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Abstract

Theoretical studies on transfer learning (or domain adaptation) have so far focused on situations
with a known hypothesis class or model; however in practice, some amount of model selection is
usually involved, often appearing under the umbrella term of hyperparameter-tuning: for example,
one may think of the problem of tuning for the right neural network architecture towards a target
task, while leveraging data from a related source task.

In addition to the usual tradeoffs on approximation vs. estimation errors involved in model
selection, this problem brings in a new complexity term, namely, the transfer distance between
source and target distributions, which is known to vary with the choice of hypothesis class.

We present a first study of this problem, focused on classification. Remarkably, the analysis re-
veals that adaptive rates, i.e., those achievable with no distributional information, can be arbitrarily
slower than oracle rates, i.e., when given knowledge on distances.

Keywords: Transfer Learning, Domain adaptation, Model Selection, Lepski’s Method.

1. Introduction

Domain adaptation or Transfer learning concern settings where data from a source distribution P is
to be leveraged to improve learning on a target distribution () where perhaps less data is available.
While this problem has received much renewed attention of late, theoretical studies have focused
on settings where a suitable hypothesis (or model) class # is already known. However, this is
rarely the case in practice where some amount of model selection is required, as often referred to
as hyperparameter tuning: one wishes, e.g., to tune for the right architecture with neural networks,
a suitable polynomial degree in regression, or an appropriate kernel for kernel machines, all while
leveraging both source and target data. Importantly, as target data is often limited in these settings,
it ideally should not be used alone to drive model selection, even though it is a priori unclear how
to leverage the source data.

We present a first study of this problem, in the context of classification, under a simple formalism
where we assume a hierarchy of models {#;},H; C H;+1, each with known complexity d; (here
VC-dimension); the problem is then to try and understand the achievable target (Q-risk in modern
transfer settings with access to both source and target data, as opposed to just target data. We note
however that our analysis allows for no target data, as in fact we have no restriction on data sizes
from either source nor target.

To establish a baseline performance, assume the hierarchy {#;} admits a global Q-risk mini-
mizer Mg, from an unknown model Hib € {H;}. Then it is known that, using n¢ data from @, an
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excess risk SQ(il) = SQ(E; Fo) S [di, /nq is achievable without prior knowledge of Hiy» €2,
via structural risk minimization (SRM), a.k.a., complexity regularization, which essentially tradeoff
estimation error \/d;/nq, and approximation error minpey;, E(h, hi)) over models {H;}.

Now, model selection in a transfer scenario, i.e., given related source data from P, involves an
additional tradeoff parameter: the distance or information that P yields on (), which is now well
understood to be tied to the choice of hypothesis class H;. Early notions of distance P — @), e.g.,
from seminal works of Mansour et al. (2009a); Ben-David et al. (2010) already formalize the idea
that the differences between P and () are only relevant in regions of space in line with H, e.g.,
disagreement regions between given hypotheses in 4. In other words, while a model choice ‘H out
of the hierarchy {?{;} may balance estimation and approximation errors, it may fail to maximally
leverage the data from P if it induces a large distance P — Q).

As the distances P — (@ induced over models in {#{;} are a priori unknown (however for-
malized), our analysis especially distinguishes betwen adaptive model selection rates—i.e., rates
achievable from P and () samples alone without distributional information—and usual minimax
oracle rates. Remarkably, unlike in usual model selection, these can be significantly different.

Main Results. For a fixed class H, we adopt a recent notion of distance P — () from (Hanneke
and Kpotufe, 2019) comprised of two components: (1) the excess risk £g(R'p) of a risk minimizer
I, under P, and (2) a transfer-exponent p which essentially measures the effective sample size
contributed by P to the target problem Q. Thus suppose access to np samples from P and ng
samples from (@), the following upper-bound was shown to be achievable adaptively:

£g(h) < min {(d/np)l/zp + Eq(KWp) ; (d/nQ)1/2} , where d is the VC dimension of H. (1)

For sanity check, note that (1) is of order (d/(np +ng))"/? when P = Q, i.e., p = 1, Eg(I) = 0.
Also notice that the rate is faster with smaller p and Eq(R'p).

Now, if we knew the above rate to be tight in general, we then get a first sense of the best rates
we might expect for any fixed model choice H; out of the hierarchy.

o Tightness of (1). As a first basic result, we show that the above adaptive rate on a fixed choice
‘H, admits matching lower-bounds over any parameter value (Theorem 1). This complements a
lower-bound of (Hanneke and Kpotufe, 2019) which only holds for £g(h},) = 0. This is especially
important in our setting in order to cover a rich variety of situations.

o Adaptive Upper-Bounds and Speedups. Now suppose that each 7{; in the hierarchy admits transfer
distance (pi, EQ(W'p;)), a priori unknown. Together with known class complexity d;, and sample
sizes ny, ng, these distances induce subtle tradeoffs on model choices H; for the () task.

— First, we verify through some technical examples, namely basic neural-networks, that indeed
some rich set of tradeoffs are captured through the above parametrization. That is, rich combinations
of (pi, Eq(M'p,;)) emerge from the interaction between (P, ) and nested network architectures.

— Having established the tightness of the above equation 1, and given the baseline of model
selection under target, we can show (see Lemma 1) that selecting any fixed H; would yield an
adaptive upper-bound of

Eqlln) % 0(1), where o(i) ~ win { (d;/np) 2 + Eqlipa) i (d/ne) " }.
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Unfortunately, as we discussed in the next bullet point, no algorithm exist that can minimize ¢(4)
in general and achieve optimal tradeoff on distance. Instead, we establish the following adaptive
guarantee (see Theorem 2). Suppose that {7{;} admits a global P-risk minimizer /% at unknown
level i}; then there exists a procedure h achieving

Eo(h) < ¢(i}) from samples alone.

In other words, the procedure automatically favors model selection under source P—at least com-
mensurate with the unknown model #;: —if P is thus informative on @, and falls back on leverag-
ing target data otherwise, all without prior knowledge of distributional parameters.

We emphasize that in contrast, popular SRM approaches yield no clear such guarantee: sup-
pose ng = 0, SRM can only guarantee low P-risk, but no specific choice of model class.

e Oracle Rates are Unachievable. With knowledge of distance parameters {(pi, SQ(h’ED’Z-))} (or at

least of the ranking they induce on {¢(i)}), an oracle procedure can achieve the rate min; ¢(i),
which can be arbitrarily faster than ¢(i}).

Interestingly, as we show in Theorem 4, no adaptive procedure, i.e., without such domain knowl-
edge, can achieve a bound better than ¢(i},), without further structural conditions on the hierarchy
{H;}, even in situations where min; ¢(i) < ¢(i}). This result holds even when the learner his
improper, i.e., when h is allowed to return a hypothesis outside of U;H,;.

Related Work. Transfer Learning has received much attention over the years, with studies, both
in the context of classification and regression, considering various notions of relations between P
and (). Early works include (Ben-David et al., 2007; Crammer et al., 2008; Cortes et al., 2008;
Ben-David et al., 2010; Gretton et al., 2009; Mansour et al., 2009b) which already recognize the
importance of the choice of hypothesis class in quantifying the information the source P has on
the target (). These ealrier works have been refined over time, e.g., considering multiple source
distributions rather than just one (Maurer et al., 2013; Pentina and Lampert, 2014; Yang et al., 2013;
Maurer et al., 2016).

More recently, assymetric notions of discrepancy have been proposed, noting that P may have
information on () but not the other way around (Kpotufe and Martinet, 2018; Hanneke and Kpotufe,
2019; Achille et al., 2019; Mousavi Kalan et al., 2020). We adopt such a notion in this work.

Despite much of the attention on this problem, a single hypothesis class H has been commonly
assumed. However, a separate line of work on meta-learning can be seen as somewhat related,
as they often assume relationship between optimal predictors, often in the form of a shared low-
dimensional substructure; these settings may be recast as learning a target hypothesis class of lower
complexity (Ando and Zhang, 2005; Muandet et al., 2013; McNamara and Balcan, 2017; Arora
et al., 2019; Jalali et al., 2010; Lounici et al., 2011; Negahban and Wainwright, 2011; Du et al.,
2020; Tripuraneni et al., 2020). This however does not embody the full richness of model selection.

Paper Organization. We start in Section 2 with basic definitions and setup. This is followed
by an overview of results in Section 3. Much of the proofs are discussed in Section 4 with more
technical results relegated to the Appendix.
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2. Preliminaries
2.1. Setup

Basic Definitions. Let XY be jointly distributed according to some measure p (later P or @),
where X is in some domain X and Y € Y = {£1}. A hypothesis class or model is a set H
of functions X — ). All these objects are assumed to be measurable, so that we may consider
classification risks of the form R(h) = E[h(X) # Y], as measured under .

Definition 1 The excess risk of a classifier, w.r.t. H, is defined as E(h) = R(h) — infpcy R(H).
Furthermore we use the notation £(h,h') = R(h) — R(h') = E(h) — E(R)).

We adopt the following classical noise conditions (see e.g. (Massart and Nédélec, 2006; Koltchin-
skii, 2006; Bartlett et al., 2006)).

Definition 2 Assume R(h) is minimized at h* € H. We say that H satisfies a Bernstein Class
Condition (BCC), as measured under p, with parameters (Cg, 3),Cg > 0and € [0,1], if Vh € H

P(h # i) < Cg - E(h)P.

Note that the condition trivially holds for 3 = 0, Cs = 1. The condition captures the hardness of
the learning problem: when 8 = 1, which formalizes low noise regimes, we expect fast rates of the
form n!, in terms of sample size n, while for 5 = 0, rates are of the more common form n~1/2,
When A* is not unique, BCC remains well defined (i.e., the definition is invariant to the choice of
k"), as it imposes (when [ > 0) that all A*’s differ on a set of measure 0 under the data distribution.

Transfer Setting. We consider a source and target distributions P and @ on (X,Y"), where we
let £p, £ denote excess-risks under P and (). We are interested in excess risk £g (h) of classifiers
trained jointly on np i.i.d samples from P, and ng i.i.d. samples from (). Achievable such excess
risks necessarily depend on the distance P — () appropriately formalized.

We adopt some recent notion of distance from (Hanneke and Kpotufe, 2019); for ease of expo-
sition, we make the following simplifying assumptions.

Assumption 1 We assume for any H considered henceforth that Ep and E¢ are minimized in H.
We let R, h*Q denote any such respective risk minimizers. Furthermore, if multiple minimizers
{Wp} exist under P, we assume that one of them achieves sup (1) Eq(k'p), and denote it Wip.

The distance P — @ is then given by £q(h’), and the following quantity p:

Definition 3 We call 0 < p < oo transfer exponent from P to () with respect to ‘H if there exists
C, > 0 such that for all h € H,

Cp - Ep(h, Hp) P > Eq(h, Hp).
We say that p is minimal when no 0 < p' < p is a transfer exponent from P to Q w.r.t. H.

Notice that the above parametrization holds trivially for p = oo, C,, = 1. Larger values of
the pair (p, Eg(M'p)) denote higher discrepancy P — (. For intuition on p, consider the case
Wp = Mg = h*; then p simply describes how well P reveals the decision boundary defined by
k', i.e., whether hypotheses i with small P-excess risk also have small ()-excess risk. Various
examples of the continuum p — oo are given in (Hanneke and Kpotufe, 2019, 2022). We build on
the intuition therein to derive Examples 1 and 2 of Section 2.2 below for our specific setting with a
hierarchy of hypothesis classes.
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Model Selection Setting. We consider a situation where the learner has access to a hierarchy
{Hi},H; C Hiy1 of hypothesis classes, where each #; has VC dimension d;, d; < d;11. We let

*

p.i» Il denote the P and @) risk minimizers over model #; (according to Assumption 1).

Assumption 2 We assume {H;} admits global risk minimizers Ry and h*Q w.rt P and Q; let 1p,
122 unknown to the learner, denote the indices of the smallest classes containing an N, resp. h’b.

Definition 4 (Noise and Transfer Parameters) We let (Cj,,,, Bpi) and (Cpg,, ,, Bq,:) denote BCC
parameters for H; w.rt. P and Q. For simplicity, we let Bp = Bp,x and Bg = BQ,i’@-
Finally, we let (C,,,, p;) denotes transfer-exponents from P to Q under class H,;.

Assumption 3 We assume for simplicity that all Cg,, ,, Cp,, , are upper-bounded by some Cpg.

2.2. Examples and Intuition on Tradeoffs.

We start with the following remark.

Remark 1 (Implicit Structure on {(pi, EQ(h}’i))}) To get some intuition, let’s consider a sim-

pler situation where Ny ; is unique for each class H;. It then follows by definition, and the fact that
the classes are nested, that for i > ip, we have that p; is also a transfer-exponent for ip. Also, by
Assumption 1, for i > ip, B'p; = I'p so we have Eq(Wp ;) = EQ(h"jD?i}).

In other words, model selection would not favor H; over H;x, if i > ip. However, for i < i},
the distance parameters (p;, £q( ”}Dﬂ»)) are unrestricted—i.e., either term may increase or decrease
as i increases to i p—if we impose no further condition on the hierarchy {#;}, thus inducing subtle
tradeoffs. Such unrestricted increase or dicrease in distance below i}, is illustrated by the examples
below and further by the lower-bound construction for Theorem 5.

Note that, similarly, for y denoting either P or (), the BCC parameters /3, ;’s are nondecreasing
for i > i*. Thus, following from the remark, suppose for instance that the distances (pi, Eq(h'p;))
were decreasing with ¢ = 1,2, ...4}, either in the first or second terms. Then, while usual model
selection (as in a non-transfer setting) would favor the smallest class with small error, now it could
be that a larger class transfers better. On the flip side, we could have situations were all p;’s increase,
while £q(h'p;)’s decrease, leading to similarly complicated tradeoffs.

The examples below illustrate such richness of situations in the case of simple two-layer neural
networks for X € IR, where the nested classes H; C H;+1 correspond to increasing width. We
emphasize that the main point of these examples is to illustrate the basic thesis that distance between
source P and target () may change with given classes in the hierarchy, in particular for model
classes that speak to contemporary interest. We will revisit some such examples in Section 3.2
when discussing achievable bounds.

Example 1 (Two Layer Neural Nets with Threshold Activation) Define H; = {hg : R — +1},

indexed over 0 = (i, a,r,w,b), for a,w,b € R* and r € R, and where hy is of the form

ho(z) = sign Z aj sign (wjx —bj) +r | . )
j=1
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Proposition 1 For every finite sequence 1 < p; < --- < pp, there exists source and target
distributions P, Q over [0, 1] x {—1,+1} such that V1 < i < L, p; is the minimal transfer exponent
from P to Q wrt. H;, ip = iy = L and Bp; = B = 1. Furthermore, the sequence of values
Eq(Wp;), i =1,2,..., L, is strictly decreasing, depends only on L, but not on {pi}; finally we have
that C\,;s are upper and lower bounded by functions that depend on i and L only, but not on the
choice of {p; }.

In particular, as we may have p;’s increasing while £(h%, decrease, we see that nontrivial
tradeoffs may indeed occur in practice.

Example 2 (Two Layer (Residual) Neural Net With Relu Activation) Let 7-22- ={hg: R — £1}
indexed over 0 = (i,a,r,w,b, ), for a,w,b € R" and r, o« € R, and where hy is of the form

i
he(x) = sign Z ajlwjz + b;l4 | + ax +r |, using the notation [-]4 = max(0, -).
j=1

Next proposition uses results of Aliprantis et al. (2006) to connect ReLu residual neural nets to
threshold neural nets in one dimension.

Proposition 2 Let H; be the class of Relu neural nets of Example 2, and let H; be the class of
neural nets from Example 1. We have H; = H;+1, and consequently, Proposition 1 still holds.

The proofs of the propositions above are given in Appendix A. In particular, the proof of Propo-
sition 1 illustrates how the behavior of P and () around decision boundaries (defined by optimal
classifiers at each level H;) affects model-transferability; as such, even though for simplicity we
focus on X € IR for these examples, the same insights extend to IR?.

3. Overview of results

For intuition behind the analysis, we start with trying to understand adaptive transfer rates at a single
level H; of the hierarchy. A result of (Hanneke and Kpotufe, 2019) (see Proposition 2 therein) offers
a first glimpse. It states roughly that, for a fixed class #, there exists an adaptive h with access to
np samples from P and ng samples from @, such that, w.h.p.

£o(h) < min { (d> BT eo(h), (d) BQ} , 3)
np nQ

where p, Bg denote BCC parameters for P and (). While they show that this is tight (for all
p, Bp, Bo), their construction assumes g (') = 0, which is too restrictive in our setting.
We start our analysis by first showing that (3) is indeed tight in all parameters.

3.1. Lower Bound for a Fixed H

We consider the following class of pairs of distributions P, Q) w.r.t. a fixed H.
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Definition 5 (= class) Let H denote a hypothesis class, and let fp, g € [0,1),p > 0, < 1.
We then define = = =Z(H, Bp, Bq, p, ) as the set of pairs of distributions (P, Q) satisfying the fol-
lowing conditions. (i) Assumption 1 holds, (ii) both P, Q satisfy a BCC with respective parameters
(1,8p), (1, Bg) (iii) p is a transfer exponent P to Q w.r.t. H, with C, < 1, and (iv) Eg(Ip) < o

Theorem 1 Fix some hypothesis class H with VC dimension d > 9. Pick any p > 1, and 3p, Bq €
[0,1) and let = denote the corresponding class. For every np,ng where max{np,ng} > d, let
h be any classifier that has access to np and ng source and target samples. Then, there exists a
universal constant ¢ > 0 s.t.

d \ TP 4\ =5 3— 22
sup P Eo(h) > ¢-min < ) nr + a, () el 27 eve
(PQ)ez PPxQ"@ np nQ 8

The result extends a lower-bound construction of (Hanneke and Kpotufe, 2019) by randomizing
the relation between a fixed /i, and candidates /g,’s. The proof is given in Appendix D.

3.2. Upper Bound

Having established the tightness of (3) over the range of parameters (except for 0 < p < 1), we
now have a sense of the rates achievable if we fixed a level ‘H;. However, as we already know
that, ignoring samples from source P, a baseline rate of (di*Q / nQ)(l/ 2-Fq) is attainable (up to log
factors) by standard model selection techniques (Koltchinskii, 2006, Theorem 7), we will aim for a
transfer rate ¢ (i), defined below, that incorporates this term at level ;.

We fix some 0 > 0, and sequence of ¢; > 0 satisfying ) . 6; < J. For instance, ¢; = i(i}H)é.

Definition 6 Define the following quantity, for some Cy independent of all model parameters:

1 1
di 1 6:)\ TFpom di= log(ng/d:=)\ @FQ)
#(0) = min d Eqlp) + -G, (BRI ) T g ( ' el
’ np nQ
Since C),, pi, Bp,; are not uniquely defined, without loss of generality we may take them to be
the valid values which minimize qbﬁ(i). We have the following adaptive upper-bound.

Theorem 2 (Adaptive Upper-bound) There exists a proper learner h, with no prior distributional
knowledge beyond {d;}, which, with probability at least 1 — 30, for a suitable value of Cy achieves:

Eq(h) < ¢ (ip)-

For sanity check, notice that if P were equal to @, then p;z, = 1 is admissible and we recover
the usual model selection bound in terms of max {np,nqQ} o (np + ng). The bound is never
worse than model selection under () alone, and can improve significantly for P’s close to @, i.e.,
with small p;: , Eq (Wp).

As stated in the introduction, while SRM, a.k.a. complexity regularization approaches are preva-
lent in the literature and in practice, it is unclear whether such approaches can adaptively achieve the
above rate of <Z>ﬁ(i*P). Instead we employ an approach, similar to so-called Lepski’s method, based
on intersections of empirical confidence balls (see Algorithm 1).
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Figure 1: A simple example, following up on NN Examples 1 and 2, where i* = arg min; ¢* (%) is different from ¢ p.
Here, decision boundaries under P are depicted in black, whereby each i'p ;, i = 1, 2, 3, corresponds to the 7 boundaries
on the left of it, including those of A ;_; (level #H; allows up to i boundaries). Now decision boundaries under () (as
depicted in gray) are shifted to the right of boundaries under P: as a consequence all h'p, ’s have similar excess Q-error
&g, so that i* is determined by p;’s. Now for this hierarchy, p; may decrease (better transferability) for smaller levels i
simply by virtue of P assigning more mass to corresponding decision boundaries as ¢ decreases, as suggested by the
density dPx /d@Qx which is depicted in dashed lines.

We now turn to whether the rate ¢* () is the best achievable. First, recalling the simple neural-
nets Examples 1 and 2, we remark that there exists situations, i.e., pairs of distributions (P, Q) for
which i* = argmin; ¢*(i) is smaller than i%. The simplest way to see this is to notice in these
examples that we may have all Eg( *Pz) equal (or nearly equal) across levels, while at the same

time p;’s are non-decreasing in these examples, forcing a choice of i¥ anywhere below tp. This is
illustrated in Section 3.2, and formalized in Proposition 4 of Appendix B.

The next result, relying on a second Algorithm 2, states that the better rate min; ¢ (i) is indeed
achievable given some distributional knowledge.

Theorem 3 (Oracle Upper-bound) There exists a proper learner h which, given knowledge of
arg min; ¢* (i), guarantees with probability of at least 1 — 39,

Eq(h) < min¢H(i).
(2
Unfortunately, as we discuss in the next section, this oracle bound is not achievable adaptively.

3.3. Adaptivity Gap
The following quantity ¢, (7) is of similar order as ¢* (i) up to log terms, provided log(1/6;) o d;.

Definition 7 Define the following quantity:

1/(2-8q)

+ SQ( »}3,2')7

d; 1/(2—Bp,i)pi di*Q
)

¢p(i) = min ¢ C,, ( no

Our aim is to not only establish the un-achievability of the above oracle rate min; ¢ (i) by adap-
tive procedures, but also to try and pinpoint the sources of such hardness, i.e., decouple the effect
of p;’s and Eg(I'p;)’s. To this end, since these terms only pertain to transfer from P, we need only
consider situations where the terms in ¢(4) involving ¢, achieves the min in the definition of ¢(3).
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Our first result below holds every parameter other than p;’s fixed, and show that even then
min; ¢(i) cannot be achieved adaptively. In particular the construction sets £ (I’ ;) = 0 for all 4
in the hierarchy, but confuses the learner by randomizing which level below i}, admits larger p;’s.
Proofs of the next theorem is in Section 4.2.

For simplicity, the construction in the next theorem sets all 5’s to 1. We give a similar result to
the next theorem for a richer model class in Appendix E.

Theorem 4 (Oracle Rate is Not Achievable) There exists a hierarchy Hy1 C Ho, with dy,ds = 1
1/Pa 1

— 32nq°
Then there is a family of distributions {(P,, Q) } , indexed by some o, such that the following hold.

satisfying the following. Pick any p, > py > 1, and any np and ng, where (32}1}3

(i) Yo, transfer exponents from Py to Q. are the set {p1, p2} = {pa,pp}, withC,, = C,, = 1.

Y 1/pa
(ii) Yo, we have min; ¢, (i) = (L> pb, strictly less than max; ¢, (i) = (L) ’ .

np np

. A 1
We have that, Yh, sup P [EQU (h) > — - max gbb(z)} > 1/8.
o PPy 256 7

The construction fixes i, = 2, and randomizes which of p; # po takes the largest value in
{pa, pp}. We note that our adaptive upper-bound max, ¢*(i%) matches the lower bound max; ¢, ()
up to log terms. Also notice that, as p,, pp are arbitrary, the lower bound can be arbitrarily worse
than the Oracle upper-bound, i.e., we can construct any gap in [0, 1].

The next class of distributions instead fixes p;’s and allows SQ(h*};vi) to vary. It builds on a
similar intuition as for the proof of Theorem 1, and is included for completeness.

Theorem 5 Let H1 C Ho be a model class hierarchy such that there exists a set of two points that
Ha shatters but Hi does not, and assume that H, is non empty. Then forany 1 > o > 0, np, and
ng such that % > q, there exists a class of distribution {(P,, Q. )} parameterized by o € {1,2},

with Bp, = B = 1, where, for every o, @ = max {gQg(hE,1)agQa(h},2)}; satisfying the

following. For any classifier h that has access to n p source and ng target samples,

- 1
sup P [EQU(h) > a} > -
oe{1,2} PP xQu@ 4

The proof of this theorem is given in Appendix D.

4. Analysis
4.1. Proofs for Upper-bounds
Definition 8 (Empirical Minimal Sets) Let A(n,,,5,C(H;)) = %1oslnu/d)tosl/d = Giyep oy,

n
samples from distribution p, define the empirical minimal set for hypothesis class H; to be

= {h € My | Ru(h) — Ruliyss) < © (B, [ # hyui] - Al 5¢,C(H,~)))1/2 + cAn,, 5i,C(Hi))} ,

where ilw denotes an ERM over H; computed using samples from distribution L.
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We assume that in addition to the source and target training sets, we are also given a hold-out
target sample set Sb of size ng. Let R’Q() denote the empirical risk and P/, o denote the empirical
distribution on these held out samples.

The main algorithm is presented next, and relies on Algorithm 2.

Algorithm 1 Adaptive Trade-off
Input: Sp, Sq. S’Q
Compute ip = mini s.t. N> ﬂf #0.
Compute H7 = ﬂjo.'gp 7-2;3
Return output of Algorithm 2 with Sp, Sg, Ség and the set H”

Algorithm 2 Tradeoff on @), at level H;

Require: Any subset HE C 7:lf

Input: qu, Sé?,/HP )
Compute ig = mini s.t. (33, ’H? # 0.
Pick hq € (7%;, 7 and pick hp; € H.

A NN R R 1/2
I Ry (hei) = Rog(ho) < (P lhes # hol - Ang.0.1)) + cAlng, 8,1):
then h; < hp; else: h; < hg

The next lemma gives guarantees for Algorithm 2, and is essential to our main upper-bounds.

Lemmal Let iAzZ be the output of Algorithm 2. With probability of at least 1 — 30 over the samples
So, S&Q and Sp (which is used to construct H¥)

Eq(h) < ¢*(i).

The proof is given in Appendix C. The proofs of main upper-bound results are given next.

Proof of Theorem 2 Let / be the output of Algorithm 1. Note that under the same events where
the bound in Lemma 1 holds, using the same arguments as in Claim 8 we can conclude that with
probability of at least 1 — 4§, ip < ip. Consequently HP C 7:[%) . Since Algorithm 1 returns
the output of Algorithm 2 on a subset of H'', it enjoys the guarantees as Algorithm 2 for level ip.
Therefore, the bound in Lemma 1 applies to the output of Algorithm 1 at7 = i,. B

The proof of the oracle upper is also a simple application of Lemma 1.
Proof of Theorem3  Leti* = argmin, ¢*(i). Given 4*, oracle would then run Algorithm 2 with
given samples and 7:[5 as input. Applying Lemma 1 to the output would prove the statement of the
theorem. M

10
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4.2. Proofs for Lower-bounds
4.2.1. PROOF OF THEOREM 4

We start with a construction, defining a suitable hierarchy and distributions.

Construction. Let X' = [0, 1]. We let #; contain only two one sided threshold classifiers, and H2
contains H; plus two one sided interval classifiers. Let 7 = 1/9. The one sided threshold classifiers
in Hq are hq(z) = sign (z — 2/3) and b} (x) = sign (z — 2/3 + ). The one sided intervals ho and
R!, only positively label the set of points in [1/9,1/3] and [1/9, 1/3 + r] respectively.

We construct a family of four distributions {(Py, Qs ) }se {+1}2, Where each P; and Q) is sup-
ported over [1/9, 1] x {£1}. Throughout this section we drop the subscript o when a quantity is the
same for all distributions in the family. We refer to the intervals [1/9,1/3],[1/3,1/3 + r|,[2/3 —
r,2/3] and [2/3,1] as Loy, Lin, Rin and Ry, respectively.

For the marginals, we assume that within each interval the mass is uniformly distributed. Let Px
and () x ., be the marginal distributions under source and target respectively. All the distributions in
the family have the same source marginal distribution Px, which has Px (Lyy) = 1/3, Px(Lin) =
Px(Rin) = 0171“), Px(1/3412/3—1]) = & — ﬁ, and Px(Rou) = 1. The constant
c1 is set to 32, the reason for which becomes clear in Claim 3 . The labels for the source are
Yp(Lout) = Yp(Rout) = +1, and for the rest of intervals the labels are the same as @ for o.

The target marginal distribution Qx ,(Lin) and Qx »(R;n) depends on oo. If 09 = +1,

1/pa 1/pp L
set QX7(017+1)(Lin) = (61717”3) and QX7(017+1)(Rm) = (6171113) , while if o9 = —1,
1/pw 1/pa
QX (o1,~1)(Lin) = <61,11P> and Qx (¢;,—1)(Rin) = (ﬁ)
1/pa 1/
Let A = < 1 ) g —( L > pb,for the rest of the intervals, Q x (Lout) = @x (Rout) = %A,

cinp cinp

1 1/Pa
and finally Qx ([1/3 +7,2/3 —r]) =1 — 2 (Cmp

For all o, labels are noiseless. Let Y,(A) denote the label of the set A under 0. We set
YQ,U(Lout) = —0102, YQ,O’(ROUt) = 02, Yo(LG) = YU(Rzn) = o1 and Y([l/?’ + 7, 2/3 - T]) =
—1.

We make the following two claims, which imply statements (i) and (ii) of the theorem. Addi-
tionally, Bp, = Bg,s = 1, since the labels are noiseless.

Claim 1 Forevery o and i € {1,2}, Eq, (Fp, ;) = 0.

Proof For every o under ), there are two risk minimizers, one in #; and another in Ho \ H;.

1/pa
Specifically, when o1 = +1, both A/, and R/ are risk minimizers, with risk (Clilp) , since the
1/p
1

canp

b
one that mislabels the inner interval with mass ( will also mislabel L,,; U Royt.
On the other hand, when o1 = —1, since the regions L,; and R,,; have the same sign, each of
hi and hg will mislabel exactly one of them, which results in the minimum risk of %. It is easy to

see that both of &) and h/, have a strictly larger risk. [ |

Claim 2 The following holds for every value of o1. If 09 = 1, we have p1 = py and pa = pq.
Otherwise, for o0 = —1, we have p1 = p, and ps = py. Furthermore, forall o, C,, = C,, = 1.

11
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1/p
Proof First consider ;. Suppose that o9 = 1, since Qx (Rin) = ( 1 ) b, whichever of

cinp
1

cinp

under

hy or h’1 that is not a risk minimizer under source and target, will have excess risk of

1
cinp

1/py . . . .
) under target, which means that p, is a transfer exponent with coefficient

1
anp

source and (

one. When o9 = —1, since the region where hq and A differ has mass under source and

1/pa ) ) ) .
(Clip) under target, p, is a transfer exponent with respect to H; with coefficient one.
1 1

For H,, note that every h € H; has an excessrisk of atleast 1/3—1/4 =1/12 > —— = 5 —
1/pa
1

cinp

under source and excess risk of at most ( under target, so the transfer exponent condition

with p or p, and coefficient one holds trivially. For hypotheses that are in Hs \ #;, since one

. . . . . 1/pa 1/pp
of them is a risk minimizer, and the region they differ has mass ( L ) or ( L ) under
cinp cinp
1

target and o under source, then depending on o9, either p;, or p, would be a transfer exponent
with coefficient one. |

The next proposition shows that for every possibly improper learner, there is a distribution in
the family under which the learner has high excess risk. The proof is given in the appendix.

Proposition 3 Let ¢y = 32 in the construction. For any classifier h, possibly improper; there exists

- 1y
UE{:I:l}quchthatSQg(h)Zﬁ_(1) P‘

np

Let II, = P™" x Q™@ and S, ~ II, be the source and target samples. The next claim defines
the event B and lower bounds its probability.

Claim 3 Let B be the event that of all np source and ng target samples fall in the intervals
Lot U[1/3 4 1,2/3 — r] U Ryyt under source and [1/3 + r,2/3 — r| under target. Then we may
choose c; (from the definition of marginal distributions) such that for all o € {£1}% 11,[B] > 7/8.

Proof For any o,

2 \"" 1\ MY\ 2 1
II,[B] = <1 - ) <1 -2 < > > (1 _ e ) (1 — QnQ()l/Pa> ’
cinp cinp cinp cinp

where the inequality follows by Bernoulli’s inequality. By the assumption that (ﬁ < Fong

v

and picking ¢; = 32, we can ensure II,[B] > 7/8. [

Proof of Theorem 4
Let / be a classifier that is output by a learning algorithm that has access to samples S,. The

lower bound follows by randomizing the choice of o. Suppose that 6 is sampled uniformly at
random from {#1}2, then

12
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sup P
g Hd

N 1 1 1/Pa R 1 1 1/Pa
EqQ,(h) > 256 (nP) ] >Es Eg, []1 <5Qa(h) > 556 <np> )]
~ 1 1 1/pa
T s [l <5Q“(h) > 555 (o) )]

. 1 1\ /re
>Eg. Es16. |1 >— [ — -1(B
- Sa- O'|SO- gQU(h) — 256 (nP) ( )

By construction, Py|g, p(0) = Ps(o) = 1/4. Let & index the distribution that results in high h
excess risk as in Proposition 3. We have

R 1 1 1/Pa R _
ES& E&\S& 1 (gQU(h) = 2—56 . <np> ) 1 (B) > ES;, EO’lS []l (O‘ = O‘) 1 (B)]
=Esg, Es1s, [1(6 =0) - 1(B)]
= 1 P [B] > l
4 1, 32
|
Conclusion

We have shown that source data can help significantly improve target risk under model selection;
however, adaptive rates do not always match oracle rates in the model selection setting, as we exhibit
situations where no procedure can attain oracle rates without distributional knowledge. Even more
striking is that the gap between optimal adaptive rates and oracle minimax rates can be arbitrary,
which is not often the case in minimax theory. However this leaves open the possibility of smaller
or more controlled gaps under, e.g., further structural assumptions on the model hierarchy.
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Appendix A. Proofs of Propositions for Examples
A.1. Proof of Proposition 1

Proof of Proposition 1
We construct P and @ such that marginal distributions @) x and Px are supported on [0, 1]. Let
Q@ x be the uniform distribution over [0, 1]. To define the source marginal distribution, we pick L

points V = {vx}=_, on the unit interval so that each vj, = LLH Then define
fp() o pr - 272™P™ |1 — vy [P 4)
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where v, € V is the closest point to x, and ties are broken by picking the smaller one, except
when z is in the first interval, in which case we set m = 1. This leads to L partitions Ry, ... Ry,

pi.g—(%ﬂrﬂ')
) =B

of the interval [0, 1] such that for every z € R;, fp(x x —v;|P!, where Z is a

normalizing constant. See Figure 2 for an example with L = 3.

fp

/

¥ - ¥ -
Ry

Figure 2: Construction of the marginal density of P for the threshold neural neural net example,
with L = 3.

The labels for both source and target are given by fyp«, where 6* = (L,a*, 7", w*,b*) is a set
of parameters for a risk minimizer. We pick these parameters such that i}, = 222 = L as follows.
First, set w* to the all ones vector and b; = v; for all ¢ < L. The boundaries b; divide [0, 1] into
L + 1 intervals, distinct from the L regions Ry, --- Rr. Next claim shows that we can pick a*, r*
such that the label for these intervals are alternating, so that every point b; = v; is indeed a decision
boundary. Note that this leads to Sp; = g, = 1. Proofs for all the claims in this proof appear at
the end of this section.

Claim4 Ler 0 < V) < --- < b, < 1 be an increasing sequence of points in [0, 1] that partition
the unit interval into i + 1 intervals I, = [0, )], Is = (b}, bh], ..., and I;11 = (b, 1]. For any sign
pattern o € {+1}FL there exists a set of parameters 0, such that fg maps any x € I j to o for all
J € [i + 1). Furthermore, any two layer threshold neural net of the form eq. (2), that is, any 0, with
1 hidden units can lead to at most © decision boundaries.

Next claim shows that there is risk minimizer in #; that has the same decision boundaries as the

smallest ¢ decision boundaries in §* and correctly labels the first ¢ 4+ 1 intervals, by matching their
signs with the signs of the first ¢ + 1 intervals generated by 6*.
Claim 5 Forany i < L, let 0} = (i, 0™, r*¢ w*t b*Y), where for every j € [i], b;" = b;f, and
w*? is the all ones vector. The first i intervals generated by b** are the same as those of 0*, and by
Claim 4 we can pick a*' and r** such that 9F makes no error in the first i + 1 intervals generated
by 0*. Then fo: is a unique risk minimizer over the class H; under P.

In the next proposition we show that for any ¢ < L, p; is a transfer exponent from P to () with
respect to H;. Intuitively, we show that whenever there is error, it is dominated by the error in the
regions determined by the first ¢ thresholds.
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Claim 6 For every 1 < i < L, there exists a constant 0 < C,, < oo such that p; is a transfer
exponent from P to Q) with respect to H; with coefficient C,,, < (L + 1)23¢+1,

Next, we show that for every 1 < ¢ < L a transfer exponent from P to () with respect to
H,; is lower bounded by p;. Fix alevel 1 < i < L, and consider a sequence of classifiers fy ;)

constructed so that 6(¢) matches 67 everywhere except for the last decision boundary b;"*. That is,
0(t) = (i,a;, 7", w*", b'), where b; = b for all j < i, and for t < ﬁ,

bt A
bt = b7+t

It is easy to see that the interval [b:’i, bt] is the only disagreement region between 6} and 6/(t)
and has length ¢. By the construction of Px given in eq. (4), and integrating over this region, the
excess risk is

Ep(foy, for) = CtF",

for some constant C'. Since () x is the uniform distribution,

Eq(fowy for) = t.

Now we argue that the minimal transfer exponent for this level is at least p;. Suppose for
contradiction, that there exists a transfer exponent p; < p;. That would imply that there exists a
constant C, such that for every fy € H;,

5Q(f97f9:) .
Ep(fo, for)/p =

However, for the sequence of fy, constructed above

Eq(fo,s for) t 10

= =C't % = 0.

tE}(l) EP(f0t7 f@f)l/ﬁL (Ctpl)l/ﬁb

Now that we have shown that p; are indeed minimal transfer exponents, we will show that

for these minimal transfer exponents, C,, is lower bounded by a function that depends only on
1

L + 1. Fix some t5 < LT and consider f.gto. By the same calculations as in eq. (5) we have

—(ipi i) ,
Ep(fo,, for) = 2—5—1ri and

Eq(fo, for) t71/pi Z1/p:

Ep(fo, for)t/Pi — 2-(2iti/pi)g = 9—@iti/p)

. . o pi
Since 2~ (2i+i/pi) < 2-2i it suffices to lower bound Z1/?i, note that Z > 2~ (2ipiti) (L%rl)

and plugging this into the expression above we get

gQ(f@vf@f) > 1
Ep(fo, for)t/ri — L+ 1

Finally, to see that i, = 47, = L, note that for every 1 < i < L, fy- labels the interval o,
which starts at v; 1, incorrectly, so it cannot achieve zero excess risk. ll
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Proof of claim 4
We will argue that there exists a, € IR" and r, € IR such functions of the

7
ha, r, () = sign Z Qg j Sign (:c — b;) +7rs |,
j=1
can produce the sign pattern o. Since these functions are a restricted form of the two layer neural
nets introduced in eq. (2), this would prove the first part of the claim.
Define the function g : [0, 1] — {41}*! where

g(x); = sign (z — b)) .

The function g maps the ¢ + 1 intervals to ¢ + 1 points on the unit cube. Let x1, ..., x;4+1 be a set of
arbitrary points from each interval Iy, ..., I; 11, then we have

g(.’L‘l) = [_17 _17 _11 cee _1]7

9(5172) = [+17 _17 _L cee _1]7

g($i+l) = [+1a +17 +17 ey +1]

Note that g(z1) = —g(x2), but the set of vectors g(x1),. .., g(x;) are linearly independent. The
functions
har(z) = sign (aTg(x) + r)

are affine halfspaces parameterized by a and r, so they can shatter any set of ¢ 4+ 1 points where
there is at most two colinear points. We take a, and r, to be coefficients of the affine halfspace that
produces the labels o.

To see that two layer neural nets of the form eq. (2) parameterized by § = (i, a, r, w, b) can have
at most ¢ decision boundaries, note that adding a hidden unit can add at most one decision boundary,
and when ¢ = 0, there are no decision boundaries. H

Proof of claim 5 Recall the regions Ry, . .., R;. We first argue that if a classifier does not place
a decision boundary in some region i’ € [i], then its’ error is larger than 6}, and then argue that
among all the classifiers that place exactly one decision boundary in each of those regions, only the
ones that have exactly the same decision boundaries as % can be risk minimizers. Suppose 0; is
some classifier that doesn’t place any decision boundaries in R/, then it must mislabel one of the
intervals to the left or right of b}, that is either the interval I;» 1 N R or I;; N R;r. Then the risk can
be lower bounded by

Rp(hg,) > Px(Iy+1 N Ry) (5)
Vit tUir g (2 py i’ —(2# 0.4’ iy
_ / 2 pZ/ . 2 (21 Pi +Z) ) ‘x B b* ‘pi/—l dx _ pl/ . 2 (2Z P +1 ) |IZ/+1| Pi
b, Z ¢ sz'/ 2

B 2—(2i’~pi/+i’) 1 Pyt
N Z 2(L+1)

9—(2i-p;+1) 1 pi
> .
- Z (2(L + 1)>
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On the other hand, ¢; labels the first 7 + 1 intervals correctly, so

L+1

plher) < Y Px(I (6)

J=t+2

Note that when i = L, by construction Rp(hg:) = 0.
For every i + 2 < j < L, we can write Px([;) = Px([; N R;) + Px(I; N Rj—1) =
2*(2j‘Pj+j) ( 1 Pj 2*(2(j*1)‘Pj71+j*1) 1 j
) (=

pi—
) " Since for all 7, pj > 1, and pj—1 < pj,

Z 2(L+1) Z 2(L+1)
we get that
i 2-2((G=1)pj-1+j—1) 1 \Pi-!
Px (1) < 7 (L+1> ' 2

Going back to eq. (6), for ¢ < L we get

LA1 o (9(i1)ops i , (it 1)epy L1 ,
9—(2(—1)-pj—1+j—1) 1 pi-1 9=2(i+1)-piy1 . 1 Pit1
Rp(her) < E ’ < E o—dtl . [~
¢ = A L+1 7 L L+1
]:1—‘,—2 ]:Z+2

9—(2(i+1)-pi+1+4) 1 Pit1
()
9—(2i-pi+i) 1

Z (2(L +1

<

)>pi < RP(hGi)a

so the excess risk can be lower bounded by

, , 9—((2i+1)-pi+i) 1\ pit1 9~ ((2i+1)-pi+i) 1\
N — 2 > —27P) >
Rp(he,) — Rp( 91-)— VA <L—|—1> (1 2 )— 27 <L+1)

9= ((2i+1)-p;+i)

and consequently for some C'} = 57 ,

. 1 Pi
Ep(ho,, liy,) > 01<L+1> . (8)

Therefore, we have shown that any classifier fp, that doesn’t place a decision boundary in any
of the first ¢ regions has a strictly larger excess risk than excess risk of fy:. Then it would suffice to

show that among the classifiers that place exactly one decision boundary in each of Ry, ..., R;, fo:
is a risk minimizer.
Let ¢, be a function that places one decision boundary in each of the regions Ry, ..., R;. Let

v’ € [0, 1]° denote the location of its’ decision boundaries, and let R}, be some region where vy, # by,
that is a region where the decision boundary is different from that of 6*. Now we will argue that 6/
cannot be a risk minimizer, since it can be modified to another classifier that has a strictly smaller
risk. Without loss of generality assume that v, < b}, the other direction follows by the same
argument. It must be that either fgl labels all the points in the interval (v, b}) incorrectly and is
correct on the rest of Ry, or it mislabels at least all the points in Ry N I 1. In the latter case, as we
have seen before in eq. (5), since k € 1, excess risk of fyr would be strictly larger than excess risk
of fp:. If the only set of points that are mislabelled in R;:; are in the interval (vy, b)), then moving
vy, right by increasing it to b; would eliminate error in this interval without affecting other intervals,
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thus strictly decreasing the excess risk. Therefore, any classifier that places decision boundaries not
on by, ..., b; cannot be a risk minimizer.

Note that in terms of parameters, the risk minimizer is not unique, since there can be a family
of parameters that give the same decision boundaries and signs. ll

Proof of Claim 6 Recall that he boundaries vy, . . ., vy, partitioned the unit interval into L + 1
intervals I, ..., Ir 1, where I1 = [0,v1], Ix = (v2,v3] and so on. Recall that ¢ is the parameters
of a risk minimizer in H;, as described in claim 5. Based on the points in V', we also defined the
regions Ry, ..., Ry, where all the points in each region shared the same density function under P.
Let fp, be an arbitrary element of H;, by Claim 4, fp, can have at most ¢ decision boundaries. We
can break down the excess risk into the contributions from each region,

L L
Eq(fo for) = Qx(fo,(X) # for (X)AX € Rj) = > Qx(E))
i=1 =1

where E; is the set of points in R; that 0; labels differently from 6;. Consider the first 7 regions,
since 6; has at most ¢ decision boundaries and the regions are disjoint, it must be the case that either

1. 0; does not place a decision boundary in at least one of the regions Ry, ..., R;, or
2. 6; places exactly one decision boundary in every region Ry, ..., R;.

We break down the proof into the two cases above, and start with the simpler case 1. In this case,
there exists at least one region R;, for some i < 1, such that #; has placed no decision boundary
there and consequently the whole interval R;s has the same label, while under 67, there would be a
boundary at vy € R;,, which implies that §; must have mislabelled an interval on at least one side
of vy. Then under source Px (E;) > Px(Iy11 N Ry) and by eq. (5) and eq. (8) the excess risk

1 Pi
P(fo,, fo;) ZPX ) = Px(Iy41 N Ry) > Ch <L+ 1> ; ©)

where (] is some positive constant that could depend on 7 and p;. On the other hand,

EQ(fois for) <1
Now by eq. (9)
Cl/m 9—(2i+1)—i/p;

Wi >
Erllon Jor )™ 2 T = e 1)

p
Using eq. (7), we have that Z < (L +1)2 (L+1) " < 274, and consequently for any p; > 1

and fixed L, and Ep( fy;, for yHpi > 2 settmg C,E}) = 25;;11 , we can conclude that in case 1
Eq(fo,, for) < CVEP(fo,, for)V/7. (10)
In case 2, when ¢ < L, 6; has no decision boundaries in regions R; 1, ..., Ry, so they will all

have the same label, since they also have the same label under ¢;. it must be that either all their
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labels agree with those of 67, or their label disagrees with the label 8} assigns to those regions. If
they are all labelled incorrectly, we will argue that,

Px(Ei) 2 Gy (Lil)m'

To see this, note that 0; places its’ decision boundary in region R; either to left of b} or to the right.
In the former case, then the interval I; 1 N R; is also labelled incorrectly, while in the latter case the
interval I; N R; would have incorrect labels, so in either case by eq. (5) eq. (8) holds. Consequently,
we can make the same arguments as in case 1 to get eq. (10).

Going back to case 2, suppose that the regions R;11, ..., R, are labelled according to 7, or ¢ =
L (they don’t exist), so that they don’t contribute to the excess risk. Let m € argmax;c;;) @x (Ej),
so that R, is a region that has large contribution to the excess risk. Then

o(fo.» for) ZQX ) < i Qx(Em), (1)

while for the source, we can lower bound

gP(fOi,fez‘) > PX(Em)

Let b, be the point that is a decision boundary in R,, under 6;. Then FE,, is either the interval
that has b}, b, as its’ end points or it is a union of two intervals, one of which has size at least
[I;n+1]/2. If it is a union of two intervals, since source excess risk will be bounded away from
zero by a constant, then we can use the same arguments as in item 1. If E,, is an interval that
has b}, and by, as its’ end points, then Py (E,,) = C3Qx(E,,)"™, where by similar calculations
as those in eq. (5), C3 = W#“ Since Z < 274 for any value of p;s and L, we have

CL/Pm > g-2m=m/pn+4/pn > 9-3m Then

Ep(for, for) /P > Px(Ep)Mom = C3/7" Qx(Ey),
and by eq. (11)

.03 . ]
i2% - Ep(fo,, for)'/P" > Cl/pmgp(fei,feg)l/pm > Eq(fo;s for)-
3

Finally, setting C',, = max {C’F(,l) , i23’} = max {(L + 1) - 231 4§23} we have shown that C,,, <

(L + 1)23*! is a transfer exponent with respect to 7{; . B

A.2. Proof of Proposition 2

Proof of Proposition 2
First we define a convenient parameterization of the set of all classifiers over the real line.

Definition 9 (Class of &k decision boundaries) Let 7—[,? = {hﬁ 7-~~7bk:0'1} be the set of classifiers

over IR that have at most k decision boundaries, given by points by < by < --- < by € IR, and
o1 € {£1}, which is the sign of the first interval (—o0, by ].
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Any two layer threshold neural net with ¢ activation units can have at most ¢ decision boundaries,
so it belongs to ’H? . Claim 4, shows that that the class of threshold neural nets with 7 hidden units
can generate ¢ boundaries, and all possible labellings of the corresponding intervals, so we can
conclude that H; = ’Hf .

Let 7 ,? PWL be the class of continuous piecewise linear (CPWL) functions with at most k linear
pieces and consequently at most k£ — 1 knots.

Claim 7 We have that sign o FCTWE = HB.

Proof It is easy to see that once we fix sign (0), thresholding each linear piece can result in at
most one decision boundary, so a CPWL function with ¢ pieces can generate at most ¢ decision
boundaries.

We argue that any set of ¢ decision boundaries b; < --- < b; and label assignment on the line
can be generated by taking the sign of some CPWL function with at most ¢ pieces. To see this,
consider the ¢ intervals Iy, ... I;_; whose end points are the boundaries. Let my,...,m;_1 be the
mid points of these intervals, and consider points (my,sign(11)),. .., (m;_1,sign(Z;—1)) on the
zy-plane. The CPWL function can be constructed by passing the first line through the pair of points
((b1,0), (m,sign (I1))), the second line through ((b2,0), (mz2, sign (I2))) and so on. The last line
interpolates the points (m;_1,sign (/;—1)) and (0, b;). [ |

Following Lemma, which is adapted from Aliprantis et al. (2006) (Corollary 3.5), states that
any CPWL function with at most k£ + 1 linear pieces can be written as a two layer ReLu Residual
neural network with at most £ hidden units.

This implies that sign o ]:gr]f WL — 9{,, since it is easy to see that any function of the form

fo(z) = <Z§:1 a;[w;x + bi]+) + ax + r can have at most 4 knots and consequently ¢ + 1 linear
pieces.

Lemma 2 (Aliprantis et al. (2006), Corollary 3.5) Any CPWL function of the form

moT + co ifz < bo
f(-%'): m;x + ¢; ifbi_lgxgbiforlgigk
Mm% + ¢, if > by,

where —00 < by < by < -+ < b, < o0 and (m;,¢;),0 < i < k+ 1 are real numbers, can also be
written in the form

k

fa) = co+mox + > (mi—1 —mi)[t — bl .
=0
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Appendix B. Example for i* = arg min; ¢*(i) Below i%

Proposition 4 Following up on Examples 1 and 2 with L = 3, for every 1 < p1 < p2 < ps, there
exists P and Q over [0, 1] x {%1} such that the following holds. i) i}, = 3, ii) p1, p2, p3 are minimal
transfer exponents from P to Q, where C),’s are uniformly upper and lower bounded independently
of p;’s, and iii) E9(Wp,) = E@(Wpy) = Eq(Mp3). Consequently, while i, = 3, we may choose
pi’s so that i* = argmin, ¢¥(i) could be below any of the levels 1,2, 3, for np sufficiently large.

Proof We use the same construction as in Proposition 1, with the exception that target does not
share the same decision boundaries. Specifically, set L = 3 and let vy, v2,v3 be the decision
boundaries under source. Under target, set v = %ﬂ, vh = %ﬂ, and v = ”3—;1 to be the

decision boundaries. Let I, . .., Iy, as defined in the proof of Proposition 1, be the intervals defined
by decision boundaries under source, and I7, . .., I} be the intervals [0, v]], [v], v5], [v5, V5], [v5, 1].
For any sequence of labels assigned to I, . .., I4, assign the same sequence of labels to I7, ..., I}.

Since the marginal densities of P, () and /p; have not changed, the conditions on transfer
exponent and coefficient are satisfied. Since I; C I} and the sign patterns under source and target
match, 7 ; don’t make any errors under target in the interval /;. Exactly half of each of the intervals
I, I3 and Iy is labelled +1 under target, and /', give a single label to each of these intervals, so
each I'p; labels half of each of the intervals Iy, I 3 and I, incorrectly under target.

For the last part of the proposition, pick any value i € {2, 3}, and to ensure that argmin; ¢ (i) <
1, forall j < set p; = pand forall j > 14, set p; > p.

|

Appendix C. Remaining Upper-bound Proofs

Our analysis relies on the following lemma.

Lemma 3 (Vapnik and Chervonenkis (1971)) Recall A(n,,,6,C(H;)) = % log(n“/::)ﬂog L3 For
any § > 0, with probability of at least 1 — 6, for all h,h' € H;

Ru(h) — Ru(K) < Ru(h) — Ru (W) + \/min{mh # W], Py, [h # W]} - A(ny, 6,C(Hs))
+ cA(ny,0,C(H;)), and
1
i]P’M[h # W'l — cA(ny, 6,C(Hi)) < Pp,[h # 1] < 2Puh # B+ cA(ng, 0,C(Hy)).  (12)
Proof of Lemma 1 Let h be the output of Algorithm 2, with H” C ’ﬂf . First we state a few
useful claims. Proofs of these claims appear in Appendix C
Claim 8 Letig = mini s.t. N> 7:[? # 0, then with probability of at least 1 — 8, iq < i6)-

Next claim can be used to bound the excess risk of & p,i With respect to h'p,. Since a similar

statement would also hold for ) under the same high probability event as in claim 8, and %Q < ié?’
we could conclude that with probability of at least 1 — ¢,

~

_1
Eq(hq) < cA(ng, bz, C(Hiz)) 4. (13)
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Claim 9 For any level i, and any hi € ?:[f , with probability of at least 1 — §;,
~ 1
Ep(hi, Wp;) < cA(np,6;,C(Hi))* P

Let Eg and Ep be the events where the bounds in Claims 8 and 9 hold. Let E'y be the event
that the bounds given in Lemma 3 hold over the hypothesis class {hp;, hg} and held out samples
from (). Note that complexity of the class {hp;, hg} is one. We first claim that under Ey and E,

1

if h = hp;, then Eg(hp;) < 25¢A(ng, 9, C(?—[%)) 2-5q . Suppose that h = hp;, which means that
the if-statement condition in Algorithm 2 must have been satisfied. Under E,

Eo(hpi) — Eo(hq) =Rq(hp) — Ro(hg) < Ri(hpi) — Rp(hg)
+ (Buglhrs # hal - Alng.5.1))” + cA(ng.6.1)
1/2
<2 (P, lhpi # hal - A(ng,8,1)) " +2¢A(ng.6,1)

)
<2 (B lhps # Hig) - Alng,,1) )1/2
+2( ! olhg # 1] - Alng. 6, 1)) Y2 L 9eA(ng,5,1).

By the second part of Lemma 3 and BCC,

R R R 1/2
Eqlhri) = Eqlha) <2 (gl # ) - Alng.6.1)) (14)

. 1/2
+2 (2Polhq # Higl - Alng,8,1)) " + e A(ng, 8,1)
~ 1/2
<2 (2C5,q(hp) " - Alng,,1)) /
. 1/2
+2 (205Q5Q(hQ)ﬁQ - A(ng, 6, 1)) +4c- A(ng, 8,1).

Assuming that 1 < C(H;= Q) so that A(ng,d,1) < A(ng,d,C(H; )) and plugging in the bound
in eq. (13), we can upper bound

. 1/2 1
2 (QOBQgQ(hQ)/BQ ' A(nQ7 57 1)) < SCA(nQa 51676(7{16)) R

. 1/2 1 .
Now if 2 <QCBQ Eo(hp)Pe - A(ng, s, 1)) > 8cA(ng, 02, C(Hiz)) @ > Eq(hq). then
going back to eq. (14), we can upper bound

. . g 1/2
Ealhr) <8 (2Ca,Eq(hr)™ - Alng,6,1)) .
Solving for EQ(B p,i) gives the bound
. 1
Eqlhps) < CAlng,6,1)7 7.
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. 1/2 1
On the other hand, if 2 <2CBQ5Q(hp,Z-)ﬁQ - A(ng, 9, 1)) < 8cA(ng, 8z, C(Hiz)) 772,
1

then the term 8cA(ng, 52}5 , C(Hia)) 2~%@ dominates the r.h.s. of in eq. (14) and we get
. 1 . 1
gQ(hpyi) < 24CA(HQ, 5122’C(HZZ))) 2-6q + EQ(hQ) < 250A(nQ, 62‘576(%1‘&))27'8@ .

. . . 1
In either case, if h = hp; then Eg(hp;) < 25cA(ng,di,,C(Hy))* °2, or equivalently, if

. 1 A .
Eq(hpi) > 25cA(ng, 5,-22,C(7-li22))2*% , then h = hg. We can also argue that if Eg(hp;) <
Eq(hq), then h = hp,. Suppose that Eg(hp;) < Eg(hg), then under the event Ejy,

Royhps) — Ry(hq) <Ralhps) = Ralhg) + (Phylhpi # hal - Alng, 8,1))
+ cA(ng,d,1)

- . 1/2
< (PRQ [hP,i a hQ] ) A(”Q? 0, 1)) + CA(”Q? 9, 1)7

1/2

which means that the if-statement condition in Algorithm 1 will be satisfied and h = h Pii-
We can then conclude that under the events £y and E,

7 2 1
Eq(h) < min {SQ(hp,i), 25cA(ng, 52-2276(7_[%))27% } .

Using the transfer exponent condition described in Definition 3 we would get

1

Eqhpi) < E(Hpy) + Eqlhpy, lip,) < Eq(Mpy) + Cppe Eplhpy,lip,) P . (15)

Applying Claim 9, under the event Ep
. 1
gp(hpﬂ') < CA(np, (51',6(7'[1')) 2=Ppi
Plugging this back into eq. (15), we get
~ 1
Eq(hpi) < EQ(Hp;) + C - CpAlnp, i, C(Hy)) B~ Prri

Finally, we can conclude that under events F'y, Eg, and Ep, which hold simultaneously with
probability of at least 1 — 34,

A 1 1
€q(h) < min {EQ(hTP,i) +C-Cp Alnp, 6, C(H) TP, cA(ng, Oz, C(Hig,))* 7@ } '
|

Proof of Claim 8  Since the hypothesis classes are nested, I, € H,; for every j > ig,. First, we
argue that with probability of at least 1 — ¢, for every j > i),

*Qe%l?,
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which would then imply that ﬂ;’;ia 7:1? # (), and consequently ig < ig)- Let fLij be an empirical
risk minimizer for level j. Let Eg be the event where the bounds in Lemma 3 hold for every
level of the hierarchy with §; = dw; for each level, so that Eg occurs with probability of at least
1—-3772,0;=1—4. Under Eq, forevery j > i,

Rolhq) — Ralliy) <Rqlhq,) — Rallig) + \[Paglha, # y] - Alng, 6;,C(H;))
+ Alng.8;,.C(Hy)).

since g, is a risk minimizer, moving the risk difference to the right hand side of the inequality and
the empirical risk difference to the left hand side gives

Ro(lg) — Rq(hg) < C\/]P’nQ [hq. # Wyl - Alng, 6, C(H;)) + cA(ng, 8;,C(H;)).
Therefore, by Definition 8, under Eq, hiy, € 7:1]Q for every j > z*Q implying that %Q < zZ? |
Proof of Claim 9  Let Ep be the event that the bound in Lemma 3 holds over P samples.

Ep(hi, Wp;) =Rp(hi) — Rp(Hp;) < Rp(hi) — Rp(hpy) (16)
. 1/2
o (Buplhs # i) - Alnp, 6, CH))) T+ cAlnp, 8, C(H). (A7)

Since h; € ’Hf , the expression in 16 can be upper bounded by

.. 1/2
(]pnp [ # hpy] - A(np, 6i,C(’Hi))> + cA(ng, 6, C(H:)).
Furthermore, under Ep we can upper bound

P i # hp] < Prplhi # Bp,) + PoplHp,; # hpil
< QPP[}AIZ‘ 75 h*pﬂ] + Q]P)p[ >kp’i 75 ilpﬂ'] + CA(np,(Si,C(Hi)),

where the second inequality followed by applying the second part of Lemma 3, which is stated
in equation 12.
By Bernstein class noise condition (Definition 2), the first two terms above can be upper bounded
by
CEp(hi, lp;)Pi + CEP(hp, Hp,) PP,
then going back to equation 16, we get

A A . _ 1/2
Rp(i) = Rp(hp) <C (Ep(hi, ip,) "7 - Alnp,6;,C(H:)) ) (18)

. 1/2
e (5p(hp,z-, Iip,)?Pi - A(np, 5, C(Hi))) + cA(np, 8;,C(H)).
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Again , using Definition 2 and under F'p, we can also upper bound the first term in equation 17,

R 1/2 . 1/2
(P [hs # Bl - Alnp, 5,C(0))) < (Polha # lip) - Alnp, 6, C(H.) )

+ CA(TLP, 0is C(’Hl))
<C (Ep (i, Hipg) 7 Alnp, 61, C(Hy)) )
+ CA(TLP, 52‘, C('Hz))

1/2

Note that this upper bound can be absorbed into the bound given in 18 by adjusting the constants.
In total, we get

A S g, 1/2
Ep(his ;) <C (Ep(hi, ip) 7+ - Alnp, 8, C(H,)) )

1/

~ 2
+C (gp(hpﬂ-, lip,) PP - A(np, i, C(Hi))> 4 cA(np, 8;,C(Hs)).

Now since & p,i is an ERM over the class H; under P, under Definition 2 and event Ep, using
lemma 3 we can upper bound its’ excess risk by

1

C (A(np,8;,C(Hy))) > Pri,

which leads to the upper bound
. . 1/2
Ep(his ;) <C (Ep(hi, i) P+ - Alnp, 8, C(H.)) )
.
+C (A(np, (51,6(7‘[1‘)))2_ﬁ}j”' .

Consider the inequality above without the term on the second line, we can then solve for Eg( EQ)
and get the bound in the statement of this claim, since the solution will in the same order as the
second line. W

Appendix D. Remaining Lower Bound Proofs
D.1. Proof of Theorem 1
The proof builds on Theorem 1 in Hanneke and Kpotufe (2019), simply by enriching the family of

1 1
distributions used therein. Let e = (%) *PQ andep = (%) C=PP% hote that

min {ep + o,eg9} > min{max {ep,a},eq} = max {min{ep,eq},min{a,eq}},

where the equality follows by distributing the min. Let ¢1,co < 2 be constants that will be deter-
mined later; define

€1 =cimin{ep,eq},

and
€2 = comin{a,eqQ}.
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Theorem 1 of Hanneke and Kpotufe (2019) gives a lower bound of order ce; which holds with

probability of at least %, for some universal constant c. Here, we will construct another family
of distributions that would lead to a lower bound of order cey for a universal constant ¢. In fact,
the only difference is that the source distribution is the same for all the members of hard family of
distributions.

Source and target marginal distributions are supported on a set of points xg, z1, ..., x4—1 in the
domain & that is shattered by . Only the target distribution in the family of hard distributions
{P"" x Qy°} depends on o € {#1}%!. Source marginal distribution Py is the uniform distri-
bution on zg, z1,...74-1, and Py|x_,, (Y = 1) = 1. For the target, let Qx (7o) = 1 — 65@

o
and Qx o (z;) = %fori > 1. The target labels for i > 1 are given by Q,y|x—s,(Y = 1) =
O; I_B
% + 7 €2 Q’ and QU7Y|X:$O(Y = 1) =L

Now we can verify the Bernstein class noise condition. Let h, € H be the Bayes classifier under

Q- and let 6(.,.) denote number of coordinates o, ¢’ differ, or equivalently Hamming distance of

d—1 d—1 o e .
2t and "/Jr% Note that for any distinct pair o, 0’ € {£1}471,

Q /
Sl o). 2 B _ O(dh0)
EQU,(hU)f(S(U,a) =1 € == 1) €2, (19)
while
/ €§Q
Pa (b # 1) = 8(0',0) - 2

Additionally, for every o', £g_, (hp) < €2/2 < ¢2/2 - a.

By Proposition 5 of Hanneke and Kpotufe (2019), there exists a (d—1) /8 packing A of the d—1
dimensional hypercube such that the all ones vector 11 € A" and |N| > 2%, where the metric
used for the packing is Hamming distance. Suppose that A” is such a packing over the {41}7~1
hypercube. Now consider the restriction of the family of distributions to & € N”, by eq. (19), for
every distinct 0,0’ € N7, &g, (hor) > 3.

Next, we show that the KL divergence between distributions parameterized by any two distinct
o, o’ is small. First, write

-1 Bo

€
D (PP x Qz°|P" x Q) = noDu(Qs|Qs) = ng Z d2— 1 Dt (Qoy | X Qo v | X =) -
i1

(20)

Now we use Lemma 2 in Hanneke and Kpotufe (2019), which gives an upper bound on KL di-
vergence of two Bernoulli distributions with small bias, to get that Dy (Qa.’yl X=2;Q0" v X::ci) <

006372%, as long as e;ﬁQ < 1/2. Going back to eq. (20), we get
Du(P"" x Qo°|P"" x Q,F) <ngq- 52 co/d-e P < eofdng e "< cofd .

Now pick co such that ¢y/4 - cg_BQ -d < 1/ 810g(%), so that we can apply Proposition 4 of
Hanneke and Kpotufe (2019) (which is Theorem 2.5 of Tsybakov (2009)) to get that

3—2V2

Sup P, o €0, (B) > 1/32 - @] > ==

oceN
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D.2. Proof of Theorem 5

Let zg,x; be the set of points that are exclusively shattered by Ho, then it is possible to pick
hi € Hy and he € Ho \ H1 such that hy and hs disagree on exactly one of x(, z1. Without loss of
generality assume that h(z9) = ha(zo) = yo and ha(z1) # hi(z1). Since there is no label noise,
ﬁP,i = ﬁQﬁ' =1,for: € {1,2}.

Source distribution does not depend on b, so we have Px ,(x0) = Px(z1) = 1/2, and the
labels are given by hy, Target marginal distribution also does not depend on b, and is given by
Qxo(z9) =1 — o, and Qx »(z1) = a. The labels for target are set so that when o = 1, h; is a
risk minimizer, and when o = 2, hy is a risk minimizer. That is, Qy|x—z ,(1) = hs(z). Note that
forevery 0,7 € {1,2}

0 o=1

EQ[,(h’sD,i):{a .

For any classifier h, define

&;{1 h(z1) = hi(z1)
2 h(x1) = ha(z1).

Let E, be the event where under target all the samples are (g, yo), then for any o

P [Ep]=(1-a) > (1 -
PrPxQ,@

nQ
> 21—1/01.

C1 nQ

Under the event Ep, h cannot distinguish between (1 and Q2. So under the event Ep, no
classifier can output the correct answer more than half the times, so with probability of at least
Lo (1= 1/ep) A

£q,(h) = Eq,(hs) = Eq, (hps) = max {Eq, (Wp;)} -

Setting ¢c; = 2 proves the statement.

D.3. Proof of Proposition 3

Proper estimators. Let h € H be some proper estimator. If i € {h1,ha}, set 01 = +1 and o9
arbitrary. If h € {h), h}}, then set 01 = —1, and o9 such that the region that has mass (%P)l/ Pa

C1
18 labPIIed incorrectly. That is, if h = h’l, o2 = +1. It is easy to see that with this choice of o,
Eq, (h ) = (3= Pe.

Improper estimators. Let h be an improper estimator. For —1/2 < e < 1/2, we say that h
has bias € on an interval [ if it classifies 1/2 + € fraction of the interval under uniform measure

as positive. That is, Ey () [E(X )] = 2e. Note that if a classifier has bias € on an interval I, and

sign (e¢) # sign (I), then the error of the classier on that interval is 1/2 + |¢|. Even if sign (¢) =
sign (I), as long all of the interval has the same label, the error will be at least 1/2 — |e|.

For simplicity let a = (ﬁ)l/p“, b = (CI;P)I/W’, and recall that A = a — b. Also note
that in our construction, the risk minimizer has risk equal to a under o = (+1, 02), while the risk

minimizer under o = (—1, 02) has risk equal to A/2.
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Now fix some improper estimator h, and let € L, €L;, s €R;,» ER DE biases of h on Lout, Lin, Rin
and R, respectively. We break down the proof to three cases.

Casel: ¢, ,ep, < —1/4.

Let o1 = +1 so that the intervals L;,,, R;, have positive labels and h has risk of at least 3 /4(a+
b) on the intervals R;,,, L;,. We can pick o such that the error on the region Ly,; U R,y is at least

A A

(5 +maxleclfee) + (5 — min(es] eal))) - 5 = 5.

by making sure that h makes more error on the Loyt or Ry, interval that has the maximum absolute

bias. Then for this o, Ro(ﬁ) > “T_b + w > %‘1, while the risk minimizer has error of a, so

£q,(h) > 4.

Case 2:|ef, + eg| > 1/4, and Case 1 condition does not hold.

Set 01 = —1, and pick o9 such that 0o = —sign (¢, + €r). Note that total bias over the region
Loyt U Ry would be <L since (1/2 +€1) - & + (1/2+€r) - § = (3 + ELL) - A On the
other hand, since we are in case 2, it must be that either e, > —1/4 oreg, > —1/4, which would
mean that the error over the intervals L;, and R, is at least 1/4b

Then we can ensure that

- 1 |er+er b a—-b_a-b b _a
Eo W>[=-4+——=)-(a—0b - — > - > .
QJ)—<2+ 2 =D+ 2% ti7g

Case 3:|ep + €1| < 1/4 and the condition in Case 1 does not hold.

Set 07 = —1, and pick o2 such that whichever of R;, or L, that has more positive bias is
assigned mass a. Since we are not in Case 1, max(e Rin» € Lm) > —1/4, leading to error of at least
% over R;, U L;,. On the other hand, since the bias in the regions R,,; and Ly is €RJ2F€L , we have

- 1 |er+er a a—b_a
> (2B W) (g = Z > 2
a2 (53— T3 H) -0 4§15 2

The statement of the proposition follows by lower bounding (3%) 1/pa > 3%

Appendix E. Adaptivity Lower Bounds for a Larger Class

In this section, restricting to proper learners, we show similar adaptivity lower bounds as in The-
orem 4 for a larger model class. Let H; = {h;} be the class of one sided thresholds, where
hi(x) = sign (z — t). Let Ho additionally include one sided intervals, where only the points inside
a closed interval are labelled positive.

Theorem 6 Let 1 and Hs be the class of one sided thresholds and intervals as described above.

1/Pa
Pick any pq > py > 1, and any np and ng, where (ﬁ) < min {i, %

family of distributions {( Py, Qs)}, indexed by some o, such that the following hold.

}. There exists a

(i) For all o, minimal transfer exponents from P, to Q. are the set {p1, p2} = {pa, pb}-

1 )1/pa.

np

1/
(ii) For all o, we have min; ¢, (i) = ( L ) " strictly less than max; ¢, (i) = (

np
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We have that, Yh, sup P {SQU (iz) >
T PrPxQ.9

Proof of Theorem 6

In this proof, since the construction is very similar to the one in Theorem 4, we will use the
same notation and refer to the objects defined there.

The family of distributions. We divide the unit interval as in the proof of Theorem 4 and let

1/pa 1/p
o € {£1}. Recall A = ( L ) - < L ) ", where c; is constant that will be picked later .

cinp cinp
Source distributions P, are the same as in the construction in Theorem 4. The target marginals are
as follows.

* Qx,1,1)(Lout) = 0,and Qx (1,1)(Rout) = A.
* Qx,1,-1)(Lout) = A, and Qx 1,1y (Rout) = 0.
¢ QX,(fl,-)(LOut) = QX,(fl,-) (Rout) = A/2

© Qx(1)(Lin) = (Clip)l/pa and Qx (., +1)(Rin) = (cliP)l/pb.

© Qx,(—1)(Lin) = (Clip)l/pb and Qx (. —1)(Rin) = (ClilP)l/pu.

1/Pa
* The remaining mass is in the middle interval, so Qx ([1/3 +7,2/3 —7r]) =1 —2 ( L ) .

cinp

The masses in all intervals except for R;,, and L;,, are distributed uniformly within that interval.
For intervals L;,, and R;,,, the densities are

o fr(x) o< |z —(1/3+ 7“/2)\9%71 and fg(z) o |z — (2/3 — 7“/2)\%71 when 09 = +1, and
o f1(2) o |z — (1/3+7/2)[% " and fp(z) o |& — (2/3 — r/2)|7a L if op = —1.

In this construction, only the labels of the intervals R;, and L;, depend on o, and are given by
Y0.0(Lin) = YQ,o(Rin) = o1. If the intervals L,y and R,y have non zero mass under o, then
they are labelled +1. The middle interval [1/3 + r,2/3 — 7] is labelled —1 for every o.

Claim 10 Recall Hy C H from Theorem 4. For every o and i € {1,2}, we have Eq,, (Ip_ ;) = 0
and the risk minimizers over the classes Hy and Ho under both source and target are the same as
the risk minimizers over classes H1, Ho.

Proof Since the middle interval has a large negative mass and # is the class of one sided thresh-
olds, any one sided threshold that positively labels the middle interval cannot be a risk minimizer.
Since the threshold is in the intervals L;,, U L,,:, we can see that the risk minimizers are either h;
or h) and are shared between source and target, implying that £, (h},ml) =0.

Under source a one sided interval that is a risk minimizer would choose to label intervals
Lout, Lin, accurately, since there is large negative mass in the middle interval, and the mass in
Rgy: 1s small than the mass in L,,; by a constant factor. Under target, there are multiple one sided
intervals that are risk minimizers, but since the total positive mass in the left side ( Loyt U Liy) is
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equal to the total positive mass in the right side R,,; U R;,, and the negative mass in the center
interval is very large, one of hg or h}, would also be a risk minimizer under target depending on o7,
and it would be shared with source, so g, (h’p, ) = 0.

|

Claim 11 For every o = (01,02) € {£1}2, if 0o = 1, then py, and p, are transfer exponents from
P, to Q. with respect to H1 and Ho respectively. If oo = —1, then they are transfer exponents with
respect to Ho and Hy instead.

Proof To see that p, and p; are transfer exponents, note that the labels are always the same under
source and target, and the only intervals where ratio of densities of source and target is not a constant

are L;, and R;y,. In the case of one sided thresholds, if some h; € 7; has source excess risk that
1

1se < g it must be that ¢ € R;,. Which then implies that its’ target excess risk is going
1/pv 1/pa -
to be of order ¢ (0176113) or ¢ <61;P> depending on oy. Similarly, any h € Hs that has

source excess risk € < ﬁ must be a once sided interval with both of its’ end points in the region

Loyt U L. If the region that it makes error on is not in L;,, then the ratio of source and target
excess risks is bounded by a constant, while if the error region is in L;,, h will have excess risk of

1/ 1/pa
0rder< £ ) " 0rc< £ ) g depending on 0.

canp cinp
To argue that p, and p, are minimal transfer exponents, fix oo = —1 and consider a sequence

of one sided thresholds /33, as t — 0. Target excess risk for this sequence decreases at the rate

1/pa . . . .
(qfw) , while under source it would be CIZP .If p/ < pg is a transfer exponent, the ratio of the

. 1 a . . >
excess risks il//f;’ would not be bounded by a constant as t — 0. A similar argument works for Ho
and oo = +1, since h'p, € Ho. [ |

Next, we show that for every proper learner h € H, there is a distribution in the family where
h incurs large excess risk.

Proposition 5 Let ¢, = 32. For any proper learner h, there exists o € {£1}2 such that &g, (h) >

1/2 (qglp)”p“

Proof By construction, for every proper learner h € Ho, there exists o such that &g, (lNz) >
1/Pa
( 1

e We project every proper learner h € H, by picking h € Hy whose labeling on
the regions R;,, and L;, agrees the most with h, under the uniform measure over L;, and R,,;. In
the case that h has positive labels in both of the regions, its’ excess risk will be a large constant. So

h agrees with its’ projection h on at least one of the intervals R;, or Ly, plus at least half of the

1/pa N 1/pa
other interval. Thus, if o is such that £, (h) > ( 1 ) * then £, (h) > 1/2 - ( 1 ) s

cinp cinp

We define the event B and randomize the choice of o as in the proof of Theorem 4. The
constructions are such that the event B has exactly the same probability as in the proof of Theorem 4,
and the rest of the proof follows by exactly the same argument. l
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