X)/ Aut(X), (61)

then we can construct 12 by mapping 7¢ to coupled 7p (randomly), and keeping the Z component.

Now define an FMS channel P whose m-component is f(7p), where
f(m) == E[ng|rp = 7. (62)

Then by Step 1, P <geg P. By Step 2, P <deg @. Therefore P <4¢¢ Q. |

Appendix C. Proofs in Section 3

C.1. Proofs for low SNR case

We state a few properties of the function ¢*.

Lemma 23 ¢’ is 1-strongly convex on P([q]).

Proof

V3¢l (n) = diag <7r_1 + ;ﬂ_2> = 1. (63)

Lemma 24 &' (.) = Csk1(+) is additive under x-convolution.

Proof The statement follows from additivity of SKL divergence under *-convolution Kiilske and
Formentin (2009). For completeness, we present a direct proof using (20).
By FSC mixture decomposition (Prop. 9), it suffices to prove that

dL(FSC, xFSC,) = ®L(FSC,) + ®L(FSC,). (64)
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dL(FSC, xFSC)

- ¥

T€Aut([q])

>

TeAut([q])

- ¥

TeAut([q])

- ¥

T€Aut([q])

- ¥

T€Aut([q])

= Z:(Wj—1

Jj€ld]

q_1|z zT()

i€[q]

1
WZ T

E

¢ (7 %7 )

J€lq]

Z( i) 1>1g i)

/
Py Zke[q]ﬂkﬂ-r(k) > keld 7Tk7T (k)
T G)

2 kelg) 7T’“Tr(k)

Z T | log

e a]

e a]

1
)logm; + Z(ﬂ'; — &)logwg-

Jj€ldl

= L (FSC,) + oL(FSC,).

Condition (27) implies the desired contraction.

3 <(7r o )5 — ;) log(r %, 7,

Z”@ m) log(m;m7(j)

Proposition 25 If (27) holds, then limy,_, . (Q)L(Mk) — @L(Mk)> —0.

Proof Using BP equation and Lemma 24, we get

L (My11)

and the same holds with M replaced with M.

To prove that

= Ey [00" (M}, 0 P)) + ®H(W)] = d®" (My 0 Py) + ®" (W),

O (Mi1) = @ (M) < ¢ (@5 (M) = (M)

for some ¢ < 1, it suffices to prove that

d®E(FSC, oPy) — c®L(FSC,) = dp* ()nr + 1?) — col(m)

1s concave in 7.

Let ¢ = dA\2C¥%(g, ). Then for all v € 1+ € RY, we have

v V2 (d¢L <)\7T + 1_qA> - C¢L(7r)> v =d\fr </\7r L1z

21

/\,v) — CfL(Td',’U) <0

(65)

(66)

(67)

(68)
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where the first step is because v ' V2% (7)v = f¥ (7, v) and the second step is by definition of C'*.
Therefore contraction holds. |

Theorem 14 follows from combining everything.
Proof [Proof of Theorem 14] By combining Prop. 25, Lemma 23, and Prop. 17. |

C.2. Proofs for high SNR case

We state a few properties of the function ¢

Lemma 26 ¢ is a-strongly concave on P([q]) for some o > 0.

Proof For any m € P([¢]) we have

V2eH () = qil % (7r_1/2> (7r—1/2)T - % 3w ? | diag <w—3/2) . (69)
i€[q]

So for any v € 1+ C Ry,

T =y () - () )]
i€[q]

Let us prove that

(n=1/2 p)? 1
7z <1l——. (71)
(Zie[q} Ur ) <7T73/2> U2> \/a
Performing change of variable u = 7—3/4y, LHS of (71) becomes
<7r1/47 u>2
(72)

(Zicg ') Il

We would like to maximize this expression over the hyperplane (73/4,u) = 0. By geometric

interpretation, maximum value is achieved at projection of 71/4 onto the hyperplane, i.e.,
1/4 _3/4 3/4
w= /4 _ wﬂ?’ﬂ — gl/4 _ L (73)
lw3/4]13 Iw3/413"
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at which (72) achieves value

2
<Zie[q] /% — 13/2>

>ie lq] i

(74)
1/2 172 1
(Zie[q] T ) (Zie[q] U e 7r?/2>
1/2 1
Zie[q] [ 721@[(1] e
- 1/2
Eie[q] 7%'/
- 1/2 3/2
(Zie[q] m; ) (Zie[q] m )
1
<l-—
V4
where the last step is because
SnP<ve YAl (75)
i€[q] i€[q]
This finishes the proof of (71).
Therefore
1 2
T2 H _ —1/2 _ 1/2 -3/2 2
v V TV = s U T T U (76)
e gt ()= () ()

1 1/2 _
“mng |2 )

i€[q]
1 2
< —— v
T 20— 1)\/6“ I2

where the second step is by (71), and the third step is because Zie[q] WZ.I/Z >land73/2>1. W

Lemma 27 &Y (.) = Z() is multiplicative under x-convolution.

Proof The statement follows from tensorization property of Hellinger distance (e.g., Polyanskiy
and Wu (2023+)). For completeness, we present a direct proof using (20).
By FSC mixture decomposition (Prop. 9), it suffices to prove that

dH(FSC, +FSC,) = ®H(FSC,) 4+ @7 (FSC). (77)
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‘We have

H(FSC, xFSCy)

1 / /
TeAut([q]) i€[q]
PO e LT P | DRV
- (g~ 1) 2770 ) g (e )
TeAut([q]) i€[q] Jj€ld]
2
1 ;1 i)
= 2 — 1 2 T | oo > / -1
remtian \ 97 D' e ¢= 1\ \jgm \ 2wt ™o
1 1
- 2 (g—1)! ¢—1 2 Wﬂ'”?m =2 mim
TeAut([q]) Jj€ldl i€[q]
1
- (¢—1)! =1 2 VT
T€Aut([q]) J#ke[‘ﬂ
1
“Gmie | 2 VIR | 2 Ve
J#k€[q] J'#k €|
H(FSC, )@ (FSCy).
|
Lemma 28 For any BMS channel P, we have
Z(P) <4/1—C\2(P). (78)
Proof Let A be the A-component of P. Then
Z(P)=E2y/A(1 - A)] < /1 -E[(1 -2A)% = /1 - C,z2(P). (79)
The inequality step is by concavity of \/-. |

Condition (28) implies the desired contraction.
Proposition 29 If (28) or (29) holds, then limy_,o (@H (M) — ®H (Mk)) ~0.

Proof We treat the regular tree case and the Poisson tree case (almost) uniformly. For simplicity,
in this proof, we use the following notation. Let 1 be 1 if we are working with regular trees, and
0 otherwise. Let 1p be 1 if we are working with Poisson trees, and 0 otherwise.

Using BP equation and Lemma 27, we have

oM (My41) = Ky [(@H(Mk: o Py))’ ‘I’H(W)} (80)
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and the same holds with M replaced with M.
For ¢ > 0, define

~ 1{j<i} i>i
o =B | [] (((I)H(Mk ° PA)> @ (Mg 0 Py)) }> oH(w)| . 81)
JE(Y]

Fix ¢ > 1. Let us prove that

B — Biq < ci (@(Mk) - <I>(Mk)) (82)
for some constant ¢; to be determined later.
Note that
O~ Dy, = (@H(Mk o P) — o (My o PA)> (83)

', [1{1; > 4} (@H(Mk o PA))H (® (M, o P,\))b_i] (W)

Note that f(7,v) = —2(q — 1)v" V2¢H (7)v. Therefore by definition of C (¢, \), we have

V2 (@7 (FSCr oPy) — X2CH (¢, \)@" (FSC;)) = 0. (84)
So by degradation,
@ (My 0 Py) — &8 (M 0 Py) < N2CT (g, 0) (@7 (M) — @71 (M) ) (85)
By Prop. 30 and Lemma 28, for any € > 0, for £ large enough, we have
-1\
ST (Mo P\) < (1—c(g,\,d)- +e . (86)
d—1g "

Let

ci = NHW)CH (¢, VE,

2 _ =t
It{bzz'}(1—cH(q,A,d)-C;A 11+e) ] (87)
g .

Combining (83)(85)(86)(87), we get
O — ;g < c; (@H(Mk) - @H(Mk)) . (88)

Let us compute sum of ¢;. In the regular tree case, we have
d—1

- I = d\? —1 z
> e =d\T(W)CH (g, 0) (1 - (g, \,d)- 1 te) - (89)
i1 B +

For the Poisson tree case, we have

Y . -1 \'?
Zci:d)\i) (W)C"(q,\) exp | —d 1—(1—0 (g, A\, d) - 7 +€> . (90)

i>1 +
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Note that € > 0 can be chosen to be arbitrarily small. Therefore in both cases, for any ¢ > 0, for k
large enough, we can choose ¢; such that (88) holds and

-1
Z ¢ < d)\2<I>H(W)CH(q, A) exp <CH(q, A d) - dA 5 + 6'> . 91
i>1
Then
O (Myi1) — 7 (M) 92)

< [ Der | (@ (00 - 0" (1))
i>1
dx? —1
2

< d\20H (W)CH (g, \) exp <—CH(q, A d) - + a) (@H(Mk) - @H(Mk)) .

Because (28) or (29) holds, we can choose € > 0 small enough so that

dX\? —1
d\2eH (W) (g, \) exp <—cH (g, \,d) - - e’> < 1. (93)
This leads to the desired contraction. |
Theorem 15 follows from combining everything.
Proof [Proof of Theorem 15] Combine Prop. 29, Lemma 26, and Prop. 17. |

C.3. Majority decider

Proposition 30 Consider the Potts model BOT(q, \,d) or BOT(q, A\, Pois(d)) with leaf obser-
vations through a non-trivial FMS channel U. Let M,g denote the channel o, — vr, where
vy ~ U(-|0y). Assume that d\?> > 1. Then

L dA\2—1
lim Ce ((M,g oP)\)R) > c(q, A, d) T Regular tree case, 94)
k—00 c(q, A\, d) - 25 Poisson tree case.
where
2 q—2 d2-1\"
ANd)=(-+—  —— : 95

Furthermore, c¢(q, A\, d) > 1 forall A € [—qfll, 1} and d)\2 > 1.
Proof Let U™ be the reverse channel of U. Then the composition U* o U is a non-trivial ferromag-
netic Potts channel. So there exists 77 > 0 such that P, <gee U. By replacing U with P, (and using

Lemma 12), we can wlog assume that U = P, for some 7 > 0.
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Fix any embedding {£} C [¢]. Let e € R? denote the vector withe; = 1,e_ = —1,¢; = 0 for
i ¢ {£+}. Let
Se= > eu, (96)
vELy

We view Sy as a channel [q] — Z. By variational characterization of x2-divergence, we have

(E*[S, 0 Py))?

E+ [S]% o Py] D

Cy2 (M o P)T) >

where ET denotes expectation conditioned on root label being +. Similarly, we use E~ to denote
expectation conditioned on root label being —, and use E” to denote expectation conditioned on root
label being any label not +. Same for Var™, Var~, Var?.

For simplicity, in this proof, we use the following notation. Let 1 be 1 if we are working with
regular trees, and O otherwise. Let 1p be 1 if we are working with Poisson trees, and 0 otherwise.
Clearly 1p + 1p = 1.

It is easy to see that

E'Sy = emn(d\). (98)
Using variance decomposition formula, we have

Var’(Si41) = Var'(E[Si41|b]) + Ey Var' (E[Sg1|b, 01, . . ., ) (99)
+ Evari(5k+1|b7 01, -- ,Gb)

where o1, ..., 0y are labels of the children.
Let us compute each summand.

Var' (E[Sy11|b]) = Var’ (bAen(d\)*) = e2dA\?n?(d\)**1p, (100)
]Eb Vari(E[Sk_,_l\b, Tlyeeny Ub]) = d’l?Q(d/\)Qk Val“ij/\(.‘i)(ej), (101)
]EVari(Sk+1|b, Oly...,0p) = dE;~p, (i) [Varj(Sk)]. (102)

We have Var~ (Sy) = Var™ (Sy) and

Vart (Sp41) = dn?(d\)?* (()\ + 1_qA - 2) — /\2]lR> (103)
+d <<)\ + 1;/\ : 2> Var™ (S,) + l_q)\ (g—2) VarO(Sk)> ,
Var®(Sy11) = dn?(d\)** (FqA : 2) (104)

+d (1;’\ -2Vart(Sy) + (A - 1;/\ (g — 2)) VarO(Sk)> :
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By computing linear combinations of (103)(104), we get

Var T (Sg41) — Var®(Sy11) = d\ (Var®(Sy) — VarO(Sk))
+ dn?(dN)?F (N — X211 R).

-9 —2
Var® (Spy1) + qT Var’(S;, 1) =d <Var+(5’k) + qT Var0(5k+1)>

+ dn?(dN)*(1 = N1 R).

Solving (105)(106) we get

Var™(Sy) — Var®(Sy)

= (Var™(Sp) — Var®(S0)) (dN)* + D dn?(dN)*2(dN)* (A — N’1g)

1<i<k
=0 ((d)\)k> + dn2(dA)’f—1%(A — A1pg)
= (1 o(1) - AR )

and

-2
Var™ (Sy) + qT Var®(Sy,)

= (Vaﬁ(so) + % VarO(S0)> d"+ > dpP(dN)*2d (1 - ML)

1<i<k
_ k o g (AN —1 2
_O<d)+77 4= (1 - N1p)

= 1 1 —_— .
(I +0(1)—zg—y 7 (dN)

Combining (107)(108) we have

+ =(1 1))=
Var™(Sg) = (1 + o ))q 21 T o1
Now we compute moments of Si o Py.

E*[S) 0 Py] = An(dA)”.
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A+ —= 2> E+[S?] + 1_qA - (q — 2)E°[S7] (111)

A+ =X 2) (Var™ (Sy) + (E*Sk)?) + 1;/\ - (¢ — 2) Var®(Sy)

q
2 /1-)\1 1—AMp g—2
A+ o0)? (gt e 1 )n2<dx>2’“
q

A d2—1 " dx—1
1 1
+<A+A 2> n?(d\)*k + q’\-Q-(1+ (1))

2 (d)\)
2 dX\?— \1p g—2 d\—)Alpg
= (1 (= =" 4. d\
R e . )"( )
d—1
_ -1 R 2 2 2k
= (1+o0(1))c(g, A, d) d)\2—1)\ (dA)
Finally,
E*[S) o P\])> dx2 -1
C MUPR>(—:1 1 A\ d) - 112
XQ(( kE © )\) )— E+[S20P)\] ( +0( ))C(q7 ) d— ]]-R ( )
[ ]

C.4. Bounds on key constants

In this section we prove bounds on key constants used in Theorem 14 and 15.

Proposition 31 For g € Z>o, X € [ —= 1}, we have C*(q, \) < ¢% where C*(q, \) is defined
in (22).

Proof We have

<</\7r+1;/\)_1+;()\77+1_q)‘>_2,v2>

(113)
<7r—1 412 1;2>
q )
A 2) 2
<()\7r+1q> ,v2> <()\7T+1q) ,v2>

<

- N I LN

< max{q,¢”} = ¢*.
where the second step is by Lemma 33. |

Proposition 32 For ¢ € Z>3, A € {—q_%,l], we have CH(q,\) < ¢°/2, where CH(q,\) is
defined in (24).
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Proof By (71),

f(mv) > L ZTI';/Q <7T_3/2,U2> > 1 <7T_3/2,U2>. (114)

On the other hand,

B o\ 172 4\ —3/2
f<)\7r—|—1 q)\,v> < Z<)\7rz+1/\> <<)\7r—|—1q)\> ,v2> (115)
iclq

< Va4 ]< 1”) 3/2,v2>.

Combining (114)(115) we get

Piwri) () )

fmw ST e

< ¢ (116)

where the last step is by Lemma 33. |
The following lemma is the crucial step in the proof of Prop. 31 and 32.

Lemma 33 Forq € Z>2, a € R>q, A € [ 1 1}, we have

<(/\7r+ %)_a ,v2>

sup — < q“. (117)
reP([q)) (m=e, v?)
velltCRY
Proof We prove the ferromagnetic case (A € [0, 1]) and antiferromagnetic case (A € [—q%l, 0})
separately.
Ferromagnetic case (A € [0, 1]). In this case, we have
1—A
At —> 2 (118)
q q

for all z € [0, 1]. Therefore

<<)\7r+ 1_qA> a,v2> < <(D_a,v2> — ¢ (77 0?). (119)

Note that we did not use the assumption that v € 1-+.
Antiferromagnetic case ()\ € [— q%l, 0} ) . We would like to prove that

q“” <7T_a,’02> — <<)\7T + 1_)\>—Q’U2> = <b, v2> (120)

q
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is non-negative for all 7 € P([q]), v € 1+, where

b= (W> o </\7T T H) - (121)
q q

Step 1. We fix 7 € P([q]) and determine the optimal v € 1 to plug in (120), reducing the
statement to one involving 7 only.

If \x + % < % for some z € [0, 1], then = > 11_;/\):] > 2;%1 > % So there exists at most one
7 such that \m; + % < % (equivalently, b; < 0). We can wlog assume that 71 > 7o > --- > 7.
Then we know Am; + % > % (equivalently, b; > 0) for all 2 < ¢ < gq. If b1 > 0, then <b, 212> 18
non-negative for all v and we are done. Therefore, it remains to consider the case b; < 0.

If v; = 0, then <b, v2> is non-negative. Therefore we can assume v; # 0. By rescaling, we
can assume that v1 = 1. Sova + --- 4+ v, = —1. Because bo, ..., b, are all positive, to minimize
Z2§i§q bivf under linear constraint v2 + - - - + v, = —1, the optimal choice is v; = —bz-_lZ ~1 for

2<i<qgwhere Z:=3 H b; 1. For this choice of v, we have

(bv?) =bi+ Y b (=b'Z7 ) =b+ 27 (122)
2<i<q

Therefore, it remains to prove

Z < (=b)”! (123)
where 1 > --- > mg, by < 0,and by, ..., by > 0.
Step 2. We reduce to the case where 73 = - - - = 7, = 0. Note that
Suey ((2) - (w2
7 = byl = <<Z> - (/\m + ) ) ) (124)
2<i<q 2<i<g \ N1 9
By Lemma 34, for fixed 71, the optimal choice (for maximizing Z) of 7, ..., mgis 73 = --- =

mq = 0.

Write 1 = 1 — x, m9 = x where x € [O, i‘:—i‘g] Then

b1:<1;x)_ —()\(l—x)—i—l_)\)_ , (125)

q

()7 e))

By rearranging terms in (123), we reduce to proving

) (5 e ) e )
q q q q

forq € Z>o,a € R>1, A € [—q_%,()], T € [0, 7?3\\2]
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Step 3. Let gg.q,2()\) := ()\x + %)%Y + ()\(1 —x)+ %) “ be the RHS of (127). Then

Yo onA) = a(a+1) <a: _ 1>2 ()xx N 1_)\> —a—2

q q
1\? 1-2\ "7
+a(a+1)<1—az—> <)\(1—x)+>
q q
> 0.
SO gg,a,x 1s convex in A. Therefore it suffices to verify (127) for A = 0 and A\ = —q%l. When
A = 0, we have
1\ ¢ 1\ “ x\ 1—z\ “
Ja.aw(A) = (q) + <q> < <q> + < . ) . (128)
When )\ = —q_%, we have
1—z\ ¢ x \ “ x\ 1—z\ ¢
\) = R . 129
Ja.aa(N) (q—1> +<q—1) _<Q> +< q > (129
This finishes the proof. |

Lemma 34 Forq € Z>2, a € Ry, A € [—qfll, 0}, the function

f(z) = ((2) o <)\x n 1_qA) _a) h . (130)

is convex in z € [0, f_;)j\q]

Proof Let g(z) = ++~. Then

f(x) = EE (131)
It suffices to prove that
29/ ()* — g(x)g" () = 0. (132)
We have
—ol 1—A\ > ?
29’ (2)? — g(z)g" (x) = 20> (q_l (2) - A <)\x + q) > (133)

()7 (e 5
atwen (i (2) o (e 1227,
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Write u = %,v:)\x—l—%,c:q)\. Then we have 0 < u < v < 121nd—q%1 < ¢ < 0. It suffices
to prove

205w — v 2 —a(a+ 1) (um — v ) (w2 = o) > 0. (134)
We have
202 (u™ ! — v 2 —a(a+ 1) (um — v ) (w2 = Fom0?) (135)
> 04(05 + 1)((u—a—1 . Cv—a—1)2 _ (u—a _ v—a)(u—a—Q o CQU—a—2))
=ala+Du % ut —cw!)?
> 0.
This finishes the proof. |

Appendix D. Proofs in Section 4
D.1. Local subadditivity

In this section we prove Lemma 20. We first prove the special case of FSCs.

Lemma 35 Fix q € Z>y. Forany ¢ > 0 and 7,7’ € P([q])/ Aut([q]) with C\2(FSCr/) < €, we
have

Cy2(FSCr % FSCr) < (1 + Og(€'/?))(Cy2(FSCr) + Cy2 (FSCrr)). (136)

Proof [Proof of Lemma 20 given Lemma 35] Let 7p (resp. m¢) be the m-component of P (resp. Q).
Because the constant does not depend on @, it suffices to prove the case where () is an FSC,
ie., mq is fixed.
If C\2(Q) < ¢2/5 then by Lemma 35, we have

Cy2 (P % Q) = ErpCy2 (FSCrp xFSCry)

<E., [(1 + 0y(/%))(Ch2 (FSCrp) + Cia (Fscm))]
= (14 O0g(e'/?))(C,2(P) + C\2(Q)). (137)

In the following we assume that C,2(Q) > ¢%/°. By Markov’s inequality, we have
P [CXQ (FSCy,) > 62/5} < 30 (138)
Write
C2(P+Q) = Erp [Cx2 (FSCorpp + FSCry ) I{C,2 (FSCyr,,) < /7 }}
VE,, [CXQ (FSCrp, + FSCry ) 1{C,2(FSCyry,) > €2/ 5}]

=L+ R. (139)
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For L, by Lemma 35, we have
L < (1+O0y(¢"/%)Ex, [(CXQ (FSCrp) + Cy2(FSCry ) 1{C,2 (FSCyr,.) < €2/5}
< (14 04(2))(Cy2(P) + C,2(Q)). (140)

For R, by (138) and the assumption that C,2(Q) > €2/5, we have

E,, [CXQ (FSCrp « FSCry ) 1{C,2(FSCrp) > /53] < 0y (¥/5) < 04(/)C12(Q).  (141)

Combining (140) and (141) we finish the proof. |

Proof [Proof of Lemma 35] Because the statement is monotone in €, we can wlog assume that
Cy2 (FSC,) =e.
Let 7, = %. Then

1
Zi:q =0, C(FSCy)= qzi:ef =e. (142)
By (20),
2,12
1 i T T (i)
Cy2(FSCr*FSCr) =¢ > : —~1
X s s _ ' !
fes, A DY mim)
1 (1 + €r())?
oy e ETe el (143)
€5, q: 1+ Zz Ti€r(4)
Recall the following basic equality.
1 z3
=1- 2 . 144
1+a SR s (144)
We apply (144) with x = ), mie,(;). Because [z| = O,(e'/?), we have
3
x
= O, (¥/?). 145
1+ q(€”7) (145)

So

i (1 + i)
L+ mier)

= (Z”Z(Ure ('))2> (1—:U—|—1‘2— “ >
- ! v 1+z
2
< (Z mr (1 + 67(2'))2> (1 =) mierg + <Z 7?1%@)) + Oq(€3/2))

2
< <Z 7TZ-2(1 + 67(@'))2> (1 — ZmeT(i) + (Z 771‘@(1‘)) ) + Oq(63/2), (146)
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where the last step is by

> w14 e)” = 0(1). (147)

Let us expand the first summand in (146).

2
(Z w1+ ﬁf(i))2> (1 - Zﬂsz(i) + <Z m@m) )
2
(Z ™42 Z i er() + Z W?ﬁm) (1 - Z Ti€r(i) T (Z Wr(z’)) )

— (D+2+0@)(1-®+6)
—D— 0@+ DO + @ — @D+ @6 + @ — OB + @O, (148)

Note that we have the following loose bounds:
©=0,(1), [@=0,(?). ®@<O,(c). [®<O,(?), ®<OL 0.  (149)

1

Let us study every term under » For simplicity, write

TESG q°
1
A= wa = (1+C,2(FSCy)) . (150)
@:
Lo- lZﬂZ?:A. (151)
q! q' =
TES, TES, i
O@:

2 czl!@@ - ql' (Z”3> (ZWT@)) = 0. (152)
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O®:
2
Z* ®o=3 - (Z ?) (ZWT@))
TES, TESq .
_AZZ TG € (i) Er())
i, TESq
_AZQGJ Z
TES,
— . Zkﬂ-k Z:‘%
_AZZJ:QGJ{ 2= 1)( — k) iF
— A (Zj:eg.Clzzk:w,%%—zi:ei(—ﬁ)'q(ql_l) <1—Zk:7713>>
1 1
:eA-qA_l.
q—1
@:
Zl‘ Z— 227‘(6
T€S, 7 TESy
Q®@:

qu!.@@ > 5 (227” )(;Wi67(1)>

TES, Tesq
YN L
1,j TESq
= 22616] Z - (1)777( )
TES, q

~Saag{ 10 iy
=" dan Zemed - m) A,
1 1
=23 - D m+2) al-a) o
i k ‘
1 2 3 1 2
:2.7Zei Zﬂ’k—jzﬂk(l_ﬂ-k)
q i k q k
1 4
L (15w 3) 20
k k

k
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where the last step is by

e SR I B

k k k
@®: By (149),
1 3/2
Y = @8] = 0y(e?). (157)
TESy T
®@:

q!

Z : Z (ZWZGT()>_ZW?'1ZG§ZGA. (158)

TES, TESq 1 J
@@: By (149),
1 3/2
> — - @B = Oy(e"?). (159)
T€S,
®®: By (149),
1 2
D = @6 = 0y(e). (160)
T€S

Plugging (151) - (160) into (148)(146)(143), we get

Cr2(FSCrxFSCr) < ¢ <A ben. 4 _11 +eA+ Oq(€3/2)> -1

A
= (qgA 1) <1+qq€_1+6> + e+ 0y(*?)

- <1 + qul + e> C\2(FSCy) + (1 + Oy(€/2))C2 (FSCyr)
= (14 Og(e'/))(C,2(FSCy) + Cy2(FSCr)), (161)

where the last step isby A < 1. |

D.2. Proof of Prop. 18

Proof [Proof of Prop. 18] We treat the regular tree case and the Poisson tree case uniformly. Let
D be the offspring distribution, i.e., D = 1, for the regular case and D = Pois(d) for the Poisson
case.
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Let C7; > 0 be the constant in Lemma 20, i.e., for all ¢ > 0, FMS channels P : X — ),
Q : X = Z with C\2(P) < ¢, we have

Ca(PQ) < (14 C1e/%) (Cra(P) + Ca(Q)). (162)

Let Uy > 0 be such that C)2(P) < C; for all FMS channels P.
Take ¢, co > 0 such that

exp(c1)d\? + cp < 1. (163)
Take bg such that for all ¢ > by, we have
tPPyup[b > t] < caCy (1 C7h)°. (164)

For the regular case we can take by = d. For the Poisson case the existence of such by follows from
Poisson tail behavior.
For € > 0, define

b(e) == c1C7Le™ 15, (165)

Take ¢y > 0 such that b(eg) > bo.
Take €; > 0 such that ¢; < min{ep, d}. Take € > 0 such that € < ¢; and

(exp(e1)dN? + co)er + exp(cr)e < €. (166)
Let W (resp. P) be a ¢-FMS channel satisfying C, 2 (W) < e (resp. C,2(P) < €1). We have
C,2(BPw (P)) = EpupCy2((P o P\« W)
—Eyop [cxg((p o P\ )" % W)L1{b < b(q)}}
+Eyop [cxg (PoP)™ % W)L{b > b(el)}}
—L+R (167)
For L, by induction on b we have
Co2((Po P % W) < (14 Crey/*)P(bC,2(P o Py) +€) < (1+ Crey )P (bX%€; +€). (168)
Then
L<Eyp [exp(cle}/%)(bvq +eL{b < b(el)}}
< Ep.p {exp(Cle}/E’b(el))(b)\?q + e)}

< exp(Cle}/E’b(el))(d/\%l +€)
= exp(c1)(dN%e; +e). (169)

For R we have

R<(Cy- 0202_1 (6101_1)5 . b(61)75 = co9€q. (170)
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Combining (167)(169)(170) we get
Cy2(BPw(P)) < (exp(c1)dA? + ca)er + exp(cr)e < €. (171)

Let M, be the channel o, — (T}, wr, ). Then M1 = BPy (M}). By (171) and € < € we
see that

CXQ(Mk) <€ <6 (172)

for all k. This finishes the proof. |

Appendix E. Asymmetric fixed points

Up to now we have focused on symmetric fixed points of the BP operator. If we view the BP
operator as an operator on the space of g-ary input (possibly asymmetric) channels, then a natural
question to determine the (possibly asymmetric) fixed points. In the case ¢ = 2, Yu and Polyanskiy
(2022) showed that there is only one non-trivial fixed point, and the fixed point is symmetric. For
q > 3, it is no longer the case.

Proposition 36 Work under the setting of Theorem 1. If ¢ > 3 and d\?> > 1, then the BP operator
(7) has at least one non-trivial asymmetric fixed point.

Proof Consider the channel U : [¢] — {+}, which maps 1 to + and 2,...,¢ to —. Because
BP(U) <qeg U, the sequence (BP¥(U))x>0 is non-increasing in degradation preorder. Therefore a
limit channel BP*°(U) exists by Lemma 21.

We would like to show that BP*°(U) is a non-FMS non-trivial fixed point. When d\? >
1, count-reconstruction is possible (see e.g. Mossel (2001)). So it is possible to gain non-trivial
information about whether the input is 1 by counting the number of 4. So BP°°(U) is non-trivial.

On the other hand, BP**(U)(-|i) are the same for ¢ = 2,...,q. This cannot happen for any
non-trivial FMS channel. Therefore BP°°(U) is not an FMS channel. |

Nevertheless, when the condition in Theorem 1 holds, for an open set of initial channels, it will
converge to the unique FMS fixed point under BP iterations. We make the following definition.

Definition 37 Let U : X — ) be a channel where X = [q|. We say U has full rank if there exists a
partition of Y into q measurable subsets Y = E U - --U E, such that the ¢ X q matrix

(U(Ejt))ielq) el 73)

is invertible.

Proposition 38 Work under the setting of Theorem 1. If (q, A, d) satisfies (27) or (28), then for any
q-ary input (possibly asymmetric) channel U of full rank, we have

BP*(U) = BP>(Id). (174)
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Proof We prove that under the condition that U has full rank, there exists a channel R such that
R o U is a non-trivial Potts channel.
Because U has full rank, there exists a partition ) = Fq U - - - U Ej such that

(U(Eji))ielq) jelq 75

is invertible. Define () : J) — [g] by mapping y € E; to i for all i € [g]. Then we can replace U
with @ o U and wlog assume that ) = [q].

By Lemma 39, there exists A > 0 such that P\ <4, U. Therefore P\ <qeg U <qeg Id.
Degradation of g-ary input (possibly asymmetric) channels is preserved under BP operator. So by
iterating the BP operator, we get

BP™(P)) <deg BP®(U) <qeg BP™(1d). (176)
The first and third channels are equal by Theorem 1. Therefore BP*°(U) = BP*°(I1d). [
Lemma 39 Fix q € Z>2 and € > 0. Then there exists A\ > 0 such that for any probability kernel
U :lq] = [q] with omin(U) > €, we have Py <geg U.
Proof Because oy (U) > €, we have

max ‘(U‘l)i,j

< U2 < g™ (177)
i,5€q]

Let J € R9%Y be the all ones matrix. Because U is a stochastic matrix, we have U ~1.J = .J. Because
the maximum (in absolute value) entry of U ! is bounded by an constant, for some constant A > 0
the matrix U ~! Py has non-negative entries. Note that U 'Py\1 = U~ '1 = 1. So U 'Py is a
stochastic matrix. Let R = U~ 'Py. Then Ro U = UR = P, thus P, <deg U. |

For the boundary irrelevance operator BPyy, (10), the situation is simpler: when the survey FMS
channel W is non-trivial, there is no asymmetric fixed point.

Proposition 40 Work under the setting of Theorem 1. If (q, \,d, W) satisfies (27) or (29), then
BPyw has only one fixed point.

Proof Suppose U is a fixed point of BPy,. We have
0 Sdeg U Sdeg Id. (178)

Degradation for g-ary input (possibly asymmetric) channels is preserved under BPyy operator. So
by iterating the BPy operator, we get

BP§2(0) <deg BP{Y(U) <deg BP(Id). (179)

The first and third channels are equal by Theorem 1. Therefore U = BP3;(U) = BP{(1d) is equal
to the unique FMS fixed point. |
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Appendix F. SBM mutual information

In this section we prove Theorem 3. The proof is a direct generalization of (Abbe et al., 2021,
Theorem 1).

Proof [Proof of Theorem 3] Let V¢ ~ EC.(:|X,) forv € V and € € [0, ] Let v € V be a fixed
vertex. Define f(e) := 1I1(X;G,Y*). Then f(0) = H(X,) and f(1) = 1I(X;G). Furthermore,
calculation shows that

f'(e) = —H(X.|G, Yi,)- (180)

Let k € Z>; be a constant, B(u, k) be the set of vertices with distance < k to u, and 9B (u, k) be
the set of vertices at distance k to u. By the data processing inequality and Lemma 42, we have

By Lemma 41, we have

I(op; Wi\, Tk) — 0(1) < I(Xu; G, Yy ) < I(0p; Wi, 01| Tk) + 0(1). (182)
Taking limit n — oo, then taking limit k& — oo, we get

klggo I(op;wiyn [ Th) < nh_g)lo I(Xu; G, Yy,) < klgr;o I(op; Wi\ pr 0Ly [ Th)- (183)

The first and third terms are equal by the boundary irrelevance assumption. Therefore

nh_%lol(X G, Yi,) = hm I(Jp,wT \ol k) (184)
So
1 '
nh_}nolo ﬁI(X;G) = H(X,) —/0 nh_)rglo H(Xu|G, Yy, )de (185)

1
/ lim I(Xy; G, Yy, )de

O’I’L—>

1
| Jim oo |70 de

Lemma 41 (SBM-BOT coupling) Let (X,G) ~ SBM(n, q, %, 5) Letv € V and k = o(logn).
Let B(v, k) be the set of vertices with distance < k to v, and 0B(v, k) be the set of vertices
at distance k to v. Let d = Db gpg \ = Wi)m' Let (T, 0) be the Potts model with
broadcasting channel Py, on a Poisson tree with expected offspring d. Let p be the root of T, Ly, be
the set of vertices at distance k to p, Ty, be the set of vertices at distance < k to p.

Then (G|B(v,k)> XB(v,k)) can be coupled (with o(1) TV distance) to (Ty, or,).

Proof This is a well-known result and has appeared in many places. For a proof, see e.g., (Mossel
etal., 2022, Lemma 6.2). [ |

In the following, we use a.a.s. (asymptotically almost surely) to denote that a event happens
with probability 1 — o(1).
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Lemma 42 (No long range correlations) Let (X,G = (V,E)) ~ SBM(n,q, %, %) Let A =
A(G),B = B(G),C = C(G) C V be a (random) partition of V such that B separates A and C
in G. If|AU B| = o(y/n) a.a.s., then

P(X 4| Xpuc, G) = (1 + o(1))P(X4| X5, G) a.a.s. (186)

Proof This is a special case of (Gu, 2023, Prop. 5.6). For completeness we present a self-contained
proof here. The proof is a generalization of (Mossel et al., 2015, Lemma 6).
For e = {u,v} € (‘2/), define

uXy ifeeF,
1/)€(G7 X) L { 1— wX;fL’XU) lfe g E, (187)
) oa, ifi=y,
where w; j := { b, ifi . (188)
Then
P(G, X) :i=P(X)P(GIX) =¢ " [] ¢(G X). (189)
e€(3)
We partition (%) into four parts. Define
Vv
El::{6€<2>:|eﬂA]:|eﬂC'|:1}, (190)
By = {ee (g) lenC| —0}, (191)
14
Egzz{ee<2>:|eﬁA]:O,|eﬂC|>1}. (192)
Then £ U Eo U By = (‘2/) is a partition of (‘2/) Define
Qi = Qi(G, X) = [] ¢e(G,X) Vie3]. (193)
ecE;
Then
P(G, X) = ¢ "Q1Q2Qs. (194)

We prove that (); is approximately independent of X ¢ a.a.s. Let (v, ),>0 be a deterministic
sequence with a,, = w(y/n) and o, |A| = o(n) a.a.s. Define

n

0= (v eld": [N) - 2| < anvi € a, (195)
Qu = {Y eQ: Yy = XU}7 (196)
where N;(Y):=#{veV:Y,=1i}. (197)

By concentration of N;(X), we have X € Q a.a.s.
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Note that 1 N E = (. So

Ql = H wuv(Ga X)

ucAweC

N

ucAweC

=(1+o0(1)) H exp (—%) a.a.s. (198)

ucAveC

where the third step is because |A| = o(y/n) a.a.s. and

exp (—=ee ) = (140 (n72) (1 - ete ). (199)

n

For every u € A and X € (2, we have

H exp ( X“’X“)

veC

. (_wagxu>

veC

= exp ( 3 “’% : (Z + 0(%)> + O(nl))
i€[q]

= exp (1 Z Wx, i = O(annl))

i€[q]
= exp (—d £ O(a,n™ ")) aas. (200)

Combining (198) and (200) we get
Q1= (1+0(1)) exp (—d|A| £ O(an|Aln™))
= (1£0(1)) exp (—d|A]) =: (1 £0(1))K(G) a.as. (201)
By (201), we have
P(G, X) = (1+0(1))g "K(G)Q2Q3 a.as. (202)
Furthermore, for any U = U(G) C V we have
P(G, Xy) = (1+0(1))P(G, Xy, X € Q)

(1+0(1) Y ¢ "K(G)Q2(G,Y)Qs(G,Y)aas. (203)
YeQu

Therefore

P(Xaug, G) ZYGQAUB @2(G,Y)Q3(G,Y)

PXalXe,6) = i, gy~ M) S @ V)@ )

a.a.s. (204)
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Note that Q2(G,Y) is a function of (G, Yaup) and Q3(G,Y) is a function of (G, Ypyc). So the
numerator of (204) is a.a.s. equal to

Q2(G,X) Y Q3(G,Y) (205)
YeQaun

and the denominator of (204) is a.a.s. equal to

> @AGY) > @s(ay) . (206)

YeQpue YeQaur
Combining (204)(205)(206), we get

P(X4|Xp,G) = (1+0(1)) @2(G, X) a.a.s. (207)

ZYEQBUc Q2 (Gv Y)

Similarly, we have

P(X,G)
]P)(XBUCa G)
Q2(G, X)Qs(G, X)

P(Xa|XBuc,G) =

=(1=+o0(1
s (G )@ (G
QZ(G7 X)
=(1+0(1 .a.s. 208
(140 ))ZYGQBUC 0:(C.Y) a.a.s (208)
Comparing (207) and (208) we finish the proof. |

Appendix G. Optimal recovery algorithm

In this section we prove Theorem 4 and 5.

Proof [Proof of Theorem 4] We run Algorithm 1. Let p € V be a fixed vertex. For k € Z>1,

define B(p, k), 9B(p, k) as in Lemma 41. By Lemma 41 and induction on ¢, we see that mq(f)_w has

the same distribution (up to o(1) TV distance) as the posterior distribution of o, conditioned wr,.

Therefore ml(flm has the same distribution (up to o(1) TV distance) as the posterior distribution of

o, conditioned wr;,. So as n — oo, Algorithm 1 achieves accuracy

1— lim P, T, . 209
k:;nolo e(o'p‘ kvak) ( )
On the other hand, we have
Pe(Xp‘Ga Y) > P Xp’Gv Y, X('?B(p,k))
=P

v

P.(op|Ty,wr,,00r,) — o(1).

(
e(Xp|G7 YB(p,k:)7 XBB(p,k)) + 0(1)
(
Pe(op| Ty, wr,,) — o(1). (210)
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Algorithm 1 Belief propagation algorithm for SBM with side information

1: Input: SBM graph G = (V, E), side information Y € YV

. Output: X € [q]V

(0) (Yu )
My Sy <Zj6[q] W(Yu\j))ie[q] V(u,v) € E

w1

4 1+ [log®9n|
5: fort=0—1r—1do
6: for (u,v) € E do
7:
ZWD <> wwli) I DD mi (k) Pakly)
j€lq] (u,w)EE,w#v k€[q]
8:
—1
mh e [ (20) wealy TT D0 mi. (k) Pkl
(u,w)EE,w#v k€[q] i€[q]
o: end for
10: end for
11: foru € V do
12:
Zy > W) T D mb.(k)Pakls)
J€ld] (u,w)EE k€q]
13:
my — | 2,8 W H Zm k)Py(k|i)
(u,w)€EFE k€[q] i€l
14: X, « arg max;e g Mu (i)
15: end for

16: return )2'

where the first step is by data processing inequality, the second step is by Lemma 42, the third step
is by Lemma 41, the fourth step is by boundary irrelevance with respect to W. Taking limit n — oo,
then k£ — oo, we see that

P.(X,|G,Y) > lim P.(0,|T),wr,). (211)
k—oo
This shows that Algorithm 1 is optimal. |

Proof [Proof of Theorem 5] We run Algorithm 2. The proof is a variation of the proof in Mossel
et al. (2016).

Choice of u;. For every i € [g], the set {u € U : Xy, = i} has size T + o(n). Therefore
with high probability, there exists v € U with X, = 7 that satisfies (a). Furthermore, because Y is
independent of U, we can equivalently first generate the graph G\ U, then compute Y, then generate
the edges adjacent to U. In this way, we see that with high probability, for all u € U satisfying (a),
the empirical distribution of {Y,, : v € V, (u,v) € E} has o(1) total variation distance to Py F'. By
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Algorithm 2 Belief propagation algorithm for SBM

1: Input: SBM graph G = (V, E), initial recovery algorithm .A
Output: X € [¢q]V
s < 1 if model is assortative; s <— —1 if model is disassortative
7 < [log" n|
U < random subset of V' of size | /n|
Y + A(G\U)
Fori € [q], uw € U, compute Ny (u,i) < #{Y, =i:v € V,(u,v) € E}
For i € [q], choose u; € U such that
(a) u; has at least v/log n neighbors in V'\U, and
(b) SNY(Ui,i) > SNY(”i?j) fOI‘j S [Q]\Z
9: forv € V\U do
10: Y? + A(G\B(v,r —1)\U)
11:  Relabel Y" by performing a permutation 7 € Aut([g]), so that sNyw(u;, 1) > sNyw(u;, j)

fori € [q], j € [¢]\i. Report failure if this cannot be achieved.
12: MY Ny (ui,5)

e AN A N

i S Nyo (wind)
13: Run belief propagation on B(v,r — 1) with boundary condition Y[’;)B(v,r)’ assuming the
channel from 0B(v,r — 1) to 0B(v,r) is H"
14: )2',] <+ maximum likelihood label according to belief propagation
15: end for
16: )?v <~ 1forallve U
17: return X

assumption (1)(3) in Theorem 5, we have s(P\F'); 7y > s(PAF); +(jy + [Me fori € [q], 7 € [q]\i.
Therefore with high probability, for all u € U satisfying (a), we can identify X, up to a permutation
7 € Aut([g]) by computing arg max ¢, sNy (u, j). Therefore with high probability we are able
to choose the ;s in Line 8.

Alignment of Y with Y. The above discussion still holds with Y replaced by Y*. One thing to
note is that by Lemma 41, | B(v, 7 —1)| = n°(!) with high probability. So removing B(v,r—1) from
G has negligible influence to the the empirical distribution of labels of neighbors of w;s. Therefore,
with high probability, we are able to permute the labels Y so that the empirical distributions align
with that of Y. (Note that we do not assume the empirical distributions for Y and Y are the same;
we only use that they both satisfy condition (3).) Furthermore, we can compute the transition matrix

M® = PyF® 4 o(1). 212)

Boundary condition of BP. Because Y” is independent of edges between 0B(v,r — 1) and
0B(v,r), we can equivalently first generate the graph G\ B(v,r — 1)\U, then compute Y, then
generate E(0B(v,r —1),0B(v,r)). In this way, it is clear that Y}, for one (u,w) € E(9B(v,r —
1),0B(v,r)) is equivalent to one observation of X, through channel M.

Property of M". Note that M" >geq Py_,(1)F". By Lemma 39 and condition (2), we have
F?Y >4eg Py for some constant A > 0 not depending on n. Therefore M"Y >deg P for some
A’ > 0 not depending on n.
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Convergence of BP recursion. Because \” > 0 is a constant, by the stability of BP fixed point
assumption, for any « > 0, there exists some integer ko not depending on n such that

P.(BP*(MY)) > P.(BP*(Py/)) > Jim P.(BP¥(Id)) — k. (213)

Because r = w(1), belief propagation in Line 13 converges to o(1) in TV distance to the fixed point.
Therefore we achieve desired accuracy in Line 14. |

Appendix H. Discussions

Phase transition for BP uniqueness and boundary irrelevance. We summarize the phase tran-
sition for BP uniqueness and boundary irrelevance as follows. The important thresholds are the
reconstruction threshold and the Kesten-Stigum threshold (dN\? = 1).

* Below the reconstruction threshold: The BP operator (without survey) has no non-trivial fixed
points. We conjecture that BI always holds below the reconstruction threshold. Low SNR part in
Theorem 1 shows that BI holds whenever d\? < ¢~ 2.

* Between the reconstruction and the KS threshold: Theorem 2 shows that boundary irrelevance
does not hold in this regime. The BP operator has a non-trivial fixed point. This fixed point is
not globally stable, i.e., there exists non-trivial channel U such that BP°°(U) is trivial Janson and
Mossel (2004). We do not know whether the BP operator has a unique non-trivial fixed point.

* Above the KS threshold: We conjecture that BP uniqueness and BI always hold in this regime,
and the unique non-trivial fixed point is globally stable. High SNR part in Theorem 1 is tight
within a factor of 1+ log ¢ for general (), d), and asymptotically tight within a factor of 1+ o0,(1)
for ¢ — oo and A = o(log q).

Asymmetric models. The Potts model is a very symmetric model and can be studied using FMS
channels. For more general SBM and BOT models, the class of FMS channels is no longer suitable.
Nevertheless, it might be possible to extend our degradation method to the asymmetric case to
achieve better results than Chin and Sly (2021), which uses a generalization of the method of Mossel
et al. (2016).

Fix a finite alphabet X and a distribution 7 on X’ with full support. Then a channel P : X —
Y can be viewed as a distribution of posterior distributions under prior m, i.e., the distribution
of Px|y where Px = 7w, Y ~ P(:|X). Note that this is a distribution on P(X’). Similarly to
Prop. 10, degradation between channels with input alphabet X' can be equivalently characterized
as a coupling between the two distributions of posterior distributions. Let ¢ be a strongly convex
function on P(X’). Using the above distributional characterization of channels, we can extend ¢ to
a potentlal function ® on the space of channels with input alphabet X. For two sequences (M) x>0,
(M k) k>0 satisfying the BP recursion and related by degradation M, k <deg My, iflimy o0 (P (M) —
<I>(Mk)) = 0, then we should expect M, = Mo

The difficulty in carrying out the above plan is to analyze behavior of ® under BP recursion.
One also needs to keep in mind that the Potts model admits more than one non-trivial fixed points
in the space of all ¢g-ary input channels (Section E). So extra assumptions are needed when dealing
with the general case.
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Yu and Polyanskiy (2022)’s degradation method. Yu and Polyanskiy (2022) proved uniqueness
of BP fixed point and boundary irrelevance for all symmetric Ising models. Therefore a natural idea
is to generalize their proof to the Potts model. However, it seems difficult to make this work.

While Yu and Polyanskiy (2022)’s proof is also based on degradation of BMS channels, their
method is quite different from Abbe et al. (2021). Specifically, Yu and Polyanskiy (2022) uses a
stronger version of the stringy tree lemma of Evans et al. (2000), which says that (P*?)oBSCj < deg
(P o BSC;)*¢ for all BMS channels P, and under additional assumptions one even has (P*?) o
BSCs <geg (Po BSC(;)*d o BSC, for some ¢ > 0 depending on P, J, d. The natural generalization
of the original stringy tree lemma to the Potts model (with BSCjs replaced by P\ and BMS channels
replaced by FMS channels) is not true, even for d\? > 1. Therefore it is unclear how to generalize
Yu and Polyanskiy (2022)’s proof to the Potts model.

Robust reconstruction. The boundary irrelevance problem is related to the robust reconstruction
problem, which asks whether the trivial fixed point of the BP operator is locally stable, i.e., whether
for weak enough initial channel U, we have BP*(U) = 0. In fact, our proof of Theorem 2 can
be slightly modified to show that the Potts model does not admit robust reconstruction below the
Kesten-Stigum threshold.

The robust reconstruction problem for BOT models has been extensively studied in Janson and
Mossel (2004), which showed that the robust reconstruction threshold is at the KS threshold, i.e., the
model admits robust reconstruction when dA\?> > 1 and does not when d\?> < 1. Their proof uses
the contraction of a Xz—like information measure, which can take value oo in some corner cases,
e.g., for the coloring model with erasure leaf observations, or for the boundary irrelevance problem.
Furthermore, they only considered trees with bounded maximum degree, which does not include
the Poisson tree. Therefore to prove Theorem 2 we cannot directly use Janson and Mossel (2004).
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