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Abstract

Determining the optimal sample complexity of PAC learning in the realizable setting was a central
open problem in learning theory for decades. Finally, the seminal work by Hanneke (2016) gave
an algorithm with a provably optimal sample complexity. His algorithm is based on a careful and
structured sub-sampling of the training data and then returning a majority vote among hypotheses
trained on each of the sub-samples. While being a very exciting theoretical result, it has not had
much impact in practice, in part due to inefficiency, since it constructs a polynomial number of
sub-samples of the training data, each of linear size.

In this work, we prove the surprising result that the practical and classic heuristic bagging
(a.k.a. bootstrap aggregation), due to Breiman (1996), is in fact also an optimal PAC learner. Bag-
ging pre-dates Hanneke’s algorithm by twenty years and is taught in most undergraduate machine
learning courses. Moreover, we show that it only requires a logarithmic number of sub-samples to
reach optimality.

Keywords: PAC learning, Realizable Setting, Bagging, Generalization Bounds, Sample Complex-
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1. Introduction

PAC learning, or probably approximately correct learning (Valiant (1984)), is the most classic the-
oretical model for studying classification problems in supervised learning. For binary classification
in the realizable setting, the goal is to design a learning algorithm that with probability 1 — § over
a random training data set, outputs a hypothesis that mispredicts the label of a new random sample
with probability at most €. More formally, one assumes that samples come from an input domain X’
and that there is an unknown concept ¢ : X — {—1,1} that we are trying to learn. The realizable
setting means that ¢ belongs to a predefined concept class C C X — {—1,1} and that the correct
label of any x € X is always c(x).

For the above learning task, a learning algorithm A receives a training data set S of m i.i.d.
samples (X1, ¢(X1)), - . ., (Xm, ¢(X;m)) Where each x; is drawn independently from an unknown data
distribution D over X. From this data set, the learning algorithm must output a hypothesis hg :
X — {—1,1}. The algorithm A is a PAC learner, if for any distribution D and any concept ¢ € C,
it holds that if 4 is given enough i.i.d. training samples S, then with probability at least 1 — 9, the
hypothesis hg that it outputs satisfies Lp(hg) = Pryop[h(X) # c¢(x)] < e. We remark that the
algorithm 4 knows the concept class C, but not the data distribution D. Determining the minimum
number of samples M (e, d), as a function of ¢, ¢ and the VC-dimension Vapnik and Chervonenkis
(1971) d of C (see Section 2 for a formal definition of VC-dimension) needed for this learning task,
is one of the fundamental problems in PAC learning.

The most natural learning algorithm for the above is empirical risk minimization (ERM). Here a
learning algorithm simply outputs an arbitrary hypothesis/concept hg € C that correctly predicts the
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labels of the training data, i.e. it has hg(x;) = c(x;) forall (x;, ¢(x;)) € S. Clearly such a hypothesis
exists since ¢ € C. Such a learning algorithm is referred to as a proper learner as it outputs a
hypothesis/concept from the concept class C. ERM is known to obtain a sample complexity of
O(eY(dlg(1/e) + 1g(1/8))) Vapnik (1982); Blumer et al. (1989). Moreover, it can be shown
that this analysis cannot be tightened, i.e. there are distributions D and concept classes C where any
proper learner needs (=1 (d1g(1/¢)+1g(1/4))) samples Auer and Ortner (2004). However, a PAC
learning algorithm is not necessarily required to output a hypothesis h € C. That better strategies
might exist may seem counter-intuitive at first, since we are promised that the unknown concept ¢
lies in C. Nonetheless, the strongest known lower bounds for arbitrary PAC learning algorithms
only show that Q(e~1(d + 1g(1/5))) samples are necessary Blumer et al. (1989); Ehrenfeucht et al.
(1989). This leaves a gap of a factor lg(1/c) between ERM and the lower bound for arbitrary
algorithms.

Despite its centrality, closing this gap remained a big open problem for more than thirty years.
Finally Hanneke (2016) built on ideas in Simon (2015) and presented an algorithm with an asymp-
totically optimal sample complexity of M(g,6) = O(e~1(d + 1g(1/4))). His algorithm is based
on constructing a number of subsets S; C S of the training data S with carefully designed overlaps
between the S;’s (see Section 2). He then runs ERM on each S; to obtain hypotheses hg, € C
and finally outputs the hypothesis fs taking the majority vote fs(x) = sign(>_, hs,(x)) among the
hs,’s. While being a major theoretical breakthrough, Hanneke’s algorithm has unfortunately not had
any significant practical impact. One explanation is that it requires a rather large number of sub-
samples S;. Concretely, with optimal m = ©(s~!(d+1g(1/6))) samples, it requires m'843 ~ m %™
sub-samples of linear size |S;| = 2(m), resulting in a somewhat slow learning algorithm.

Our Contribution. In this work, we present an alternative optimal PAC learner in the realizable
setting. Surprisingly, our algorithm is not new, but actually pre-dates Hanneke’s algorithm by twenty
years. Concretely, we show that the heuristic known as bagging (bootstrap aggregation) by Breiman
(1996), also gives an optimal PAC learner. Bagging, and its slightly more involved extension known
as random forest Breiman (2001), have proved very efficient in practice and are classic topics in
introduction to machine learning courses.

In bagging, for ¢ iterations, we sample a subset S; of n independent and uniform samples with
replacement from S. We then run ERM on each S; to produce hypotheses hg;, € C and finally output
the hypothesis fs, s, taking the majority vote fs, s, (z) = sign(}_, hs,(x)) among the hg,’s.
The sub-samples S; are referred to as bootstrap samples.

While being similar to Hanneke’s algorithm, it is simpler to construct the subsets S;, and also, we
show that it suffices with just t = O(lg(m/¢)) bootstrap samples of size n for any 0.02m < n < m,
which should be compared to Hanneke’s algorithm requiring m® 7 subsets (where m is optimal
O(e1(d + 1g(1/4)))). For ease of notation, let D, denote the distribution of a pair (x, ¢(x)) with
X ~ D. Our result is then formalized in the following theorem

Theorem 1 There is a universal constant a > 0 such that for every 0 < § < 1, every distribution
D over an input domain X, every concept class C C X — {—1,1} of VC-dimension d and every
ce C ift > 18In(2m/d) and 0.02m < n < m, then it holds with probability at least 1 — § over
the random choice of a training set S ~ D" and t bootstrap samples S1, ...,St C S of size n, that
the hypothesis fs, ... s, produced by bagging satisfies

Lo(fsi,s) = Prfs,,s.(x) £ c(x)] < o T2,

x~D m
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Solving for m such that ¢ < Lp(g) gives a sample complexity of O(e~1(d + 1g(1/6)) as claimed.
We remark that the constants 18 and 0.02 can be reduced at the cost of increasing the unspecified
constant a.

In addition to providing an alternative and simpler algorithm for optimal PAC learning, we
also believe there is much value in providing further theoretical justification for the wide practical
success of bagging.

As an interesting secondary result, if we combine our proof with a recent work by Larsen and
Ritzert (2022), we get that bagging combined with a version of AdaBoost gives an optimal weak
to strong learner Kearns (1988); Kearns and Valiant (1994). We find it quite remarkable that the
combination of the classic techniques bagging and boosting yields this result.

In Section 2, we first present Hanneke’s optimal PAC learner and highlight the main ideas in
his analysis. We then proceed to present a high-level overview of our proof of Theorem 1, which
re-uses some of the ideas from Hanneke’s proof. In Section 3 we proceed to give the formal proof
of Theorem 1. Finally, in Section 4, we comment further on the weak to strong learning result, as
well as discuss some directions for further research.

2. Proof overview

In this section, we first present Hanneke’s PAC learning algorithm and discuss the main ideas in his
analysis. We then proceed to give a high-level overview of the keys ideas in our proof that bagging
is also an optimal PAC learning algorithm. For completeness, we start by recalling the definition of
Vapnik-Chervonenkis dimension Vapnik and Chervonenkis (1971), or VC-dimension for short.

A concept class C C X — {—1,1} has VC-dimension d, where d is the largest integer such
that there exists a set of d samples x1,...,xqy € X for which any labeling of the d samples can be
realized by a concept ¢ € C. That is, |{(c(z1),...,c(zq)) : ¢ € C}| = 2¢. Throughout the paper,
we assume d > 1 which is always true when C contains at least two distinct concepts. Also, as the
reader may have observed, we consistently use bold face letters to denote random variables.

Hanneke’s Algorithm and Analysis. As mentioned in Section 1, Hanneke’s algorithm constructs
a carefully selected collection of sub-samples of the training set S. These sub-samples are con-
structed by invoking Algorithm 1 as Sub-Sample(S, ).

Algorithm 1: Sub-Sample(U, V)
Input: Two sets of training samples U, V.
Result: Collection consisting of sub-samples.
if |U| < 4 then
| return {U UV}
else
Partition U into 4 disjoint sets Uy, U1, Us, Us of |U|/4 samples each.

return {J;_, Sub-Sample(Uo, V U (U1 2,37 1y Us)):

For simplicity, we have presented the Sub-Sample algorithm assuming that m is a power of 4.
Since |U]| is reduced by a factor 4 in each recursive call and there are 3 such calls, we get that

the total number of sub-samples produced is 31817 = m/!813 x~ m07,
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To analyse the hypothesis produced by invoking Sub-Sample(S, (}), running ERM on each pro-
duced sub-sample S; to produce hypotheses hg, and taking a majority vote fs(x) = sign(} _; hs,(z)),
we zoom in on the recursive invocations of Sub-Sample(U, V). Such an invocation produces a num-
ber of sub-samples Sy,...,S; of UUV C S. Letting hg,, ..., hs, denote the hypotheses obtained
by running ERM on these sub-samples and f(y vy(7) = sign(}_, hs,(z)) the majority vote among
them, we prove by induction (with the base being the leaves of the recursion) that with probability
at least 1 — § over U, it holds that Lp(fy,v)) < a - (d + In(1/9))/[U] for a universal constant
a > 0. If we can complete this inductive step, then the conclusion follows by examining the root
invocation Sub-Sample(S, 0).

The base case in the inductive proof is simply when a - (d+1n(1/6))/|U| > 1. Here the conclu-
sion follows trivially as we always have Lp(f(y,v)) < 1. For the inductive step, let f1 (u,v), f2,(u,v)
and f3 y,v) denote the majority voters produced by the three recursive calls Sub-Sample(Ug, V U
Us U Us), Sub-Sample(Upy, V U Uy U Us) and Sub-Sample(Ug, V U U; U Us). Each of these have
Lp(fiuv)) < a-(d+In(1/9))/|U;] = 4a- (d+1n(1/§))/|U]| by the induction hypothesis (except
with some probability 6 which we ignore here for simplicity). For short, we say that a hypothesis
h errs on x if h(x) # c¢(x). The crux of the argument is now to show that it is very unlikely that
Ji,(u,v) errs on a sample x ~ D at the same time as a hypothesis hg trained on a sub-sample S’
produced by a recursive call j # ¢ also errs on X.

For this step, let us wlog. consider the majority vote f (y,v) (over hypotheses produced by
ERM on Sub-Sample(Up, V U Uz U Uy)). Intuitively, if Lp(f1,w,v)) < a- (d+1n(1/4))/[U]
then the hypotheses in f; (y,v) contribute little to Lp(f(y,v)). So assume instead Lp(f1,(u,v)) ~
4a-(d+1In(1/9))/|U]. Consider now some hypothesis hg obtained by running ERM on a sub-sample
S’ produced by the recursive call Sub-Sample(Uy, V U Uy U Us). The key observation and property
of the Sub-Sample algorithm, is that all hypotheses in the majority vote fi (yv) have been trained
on sub-samples that exclude all of Uy. This means that the samples Uy are independent of f1 (yv)-
When Lp(f1,u,v)) =~ 4a - (d+1n(1/5))/[U|, we will now see about |Uy |[4a - (d +1n(1/6))/|U| =
a - (d+1In(1/§)) samples (x,c(x)) in Uy for which f; @y vy(x) # c(x). The observation is that,
conditioned on f1 (y,v), these samples are i.i.d. from the conditional distribution D(- | Ji,uv) errs).
The second key observation is that hg is obtained by ERM on a sub-sample S’ that includes all of
U; (we add U; to V in both of the other recursive calls). Moreover, since we are in the realizable
setting, we have hg/ (X) = ¢(x) for every x € Uj. In particular, this holds for all the samples where
f1,(0,v)(X) # c(x). The classic sample complexity bounds for proper PAC learning in the realizable
setting then implies that hg has Lp(.f, ) errs) (hg) = O((d + In(1/6))/(a - (d +1n(1/9)))) <
1/200 for a sufficiently large. Note that this is under the conditional distribution D(- | f; (y,v) errs).
That is, hg rarely errs when f (y y) errs. We thus get that Pr[f; yv)(x) # ¢(X) Ahg (X) # c(x)] =
Pr{fiww(x) # c(x)] - Prihg (%) # c(x) | fruw)®) # eX)] < (a/50) - (d + In(1/8))/|U].
Since this holds for every f; yyv) and hg from a recursive call j # i, we can now argue that
Lp(fuv)) < a-(d+1n(1/6))/[U]. To see this, note first that for f(yy) toerronanx € X, it
must be the case that at least one f; yv) also errs. Even in this case, since one recursive call only
contributes a third of the hypotheses in the majority vote f(y v), there must be many hypotheses
hg (at leasta 1/2 — 1/3 = 1/6 fraction of all hypotheses) trained from sub-samples S’ produced
by the recursive calls j # i that also err on z. But we have just argued that it is very unlikely that
both f; (y,v) and such an hg err at the same time. Formalizing this intuition completes the inductive
proof.
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Bagging Analysis. We now turn to presenting the key ideas in our proof of Theorem 1, i.e. that
bagging is an optimal PAC learner. Along the way, we also discuss the issues we encounter towards
establishing the result. Recall that in bagging with a training set S ~ D;*, we randomly sub-
sample ¢ bootstrap samples S1,...,S; C S each consisting of n i.i.d. samples with replacement
from S. We then run ERM on each S; to produce hypotheses hg,, ..., hs, and finally return the
majority vote fs, s,(x) = sign(d>_, hs,(z)). It will be convenient for us to think of fs, g,
in a slightly different way. Concretely, we instead let fs, s, () = (1/t) ), hs,(x) be a voting
classifier. Thensign(fs, s, (x)) # c(z) if and only if fs, s, (x)c(x) < 0. We thus seek to bound
Lp(fs,...s;) =Prxuplfs,,. . s, (x)c(x) < 0]. The motivation for thinking about fs, g, as a voting
classifier, is that it allows us to re-use some of the ideas that appear in proving generalization bounds
for AdaBoost Freund and Schapire (1997) and other voting classifiers.

We first observe that similarly to Hanneke’s sub-sampling, if we look at just two hypotheses
hs, and hg; with i # j, then hg, is trained on a bootstrap sample S; leaving out a rather large
portion of S. Furthermore, hg; will be trained on most of these left-out samples and thus one could
again argue that it is unlikely that hg, and hg; err at the same time. Unfortunately, this line of
argument fails when we start combining a non-constant number of hypotheses. In particular, with
high probability over the bootstrap samples, the union of any set of £ bootstrap samples contains
all but an exp(—$2(¢))-fraction of S. This leaves very few samples that are independent of the
hypotheses trained on such £ bootstrap samples. Trying to repeat Hanneke’s argument unfortunately
requires 2(m) independent samples towards the last steps of an inductive proof. In a nutshell, what
saves Hanneke’s construction is that a third all sub-samples together still leave out a quarter of the
training data. For bagging, such a property is just not true if we have more than a constant number
of bootstrap samples.

Abandoning the hope of directly applying Hanneke’s line of reasoning, we instead start by
relating the performance of bagging to that of a particular voting classifier that is deterministically
determined from a training set S, i.e. we get rid of the bootstrap samples. To formalize this, we first
introduce some notation. From a training set S of m samples (z1,c(z1)), ..., (Tm, c(zy)) and a
vector of n not necessarily distinct integers I = (i1, ...,i,) € [m]", let S(I) denote the bootstrap
sample (z;,,c(xs,)), ..., (xi,,c(zi,)). Then a random bootstrap sample S; from S has the same
distribution as if we draw I uniformly from [m]™ and let S; = S(I). Also, let hg(;) € C denote the
hypothesis resulting from running ERM on S(I). Finally, for a list of ¢ vectors B = (I1,...,I;) €
[m]™*t, we let fsp = (1/t) 3, hs(1,y denote the voting classifier produced by bagging with
bootstrap samples S(I1), ..., S(I;). Using the notation B ~ [m]™*! to denote a uniform random B
from [m]"*! we thus have that the hypothesis produced by bagging on S has the same distribution
as fs -

Now consider the following voting classifier

1
gs(x) == — > hgp().
I€[m)]

That is, gg is the voting classifier averaging the predictions over all m™ possible bootstrap samples
of S. Of course one would never compute gs. Nonetheless, the performance of the random fs g with
B ~ [m]™*! is closely related to that of gg. To see this, we introduce the notion of margins which
are typically used in the study of generalization of voting classifiers, see e.g. the works Bartlett et al.
(1998); Gao and Zhou (2013). For a sample = € X and voting classifier f(z) = (1/t) Y'_, hi(x),
we say that f has margin f(x)c(x) on the sample x. Since each h;(z) is in {—1, 1}, we have the
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margin is a number between —1 and 1. Intuitively, 1 represents that all the hypotheses h; agree on
the label of z and those predictions are correct. In general, a margin of -y implies that an a-fraction
of the hypotheses h; are correct, where a— (1—a) = v = a = 1/2++/2. Foramargin 0 < v < 1,
define £),(f) = Pryp[f(x)c(x) < 7]. That is, £1(f) is the probability over a random sample x
from D that f has margin at most v on x. We have Lp(f) = £%(f). With margins defined, we
show that for every training set S = {(z;,c(z;))}",, if t = Q(In(m/J)), then with probability
1 — § over B ~ [m]"**, we have

Lp(fsp) < ﬁ%ﬁ(gs) +1/m. )

What this gives us, is that it suffices to understand how often the voting classifier that averages over
all possible bootstrap samples has margin at most 1/3. To see why (1) is true, notice that every hy-
pothesis hgy,) in fsp = (1/t) St h s(1;) is uniform random among the hypotheses averaged by
gs. Hence for any x € X’ where gs has margin more than 1/3, we have Ey, pjn [hg(1,) () c(z)] >
1/3. By a Chernoff bound and using the independence of the bootstrap samples implies that
Prg pmpnxt[fsp(T)c(x) < 0] < exp(—Q(t)) < §/m. Using that this holds for every z with
gs(z)e(x) > 1/3 establishes (1).

Our next step is to show that EID/ 3(gs) is small with high probability over S ~ DZ". For this, our
key idea is to create groups of bootstrap samples S(7) with I € [m|™. These groups have a structure
similar to those produced by Hanneke’s Sub-Sample procedure. We remark that these groups are
only for the sake of analysis and are not part of the bagging algorithm.

For simplicity, let us for now assume that bagging produced samples without replacement in-
stead of with replacement. To indicate this, we slightly abuse notation and let (’:) denote all
vectors I € [m]™ where all entries are distinct. Also, let us assume that n precisely equals
the number of samples in each sub-sample created by Hanneke’s Sub-Sample (technically, this is
n=m—38"""41) Foraset S = (z1,c(x1)),- .., (Zm, c(xm)), let T denote the collection of all
vectors I € (’:) such that S(I) is one of the sub-samples produced by Sub-Sample(S, ()). Note that
7 only depends on m, not on .S itself. We now define buckets C; of vectors I € (’ZZ) (i.e. of vectors
corresponding to bootstrap samples). For every permutation 7 of the indices 1, ..., m, we create a
bucket C;. We add a vector I = (iy,...,i,) € (') to Cx if and only if 7 (I) = (7(i1),...,7(in))
isin Z.

With these buckets defined, we now make several crucial observations. First, for any bucket C,
if S ~ DI, then the joint distribution of the bootstrap samples S(I) with I € C; is precisely the
same as the joint distribution of the sub-samples produced by Sub-Sample(S, (). This holds since
permuting the samples in S does not change their distribution. Hence for any bucket, Hanneke’s
analysis shows that the majority of hypotheses hg(y) with I € Cr rarely errs. More precisely, if
we let fs = = (1/[Cx|) Do1ce. hs(r) then Lp(fsr) = O((d + In(1/§))/m) with probability 1 — §
over S. Here we need something slightly stronger, namely that E‘;ﬂi( fsx) =0((d+1n(1/6))/m).
Assume for now that this holds.

Next observe that if x € X has gg(z)c(z) < 1/3 for a training set S, then at least one third
of the hypotheses hg(yy with I € (72) err on , i.e. hgy) for I uniform in (Tn") errs on x with
probability at least 1/3 (here we assume that gg averages over hsry with I € (’;Z) i.e. sampling
without replacement instead of with). Symmetry now implies that every I & (:’;) is included in
equally many buckets and all buckets contain equally many vectors I. This observation implies that
the uniform I ~ (ZL) has the same distribution as if we first sample a uniform random bucket C
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and then sample a uniform random I from C. But then if hg ) errs on  with probability at least
1/3, it must be the case that a constant fraction of the buckets C have fs r(z)c(x) < 5/6. This

intuitively gives us that with high probability over S, Elp/ 3( gs) can only be a constant factor larger

than £5D/6(fs,,r). But £5D/6(fs,,r) is O((d+1n(1/6))/m) with high probability, establishing the same

thing for EID/ 3( gs) as desired.

The above are the main ideas in the proof, though making the steps completely formal requires
some care. Also, let us briefly comment on some of the assumptions made above. First, we assumed
that Hanneke’s proof could establish the stronger claim E%/ °(f sx) =O((d+1In(1/5))/m), not just
that Lp(fsx) = O((d+1n(1/9))/m). To formally carry out this argument, we have to change Sub-
Sample to partition U into 20 subsets instead of 4 and make 19 recursive calls instead of 3. Next, we
assumed above that I was sampled without replacement. This was used to establish symmetry of the
buckets. To handle sampling with replacement, let D () denote the set of distinct values appearing
in the entries of a vector I € [m]™. We now create a family of buckets similarly to above for every
cardinality of |D(I)|. This gives symmetry among buckets corresponding to the same cardinality.
We then show that these families of buckets may be combined by allowing a non-uniform sampling
over the families. Finally, this step also requires us to handle bootstrap samples corresponding to
I with very small |D(I)|, e.g. as small as just 1. Since such I are extremely unlikely, this can be
charged to the failure probability §.

In the next section, we proceed to give the formal proof of Theorem 1.

3. Bagging is an optimal PAC learner

We are ready to give the formal proof of Theorem 1. We have restated the theorem here in the
notation introduced in Section 2

Theorem 2 There is a universal constant a > 0 such that for every 0 < & < 1, every distribution
D over an input domain X, every concept class C C X — {—1,1} of VC-dimension d and every
ceC ift > 18In(2m/d) and 0.02m < n < m, then it holds with probability at least 1 — § over
the random choice of a training set § ~ D and t bootstrap samples B ~ [m]|"* that

d+1n(1/9)

Lp(fsp) <a —

From hereon, we let D be an arbitrary distribution over an input domain X, let 0 < § < 1 and let
C be an arbitrary concept class of some fixed VC-dimension d > 1 and let ¢ € C be arbitrary. For
a training set .S and a bootstrap sample S(I) with I € [m]", we let hg() € C be the hypothesis
returned by the ERM algorithm used for bagging.

To prove Theorem 2, and hence Theorem 1, we start by relating the performance of fsg with
B ~ [m]™*! to another voting classifier gg that is a deterministic function of S. Concretely, for any
training set .S of m samples, let gg denote the voting classifier:

That is, gg is the voting classifier averaging the predictions over all m™ possible bootstrap sam-
ples. Recalling the definition of margins from Section 2, we show the following relation between

Lp(fsp) and ng(gs):
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Lemma 3 Forevery 0 < § < 1 and training set S of m samples, ift > 181n(m/J), then it holds
with probability at least 1 — § over B ~ [m]|"*! that

Lp(fsp) < L1 (gs) +1/m.

Proof Consider a fixed training set .S of m samples, a fixed set of bootstrap samples B [m]xt
and an x ~ D. Let E denote the event that gs(x)c(x) < 1/3 and E the complement event. Then

Lo(fss) = PrlE] Pr [fss(e() <01+ Prif] Pr[fss(x)e(x) <0

< Pr(El+ Pr[ss(xe(s) <0

— ﬁg3(g5) + xwg(ﬂE)[fS’B(x)c(x) <0].

By linearity of expectation, we have

Egmnxt] Pr_[fsp(x)e(x) <0]] = Eypupl Pr [fsp(x)c(x) <0]].
x~D(:|E) B~ [m]n <t
Now observe that every I, in B = (I,...,I;) is a uniform random sample from [m]", thus for

v satisfying gs(z)c(x) > 1/3, each I; has Ey, o jpn [hsq,)(z)c(z)] > 1/3. By independence, and
using hg(y,)(z) € {—1,1}, it follows from Hoeffding’s inequality that for every x with gs(x)c(z) >
1/3, we have Prg_pnxt[fsp(z)c(z) < 0] < exp(—(1/3)*t/2) = exp(—t/18). Thus for t >
181n(m/d), we have Eg.[pjnxt [Pry p (. 5)[fsB(X)c(x) < 0]] < J/m. Markov’s inequality implies
that with probability at least 1 —d over the choice of B, we have Pry_p (. 5)[fsp(X)c(x) < 0] < 1/m

and thus Lp(fsp) < E%)/S(gs) +1/m. [ |

In light of Lemma 3 it thus suffices to understand £/ 3(gs) for the deterministic gg, i.e. we
need to understand how often a third of the hypotheses hg(yy with I € [m]" mispredict the label of
a sample x ~ D. For this, we prove the following:

Lemma 4 There is a universal constant a > 0, such that for every 0 < 6 < 1, it holds with
probability at least 1 — 6 over the choice of a training set S ~ D" that

“d+1n(1/9)

£’ (gs) S a-——

Before we prove Lemma 4, let us see that it suffices to finish the proof of Theorem 2:
Proof (of Theorem 2) Assume ¢ > 181n(2m/0). Let S ~ D! be a random training set of m samples

and B ~ [m]™*!. Define the event E that occurs if Lp(fsp) > ﬁ%)/ %(gs) + 1/m and define E,

as the event that L%/B’(gs) > a(d + In(2/d))/m, where a > 0 is the constant from Lemma 4. By
Lemma 3 and the constraint on ¢, we have Pr[Ef] < §/2. By Lemma 4, we have Pr[E,;] < 6/2. By
a union bound, it holds with probability at least 1 — ¢ that none of the events E; and E, occur. In
. 1/3 d+1n(2/5) d+In(1/8) . .
this case, we have Lp(fsp) < L35 (gs) + 1/m < a- === +1/m < (a + 2)=— - (using
In(2) <1 < d). We have thus proved Theorem 2 with the constant a + 2. [ |
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3.1. Inducing Structure

What remains is thus to prove Lemma 4. To bound £/ 3(gs), we show that we can partition the
hypotheses in {hg(p) : I € [m]"} into structured groups that are easier to analyse. Concretely, let F
be a collection of buckets Cy,Cy,...,Cn C [m]™. We think of each I € C; as specifying the indices
of a bootstrap sample. A bucket is thus a collection of vectors of indices.

The buckets C; constituting F need not be disjoint. For a training set S and a bucket C, we let
gs(c) denote the voting classifier

gs(c)(z ] Z hsn(x
IeC
Together with the family F, we have a probability distribution P over the buckets Cy, . . . ,Cn. Using
P(i) to denote Prcp[C = C;], we thus have Zﬁio P(i) = 1 and P(i) > 0 for all 7. We call the
pair (F, P) e-representative if the following holds:

1. If we first draw a bucket C according to the distribution P and then draw a uniform I € C,
then I is uniform random in [m]".

2. The probability P(0) is at most &.

The following lemma shows that if we have an e-representative pair (F, P), then it suffices to
show that each of the voting classifiers gg(c,) with i # 0 perform well on a random training set
S~ D"

Lemma 5 Let (F,P) be 1/6-representative. Then for any T > 0, we have

GPr (687 (g5) > 24 7] < 23 max Pr (L3 (05(c) > 7).
Proof Consider an arbitrary training set S of m samples and an = € X’ for which gg(z)c(z) < 1/3.
If we let I be uniform random in [m]", then Pry p,»[hsm)(z) # c(z)] > 1/3. At the same
time, since (F,P) is 1/6-representative, I has the same distribution as if we first draw a bucket C
according to P, then sample a uniform I in C. Using I ~ C to denote that I is drawn uniformly
from C, we thus have Ec~p[Privc[hgm(z) # c(x)]] > 1/3. On the other hand,

ECNP[Pr [hsm(z) # c(z)] <

CI:%[C = Co] + CEI;)[QS(C)( z)e(x) <5/6 NC#Co]l +
ECNP[IE{:[hS(I) (z) # c(@)] | gs(c)(z)e(z) > 5/6] <

P(0) + CEI;)[QS(C) ()e(z) <5/6 ANC#Col +(1/2-5/12) <

1/6 + Cfirp[gs(c)(a:)c(a:) <5/6 AC #Co| +1/12.

We thus have Prcp[gg(c)(7)c(z) < 5/6 AC # Co] > 1/3 —1/6 —1/12 = 1/12 for such S, =.
For a fixed S and an x ~ D, let E denote the event that gg(x)c(x) < 1/3. Then the above
implies that

1/12 < Eyopip) [Clilgj[gsw) (x)e(x) <5/6 A C # Col]

= Ec~p [XNE(?‘E) [95(c)(X)c(x) < 5/6 A C # Col]
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For short, let Z(C) take the value Pry._p(.|5)[g9s(c)(X)c(x) < 5/6 A C # Co] (which is trivially 0
for C = Cp). Then the above is Ec.p[Z(C)] > 1/12. Moreover, 1 — Z(C) is non-negative and
Ecwp[l — Z(C)] < 11/12. Hence by Markov’s inequality, we have Prc.p[Z(C) < 1/24] =
Preop[l — Z(C) > 23/24] < (11/12)/(23/24) = 22/23. Thus Prc.p|Z(C) > 1/24] > 1/23,
Now observe that if C satisfies Z(C) > 1/24, then C # Cy and

£%gse) =
FPrlose)(x)e(x) <5/6] =
PrlEl Do lose) () <5/6) =
Prig)/24 =
£1/3<gs>/24

We therefore conclude that

Pricy % (gs(0)) = L1 (95)/24 A C # Co) > Prlz(©)=1/24] > 1/23

This implies that for any 7 > 0 and any .S with £} 13 (g9s) > 24-7, we also have Prcp L 5/6 (9s(c)) >
7 A C # Co] > 1/23. Therefore, by Markov’s inequahty

1/3 <
ng [Lp°(gs) >24 7] <

5/6 > <
ngm[CP%[/; (9s(cy) > TAC#Col >1/23] <

23 - Espm [CE%[ﬁgG(QS(C)) >TAC#G] =
23 - ECNP[SfDrmw%/G(QS(C)) >TAC#C] <

23 Pr [£3%(gs(c, .
3+ Pr 1op (gsicy) > 7]

We next show that it is possible to construct a representative pair in which all buckets except Cy
behave nicely

Lemma 6 There is a universal constant a > 0, such that for any m and n with 0.02m < n < m,
there is a 1/6-representative pair (F = Cy, . ..,Cn, P) satisfying that for every 0 < 6 < 1, it holds
that 5/
Pr [£/° > a(d +1In(1/5 )
maxx Pr €9 (gsic,) > a(d-+ In(1/8))/m]
Before proving Lemma 6, let us see that it suffices to complete the proof of Lemma 4.

Proof (of Lemma 4) Let (F,P) be as in Lemma 6 and let a be the constant in Lemma 6. For any
0 < d <1, Lemma 5 givet us that

ngm[ﬁg?’(gs) > 76a(d +In(1/6))/m] < Pr [LY*(gs) > 24a(d + In(23/5))/m)

S~Dm
< 23 max Pr £ (gs(c,)) > ald + In(23/5)) /m]
< 23-(6/23) =04.

10
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Algorithm 2: BuildBucket (L, U, V)
Input: List L of ¢ = 20/ distinct indices i1, . . . , 4, for an integer j > 0
Set of indices U C [m] that must be contained in [
Set of indices V' C [m] that must be disjoint from /
Result: Bucket C containing vectors I € [m]"

if 7 = 0 then
U+~UU {Zl}
return {1 € [m]" : [D(I)| = d AU C D(I) AV N D(I) = 0}
else
Partition L into 20 consecutive groups Lo, . .., Lig of 207 ~! indices each.
return | J;? BuildBucketa(Lo, U U (Ujeqy 1oy gy L), V U L)

Thus we have proved Lemma 4 with the constant 76a. |

In the next section, we define the pair (F, P) having the properties claimed in Lemma 6.

3.2. Representative Pair

We now define a 1/6-representative pair (F, P) with F = Cy, ..., Cy for some N, such that (F,P)
has the properties claimed in Lemma 6.

We construct a number of buckets for each possible number of distinct values among the entries
of a vector I € [m]". Recall that we assume 0.02m < n < m.

Bucket Cp. We use the special bucket Cy to handle all vectors I € [m]™ with fewer than 0.01m
distinct values among their entries as well as those I with more than 0.9m distinct values. That is, if
we let D(I) C [m] denote the set of distinct values occurring in I, then Cy = {I € [m]™ : |D(I)| ¢
[0.01m, 0.9m]}.

Remaining Buckets. For every integer d € {[0.01m],...|0.9m]}, we construct a number of
buckets Cg 1, . . .,Cq, n,. The final set of buckets F is simply {Co} U (Ud Uierny {Cd,i}>-

Let £ = 20 be the largest power of 20 such that £ < 0.01m. For every d, we construct a bucket
for every list L of ¢ distinct indices in [m]. We thus have Ny = m(m —1)---(m —{ + 1) =
m!/(m — ¢)!. We only add vectors I € [m|" with |[D(I)| = d to these buckets. Given a list
L = iy,...,1ip of distinct indices, invoking Algorithm 2 as BuildBucket (L, (,()) constructs the
bucket corresponding to L.

Examining the algorithm, we observe that the recursive procedure computes disjoint sets U C L
and V' C L. Whenever the recursion bottoms out and we return a subset of [m]” in step 3 of
Algorithm 2, we have U UV = L and we output all / € [m]™ with |[D(I)| = d, U C D(I) and
VN D(I)=. Since |[L| = ¢ < 0.0lmand d € {[0.01lm],...[0.9m ]}, it follows that the output
is always non-empty as |[m] \ V| > 0.99m > d and d > 0.01m > |U|.

Probability Distribution. We next argue that we can define a probability distribution P over the
buckets Cp,...,Cxn defined above, such that if we draw a bucket C according to P and then a
uniform I from C, then the distribution of I is uniform in [m]™ and P(0) < 1/6.

11
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Consider first the set of buckets Cg 1, . . . ,Cq n, added for a value of d € {[0.01m],...|0.9m]}.
These buckets only contain vectors I € [m]™ with | D(I)| = d. By symmetry, since we have a bucket

for every list L of distinct indices i1, . .., is, we have that every I with |D(I)| = d is contained in
equally many buckets C,4;, and every bucket contains equally many vectors /. Thus if we draw
a uniform random bucket C among Cq1,...,Cq n, and then a uniform random I in C, then the

distribution of I is uniform among all I with |D(I)| = d.

For every such bucket C;;, we now define the probability under P to be Pry.jy»[|D(I)| =
dIN; . Similarly, we define 7(0) to equal Pry (| D(D] & [0.01m,0.9m]]. With these proba-
bilities, we have that if we first draw a bucket C according to P and then draw a uniform random I
from C, then the distribution of I is uniform in [m]” as required.

Lemma 7 For the above (F,P), if m > 100, then it holds that P(0) < 1/6.

The proof is a standard counting argument for sampling with replacement and can be found in the
appendix, Section B.

In the following section, we prove that the pair (F, P) constructed above satisfies the properties
in Lemma 6 (if m < 100, we do not need to prove anything as Prg.pm [E%/ 6(gs(ci)) > a(d +
In(1/6))/100] is trivially O provided a > 100).

3.3. Performance in a Bucket

What remains is to understand the behaviour of a voting classifier constructed from the indices in a
bucket, i.e. we complete the proof of Lemma 6. As mention above, we may assume m > 100 as
otherwise the claim in Lemma 6 is trivially true for @ > 100. The proof follows that of Hanneke
rather closely.

For the 1/6-representative pair (¥ = Co,...,Cn,P) defined in the previous section, we con-
sider the buckets C with C # Cy. By construction, any such bucket was obtained from a choice of
d=|D(I)| and alist L = iy,...,i, of ¢ = 20/ distinct indices. So consider a bucket C correspond-
ing to some d € {[0.0lm],...,[0.9m]} and a list L. We show that for any distribution D, with
high probability over the choice of S ~ D", we have ,C%/G(gs(c)) <a(d+1n(1/8))/m.

Recall that from L and d, we construct C by invoking Algorithm 2 as BuildBucket (L, (), ()). Now
consider the recursion tree 7 corresponding to the invocation of BuildBucket (L, (), (). The root
corresponds to the initial call BuildBuckety(L, (), ()). Each internal node has 19 children w1, . . . , w19,
one for each of the 19 recursive calls BuildBucket (Lgy, U U (Uje{l,...,lg}\{i} L),V UL;). We
associate with each node v € T the sets L,,, U, and V,, corresponding to the arguments given as
parameters to the corresponding call to BuildBucket. Similarly, for every node v € T, we define
W, as the collection of all I € [m|™ added to the output C during recursive calls starting at v. That
is, if v is a leaf, then W, = {I € [m]™ : D(I) =d A (U, U{i1}) € D(I) AV, N D(I) = 0} and if
v is internal with children wn, ..., w9, then W,, = U}&Wwi.

With these definitions, we consider the intermediate voting classifiers obtained from the sets
W,: .

gsow,) (T) = Wil > s (@)
Ul rew,
Importantly, if r is the root of 7, then gg(w,) = gs(c)-

For anode v € T, we say that its height is the distance from v to the leaves in its subtree. Hence

a leaf has height 0 and the root has height j. We prove the following

12
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Lemma 8 There is a universal constant a > 0 such that for any distribution D, any 0 < § < 1, it
holds for every node v € T of height k € {0, ...,j} that

(Pt L8  (gsom) > a(d + In(1/6))/20%] < 6.

Using Lemma 8, we now prove Lemma 6:
Proof (of Lemma 6) Let a be the constant in Lemma 8. Using that gsy,) = gs(c) When 7 is

the root of 7" shows that Prg.pm [E%/(S(gs(c)) > a(d + In(1/6))/207] < 6. Using that 207 was

defined to be the largest power of 20 such that 207 < 0.01m, we have 200 > m/2000. Thus

Prg.pm [[,%/6(95(0)) > 2000 - a(d 4+ In(1/6))/m] < 4. Since this holds for all buckets C # Cy, we
have thus proved Lemma 6 with the constant 2000a. |

What remains is to prove Lemma 8. We prove lemma by induction in . For the base case
t = 0, the proof is trivial as we always have E‘;’)/ﬁ (g9somy)) <1 < a(d+1In(1/9)) provided a > 1.

For the inductive step, assume the lemma holds for all s’ < k. Now consider a fixed value of
0 < 0 < 1, adistribution D and a fixed node v € T of height x with children w1, ..., wi9. To
complete the inductive step, we define a number of undesirable properties of a training set .S and
show that a random S rarely has any of these properties. The first property we define is the following

e Fori=1,...,19,let & denote the set of all S for which
5/6 rk—1
L7 (QS(Wwi)) > a(d+1n(57/5))/20% .

Here we trivially have
Lemma 9 For any i, we have Prg.pn[S € & < 6/57.

Proof The lemma follows immediately from the induction hypothesis. |

Next, for a child w; and a training set S, let Fg; C X x {=1,1} denote the subset of all
(w, c(w)) with z € X for which gg(yy,, )(z)c(x) < 5/6. Also for the node v let Lo, . . ., Lig be the
partitioning of L,, by BuildBucket. The second property is

e Fori = 1,...,19, let £ denote the set of all training sets .S for which £5D/6(g5(ww,)) >

(a/627)(d + In(1/5))/20% and |S(Ls) N Esa| < 10°(d + n(57/5)). -

Note in the above that L; is a set of distinct indices and S(L;) is the subset of samples in S indexed
by L;. The property intuitively states that ISWa,) often has a margin less than 5/6, yet we see few
such samples in S(L;).

For the third and last property, define D(- | Eg;) for a set of samples S, as the distribution of
an x drawn from D, conditioned on (X, ¢(x)) € Eg ;. The final property is

* Fori = 1,...,19, let £ denote the set of all training sets S for which |S(L;) N Eg;| >
10%(d 4+ In(57/6)) and there is a hypothesis i € C such that h(z) = ¢(z) for all (x,c(x)) €
S(Li) N Esi and Lp( g, (h) > 1/62700.

We first argue that every training set that does not lie in any of the sets &;, £/, £/’ behaves well

13
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Lemma 10 Let S satisfy S ¢ |J A& UE UE!}. Then ﬁ%/6(95(wv)) < a(d+1In(1/4))/20".
Combining Lemma 10 with the following completes the inductive proof of Lemma 8

Lemma 11 Let S ~ D{". Then if the constant a > 0 is large enough, it holds that Prs.pn S ¢
U{&ugue' >1—o.

Thus what remains is to prove Lemma 10 and Lemma 11. The proofs follow Hanneke’s original
proof rather closely and thus have been deferred to the appendix, Section A.

4. Conclusion

In this work, we have shown that the classic bagging heuristic is an optimal PAC learner in the
realizable setting if we sample just a logarithmic number of bootstrap samples. As mentioned
in Section 1, we can also combine our proof with the recent work by Larsen and Ritzert (2022)
to obtain a simpler optimal weak to strong learner. Let us comment further on this here. Said
briefly, a v-weak learner, is a learning algorithm that from a large enough constant number of
samples from an unknown data distribution D, with constant probability outputs a hypothesis h
with Lp(h) < 1/2 — ~, i.e. it has an advantage of  over random guessing. On the other hand,
an (g, §)-strong learner, is a learning algorithm that given enough samples m/(e, §), with probability
1 — ¢ outputs a hypothesis h with Lp(h) < e Kearns (1988); Kearns and Valiant (1994). In the
recent work Larsen and Ritzert (2022), the authors showed that if we use the Sub-Sample procedure
from Hanneke (2016) (see Algorithm 1), but instead of empirical risk minimization, run a version
of AdaBoost called AdaBoost’, by Ritsch et al. (2005) on the sub-samples, then this combination
gives a weak to strong learner with an optimal sample complexity of O(d/(e7?) +1g(1/6)/¢). Here
d is the VC-dimension of the hypothesis set from which the weak learner outputs. Examining their
proof, we can directly substitute Hanneke’s Sub-Sample by bagging, as our new proof boils down
to applying Hanneke’s reasoning on the buckets C;. We thus get an optimal weak to strong learner
from the combination of the two classic concepts of bagging and boosting.

Let us also make another comparison to Hanneke’s algorithm. In his work, the number of
sub-samples is independent of d, whereas our result for bagging requires Q(In(m/J)) sub-samples.
Indeed, as bagging is a randomized algorithm, there will be some non-zero contribution to the failure
probability due to the number of sub-samples (with some non-zero probability, all sub-samples are
the same). We find it an interesting open problem whether the analysis can be tightened to yield a
better dependency on ¢ in the number of sub-samples needed.

Finally, let us comment on the unspecified constant @ > 0 in Theorem 1. In our proof, we did
not attempt to minimize a and indeed it is rather ridiculous. With some care, one could certainly
shave several orders of magnitude, but at the end of it, we still rely on Hanneke’s proof which also
does not have small constants. We believe that bagging actually provides quite good constants, but
this would require a different proof strategy. At least our reduction to understanding L',ID/ 3 (gs) is
very tight and incurs almost no loss in the constant a. A good starting point for improvements would

be to find an alternative proof that L’g 3( gs) is small with high probability over S.
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Appendix A. Deferred Proofs

In this section, we give the remaining proofs that bagging is an optimal PAC learner in the realizable
setting. The proof follows Hanneke’s ideas rather closely now that we have managed to reduce it to
understanding the behaviour of buckets in a representative pair.

A.1. Well-Behaved S

Proof (of Lemma 10) Let S be a training set of m samples satisfying Vi : S ¢ (& UE U E!).
Consider any child w; of v and a vector I € W, for a child w; # w;. We focus on the hypothesis
hs(ry produced by ERM on S(I). Since we are in the realizable case, we know that h gy correctly
predicts the label of every sample it is trained on, i.e. h(z) = c(x) for all (z,c(z)) € S(I).
Furthermore, by the recursive procedure BuildBucketq, we see that all of L; is added to U,,; in the
recursive call corresponding to the child w;. Hence every sample in S(L;) is included in S(I). We
now aim to show that it is unlikely that both hg() mispredict the label of an = while IS(Wa,) also
has a margin of no more than 5/6 on x

Pr (550, (X)e(X) < 5/6 A hsin(x) # e(x)] < (a/627)(d + In(1/8)) /20" @

We consider two cases. In the first case, we have Egﬁ(gs(wu%)) < (a/627)(d 4 In(1/6))/20".
Here the conclusion (2) follows trivially as
FPrlgson,,) (®)e(x) <5/6 Ah(x) # c(x)] <
Pr (050w, (x)e(x) < 5/6] =
3" lgsom,,)
In the second case, we have E%/G(gs(wwi)) > (a/627)(d+1n(1/6))/20%. Since S ¢ £/, this implies
|S(Li) N Eg;| > 109(d+1n(57/5)). Since S ¢ £/, this gives us that Lp(|Es)(hsy) < 1/62700.
Using that S ¢ &;, we at the same time have E%/G(gs(wwi)) < a(d+In(57/6)) /205~ 1. We therefore
have
Prlgson,,) (¥)e(x) <5/6 Ahguy(x) # c(x)] =
5/6
cy (95(Wu,)) - LD |Es,) (Ris(1))
(a(d +1n(57/68)) /20571 - (1/62700)
(100a(d + In(1/8))/20%) - (1/62700)
(a/627)(d 4 In(1/6))/20%).

ININ A

We have thus established (2). Using this, we now show that £5D/6(95(Wv)) < a(d+1n(1/0))/20".
Define Eg as the set of (z,c(z)) with z € & for which ggy,)(7)c(z) < 5/6. For any such
(z,c(x)) € Eg, consider drawing two vectors Iy, I uniformly and independently from W,. Since
each W,,, contains equally many vectors I, we have that I; and I have the same distribution as if
we first pick a uniform random child wj and then a uniform random I from W,,,. Let i; denote the
index of the child containing I; and let iy denote the index of the child containing Is.

16
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We first observe that since (z, ¢(z)) € Eg, there mustbe a child index z for which ggyy,, ) (z)c(z) <
5/6. Fix an arbitrary such z(z) for every (z, c¢(z)) € Eg. Since (z, c(x)) € Eg, we have that at least
an a-fraction of the vectors I in W, have hg(y)(z) # c(x) where a satisfies 1 — 2a < 5/6 = a >
1/12. Hence even outside W,,_ ., there is still another [Wy|/12— W, | = [Wo|/12—[Wy[/19 =
(7/228)|Wy| > [Wy|/33 vectors I € Wy, \ Wy, for which hg(py(z) # c(z). We therefore have
for (z,c(x)) € Eg that

11,I§~rwv i1 = z(z) ANig # 2(2) A hgr,)(7) # c(z)] > (1/19) - (1/33) = 1/627.

It follows that

b= 20 A # 2(x) A by (9 # ¢(9)] > Pr(xc(x) € Bs]/621.

By averaging, there must exist a fixed choice of I} and I such that

Prlif = 2(x) A5 # 2(x) A hsrp (x) # ()] > Pr(x,e(x)) € Fs]/627.

If i7 = 43, then the left hand side is 0 and we conclude L%/(S(gs(wv)) = Pryop[(x,¢(x)) € Eg] = 0.
Otherwise, we have 7] # 75 and

Pr (it = 2(6) A5 # 200 A by (%) # ()] < Pr[if = 2(3) Ay (8) # e(x)].

Since I35 comes from a child i3 # 7, it follows from (2) that

Xlz%[z”{ = z(x) A hS(I;)(X) # c(x)] < (a/627)(d + In(1/6))/20"

This finally implies

LY%(gsom)) = Prl(x,¢(x)) € Bs] < 627(a/627)(d + In(1/8)) /20% = a(d + In(1/3)) /20",

x~D

A.2. Most S are Well-Behaved

In this section, we prove Lemma 11, i.e. that S ~ D" rarely lies in | J,{& U & U E}. Lemma 9
already handles &;. For the remaining, we show the following two

Lemma 12 If the constant a > 0 is large enough, then for any i, we have Prs..pn [S € &]] < 6/57.
Lemma 13 For any i, we have Prs. pm[S € £]'] < 0/57.

Before we prove these last lemmas, observe that Lemma 9, Lemma 12 and Lemma 13 together
imply Lemma 11 by a union bound over all the 3-19 = 57 events S € &;,S € £/ and S € £/'. We
now give the two remaining proofs. For ease of reading, we first restate the definitions of £/ and &/
Also, recall that we defined Eg; as the set of (z,c(z)) with @ € & for which gg,, )(z)c(z) <
5/6.
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« Fori = 1,...,19, let £ denote the set of all training sets S for which E%/G(gg(wwi))
(a/627)(d + In(1/4))/20% and |S(L;) N Eg;| < 10°(d + In(57/6)).

v

e Fori = 1,...,19, let £ denote the set of all training sets S for which [S(L;) N Eg|
10°(d + In(57/6)) and there is a hypothesis h € C such that h(z) = c(z) for all (x, c(x)) €
S(Li) N Es,; and Lp( (g (h) > 1/62700.

v

Proof (of Lemma 12) Observe that all I € W, are disjoint from the indices in L; by definition of
BuildBucket. Hence for all I € W,,,, we have that S(I) is completely determined from S([m]\ L;).
Let us use the notation S = S([m]\ L;) and Sy = S(L;). We will also write g, ) = gs, (W) t©
make clear that IS (W) is completely determined from S;. We likewise write Eg; = Eg, ; as this

set also depends only on S;.

Now let S; be any outcome of Sy for which E%/G(gsl(wwi)) > (a/627)(d+1n(1/9))/20%. The
samples Sy are independent of the outcome S1 = S1. Thus each sample in Sy belongs to Eg, ; with
probability at least (a/627)(d + In(1/6))/20" and this is independent across the samples. Thus
B, 182 0 Bsyill > |Lil(a/627)(d + n(1/5))/20% = 20°"}(a/627)(d + In(1/8)) /20" =
(a/12540)(d + In(1/6)). For a > 10'°, this is at least 2 - 10°(d + In(57/)). A Chernoff bound
implies that

Pr‘L_‘HSQ N Es, ;| < 10%(d 4+ In(57/6))] < exp(—10%(d + In(57/6))/8) < &/57.
So~D. "

Since this holds for every outcome S; of S; where /359/6(951(1/\/1”.)) > (a/627)(d + In(1/6))/20",
the conclusion follows. |

To prove the last lemma, we need the following classic result by Vapnik (1982) with slightly
better constants due to Blumer et al. (1989)

Theorem 14 (Blumer et al. (1989)) For any 0 < § < 1 and any distribution D over X, it holds
with probability at least 1 — 0 over a set S ~ D" that every h € C with h(z) = c(x) for all
(x,c(x)) € S satisfies

Lp(h) < (2/m)(d1gy(2em/d) +1g5(2/9)).

Corollary 15 For any 0 < § < 1 and any distribution D over X, it holds with probability at least
1 —d over a set S ~ D™ with m > 10°(d + In(1/6)) that every h € C with h(x) = c(z) for all
(x,c(x)) € S satisfies

Lp(h) <1/62700.

Proof The proof can be found in the appendix, Section B. It is merely a matter of inserting the
value of m in Theorem 14. |

Proof (of Lemma 13) We re-use the notation from the proof of Lemma 12 where we let S; =
S([m] \ L;) and Sy = S(L;), again exploiting that Eg; = Eg, ; and gsow,, ) = 9s, (w,,,) are fully
determined from S;.

Now fix any possible outcome Sy of S;. This also fixes Eg, ; and gg, (Wa,)- FOr So ~D
let R C L; be the subset of indices j € L; for which S({j}) € Es, ; (note S({j}) € S2). Now
consider any outcome R of R for which |R| > 10%(d + In(57/§)). Conditioned on R = R,

| Lil
C )
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the samples S(R) C Sg are i.i.d. from the conditional distribution D(- | Eg, ;). It follows from
Corollary 15 that, conditioned on R = R, it holds with probability at least 1 — §/57 over S(R) that
every h € C with h(z) = c¢(z) for all (z,c(x)) € S(R) have ED(~|E51,¢)(h) < 1/62700. Since
S(R) C Sa, the same holds for all A € C with h(x) = ¢(z) for every (z,c(x)) € S2 = S(L;).
Since this holds for all Sy and R with |R| > 10°(d 4 In(57/6)), we conclude that Prg.pm[S €
&N <é/57. [

Appendix B. Simple Proofs

Here we given the omitted proofs of the claims only needing standard arguments.

Proof (of Lemma 7) We need to show that 1/6 > P(0) = Prypy,»[[D(I)| ¢ [0.01m,0.9m]]. Con-
sider first Pry - [|[D(I)] < 0.01m]. If [D(I)| < 0.01m, then there must be a set Q C [m]
of cardinality 0.01m with D(I) C Q. For a fixed @, this happens with probability precisely
(|Q]/m)™ < (0.01)*%2™ A union bound over all (o}, ) < (100e)*°'™ choices for Q implies
Pri e [[DI)| < 0.01m] < (e/100)%91™. For m > 100, this is at most 1/30. Consider next
Pry | D(I)| > 0.9m]. This probability is only non-zero for n > 0.9m so we assume this from
hereon. If |[D(I)| > 0.9m, then there must be a set ) of cardinality 0.9m such that @ C D(I).
For a fixed such @, any I with Q C D(I) can be uniquely described by first specifying the first
occurrence of each ¢ € () as an index into I and then specifying the remaining indices in  one at a
time. There are thus no more than (;, g )(0.9m)!m™~%9™ such I. Hence Pry pmp[@Q € D(I)] <
(0.0) (0.9) =09 < (" )(0.9m)lm =09 = m!/((0.1m)!m ™). Using Stirling’s approx-
imation, this is no more than v/10e - m™e™™/((0.1m)01me=0-1mp09m) < ¢ . 100-1me=09m <
6-e0-3me=0-9m — 6.¢=0-6m A unjon bound over all (g ) = (,71,,) < (10e)%1™ < 4™ choices
for Q implies Pry. - [|D(I)] > 0.9m] < 6 - e~%2™. For m > 100, this is much less than 1/30.

We finally conclude P(0) < 1/30 + 1/30 < 1/6 as claimed. [ |

Proof (of Corollary 15) We see that for m > 10°(d + In(1/4)), we have both

2(dlgy(2em/d) + 1) < 2d1g,(4e10°d/d)
m - 109d
21g,(4€10%)
109
1/125400

N

and
21g,(1/9) 21g,(1/9)
m 1091n(1/9)
21gy(e)

109
< 1/125400.

IN

Thus (2/m)(d1gy(2em/d) + 1g5(2/8)) = (2/m)(d1gy(em/d) + 1g5(1/8) + 1) < 2/125400 =
1/62700. u

19



	Introduction
	Proof overview
	Bagging is an optimal PAC learner
	Inducing Structure
	Representative Pair
	Performance in a Bucket

	Conclusion
	Deferred Proofs
	Well-Behaved S
	Most S are Well-Behaved

	Simple Proofs

