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Abstract

In the Wishart model for sparse PCA we are given n samples Y7, .. ., Y,, drawn independently from
a d-dimensional Gaussian distribution N (0,Id + Bvv "), where 8 > 0 and v € R? is a k-sparse
unit vector, and we wish to recover v (up to sign).

We show that if n > Q(d), then for every ¢ < k there exists an algorithm running in time
n - d°® that solves this problem as long as

k
> 2y .
B8z \/Hs/ln(Q +td/k?)

Prior to this work, the best polynomial time algorithm in the regime k ~ v/d, called Covariance
Thresholding (proposed in Krauthgamer et al. (2015) and analyzed in Deshpande and Montanari
(2014)), required 8 = % v/In(2 + d/k?). For large enough constant ¢ our algorithm runs in poly-
nomial time and has better guarantees than Covariance Thresholding. Previously known algorithms
with such guarantees required quasi-polynomial time d©(°g %)

Our idea is based on the idea of Alon et al. (1998) for reducing the clique size in the planted
clique problem. Moreover, we show that it is possible to combine our techniques with recent results
on sparse PCA with symmetric heavy-tailed noise d’Orsi et al. (2022). Their model generalizes both
sparse PCA and the planted clique problem. In particular, in the regime k ~ \/d we get the first
polynomial time algorithm that works with symmetric heavy-tailed noise, while the algorithm from
d’Orsi et al. (2022) requires quasi-polynomial time in these settings. As a consequence, we get an
algorithm that solves a problem that captures both sparse PCA and planted clique and achieves best
known guarantees for both of them.

In addition, we show that our techniques work with sparse PCA with adversarial perturbations
studied in d’Orsi et al. (2020). This model generalizes not only sparse PCA, but also the sparse
planted vector problem. As a consequence, we provide polynomial time algorithms for the sparse
planted vector problem that have better guarantees than the state of the art in some regimes.
Keywords: Sparse PCA, Adversarial Perturbations, Semidefinite Programming, Symmetric Noise

1. Introduction

We study sparse principal component analysis in the Wishart and Wigner models. First we describe
the Wishart model (that is sometimes also called the spiked covariance model). In this model, we
are given n samples Y7, ...,Y;, drawn! independently from d-dimensional Gaussian distribution
N (0, Id + BU’UT), where 3 > 0 and v € R? is a k-sparse® unit vector. The goal is to compute
an estimator v such that ||9|| = 1 and |(0,v)] is close to 1 (say, is greater than 0.99) with high
probability?. In this paper we mostly focus on the regime when the number of samples 7 is greater
than the dimension d, and in this section of the paper we always assume that* n > Q(d) (unless
stated otherwise).

1. We use boldface to denote random variables.

2. That is, this vector has at most k non-zero coordinates.

3. It is impossible to recover the sign of v from Yi,...,Y,.

4. We hide absolute constant multiplicative factors using the standard notations O(-), Q(-), <, 2.

~ ~

© 2023 G. Novikov.



NoOVIKOV

Classical settings. The standard approach in covariance estimation is to consider the empirical
covariance %YTY (where Y is the matrix with rows Y7, ...,Y,). The top eigenvector of %YTY
d
o
guarantees are information theoretically optimal. For £ < d, there exists an estimator with better
guarantees. It uses exhaustive search over all (g) candidates for the support of v and is close to v

is highly correlated with v or —v as long as 8 = and in non-sparse settings (k = d) these

or —v iff § 2 \/@ , and these guarantees are information theoretically optimal in sparse

settings (Amini and Wainwright, 2009; Berthet and Rigollet, 2013b,c).

As was observed in Johnstone and Lu (2009), known algorithmic guarantees for sparse PCA are
strictly worse than the statistical guarantees described above. In the regime k >> v/d, no polynomial

time algorithm is known to work if 8 < \/% (recall that if 5 = \/% , the top eigenvector of the
empirical covariance is a good estimator). Johnstone and Lu (2009) proposed a polynomial time
algorithm (called Diagonal Thresholding) that finds an estimator that is close to v or —v as long as

B 2 ky/ logd, which is better than the top eigenvector of Y 'Y if k < v/d, but is worse than the

information-theoretically optimal estimator by a factor v/k.

Later many computational lower bounds of different kind appeared: reductions from the planted
clique problem (Berthet and Rigollet, 2013a,b; Wang et al., 2016; Gao et al., 2017; Brennan et al.,
2018; Brennan and Bresler, 2019), low degree polynomial lower bounds Ding et al. (2019); d’Orsi
et al. (2020), statistical query lower bounds (Brennan et al., 2021), SDP and sum-of-squares lower
bounds (Krauthgamer et al., 2015; Ma and Wigderson, 2015; Potechin and Rajendran, 2022), lower
bounds for Markov chain Monte Carlo methods (Arous et al., 2020). These lower bounds suggest
that the algorithms described above should have optimal guarantees in the regimes k < v/d (Di-
agonal Thresholding) and k > v/d (the top eigenvector), so it is unlikely that there exist efficient
algorithms with significantly better guarantees if k < v/d or k > v/d.

The regime k ~ v/d is more interesting. For a long time no efficiently computable estima-
tor with provable guarantees better than the top eigenvector of Y 'Y or than Diagonal Thresh-
olding was known, until Deshpande and Montanari (2014) proved that a polynomial time algo-
rithm (called Covariance Thresholding) computes an estimator that is close to v or —v as long

as 3 2> k M. This estimator can exploit sparsity if k& < v/d and is better than Diagonal
Thresholding and the top eigenvector of the empirical covariance in the regime d'/2—°(1) < k < /d.

These results show that in order to work with smaller signal strength 3, one needs either to work
with larger number of samples n, or to work with a sparser vector v (i.e. smaller k). Ding et al.
(2019) (and independently Holtzman et al. (2020)) showed that in some regimes there is another
option: one can (smoothly) increase the running time needed to compute the estimator in order to
work with smaller signal strength. Concretely, they showed that for 1 < ¢ < k/logd there exists

an estimator that can be computed in time do® (via limited brute force) and is close to v or —v

as longas 8 2 k lﬁ 4 The following example illustrates their result: For some n,d, k € N, let

Opr be the smallest signal strength such that Diagonal Thresholding, given an instance Y of sparse
PCA with n samples, dimension d, sparsity k and signal strength Spr, finds a unit vector ¥pt such
that |(vpr, v)| > 0.99 with high probability. Now suppose that for the same n, d, k, we are given
an instance Y’ of sparse PCA with smaller signal strength Syew = 0.01 - Spr. Then their result
implies that there exists a polynomial time algorithm that, given Y, finds a unit vector ¥pey such
that | (Onew, v)| = 0.99 with high probability.
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However, the approach of Ding et al. (2019) and Holtzman et al. (2020) is not compatible with
the optimal guarantees in the regime k ~ v/d. More precisely, if we define Scr as the smallest
signal strength for Covariance Thresholding (in the same way as we defined Spr for Diagonal
Thresholding), then the limited brute force that works with signal strength 0.01 - Scr requires ¢ to be
at least log d and hence runs in quasi-polynomial time d°(°8%)_ Prior to this work it was the fastest
algorithm in this regime.

Our result shows that it is possible to smoothly increasy running time in order to work with
smaller signal strength as long as k& < O(v/d) and n > Q(d). It can be informally described as
follows: Let A be an arbitrary currently known polynomial time algorithm for sparse PCA. Let 54
be the smallest signal strength such that .4, given an instance Y of sparse PCA with, dimension d,

n > Q(d) samples, sparsity k < O(\/&) , and signal strength 3 4, finds a unit vector ¥ 4 such that

[(©.4,v)| = 0.99 with high probability. For arbitrary constant C' > 1, let 8¢ = %[3.4. Then there
exists a polynomial time> algorithm, that, given an instance of sparse PCA Y with signal strength
B¢ and the same parameters n, d, k as for Y, finds a unit vector ¥pey such that |(Opew, v)| = 0.99
with high probability.

In particular, our result implies that there exists a polynomial time algorithm that works with
signal strength 0.01 - Scr, which is a significant improvement compared to the best previously
known (quasi-polynomial time) algorithm. Moreover, our result also implies the first polynomial
time algorithm that can exploit sparsity and has better guarantees than the top eigenvector even in

the regime k > v/d (as long as k < O(ﬂ) ).

Semidefinite programming and adversarial perturbations. d’Aspremont et al. (2004) intro-
duced basic SDP for sparse PCA. basic SDP achieves guarantees of both the top eigenvector of
the empirical covariance and Diagonal Thresholding. Later d’Orsi et al. (2020) proved that it also
achieves the guarantees of Covariance Thresholding, and hence captures the best currently known
polynomial time guarantees.

Moreover, d’Orsi et al. (2020) showed that basic SDP also works with adversarial perturbations.
More precisely, if a small (adversarially chosen) value F;; is added to every entry Y;; of an instance
of sparse PCA, basic SDP still recovers v or —v with high probability. Known estimators that are not
based on semidefinite programming, including top eigenvector of the empirical covariance, Diag-
onal Thresholding, Covariance Thresholding and limited brute force, do not work with adversarial
perturbations. d’Orsi et al. (2020) also provided a family of algorithms based on sum-of-squares
relaxations that work with adversarial perturbations and achieves the guarantees of limited brute
force from Ding et al. (2019).

Similar to non-adversarial case, basic SDP and limited brute force based on sum-of-squares
are not compatible with each other: in the regime k ~ V/d, the sum-of-squares approach from
d’Orsi et al. (2020) requires degree log d in order to achieve better guarantees than basic SDP, so
the corresponding estimator can be computed only in quasi-polynomial time.

We show that our technique also works with adversarial perturbations. We remark that we do
not use higher degree sum-of-squares, but only basic SDP for sparse PCA (with some preprocessing
and postprocessing steps).

One of the applications of our result is an improvement in the planted sparse vector problem. For
this problem we focus on the regime Q(d) < n < d. In this problem, we are given an n-dimensional

5. The degree of the polynomial depends on C.
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subspace of R? that contains a sparse vector, and the goal is to estimate this vector. This problem
was extensively studied in literature in different settings (Hand and Demanet, 2013; Barak et al.,
2014; Hopkins et al., 2016; Qu et al., 2020; Mao and Wein, 2021; Zadik et al., 2022; Diakonikolas
and Kane, 2022). It is not hard to see® that this problem in the Gaussian basis model (in the sense
of Mao and Wein (2021)) is a special case of sparse PCA with small perturbations. Our result
shows that as long as k < v/td, there exists a d°(®) time algorithm for this problem. Previously
known polynomial time algorithms in the regime n > Q(d) required k < Cv/d for some absolute
constant C' and did not work for k£ > Cv/d. Lower bounds against restricted computational models
(d’Orsi et al., 2020; Ding et al., 2021; Ding and Hua, 2023) suggest that in the regime n > Q(d)
this problem is unlikely to be solvable in polynomial time if k& > v/d.

The Wigner model and symmetric noise. Our results can be naturally applied also to the Wigner
model. In this model, we are given ¥ = Mo + W, where A\ > 0, v € R?is a k-sparse unit
vector, and W ~ N (0,1)%*¢. For this model, Covariance Thresholding finds an estimator highly
correlated with with v or —v as long as A > k+/log(2 + d/k?), while limited brute force from Ding

et al. (2019) computes in time d°® an estimator close to v or —v as long as A 2 k @. As in

the Wishart model, these approaches are not compatible in the regime k ~ v/d. Our techniques can
be naturally applied to the Wigner model, leading to the best known algorithms for this problem.

As in the Wishart model, our techniques also work with adversarial perturbations. Moreover,
our approach is compatible with the recent study of Sparse PCA with symmetric noise d’Orsi et al.
(2022). In this model, Gaussian noise W is replaced by an arbitrary noise /N with symmetric about
zero independent entries that are only guaranteed to be bounded by 1 with probability” €2(1). They
proposed a quasi-polynomial algorithm for sparse PCA in these settings and provided evidence that
in the regime k < +/d this running time cannot be improved (via reduction from the planted clique
problem). Combining their algorithm with our approach, we show that in the regime k ~ v/d there
exists a polynomial time algorithm that solves this problem.

1.1. Results

Before stating the results, observe that one can write an instance Y sparse PCA in the Wishart
model as Y = v/Buv' + W, where u ~ N(0,1)” and W ~ N(0,1)"*¢ are independent.

Classical settings. Our first result is estimating v in the Wishart model in classical settings (with-
out perturbations).

Theorem 1 (The Wishart model) Let n,d,k,t € N, > 0. Let Y = \/Buv' + W , where
u ~ N(0,1)", v € R is a k-sparse unit vector, W ~ N (0,1)"*? independent of u.
There exists an absolute constant C' > 1, such that if n > Ck, k > Ctlog? d and

k td d
> (C——=4/1 24+ — (14— ,
b \/tn\/0g< +/<:2< +n>>
then there exists an algorithm that, given' Y, k and t, in time n - d°® outputs a unit vector v such

that with probability 1 — o(1) as d — oo,
|{(D,v)] > 0.99.

6. See the discussion before corollary 3.
7. Note that even the first moment is not required to exist.
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Let us compare our guarantees with previously known estimators. For simplicity we assume n >
Q(d). For this regime, best estimators known prior to this work and their guarantees are listed in
Table 1.

Estimator Signal Strength Time Complexity
Statistically optimal estimator Bz % log(ed/k) n - dO®)
Top eigenvector of the empirical covariance 8z \/% n-d°0)
Covariance Thresholding B8z \if log(2 + d/k?) n-d°
Limited brute force from Ding et al. (2019) B> \/% log d n-dPW
Our estimator B> \/% log(2 + td/k2) n - dO®

Table 1: Estimators for sparse PCA in the Wishart model (assuming n > €(d) and t <
J/ polylog(d)).

For k < dV/?~90) (say, k < d°*9), the guarantees of the algorithm from Ding et al. (2019)
are similar to ours (up to a constant factor). For k > d'/2=o() our algorithm can work with
asymptotically smaller signal strength (with the same running time).

To compare with Covariance Thresholding and the top eigenvector of the empirical covariance,

consider the regime k = © (\/&) Note in this regime both Covariance Thresholding and the top
eigenvector require

B =cy/d/n

for some specific constant ¢ (that depends on \/&/ k), and they do not work for smaller 5. Our

condition on f in these settings is
~ \/> \% 1Og t Y

so if 8 = e/d/n for arbitrary constant €, we can choose large enough constant ¢ such that eVd >

Bz

kq/ logt and get an estimator that is highly correlated with v or —v in polynomial time n - do®,
Nelther Covariance Thresholding nor the top eigenvector of the empirical covariance can work with
small values of £, and limited brute force from Ding et al. (2019) requires quasi-polynomial time
n - d°1°g9) ip these settings.

It is also interesting to compare our upper bound with the low degree polynomial lower bound
from d’Orsi et al. (2020). They showed that in the regime k£ < O(\/ﬁ), polynomials of degree

D < n/log?n cannot distinguish® Y7 ...,Y;, ~ N(0,Id 4 fvv ") from Yy ..., Y, ~ N(0,1d) if

Dd
N\/i log( 2+ — Wz

8. More precisely, they cannot strongly distinguish sequences of distributions in the sense of Kunisky et al. (2019).

BS
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and hence for such 3 they cannot be used to design an estimator that is close to v or —v with high
probability. Their lower bound does not formally imply that our upper bound is tight (that is, it does
not imply that there are no better estimators than ours among low degree polynomials). However,
there is an interesting similarity between the lower bound and the upper bound: They have a very
similar logarithmic factor. If this similarity can be formalized, it may lead to an algorithm that
works in a small sample regime n < d. The term d/n that we have in the logarithmic factor in the
bound on f is necessary for our techniques. Many other algorithms, like basic SDP or Covariance
Thresholding, also have similar terms. However, the low-degree lower bound does not have this
term and d’Orsi et al. (2020) provided an algorithm based on low degree polynomials that does
not have such a term and works as long as 8 > %wlog@ + td/k?) even for very small n (e.g.

n = d*%1). Finding an estimator with guarantees similar to ours in the small sample regime n < d
is an interesting open question, and low degree polynomials might be useful in designing such an
estimator.

Adversarial perturbations. Our approach also works in the presence of adversarial perturbations.

Theorem 2 (The Wishart model with adversarial perturbations) Letn,d k.t €N, 3> 0, ¢ €
(0,1). Let Y = /Buv' + W + E, where u ~ N(0,1)", v € R? is a k-sparse unit vector,
W ~ N(0,1)"*4 independent of w and E € R"*? is a matrix such that

|El s <& min{ /B, 8} - V/n/k,

where || E||,_,, is the maximal norm of the columns of E and ¢ < 1.
There exists an absolute constant C > 1, such that if n > Ck, k > Ct log2 d,

k td d

and e+/log(1/e) < % min{l, min{B, \/B} - \/n/d} , then there exists an algorithm that, given

Y, k and t, in time n - d°Y) outputs a unit vector © such that with probability 1 — o(l)as d — oo,

(8, 0)] > 0.99.

To illustrate how large the adversarial perturbations are allowed to be, consider the following exam-
ple: Let k = ©(vd), n = O(d), 8 = O(1), t < O(1). Then the columns of E can have norm as

large as € (\/E) Note that in these settings column norms of \/Buv—r can be O (\/E) Hence, in

this regime, if we allow E to be larger by a constant factor, the adversary can choose £ = —/Buv "
and erase the signal. As was shown in d’Orsi et al. (2020), in these settings Covariance Threshold-
ing, Diagonal Thresholding and the top eigenvector of the empirical covariance do not work with
some perturbations E such that || E||, ,, < k°(1).

Our assumption on E is stronger than the assumption from d’Orsi et al. (2020), which is
|E|l;_s S min{B,/B}+/n/k. Designing an estimator with guarantees similar to ours that works
with larger E is an interesting problem.

Similar to the non-adversarial settings, our algorithms have the same guarantees’ as the sum-of-
squares approach from d’Orsi et al. (2020) if & < d'/2=92() and has asymptotically better guarantees

9. Assuming our bound on the columns of E.
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if & > d*/2=°())_ Similarly to Covariance Thresholding in the non-adversarial case, in the regime
n > Q(d)and k = © (ﬁ) basic SDP requires 3 > ¢y/d/n for some specific constant ¢ and does

not work for smaller 5. Our condition on 3 in these settings is 5 = \/%\/log t,soif B =¢e\/d/n
for arbitrary constant e, we can choose large enough constant ¢ such that ev/d > k/ IOTgt and get
an estimator that can be computed in polynomial time n - (). basic SDP cannot work with small
values of €, and sum-of-squares approach from d’Orsi et al. (2020) requires quasi-polynomial time

in these settings.

The sparse planted vector problem. As was observed in d’Orsi et al. (2020), sparse PCA with
perturbations is a generalization not only for the spiked covariance model, but also for the planted
sparse vector problem. In this problem we are given an n-dimensional subspace of R¢ spanned by
n — 1 random vectors and a sparse vector, and the goal is to find the sparse vector. More precisely,
let g1,92, ..., g, be standard d-dimensional Gaussian vectors and let B be an n X d matrix whose
first n — 1 rows are g , . .. ,gz_l and the last row is a vector ||g,||v", where v € R? is k-sparse
and unit. Let R be a random rotation of R" independent of g; ..., g,, and let Y = RB. The goal
is to recover v from Y.

This problem can be seen as a special case of sparse PCA with perturbation matrix £ =

HulHQ uu ' W (see section B for the proof). Therefore, we can apply theorem 2 and get

Corollary 3 (The sparse planted vector problem) Letn,d, k.t € N, 5> 0. LetY = \/Buv' +
w Luu" W | where u ~ N(0,1)", v € R? is a k-sparse unit vecto, W ~ N(0,1)"*¢

ol
.
independent of u, and \/3 = %

There exists an absolute constant C' > 1, such that if d > n, n > Ck, k > Ctlog? d and

k <é~d\/t/n,

then there exists an algorithm that, given'Y, k and t, in time d°® outputs a unit vector v such that
with probability 1 — o(1) as d — oo,

(9, )] = 0.99.

Prior to this work, in the regime n > Q(d), polynomial time estimators were known only if
k < cd/+/n for some small constant ¢ < 1 (the existence of such an algorithm follows from
Theorem 4.5 from d’Orsi et al. (2020)). We show that even if £ > 100d/+/n, sparsity can still be
exploited and there are estimators that can be computed in polynomial time.

The Wigner model and symmetric noise. Our techniques also work with sparse PCA in the
Wigner model.

Theorem 4 (The Wigner model) Letk,d,t € N, A > 0. LetY = Aov' +W +E | where v € RY
is a k-sparse unit vector and W ~ N(0,1)*?¢ and E € R?*4,
There exists an absolute constant C > 1, such that if k > Ctlogd,

Bl < &Mk, and

log(2 + td/k?)

A > Ck ,
t
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then there exists an algorithm that, given Y, k and t, in time o outputs a unit vector © such that
with probability 1 — o(1) as d — oo,

(8, v)] >0.99.

Note that F is allowed to be as large as possible (up to a constant factor). Similar to the Wishart
model, previously known polynomial time algorithms required

log d
A> min{k, / %, k/log(2 + d/k?), \/&} ,

log d
t

min{k\/log(Q +d/k?), \/&} corresponds to basic SDP. Similarly to the Wishart model, in the

regime k > d*/27°(1) we get asymptotically better guarantees than the algorithm from Ding et al.
(2019). In the regime n > Q(d) and k = @(\/3) basic SDP requires A > cv/d for some specific

where k corresponds to the limited brute force from Ding et al. (2019), and

constant ¢ and does not work for smaller A. Our condition on \ in these settings is A 2> k lngt , SO

if A = £+/d for arbitrary constant £, we can choose large enough constant ¢ such that e1/d > kr/ lngt

and get an estimator that can be computed in polynomial time d°(*). basic SDP cannot work with
small values of €, and limited brute force requires quasi-polynomial time in these settings.

Our techniques can be also applied to more general model with symmetric noise studied in
d’Orsi et al. (2022).

Theorem 5 (Sparse PCA with symmetric heavy-tailed noise) Ler k,d,t € N, A > 0. Let Y =
Mov! + N where v € R% is a k-sparse unit vector such that ||v||s < 100/vk and N is a random
matrix with independent (but not necessarily identically distributed) symmetric about zero entries'”
such that for all i, j € [d], P[|N;;| < 1] > 0.1.

There exists an absolute constant C' > 1, such that if k > Ctlogd,

t>C-log(2+d/k?),

and

2>k,

then there exists an algorithm that, given' Y, k, t and )\, in time a°® outputs a unit vector © such
that with probability 1 — o(1) as d — oo,

(9, )] = 0.99.

Moreover, we get the same guarantees if we are given only the upper triangle of Y, i.e. the
entries Y;; such that i < j.

Itk = @(ﬁ) this algorithm runs in polynomial time as long as A > ev/d for (arbitrary)
constant €. It is the first known polynomial time algorithm for this model, since the algorithm from

10. That is, IN;; and —IN;; have the same distribution.
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d’Orsi et al. (2022) requires quasi-polynomial time. For example, our algorithm finds an estimator
close to v or —v in polynomial time if & = v/d and A\ = k/100 when the noise has iid Cauchy
entries'! (with location 0 and scale 1), while prior to this work the fastest known algorithm in this
regime required quasi-polynomial time even for standard Gaussian noise.

In the special case of Gaussian noise and A = k, this algorithm matches the best known al-
gorithmic guarantees. Note, however, that in the regime k& < d'/2-2() this algorithm runs in
quasipolynomial time. This is not surprising, since as was observed in d’Orsi et al. (2020), sparse
PCA with symmetric noise actually generalizes the planted clique problem.

More precisely, let G ~ G(d, 1/2, k) be a random graph with a planted clique of size k. Let A
be the adjacency matrix of G. Let J be the matrix with all entries equal to 1 and let C' = 2A — J.
Note that the upper triangle of C' coincides with the upper triangle of k - vv | + 1, where V/k - v is
the indicator vector of the vertices of the clique (so it is k-sparse), and 7} is the noise whose entries
that correspond to the vertices of the clique are zero, and other entries are iid uniform over {£1}.

The algorithm from theorem 5 solves the planted clique problem in time nO(log(2+n/ kQ)), which
matches the best known algorithmic guarantees for the planted clique'?. Moreover, for some k =
n2() it is conjectured to be impossible to solve it in time n°(°8™) (see Manurangsi et al. (2021) for
more details). Note that our algorithm achieves best known algorithmic guarantees for both sparse
PCA in the Wigner model and the planted clique problem'?.

2. Techniques

The idea of our approach is similar to the well-known technique of reducing the constant in the
planted clique problem. Recall that an instance of the planted clique problem is a random graph G
sampled according to the following distribution: First, a graph is sampled from Erd6s-Rényi distri-
bution G(m, 1/2) (i.e. each pair of vertices is chosen independently to be an edge with probability
1/2), and then a random subset of vertices of size k is chosen (uniformly from the sets of size k and
independently from the graph) and the clique corresponding to these vertices is added to the graph.
The goal is to find the clique. The problem can be solved in quasi-polynomial time, however, no
polynomial time algorithm is known in the regime k& < o(y/m).

Alon et al. (1998) proposed a spectral algorithm that can be used to find the clique in polynomial
time if & = y/m. They also introduced a technique that allows to find the clique in polynomial time
if k > ey/m for arbitrary constant ¢ > 0. The idea is to look at every subset 7" of vertices of size
t 2 log(1/¢) and consider the subgraph H (T') induced by the vertices of G that are adjacent to T°
(i.e. adjacent to every vertex of T). This subgraph has approximately m’ = 2~'m < e2m vertices,
and if T was a part of the clique, then the clique is preserved in H (T'), and since k > v/m/, we can
find a clique applying the spectral algorithm to H (7"). The running time of the algorithm is mO®),
so it is polynomial for constant €.

A similar (but technically more challenging) idea can be also used for sparse PCA. Recall that
the instance of sparse PCA (in the Wishart model) is Y = /Buv' + W, where u ~ N(0,1)",
v € R is a k-sparse unit vector, W ~ N(0,1)"*¢ independent of w. To illustrate the idea, we
assume that v is flat, i.e. its nonzero entries are +1/ Vk. Instead of the adjacency matrix of the
graph, we have the empirical covariance %YTY. For simplicity, let us ignore cross terms and

11. Cauchy noise is very heavy-tailed, the entries do not even have a finite first moment.
12. Up to a constant factor in the degree.
13. Assuming A = k for sparse PCA.
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assume that )

%YTY ~ HunHBUvT + %WTW.
Since u ~ N(0,1d), ||u||? ~ n. So we assume that we are given Svv| + 2W W, and the goal
is to recover v. Similar to the planted clique, if 5 = \/%, there is a spectral algorithm for this
problem (that computes the top eigenvector of the empirical covariance).

Suppose that n > d, k ~ v/d and 8 = £+/d/n ~ ek/\/n for some constant £ > 0. We can
look at each subset 1" of entries of size ¢t < k and try to find a (principal) submatrix of %YTY that
would be an analogue of the graph H (T") from the algorithm for the planted clique. One option is
to say that an entry ¢ is “adjacent” to 7' if the sum of the elements in the ¢-th row of %YTY is large.
However, since v has both positive and negative entries, the sum can be small even if here were no
noise and 7" C supp(v). Hence we also need to take the signs of the entries of v into account.

Let S; be the set of all ¢-sparse vectors with entries from {0, +-1}. Let us call s € S; correct if
supp(s) C supp(v) and for all nonzero s;, sign(s;) = sign(v;). If s € S; is correct, then

> Buivysi| =

Jj€supp(s)

vivT3’ = pt/k.

For s € S let us call an entry i € [d] adjacent to s if either |(:Y 'Y's).| > Bt/(2k) or
i € supp(s), and let H(s) be a principal submatrix induced by indices adjacent to s. The size
of H(s) is close to pd, where p is the probability that ’(%WTWS)Z’ is greater than [5t/(2k).
We need to count ¢ ¢ supp(s) adjacent to s. The vector W's has distribution N (0, ¢ - Id), hence
|W s|| = v/tn. Since i ¢ supp(s), the i-th row of W T is independent of W's, and the distribution

of (kW W) is close to N (0,t/n). By the tail bound for the Gaussian distribution,

P|
In our case, x = B \2/16% Hence for

(AwTws)

>z t/n} < exp(—x2/2) .

)

52— /log(td]R7)

\/7%
we getz 2 +/log(td/k?) and p = exp(—2?/2) < k*/(td). Therefore, H (s) has d’ < k? /t entries.
Moreover, by the same argument, ¥’ = (1 — p)k > 0.999k entries of v are adjacent to correct s, SO
the signal part of H (s) is close to Bvv . Since for correct s we get 8 > +/d’/n, we can try to use
the spectral algorithm to recover the sparse vector from H (s).

Here we see the difference between planted clique and sparse PCA. In the planted clique prob-
lem, if we take a subset of the clique, we can easily recover the whole clique from the output of the
spectral algorithm and we do not need to consider other sets after that. In sparse PCA, since we do
not know [ exactly, it might not be easy to understand if the observed s was correct or not from the
output of the spectral algorithm.

We use the following observation: if we have computed the list L = {9(s)} of the top eigen-
vectors of H (s) for all s € S, we can compute a vector close to v (or to —v) from this list. Indeed,
if we erase all but the largest O(k) entries (in absolute value) of the vectors from L, we get a new

10
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list L' of O(k)-sparse vectors. It turns out that for correct s not only ¥(s), but also the correspond-
ing O(k)-sparse vector v'(s) € L’ is close to v. Moreover, for all O(k)-sparse unit vectors x (in
particular, for all vectors in L'),

m(%WTW)x =1+ O(vk/n) .
Hence we can just compute ¥ € argmax,c SL‘(%YTY)SC, and it is close to v, since
1y T ~ 2 LA
J:(EY Y)m ~ 1+ pv,z)” £ O(x/k/n> ,

and for 8 > \/%, the term O~<\ /k:/n) is smaller than 3 (as long as t < k).

Note that in the definition of adjacent entries we used 3, which might be unknown. But that is
not a problem: if we use some value 3/2 < 8’ < 3 instead of 3, the algorithm still works. Hence
we can use all possible candidates from n~?®) to n®1) such that one of them differs from /3 by at
most factor of 2, and in the end work not with the list L, but with a list of size O(logn) - |L|.

Remark [Comparison with the Covariance Thresholding analysis from Deshpande and Montanari
(2014)] Our algorithm for t = 1 has running time O(nd?) + O(dS). For n > d, the running
time is comparable to the running time of Covariance Thresholding O(nd?). The guarantees of
both algorithms are the same (up to a constant factor). One advantage of our algorithm is that it
is much easier to analyze. The crucial difference is that in Covariance Thresholding one has to
bound the spectral norm of thresholded Wishart matrix, which requires a sophisticated probabilistic
argument. In our algorithm, we only need to bound principal submatrices of the Wishart matrix,
and such bounds easily follow from concentration of the spectral norm of (%WTW — Id) and a
union bound argument. Another advantage of our algorithms is that we can get better guarantees
than Covariance Thresholding (by increasing t and hence also the running time) and use the same
analysis for all t.

Remark [Comparison with the algorithms from Ding et al. (2019)] The algorithms from Ding et al.
(2019) also use vectors s € S;. However, the crucial difference between our approaches is that they
work with s' € S; that maximizes s(%YTY) s. This approach works only if § 2, %\/log d, since

for smaller 8 the maximizer of s (%YTY) s might be completely unrelated to v. For our analysis it
is not a problem, since the correct s is only determined in the end from the list L'.

Adversarial Perturbations. Similar approach also works in the presence of adversarial perturba-
tions, that is, if the inputis Y = \/Buv " + W 4+ E such that the columns of £ have norm bounded
by b < y/n/k. This is interesting, since known algorithms for sparse PCA that use thresholding
techniques and are not based on semidefinite programming, like Diagonal Thresholding, Covariance
Thresholding, or the algorithms from Ding et al. (2019), do not work in these settings (see d’Orsi
et al. (2020) for more details).

As in the non-adversarial case, we can compute the submatrices H () that are induced by indices
adjacent to s, that is, indices ¢ such that either |(%YTYS)Z.’ > pt/(2k) or i € supp(s). Then,
instead of computing the top eigenvector of H(s), we compute X (s) € argmax xep, (X, H(s)),
where

P = {X c Réxd ‘ X=0,TrX =1,|X]|, < k}

11
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is the feasible region of the basic SDP for sparse PCA. Then, we can compute the list L of top
eigenvectors (s) of X (s), and perform the same procedure as in the non-adversarial case to recover
0 from L.

In order to show the correctness, we need to bound all terms of %YTYS. In adversarial settings
cross terms can be large, and the most problematic term is %E TWs. Rows of ET do not have large
norm, but W's has large norm || W s|| ~ /tn, and since E can depend on W, the entries of £ Ws
can be large. In particular, for each correct s, the adversary can always choose E such that the term
%ETWS is large enough to make H (s) useless for recovering v.

To resolve this issue, we work with some probability distribution over the set of correct s and
show that %ETWS has small expectation with respect to this distribution. In particular, it implies
that for each E there exists some s such that the term %ETWS/ is small'*. For flat v, we just divide
the support of v into m = k/t blocks of size ¢, and then each block corresponds to some correct
s € S;. Then it is enough to consider uniform distribution U/ over the set {s1, ..., s, } of such s.
By the concentration of spectral norm of W, with high probability

1 1 & b’t >t Bt
723 Z,{<E“WS> 77’)’1,2 El,WS]> \O<n?m(m+n)><0<nk><<l#
Hence there exists some s’ € {s1,..., sy} such that
1 T / T/
—FE Ws < Hﬁvv s
n supp(v)

The other terms of %YTYS can be bounded only assuming that s’ is correct (so it is not needed to
use properties of &/ anymore), hence the signal part of H(s') is close to fvv "

In addition to pd entries i € [d] \ supp( ) adjacent to s’ that appear due to the term 1 W' W,
there could be some entries adjacent to s’ that appear from - (ETY + YTE)S We show that the
number of such entries is at most 2 log(1/e)d, where ¢ is the same as in theorem 2. Assuming
our bound'” on the maximal norm of columns of E, we get 2 log(1/e)d < fn, and by standard
properties of basic SDP for sparse PCA, the top eigenvector of X (s') is close to v.

To finish the argument, we need to show that we can still compute ¢ close to v or —v from L
even in the presence of perturbations. It is not hard since our argument depends only on the upper
bound on z (1Y TY —1Id — Bov" )z for all O(k)-sparse z. As was shown in d’Orsi et al. (2020),
our assumption on the maximal norm of columns of £ is enough to obtain the desired upper bound.

The Wigner model and symmetric noise. In the Wigner model the inputisn Y = o' + W.
The same argument as for the Wishart model works in these settings, and the proof is technically
simpler since there are no cross terms and W is easier to analyze than %WTW that appears in the
Wishart model. Our approach for sparse PCA with perturbations also works for Wigner model, and
the proof is much easier in this case since the adversary cannot exploit magnitude of the columns of
Ww.

The Wigner model with symmetric noise is more challenging. In these settings we assume that
A is known. We cannot work with Y's, since the noise is unbounded. So we first threshold the

14. More precisely, this term has small norm, and it is enough for our analysis.
15. This is the reason why our bound on £ is worse than the bound from d’Orsi et al. (2020).
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entries of Y. Concretely, for h > 0 and z € R, let 7,(z) be x if x € [—h,h| and sign(z) - h
otherwise. We apply this transformation for some h = ©(\/k) to the entries of Y and get a new
matrix T'. Then we use our approach for matrix 7" and for all s € S; we compute the submatrices
H(s). As long as k > d, their algorithm applied to Y outputs a matrix that is close to Avv | in
polynomial time. As in the Gaussian case, the submatrices H (s) have small size, and we can apply
their result to every H(s) . However, since H (s) depends on Y, the noise part of H(s) might
not have the same distribution as IN. Fortunately, the error probability in d’Orsi et al. (2022) is
very small, which allows us to use union bound and conclude that for correct s, the output of the
algorithm from d’Orsi et al. (2022) on H (s) is close to Avv | . Moreover, since we know A, we do
not even need to work with the list of candidates in these settings: It is enough to check the norm
of the output, and if it is close to ), the output is close to Avv ", and we can recover v from it (up to

sign).
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Appendix A. The Wishart Model

Notation. For m1, mo € N, we use the notation R™1*™2 for the set of m, X mo matrices with
entries from R. We denote by N (0, 1)™ an m-dimensional random vector with iid standard Gaus-
sian entries. Similarly, we denote by N (0, 1)"**™2 an m; x mgo random matrix with iid standard
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Gaussian entries. For m € N, we denote by [m] the set {1,2,...,m — 1,m}. For a vector v € R™,
we denote by ||v|| its £2 norm, and for p € [1,00] we denote by ||v||, its £, norm. For a matrix
M e R™>™2 we denote by || M| its spectral norm, and by ||M ||, its Frobenius norm. We write
log for the logarithm to the base e.

Recall that the input is an n x d matrix Y = /Buv' + W, where u ~ N(0,1)", v € R? is
a k-sparse unit vector, W ~ N (0, 1)"*¢ independent of u. The goal is to compute a unit vector @
such that [(0,v)| > 0.99 with high probability (with respect to the randomness of u and W).

First we define vectors z(r) that we will use in the algorithm. Let ¢ € Nbe such that 1 <t < k
and let S; be the set of all d-dimensional vectors whose entries are in —oo, /, oo that have exactly ¢
nonzero coordinates. For s € S; and r > 0 let z4(r) be the d-dimensional (random) vector defined
as

Zsi(T) = 1[(YTYS)i>T't'n] if s; =0
1 otherwise
The following theorem is a restatement of theorem 1.

Theorem 6 Letn,d,k,t €N, >0,0<6<0.1. LetY = \/Buv' + W, where u ~ N(0,1)",
v € R% is a k-sparse unit vector, W ~ N(0,1)"*4 independent of u.

Suppose thatn 2 k + tin?d . > tlnd and

nd,
ez (1+5):

Then there exists an algorithm that, given'Y, k, t and 9, in time n - d°® outputs a unit vector
U such that with probability 1 — o(1) as d — oo,

BZ

(D, 0) >1—46.
Lemma 7 Forall s € S such that s; = 0 and for all T > 0,
P(WTYs) =7 (IWsl+I(w.s)l-VB-llull) | lul [Ws|] <exp(~r?/2).
Proof Denote g = Ws ~ N(0,t-1d).
(WTYs) = (Wig)+ VB (v,5)- (Wiu).

Since W, g and w are independent, conditional distribution of (WTYs)l. given ||ul| and ||g|| is

N (O, B (v, s)] - uH2> The lemma follows from the triangle inequality and the tail bound
for Gaussian distribution (fact 38). |

Lemma8 Let0<d<0.1,r< % and suppose thatn > t +1nd, § > and k 2 Td

52\F

17
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Let s* € argmax,cg, (s, v). Then,'®
00 2 (PIF = (00 200 (r),0) > 16,

with probability 1 — d—1°
Proof To simplify the notation we write zg; instead of zs;(r). Let g = Ws*. By fact 39 with
probability at least 1 — exp(—n/10), n/2 < ||u|* < 2nand tn/2 < ||g||* < 2tn, and in this proof

Let T' = supp(s*). Note that it is the set of t largest entries of v (by absolute value). Since v is
unit, there are two possibilities: either |vr||* > 136, or |[vr|* < 1=4. If |ur||* > 16, then the
: ; 2 2 2

statement is true since ||v o zg= || > ||vr||”. If||vr||

Hence
(s*,v) = |lurlly = V6 - t/VE.

Let £ = {z € [n] ‘ lv;| = %} Foralli € L, B||ul|*(v, s*)|v;| > 10rtn. Note that ||vz||* >
1 6/10.
Let us write Y 'Y s* as follows

YY" = Bllul*(v,s)0+ W Ws* +/Bou Ws* +/Bv,s" YW T u.

We will bound each term separately
Consider the term W W s* = W T g. By the Chi-squared tail bound (fact 39), with probability
at least 1 — exp(—71/2),

<2v/tn- (|L]+ 7).

H ﬁ\SUPp(S*)

Since |L| < k, with probability at least 1 — exp(—k),

< 10VEktn <

|Bllwl* (v, 5%) - v

H L\supp(s*) 100 |

where we used 3 2, \ﬁ

Consider the term \/B{v, s*YW Tu. Since W and u are independent, by fact 39 with probability
at least 1 — exp(—k/10),

|(VBtw. )W) | < 2v/Blul Vi (0,87 < o]l Bl s o]

where we used fn 2 ?2‘{2 and the fact that n > t.

Consider the term /Bvu' W s*. With probability at least 1 — exp(—0.1v/nt),

.
H\f”“ W 100‘

where we used the fact that the distribution of uw' W s* given ||u| is N(0,t - ||u]?).
By lemma 26,

t - ()" <

|Bllwl* (v, 5) - ]|,

2> (1 —6/10)|jog]*>1-90.

16. Here and further we denote by a o b the entrywise product of vectors a, b € R%.

18
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Lemma9 Letr > 0and s € S;. With probability at least 1 — §, number of entries i such that

|(WTYs)i‘ >t-r-n

is bounded by pd + 2/pdIn(1/6), where p = exp(—tnr2/2).

Proof By lemma 7 and Chernoff bound fact 35, number of such entries is at most pd + 7d with
probability at least 1 — exp( ) With 7 = 24/In(1/9)p/d we get the desired bound. [

Lemma 10 For s € S, let N(s) = (YTY —n-Id - BHUH%Tv) o (z5(r)z] (r)) and let

p= exp(—tnr2/2). Suppose that k > Ind.
Then for each s € Sy, with probability 1 — 2d~1°,

INGs)] < 10\/(n T Bn) - (pd + k) 1n<pdei k) +10(pd + k) 1n<pdei k)

Proof To simplify the notation we write zg; instead of z,(r). By lemma 9, number of nonzero
2 is at most 2pd + 24/pdIn(d) + 2k < 4pd + 4k with probability at least 1 — d~10. Applying
lemma 42, we get the desired bound. |

Lemmall Ler0 < § < 0.1 and 20% <r < % Let p = exp(—tnr?/2). Suppose that
>tln?d k > tind and

d
B D)
Then
\/(n+ﬁn) - (pd + k) 1n<pdejl_k> + (pd + k) ln<pd€j_ k) < 66n/10.

Proof First note that since

td  td? td td?
1n(2+k2+k2n>>0.5-1n<2+k2+ kgn)

we get

k td k
2 ()

Since

\/(nJrﬁn) - (pd+kz)ln<pdej_k> < \/(n+ﬁn) -pd1n<;> 4 \/(n+ﬁn)-kln(pd€j_k),

19
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we can bound the term with pd and the term with k separately. Let us bound the first term. Note
that

exp(—tnr?/4) < exp[ ;ln<2+:;-<1+\/%)>}< td_j:; 7 < min 8, v/B-6°y/n/d.
Vt/n

Hence
(f+ \/[Tn) <exp<—2>tm“2\ﬁ> <f+ W) <eXp<—tT2> M) < 0.016*8n.

Since t < n(e ) andn > k ln(?d) the second term can be bounded as follows

\/(n + fn) - kln(pdej_ k) < \/nk1n<6kd> + \/ﬂnkln<pd€jl_ k) < 0.0168n.

Now, let us bound

(pd + k) ln( ) < pdln(e/p) + kln(ed/k) .

ed
pd+k
The first term can be bounded as follows:

k?
pdIn(e/p) < d o kdﬁ k+/n/t <0.0166n .

For the second term,

kln(ed/k) < ky/n/t < 0.0160n.

Lemma 12 Ler0 < < 0.1 and % <r< % For s € S; let ©(s) be the top'” eigenvector of
(YY) o (2(r)z/ (r))-

S

tin%d
Suppose that n 2, =5%, k > U

k td d

Then there exists s' € Sy such that with probability 1 — 10d~'°,

4 and

[(D(s"),v)| > 1—206.

Proof Let s’ € argmax g, (s,v) and let © = v o z4(r). Then

(YY) o (24123 () = Blul’8" + N(s),

17. A unit eigenvector that corresponds to the largest eigenvalue

20
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where N (s') is the same as in lemma 10. By lemma 11 and lemma 10, with probability 1 — 2410,

IV ()| < 6.
Since with probability at least 1 — exp(—n/10), ||u||* > n/2, we can use standard (non-sparse)
PCA. Concretely, by lemma 32, [(0(s'), 9)| > ||vH2 20. By lemma 8, with probability 1 —10d 19,
|9]]? = (®,v) > 1 — 6. Using fact 33 we get the desired bound. [

Proof [Proof of theorem 6] Since \/n/2 < ||u|| < v/2n with probability at least 1 — exp(—n/10),
in this proof we assume that this bound on || || holds.

Letd =4 /100. Note that we can apply lemma 12 if 20% <r < 13& Since we do not know
B, we can create a list of candidates for r of size at most 2Inn (fromr = 1/ntor = 1).

For all s € §; and for all candidates for » we compute ©(s) as in lemma 12. By lemma 12, we
get a list of vectors L of size 21In(n) - |S;| such that with probability 1 — 201In(n)d 1% > 1 — d=*
there exists v* € L such that |(v*,v)| > 1 —205 > 1—4/5.

By fact 41 and lemma 43, k’-sparse norm of Y 'Y — nld — B|lu/|?vv " is bounded by

10y/nk' In(ed/k") + 10+/Snk’ In(ed/k')
with probability at least 1 — 2d—Y. Let us show that if &’ < (Jfﬁﬂm’ then this k’-sparse norm is
bounded by 6n/10. Indeed, if 8 > 1, then

5%53%n S 5%6n >k > /o 5
(1+B)Ind ~ 2Ind ~ t12d

2 52 2 52 2
0% 6n >6ﬂn> k >k/<52.
(1+8)Ind ~ 2In%d ™~ 6*tlnd ~
Applying lemma 28 with &' = [100k/§?], we can compute a unit vector © such that

and if 8 < 1,

[(0,0)] > 1-34.

Appendix B. Adversarial Perturbations

The sparse planted vector problem. Let us show that the sparse planted vector problem is a
special case of sparse PCA with perturbation matrix £ = — L uu'W . LetY = RB. It

[
follows that

n—1
Y = HQnHRnUT + Z Ring :
i=1

Note that Z?;ll Rigz-T has the same distribution as (Id - R,R] ) W, where W ~ N(0,1)"*? is
independent of R. Hence for Gaussian vector u such that mu = R, we get

w.

el [
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With high probability 5 := ||guL””2 = (1+o(1))d/n. Note that columns of — i quuTW have

norm at most 10+/log d with high probability. In these settings, € from theorem 1 is allowed to be
as large as (1), and we get a bound ||E||,_,, < \/d/k. Hence for d 2 klogd, E is allowed to
have columns of norm 10+/log d.

The Wishart model with perturbations. The following theorem is a restatement of theorem 2.

Theorem 13 Letn,d, k,t €N, 5>0,0<d <0.1. Let
Y = \/BuvT—l—W—i—E,

where u ~ N(0,1)", v € R? is a k-sparse unit vector, W ~ N(0,1)"*% independent of u and
E € R™ 4 is a matrix such that

IE|, y =b<e-minv/B,8-/n/k,
where ||E|,_, is the maximal norm of the columns of E and ey/In(l/e) <
8 min{ 1, min{3, /B} - v/n/d}.

Suppose that n 2 k + “f;lj d | > tnd

k td d

Then there exists an algorithm that, given' Y, k and t, in time n - d°® outputs a unit vector ¥
such that with probability 1 — o(1) as d — oo,

(8,0)] > 13

Lemma 14 Let £ C [d] be the set of indices of the largest (in absolute value) { entries of v, where
¢ = min{[||[v||3/6%],k}. Suppose that 3 2, 56% andn 2 k+tln?d, k > Ind.
Then with probability 1 — d—'0 there exists s' € S; such that either

H((fﬂf/ ~ Bluff?oT) o)

< 106 - HBHuHvi s

L\supp(s’)
or
[vsupp(sn || = 1= 6.
Moreover,
t
“(ETY+YTE)5’ <10t = V.- frt
VE- vl

Proof First note that
locll = flvfly =6 = (1 = 6)llvflr-
and
locll = lloll = llvgnell = lloll =6 = (1 = )] -
Also note that for all i € L, |v;| >

|v||1
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We will define a distribution over s € Sy, and then we show via probabilistic method that s’ with
desired properties exists by bounding terms of Y TYs one by one. Also, with probability at least
1 —exp(n/2), 2¢/n = ||ul]| = +/n/2 and in the proof we will always assume that 2\/n > |ju|| >
/2.

Consider the partition of £ into m = [|£|/t] disjoint blocks by, . . ., by, of size'® t. Each block
b; corresponds to s(j) € Sy such that s(j); = 0for4 ¢ b; and s(j); = sign(v;) fori € byNsupp(v).

If ‘,C‘ < t, then Hvsupp(s(l))H = ||UL|| >1-9.

If |£| > t, consider the uniform distribution U/ over s(j). We get

1 & 1 t 5%t 52t
E v,8) = — VoS ] = —|lv > —lv 2 >
s~u< > m;_l’ (])Hl m” ||1 2£|| ”1 2HUH1 2\/%
Moreover,
1 t t
E 8) = — < = < ——.
s~Z/{<U’ > mHUHl £|’U||1 H,UHI

Let us write Y 'Y as follows:
YTY = Bllu|?o0 " +WTW+/Bow WH+/BW Tuv +ET E++/Bou’ E+/BE uv +WTE+ETW .
We will bound each term separately.

Consider the term EW .

m

1
E |(E; L E; WNE
SNu|< , Ws)| m;K , Wis(4))]

Since for different j; and jo, s(j1) and s(j2) have disjoint supports, Ws(j) ~ N(0,¢)" are inde-
pendent. By the concentration of spectral norm of Gaussian matrices (fact 40),
m
D (B, Ws(4)® < 4t(m +n) - | Ei|* < 10tnb”

Jj=1

with probability at least 1 — exp(—n). Hence

10tb
E [(E, Ws)? < ——.
s~U m
Therefore, with probability at least 1 — d exp(—n),
10tb*n
E : 2
E B W) < o
€L
and )
10tb°n
E ; 2 <
B S B WP < d
1€[d]

18. If the last block has smaller size, we can add arbitrary entries to it.
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Hence with probability at least 1 — d exp(—n/2) there exists s’ = s(j) such that

10t > (0.5()) > 6%t - 52t
ol =YY 2 00l 7 TovE
and
, 40tb%n, 100e\ 2 2 12
S UEL Ws()) 2 < L] < 40622670 [k < (5) |BluiPee”sG) | < 02| BllulPoeTs(5)
€L

where we used |£| < mt, and

Tlm Wl < (20)" 4 JotaeeTsh|

Consider the term W ' E. By fact 40, with probability at least 1 — exp(—n/2),

400¢e

W7 Es(G) | < | W < 10mvi < 10ten/vE < =57

Consider the term /BE Tuv '
H(JBETust(j )

Consider the term /fvu ' E:

<VE|VBETws(h)|| < VEBbul-{v, 5

L\supp(s’

& 10
| Vv Es)| < VBl < 5 - 2 Bvalul < Al s()

Consider the term E " E:

H <ETES(j)> L\supp(s’)

Moreover, note that from the bounds above we also get

2k

H(ETY+YTE)S(J‘)H 1000 - f“myuu%vs H 04€-xf

Bl (v, 5(7)) - o] < 6| [BllulPov"s()]|

106H6Hu|| v,5(7))

v
T s 9 g2 6%t 5 ,
< \/EHE Es(j)Hoo < VD2t < ViS22 Bn < 102]|Bllul 2 (v, s(5)) - v -

Bnt
VE - oll

Consider the term W T W. By the Chi-squared tail bound (fact 39), with probability at least

1 —exp(—7/2),
(W ws()))

' ‘<2 tn- (L] + 7).
L\supp(s(4))

Since |£| < k, with probability at least 1 — exp(—k),

H (W ws()))

L\supp(s(4))

24
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k
§3v/nt’
Consider the term /BW Tuv'. Since W and w are independent, with probability at least
1- exp(—k/Q),

VEW Tuo's(j)) |1 < 2/BllullVE - (v, 5(7)) < 8][Bllul*(v, s(7) - o],
L

where we used § 2

where we used fn 2 52‘/2 and the fact that n > ¢.

Consider the term /AW Tuwv . With probability at least 1 — exp(—0.1v/nt),
|2 y

|VBouTWs()|| < 2V/B- VE-llul - () < 6 Bllul*v, () - o]

where we used the fact that the distribution of w " Ws(j) given |lu|| is ~ N(0,¢ - |Ju?).

For s € S; let z4(r) be the n-dimensional (random) vector defined as

26i(r) = 1[(}7T}75)i>'f't'n] ifs; =0
N 1 otherwise

Lemma 15 Suppose that k 2 tIn d and

k td d
BZW\/m(HkQ- <1+n>>.

_ B P
10000} 500[[v][

Let r be such that

Let s € §; and
N(s) = (YT = nld = BllulPoo") o (2(r)2] (1))

Let
Pk:{XeRdXd ] XtO,TrX:l,HXHISk}.

Then with probability 1 — 10 - d='°, for all X € Py,
(X, N)| < 6.

Proof To simplify the notation we write z instead of z5(r) and N instead of N(s). Let
L - T, -
N = <YTY— (Y-E) (Y—E)) ° (zz )

(X, N <IN = Ng|| + [{X, Ng)| .

Note that

By lemma 34,

(X, Ng)| < b’k + 2b\/kH (f/ - E)T(ff . E) o (227)
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The first term can be bounded as follows:
b’k < ef’n/k < 66+/n/100 < §6n/100.

Note that with probability at least 1 — exp(—n),

((7-5) (T-£)e (=)

Hence for the second term,

by/k(Bn +n) < 1+\F ( +f) n < 88n/100.

‘ < 10(Bn+n).

Therefore,
(X, Ng)| <pn/10.
By fact 25 and the bound on ||(ETY + Y T E)s|| from lemma 14, at most £2d = (1045/5)2(1
entries of (ETY/ + ?TE) s" are larger (in absolute value) than r¢n /2. By lemma 9, with probability

at least 1 — d—1°, number of entries ¢ such that
‘(WTYSI).‘ >t-r-n/2
7

is bounded by pd + 10+/pd In d, where p = exp(—tnr2 / 8). Hence number of nonzero entries of z
is at most 106%2d + pd + 10v/pdInd + 2k < 106%2d + 10pd + 10k with probability at least 1 — d 10,
Therefore, by lemma 42 and lemma 11, with probability at least 1 — 2d 19,

|IN — Ng|| < 36n/10 + \/(n + fn) - £2d1In(1/) 4 2dIn(1/¢) .

Since the second and the third terms are bounded by §/5n/10, we get the desired bound. |

Je

Lemma 16 Let0 < § < 0.1 and let W SRS 500][v]2"

For s € S; let 0(s) be the top eigenvector of X € Py, that maximizes <X, Yo (2:2]) >
Suppose that n. > k + tInd, k > tInd and

somy(er i (11))

Then there exists s' € Sy such that with probability 1 — 20d~'°,

[(8(s),v)| > 1—6/10.

Bz

Proof Let s’ be as in lemma 14 and let © = v o z¢ /(7). Then
(V7Y = nld) o (2(r)2) () = BlulP55" + N(s),
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where N (s) is the same as in lemma 15. By lemma 15, with probability 1 — 10 - d~1°, for all
X € Py,

(X, N)| <dfn.
Consider ) )
X(s*) e argmaxX€p<X,Y o (25*§;>> :
By lemma 32,
<X(s*),va o <23*2;r>> >1-65.
Hence by fact 33,

<X(s*),va> >1—245.
By lemma 29, |(#(s'), #)| > 1 — 1004. By lemma 14 and lemma 26, with probability 1 — d~'°,
(B,v) >1—1006.
Using fact 33 we get the desired bound. |

Proof [Proof of theorem 13] Since \/n/2 < |lu|| < v/2n with probability at least 1 — exp(—n/10),
in this proof we assume that this bound on [|u|| holds. Let § = §/1000. Note that we can apply

To00o <r < TR Since we do not know 3 and ||v||;, we can create a list of

candidates for r of size at most 2 Inn (starting from r = 1/n and finishing at r = 1).

For all s € S; and for all candidates for  we compute ©(s) as in lemma 16. By lemma 16, we
get a list of vectors L of size 21n(n) - |S;| such that with probability 1 — 20In(n)d 1% > 1 —d°
there exists v* € L such that |(v*,v)| > 1 — §/10.

By fact 41, lemma 43, lemma 34, k’-sparse norm of Y 'Y — nld — S|lu?vv " is bounded by

10v/nk’ In(ed/k') + 10/ Bnk! In(ed/k') + b2k’ + 10b\/K' (Bn + n)
with probability at least 1 — 3d 7. Let us show that if
5282n 528%n }
(1+p8)Ind’ (14 B)b?Ind |’
then £’ the k’-sparse norm is bounded by 0 3n. Indeed, if 3 > 1, then

lemma 15 if

K< min{&ﬁn/b2,

2 32 2
0°B*n >5ﬁn2k n2 > k)62,
(1+8)Ind =~ 2Ind tln“d

and if g < 1,

232 232 2
6°B°n 26an k Zk/(SQ,
(1+p8)Ind = 2Ind ~ é%*tInd

and by our bound on b,

2102
k/62§min{6ﬁn/b2, 0" n }

(14 B8)b%Ind

By lemma 28, for k&’ = [100k/5%], we can compute a k’-sparse vector unit vector 9 (k') such
that [(0(k'),v)| > 1 — 6. [
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Appendix C. The Wigner Model
C.1. Classical Settings

In classical settings the input is an d x d matrix Y = Avv " + W, where v € R? is a k-sparse unit
vector, W ~ N(0,1)4*?, The goal is to compute a unit vector ¥ such that |(9,v)| > 0.99 with
high probability (with respect to the randomness of W).

In this section we prove the following theorem.

Theorem 17 Let d,k,t e NN A > 0,0 < 6 < 0.1. Let Y = /Buv' + W, wherev € R isa
k-sparse unit vector, W ~ N (0, 1)4%4,

Suppose that k 2 tg;d, and

k [In(2+td/k?)
~ 52 t '

Then there exists an algorithm that, given' Y, k, t and 0, in time d°® outputs a unit vector 0
such that with probability 1 — o(1) as d — oo,

(B, 0)] >1—4.

As for Wishart model, we define vectors zs(r) that we will use in the algorithm. Recall the
definition of &;: for ¢t € N such that 1 < ¢ < k we denote byS; the set of all d-dimensional vectors
with values in —oo, /7, co that have exactly ¢ nonzero coordinates. For s € S; let z; be d-dimensional
(random) vectors defined as

Zsz'(?“) = 1[(Ys)i:<suyri>>7“-t] if S = 0
1 otherwise

for some r > 0 (here Y; denotes the i-th row of Y').
Lemma 18 Ifi ¢ supp(v), then for all s € Sy and r > 0,
P((s,Y;) > 7 - t] < exp(—tr?/2).

Proof Since v; = 0,
(s,Y;) = (s, W;) ~ N(0,1).

The lemma follows from the tail bound for Gaussian distribution (fact 38). |

Lemmal1l9 Let0<d§<0.1,r< % and suppose that A 2, 62]i/i and k Z, lg%d-

Let s* € argmax,¢g, (s, v). Then, with probability 1 — d~1°
|voze|? = (voze,v) =21 —-6.

Proof To simplify the notation we write zg; instead of z;(r). Let L5 = {z € [d] ‘ lvi| > %}.
Foralli € L, B||ul|*(v, s*)|v;| = 10rt. Note that |[vz||* > 1 — 6/10.
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As in the proof of lemma 8, we can assume that

(s*,v) = |lvp|ls > Vot/VE.

We need to bound the norm of W s* ~ N(0,t - 1d) restricted to the entries of L. By fact 39,
with probability 1 — exp(—k/10),

* <
(Ws™) el < 2R < 2o A, %ol

By lemma 26,
2> (1 -6/10)|jog]?>1-90.

Lemma 20 Letp = exp(—tr2/2). Then, with probability 1 — d—1°

Wo (zs(r)z:(r)> H < 10\/(pd+ k) - hl(pdi k:) .

Proof Using the same argument as in the proof of lemma 10, we get that the number of nonzero
zsi(r) for every s € & is bounded by 2pd + 2/pdt In(n/t) + 2k < 4pd + 4k with probability at
least 1 — exp(—pd — tIn(d/t)).

By fact 40, an m x m Gaussian matrix G satisfies

IGIl < 2vm+ V7

with probability 1 — exp(—7/2) (for every 7 > 0). By union bound over all sets of size at most
4pd + 4k (corresponding to nonzero rows and columns of W o (z4(r)z/ (r))), we get the desired
bound. |

max
sES:

Lemma 21 Tl_let 0<d<0.1and 283k <r< 100k For s € S; let ©(s) be the top eigenvector of
Yo (zs( )z, (T))

Suppose that k 2 nd

62)

and

52\[ In <2 =+ td) .
Then there exists s' € S; such that with probability 1 — 2d~'°,
(o(s"),v)] =1 —206.
Proof Let s’ € argmax, g, (s,v) andlet © = v o z»(r). Then
Yo (202 (1) = Blul?88” + W o ((r)2] (n).
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By lemma 20 and the same arument as in lemma 11 with n = d, with probability at least 1 — d—'°,
W o (227 ()| < ox.

, [(®(u*), )| > 1 — 36. By lemma 19, with probability 1 — d~1°, (9,v) > 1 - 4.
Therefore, by fact 33,

(B(s"),v)| =1-200.

[
Proof [Proof of theorem 17] For all s € S; we compute 9(s) as in lemma 21 with 2%6\/% <r< 160/702’
where ¢’ = 0/1000. Since we do not know ), we can create a list of candidates for  of size at most
2Ind (fromr =1/dtor = 1).

By lemma 21, we get a list of vectors L of size 21n(d)|S;| such that with probability 1 — d—*
there exists v* € L such that |(v*,v)| > 1 —§/10. By fact 41, k’-sparse norm of W is bounded by

k' n(ed/k")

with probability at least 1 — d~'°. Hence by lemma 28 with k' = [100k/52], we get the desired
estimator. |

C.2. Adversarial Perturbations

The following theorem is the restatement of theorem 4.

Theorem 22 Letd,k,t e N, A>0,0<8 <0.1. Let Y = \/Buv' + W + E, where v € R% isa
k-sparse unit vector, W ~ N (0, 1)"Xd, and E € R is a matrix with entries

1Bl = €Ak < 8°A/k.

Suppose that k 2, “nd and
2
)\ > k In(2 + td/k?) ‘
~ 62 t
Then there exists an algorithm that, given Y, k, t and 6, in time d°® outputs a unit vector ©
such that with probability 1 — o(1) as d — oo,

[(9,0)] > 1-34.

Proof Letd = § /1000 and let r = 10%1%;' For s € S; let Z; be n-dimensional (random) vectors

defined as
1, - ifs; =0
Ba(r) = 4 (07 TR
1 otherwise

LetY =Y — E, and z; be the same as in the non-adversarial case defined for Y. Note that
Zsi(r — - AMk) < Zai(r) < zsi(r +e- Ak).
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Let s* € argmax,cg, (s, v). By lemma 19, with probability 1 — d~',

|00 Zee||2 = (v 0 Zgr,0) = zgi(r—e-Ak) >1—25.

—10

By the argument from the proof of lemma 10, with probability 1 — d~"", number of nonzero

entries of Z is at most 4pd + 4k and

HW ° (ZZT)H < 10\/(pd+ k) - ha(pdd+ k) <52

LetPp={X e R™ | X =0, TrX =1,||X|, <k}.Forall X € Py,

‘<X,W ° (ZZTM < HW o (2021 H X < 8A.

and
s ST s =T z
‘<X,Eo (zs*zs*>>‘ < HEO <zs*z3*>H IX ), <o
o0
Consider
X(s*) € argmaXX€P<X,1~/ o (25*2;)> .
By lemma 32,
<X(s*),vvT o (ES*Z;E)> >1-60.
Hence by fact 33,

<X(s*), va> >1—246.
Let 0(s*) be the top eigenvector of X (s*). By lemma 29,
[(0(s),v)| =1 —1006.
By fact 41, k’-sparse norm of W is bounded by
10+/k" In(ed/k")
with probability at least 1 — d~19. And k’-sparse norm of E is bounded by

!
FIE]. <At

Hence by lemma 28 with ¥’ = [100k/6%] and the list of X (s) for all s € S;, we get the desired
estimator. |
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Appendix D. Heavy-tailed Symmetric Noise

The following theorem is a restatement of theorem 5.

Theorem 23 Letk,d,t c N, A >0, A>21,0<a<1,0<§<0.1. Let
Y = ' + N,

where v € R is a k-sparse unit vector such that ||v||oc < A/VEkand N ~ N(0,1)%*¢ is a random
matrix with independent (but not necessarily identically distributed) symmetric about zero entries
such that

P[INy| <1] > a.

Suppose that k 2 5&‘}12{2,

S In(2 + td/k?)
~o a2A488
and

Az k.

Then there exists an algorithm that, given 'Y, k, t and ), in time d°® finds a unit vector v such
that with probability 1 — o(1) as d — oo,

[{(D,v)| = 1—0(9).
Before proving this theorem, we state here a theorem from d’Orsi et al. (2022).

Theorem 24 (d’Orsi et al. (2022)) Let§,« € (0,1) and ¢ > 0. Let QCRbea compact convex
set. Let b,r,v € R be such that

max|| X o <,

Xe

max|| X[z <7,
€Q

and
E X, WH| <.
Wi | S0 >] v
Consider
Y=X"+N,

where X* € Q and N is a random m-dimensional vector with independent (but not necessarily
identically distributed) symmetric about zero entries satisfying P[|IN;| < (] > a.
Then the minimizer X = argminy g F,(Y — X) of the Huber loss with parameter h > 2b—+(

satisfies
< o<\/ B 1og(1/5>)>

with probability at least 1 — § over the randomness of N.

HX s
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Using this result, we will prove theorem 23
Proof [Proof of theorem 23] Consider

ifx >nh
h(z) =<z if [z| < h
—h ifx < —h

where h = 3\||v||%, < 3%142. Let T' = 7,(Y') (i.e. the matrix obtained from Y by applying 7, to
each entry).
For s € §; let z; be n-dimensional (random) vectors defined as

pa(r) = | M =tsmozre] 151 =0
1 otherwise

A%a A%
Let G50 <7< T

Let £ = {z € [d] ‘ lvi| > %} Note that ||uz||? > 1 — 62 and hence |£] > 2A2
Let s* € argmax,cg, (s, v). By the same argument as in the proof of lemma 8,

(s*,0) = llor|1 > 6t/ VE.

By Chernoff bound, for every i € £ with probability at least 1 —exp(—ta/2), for at least ot /10
of j € supp(s*(4)), . Then for j € C;,

gl X
Th(Yij) = Avivj + [Nyl .

By Hoeffding’s inequality,

> () = 0% - VTG

JEC;

with probability at least 1 — exp(—¢q/2) Note that for all j € supp(),
E Th(ifij) 2 0 .

By Hoeftding’s inequality,
S Yy = —h/ig

j€supp(s*(5))\Ci

with probability at least 1 — exp(—¢q/2). Hence for i € £, with probability at least 1 — §2 /A2,

2 2
(s, T}) > A‘S O‘t —10h/T1og(A/0) > A‘S "‘t rot.

Let u = §2/A2. By Chernoff bound, with probability at least 1 — exp(—puk/10), for at most 2.k
entries ¢ € L, zg+; = 0. Hence with probability at least 1 — exp(—u|L£|/100),

lvg oz |> > 1 —24%0>1—62.

33



NoOVIKOV

By Hoeffding’s inequality, for all i ¢ supp(v),
[(s™, Th)| < hv/tq
with probability at least 1 — exp(—¢q/2). Hence

|(s*, T;)| <r-t

10h2

By the same argument as in lemma 10, number of nonzero z4-;(r) is at most 4pd + 4k with
probability at least 1 — exp(—pd — t1n(d/t)). For s € S;, denote by Z(s) the set of ¢ € [d] such
that z4;(r) = 1.

with probability at least 1 — exp(— st ) =1-p

For ) C [d] let
={X eRY? | X =0, TrX <A, X|, < Mk},
Note that
= E X,G)| <\ G| < 10)\/|Q|.
7(Q) S LsequQ< )] N E GI< Q)

Hence by theorem 24 and a union bound over all sets () of size at most 4pd + 4k, we get with
probability at least 1 — d~19, for all s € S,

st <o i) <o foronn())

where X () is the minimizer of the Huber loss with parameter / over Pz(s) and 0 = v o z4(r).
Note that

d
d+ k) -1 < dIn(1 klnd.
\/<p 1)t 25 ) £ Vadip) + Vi
The second term can be bounded as follows

VEInd < 6%k

A2

Note that
2, /72 5a? 2
rt e > =g t 2 In(2+td/k?).

Hence the first term can be bounded as follows

k 52
pdln(l/p)N\f (1542 -\/8<52k‘g.

Hence for all s € S,
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Since v o zg«||? > 1 — 262,

| %)

‘ >1—106.
F

Consider some s’ such that HX (s")

. > 1 — 100\. For such s,

(vozy(r),v) = |vozg(r)|? = 1—1008.

A~

X(s) - )\f)(s’)f)(s’)THF < O, the top eigenvector ©(s') of X (s') satisfies

Moreover, since ‘

[(8(s'),v)| = 1-0(5).

|
Appendix E. Properties of sparse vectors
This section contain tools used throughout the rest of the paper.
Fact 25 Letr,6 > 0andlet v € R™ such that ||x|| < R. Let S ={i € [m| | |z;| > 0}. Then
|S| < R%/4%.
Proof
5 18] < Jlas® < flal* < 2.
|

Lemma 26 Let 6,0’ € (0,1). Let x,y € R™ such that |y| < 6lz|. Let S =
Geml | Iyl > &k} Then
los]l = (1 = 8/8")[[o]] -

Proof Consider the vector 3’ such that y; = —x; foralli € Sand y, = 0 forall i ¢ S. It follows

that ) 5
Iyl < Iyl < Sl

Hence
sl = [lz+ 'l =zl = 1¥]| = (1= 6/6") ||

Lemma 27 Let v € R? be a k-sparse unit vector, and suppose that for some unit vector v' € R?,
[{(v,0")| = 1= 0. For k' >k, let K be the set of k' largest (in absolute value) entries of v'. Then

|(v, v )| =1 =6 —VE/K .
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Proof Since ||v|| =1, |

vjr — 0’| < 1/K'. Hence

(v, v = 0)| < vk = 0'|| - lolly < VK

Therefore,

[o,0ie)| 2 [{0.0)] ~ [ (w0 ~01)] 21— 6~ /BT

Lemma 28 Let \,k,5 > 0 and let v € R? be a k-sparse unit vector. Let L C R? be a finite set of
unit vectors such that

max|(v,z)| >1—90.

x€L

Let k' > 2[k/6%] and let N € RY*? be a matrix such that for every k'-sparse unit vector u € R?
u' Nu < kK.

Then, there exists an algorithm running in time O(d2 . L) that, given Y = \vv' + N, L,k and §
as input, finds a unit vector v such that

2
(v, 9)] > 1—45—7“.

Proof For each x € L we can compute a k’-sparse vector s(x) that coincides with x on the top &’
largest (in absolute value) entries. Let z* € argmax,cr|(v, s(z))|. By lemma 27,

[{(v,s(x*))| > 1—20.

Hence
s(x*)T()\va + N)s(:r*) >(1—200°A—k>(1—40)A—k.
Let
U € argmax,(y) ser, s(z) " (x\vUT + N)s(:v) .
Then

o ()\UUT + N)f} > s(z*)" <)\va + N)s(x*) > (1—-46)\— k.

Since o' No < k, we get
(0, 0)] = [(v,0)]* > 1 —46 — 2k/X.

1

Hence v = v 18 the desired estimator. |

<
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Appendix F. Linear Algebra

Lemma?29 Ler M € R¥>4 M = 0, Tt M = 1 and let = € R? be a unit vector such that
2VMz > 1 — e. Then the top eigenvector vy of M satisfies (v1, z)> > 1 — 2e.
Proof Write z = avi + V1 — o2v| where v | is a unit vector orthogonal to v;.

"Mz = o®v " Muvy + (1 — 042)’[)J_TM’UJ_
:Oé2<)\1—UJ_TMUJ_) —|—’UJ_TMUJ_
>1—c¢
Asvi " Muvy > 2"Mzandv, "Mv, <1—v1"Mvy <1—2"Mz <e¢, rearranging

T
2> 1*6*UL MUL
a® = =

M —v "Muv

>1-—2e.

Fact30 Let A,B € R¥™9 A B> 0. Then (A, B) > 0.

Fact 31 Let X € R¥*? be a positive semidefinite matrix. Then for all A € R4*¢
(A, X)| < [ A]l- Tr X

Lemma 32 LetQ) CR™ LetY =S5+ N, where S € Q and N € R™ statisfies

sup (X, N)| <.
XeN

Then X € argmax y.q(X,Y) satisfies
(X,8) > |I5” - 2.

Proof

<X,s> - <XY> _<X,N> > <f(,y>_5 > (S,Y)—0=(S,S)+ (S,N)—5 > ||S|> - 26.
|

Fact 33 Let a,b,c € R™ such that ||a|| = ||c|| = 1 and ||b|| < 1. Suppose that (a,b) > 1 — ¢ and

(c,b) = 1—0. Then (a,c) =1 — 40.

Proof Note that ||a — b||? < 2 — 2(a,b) < 26 and similarly ||c — b||*> < 2J. Hence

2 —2(a,¢) = [la — ¢l|* < (la = bl| + [le — b]})* < 85.
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Lemma 34 Let P C R¥? be some set of PSD matrices. For matrix M € R"*¢ et

sp(M) = ;1;}7))‘<MTM,X>)

Then for arbitrary matrices A, B € R™"*¢,

)s(u%‘<BTA+ ATB,X>‘ < 2v/sp(4) - 5p(B).
(S

Proof Let X’ be an arbitrary element of S. For some ¢ € 0 (we will choose the value of ¢ later), let
C = (A—cB)"(A—¢B). Since C and X' are PSD, (C, X’) > 0. Hence

‘c- <BTA +ATB,X’>

< <ATA, X’> + c2<BTB, X’> < sp(A) + Psp(B).

Therefore,
‘<BTA +ATB, X’> < 57’@4) Fle|-sp(B).
To minimize this expression, we can take |c| = Z)’Eg% . Hence
(<BTA + ATB,X’> < 2y/5p(A) -5p(B).
Since it holds for arbitrary X’ € S, we get the desired bound. |

Appendix G. Concentration Inequalities

Fact 35 (Chernoff’s inequality, Vershynin (2018)) Let (1, ..., {, be independent Bernoulli ran-
dom variables such that P({; = 1) = P(¢; = 0) = p. Then for every A > 0,

n e_A pn
P(é ¢ > pn(l +A)> < ((1+A)1+A> :

and for every A € (0,1),

n e_A pn
(Eeema) (5

Fact 36 (Hoeffding’s inequality, Wainwright (2019)) Let z1,..., 2, be mutually independent
random variables such that for each i € [n], z; is supported on [—c;, ¢;] for some ¢; = 0. Then for

allt > 0,
2
P >t <2exp<—>.
22?:1 C?

Fact 37 (Bernstein’s inequality Wainwright (2019)) Let z1,...,z, be mutually independent
random variables such that for each i € [n|, z; is supported on [— B, B] for some B > 0. Then for

allt > 0,
P zi—Ez;)>t] <exp| — .

n

Z(zi — Ezz)

1=1

i=1 3
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Fact 38 Wainwright (2019) Let X ~ N(0,02), then for all t > 0,
PX>0-t)<e /2,
Fact 39 Laurent and Massart (2000)Let X ~ 2., then for all z > 0,
P(X —m > 2z +2ymz) <e™®
P(m - X > x) ge*%
Fact 40 Wainwright (2019) Let W ~ N (0, 1)"*%. Then with probability 1 — exp(—t/2),
W < vVn+Vd+ Vi

and

HWTW - nIdH <d+2Vdn 4+t +4/tln+ d).

Fact 41 d’Orsi et al. (2020) Let W ~ N(0,1)"*¢ be a Gaussian matrix. Let 1 < k < d. Then

with probability at least 1 — (i)k

d
max max o Wo<v/n+3 kln<e>
HHGHRnl k-sparse vER? k
ull=

l[vll=1

and
max v W' Wuv —n < 10v/knln(ed/k) + 10k In(ed/k) .

k-sparse vER?
llvll=1

Lemmad42 Let Y be an instance of sparse PCA in Wishart model. For m € N let Z,, =
{z € {0,1}¢ ‘ |z]]1 < m} Suppose that m > 100Ind and n > 0.1 - mIn(ed/m). Then, with
probability at least 1 — d—1°,

max H (YTY —nld — 5HUHQ’UUT) o <zzT) H < 10y/(n + Bn) - mIn(ed/m) +10mIn(ed/m) .

Proof We can write (Y'Y — nld — B|ul/>vv") o (227) as
(WTW —n-Td+ /W Tun + \/BU’U,TW) o (zzT) .
Note that

H (WTuv—r + vuTW> o (zzT> H < QH <1HUTW> ozl |lull.

[u

With probability at least 1 — exp(n/10), ||u| < v2n. By lemma 43, with probability at leaast
1- exp(—m),

[(WTuo™ +ou™W) o (227) | <5¢/Bn - V/mIn{em/k).
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By fact 40, for every m’ € N, G ~ N(0,1)"*™ satisfies
HGTG -n- IdH <m/ +2vVm/n+ 1+ 4y/7(m’ +n).

with probability 1 — exp(—7/2) (for every 7 > 0). By union bound over all sets of size m’ < m
we get the desired bound. |

Lemma 43 Let W ~ N(0,1)"¢ and let a € R" and b € R? be vectors independent of W. For
m € N let Z,, = {z € {0,137 | ||z|1 < m} Suppose that m > 100 1n d. Then with probability at
least 1 — d—19,

max H (baTW) o (ZZT)H <3 llal - o] - /m In(em/k).

2€EZm

Proof For fixed set J C [d], let 1; € {0,1} be an indicator vector of this set. Random vector
(iuTW> o 1; has standard |J|-dimensional Gaussian distribution, hence by fact 40, for all

([l

7 > 0, with probability at least 1 — exp(—7/2),

1
——a'W)oly
lall

By union bound over all sets of size of size at most m, we get

<V +14+ V7.

1
max || —a'W ) oz|| <3vm-In(ed/m)
€Zm ||\ [lall
with probability at least 1 — exp(—m). [ |
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