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Abstract

Obtaining rigorous statistical guarantees for generalization under distribution shift remains an
open and active research area. We study a setting we call combinatorial distribution shift, where
(2) under the test- and training-distributions, the labels z are determined by pairs of features (z, y),
(b) the training distribution has coverage of certain marginal distributions over = and y separately,
but (c) the test distribution involves examples from a product distribution over (x,y) that is not
covered by the training distribution. Focusing on the special case where the labels are given by
bilinear embeddings into a Hilbert space H: E[z | z,y] = (f«(x), gx(y))n, We aim to extrapolate
to a test distribution domain that is not covered in training, or bilinear combinatorial extrapolation.

Our setting generalizes a special case of matrix completion from missing-not-at-random data,
for which all existing results require the ground-truth matrices to be either exactly low-rank, or
to exhibit very sharp spectral cutoffs. In this work, we develop a series of theoretical results that
enable bilinear combinatorial extrapolation under gradual spectral decay as observed in typical
high-dimensional data, including novel algorithms, generalization guarantees, and linear-algebraic
results. A key tool is a novel perturbation bound for the rank-k singular value decomposition
approximations between two matrices that depends on the relative spectral gap rather than the
absolute spectral gap, a result we think may be of broader independent interest.

1. Introduction

While statistical learning theory has classically studied out-of-sample generalization from training
data to test data drawn from the same distribution (e.g., Bartlett and Mendelson (2002); Vapnik
(2006)), in almost all practical settings, one wishes to ensure strong performance on data which
may be generated quite differently from the training data (Koh et al., 2021; Taori et al., 2020). This
paper studies formal guarantees for a type of out-of-distribution generalization we call combinato-
rial distribution shift. Informally, we consider predictions from pairs of features (x,y) such that:
(a) the marginal distributions of each of the features separately under the test data are covered by
the training distribution, but (b) the joint distribution of the features may not be covered. We refer to
combinatorial extrapolation as the process of generalization under combinatorial distribution shift.
Our setting may encompass a broad swath of applications including: computer vision tasks which
extrapolate to novel combinations of objects, backgrounds, and lighting conditions that have been
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seen individually (Liu and Han, 2016); extrapolation to manipulating objects with novel combina-
tions of masses, shapes, and sizes in robotic manipulation (Tremblay et al., 2018); extrapolation to
predictions of the outcomes of medical intervention from one set of subgroups to others with novel
combinations of salient traits (Gilhus and Verschuuren, 2015). See Figure 1 for an illustration.

Bilinearity, low-rank structure & matrix completion. A popular technique for compositional
and combinatorial generalization is to embed features into a semantic vector space (Mikolov et al.,
2013). For example, CLIP (Radford et al., 2021) learns embedding words and text into an inner-
product space in order to achieve zero-shot generalization to new image classes. In this work, we
adopt a matrix-completion perspective to study the potential of these bilinear approaches. Indeed, if
the features (x, y) correspond to indices of a large data matrix, bilinear combinatorial extrapolation
may be understood as matrix completion: complete an entire matrix M € R™ ™ from observing
a subset {2 C [n] x [m] of its entries. The estimation of accurate bilinear embeddings, then, cor-
responds to finding a low-rank approximate factorization of the data. We detail this connection
in Appendix C. Whereas classical results study the missing-at-random (MAR) regime where (2 is
drawn uniformly at random (Candes and Recht, 2012; Recht, 2011; Hastie et al., 2015), the absence
of joint-distribution coverage makes our setting a special case of missing-not-at-random (MNAR)
recovery (see, e.g., Ma and Chen (2019)). There is a rich literature on MNAR matrix recovery (see a
detailed review in Appendix B). A common assumption in this literature of MNAR matrix recovery
is that, the data matrix M is either exactly low-rank, or exhibits sharp drop-offs between adjacent
singular values. This is in contrast to MAR matrix recovery, where it suffices that the singular
values of M are only summable (Koltchinskii et al., 2011). While it is widely accepted that real
data are approximately low-rank (Udell and Townsend, 2019), they tend to exhibit the more gradual
singular value decay required by MAR matrix recovery, than the rapid decay necessitated by the
existing MNAR-case results. Indeed, the spectra of random data matrices have continuous limiting
distributions (Bai and Silverstein, 2010), and thus their singular values do not exhibit sharp cutoffs.

Our contributions. This paper demonstrates conditions under which bilinear predictors are sta-
tistically consistent under combinatorial distribution shift. We assume real labels z can be pre-
dicted from pairs of features (z,y) € X x Y via bilinear embeddings into a Hilbert space H:
Elz | z,y] = (f*(x),9*(y)). We then state structural assumptions, inspired by a canonical case
of matrix completion with MNAR data (see Figure 2 and Appendix C), which facilitate extrapola-
tion from a training distribution Dy, over pairs (z,y) that has a full coverage of certain marginal
distributions over x and y separately, to a test distribution Dy containing samples from a product
distribution over (x,y) that is not covered by Diyain. In contrast to the MNAR matrix comple-
tion literature described above, we analyze a setting more akin to the kernel least-squares literature
(Bissantz et al., 2007; Mendelson and Neeman, 2010), where a suitably defined feature covariance
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Figure 2: (a) Bilinear combinatorial extrapolation that satisfies the 2 x 2 block decomposition; (b)
A basic case of (a) with discrete distributions, which can be viewed as matrix completion
with MNAR data, and the bilinear representation of the distribution naturally appears;
(¢) An example of a matrix that does not satisfy Assumption 2.3 and thus fails to be
completed uniquely.

matrix X7y, (Assumption 2.4) may exhibit spectral decay as gradual as \;(X]g;) < Ci~ (4 for
some 7y > 0 (Assumption 2.6). Our contributions are detailed as follows.

e Given finite-rank embeddings f : X - R'and g : Y — R", we establish a meta-theorem,
Theorem 2, which establishes upper bounds for the excess risk R(f, §; Diest) := Epyo., [((f, 92—
(f*, 9")2)?] on Dyest by the excess risk on Diyain, and the error on a sub-distribution Dy g
of Dyyain, Which corresponds to a dense diagonal block matrix in MNAR matrix completion.

e Using the meta-theorem, we show in Theorem 3 that if ( f , §) above are trained via a single
stage of supervised empirical risk minimization (ERM) (from a suitably expressive func-
tion class), then whenever it happens that ( f , ) are well-conditioned (in a sense defined),
R( f , 0; Dtest) scales with an inverse of some polynomials in the number of samples and in
the rank r, provided that the exponent y in the polynomial decay satisfies v > 3.

e Finally, we introduce a double-stage ERM procedure (Algorithm 1), which produces final
estimates (f, g) of the embeddings that (with high probability) are guaranteed to be well-
conditioned, and have R(f, §; Diest) — O for any decay exponent v > 0 (see Theorem 4).

1.1. Relative singular-gap perturbation bound for the SVD approximation

Before describing our overall proof strategy, we highlight a key technical ingredient that we believe
may be of more universal interest. Consider two real matrices M*, M € R™ ™ and let or(+) denote
the k-th largest singular value. The celebrated Davis-Kahan Sine Theorem and its generalization,
Wedin’s Theorem (see, e.g., Stewart and Sun (1990)), states that the principal angles between their
(left or right) singular spaces scale with | M* — M||p/52°5(M*), where §2P%(M*) := oy (M*) —
or+1(M*) denotes the absolute singular gap. For the special case of multiplicative perturbations,

~

M = (I+ A1)M*(I+ Ag) with matrices A1, Ay close to zero, the perturbation scales with the
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(possibly much smaller) relative singular value gap (Li, 1998),

0k (M*) — 0p4.1 (M*)

M) = =

(1.1

So far, we have reviewed bounds on the deviation in the singular value subspaces of the matrices
M* and M. But in many cases, we do not know about these subspaces, but instead, know about
the differences in the rank-£ SVD approximations to these matrices. For this desideratum, we
establish a perturbation bound which depends only on the relative gap and which, unlike the singular
subspace bound of Li (1998), applies to generic, additive perturbations. Our result is as follows.

Theorem 1 (Perturbation of SVD Approximation with Relative Gap) Let M*, M € R"*™. Fix
a k < min{n, m} for which o,(M*) > 0 and the relative spectral gap d,(M*) (Egq. (1.1)) is posi-
tive. Then, if ||M* — Ml||op < 1o, (M*)5;(M*) for some n € (0, 1), we have that the rank-k SVD

*

approximations of M* and M, denoted as M[k] and M), are unique, and satisfy

9| M — M*||r

Mg = Miylle < 5 M =y

Theorem 1 is proven in Appendix D via a careful peeling argument. By contrast, a more
naive application of Wedin’s theorem incurs a dependence on absolute singular gap 62bS(M*). Our
bound is significantly sharper: for example, consider o, (IM*) ~ ©(27%), then SZES = oy, (M*) —
o, +1(M*) is of order O(2~(ki+1)) while &, as defined in Eq. (1.1) is of order Q(1). Having
highlighted this particular technical result, we now turn to an overview of the entire analysis.

1.2. Overview of proof techniques and notation.

Throughout, the key technical challenge, from a matrix completion perspective, is generalizing the
case with sharp spectral cutoffs to that with a gradual spectral decay. This challenge is considerably
more difficult for bilinear factorizations than that for linear predictors studied in typical RKHS
settings. Regarding the proof of our meta-theorem, Theorem 2: when distributions on (z,y) have
finite support, the bilinear combinatorial extrapolation problem for discrete distributions can be
reinterpreted as the completion of a block matrix M with blocks M;;, given data from blocks
{(1,1),(1,2),(2,1)}. With a careful error decomposition, we argue that the extrapolation error is
controlled by the recovery of a factorization of the top-left block M1; (see Proposition 4.1). More
specifically, if we let M* = M1 and let M correspond to the estimates of a bilinear predictor ( f , )
on the (1,1)-block, the key step is to show that if we can factor M* = A*(B*)” and M = ABT,
then M ~ M* implies A~ A[*k} and B ~ B[*k} in the sharpest possible sense, where k is some
target rank and (-)(;) denotes rank-k singular value decomposition (SVD) approximation of the
matrix. While factor recovery guarantees do exist (notably Tu et al. (2016, Lemma 5.14)), all prior
results require sharp spectral cutoffs. To this end, we provide a novel factor recovery guarantee
(Theorem 5); this, in turn, relies on Theorem 1 above, as well as a careful partition of the singular
values of a matrix we call the well-fempered partition (see Section 4.5). Limiting arguments pass
from the matrix/discrete-distribution case to arbitrary distributions (Appendix J).

Given Theorem 2, the instantiation to a single stage of ERM (Theorem 3) is straightforward.
Analyzing our double-stage ERM procedure (Algorithm 1) requires more care. Notably, the analysis
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depends on a careful characterization of what we term as the balancing operator — a linear algebraic
operator which determines the change-of-basis in which the positive-definite covariance matrices
are equal. Discussion of the algorithm and a proof sketch are given in Section 3.3, with a complete
proof deferred to Appendix F; properties of the balancing operator are studied in Appendix L.

Notation. For two probability measures D, D', we let D@D’ denote the product measure, and C‘lig,

the Radon—-Nikodym derivative of D with respect to D’. Upper case bold letters A, B, M denote
matrices, lower case bold letters v, w denote vectors. Operators and elements of the Hilbert space
‘H are denoted by bold serafs as X and v, respectively. Adjoints and transposes are both denoted
with (-)"; e.g., vl and v' forv € H, v € R The i-th entry of a vector v is denoted by v[i],
the i-th row of a matrix A by A[i,:], and the (7, j)-th entry by A[i, j]. The space of symmetric
(resp. positive semi-definite, resp. positive definite) d-by-d matrices are denoted as S%, (resp. Si,
resp. Si 4). For M € R4, 5, (M) > 0 denotes its i-th largest singular value; for symmetric
M, \;(M) denotes its i-th largest eigenvalue, and if M > 0, M!/2 its matrix square-root; similar
notation applies to operators X on H. For n € N, [n] denotes the set {1, --- ,n}, and for finite sets
S, |S| denotes its cardinality. For any Hilbert space )V, we use (z,y)y to denote the inner product
of x,y € V, and ||z||y to denote the Hilbert norm defined by the product. When V is omitted, they
mean the inner-product and vector norm in the Euclidean space. log denotes the base-e logarithm.

2. Problem Formulation

In the bilinear combinatorial extrapolation problem, covariates (x,y) € X x Y are regressed to real
labels z € R. We are given access to a training distribution Dy, and a test distribution Dyes 0n
X x Y x R. We assume that the Bayes optimal predictor is identical between the two distributions,
and is given by the inner product of bilinear embeddings defined below.

Assumption 2.1 (Bilinear Representation) There is a Hilbert space (H, (-, )3 ) and two embed-
dings f* : X — H and g* : Y — H satisfying that h*(x,y) = (f*(x),g*(y))y is the Bayes
optimal predictor on Diyain and Diest, i.e., Ep,... [z | z,y] = Ep,..[# | z,y] = h*(z,y). Also,
EDyain [ (2), 7 (9))?] < 0.

Assumptions that facilitate extrapolation. The bilinear structure of h* is insufficient for general
combinatorial extrapolation; otherwise, in the finite-dimensional case, a matrix would have been
completable from a single entry. We, therefore, assume that our training distribution can be de-
composed into four blocks, such that the first three blocks, i.e., the blocks (1,1), (1,2),(2,1), are
“covered” under Dyy,in, but the fourth block, i.e., the block (2, 2), may only be covered under Dyegt.
It is formally introduced in the following assumption.

Assumption 2.2 (Coverage Decomposition) There exist constants ki, ktst > 1 and marginal
distributions Dx 1, Dy 2 over X, and Dy 1, Dy o over Y, with their product measures D;g; := Dy ; ®
Dy j, such that the following is true for all (x,y) € X x Y: (a) Training Coverage: for pairs

s . dD; '(x,y) . dDtes (m,y)
(’L,]) € {(]., ].), (1, 2), (2, 1)}, ﬁn(zw S Ktrn, and (b) Test Coverage. m S Rist-
The above condition means that the only part of Dyest not covered by Diyain is the samples (x, y)
from Dayga. Thus, bilinear combinatorial extrapolation amounts to the generalization problem on
these pairs. This condition represents the simplest case of the Missing-Not-At-Random (MNAR)



SIMCHOWITZ GUPTA ZHANG

matrix completion; see Figure 2 (a & b) and Appendix C for illustration and further discussion.
As illustrated in Figure 2 (c), a unique completion requires that the top block has a rank equal to
the other three blocks. Intuitively, we require an assumption that ensures that every feature which
“appears” in Dag32 also “appears” in D;g1. We formalize this in the following assumption.

Assumption 2.3 (Change of Covariance) There exists ficoy > 1 such that By p, ,[f*(x) [ (x)T] <

Keov * Egnpy  [f*(2) f*(2) 1] and Eyp, , (9% (1) 9" (1) T] = Fcov - By, , [9%(4)g* (y) T]-

Spectral assumptions. In addition to the above conditions, we require some control on the rich-
ness of the embeddings f*, g*. We shall assume that the covariances X+ := Ep,. | [f*( f*)7] and
X, = Ep,, [g* (g*) "] are trace-class operators on H. We assume that we are in a basis of # for
which (f*, g*) are balanced in the following sense.

Assumption 2.4 (Balanced Basis) The ground truth embeddings f* and g* are in an appropriate
basis such that X j~ = X g« =: X1 are trace-class.

The assumption Xy« = X« may seem restrictive, but is achievable more-or-less without loss of
generality by a change of basis (see Appendix L.3). Trace-class operators necessarily exhibit spec-
tral decay. Hence, a key object throughout is the low-rank projections of our embeddings.

Definition 2.1 (Low-Rank Approximations) Under Assumption 2.4, let P denote the projection
onto the top-k eigenspace of):{@)ll, 1= PLf* g5 = Prg*, and W (x,y) = (fi(z), 95(y))n-

To take advantage of spectral decay, we shall reason extensively about the low-rank approximations
15, g, to the ground-truth embeddings f*, g*. Our final condition ensures that low-rank approxima-
tions to A* perform well on all the training data.

Assumption 2‘5 For all k € N’ E/Dtrain[(<f]:7g]:>7'[ - h*)Q] S K/apX ’ EDI@I [(<f’:7g;;>H - h*)z]'

We remark a sufficient (but strictly weaker) assumption which implies Assumption 2.5 is that
Dirain 18 covered by the four-factor distributions in the sense that if d Dy a5, / (Z? i=1dDig j) < Rtrn;
then one can check that Assumption 2.5 holds with rapx = 4/?atmfs§0v if Assumption 2.3 holds. Note
that such a case is easily satisfied by the standard matrix completion case, i.e., when the embeddings
here are finite-dimensional. To make our results more concrete, we focus our attention on two

classical regimes of spectral decay:

Assumption 2.6 (Spectral Decay) There exist C,~ > 0 such that either (a) \;(X7g;) < Ci~(+7)
(the “polynomial decay regime”) or (b) \i(X7g1) < Ce™7" (the “exponential decay regime”).

Notice that, for any v > 0, the decay \;(X7g;) < Ci~(47) does indeed ensure 37 is trace-class.

1. When Ar(X1g1) = Ai+1(XIg1). P is non-unique; in this case, assumptions stated in terms of f7, gx can be chosen
to hold for any valid choice of P}.
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Function approximation. As the spaces X', ) are arbitrary, we require control of the statistical
complexity of the embeddings f};, g;. We opt for the simplest possible assumption: for each k£ € N,
the low-rank embeddings f}7, g are captured by finite, uniformly bounded function classes.

Assumption 2.7 Let B be the upper bound in Assumption 2.4. By inflating B if necessary,
we assume that, for each k € N, there exist finite-cardinality function classes F, C {X —
RFY and G, C {Y — R*} mapping into R¥, such that (a) Sup ez, SUPgex | f(2)|l2 < B and
SUP,eg, SUPyey [19(y)ll2 < B, and (b) There exist some (f, g) € Fi x Gy, such that (f(x), g(y)) =
(fr(x), g5 (y))n for all (x,y) € X x Y. We define My, := log | F||Gk|, and assume without loss of
generality that My, are non-decreasing as a function of k € N. Lastly, we also assume that for some

B >0, sup,ex yey [(*(2), " ()0l < B? and Py 20,12 < B = 1.

Assumption 2.7 can easily be relaxed to accommodate infinite function classes with bounded cov-
ering numbers, classes with bounded Rademacher complexities (Bartlett and Mendelson, 2002),
classes that satisfy more general tail conditions, and classes that only capture f;’, gz up to some
error. As our bounds end up being polynomial in the log-cardinality of My, we find Assumption 2.7
to be sufficient in capturing the essence of the function approximation setting.

3. Algorithms and Main Results

Additional notation. For any inner-product space V (e.g., H or R" for r € N), we say (f,g)
are V-embeddings if f : X — V, g : Y — V; we say they are isodimensional embeddings
if (f,g) are V-embeddings for some ). Given a probability distribution D on (z,y) € X x Y
pairs, we define the excess risk of the isodimensional V-embeddings ( f, g) as R( 1, §;D) =
E(Ly)w[«f(x),g(y»v — h*(z,y))?]. We often omit function dependence on (z,y) in expec-
tations, i.e., writing it as R(f, g; D) := Ep|({g, f)y — h*)?] for short. We further define

0i(f.9) = s (Eny, [F 1713 Epy ,[997]) 3.

and if (f, g) are R"-embeddings, we say (f, g) are full-rank if o,.( f, g) > 0. We adopt the shorthand
o7 = \i(Xig1), and for ¢ > 1, tail} (k) := >, Mi(Zlg1)? = D up(07). Weusea S bto
denote a < c- b for some absolute constant c; we use a <, b to denote a < c- b for some ¢ that is
at most polynomial in the problem constants Kcov, Ftrn, Ftst, Kapx 1D Assumptions 2.2, 2.3 and 2.5.

3.1. A meta-theorem for bilinear combinatorial extrapolation

We now provide a meta-theorem on the risk bound for bilinear combinatorial extrapolation. The
bound depends on an upper bound €, on the risk of the learned embedding ( f , ) on the training
distribution Dyy4in, On €11 that upper-bounds the risk on the top-block distribution D; g, as well
as on ar(f, §) defined in Eq. (3.1).

Definition 3.1 (a-Conditioned & (€, €1g1)-Accurate Embeddings) Given o > 1 and €y, €101 >
0, we say R"-embeddings (f, §) are a-conditioned if o, (f,§)% > (6%)? /a and (eyn, €151 )-accurate
ifR(f, G; Dirain) < €2, and inf,.>, R[r/](f, 9:D1g1) < 6%®12, where Ry is the excess risk rela-
tive to s = (fr, g%), evaluated on D1z :

R[s](f7g; Dl@l) = IE(:t,y)N'Dhgu [((f(a:)v g(y» - :( ))

2. Because hy, converges to h* in Lo(Dig1) as ' — 00, inf,r>, R (f,9:D1s1) < R(f,

3.2)

J.
G;D1g1).
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Theorem 2 (Main Risk Bound) Given o > 1, suppose ( f , §) are a-conditioned and (€qyy, €191 )-
accurate R"-embeddings, where r < o7 /(40€1g1). Then under Assumptions 2.1 to 2.4, we have

R(f, G; Dest) S« (7‘46%@)1 + arQ(U:H)Q + tailf(r)2) + a <

T 61®1 + 6trn + tall*( )
(07)? G

Moreover, the condition €], < (1 — a')(o})? ensures that or(f,9)2 > (6)2 /.

Theorem 2 is proved in Section 4; its implications are best understood through its instantiation
below. Here, we note an important point that the dependence on the “top-block” error 5%@1 is scaled
up by polynomial factors of r. It is from this fact that the benefits of double-stage ERM derive.

3.2. Single-stage empirical risk minimization

A natural algorithm is to fix a target rank » € N and compute a single-stage empirical risk min-
imizer, i.e., to find (fss,gss) € argminger g > iy ((f(2:), 9(yi)) — )%, where we draw

(i, Yis 2i) i1 Dirain and function classes F,, G, are as given in Assumption 2.7. By combining
Theorem 2, the fact that €11 < Ktrn€trn by Assumption 2.2, and standard statistical learning argu-
ments to bound €, we can obtain the following guarantee (whose proof is given in Appendix E.1).

Theorem 3 Fixé € (0,1), « > 1. Under Assumptions 2.1 to 2.5 and 2.7, with probability at least
lf(fss, Jss) are a-conditioned, then R(fss, Jss; Drest) S« ERRgs(7, 10, 0) with

ERRgs (7, n,6) := «APXERRss(7) 4 r* STATERRss (7, 1, ) + %STATERRSS(T, n,d)?,

B4 (M,+log(1/6))

n

where STATERRgs (7, 11, §) 1= captures the statistical error, and where APXERRgs () :=

76.-tail} (r)?

ritaily(r) + tail}(r)? + r2(o7, )2 + Pt

T

. Moreover, under Assumption 2.6,

C?(1+~7 12627 (polynomial decay)

: 34
C?r(y=1 4 1r)2e=2"  (exponential decay). oY

APXERRss(7) Si {

To the best of our knowledge, Theorem 3 is the first result that establishes bilinear combinato-
rial extrapolation for (sufficiently fast) polynomial decay, v > 3. However, the theorem has two
weaknesses: first, our upper bound on APXERRg;s(7) does not decay to zero under polynomial de-
cay with 47 < 3. Second, « depends on the ratio of o, ( fss, gss) to o, and we do not (yet) know
a way to control this quantity, except in the special case when (07)? > 2kapxfitmtails(r) (see Re-
mark E.1). To see the culprit, consider the (somewhat trivializing) case where Diyain = D1g1. Then

€151 = €&y, and by the Eckhart-Young theorem, €5, > R(f7, g5; D1g1) = tail3(r). In this case,

we have (a) the upper bound in Theorem 2 is no better than % which scales like 76~27 for

polynomial spectral decay, and (b) unless tail3(r) < (o%)2, we can not use Theorem 2 to ensure a
lower bound on «. These issues exactly arise from our consideration of the modest spectral decay
case, and would not cause trouble in a standard MNAR matrix completion case with a sharp spectral
cutoff. In the next section, we present a more involved algorithm to circumvent these limitations.
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3.3. Double-stage empirical risk minimization (ERMDS)

Given a desired rank cutoff r., we also develop a Double-Stage ERM (ERMDS) algorithm, which
learns R”-embeddings ( fDS, gps) for a data-dependent 7 such that €11 < 72, tail5(rey; ), for which
tail* 4 (7) is not much larger than tail* a(Tcut). Hence, we can instantiate Theorem 2 with 7 = r¢ys, but
wzthout suffering from the prefactor powers of Ty, premultiplying €1g1. Our procedure relies on a
slightly stronger oracle:

Assumption 3.1 (Unlabeled D, 1-Oracle) In addition to being able to sample i.i.d. data (x,y, z) ~

Dtrain, We can also sample unlabeled i.i.d. data (z,y) ~ Dig1.

Moreover generally, Appendix E.3 shows that Dg; can be replaced with any product distribution
on X x Y with bounded density with respect to Dy .

We summarize the details of ERMDS in Algorithm 1. The algorithm has three spectral pa-
rameters: an overparametrized rank p, a spectral cutoff o.y, and a rank cutoff r.,. We first
train high-dimensional RP-embeddings ( 1, g), where ideally p > r¢y is sufficiently large so that
tail3(p) < 78 tail3(reu)?/(0F, )% We then perform an SVD-approximation of (f, §), first by
estimating their covariance matrices, and then using these matrices to perform dimension reduction
(the routine DIMREDUCE in Algorithm 2). The dimension reduction routine reduces to a rank-at-
most-7 < 7ey¢ predictor BRED, where 7 is determined by the estimated covariances matrices and
spectral cutoff o.y:. In a final distillation phase, we learn R”-embeddings ( fos, Jps) by regular-
izing the supervised training error on labeled samples from Dy, ,jn With empirical risk on samples
(', y, ERED(x’ ,vy")), where (z/,y’) are drawn from D;g; and labeled by heep. This is similar to
the process of distillation in Hinton et al. (2015), where a larger deep network is used to supervise
the learning of a smaller one. Algorithm 1 enjoys the following guarantee, the detailed version of
which is given in Appendix E.2 and proved in Appendix F.

Theorem 4 For any rcy 24 poly(C/o7, vy 1) and e > 0 and § > 0, there exists a choice of oeut,

P S (Teut)€ for some universal ¢ > 0, and sample sizes ny, na, n3, na Sy poly(p, My, log(1/6), B, e~

such that, Algorithm 1 with \ = r2 . and ;1 = B?/n; satisfies that with probability at least 1 — 6,

R(f, Diest) S € + C2(1 4+ 772) Tout! (polynomial decay)
) ) E )
oo Pl e~2meut  (exponential decay)

Proof Sketch of Theorem 4. We first show, by analogy to Theorem 3, that R(f,§; Dig1) S«
tail5(p) + o(n1). We then learn a data-dependent 7, chosen by the DIMREDUCE procedure, so as to
satisfy 0% 2 0cut, and to have lower bounded relative singular-value gap (07 —07, ) /07 2 1/Tcut-
We then argue that hgep constructed in Line 4 is the correct analogue rank-7 SVD approxima-
tion of ( f ), just as h} is the best rank-7 approximation of 2* on Dig;. We then use our novel
relative-gap SVD perturbatlon bound (Theorem 1) and limiting arguments to show that our bound
R(f.5: Dion) = Epyo, [((F,§) — h*)?) implies Ep,, [(huen — h2)?] <. 12 (tail3(p) + o(n1)).
The factor of 2, arises from the relative singular-value gap at # mentioned above. In addition,
we argue that DIMREDUCE chooses 7 large enough such that the tails tail ;(7) and tail}}(rcut) are
close. Finally, we show that the distillation step with a large A forces ( fDS, gDs> to be close to
hRED ~ h% on D11; this ensures that we can invoke Theorem 2 with €1®1 Ris (st, dos; Dig1) =~
ED1®1[(hRED h*) | < S 2, (tail5(p) + o(n1)). In particular, by making p > ey > 7, we can
ensure 733 < 73 €01 < tails(reyt ), as desired. [
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Algorithm 1 Double-Stage ERM (ERMDS)
1: Input: Sample sizes ni,...,ny; over-parameterized rank p, under-parameterized cutoff 7y,
parameter o, regularization parameters p, A > 0.
2: Overparametrized Training. Sample n; labeled triples {(z1,y1,i, 21,i}ic[p,] i-i.d. from
Dirain, and set

- 1 X

(f,9) € argmin — > ((f(x14),9(y12)) — 214)°-

(f,.9)EFpxGp T i=1

3: Covariance Estimation. Sample ny unlabeled examples { (72, Y2,i) }ic[no) ~ DPiw1, and de-

fine covariance matrices 337 := ;1 3772, f(wn.) f(w2) T, 85 = 15 012 90203 (y24) T
4: Dimension Reduction.

A~

(7, Qs) DIMREDUCE(ﬁIf + p1p, X5 + Iy, reut, Ocut),

and BRED(xa y) = <JE(37)7 Qr g(y»
5: Distillation. Sample ng labeled examples {(x37i,y37i,237¢)}2-6[n3} ~  Dirain and

ny unlabeled samples {(4,Y4i)}icny ~ Digi. Define the losses ﬁ(g)(f,g) =
Y (f(w34), 9(y3a)) — 230)? and Ligy(frg) = 220 ((f(2ai), 9(yas)) —

ERED (T4, Y ))2, and select

(fos:gos) € argmin Lz (f, ) + ALy (f. 9)-
(f,9)€EF»xGs

Algorithm 2 DIMREDUCE(X, Y, g, 00)
1: Input: X,Y > 0,79 € N, 0.
2. Compute W := X2 (X2YX2) 2Xz.
3: Compute 3 := W2YW?2;setr ¢ max {r € [ro] : 0, (X) > 00, 0,(¥) — 0r11(X) > or(3)
4: Let P, denote the projection onto the top r eigenvectors of 3.
5: Return (7, Q,), where Q, < W_%PTW%.

4. Proof Overview of the Meta-Theorem — Theorem 2

In this section, we provide an overview of the key techniques in our proof of the main result Theo-
rem 2, which is completed in Appendix M.7. As noted above, the proofs of Theorems 3 and 4 are
given in Appendix F.

4.1. Reformulation as matrix completion

To explain the intuition behind our proofs, it helps to consider the case when |X| and |Y| are fi-
nite, with elements {z1,...,2,} and {y1,...,ym}. For i, € {1,2}, we define the probabil-
ities p;¢y = Pp,,[r = z¢] and q;x = Pp, [y = yx]. Because of the finite support of the
distributions, we can regard any #H-embeddings (f,g) (including (f*, ¢*)) as embeddings into
H = R?% d = max{n,m}, appending zeros if necessary. Define matrices A;(f) € R™*¢
and B;(g) € R™*4 by assigning the rows to the scaled values of the embeddings A;(f)[/,:] =

10
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VPiif(xe)T, Bj(9)lk,:] = /ajx9(yk) ", and define Mig;(f,9) = A;(f)B;(g)". Each matrix
M;g;(f, g) can be thought of as a look-up table, where Mg (f, 9)[(, k] = \/Pi.eqQjx(f(ze), 9(yr))
is the prediction of (f, g), scaled by the square root probability of x, and y. This reformulation

yields the following equivalences, verified in Lemma J.2.

Lemma 4.1 The following identities hold: (a) R(f,g; Dig;) = ||[Mig;j(f,9) — Mig;(f*, g*)|3
and (b) Epy [ ] = Ai(f) T Ai(f), and similarly for Ep, ,l9g"] = B;(g) ' B;(g).

Most of our technical results are easiest to establish for the matrix factorization formulation, and
then are generalized to accommodate arbitrary distributions via some careful limiting arguments.

4.2. Balancing and singular value decomposition

Note that for any isodimensional embedding (f, g), any embedding (f’,¢') = (T~ ' f, Tg) for
some invertible operator T satisfies (', ¢') = (f, g). We thus focus on balanced embeddings.

Definition 4.1 (Balanced Embeddings) We say any isodimensional embeddings (f,g) are bal-
anced if the covariance Ep, | [ff'] = Ep, [gg']; given M € R™*™, we say (A,B) € R"*¢ x
R™*? is a balanced factorization of M if M = ABT and ATA = B'B.

Balancing is orthogonally invariant: for any orthogonal transformation U (of appropriate di-
mension), (f, g) are balanced if and only if (Uf, Ug) are. Similarly, (A, B) is a balanced fac-
torization of M if and only if (AU,BU) is. Moreover, when distributions are discrete, (f, g)
are balanced if and only if (A(f),B1(g)) is a balanced factorization of Mg1(f, g). The matrix
factorization interpretation reveals many useful properties of balanced embeddings/factorizations.

Lemma 4.2 Suppose (f,g) are balanced H-embeddings, and X,Y are finite spaces. Let P
denote the orthogonal projection onto the top-r eigenvectors of Ep,. | [f 1 = Ep, , (99 "] Then,
(a) A1 (P f) is equal to the rank-r SVD approximation of A1(f), and similarly for B1(P\,g) and
B1(g); (b) Mig1 (P, f, Py g) is equal to the rank-r SVD approximation of Mig1(f, g); and (c)
Forany i > 1, 0;(Mig1(f,9)) = 0i(A1(f))* = 0:(B1(9))*.

This lemma is a partial statement of a more complete result, Lemma J.2, given in the appendix.
Importantly, the appropriate SVD approximation for balanced embeddings can be computed by
projecting onto the top eigenvectors of the covariance matrix of f (or equivalently, of ¢). Via limiting
arguments in Appendix J, this characterization can be extended to the case where spaces X, Y are
continuous, and where the covariances can be computed from samples. One can also construct a
balanced embedding from a non-balanced one. This is most succinctly stated as finite-dimensional
Jfull-rank embeddings; a more extensive statement and its proof are given in Appendix L.3.

Lemma 4.3 For full-rank R"-embeddings ( f , ), there exists a unique T € SU for which ( f ,g) =
(T~1f,T9) is balanced; moreover, or(Epy , ffT) = or(Ep, , [937]) = ov(f,9).

11
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4.3. Error decomposition

We now specify our error decomposition result. First, we describe embeddings (f,g) into H which
are consistent with the learned embedding (f, g), but are balanced, and are aligned with the top-k
eigenspace of X7 ;. This allows us to reason about the differences between f — f* and g — g*.

Definition 4.2 (Aligned Proxies) We say ¢, : R" — H is an isometric inclusion if it preserves
inner products, i.e., (v,w) = (1;(v), tr(w))y. Fix a dimension r € N, and some k € N, and let
f:X =R andg:Y — R be full-rank. We say (f,g) are aligned k-proxies for (f,g) if- (a)
f=0o Tfl)f, g = (tr 0 T)g, where v, : R" — H is an isometric inclusion, and T is the
balancing operator of Lemma 4.3, and (b) for® P being the projection onto the top k-eigenvectors
of X1y, we have

range(P7) C range(pryl[ffT]). 4.1)

Definition 4.3 (Key Error Terms) Given aligned k-proxies (f, g) of ( 1, g), we define

Ao(f, g, k) :=max {Ep,, (fi, g5 — 92, Ep, o, (ff — f, 92)2} (weighted error)
A(f,9,k) == max {Epy, [|fi — fII* Eny, gk — 9]} (unweighted error)
Avtrain == R(f, ; Dirain)- (training error)

Proposition 4.1 (Main Error Decomposition) Suppose Assumptions 2.1 to 2.4 hold. Fix r >
k >0, let (f,g) be aligned k-proxies for full-rank R"-embeddings (f, ). Define the parameter
o? ;= min{o,(f,§)?, tail3(k) + Do(f, g, k) + Dtrain }. Then,

. 1
R(f: g; Dtest) = R(f; g; Dtest) S (Al(fa g, k))2 + ?(ta'lg(k) + AO(f?.gv k) + Atrain)z'

The unweighted error, A1 (f, g, k), measures how close the aligned proxies (f, g) track the best
rank-% approximation ( f, g;). The weighted error, Aq(f, g, k), does the same, but only along the
directions of f; and g; which have spectral decay. Thus, one can expect the weighted errors to be
considerably smaller. This is important, because we pay for % (tails(k)+Ao(f, g, k) + Dirain)?, 0
we need to ensure that Ag(f, g, k)?> < o2 in order to achieve consistent recovery. Proposition 4.1
is proved, along with a more general statement, in Appendix M.

4.4. From error-terms to factor recovery, and concluding the proof of Theorem 2

We now aim for upper bounds on A;(f,g,k),i € {0, 1} in terms of the parameter €1g; in Defini-
tion 3.1. In this section, we expose how to obtain the bound for distributions with finite support.
This result is equivalent to a guarantee for factor-recovery in matrix completion. In the sequel,
we adopt the finite-support setting, so that H = R? Define A* := A(f*),B* := Bi(g*)
so that M* := Mg (f*,¢*) = A*(B*)", and similarly set A = A;(f),B = Bi(g9),M =
Mig1(f,g9) = ABT. We further let Af‘k], B’[kk] denote the rank-k approximation of A*, B*, defined

3. In case of non-uniqueness, any choice of projection works.

12
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formally in Eq. (I.3). Lastly, for an orthogonal matrix R € O(d), we define the following error
terms

Ao(R. k) = (A% — AR)(Bf) T2 V | A, (BY, -~ BR)T||? “2)
Ai(R, k) = | A% — AR} V |Bfy - BRIJZ. 4.3)

One can then check (see Appendix J.3) that for the matrices defined above and i € {0,1}, we
have A;(R, k) = A;(RTf,R7g, k). Here, the matrix R allows us to rotate embeddings (f, g)
to minimize the factor error. In sum, we have shown that the error terms in Proposition 4.1 are
corresponding to the recovery of factors in matrix completion. We now establish an error bound on
these factory-recovery terms, which is the main technical effort of this paper.

Theorem 5 Ler A*, A € R4, B*, B € R™*Y, and suppose (A*,B*) and (A, B) are balanced
factorizations of M* = A*(B*) ", and M = AB'. Let r = rank(M). Fix ¢ > 0 and s € N such
that s > 1, € > |M — M*||p, and € < %. Also, for ¢ > 1, let taily(M; k) := >, 0:(M)4.
Then, there exists an index k € [min{r, s — 1}] and an orthogonal matrix R € Q(p) such that

Do(R, k) + taily(M*; k) < 5362 + s(05(M*))? + tailo (M*; 5)
A1(R, k) S (V7 + 52)e + sos(M*) + tail (M*; 5),

and moreover, range((AR)T AR) D range((A[*k])T(A[*k])).

The above theorem is a specialization of a more extensive guarantee, Theorem 7, stated and proved
in Appendix I. There are a number of important points to make. First, the theorem requires spec-
ifying a target rank s, but the guarantee applies to a smaller rank k; this is explained in the proof
sketch below. Still, care is ensured to guarantee that the upper bounds on A, (R, k) depend only on
the tail-decay at s, but not k. Second, we observe that when instantiated with M* = Mg (f*, ¢*)
as above, tail,(M*;s) = tail}(s), i.e., it is the tail of the spectrum of X7;,. Third, the guar-
antee applies to an orthogonal transformation R, and the guarantee of range((AR)TAR) D
range((A[*k})T(A[*k])) ensures that, for A = A (f) as instantiated above, the transformed embed-

dings (R" f,R"g) are aligned-k proxies. Lastly, observe that the weighted error is asymptotically
quadratically smaller in € than the unweighted one; this is also explained in the proof sketch below.
To conclude the proof of Theorem 2, we first extend, via limiting arguments, to the setting of
bilinear embeddings with arbitrary distributions; this result, Theorem 8, and its proof, are given in
Appendix J. This provides an upper bound on Ag(f, g, k), A1(f, g, k) in terms of the term €7, in
Definition 3.1. Finally, we conclude the proof of Theorem 2 in Appendix M.7 by plugging Theo-
rem 8 into Proposition 4.1 and substituting Ay ain = R(f, g; Dirain) ¢ €trn as in Definition 3.1.

4.5. Proof sketch of Theorem 5

The proof of Theorem 5 is our most technically innovative result; we sketch some of these tech-
niques here, deferring the formal proof to Appendix I. Though previous bounds for matrix recovery
exist (notably Tu et al. (2016, Lemma 5.14) as restated in Lemma L.5), these results assume matri-
ces to either have exactly low-rankness, or have sufficiently large spectral gap. Addressing more
gradual spectral decay requires a far more subtle treatment.

13
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Technical novelty #1: Relative singular-gap SVD perturbation. The first technical ingredient
is the perturbation for the rank-k£ SVD approximation, Theorem 1, highlighted in the introduction,
which replaces a dependence on absolute eigengap with one on relative eigengap.

Technique novelty #2: ‘“Well-tempered” partition. Motivated by the advantages of considering
a relative (as opposed to absolute) singular gap, we construct a certain partition of the spectrum
of M*, which we call a “well-tempered partition” (Definition 1.3). This partition splits the indices
of the top-s singular values of M* into intervals where: (a) the relative-singular gap separation
between the intervals is sufficiently large, and (b) all singular values are of similar magnitude.

Specifically, we denote the subsets in this partition as KC; = {k; + 1,k; + 2, ..., k;y1}; we call
k; the pivot and each K; a block. We show that the partition can be constructed so as to ensure that
the relative spectral gap &y, (M*), where for any £, is at least {2(1/s). Here again, s is the target
rank in Theorem 5. As noted above, the absolute singular gaps can be arbitrarily smaller.

Given this partition, we decompose the factor matrices A[*k} , B[*k], A, B into a sum over block-
zero-masked matrices Ay , B A;Ci, B;Ci, with each block corresponding to one element /C; of
the well-tempered partition. We let My = A% (B*,Ci)T, with M;Ci being defined similarly. We
use the triangle inequality to relate | My, — My || to maxje{ki’kwl}{Hl\A/I[j] - M lr}, and bound
the latter two using our SVD perturbation result (Theorem 1). This is to our advantage, since our
choice of well-tempered partition guarantees that 5;(IM*) = €2(1/s) for j € {k;, ki1+1}, and implies
via Theorem 1 that | M, — My [l < s%€>. We then apply an existing matrix factorization lemma,
Tu et al. (2016, Lemma 5.14) to these blocks. The rotation matrix R aligns the block-masked factor
matrices to minimize factor error. Though Theorem 1 depends on relative gaps, the factor recovery
error in block 7 in Tu et al. (2016, Lemma 5.14) depends on absolute ones, scaling with

Ve, - M _ 2
Ok; (M*) ~ Uki<M*> .

(4.4)

For the unweighted error, we select the rank cutoff  to ensure o (M?*) is sufficiently large; trading-
off the tails tail, (k; M*) with o, (M*) leads to the unweighted error A1 (R, k) to scale with €, rather
than €2. For the weighted error Ag(R, k), we can weight the factor recovery errors in the i-th block
by oy, ,+1 = max{o;(M*) : j € K;}. We then use the second property of the well-tempered
partition: all singular values indexed in KC; are of roughly constant magnitude; thus, weighting by
0k;_,+1(M*) cancels out the denominator of oy, (M*) in Eq. (4.4), yielding a sharper estimate.

5. Conclusion

In sum, this paper explores the connection between combinatorial distribution shift and matrix com-
pletion, developing fundamental and novel technical tools along the way. Whether our results can be
extended to more general coverage assumptions than those depicted in Figure 1 remains an exciting
direction for future research.
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Part I
Organization, Related Work, Further
Discussion, and the SVD Perturbation bound

Appendix A. Organization of the Appendix

We detail the organization of our appendix as follows. Part I provides the overall organization of the
appendix in Appendix A, a detailed related work in Appendix B, especially on matrix completion,
and an elaboration on the connection between bilinear combinatorial extrapolation and matrix com-
pletion in Appendix C. In Appendix D, we prove Theorem 1, our main SVD perturbation bound.

Part II provides supplementary material regarding our guarantees for the single-stage and double-
stage ERM procedures. Appendix E provides the high-level proof of our guarantee for single-stage
ERM (Theorem 3), and a more detailed guarantee for double-stage ERM (Theorem 6), deriving
Theorem 4 from that more granular result. Appendix F provides the proof of Theorem 6, which in
turn contains as the single-stage ERM guarantee used by Theorem 3. These proofs in turn rely on
some general (though quite standard) learning-theoretic bounds, which are supplied in Appendix G.
Finally, Appendix H performs the computations which instantiates out single- and double-stage
ERM guarantees for the spectral decay regimes prescribed by Assumption 2.6.

Part III contains the supplementary results needed for the proof of the meta-theorem (Theo-
rem 2), as well as general-purpose linear algebraic results. Appendix I contains the proof of our main
technical endeavor - a bound on the error of factor recovery in low-rank matrix approximation. Ap-
pendix J extends the matrix factorization guarantee to its natural generalization to bilinear embed-
dings, applying suitable limiting arguments to accomodate distributions with infinite/uncountable
support. Most supporting linear algebraic results/proofs are deferred to Appendix K; notable, these
include the proof of our relative singular-value gap perturbation bound (Theorem 11). Results
pertaining to balancing (of both matrices and embeddings) are given in Appendix L. Finally, Ap-
pendix M provides the proof of the error decomposition (Proposition 4.1), as well as the derivation
of Theorem 2 from Proposition 4.1 and Theorem 8.

Appendix B. Detailed Related Work

This subsection provides a more detailed summary of related work, to the best of our knowledge.

B.1. Matrix completion

To facilitate comparison, we consider a ground-truth matrix M* € RM*N a5 the matrix to be

completed. M € RM*N jg a noisy realization of M* with E[M] = M, and we assume that
we are given observed matrix M € (R U {21)M*N " where ‘?> denotes an unseen entry, such that
M) = Mgy unless Mg = ?. Welet D € {0,1}M>N denote the masking matrix of M:

Dy = My # 2}
Missing-completely-at-random (MAR) matrix completion. In the MAR setting, it is assumed
that the entries of D are i.i.d. Bernoulli random variables with positive probability p > 0 and

independent of M; some existing works include Candes and Tao (2010); Recht (2011); Hastie et al.
(2015); Mazumder et al. (2010); Koltchinskii et al. (2011). More recent works study settings where
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Mfab] is generated by the bivariate function h* (x4, yp) = (f*(24), 9" (yp)) of features x,, yp; in (Xu,
2018), this encodes graphon structure, whereas in Song et al. (2016); Li et al. (2019), h*(z,y) is a
globally Lipschitz function, which admits learning via matrix completion by considering linearizing
expansions. Yu (2021) considers an extension to the “one-sided” covariate setting that is more
challenging, where only the first argument of hA* is observed. A “one-bit” sensing model has also
been studied in Davenport et al. (2014), and refined under a latent variable model for features x,, yp
(Borgs et al., 2017). All aforementioned works consider the MAR setting.

Missing at random. In the missing-at-random setting, it is assumed that there exists a set of
observed covariates O such that M | D | O, and that Do | O are independent Bernoulli random-
variables with possibly different probabilities p,; uniformly bounded below. See e.g., Schnabel et al.
(2016); Wang et al. (2018); Liang et al. (2016).

Missing-not-at-random (MNAR) matrix completion. Many works consider generative models,
relating missingness of entries to either ground-truth or realized values of the matrix via logistic
expressions (Sportisse et al., 2020; Yang et al., 2021). Guarantees obtained from this strategy typi-
cally depend on a lower bound on the minimal probability that an entry is revealed (Ma and Chen,
2019), dependence on which is also incurred in an alternative approach due to Bhattacharya and
Chatterjee (2022). Note that in our setting, we allow the entries of M3 , to be entirely omitted from

1\71272, so these guarantees are vacuous here. Another approach due to Foucart et al. (2020) studies
reconstruction from MNAR data under weighting matrices that are suitably calibrated to the pattern
of missing entries. Again, in our setting, these results become vacuous.

Two more recent works establish recovery for entries that are indeed missing with probability
one. Shah et al. (2020) considers almost precisely our setting, where, motivated by reinforcement
learning, one attempt to recover M3 , by observing the other blocks M7 o, M3 |, M3 ,. However,
their results require that either (a) M* is an exactly low rank, or (b) that M* is an approximately low
rank, but that the error between M™* and its rank-r SVD is very small entry-wise. This precludes the
much more gradual polynomial decay allowed by our main results. A second work, Agarwal et al.
(2021), considers far more general patterns of missing entries than we do in this work. However,
this comes at the cost of requiring even stronger assumptions on the spectrum (Agarwal et al., 2021,

Assumption 6), which again precludes approximately low-rank matrices with spectral decay.

B.2. Learning under distribution shift

In contrast to the well-established and classical statistical learning theory (Bartlett and Mendelson,
2002; Vapnik, 2006), our theoretical understanding of distribution shift is considerably more sparse.
Notably, recent work has given precise characterizations of the effects of covariate shift for certain
specific function classes, notably kernels (Ma et al., 2022) and Holder smooth classes (Pathak et al.,
2022); still, these works focus on the regimes where the test-distribution has bounded density with
respect to the train distribution; in our bilinear combinatorial extrapolation setting, however, this is
no longer the case. Resilience to distribution shift has received considerable empirical attention in
recent years, see Miller et al. (2021); Taori et al. (2020); Santurkar et al. (2020); Koh et al. (2021);
Zhou et al. (2022) for example.
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Appendix C. Connection to Matrix Completion

Now we provide a connection of the bilinear combinatorial extrapolation problem to the problem of
matrix completion with MNAR data. Consider a bilinear combinatorial extrapolation setting where
the support sets X and Y have finite cardinalities, with elements {x1,...,x,} and {y1,...,ym}-
For i, j € {1,2}, define the probabilities p;¢y = Pp, ,[z = z¢] and q; 1 = Pp, [y = yx]. Be-
cause of the finite support of the distributions, we can regard any H-embeddings (f, ¢) (including
(f*,g*)) as embeddings into RY, d = max{n,m}, appending zeros if necessary. Then we can
define matrices A;(f) € R"*? and B;(g) € R™*4 by assigning the rows to the scaled values
of the embeddings A;(f)[(,:] = \/pTgf(xg)T, Bi(g)k,:] = Mg(yk)—r, and the matrices
M,g;(f,9) = Ai(f)B;(g)". Each matrix M;g;(f, g) can be thought of as a look-up table, where
Mg, (f, )6, k] = \/Piedjr(f(ze), 9(yx)) is the prediction of (f,g), scaled by the square root
probability of x, and yi. Then, one can see that the risk of f, g is precisely equal to the Frobenius-
norm error difference between the matrices M ;(f, g) and M;g;(f*, g*). For simplicity, we write
them as M and M* for short, respectively. Such a factorization inherently introduces the bilinear
embedding form as defined in Assumption 2.1, and is also illustrated figuratively in Figure 2.
Consider the bilinear combinatorial extrapolation setting where we can sample from the matrix
M* in the top three blocks, i.e., the block {(1, 1), (1,2), (2, 1)}, where for convenience we partition
M* as M* = {mzl ﬁ12:|’ with Mjlkl c Romxﬁm’ M41<2 c Romx(l—ﬁ)m, M§1 c R(l—a)nxﬁm’
21 22
and M3, € RUI-a)nx(1=B)m  Here we assume that o, 3 € (0,1) are chosen such that the dimen-
sions of these sub-matrices are positive integers. Our goal is to use the data uniformly sampled
from blocks {M7;, M7,, M3, } to predict and generalize to the uniform distribution supported on
the bottom block M3,. In this case, we know that

dDig1 ~ (1—-a)f+(1—-B)a+aB dDiga (1 —-a)f+(1-pB)a+ap C.1)
thrain N 05,6 ’ thrain - (1 - /8)04 ‘
dDog1 ~ (1 —a)B+ (1 —Bla+aB dDpest of, €2)

thrain B (]- - Oé),@ ' Zz,] dDZ@j B

where we write 2214 49 9D1 for short since they are identical on the support with uniform distri-
dDa(z,y) dD

2
(1-a)B+(1-B)atap
min{(1-B)a,(1—a)B,aB}

butions. Note that Egs. (C.1) and (C.2) instantiate the constants x¢, = and

Ktst = a8 in Assumption 2.2.

* *

Moreover, suppose that M* = A*(B*)" for some A* = [iﬂ and B* = [gﬂ that are

balanced, in the sense that (A7) A% = (B%) B}. Also, suppose that with this block partition,
(AN TAT = k1(A%)TA3 and (B}Y) "B} = x1(B3) B3 for some x; > 0. Then we have that the
constant k.o, in Assumption 2.3 satisfies that kcoy > 1/k1. In addition, Assumption 2.6 now
becomes the spectral decay assumption on the matrix (A%)" A% (and thus also (B}) " BY). Finally,
note that under this setting, we also have

thrain . 045(1 — Oé)(l — B) _x
ZiJ dDi@j - (1 — a)ﬁ 4 (1 — B)Oé taj =: Rtrn,
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for some F,y. Then, together with Assumption 2.3 with Koy = 1/k1, we know that Assumption 2.5

is satisfied with 4aB(1 —a)(1 - B)
Kapx = 4RtrmKeoy = K2-[(1—a)f+(1-B)a+af]

Appendix D. Relative-gap perturbations of the SVD

Theorem 1 (Perturbation of SVD Approximation with Relative Gap) Ler M*, M € R™ ™. Fix
a k < min{n, m} for which o,(M*) > 0 and the relative spectral gap d;,(M*) (Eq. (1.1)) is posi-
tive. Then, if | M* — M|op < 0oy, (M*)8,,(M*) for some € (0, 1), we have that the rank-k SVD
approximations of M* and M, denoted as M[*k} and M[k], are unique, and satisfy

9[|M — M* ||y
O (M*)(1 —mn)

Proof [Proof of Theorem 1] We begin by expanding the Frobenius error:

Mgy — My || <

M — M*[[E = [ Mg — My, + (Mg, — ME,) |7
= My — My [[F + Mo g — ML [f + 2(Mpy — My, My, — M%),

Hence,
[NEy — M I3 < [[NE— M3+ 2|(NEg — My, Mg — M3,
D |NT — M3 + 2/ (Mg, M) — (M, Moy
INE = MR 2N, M) + 21 (MG ML), DD

where above (7) uses that the range of the rank-k SVD of a matrix and its complement are orthogo-
nal, and (77) is just the triangle inequality. The following claim bounds the cross terms:

Claim D.1 Suppose o,(M) > o1 (M*). Then,

: A -
(Vg M2 < 4Vt — M- (1o 2y )
or(M)

Similarly, if o,(M*) > 0j41(M). Then,

A\ -2
(M, ML) < 4INE— M (1 - m> 4
The proof of Claim D.1 uses a careful peeling argument, and is deferred to the end. The key idea
is to parition the singular values of M* into blocks whose singular values are all within a constant
factor, and into one final block such corresponding to singular values j > k& of M*. We then apply
a standard variant of Wedin’s theorem (Lemma D.2) to each block. The form of the matrix inner
product allows us to weight the contribution of each block by its associated singular value. The
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upshot is that this leads to gap-free bounds for all but the last-block (as all singular values in these
blocks are within a constant of eachother), and a similar argument leaves us only with dependence
on the relative singular gap for the final block.

We now specialize the above upper bound when || M — M*||,, is sufficiently small.

Claim D.2 Suppose HM M*||op < 78%50K(M*). Then,
(N, M)V [(ME, N )| < 4INE— M3 - ((87)72(1— )2+ 4)

Proof If || M — M*||o, < 18%o(M*),

g1 (M* o1 0k+1(M”
o (M) a1, (M*)
=1—(1—n8)~'(1-8)
1—nsf—(1-68) & (1—
_ 1o (* k): A 72)262(1—77),
1 —ndx 1 —ndy
and
L oer1 (M) > q _ 185oR(M) + op1 (M)
oRp(M*) ~ or(M*)
* Ok 1(M*) *
—775k—W= (1—ndy) — (1 —8;) = 85(1 —mn).

Hence, in both cases, Claim D.1 yields.
(Mg, MZ )| V[ (Mg, M )| < 4]V — MFJE - ((85)72(1—n) 2 +4),

which completes the proof. |

To conclude, we recall Eq. (D.1) and apply the previous claim

NI — Mg I3 < IV M3 4+ 2 (Mg, M2 )| + 2|(MEy, M)
< [NE = M2+ 4( (Mg, M2 )] V I [k],M>k>\>
< [NE— M2+ [NE - M*J2- (16(57) (1 — )~ + 64)
— [N — M3 - (16(5%) (1 — 1 2+65)
< 81N — M2 - ((57) (L — ) 72).

The bound follows. [ |

)"
)"

Proof [Proof of Claim D.1] We prove the first statement of the claim; the second is analogous.
Consider a sequence of indices kg > k1 > ... ky = 0 as follows (For convenience, k; are decreasing,
unlike the pivots k; in the definition of the well-tempered parition Definition I.3).

° k():k.
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~ ~

e Given k;, set kj11 = max{j > 1: 0;(M) > 20y, (M)}. If no such j exists, set i + 1 = /£
and ky = 0.

We also define the index sets and corresponding SVD of M as
Li={j: ki >j >k}, Mg = IAJ'LEL-V}Z.,

where Uz, € R™% 337 € RIEXIZL v, € R™*IT] denote a compact SVD of Mz, correspond-
ing to singular values/vectors with indices in Z; (i.e. to the rows of U corresponding to entries
j € Z;, and similarly for 37,V ). We then have

-1
>_ Mz, = My,

i=0
Using this decomposition, we write

/—1
(NI, M2 = | (37 Nz, M2y

i=

~
=

(]

N S
(!
= O

|
(]

= O

= Z ‘tr(VIiEL'U—I:-U;kE;k( ;k)T)|
1=0
/—1

=Y (B, UL UL, ZE,(VE,) V)|
=0
/—1

<Y IR UL UL RIZL (V) TV e
=0

/-1
< D13z lopIZLklloplOZ, UL IR (VER) TV, I (D.2)
=0

Since Z; C [k;], we can bound

IO U%LEI(VER) Ve, e

IN

10 Usellell (VERD) Vi lle

1 - A
5 (100 ULAIE + (VA Vi)

IN

~

In particular, since k; < k, we see that as long as o (M) > o011 (IM*), then by a standard variant
of Wedin’s theorem, Lemma D.2,
2

IjT,U* * TV ‘ < _ M—M* 2.
U2, ULellpl[(VZg) Vzllp < (o () _UHl(M*))QH I
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We furthe observe that | 2%, |lop = 0%+1(M*), and |27, |lop = 0%y, ,—1(M) < 20%,(M). Thus,
picking up from Eq. (D.2)

-1 )
Y * Y * 40‘ M* o ; M
(N M2 )] < M- M2 - S A7k Mo *) 2

=0 (o (M) — 041 (M)

l—

— IV — M2 4UkA+1( M) Uk+1 o, (M) )
H ¥ (@MND—UM4 M+))? §: )—a,ﬁ_1 M*))2
© v N2 . 4ak+1( M)

< [N - M2 <(0k(M) Ep—CveE Z Sy )

where in (i) we use that o, (M) > o1 (M*). Using that oy, (M) > 20y, (M) > ... 2'04, (M) =
2l (M), we find

4oy (M)ay, (M) A Aoy (M)
(01, (M) = 0x(M))? = (0%, (M) — 0%(M))(1 = 0%(M) /0, (M))
< — 40 (M) “!
= (2 — 1)y, (M)(1 — 27) P 1—2 7
< . 1 _ < 16.

(20 —1)(1—277%)
Hence, we conclude

~ ~ 40k(M)2
(M, M%) < [N — M2 : +16
T P\ (R (VD) = oy (M4))2

—2
. M*
— 4| VL — M2 o oen (MY
o (M)

completing the proof.

D.1. Useful Variants of Wedin’s Theorem

Lemma D.1 (“Gap-Free” Davis Kahan, Lemma B.3, Allen-Zhu and Li (2016)) Let || - ||o de-
note any Schatten p-norm. Fix € > 0, and suppose that X, X are symmetric matrices with || X —
XHO < e Given p > 0and 7 > 0, let Ug be an orthonormal matrix with columns being the
eigenvectors of X, whose corresponding eigenvalues have absolutely value < u, and U, be an
orthonormal matrix with columns being the eigenvectors of X, whose corresponding eigenvalues
have absolutely value > . + 1. Then, 3 o < %

Proof We follow the proof of Lemma B.3, Allen-Zhu and Li (2016), originally stated in the operator
norm (and for positive semidefinite matrices), to accommodate the Frobenius norm and absolute
value eigenvalue magnitudes. Next, write out compact diagonalizations

X = Uozo(Uo)T + Ulzl(Ul)T
X = fjoio(fjo)—r + fjlgl(fjl)—rv
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where all entries of X lie in [—, p1], and entries of X lie in (—o0, u1) U (1, 00), all entries of >
lie in (—(u + 7), u + 7), and entries of 3 are in (—oo, —(u + 7)] U [ + 7,00). Consider the
residual A := X — X, we find that
U] =UJX=UX+UjA
implying 3,UJ U; = U} XU, + Uj AU,
=Uy U3 + UJAU;.
Taking norms and applying the triangle inequality
1Z6(Uo) "Uillo = [[(Uo) "U1Z1llo — [|(Uo) " AU o.

Since (20)—[(20) = uI, and 2% - (u —|—~7')2~I, and since Uy, I~J'1~are orthogonal, we estimate
IZ0(Uo) "Utllo < ul[Ug Utllo, that [|(Up) "U131 |0 > (u+7)[[Ug Utllo, and [|(Uo) T AU || <
IIA||o. Thus

UG Uil 2 (1 +7)I[UG Ul — 1Al

Rearranging concludes the proof. |

Lemma D.2 (Variant of Wedin’s Theorem) Suppose that M, M € R™ ™ Given u > 0and
7 > 0, let Uy, Vg be an orthonormal basis for left (resp. right) singular vectors of M whose
corresponding singular values are < u, and let U1,V be the same for singular vectors of M
whose corresponding singular values are > 1+ 7. Then,

- - o\ _ 2|M - M|
2 F
(U5 O+ Ve VaR)* < S

The same is true when the Frobenius norm is replaced by the operator norm.*

Proof Consider the matrices

el 2 L 3

Letting M = UXV " and M = USV ', we observe that we can write

1 U U ¥ 0
_ T - -
X=WAW', W .= 7 [V VJ , A:= [0 _2]

and analogously for X. Letting M = UOEOVJ + U, 21Vir decompose into singular values < p
and those > p, we can write
X = WoA W + WA W/,
1U00U00] 1[0U10U1]

WO:\@[VO 0 —Vy 0 Wl:\ﬁ 0V, 0 -V,

4. A similar bound can be established for arbitrary Schatten p-norms, albeit with a slightly worse constant.
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where Ag has eigenvalues with absolute value < u, and A; eigenvalues with absolute value > .
Applying a similar decomposition to X, we find that Lemma D.1 yields that, for || - || representing
either the operator norm or Frobenius norm,

w:

X -X[p _ v2|M -,

T T

On the other hand, we expand

HWJW1

(o}

Ug 0 Ug 0] [0 U 0 Uy
Vo 0 = Vg 0 0 Vi 0 -V,

‘ [¢]

[0 UJU+V{V:i 0 UJU—V]Vy]|.

|[A+B A-B]|,

1
T2
1
T2
1
T2

When o denotes the Frobenius norm, we use

|[A+B A-B]

—(A+B,A+B)+(A-B A-B)
—2(A,A) +2(B,B)
=2(||Al + IBIE) -

Iz

Similarly, when o denotes the operator norm,

I[A+B A-BJ|,

Thus,

= max [v(A+B)[5+[v(A-B);

vilivi=

, A:=UjU;, B:=V V.

(D.3)

= max 2v. AATv+2v BB v+ 2v  AATv —2vIAATY

vilv]l=1
= max 2v AATv+2v BB'v
vilv]l=1

<2(||Al5, + IBIZ,) -

1
[wowa[, < 55 (1og o+ 1ve Vi)

Plugging this into Eq. (D.3) concludes.
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Part I1
Supplement for Single- and Double-Stage ERM

Appendix E. Addenda for Single- And Double-Stage ERM (Theorem 3)
E.1. Single-stage ERM

Proof [Proof of Theorem 3] The first part of Theorem 3 follows directly from combining Theorem 2
and using a standard statistical training guarantee, Lemma F.1, to bound €151 and eq; Eq. (3.4) fol-
lows from a computation performed in Lemma E.1, below, and whose proof appears in Appendix H.
|

Lemma E.1 (Single Training Bound) Under Assumption 2.6, we have

C?(1 4 12627 (polynomial decay)

APXERRgs (1) S .
ss(r) 5 {CQTG(’y_l +71)2e~27"  (exponential decay)

Remark E.1 (Sufficient Spectral Decay for «-Conditioning) . For sufficiently rapid spectral de-
cay, it is possible to ensure (fss, gss) are well-conditioned. From Lemma F.1, we have that with
probability at least 1 — 6,

352B*(M, + log %)

n

R(fss;@ss§pl®1) < Kpn (2Kapxtails(r) +

).
In particular, if for a given a > 1 it holds that

2k Fapxtails(r) < (1 —a 1) (a})?, (E.1)

r

then, by letting n > 352aB*(M,. + log%)a:, we can take e%®1 = R(fss,ﬁss;l)@l) < (1-
(20)) 1) (0%)2. By Theorem 2, this implies that (fss, §ss) are 2o-conditioned. Thus, when the tail
of the spectrum at v is considerably smaller than (o%)%, we can ensure that (fss, §ss) are well-
conditioned.

Eq. (E.1) requires rather rapid spectral decay, and will not hold for polynomially decaying
singular values (e.g. o = r_(l‘“’)). Under the exponential decay regime of Assumption 2.6 (for
all n, o7, < Ce="™), Lemma H.I implies that tails(r) < C%(14+~~1)e= 2"+ (which is more-or-
less tight in the worst case). Thus, Eq. (E.1) holds as soon as

C

Now assume that a lower bound for spectral decay also holds: for some other constant c, we have
oy > ce ", Then, Eq. (E.2) holds as soon as

N\ 2
2KtenKapx (1 + 7_1)6_2“’ <(1- 04_1)62W <a) ) (E.2)

2
Vitrnkiape(1 +7 e < (1—a™)) (%) : (E.3)

which is true once vy > log(%). In summary, we can ensure well-conditioned (fss, Jss)

when (a) there is rapid, exponential spectral decay and (b) a lower bound on the spectral decay as
well.
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E.2. Double-stage ERM (Theorem 4)

Here, we present Theorem 6, a more detailed version of Theorem 4 which specifies the necessary
setting of algorithm parameters. We then specialize Theorem 6 to Theorem 4 at the end of the
section. These two aforementioned conditions are specified in the following two conditions.

Condition E.1 (Algorithm Parameters) Ler c; be some unspecified parameter satisfying 1 <
c1 S« 1. We stipulate that the algorithm parameters (Ocut, Teut, P) Satisfy

(a) Teut = €1 and tailg(rcut) < %Tgut(o'cut)gf
1 1 Ugu .
(b) taill(p) < 17,

2
(c) ocut € 207, 3—60’{].

Condition E.2 (Sample Size Conditions) Let co be some unspecified parameter satisfying co <,
1. We stipulate that, given 6 € (0, 1),

o The supervised sample sizes of n1,ns satisfy
1

_ 1. _
rbaoads ns 2 @B (O, +log 5)ad

ny >p+ B4CQ(Mp + log 5/ cut

o The unsupervised sample sizes ng, ny satisfy

ng > 72212, i log(24p/8), ng4 >l nins.

Note that when rey, < p (and hence M., < M), it suffices take n; <, poly(p, My, log(1/9), B, o2).

cut
Our main detailed theorem is as follows, and its proof is given in Appendix F.

Theorem 6 Suppose Algorithm I is run with parameters ocyt, Tcut, P, Sample sizesny, . .., ng, and
A= Télut, w = B?/ny and fix a probability of error § € (0,1). Then, as long oeut, Teut, P Satisfy
Condition E.1 and ny.4 satisfy Condition E.2, it holds with probability at least 1 — 6,

£ oA 2 2 ax 2 tailg(Tcut)2
R(fa g; Dtest) ,S* ERRDT<Tcut7 Ucut) = TecutOcut T ta'll(rcut) + W

cut

In Appendix H.2, we prove the following lemma. It gives an upper bound ERRpr(7cut, Ocut ),
as well as sufficient conditions for Condition E.1, under the spectral decay assumption in Assump-

tion 2.6.

Lemma E.2 (Double Training Decay Bounds) Suppose Assumption 2.6 holds, and that the algo-
rithm parameters Ocyg, Yeut, P SALSIY Teuy < 3—260'{, and the following (feasible) constraints

1 7+5
3;? e, Py 2 QCT;I(JJW)
Teut = €1V 1 1 3eC p = 1 iUt 5 Ocut = —reut
61(1 + 5) \% 5 IOg( of ) 2reut V 5 log(rcutcl) 2Ce™ e

where the top-case correponds to the polynomial-decay regime, and the bottom to exponential-
decay. Then, Condition E.1 holds and

rcut

_ (polynomial decay)
ERRpr(Teut; Oeut) S OcuiTens + C*(1+777) { (E4)

e~ 2rent  (exponential decay)
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Proof [Proof of Theorem 4] For the target accuracy €, set eyt = max{2CrC_u(tl+7), €/Teut } under

polynomial spectral decay, and ¢,y = max{2Ce "¢ ¢/r.,}. From Eq. (E.5) and absorbing
absolute constants into <, it then follows that

—2v

.
ERRpr(Teut, Ocut) < €2+ C?(1 4472 cut .
or{eut: Feur) 3 A+ e”?Imeut (exponential decay)

(polynomial decay) ES5)

From Lemma E.2, Condition E.1 holds as soon as eyt > poly(C/a%,771) and p <y (reus)© for

a universal ¢ > 0 (note that, in the constraint on p in polynomial case, the ratio Iig“’ is at most 7).

Moreover, there exist sample sizes nq,n2,n3, 14 Sy poly(p, M, log(1/6), B, e~2) which ensure
Condition E.2. The result now follows from Theorem 6 above. |

E.3. Generalizing unsupervised access to D) (Assumption 3.1)

In this section, we argue that if we replace Dy 1, Dy ; with any other distribution ZNDXJ, 253;,1 satis-
fying for some < > 1 the inequalities

il < dDy 1(x) <r #l< dDy,1(y)
dDy 1 (x) dDy 1 (y)

and if the function classes Fg, G, are sufficiently expressive, then all of our problem assumptions
remain true, up to multiplicative constants in . In particular, this means that, for any target dis-
tributions Dx 1 Dg 1, we can replace the oracle in Assumption 3.1 with the one that samples from
D1®1 = DX 1 ® Dy 1. We now go through each assumption in sequence.

<k, (E.6)

e First, Assumption 2.1 is unaffected.

e Second, let us consider the covariance ¥ p+ = Egp, | [/*(2) /* () "] and Zg» = By, , [9*(¥)9*(¥)

Uder assumption Assumption 2.4, X+ = X« and || f*(z)|ly V [|g"(z)[|zx < B. Introduce
aswellXpe =B 5 [f*(x)f*(z)"] and Xy» = E, 5, [9*(y)g*(y) "]. Then, Eq. (E.6)
implies that

RIS p <X <X pe, RO < X < RE e (E.7)
Using X« = X4+, we have
R < T < REE g

By generalizing Lemma L.1(i&iv) to linear operators, we can construct a transformation an
invertible W such that #~ 11 < W < &l and

WX, W =X,

Hence, if we define the operator T = W'/2 and set

T}‘
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then (f*, §*) are balanced:
101 =B, p, [ @@ =B, 5, [ @570
Moreover, as 7~ < W < &I, =121 < T < &/21, so that

sup [|f*(@) |2 V 3% (@)l < VEsup | f* (@)l V llg* (@)l < VEB;
T,y z,y

that is, Assumption 2.4 holds with upper bound B = V&B.

e One can directly check from Eq. (E.6) that replacing Dy 1 < 75;\6,1 and Dy 1 < 153;71 ensures
Assumption 2.2 holds with &y, = &2k and Rigg = K2 Kt

e Similarly, one can check that Assumption 2.3 with Kcoy ¢ Kkcov-

e The construction of 5:1®1 and Lemma L.1 (vii) imply

N(Eron) € (B < (N E M (E).
Using Eq. (E.7) to bound /\i(f:f*) < RAi(Z ) = X\i(E7 ;) and similarly for ¥+, we find
Ai(Zig1) < RA(Eigy).
Thus, Assumption 2.6 holds after inflacting the constant C by a factor of &.

e In can be directly checked that Assumption 2.5 holds after replacing Kapx With Rapx =
=2
R Kapx-

o The last assumption, Assumption 2.7 needs to be modified so as to ensure the function classes
Fi, Gi are rich enough to express the rank-k projections f* gy, (the analogues of f, g de-
fined in Section 2).

Appendix F. Analysis of the Algorithms

In this section, we provide analyses for the training algorithms we proposed. Appendix F.1 gives
guarantees for a single stage of supervised ERM. Appendix F.2 establishes our main guarantee
for Algorithm 1, Theorem 6, via a technical proposition Proposition F.1, whose proof is divided
between the subsequent three sections.

F.1. Statistical guarantee for single-stage ERM

We present an analysis of a single phase of empirical risk minimization, which we use both to
analyze the single-stage ERM, and to serve as the first step in our analysis of double-stage ERM.
The following is proved in Appendix G.3, using a standard analysis of empirical risk minimization
with the squared loss.
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LemmaF.1 Let (f,§) € Fp % Gp be empirical risk minimizers on ny i.i.d. samples (z;,Yyi, z;) ~
Drrain- Then, for any § € (0, 1), the followings hold with probability at least 1 — 6:

f g * % 352B4(M =+ log 2)
R(f,3; Dirain) < 2R ([}, 95 Dirain) + ni 5
352B%(M, + log 2)

ni
352B4(M,, + log 2)

n

R(fv 3 Dirain) < 2”apxtai|§(p) +

R(f>§§ Dig1) < "ﬁtrn(2"‘9apxta“§(p) =+ )-

F.2. Proof overview of Theorem 6

To prove Theorem 6, we first demonstrate that a certain technical proposition Proposition F.1 which
shows that (a) a good spectral event Espec holds, under which the rank 7 chosen by Algorithm 2
satisfies various convenient spectral properties, and (b) that the regularized risk optimized in the last
line of Algorithm 1 is small. More precisely, we define:

Definition F.1 (Good Spectral Event) For parameters (ocut, Tcut) used in Algorithm 1, we define
Espec (T, Ocut, reut) as the event that the following inequalities hold:

3 o
0'; > —Ocut, 0';+1 < 30cut, U; - O')rt+1 > -
4 3reut
tail}(7) < taily(reut) + 902 Teut,  tailf(#)? < 181202, + 2tail} (reus)?.

Our technical proposition is as follows.

Proposition F.1 Suppose that the parameters in Algorithm 1 are chosen as u = B? /ny, and other

parameters (P, Ocut, Teut ), the sample sizes ny, . .., ng, and X > 0 satisfy that for some C' <y 1,
2 . a2, .
® Ocut € [20:”,“ @Uﬂ’ tallg(p) < Crztt’ andp > 2;
cu

o ny > p+ Co2r2, max{1, B*}(M, + log ), ng > 122r% ;n{ log(24p/6), ny > Anyins.

Then, with probability at least 1 — 0, the event Espec (T, Ocut, Teut) holds and

R(fDSa st; Dirain) + AR[T] (st, st; Dig1)

B (M +108(1/3)) | A2 B' OV, +log(1/5))

<, tails(reyt) + Tcutagut + )xrguttailg(p) + - "
3 1

We will prove Proposition F.1 in Appendices F.3 and F.4, addressing the first and second phases
of training in Algorithm 1 respectively. Using this result, we prove Theorem 6.
Proof [Proof of Theorem 6] Recall the statement of Theorem 2. It states that if ( st, st) are
(€trn, €11)-accurate, that €11 < min{o}/407, 0% /4}, then we can bound o < 2 and therefore
bound

(PPe g1 + €by + tail3(7))? }

(07)?

R(fDSa fDS? Dtest) ,S* {'f'4€%®1 + tanl{(ﬁ)2 + f2(02+1)2} + {
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In particular, recall we select 7 < ¢y and A = ri
to ensure

Then it suffices that €151 < min{o7/40rcus, o, /4}

cut*

2 2 k) )2
R(foss fos: Deest) Sx {Aelgy + tail} ()2 +72(a5, 1)} + { (Acigr + 6(21:15; tail3 (7)) } '

T
On the event Egpec (7, Ocut, 'eut ), We can then bound

R(foss fos; Drest) S« {)‘6%®1 + Tgutgzut + ta“f(’"cut) + T2Ugut

n { (A6%®1 + 6%rn + Tcut<o—cut) + ta";(rcut))Q }
(qut)2
S AT + 120 tail’f(rcut)Q} (7 < reut)
n { (/\6%@)1 + €t2rn + Tcut(acut)Q + tailg(rcut))Q }
(O'Cut)2 .

Next, we set €2, = R(fDS, st; Dirain) and e%®1 = R[T](st, fDS; Dig1). Then, on the event of

the conclusion of Proposition F.1, and using A = 72, we have

2 2 2
A€z < A€igr + €im

. . BA(M, log(1/6 r8 B4
S* tall;(rcut) + rCuto—(Z;ut + T(G:uttallg(p) + ( cut+ Og( / )) _|_ cutB (MP+lOg(1/5))

na n

SQU?N under Condition E.2
1k 2 6 HLs
S tails (reut) + rent Oy + Togrtails (p).

Plugging the former display into the one before it, and suppressing constants, we have

(stv fDS> Drest) S {Tcuttall*( ) + tail} (reut) + ""cutagut + rgutggut + ta“f(’"cut)z}
+ { (Tcuttailg(p) + TCUt(UCUt)2 + tai'g(rcut))Q }
(O'Cut)2
In particular, if in addition it holds that
2
. o
tails(p) < ( ;u;) : (F.1)

then
2 (Tcut (Ucut)2 + ta“;(rcut))Q

R(fD57 st; Dtest) ,S* tailg(rcut) + Tcutagut + Tzuto'gut + ta“){(rcut)

(Ucut>2

tail} 2

S taily(reut) + rig oo + tailf (reut)” + L“;)
(Ucut)
tail} (rous )
2 2 . 2 2(Tcut
S TcutTcut + ta"T(TCUt) ﬁ’
where in the last step, we use tailf (reut)? = (3,0, 07)? > >, (07)? = tail(rey). so that,

if the conditions on 7.4 and p of Proposition F.1 are met, and if €141 < min{o7/407, 0% /4}, and
if Eq. (F.1) holds, then with probability at least 1 — 4,

tail} (reut )

R(fDSv fDSQ Dtest) ,S* Tzuto-zut + tail,{(""cut)2 + B}
(Ucut)
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Checking the appropriate conditions. For Proposition F.I to hold with A = r2 ., and for we
need that for some ¢y <, 1,

_ 1 ] o?
ny >p+ coocu%rgutB‘l(Mp +log=), p>2, tail3(p) < Cigt, (F.2)
) COT ot
as well as
ny > 722r2 . log(24p/s), mn4 > i nins, pw=B%/n;. (F.3)

All these conditions are ensured by Conditions E.1 and E.2.

Let us conclude by making explicit conditions under which €11 < min{o7 /407, 6% /4} holds,
provided the high-probablity event of Proposition F.1 holds. As 7 < 7¢yt, on the Egpec (7, Ocuts Teut ),
it is enough that, for some small universal constant c,

*\2
€21 < cmin { (”21) ,afut} . (F4)

cut

On the event of Proposition F.1, we would like to have

€ t .l2 v u 2 * B4 MT‘ —H()g 1/6 B M +1() 1 5
1®1 S* ! 4( < t) 3C t + 7cuttai|2(p) ( cut ( / )) cut ( g( / )
n ’1“4
cut cut 37 cut (5}

By modifying ¢y <, 1 below if necessary, it suffices that for Eq. (F.4) that

*

2
cur tail(rewt) 2 o oex B My +Hog(1/6)) 2, B* (Mp+log(1/6)) 1L [(o])” »
max{ 5 : i?ut , Tenctaily(p), ”::%ut , Teut 2 1< . min 5> Oeut ( -

cut
We handle each term in sequence,

gut (U*)Q 2
1. As ocyy < 0%, we have Z L < min g — Ocut

cut

} as soon as reyt = €.

tails (rcut) - . 1% 2 .4
2. The term 7%7 is appropriately bounded as soon as tail5 (re) < = 5 min {r2u (1), rduody }-

Under the condition that oey; < o7, it suffices that taily(rey;) < = rgutagut.

*)2
3. The term 72, tail}(p) is appropriately bounded as soon as tail}(p) < % min {%, o2 /T }
2
. . UCu
As ocy < o7, this holds when tail3(p) < m

B4(My, +log(1/))
N3Tcut

1 1
ng > COB4(MT’cut +log(1/6)){ o* 212 + 4 }

( 1) cut Ugutrcut

4. The term is appropriately bounded as soon as

B*(M,+log(1/9))
n1

5. Similarly, term e is appropriately bounded as soon as (adding an additive p

for convenience),

7,4 7,2
n1 > p + Bleg(M, + log(1/9)) { (U?l;z + a(éut } :
cut

For which, using oy, < o7, it suffices that

4
n1 > p+ Bleo(M, + log(1/8)) 5t

cut
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All such bounds hold under Conditions E.1 and E.2. This completes the proof of Theorem 6. |

F.3. Analysis of the first phase of double-stage ERM

We begin with a precise analysis of the first phase of the double-stage ERM Algorithm 1. Recall
that (f, g) are the empirical risk minimizers on n; i.i.d. samples (x;, ¥;, 2;) ~ Dirain, and Q; is the
balancing projection on the top r eigenvectors of 5. We define the following effective error term.

3 i 354B4(M,, + log §

é(p,m1,0)? = K (2/<capxtallg(p) + ( 7”2 85 . (F.5)
We first show that ( 1, Q- g) has small risk on the top block.
Proposition F.2 (Guarantee for Double-Training, First-Phase) Suppose ocus € [207,, =07),

n1 > p > 2 p = B%/ny, and both ny > B?/o2,, and ny > T22r2,nilog(24p/d). Further,
suppose

é(p,ny1,0)% < o2, /(64r2,). (F.6)

Then, with probability at least 1 — %5, we have
R (£, Qz: Dior) < 3000r2,&(p, 1, 6)%.

Moreover, on this same event, both sup, , 1(f(x), Qrd(y))| < V2n1B? and Epec(, Ocut, Teut )
defined in Definition F.1, holds.

F.3.1. PROOF OVERVIEW

Our first step is to verify the performance of the overparametrized ( f , §) on the nominal distribution
Dig1. For convenience, we upper bound a slightly augmented quantity which absorbs errors from
regularizing the balancing covariances.

Lemma F.2 Recall é(-) defined in Eq. (F.5). With probability at least 1 — %6, it holds that
R(f, 5 D1en) + 2B < &(p,ma, )2

The above lemma is a direct consequence of the last line of Lemma F.1.

Our next goal is to find a good rank-7 projection of the functions (f,§) which enjoys good
performance on Dig1. This projection is best computed in a coordinate system in which f, g are
balanced in the sense of Definition 4.1: that is, under a transformation T such that f = T~ f and
g = Tg, itholds that Ep,  [ff M= Ep, , [99"]. To compute this transformation, we first introduce
sample and population covariance matrices.

Definition F.2 (Covariance Matrices) Let {(@a, 22,4)}72, i1d D1w1, we define the population
covariance matrices X7 = Epy,[ff'], X5 = Ep,,[gg'], and their finite sample analogues
using the ny samples:

1 & " 1 &
Xj= - ; flaai)f(azq)’, By = 2 9(x2,i)g(22,)
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Balancing then finds a transformation T for which T~ "X fT*1 = TZgTT. It is challenging
to establish a lower bound on Amin (2 7) and Amin(23), say when 37 has rapid spectral decay.

The matter only becomes worse when solving for T using the finite sample covariance matrices > 7

and X;. As a consequence, we instead consider regularized covariance matrices, defined as follows:

Definition F.3 (Regularized Covariance Matrices) Let i > 0. Define

Ef,,u = 2};+qu Efi,,u = Eg—i-/LIp 2];7# = Ef—i—,qu 2!7# = E§+M1p~
Leveraging standard finite sample concentration inequality of matrices (see Lemma G.2 in the ap-
pendix), we ensure that the empirical and population covariance matrices concentrate.

LemmaF.3 Ler {(x2,92,)}:24 i D11, and define the following empirical and population
covariance operators. Then, with probability at least 1 — %5, we have

3 3 2log(24p/d)
max{Hzg’” — Zgullop, Hzf,u - Ef,uHop} < exn(ng, ) = BQ\/T_

Moreover, for any 3 € {3 1, 35 ., zfu’ Efu}’ we have pl, < 3 < B2+ plp.

The above bound is proved for the non-regularized covariances, and follows by adding and sub-
tracting pI,. The remainder of the proof has three components, each of which we give its own
subsection below.

(a) We first show that the regularized covariance matrices can be thought of as unregularized
covariance matrices corresponding to convolving the embeddings ( f , §) with isotropic noise.
We argue that the excess risk of these noisy embeddings, denoted by (f,., §,.), is O (1), and
always upper bounds the risk of the noise-free embeddings. Hence, we can analyze balancing
and projecting the noisy-embeddings as a proxy for the noise-free ones.

(b) We then analyze the performance of a balanced projection of the embeddings ( f ,g), and that
of the projections of noisy embeddings ( f,, .).

(c) We analyze the empirical balancing operator obtained via samples, and conclude the proof of
Proposition F.2 by combining the above results.

F.3.2. INTERPRETING REGULARIZATION AS CONVOLUTION WITH NOISE

In this part of the proof, we illustrate how the regularized covariance matrices of ( f , §) correspond
to unregularized covariance matrices obtained by convolving ( 1, g) withnoise. Let IC)) := {—1,1}?
denote the p-dimensional (boolean, centered) hypercube. We can augment Dy ; and Dy ; to form
distributions @X,l and f?yJ over Y x K, and Y x K}, where

)~ Dy o~ Dyy L % ~ Unif[K,)

8l
i<

= (:1;"
3 _ dist } . (E7)
= (y,¥) ~Dy1 = y~Dy1 Ly~ Unif[y)].
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On these augmented distributions, we define

ful@,%) == f(z) + V%, Gu(y,¥) = 3(y) + iy

We can readily verify that
i, =EBp [fufi] =S5+ 1y, g, i=Ep, [G.9,] = g+ I,

Two otljer observations are 1~1sefu1. In both, let T)l®1 = T)XJ ® T)y,l (by analogy to Dig1),
50 that R(fu, Gu; D1e1) = E[((f.(Z), §u(%)) — h*(x,y))?]. Then, the following bounds the excess
risk of the regularized functions f,, g, in terms of that of f, g:

Lemma F.4 The following holds for any B-bounded f , g and associated fu, Iy’
R(fur Gus D1sn) < & := pp® + pB? + R(f, §; Disn).
In particular, if ny > p, then for i < B?/ny, the functions (f, g) as in Lemma F.2 satisfy

R(f;u gu; Zj1®1) < gi < g(pv ny, 5)2)
with probability at least 1 — §/3.

Proof [Proof of Lemma F.4] Using independence of x,y,X,y under 151@)1, and and E[XXT] =
E[yy '] = I,, we have
Ep, o, [((fu(2), 3u(7)) — W (2, 9))?]
=Ep,,, (1%, ¥) + Vi, 3(y) + Vil f(@),3) + (f(2), 3(y)) — h* (2, 9))*]
= 1’Ep,,,[(%,9)%] + 1Ep,,, [(%,5(1))* + (7, [(2))?] + Ep,e, [(f(2), § () — h*(x,9))?]
= tr(Lp)i” + HEpyey [/ (@)1 + 9 I1P] + Epy o [((F(2), ( )) = h*(2,y))%]
= pi® + HEpyy [1F(@)I* + 9 ) IP] + By, [((F(2), 3(y) — 1" (2,))?]
< pu’ + B + E[((f(2),§(y)) — h*(2,9))?].

R(f.3;D1g1)

The second statement of the lemma follows from selecting 1 < B?/nj, using the assumption that
n1 > p, and invoking Lemma F.2. [ |

The second fact shows that weighted inner products involving the regularized functions are always
worse predictors than the corresponding unregularized functions:

Lemma E.5 The following inequality holds for any f , g and associated fu’ G, matrix A € RP*P,
andh : X xY — R:

Ep, o [((fu(2), AGu(9)) — h(2,9))*] = Epy, [((f(2), AG(y)) — bz, y))?].

The lemma is a direct consequence of Jensen’s inequality, and the fact that Ep, _ [( Fu(7), AGu (D)) |
z,y] = (f(z), Aj(y)) forany A € RP*P.
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F.3.3. ANALYSIS UNDER AN EXACT BALANCED PROJECTION

We now analyze the performance of an idealized balanced projection of ( f ,§), and as a corollary,
state a guarantee for deviations from this idealized projection. We accomplish this by analyzing
the performance of the projections of noisy embeddings ( fu, gu) as a proxy, and then applying
Lemma E.5 to return to the noise-free embeddings.

It is useful for us to formalize balancing as a general operation on matrices.

Definition F.4 (Balancing Operator) Ler X, Y € SL. We define the balancing operator
W (Y3 X) = X2(X2YX2) 2X2 € SL.

It is shown in Lemma L.1 that W = \Pbal(¥; X)) is the unique positive definite operator satis-
fying X = WY W. As a consequence, given ( f,;, G.), the functions ( f, bal, §. ba1) defined as
1

~ 1 1
fu,bal ba? uf;m 9u,bal = Wﬁawgm Wbal,u = \Ijbal(zg s 2 )

satisfy (using Wy, ,, = ng u)

1 1 1 1
r r T -3 -3 2 2 ~ ~ T
E@XJ [fu,bal(fu,bal) ] = Wbai,uzf,,uwbaiu = Wﬁal,yzg#wgal,,u = E@y,l [gu,bal(gu,bao ]a
::igal,;z,

(F.8)

as well as trivially ( fu,bal, Gupal) = ( fu, Gy)- That is, the transformation

\ =

(s Gu) = (W sz,ufl“ bal ugu)

balances (f,, g,). We now introduce an operator expressing the covariance matrix of the balanced
functions (in our case, X, , above).

Definition F.5 (Balanced Covariance) Given X,Y € S, we define

NJ\»—-

CovBal(X,Y) = U (Y; X)2 - Y - Upo(Y; X)2.
We remark that CovBal(X,Y) = CovBal(Y, X), as illustrated in Eq. (F.8). In particular,
Yhat, = CovBal(X; ,, E ) CovBaI(E  Bg.)-

We can now define our main object of interest: the operator which performs a singular value
decomposition of the factorization f,,, g,, in the coordinate system in which they are balanced.

Definition F.6 (Balancing Projection) Given X,Y € S, for any r € [p|, we define
Projp. (1, X, Y) := W 2P, W2,

where W = Uy.1(Y; X), and P; is the orthogonal projection onto the top-r eigenvectors of
CovBal(Y,X) = WiYW?2. We say that Q; = Projy.1(r, X,Y) is unique if the aforementioned
projection Py is unique, that is, if o,(CovBal(Y,X)) > o,41(CovBal(Y,X)). Note that when
r = p, this projection is trivially unique.
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In particular, suppose we consider Q; := Projy (7, X P 35..)- This performs a rank-7 pro-
jection in the coordinates in which fm gy, are balanced, and transforming ( fu, Gu) to ( fu, Qi gy) is
equivalent to computing a rank-7 SVD of the matrices. Thus, the error between ( fu, Q:g,) and
(f#, g7) can be analyzed in terms of the error between the rank-7 SVD approximations of two ma-
trices which are close by. We use this insight to prove a perturbation bound, which we describe
below.

The following lemma establishes three useful bounds: (a) an ¢»>-deviation bound between the
spectrum of X, ,, and the spectrum of X7 ; (b) a suboptimality guarantee for applying the ex-
act balanced projection Q; = Proj,,(r, X5 ,%5,) to (fu> Gu)> where (f,,§,) are the noise-
convolved functions defined in the previous section; and (c) a perturbation inequality for applying
an approximation Q' of Q; to ( fw Gu), and the subsequent guarantee when applying this projection
to the original (non-noisy) functions (f, §).

Lemma F.6 (Accuracy of Balancing Projections) Recall the definition of 62 from Lemma FA4.
Then,

(a) It holds that 3~ (0:i(Zvar ) — or)? < Ei.

(b) Given a given 7 € N for which o > 0, define 67 := 1 — % If €, < no0} for a given
n € [0, 1), then

Ris) (firy Qi - i Dis1) < 7z
where we define Q. = Projy, (7, X5 i)

(c¢) Under the assumptions of (b), if Q € RP*P s any other matrix, then, assuming ju < B?/p,
162¢2
(65(1—n))?

Proof [Proof of Lemma F.6] The functions fmbal, Jpu,bal are balanced under @1®1: E@X . [ f J1,bal ( f Mbal)T] =

Ry (£, Q- 3 Dis1) < Ry (Fus Q- G Dig1) < 8B?1Q — Qsllop +

E@w [gp,bal(gmbal)T} = Xpal,u. Moreover, by Lemma F.4,

R(foupats Gubat; Die1) = R(fu, Gy Dio1) < &

Further, we have

<f~,ua Qfg,u> = <f~u,ba17 Pfgu,ba1>7

where P; is the projection onto the top 7 eigenvectors of 3, ,. Hence, we can invoke> Theorem 11
to find both (a) > ;- (0i(Zparu) — o¥)? < 63 and (b) Ep, , [((fu: Qs - Gu) — *g0)?] <

é . o .
(55?117_*;7))2. For part (c), the first inequality is a special case of Lemma F.5. Moreover,

Ep, o, [(fur Q- Gu) = (729501 = Epy, [((fus (Q = Q4) - G} + (s Qi - Gu) — (f7+ 97))7]
< 2Ep,, [(fu: (Q = Q) - 30" + 2Ep,, (fu Qi - Gu) — (f, 97))°].

5. We note that while Theorem 11 is stated in terms of the non-augmented distribution D1 g1, it holds for 151®1 as well,
as the augmented distribution preserves the covariance and balancing of the ground truth embeddings.
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As the second term above is controlled by part (b) of the lemma, it remains to bound E, _ [( Fur (Q—
Q#) - §.)?]. Using independence of x, y, %,y under D1, and and E[xx "] = E[yy '] = I,

Ep,q, [(fu: (Q = QF) - 3)7]
=Ep,,, [(f(2) + VX, (Q — Q:)(3(y) + VAF))?]
= tr(Ep,, [(f(2) + vi%)(f(2) + vi%) " (Q — Q#)(9() + vEF)(3(y) + Viy) (Q - Qs) ]

]+ 15,)(Q — Qi) (Epy, [3(1)3(») '+ 1L,)(Q — Q) ']
1(Q - Qi)Ep, , [7(1)i(y) '1(Q - Q)

F@) " +Epy, [90)3») ' NQ-Q)(Q-Qi) ")
+ 2 (Q - Qi) (Q—Qi)T).

Using tr(Ep,, [f(z)f(x)"]) V tr(Ep, , [3(»)3(y)T]) < B? due to f € Fp,§ € G, and Assump-
tion 2.7, (and using various standard trace inequalities), the above is atmost

BYQ - Qi3 + 2*B%|Q — Qa2 + 1'tr((Q - Q7)(Q - Qr) )
< (B +2uB? + 1%p)|Q — Qi |12, < 4B?|Q — Q:|%,

where the last inequality takes u < B2 /p. |

= tr((Epy, [f(2)f(z)"
= tr(Ep,, [f f(z)f(z)"
)

fla
+ ptr((Epy, [f (2

F.3.4. ANALYSIS OF EMPIRICAL BALANCING OPERATOR

Definition F.7 Given X € S%, ro € [p], o > 0, the separated-rank a (ro, o) (if it exists) is

sep-rank(rp, o; ) := max {r € [ro] : 0r () > 0,0,(8) — 0p41(X) > o (%) } . (F9)

o
We say the separated-rank is well-defined if the above maximum exists.

We next provide the result on the perturbation of the balancing projections, whose proof is
deferred to Appendix L.5.

Proposition F.3 (Perturbation of Balancing Projections) Let ro € N, matrices X, X' Y, Y’ €
S2, and positive numbers o > 0 and (5i)z‘e[ro+1] satisfy the following conditions:

(a) Forany A € {X, X' Y, Y'}, uI, < A < MI,

(b) max{||X — X'[|op, [Y = Y'[lop} < A, where A < 35 (p/M)2.
(c) max;ep11]10i — 0i(X)| < 0/8rg, where 3 = CovBal(X,Y).

(d) o € [max{u,25:}, 251).

Define ' = CovBal(X',Y'), r = sep-rank(rg, 0; '), Q = Proj,,(r; X, Y) and Q' = Proj, ,;(r; X', Y').
Then, r is well defined, Q and Q' are unique, and the following bounds hold:

197 (M /1)°/2 A
[ Qllop < y ;- max{||Ql[op, HQIHOp} <V M/pu.
Moreover, 6, > % Ort1 < 30, and 6, — 3T0

43



SIMCHOWITZ GUPTA ZHANG

F.3.5. CONCLUDING THE PROOF OF PROPOSITION F.2

Proof [Proof of Proposition F.2] Throughout suppose that the high probability events of Lemma F.3
and Lemma F.4 hold, with have a total failure probability of 25/3. We instantiate Proposition F.3
with

HX=%; X=3

Fu Y=3;,andY' =3 ..

fon
(2) 70 ¢ Teuts O < Tcut, 7 < sep-rank(reut, Ocut; ﬁ]bal,ﬂ), and
Q' Q; := Projy,, (7"; i ﬁg,u) » Q< Qi = Proj, (7"; X Eg,u> :
3) pu <+ B2/n1 and M < 2B2. By assumption, n; > p, so u = B2/p satisfies the conditions
of Lemma F.6.
(4) On the event of Lemma F.3, we have max{|| X —X'||op, [Y =Y'|lop} < Afor A = ex(n2) =
B2, /2'8C4/%) This holds with probability at least 1 — §/3.
2
(5) 7; 0':, and 0; = Ui(zbal#) = Uz‘(COVBa|(2f7M, 25#)).
We now check that the conditions (a)-(d) of Proposition F.3 are met.
(a) The PSD inequality holds by Lemma E.3 .

cut

(b)) AL %(;@/M)2 holds for ny > 2,2 (n1)%log(24p/d), on the event of Lemma F.3.

2
(c) By Lemma F.6(a), it is enough that 6/% < GZ;gt . On the event of Lemma F.4, it is enough that

cut

2
~ 2 Ucu
€(p7n175) S 64T.C2it'
(d) Substituting in 4 = B?/ny, 0 + ocyt and 5; < o the condition o € [max{p, 267, }, 3%61]

holds for ny > B?/o2 and ocus € [207_,, =07].

Note that the suffcient conditions in (b)-(d) are all guaranteed by Proposition F.2. With the above
substitutions, we achieve

. oX—ok
(1) 0';_;’_1 < 3O-Cut’ 0'; > 3O-Cllt/é‘:’ and 6; == a"fH—l > 3T1ut > and thus 620; = Ucut/<4rcut)-

(ii) The upper bound on ||Q; — Qj||op is given by

. 197 (M/p)5/2A JTTos @S] - 1
1Q: — Qillop < P = 19v/2log Ay Do -\l mz <

for ng > 722r2,,n log(24p/4) (achieved under the proposition).

C

From Lemma F.6 with ) = 1/8, we have that as long as €,, < ocut/(167cu) < 0567 /4,
s oA 324
Rii(f, Qs - 35 D1g1) < 4B%[1Qs — Qg llop + @2
3
4B? .
< ot 289873165
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where the last line follows by invoking items (7) and (i) above. On the event of Lemma F.4, we
may upper bound € (—:“ by é(p,n1,0)?, as in Lemma F.2, giving

T 4B?
Ris) (£, Qs - 5 Dign) < —— + 28981y é(p,m1, 0)* < 30007, é(p, 1, 6)°
1

We conclude by checking the two statements in the last line of Proposition F.2. To show the first,
we note that, due to Proposition F.3, we find [|Q;|lop < /M /u = /2n1. Using Assumption 2.7
and the fact that f € F, and g € G, concludes that

(f(2), Qsd(y))] < B” - [|Qsllop < V211 B,
To show the second, we note that, due to Proposition F.3, ‘77« +l < 30cut, from which the inequalities
tail}(7) < taily(reut) + 902 7cut and tail} (7)? < 187202, + 2tail}(reut)? are straightforward

to verify. Together with Proposition F.3, these verify that the event Espec (7, Ocut, T'cut ), defined in
Definition F.1, holds. |

F.4. Analysis of the second stage of double-stage ERM

The following lemma, which is established in Appendix G.4, handles the error on the second phase
of double-stage ERM in terms of the first. Recall that we choose
(fDSafDS) € argmin i’(3)(f7 )+>‘L (f7 )

(f,9)€F+xGs
1 &

Ly(fr9) = — > (f(ws4), 9(ysa)) — 23.0)°

n,
391
n.
1 4

Liy(fr9) = — > (f(@a:), 9(yai)) — (f(2a), Qi - G(yai)))*.

n.
45

Lemma E.7 Suppose it holds that ||Q72||Op < V/2n3, as in the proof of Proposition F.2. Then, with
probability at least 1 — 0 /3 over the samples collected in Line 5 of Algorithm 1,

A
(fD87 fDS7 Dtram) + R (fD57 fD87 Dl@l)

N4 ns3

B*(M; + log(12/6
< 2kapxtaily(7) + 3AR (f, Qs - g,D1®1)+352< )\nln3> (M. + log(12/3))

We can now conclude the proof of our main theorem for double-stage ERM as follows. o
Proof [Proof of Proposition F.1] First, we bound the regularized risk R( fps, fos; Dtrain)—H\R[r] (fos, fos; Dig1)-
Using Proposition F.2 in Lemma FE.7, we have

R(fnm st; Dirain) + AR[’I‘] (st, st§ Dig1)

(M5 +log(1/5)) n Nten T2 B (M, + log(1/6))

A m
S (4330 + N taity) + (14 270 ) TN
1
A 1 1/6 B4(M,, + log(1/6
<« tails (reut) +?”cut0§ut+)\7“guttai|§( )+ ( n1n3> M - Og( / )) Ut My + log(1/9))
ny
A M, log(1/6 r2  BYM, + log(1/8
< tail5(7) + reusoey + Aoy tails (p) + (1 + st> i C“t: og( / )) a5 Z+ o8(1/ )>7
4 3 1
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where in the second to last line, we use <, to suprress polynomials in problem dependend constants,
and in the last line, we use the assumptions that K — Mp is non-decreasing (see Assumption 2.7).
For our choice of ny > Anins, the above simplifies further to

R(Jﬁns, Fos; Dirain) + )\R[r]<fD87 fosi Dig1)
B*(M,.,, +log(1/6)) N Ar2 BY(M, + log(1 /9))

cut

S tails (reut) + TCUthut + )‘rgutta“;(p) T ng m

That the good spectral event Epe. holds also follows from Proposition F.2. Lastly, we gather
the necessary conditions in order for the conclusion of Proposition F.2 to hold, y = B2 /ni, ny >
max{p, B2/02,.} na > 722r% n?log(24p/J), and finally, we require Eq. (F.6). Stated succinctly,

cut
this last condition stipulates that for some constant C' <, 1,

B4(Mp+10g%) < Ot

— 2 .
niy CTcut

tails(p) +

B(

2 2 1
Doubling C by a factor 2, it is enough that tail}(p) < <t and n; > TeuB 08 5) e bhound

Crcut cut

follows. [ |

Appendix G. Learning Theory and Proofs in Appendix F

In this section, we review some fundamental while important results from learning theory, and
related proofs in Appendix F.

G.1. Concentration inequalities

We begin with Bernstein’s inequality (see e.g., (Boucheron et al., 2005, Chapter 2)).

Lemma G.1 (Bernstein Inequality) Ler Z1,...,7Z, € R be i.i.d. random variables with |Z;| <
M and Var|Z;] < 0. Then, with probability at least 1 — 6,

2
< 202 1og(1/90) n Mlog(l/é).
- n 3n

1 n
-7 - E[Z)]
n-

=1

The following is a simplification of (Mackey et al., 2014, Corollary 4.2).

Lemma G.2 (Matrix Hoeffding) Ler Y1,...,Y, € R™9 be iid. symmetric matrices with
E[Y] = 0and ||Y||2, < M. Then, with probability at least 1 — 0,
1< 2log(2d/§
- ZYi <M M_
n

=1

n

op
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G.2. Learning with finite function classes

Lemma G.3 Let ® be a finite class of functions ¢ : W — RF, and let ¢.(w) be a nominal function,
possibly not in ®. Let M > 0 be a constant such that sup,,,cy maxgeca || (¢ — ¢*)(w)||2 < M, and
let D be a distribution over pairs (w,z) € W x RF such that |z — ¢*(w)||2 < M and E[z | w] =
¢*(w). Define R() := Eunplll¢(w) — ¢*(w)[1P], Ln(9) := & i, l|o(wi) — ¢*(wi)||*, and set
Ry (¢) = Ln(®) — Ln(y). Then, for any & € (0,1), with probability at least 1 — §:

o The following guarantee holds simultaneously for all ¢ € ® and all o > 0:

RO (241)). M 10g(2/]/9)

2 a n

|R(¢) — Ra(9)] <

e All empirical risk minimizers ¢ € arg minge g ﬁn(¢) = argmineq Rn(qb) satisfy

R($) <2 jnt Ep((¢/(w) — ¢*(w))?] + 78M? loi(Q(I)| /8).

Proof Throughout, all expectations are taken under spaces from D. We expand
1
Ru(o) = Y Zi(9), Zi(9) = llo(wi) — zill* — [|¢* (wi) — 2.

By expanding
Zi(¢) := |19 — ¢*)(w) > + 2{(¢ — ¢") (wi), (¢" (wi) — 27)),

we see that

Furthermore, for all ¢,

E[Zi(9)*] = E[(|(é — ") (wa)|* + 2((¢ — ¢*)(wi), (¢* (wy) — 2:)))?]
< E[(I(6 = ") (wa)|* + 21I(¢ — ¢*) (wi)[|¢" (wi) — zil])?]
< E[BM|[(¢ — ¢*)(wi)l))’] = IM*R(¢).

Thus, by Bernstein’s inequality (Lemma G.1) and a union bound over all ¢ € ®, the following holds
with probability at least 1 — §:

18M?R(¢)log(2[2]/0) M?log(2|®|/5)

n n

Yo e, |R(9) — Ra(@)] < \/
Therefore, by AM-GM inequality, the following holds for all fixed o > 0:

aR(¢) N <9 N 1) - M?log(2]®|/9)

2 7 n

Vo € @, |R(¢) — Rn(d) — Ru(ds)| <

This establishes the first statement of the lemma.
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To prove the second statement, let ¢ € arg mingeq R(¢). Then, we have that on the event of
the previous display,

R(¢) — R($) = R(¢) — Rn(0) + Rn<<£s> —~ Rn<¢> +Rn(6) — R(9)
~ < ) M?log( 2\(13]/5)

< aR(d) + 2 (9 +1> M?log 2|<1>\/5

n
Selecting o = 1/2 and rearranging

1

“R(¢) < R(d) +2(18 + 1) - W.

The bound follows. [ ]

G.3. Proof of Lemma F.1

The first inequality is a direct consequence of Lemma G.3. Here, we take the function class ® =
Fp % Gp, so log |®| = M,. Moreover, by Assumption 2.7, we can take

M= sup sup((f(z),9(y)) - (f*(z),9"(y))) < 2B

?p€f7g€9p z,Y

The second inequality uses Assumption 2.5 to bound R( I 9 Dirain) < Kapx R( I 9 Dig1)s
and noting the fact that R(f,, g;; D1g1) = tail;(p) by Lemma M.4. The third inequality uses
Assumption 2.2, incurring an addition factor of Kty. |

G.4. Proof of Lemma F.7
Let ® := {(z,y) — (f(z),9(v)), (f,9) € Fr x G, }. Further, define
B3 = ([*(2), 6% (®)),  bax = (), Qrg(v))-

We define Ds as the distribution of (x,y,2) ~ Diyain, and Dy as the distribution of (2/,y/, 2’),
where (2, y') ~ D1g1 and 2’ = ¢4 (2, y’). We compute that, using Assumptions 2.4 and 2.7, and
the last statement of Proposition F.2,

supmj)lx ¢z, y) = dax(z,y)l| < 2B

x?y
sup max [|¢(z, y) — da (@ y)l < (1+ V2n1) B
Ty

and

log || = log | Fr |G| = M
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Fori € {3,4}, let R; and ﬁi,ni, Rmz denote the corresponding excess risks as in Lemma G.3,
the following holds with probability at least 1 — ¢/3 for all ¢ € ®

B*(M,. +10g(12/6))
B*(M, + ljg(12/5))

Ra(6) = Ran () < JRA(0) + (19 (2 4 2my)) Z-or T OB,

where we set a = 1/2 in the first statement of Lemma G.3. Set R)(¢) = R3(¢) + AR4(¢). Then if
¢ € arg mingeq L35 (¢) + ALy, (¢) = arg mineq R3.05(0) + ARy, (6), we see that for any
other ¢ € arg min,eq Ra(¢),

IRs(6) — Rs.g(é)] < 1 Rs(6) +(19-4)

- B4, + log(12/6)) B4, + log(12/6))

RA(B) — Rald) < {(RA(3) + Ra(d)) +2(19-4) L 2A(19- (2 4 201))

ns Ty
1 ~ A B*(M, + log(12/6
< ZRy(d) + 176 <1 " n1n3> (M, + log(12/ ))
2 N4 n3

Rearranging,

Rx(4) < 2R\(3) + 352 <1 n A”W«%) B4(M, + log(12/6))

nyg n3

To conclude, we handle the terms Ry (¢) and Ry (). First,
RA(9) = inf Rx(¢)
= inf (fag;Dtrain) +)\ED1®1[(<f, g> - <f~7 QT’ §>)2]

 (f.9)EF%Gr
< R(f} 95 Dirain) + AEpye, [((797) — (. Qr - 9))] ((f7,97) € Fr X Gy)
< RapxR(S7, 95 Drot) + NEpyg [((FF,97) = (F, Qe - 3)7) (Assumption 2.5)
= Kapxtail3(r) + )‘R[r](fa Q- 5 Diw1).

Second,
A A A
R(fv 9; Dtrain) + 7R[T](f7 9; D1®1>

2
= R, 3 Dussin) + 5,0, [((F,8) — (77 91))7)
< R(f, 4 Dirain) FAED, o, [((F, Qr - 3) — (£, )] +AEpy 0, [((F, Qi - ) — (£, 7))
=R3(¢) Ra(9) =Ry (f.Qr-§iD1o1)
= RA($) + ARy(f, Qr - §: D1sn)-

In sum, we conclude

A A R
R(fag; Dtrain) + §R[r](f>gv Dl@l)

)

N4 n3

A BY(M, + log(12/§
< 2hapxtails (1) + 3AR (f, Qr - g,'D1®1)+352( nms) (M +log(12/6))

which completes the proof. |
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Appendix H. Proof of Rate Instantiations

This section gives the proofs of Lemmas E.1 and E.2, the instantiations of our error bounds under the
spectral decay assumptions stipulated in Assumption 2.6. We begin by establishing the following
two spectral decay bounds.

Lemma H.1 (tailg Bounds) Suppose Assumption 2.6 holds. Then,
tail (1) < C(1+ ’y_i)(r + 1)1_7 (polynomial decay)
C(14+~1e "+t (exponential decay)
2 —1-2y .
taill (1) < 2({' (r+1) i o (polynomial decay)
taily(r) < C2(1 +~ Ne 20+ (exponential decay)

Lemma H.2 Suppose Assumption 2.6 holds, and o > 0. Then,

tail}(r)? < 302%r=2 (polynomial decay)
(@5 ~ | C?’(A+~y 1 +7)%e 2" (exponential decay)

The above lemmas are proved in Lemma H.1 and Appendix H.4 respectively. We give the proof of
Lemmas E.1 and E.2 in the following two sections.

H.1. Proof of Lemma E.1
In both decay regimes, we apply Lemmas H.1 and H.2. Under the polynomial decay, we have
70 - taily(r)?

(07)?
< 2002 pdy—1-27 | 02(1 + ,y—l)2r—27 + C2p2—20147) + 30276-27
SO+ 41202,

APXERRgs(r) == r? - tail3(r) + tail{(r)? + r* (o}, 1)* +

In the exponential case, a similar argument applies.

H.2. Proof of Lemma E.2

Again, let 1() be equal to ¢(r) = Cr~(*) for polynomial decay, and ¢ (r) = Ce~"" for expo-
nential decay; thus, under Assumption 2.6, 1(r) > o7.

Claim H.1 Suppose we take ocyy > 29 (reut). Then, if (reut) < 3%0'*, Condition E.1(c) holds.
Proof [Proof of Claim H.1] Observe that, if we select oyt = 2¢(7cut), then if ¥ (reyy) < éa*, thn
* 2 *
ZUTcut < Qw(rcut) = Ocut;, Ocut = 2w(rcut) < %U .

Therefore, Condition E.1(c) holds. |
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Polynomial Decay. From Lemma H.1, we have tail}(r) < C(1+~71)(reut + 1) and taily(r) <
2C2(reus + 1)~(1429) and by definition of 1, oeus > 200 (reut) = 2C7To ™). We then bound

o tail}(rey)?

ERRp1(Teut, Oeut) = T2t Oy + tail} (reut)? + e
cut
B 402y~ 20+27)
2 2 2 —1\2,,—2
< TeutOcut + ¢ (1 + v ) Cut’y + wgcu—t(lJr’y)
Tcut
_ 2 -2
< Tzutagut + 02(1 + (1 +7 1)2)rcut7 5 cuthut + 02( 2)rcut’y‘
Let us check each of the conditions of Condition E.1.
_ 1 745y
Claim H.2 Suppose that re, > max{c, 3;?} andp > ¢, "7 r 127, Then, Condition E.I holds,
and the interval [QCT;&HV), 2 o*] is nonempty.

Proof [Proof of Claim H.2] For Condition E.1(a), we need 7yt > 1, and tail§(rcut) < Cl 2,402 =
442 (02.,). It suffices that 202 (1, +1)~ 01427 < 402 2-2(14y)

CASTeu+1 2 eyt

c1 ' cut Cut 01 cut
it is enough that 1 < (2/ cl)r;i““LH27 = (2 /ct)rcut, which holds for r.yt > ¢;. For Con-
2 2

dition E.1(b), we need tail;(p) < cll :igz: We have tail5(p) < 202p~(1427) | and % . % =

- 402y ;12,:(1+7) > — % . 402r;1(t7+57). Hence, it is enough that p‘““w < T;I(:JFM), i.e.
1 7+5+
p > ¢, Pl For Condition E.1(c), Claim H.1 requires the choice of $(rey) < +o7, ie.
C’rcu(tH’Y) <1 3;07. For this, it is enough that ¢y > 3610 [ |

Exponential Decay. From Lemma H.1, we have tail}(r) < C(1 +~71)e ", tails(r) < C?(1 +
7~ 1)e=2", and by definition of ¢, oy > 20(reus) = 2Ce™". Then,

. tails (reut)?
ERRpr (TCUt’ Ucut) = rzuta—(?ut + tall;(rcut)z + Lcu;)
(UCut)

CA(1 4~ 1)2eHrmem
4626_2'77'cut
C4(]. + 7_1)26_477'cut
4C2e—27rcut

§ O-gutrzut + 02(1 + 7_1)26_27%‘“ +

< OeutTeut + CH(1+771) 272
S Ugutr(?ut + CQ<1 + 772)6727%‘“
We conclude by checking Condition E.1

BeC

Claim H.3 Suppose that ey, > max{cy, /c1(1 +~71), 1 log( )} and p > max{2re, = > log(r 5.c1) )

Then, Condition E.I holds, and the interval [2C'e™Veut | 32—60' | is nonempty.

Proof [Proof of Claim H.3] For Condition E.1(a), we need 7y > c1, and tail}(rey) < L7202

— ¢ TeutOcut =

;ir?ut(azut). It suffices that C?(1 + v~ 1)e 21mew < 45 r2, e~ 2 et For this, it suffices that

Teut = 4/ 01(1 + ’)/71-
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For Condition E.1 (b), we need tail5(p) < 1 C“t . We have tail5(p) < (1 +~71)C%e=2P, and
2 C
% . ‘:E“j: = riultq ~402 —2vreus  Hence, it is enough that e=27(P—7Teut) < = tq . For p > 2rey, it is

enough that e™"? < o Thus, it suffices that p > max{2rcy¢, = 5 log(r3,.c1)}. For Condition E.1
1

(c), Claim Hl.l req;iées the choice of 1(rcyy) < éa{, ire. Ce 1" < @0'1- For this, it is enough
that 7eut > 5 log(“5). [ |
1

This concludes the proof. |

H.3. Proof of Lemma H.1

We begin with the polynomial decay case, where o < Cr~(+7) We compute

tailf(r) = C Z n~ 147

n>r

<C(r+ 1)—(1+7) + / 2~
r=r+1
<CA+y Hr+1)77

and

tails(r) = C? Z n~2047)

n>r
< C*r+ 1)—2(1+7) +C? /Oo 220+ 4,
N z=r+1
< C*(1+ )+ 1)1 <20 (r 1),

1+ 2y
We now turn to the exponential decay case, where o < C exp(—7r). We have

tailj(r) =C Z e 1"

n>r
o]

< Ce ) 4 o e "dz
r=r+1

< C(A+yhe 0+,

and

taily(r) = 0 e

n>r

< (Cert2 L o e dy
r=r+1

< C2(1 + %771)(677(r+1))2
<Ly (eI,
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H.4. Proof of Lemma H.2

Let ¢(r) := Cr~(1*7) under polynomial decay, and ¥ (r) = C'e~7" under exponential decay. We
start with a useful claim, and then turn to the polynomial and exponential decay regimes in sequence.
Going forward, set A = o, and let 7 := inf{i € N : ¢(i) < A}.

Claim H4 tail}(r) < 7A? + tail5(7) and tail{(r) < (7 — 1)A + tail} (7).

Proof [Proof of Claim H.4] ¢(r) > o} = A implies r < 7.

T

taily(r) = > (072 = > (072 + Y (0})?

n>r n=r+1 n>r

<(F=1D(o71)* + Y (07)" =7(0})” + tail3(7)
n>r+1
< (F—1)A? + tail(7),

where we use that 07 | < A. [

Polynomial decay. For polynomial decay, we consider (i) = Ci~(+7)_ Then 7+ 1 = 1. inf{i :
1 1
C@@)~ 0+ < A} = 1 +inf{i : i > (A/C) ™5 }. Hence, 7 > (A/C) T and 7 + 1 <
1
(A/C) 7. By Lemma H.1, we have

142~
1+~

taily(7 + 1) < 202%(1 + )7+ 1)1 < 20%(A/0) (H.1)

1+ 2y

Thus, by Claim H.4, the above display, and the bound 7 < (A/C )_ﬁ,
142

taili(r) < (7 — 1)A2 + 202(A/C) TH7
< (AJO) T A 4 20%(A/C)
142y 1 5 142y

= AT O + 42C°(A/C) T+
1424 12y
Tty

= 3C%(A/C) T = 3C%(at/C)

142y
1+

Thus, using the above display and o < Cr— 1+,

2y

~2 = 302(0% /C)TT7 < 302

tail(r)? 2/ ) 20420
oy S3C(en/C) T

Exponential decay. For polynomial decay, we consider (i) = Ce . Then ¥ = inf{i :
Ce " < A} =inf{i:i >y 'log }. Hence,

C C
fZ’y_llogZ, f—lgv_llogx.
Then, by Lemma H.1,

taily(7) < C?(1 4+~ (e )2 < (14+47HAZ < C%(1 +471)AZ (H.2)
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Thus by Claim H.4,
- 2 -1 C\ A2 2 1 —1 ¢ *\2
tail;(r) < C°(1 4+~ "+ log Z)A =C*(1+~  +~ "log ;)(o-r)
Hence,
taily(r)? 2 -1 1 2 2
< 1 log — o
(o7)2 <SC (149 +7 OgU:) (o)

As zlog(1/x) is increasing in x, and as o} < C'e™ 7", the above is at most

Part 111
Supplement for the Meta-Theorem

Appendix I. Factor Recovery for Matrix Factorization

We recall the setup for matrix factor recovery; its relation to the bilinear embeddings is described in
Section 4.4. For matrices A*, A € R"*d B* B € R™*4 and matrices M*, M, and for orthogonal
matrices R € O(d), consider the error terms

Do(R, k) = [|(Afy — AR)(Bf) 12 v | A%y (B}, — BR)T|I? L)
A1(R, k) = |Afy — AR} V |Bf; — BRJ|E, (1.2)

where A[*k] and B[*k} are the rank-k approximations of A* and B*; formally®

A[*k} = A*P[*k], B[*k] = B*P[*k]7 P7, € projection on top-k eigenspace of (A")TA* = (B*)TB™.
(13)

Our guarantee for controlling these matrix error terms is perhaps the most challenging technical
ingredient of the paper. We state the following theorem, of which Theorem 5 is a specialization.

Theorem 7 Let A*, A € R™*% B* B € R™*% and suppose (A*,B*) and (A, B) are balanced
factorizations of M* = A*(B*)T, and M = AB". Let r = rank(M). Fix ¢ > 0 and s € N such
that s > 1, € > |M — M*||p, and € < %. Also, for g > 1, let tail,(M; k) := ., 0;(M)4.
Then,

6. While P[‘k] is non-unique in general, Theorem 7 ensures that there is a spectral gap at rank k, ensuring Pf‘k] is indeed
unique.
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(a) There exists an index k € [min{r, s — 1}] and an orthogonal matrix R € O(d) such that

(weighted error)  Ag(R, k) < €2 - 524, (e, 5) (L4a)
(unweighted error) A (R, k) < (V7 + s%)e 4 sog(M*) + tail; (M*; 5), (L4b)

where we define {, (€, s) := min {1 + log %, s}.
(b) Moreover, the index k satisfies

taily(M*; k) < s3€2 + s(0s(M*))? + taily(M*; 5).

(¢) The matrix R and k satisfy (AR)T AR > 39¢Py, and op(M*) — og11(M*) > 40¢/s.

Explanation of Theorem 7. There are a few essential points to the theorem, which we outline
below.

e The parameter €2 upper bounds || M* — M||%. When instantiated as in Section 4.4, €2 bounds
IMig1(f,9) —Migi(f*, g*) H% = R(f, g; D1g1). Because Diyain covers D g1, this ensures
that we can choose € sufficiently small for non-vacuous bounds.

e The theorem guarantees the existence of some index k € [s — 1] for which the error terms
with respect to the rank-k approximation is small. It may not be the case that kK = s — 1,
and indeed the construction of this index k can be subtle. Fortunately, this index k is only
important for the analysis, and need not be known by the algorithm. Such an index £ leads
to a partition of the singular values that enable us to better control the relative spectral gap
(see formal definition in Appendix I.1). This is the key to obtaining our improved bounds
compared to the literature.

e Part (a) of the theorem bounds A and Aq. Our bound on A is much smaller than that on A1,
scaling quadratically in € instead of linearly. This emphasizes the importance of weighting by
the co-factors A%, and B[*k} in Eq. (I.1), or equivalently (via the discussion in Section 4.4),
by the rank-reduced embeddings f7, g in Definition 4.3.

e Part (b) stipulates that truncating the spectrum of M™* at the index & is not much worse
than truncating the spectrum at the stipulated index s. Note that tailo(IM*; k) corresponds
to tail(k) (in Proposition 4.1) under the choices in Section 4.4. Hence, this is useful for
handling the term tail’ (k) that emerges in the risk decomposition therein.

e Finally, the statement ensures that, even though M* may not have a spectral gap at its s-
singular value, the stipulated index k does ensure o (M*)—oy11 (M*) > 40€¢/s. Moreover, it
also ensures that, after the rotation R, the column-space of AR contains the column space of
A*; this corresponds to Eq. (4.1), and ensures that the chosen rotation R makes (RT f,RT 9)
aligned proxies. This latter statement also gives some quantitative wiggle room when apply-
ing limiting arguments for continuous distributions (see more details in Appendix M).
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I.1. Proof roadmap

Technical challenges. The key challenge throughout the proof of Theorem 7 is that many classical
matrix perturbation bounds (e.g. Wedin’s theorem) require some form of separation (i.e. gaps)
among the singular values of the matrix to which it is being applied. In sharp contrast, we assume
no such condition on gaps in the spectrum of M*.

Specifically, we appeal to a lemma due to Tu et al. (2016) (see the restatement in Lemma 1.5),
which controls (up to a rotation) the Frobenius error of the factors X; — RX3, Y; — RY5 in terms
of the Frobenius error between their outer products Z; = X1Y1T and Zo = X2Y2T . When applied
directly to M = ABT and M* = A*(B*)T, Lemma L.5 has numerous limitations: (a) it requires
the factorization of M and M* to have the same rank k; (b) it requires a sufficiently large spectral
gap on o (M*) — 011 (IM*); (c) the error bounds scale with the inverse of this gap, which can be
very loose when o (M*) becomes small.

Our techniques. Instead of applying Lemma .5 directly, we construct a certain partition of the
spectrum of M*, what we call a “well-tempered partition” (Definition 1.3), which partitions the
indices [s] of the top-s singular values of M* into intervals where (a) all singular values are of
similar magnitude, and (b) the separation between the intervals is sufficiently large. Condition (b)
is necessary for applying gap-dependent perturbation bounds, but condition (a) allows us to refine
these bounds tremendously.

Specifically, we denote the subsets in this partition as KC; = {k; + 1,k; + 2, ..., kiy1}; we call
k; the pivot. We show that the partition ensures that the relative gap

_ 0k (M) — 0,11 (MX)

R VD) >

is at least £2(1/s). By contrast, note that with exponentially decaying singular values, the absolute
gap oy, (M*) — o,+1(M*) can be exponentially small.
With a careful change-of-basis, the above spectral partition induces a decomposition of A[*k} , B[*k]

and A, B into blocks according to the indices in the set ;. We then apply Lemma 1.5 separately
along each block, arguing that the factorization error is small block-wise. This significantly sharp-
ens our control over A (recall the definition in Eq. (I.1)) because we weight the error in block ¢ by
the largest singular value in that block. Working through the algebra, we end up only paying for the
relative gap, which as noted above is 2(1/s).

For both Ay and A, the above partition also has the advantage (indeed, necessity) that, by
restricting to each set /C; in the partition, we only need to consider the factorizations of the same
rank, and lower-bounded relative spectral gap. Recall that Lemma 1.5 establishes error bounds
on factors in terms of error bounds on their outer-product. By decomposing our matrices into
their restriction to the singular values index by XC;, we therefore need some way of controlling the
following: Denote by M;*Ci, M;Ci the SVDs of M*, M containing only singular values indexed by
J € Ki. How large is || M}, — Mg, ||p, in terms of ||[M* — M||p?

Again, our control over relative spectral gaps come to the rescue. Here, we invoke Theorem 1,
which shows that the error in the SVDs between these objects grows only with the relative spectral
gap, which as we have stressed, is well-controlled. This again reduces the dependence on the small
singular values of M*, which improves our bounds.

The formal proof is quite involved. Hence, we begin with an extensive setup of preliminaries,
simplification and useful notation before diving into the main arguments. But to summarize, the key
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tools are: (a) Lemma L.5 due to Tu et al. (2016), (b) our novel construction of the “well-tempered
partition” of the spectrum of M*, and (c) our novel relative-error perturbation bound.

I.2. Proof preliminaries

Singular value notation. We introduce the following notation for the singular values of M* and
their relative gaps:

1 _ Trr1(MY)

oy = op(M*), o5 =400, Of:= (M)

55 = 1.

Explicit factorization. We argue that, without loss of generality, we can pick factors A,B,A* B*
of a canonical form. Construct the SVDs of M and M* as

M=UsV' M =U* (V"'
where U, U* € R™*4, V, V* € R™*4 and 33, ©* € RP*4 are diagonal matrices with non-negative

entries arranged in (non-strictly) descending order. Note that p < min{n, m}. We now argue that
we may assume the factor matrices take the following form, without loss of generality:

A=U3:z, B=V3:, A*=U*Z"2, B*=V*(Z*):. (L6)

One can check that a valid choice of rank-k SVD for M* is given by A[*k} (B[*k} )T, where

1 1
Afy =U"(Z5)2, Bjy=V*(Z)2,
and 2[*1{] zeroes out all but the first & entries of 32*. The assumption that the matrices take the above

form is justified by the following lemma, which shows that any bounds on Ay, A; hold for the
factorization in Eq. (1.6).

Lemma L1 Assume that A, B, A* B* take the form Eq. (1.6). Let (A',B') and (A*,B*') be
any other rank-d balanced factorizations of the matrices M and M*, respectively. Then, for any

R’ € O(d), there exists a R € Q(d) such that
I(AGy — AR)(Bi) 12 = (A, — AR) BT I2, AL By, — BR)T[2 = A% (B, - BR) |2
IA%) — AR[[E = |Af;) — A'R'|E, 1B}, — BRI = |Bfj; - B'R[}.
Moreover, if
A T/ A * \ T *

rowspace ((A[k]R) (A[k]R)> D rowspace ((A[k]) ( [k])> ,
then

rowspace ((A'[k]R')T( A '[k]R’)> D rowspace ((A[*,;})T(AE‘,;]D :
The above lemma is proved with the following fact.

Lemma L2 Let (A, B) be a rank-at-most-d balanced factorization of a matrix M € R™*™. De-
note a SVD M = USV (with & € R¥4), Then, there exists a rotation matrix R. € O(d) such
that A = UXY?R and B = V2R, Moreover, this R satisfies A[k] = UE[lk/]2R, where E[k]
masks the all but the first k entries of 3, where Ay, is consistent with the definition of SVD as
Eq. (1.3). We similarly define Byy.

The proofs of Lemmas 1.1 and 1.2 are given in Appendix K.1.
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Masking. It will be convenient to have compact notation for masking entries of matrices. Recall
that the index d refers to the “inner dimension”, e.g. A € R™*?,
To begin, we define masking for square matrices. For matrices X € RP*4, and KC C [d], define
the matrix X € RP*? by masking X’s entries in K:
(XIC>ij = ]I{Z ek and j € IC} . X,‘j.
We also define the shorthand notation

Xk = Xa)\[k]
with the convention that X o) = 0.

. . . . 1
Next, we define masking for factors matrices. Given a matrix of the form A = UX2, where
U € R™*? and ¥ € RP* is diagonal, we define

1 1 1 A A A
Ac=U3}, Ayp=US;, A, =U3%, (AU e{(A" U3, (A,U,3)}

We define analogous notation for B,B*. Finally, we define
My = AxcBg, My = A[k}BEJE;p M.y = ABL,
(A,B,M) € {(A*,B*,M*), (A,B,M)}.

In particular, M) is the rank-k approximation of M, for M € {M, M*}.

Partitions & Compatibility. Importantly, we consider the set &C which partitions the inner dimen-
sion d into disjoint intervals. We call these sets monotone partitions.

Definition I.1 (Monotone Partitions) We say that (K;)i_, is a partition of [d] if Ule Ki = [d],
and the sets {Ki}le are pairwise disjoint. We say that it is a monotone partition if there exists
integers 0 = k1 < -+ < ky < kyy1 = p such that K; = {k; + 1,...,kix1}. In particular, this
means ICy = {k¢ + 1,...,p}. We call the entries k; the pivots of the monotone partition, and call
the entry ky the final pivot.

Definition 1.2 (Compatibility) We say a matrix X € R4 is compatible with a partition (K;)¢_,

of [d] if X = 31, Xre,.

In particular, if (ICi)le is a monotone partition, then compatibility means that X is a block-diagonal
matrix whose blocks corresponding to the indices in the sets KC; forall ¢ = 1,--- | /.

L.3. Key error decomposition results

The following lemma decomposes the error across the partitions:

Lemma 1.3 Let (K;)¢_, be a monotone partition, and let R € RP*? be compatible with (K;)_;.
Then
01

(A%, —AR)B, )T =Y (A*,Ci - A,CiR,Ci) BT, (17a)
~ [:1 ~ ~
(A%, —AR) =Y (Aki ~ Ag, RK;Z.> — AR, (17b)
=1

with the analogous composition being true for (B’[*ke] —BR) and A’[*kz] (B’[*ke] ~BR)".
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In what follows, we choose the matrix R above to be orthogonal. However, orthogonality of R is
not strictly necessary the decomposition in Lemma I.3. Conveniently, the decomposition of (A[*k:g} —

AR) (Bfkd )T does not incur a dependence on the tail A, R, of A, thereby avoiding all singular
values after the final pivot. This is one of the reasons why the weighted error Ag ends up being
smaller than the unweighted A;. The proof of Lemma 1.3 is given in Subsubsection K.2.1.

In our analysis, we consider partitions of [d] that enjoy favorable spectral properties: first, every
pivot k; has large relative spectral gap 6;1, (for M™), and second, the largest singular value in each
partition is at most a constant times that of the pivot of the next partition.

Definition 1.3 (Well-Tempered Partition) We say a partition (K;)'_, is (6, j1)-well-tempered if it
is monotone, and for all i € [{], the corresponding pivots k; = ming{k — 1 : k € K;} satisfy

* .
(a) 5%, > 6,
(b) max{o}, : k' e Ki} < p- Ol
For such a partition, we define the constants

¢ l

Mspace = Z(ézi)—Q’ and Mspec = Z(Uzi)—l.

i=1 i=1

At the end of the proof, we show that a well-tempered partition always exists with 4 = O (1) and
0 = 1/k, and where Mpace and Mgpe. are well-behaved. For now, let us carry the analysis out in
terms of the properties of the supposed partition. The key object in the analysis is the normalized
error:

Definition 1.4 (Normalized Factored Error) Let (ICZ-)f:1 be a monotone partition. We define the
normalized error term for i € [{] as

Ei(R) = { (8}, A8, )0k, } - max {1 A%, — AxRuc,IF, Bk, — BoRe, 2}

We now bound our given error terms in terms of the E;-quantities. The proof of the following
lemma is given in Subsubsection K.2.2.

Lemma L4 Let R € Q(d) be compatible with a (6, j1)-well-tempered partition (K;)_, with pivots
{ki}ici- Then

Do(R, k) < 2p - Mpace - n[lgaﬁ}E i(R) (I.8a)
A(R, k) < Mspec max E;(R) + Z o (1.8b)
’ - 62 1€[0—1] ~ ! )
1>ke

L.4. Controlling the normalized errors

As shown in Lemma 1.4, bounds on both Ag and A; amount to bounding (suitably rotated) er-
rors between the factorizations of the ground-truth and estimated matrix. To do so, we invoke the
following factorization lemma due to Tu et al. (2016).
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Lemma L5 ((Tu et al., 2016), Lemma 5.14) Let (A, B) and (A’,B') be rank-r balanced factor-
ization of matrices M and M, respectively. Suppose that |M — M'||op < 30,(M). Then, there
exists an orthogonal matrix O € Q(r) such that

M PTHQ
A—A/02+ B—B/02<67H F,

__2
where ¢y = NoE
As a consequence, we can deduce the following bound on the normalized error terms.

Lemma L6 Let (K;)¢_, be a (3, p)-well-tempered partition with pivots {k; }ielg- Define

€op = max 87 Mk = My llops  &vo := max 8%, M) — M [[e- (19)

*

2‘ , there exists a R € O(d) which is compatible with (K;)t_, such that

Then, if €op <

-2
Hé?é{ E;(R) < deoffy S &
7

__2
where ¢y = NoE

To prove the above lemma, we invoke Lemma 1.5 to bound [[A}. — Ai, Ry, ||r and IBg, —
B;C Ry, ||r in terms of HM* 1\71;@ |lr. Then we notice that M;C = l\A/I[kLH] M[k] and M. =
MU%H} M[*k | SO we can "derive a bound directly in terms of the differences between rank-k;
SVDs. The proof is given in Subsubsection K.2.3. In applying Lemma 1.6, we crudely bound
€op < €fro, but the above lemma is stated so that a more refined analysis may be possible.

We now bound ég., using a generic bound for the SVD decomposition, which we state below.

Theorem 1 (Perturbation of SVD Approximation with Relative Gap) Ler M*, M € R™ ™ Fix
a k < min{n, m} for which o,(M*) > 0 and the relative spectral gap d,(M*) (Eg. (1.1)) is posi-
tive. Then, if | M* — M|op < 0oy, (M*)8,,(M*) for some € (0, 1), we have that the rank-k SVD
approximations of M* and M, denoted as M’[*k} and M[k], are unique, and satisfy

9HM M*||p
Sp(M*)(1 — 1)

Taking 7 = 1/10, and noting that 8} > d and o}, > oy, for all pivots ina (6, u)-well-tempered
partition, we have the following corollary.

- My |y <

Corollary L1 Suppose (K;)!_, is (6, ju)-well-tempered, and |[M — M*|op < 05,6/10. Then,
€t < 10 M — M*||p.

Combining with Lemma 1.6, and then Lemma 1.4, we obtain the following guarantee.
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Proposition L1 Suppose (K;)!_, is (8, p)-well-tempered, and |[M — M*||p < d0%,/40. Then,

there exists an orthogonal matrix R € O(d) compatible with (KC;)%_, such that

mae B5(R) < 400cy [N~ M 5 [V - M.
1€

Therefore, by Lemma 1.4, this orthogonal R and index ky satisfy
AO(R7 kf) S ,UstpaceHM - M*H%7 (Iloa)

M, - -
Ar(R, ky) S =557 M= M| + /7| M — M| + taily (M k). (I.10b)
Proof If || M — M*||p < 07, /40, then also | M — M*|lop < 07, 8/10, 50 € < 10 M — M*||pp.

Hence, €,p < €po < 10”1\7[ — M*p < 502@ /4. Thus, by Lemma 1.6 followed by Corollary 1.1,
there exists an orthogonal matrix R € O(d) compatible with (K;)_, for which

m%Ei(R) < deodfy, < 400co | M — MBS ||V — M.
1€

Eq. (I.10a) now follows directly from Lemma I.4. To achieve Eq. (I.10b), we see that directly from
Lemma 1.4,

Ms ec ~ ¢
Di(R. k) € =53 M= M+ oi(M). (L11)
i>ky

~

Using that rank(IM) = r, we have

T T T
YoM = > oM< D> oMY+ D oi(MY) — oy(M))]
i>ky i=kg+1 i=kg+1 i=kg+1

r

< Z oi(M*) + |r Z |03 (M*) — 03(M) 2

i=kg+1 i=kg+1
T
< Z oi(M*) + /r|M* — M||p Lemma K.3
i=kp+1

= taily (M*; kg) + /7|[M* — M||p.

The desired bound follows by combining with Eq. (I.11). |

L.5. Existence of well-tempered partition

To conclude the proof, it suffices to demonstrate the existence of a well-tempered partition of the
singular values of M*, for which Mgpace, 1/6, 1, Mgspec are all of reasonable magnitude. To do so,
we focus on the pivots. One important subtlety is that, for any given k£ € N, 6; may be very small,
indeed even equal to zero.

Hence, to construct the well-tempered partition, we take in a target rank k;1, and show that we
can use a slightly smaller rank k; for which 621_ > 1/ki+1. We then argue that we can construct

61



SIMCHOWITZ GUPTA ZHANG

a sequence of pivots ki, ko, ... for which singular values within those pivots are within a constant
factor (the p-parameter for well-temperedness), the 621_ parameters are lower bounded (hence lower
bounding the § parameter). In addition, this partition ensures that the singular values at the pivot
points grow at least geometrically. This is helpful to control Mgpace and Mgpec. The following
technical lemma is proved in Subsubsection K.3.1.

Lemma 1.7 (Singular Value Spacing) Fixany s € Nand o € [0}, 07]. Then, there exists integer
¢ € N, and an increasing sequence 0 = k1 < ky--- < ky < kyp1 = s such that the following is
true:

(a) Fori € [l], 85 > 1/kiy1 > 1/s.
(b) Fori =1/, J};H < 2eo, and fori € [{ — 1], a;ﬁl < 2620'2i+1.
(c) Fori==¢, 0’}; > o, and fori € [ — 1], U,’; > ea,:iH.

With this technical lemma in hand, we can demonstrate the existence of a well-tempered parti-
tion with a number of desirable properties. The following is proved in Subsubsection K.3.2.

Proposition 1.2 (Well-Tempered Partition) Fix any s € N and o € [o},0%]. There exists a
partition (K;)5_, of [s], which is (6, ju)-well-tempered with parameters satisfying

(a) 6 >1/sand u < 2€>.

(b) ky <s, 01:2 > o, and Mspec < (,

(¢) Mspace < Lo s - 5%, where £y s := min{1 + [log IM* ”"I’L sh.
(d) tail; (M*; ky) < 2eso + tail; (M*; 5) and taily(M*; ky) < 4e?s0? + taily(M*; s).
I.6. Proof of Theorem 7

We recall the theorem here for convenience.

Theorem 7 Ler A*, A € R™*? B* B € R™*Y, and suppose (A*, B*) and (A, B) are balanced
factorizations of M* = A*(B*)T, and M = AB. Let r = rank(M). Fix e > 0 and s € N such
that s > 1, € > |M — M*||p, and € < %. Also, for ¢ > 1, let taily(M; k) := >, 0:(M)4.
Then,

(a) There exists an index k € [min{r, s — 1}] and an orthogonal matrix R € O(d) such that

(weighted error)  Ag(R, k) < €2 - 520, (e, 5) (I.4a)
(unweighted error) A (R, k) < (V7 + s2)e + sos(M*) + tail; (M*; s), (L4b)

where we define , (e, s) := min {1 + log HIZIOSHOP’ s}.
(b) Moreover, the index k satisfies

taily(M*; k) < s3€2 + s(05(M*))? + taily(M*; 5).
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(¢) The matrix R and k satisfy (AR)T AR = 39ePy, and op(M*) — 041 (M*) > 40¢/s.

Proof [Proof of Theorem 7] Fix any s € N. To tune the bound, we also fix a parameter o €
[0s(M*), || M*||op]. We shall tune o at the end of the proof such that the following inequality is
satisfied

Extracting the balanced partition. Consider the balanced partition that arises from applying

Proposition 1.2 with parameter s and singular value parameter o, and let k; be the resulting last

pivot. Note that o3, > 0, 87 > 1/s, and k¢ < s;i.e. k¢ € [s — 1]. We shall ultimately choose the

promised & in the main theorem to be ky, but retain the ¢-subscript for clarity in the proof below.
As a consequence of Eq. (I.12), we have

€< —=, 1.13)
Note that Eq. (I.13) implies &y < r, because
Ukz(M> > oj, — ||1\A/I = M|op > of, —€> 0.

Moreover, we have

(Ki)_y is (8, ju)-well tempered for 6 = 1/s, pu < 2e*=0O(1). (L.14)
In particular,
< 2%, L5

We shall use Eq. (I.15) as the sufficient condition to invoke Proposition I.1. In addition, due to
Wey!’s inequality and Eq. (1.13),

- ~ 39
Ok, (M) > o, — [|[M — M¥|[op, > Eazz > 39¢ > 0. (1.16)

We shall use this lower bound to verify the positive semi-definite domination of Pfk] at the end of
the proof. Finally, we can also check that o, — agul > 40¢/s via similar manipulations.

Applying the error bounds. In addition, Eq. (I.15) allows us to apply Proposition I.1. This means
that there exists an orthogonal matrix R, € O(d) which is compatible with (1C;){_; such that the
following holds

2.2
€ - Mspace S €S ea,s (p S 1, Mspace 5 3260,5)

Ve + 82 Mypece? + taily (M*; ky)
25>
S Vre+ —— + so + taily (M*; 5)
o
(0 > 1/s, Mgpec S 1/0, taily (M*;s) < so + taily (M*; s))

2.2
S Vre+ T 4 so + tail (M 5) (¢ < o/(40s) due to Eq. (1.12))
gs

< Vre+ so + taili (M*; s).
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Above, we used Proposition 1.2 which affords ;1 < 1, Mgpace S 32&,,3, § > 1/s, Mypee S 1/0,
and tail; (M*; s) < so + tail; (M*; s). To summarize,

Ao(R, k) S € p- Mypace S €252 55, A1(R, kg) < Vre+ so +taili(M*;s).  (L18)

~

In addition, note from Proposition 1.2 that
taily (M*; ky) < 502 + taila(M*; s).
Tuning parameter . We choose
o = max{o},40se}. (1.19)

This ensures that two of our constraints on ¢ are satisfied: i.e. ¢ > o7, and that ¢ < ;7-. For our
third constraint, ¢ < o7, to hold, this requires that e < o7 /40s, which is ensured by the condition
of the theorem.

Applying our choice of o to the error bounds. For this choice of o, we have

M*
ly s := min {1 + [log m}, s}
o

M~ M~
< min ¢ 1+ [log HZLOSH:I)L s p S min {1 + log H 405“6013, S} =l (e, 5).
>1

Thus, by Eq. (I.18)
Do(R, k) S €8 5%u(e, ).
Similarly, Eq. (I.18),

A1 (R, kp) S V/re+ smax{o},40se} + tail; (M*; s)
< (Vr 4 8%)e + sot + tail) (M*; s).

Finally, using 0 = max{c},40se}, we bound
taily (M*; k¢) < 502 + taily(M*; 5) < 362 + s(0%)? + taily(M*; 5).
We conclude by setting k = k.

Checking PSD domination. Lastly, we check the relevant PSD relation. Recall our choice k =
ke. Let Vi, denote the range of the projection Pfk] , which is the span of the first k£ basis vectors under
Eq. (1.6). Let v = (v1 +v3) € RP be such that vi € V, and v is supported on the remaining p — k
basis vectors. Then, since R. is orthogonal and compatible with (K;)¢_, and since Ule Ki = [k],

we have

R (v1+va) = (w1 +wa)
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where ||w1| = [|v1||, |[w2]| = ||v2]|, and again (w1, wa) decomposes into the first k£ and remaining
p — k coordinates. Using Eq. (1.6), moreover, ATA = 3. Hence,

vIRTATARY = (wi + wy) | Z(w; + wa)
> () [wall* = o, () va|?
= ak(E)v]—Pfk]vl = Jk(E)VTPfk]v,
as vy is the projection of v onto Pf,,. Lastly, as A is balanced, 0%(2) = 01,(M) := Tk, (M) > 39¢
due to Eq. (I.16). This completes the proof of our Theorem 7. |

Appendix J. From Matrix Factorization to Bilinear Embeddings

This section gives the limiting arguments that proceed from results about matrices to results about
Hilbert-space embeddings under potentially non-discrete distributions. Specifically, we prove the
following

Theorem 8 (Error on D;g1) Suppose ( f ,g) are R"-embeddings. Then, for any s € N and error

bound € > 0 such that (i) €2 > infgssq R[Sq(f,g;Dl@) and (ii) s < ”):1%16“0‘” , then we have:

(a) if (f,§) are full-rank, then there exists an index k € [min{r, s — 1}] and functions f : X — H
and g : Y — H such that (f, g) are aligned k-proxies and the error terms are bounded by

(weighted error) Ao (f, g, k) + tail(k) < 5362 + s(a%)? + tail}(s), (J.1a)
(unweighted error)  Aj(f, g, k) < (V7 + s2)e + so + tail}(s); (J.1b)

and (b) if €1g, < (1 — o~ 1)(o})? for some o > 1, then ( f,§) are necessarily full-rank, and
or(f,9)2 > (67)2/a, where we recall the definition of o,-(f,§) in Eq. (3.1).

Remark 9 A few remarks are in order. The condition € > infy>s—1 Ris (f, §; D1g1) is for tech-
nical convenience; for intuition, one should think of € = R( f ,0;D1g1) as the risk on the “top-
block”. Next, we observe the differences in scaling: due to the weighting, Do(f, g, k) + tail3(k)
scales with €2, and with the squares of singular values, whereas D1(f, g, k) scales with ¢, and {1-
sums of singular values. This is essential, because it means that the term 2 (tail3(k)+ Do (f, g, k)+
Atrain)Q in Proposition 4.1 can decay to zero. Lastly, our theorem gives us sufficient conditions on
which o, ( f , §), which appears in the aforementioned Proposition 4.1, is indeed lower bounded.

We begin in Appendix J.1 by stating an intermediate guarantee for Theorem 8, Theorem 10, to
whose proof the majority of this appendix is devoted, and provide preliminaries and review proof-
specific notation in Appendix J.2.

To prove Theorem 10, we adopt the standard technique of approximation by so-called simple
functions:

Definition J.1 (Simple Functions) Let Z be an abstract domain. We say that a function i : Z —
RP is simple if its image 1(2) is a set of finite cardinality.
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In Appendix J.3, we show that our factorization theorem for matrices (i.e. Theorem 7) directly
implies Theorem 10. Subsequently, Appendix J.4 extends the guarantees to arbitrary (possible non-
simple) functions, but with the restriction that they have a finite-dimensional range. The idea is
to approximate our actual functions f, f*, g, g* as the limit of simple functions. The steps in this
section are mostly routine, but some care must be taken to ensure all the simple functions can be
balanced under D in the sense of Definition 4.1; recall that (f, g) are balanced (under D ;) if

Ep,,[ff'] =Epy,l99"].

To facilitate this, we show that when all the embeddings have we can approximate f, f*, g, g* by
simple functions whose range is “smaller” than the limiting function they approximate. Care must
also be taken to handle the rotation matrices which align the functions ( f*, g*) with their estimates
(f.9).

Finally, Appendix J.5 removes the restriction of a finite dimensional range, thereby concluding
the proof of Theorem 10. Subsubsection J.6.1 contains the proof of all supporting claims. Lastly,
Theorem 11 provides the generalization of our main SVD perturbation lemma, Theorem 1, to gen-
eral distributions.

J.1. Factor recovery for one block, Theorem 8

We first prove a variant of Theorem 8, from which that theorem can be readily derived.

Theorem 10 Suppose that (f, g) embeddings E'D1®1[(<f, 3 — (f* g% < € and pick any

.. > o ;oA .
positive s € N and s > 1 such that s < I 14%16H L. Then, (f,g) are full-rank, there exists a

k € [s — 1] and functions f : X — H and g : Y — H such that

(@) (f(x),9(y)) = (f(2), §(y)) for all (z,y).
(b) The functions (f, g) are valid proxies for f , § in the sense of Definition 4.2.

(c) The following error terms

AO(f?.gv k) ‘= max {E'D1®1 [<f1:792 - g>2] ) IE'D1®1 [<fl: - fa g;>2]}
Ai(f,9,k) = max {Epy, | i = fII% Epy, gk — g1}

are bounded by

Do(f, 9, k) + taila(Zigi; k) S s°€® + s(02)? + taila(Tig; 8)
A(f,9,k) S (Vr+ s%)e+ sos + tail (g ),

(d) For any j, Gj(f,{?) > 0j(¥%) —e

Moreover, if instead of assuming ( 1 ) are full-rank, but in addition we assume that € < o,(X3g1),
then (f, g) are guaranteed to be full-rank so that the conclusion of the above theorem holds.
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Let us now prove Theorem 8.
Proof [Proof of Theorem 8] Fix any s. Consider any s’ > s — 1, and define f* := [ and g* := gJ.
Define Ao(f, g, k), A1(f, g, k) and £1g1analogously, with f*, g* replaced by f*, g*. Finally, set
e :=Ep,, [((f,9)—(f*,5*))?]. Applying Theorem 10 with f*, g* +— f*, §*, we find the existence
of f, g satisfying points (a), (b), as well as well as

Al(f7 9, k)
Ao(f. g, k) + taila(Z1e1; )
where above we bounded /, (¢, s) < s. Observe that k € [s — 1], it holds that f; = f; and g} = g;.

Moreover, since 21@)1 < Zf@ (since the former is an SVD approximation of the latter), and since
05(21®1)2 < os( »{@1)2,

(Vr +5°)e + 505(Z101) + tail (Z101; 5)
s3e2 4+ 805(21®1)2 + tai|2(21®1§ s),

ANRIA

Al(faga )

S (f+s e+ soy + taili (Eigs 5)
Ao(f,g,k) + taila(Z1g15 k) < 5°

e+ s(0%)? +taila(Tigy; s) + €2 - s°

Lastly, notice that

taily (E3g0; k) = taila(S1e1; k) + (o
i>s’

< tailg(Z101; k) + (03)? + taila(Zig; 5)
< 8% + s(0%)? + taila(Tigy; ),

where above we use s’ > s — 1. Hence, these differences get absorbed by the above bound on
taily(X*; k), yielding

Do(f, g, k) +taila(Z55 k) < 5% + s(ok)? + taila(X]g; 5).
Since the above was true for any s’ > s — 1, we can replace € with any e satisfying

€= inf Ep,,[((f,9) — (3.95))°).

§'>s—

as needed. Finally, the last part of Theorem 8 is directly implied by Theorem 10(d). |

J.2. Proof preliminaries

For the majority of the proof, we assume that H = RP; that is, the embeddings are finite dimensional
(recall that all finite dimensional Hilbert spaces are isomorphic). This restriction is the simplest to
remove, so we save removing it till the end of the argument. We also study balanced functions f, g
directly, and remove the balancing requirement at the end.

Setup. Let Dy and Dy be distributions over X and Y which have finite support, and let Dy :=
Dy ® Dy denote the product measure. We consider functions f, f*: X — RP and g,¢g* : Y — R?
whose inner products have squared error egre 4

eprea = Epg[(£,9) = (/*,9"))], D :=Dx®Dy.
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Key objects. When reasoning about functions of random variables, we no longer have finite ma-
trices whose singular values we can reason about. Instead, it is more convenient to describe spectral
via expected outer-products. The following objects are central to our consideration:
] =Ep,[9g']
3% = Ep, [(f)(f*) "] = Epy[(¢")(g") ']
taily (X; k) := Zai(Z)q, q>1, X eRP?

fi=Pif, gk =Py
fe =Prf,  gr:=Pxyg,
where P is the projection onto any top-k eigenspace of 3* (unique when o, (X*) > oj11(X%)),

and Py, is the projection onto any top-k eigenspace of 3.
We consider the following error terms:

Ao(R, k) = Ep, [(f — R, g5)%] V Ep, [(f#, Rg — 7))
A1 (R, k) = Ep, [[| ff — RfIP] V Ep, [|Rg — g;l%]
€ > Ep, ., [((f,9) — (f*,9))"] d.2)
egred,k 1= Ep, g0 [((frs 98) — <f1:791:>)2]~

Outer product notation. To reduce notational clutter, we introduce a compact notation for vector
outer products. Given a vector v € RP, or more generally, functions f : X — RP and g : Y — RP,
we let v®2 1= v, fO2 .= ffT ¢®2 .= ¢4T Notice that the typesetting of ®2 differs from
the standard tensor product ® so as to avoid confusion with tensor-products of distributions, as in
Dx & 'Dg .

J.3. Guarantee for simple functions
For simple functions, Theorem 10 items (a)-(d) translate to the following guarantees.

Proposition J.1 Suppose that (f, g) and (f*, g*) are simple functions, and balanced under Dg =

Dy @ Dy. Further, suppose € as in Eq. (J.2) and s € N satisfies € < %. Then, there exists an
index k € [s — 1] and an orthogonal matrix R € Q(p) such that

Ag(R,E) S €2 5%, (e, 5) (J.3a)
AR, k) < (V4 8D e + 505(Z*) + tail (B*; ), (1.3b)

where we define {, (e, s) := min {1 + log %, s}. Second, the index k satisfies

taily(X*; k) < s3€% 4 5(05(2*))? + taily(T*; 5).
Third, R and k satisfy
RIR' = P}, 0p(Z%) — ops1(T*) > 40¢/s,

and lastly max; |o;(X*) — 0;(2)| < e
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The key property of simple functions we use is that their expectations can be reduced to those
over finitely-supported distributions. The following is proved in Subsubsection J.6.1.

Lemma J.1 Let f1,...,fo : X = RPand g1,...,95 : Y — RP be simple functions, and let Dy
and Dy be measures over X and Y, respectively. Then, there exist finitely-supported distributions
Dy and Dy such that, for all functions ¥ : RP(+0) s Vo mapping to some Euclidean space Vv
(possibly different for each V), we have

EDx@Dy [‘lj(fl(x)’ cees fa(x)agl(y>v cee vgb(y))] = E@x@ﬁy [\I](fl(x)7 B fa($)vgl(y)v cee ’gb(y))]'

We now turn to the proof of Proposition J.1.
Proof [Proof of Proposition J.1]

By Lemma J.1, we may assume without loss of generality that Dy and Dy are distributions with
finite support; indeed, by appropriate choices of W, the discretization preserves expected outer-
products (e.g. 3*), balancing, the projection P7, and A, A;.

Continuing, assume n = [supp(Dy)| and m = |supp(Dy)|. By augumenting the support
with probability-zero points, we may assume without loss of generality that p < min{n, m}. Let
Zi,...,Tn and y1,. ..,y denote the elements of supp(Dy) and supp(Dy). For i € [n] and
J € [m], define p; := Prup,[r = 23] and q; = Pyp, [y = y;]. We define the matrices M*, M e
R™ ™ via

M = /pid; - (f* (@), 9% (y;)), My = /pid; - (f (i), 9(y;))-

Further, define matrices A*, A € R™*? and B*, B € R™*? via their rows:

ALy = Vel (@), By = V@) Agy = veif(@)', By = vagy)'
We readily check that

M* = A*(B*)! M=ABT.

Proposition J.1 follows directly from Theorem 7, after invoking the substitutions invoked by the
following lemma (and taking R < RT):
Lemma J.2 The following identities hold.

(a) 0s(M*) = 04(2*) and o;(M) = 04(X).

(b) IM* = MR = Epyeny [(F4(2), 67 () — (£ (), 9(0)] i= €heq < € Consequentl, by
0i(%4) — 03(E)| < [M* — Mlop < [M* — M]lr < e

Weyl’s inequality,
(c) (A")TA* = Ep, [(f*)(f*) ] (B*)'B* =Ep, [(9")(g") ] so that (A*) T A* = (B*) 'B*.

Similarly, ATA = Ep,[ff']and BTB = Ep, [99"], sothat ATA = B'B.

(d) Using SVD approximations in the sense of Eq. (1.3), we have that A}’s i-th row is \/p; -
f,:(xi)T and Bj’s j-th row is \/q; - gz(yj)T (notice, the k is in the subscript). Similarly, we
have that Ay’s i-th row is VPi- fu(x;) " and B.’s J-throwis \/q; - gk(yj)T.

~BRT)T|}.

(e) Do(R,k) = [[(Af; — ART)(B},

5 IE VAL, (B

[¥]
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() A1[R, K] = [[Af, — AR} v IBfy — BR'|3.

Proof The proof of point (a) relies on point (c), namely (A*) " A* = (B*) " B* (the argument is not
circular, because the proof of point (c) does not rely on point (a)). Using this, we see (A*) T A* =
(B*) "B*. Thus, from Lemma 1.2, ¢;(M*) = o;((A*)" A*). Invoking point (c) again, we find
oi(M*) = 0;(Ep, [(f*)®?]) := 0;(2*). A similar argument applies to showing o (M) = o;(2).

The proof of points (b)-(f) rely on the same sorts of computations. We prove point (b) as an
illustration.

M* = MJE = Z(\/Pi%’ (@), 0 (15)) — Vi (f (), 9(y;))*

= Z pig; ({ g (i) — (f (i), g(y;))?

= va®vg(<f*(x),g*(y)> — (f(@),9(y)))*.
The remaining points can be proved analogously. |
This concludes the proof of Proposition J.1. |

J.4. Extension beyond simple functions
We now extend the guarantees of the previous section to the case beyond simple functions. The

analogue of Proposition J.1 is as follows:

Proposition J.2 Suppose that f, g, f*, g* map to RP, and are balanced under Dg, = Dy & Dy, but
are not necessarily simple functions. Further, suppose € as in Eq. (J.2) and s € N satisfies

[13*{lop

40s

™
A\

(strict inequality). J4)

Then, there exists an index k € [s — 1] and an orthogonal matrix R € O(p) such that

2. 68 (J.5a)

Ao(R k‘) €
(VT + 52)e + s04(T*) + tail (Z*; 5). (J.5b)

S
AR F) S
Second, the index k satisfies

taily(X*; k) < s3€% 4 5(05(2*))? + taily(T*; 5).
Third, R and k satisfy
R'SR = P}, 3:=Ep,,[f/'],

and lastly max ¢y |0;(X*) — 0;(E)] < e

Before proving the above two propositions, we review some facts about Lo convergence, and
some basic results for measure-theoretic probability theory which can be found in any standard
reference (e.g. Cinlar (2011)).
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Lo convergence. We first review the definition of Lo convergence.

Definition J.2 (Lo Convergence) Let D be a measure on Z. We say that 1) : Z — RP is in L2(D)
ifEp|[[|1]|?] < oo. Let (17)r>1 be a sequence of functions in L2(D), 1 € L2(D), and let D be a
measure on Z. We say that 1), converges to ¢ in L2(D), denoted

L2(D)

Yr =,
ifhm’r—mo EDHwT - w”Q =0.
The following lemma is standard in probability theory (again, see e.g., (Cinlar, 2011, Section 2)).

Lemma J.3 Let D be a measure on Z. Given any v € La(D), there exists a sequence of simple

Sfunctions 1, € Lo(D) such that ¥, L) 1.

We shall often use the following lemma, which is easy to check.

Lemma J.4 If, %) 4, then lim,— o0 E[p®?) = E[y:®2],

The following fact is also useful.

Lemma J.5 If ¢, “2(p) ¢ and if range(E[x®2)) C range(E[¢v®?)) for all T, then there exists

some Tq such that, for all T > 7o, range(E[¢)©?]) = range(E[y®?)).
Proofs of Lemmas J.4 and J.5 are given in Subsubsection J.6.2.

Approximation by simple functions. Using the machinery introduced above, we approximate
f, g, [*, g* by a sequence of simple functions. Our approximation preserves an important property
regarding the ranges of their covariances.

Lemma J.6 There exists a sequence of simple functions f (), g f(*T), g(*T) such that

Lo (_D)x) L2(Dy)

Lo(D:
I 9= — 9 f(*T) 2(—>X)

62(DH) *

f(T) f*a gz(’r) - g,

and, the covariances
S =EU0)? Bmg =Elen)®), B, =E5)), =), =Elg))®,
satisfy range(X -y r)Urange(X ;) o) C range(X) and range(E’(*T) f)Urange(EE‘T) g) C range(3*).

The above lemma is proved in Subsubsection J.6.3.

71



SIMCHOWITZ GUPTA ZHANG

Constructing the balanced functions. = We cannot invoke Proposition J.1 directly on the simple
functions constructed above because they are not balanced. Below we show that we can balance
them, and that the matrices which achieve this converge to the identity.

Lemma J.7 There exists a sequence of invertible p X p-matrices (TM )r>1 and (TE‘T] )r>1 such that
(a) Forall 7 sufficiently large, Ep, [(T(r1 f(r)®?)] = Ep, [(T( 9(r)®?)] and Ep [(T%,£7,) %)) =
En, [((T5,) g, E2)]
(b) lim; 00 Tppp = limr 00 T[*T] =1,

The above lemma is proved in Subsubsection J.6.4. With these balancing matrices, we devise a new
sequence of balanced functions and associated quantities:

f =Trfey, 91 = T[_T]TQ(T), 20 = Epy [(fir)®?)]
f[‘fr} = T?T]f(’:’)’ g[;—} = ( ‘[kﬂ)i—rg?q—)a 2‘[:_] = EDX [(ff;])®2)],

and, letting P} (7] project onto the top k singular values of 2[*7} and defining Py, ;) analogously, we

set
fem = Prmlliy 9im = Prm /i
Trir = Prin S 9xr) = Pr,r907)-

‘We also define the errors

et = Epg [({fir 90m) — (5950 Gy = Eoo [({F1r 9171 — (g 5907

Lastly, we define

A0,[7’] (Ra k) = ED@ [<fl:,[7-] - Rf[ﬂ7g]:7[r}>2] \% E'D@ [<f]:7[ﬂ>Rg[T] - 927[7—]>2]
Ay (R, k) = Epo ([ i 1 — RV Enylllgi 1o — Repall°],

and recall
Ao(R, k) = Ep, [(ff — RS, 9i)°] V Epg [(f#, Ry — g)?],
A1(R, k) = Ep, [l fi — RS’V Ep, [|Rg — gil”].

Analyzing the balanced functions. In order to conclude the proof, we establish numerous useful
properties of the balanced function sequence. The following lemma is proved in Subsubsection
J.6.5.

Lemma J.8 The followings are true:
(a) The sequences of balanced functions converge to their targets in Lo:

Lo(D Lo(D . L2(Dx) Ly L Lo(Dy)
f[T] 2(—>X) f 97 2(_)1(4)9’ f[T] 2(—>X)f7 9[7] 2(—>H)9-

Lo(D
More generally, if R, is a convergent subsequence converging to R, then R, fi; | 2(—>X)

Rf and R, g7, [:2(—D>H) Rgasn — oc.
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(b) We have lim,_, E’m = X*. Hence, by Weyl’s inequality, lim, tailq(E’[*T]; k) = taily(3*; k)
for any q,k > 1 (note that we have assumed here finite-dimensional embeddings, so the co-
variance operators are matrices and thus the sense of convergence is unambiguous).

(c) Similarly, lim; oo 3(;) = 3. More generally, if R+, is a convergent subsequence converging
to R, thenlim, o R7, %, )R] =RER.

(d) For any k for which o1,(X*) > og+1(X*), lim; 00 Pz’[T] = P}, where P}, projects onto the
top k-eigenspace of 3*. Similarly, for any k for which 0,(2) > o441(%), im0 Py (7] =
Py, where Py, projects onto the top k-eigenspace of 3.

(e) Forany k for which o,(3*) > op41(2%),
L2(Dy)

* L (D ) * * *
Fiw =00 Gim gk
Similarly, for any k for which 3,(2) > o5+1(%),

Lo(D Lo(D
Trr) 2(Bx) Tes G 2—>H)gk-

(f) Forany R € O(p), and k for which o1,(X*) > op11(X), limr 00 Ag [71(R, k) = Ao(R, k)
and lim; 00 Ay 71(R, k) = A1(R, k). More generally, if R+, is a convergent subsequence
converging to R, then we have limy, . A; - 1(Rr,, k) = A;(R, k), i € {0, 1}.

(g) lim; oo e[QT] = egred < €2 and, for any k satisfying both o (X*) > o1 1(X*) and o1, (2) >
0k+1(X) (supposing such a k exists), lim,_, oo ez ] = egred i

(h) For some n sufficiently small, and for € chosen to satisfy Eq. (J.4) for some s € N and s > 1,
there exists some Tg such that, for all T > 19 sufficiently large,

1274115

6[27_] S (1 + 77)62 < 262 V ﬁ

Concluding the proof. We are now in a position to complete the proofs of Proposition J.2 and Lemma J.10.

Proof [Proof of Proposition J.2] By applying Proposition J.1 to the functions f;}, g, f[*T P g[*T] with

€+ (1+n)e > e[QT] and invoking Lemma J.8 part (h), the following claim is immediate:

Claim J.1 Forall T > 79, there exists a R, and k; € [s — 1] such that

Do (Rr kr) S €8s (J.6)
ARy k) S (V4 8%)e + 505(BF) + taili (5 9). J.7)
7 Moreover, the index k, satisfies
taily(Xf 3 kr) S 876 + 5(05(3f))? + taila (275 9).
Above, we note < hides universal constants independent of T. Morever,
R.Z R, = Pl ), 0k, (B) — ok, 41(5f) > 40¢/s.

Lastly, max [y |aj(2‘[;]) =Xl <€

I lop
40(14n)se’

7. Aliteral invocation of Proposition J.1 would take £, [, (€, s) := min {1 + log s}. Here, we use (141n) >

1.
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We may now conclude the proof of Proposition J.2. Since [s — 1] is a finite set, and OQ(p) is compact,
there exists a subsequence (R, , k-, ) so that 7,, > 7 for all n, k., = k for some fixed k € [s — 1],
and R, — R for some fixed R € O(p). By Lemma J.8 part (b) and Weyl’s inequality, it must be
the case that this & satisfies 0, (2*) — oj41(2*) > 40¢/s > 0. Hence,

ANy(RE) = li_>m Dy 7, (R, s kry) (Lemma J.8 part (f))
n—oo
<€ s lim £, (e, s) (Claim J.1)
n—oo VT
2 2 . . ||2‘[k7'n] ||0p .
=¢" -5 lim min<1+4log———— s (see Claim J.1)
n—o00 40se
_ 2. mi 1= lop
=¢“-s"-min< 1+ log , S ¢, (Lemma J.8 part (b))
40se
:K:(,E,S)
and,
A (R E) = 1i_>m Ay (Rr,, kry) (Lemma J.8 part (f))
< (Vr+she+ lim (505(2[*7”]) +tai|1(2[*7n];s)> (Claim J.1)
< (Vr + sY)e + 504(2*) + tail (T 5). (Lemma J.8 part (b))
Second,
taily (2% k) = li_)m taila(37, 15 k-, (Lemma J.8 part (b))
<4 lim (s(as(z[*m))z + taily (37, ; s)) (Claim J.1)
< 362 4 5(05(T%))? + taily (T 5). (Lemma J.8 part (b))
Third,
REIR' = lim R, 2, R} (Lemma J.8 part (c))
= ¢ lim Pf | (Claim J.1)
n—00 i
= ePj. (Lemma J.8 part (d))

Finally,'by parts (b) apd (c), the fact that max ¢, \aj.(.E[*ﬂ) — 27| < €7 due to Lemma J.8, and
Weyl’s inequality. This concludes the proof of Proposition J.2. |

J.5. From finite to infinite dimensional embeddings: Proof of Theorem 10
We give the proof of Theorem 10 from Proposition J.2. Fix any f : X —R'and §: Y — R that
satisfy

o IZisn 3

Epyo, [(F, 9)rr — (%, 0" )m)*] < € < T105)? (1.8)
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Now, fix a p € N, which we shall take sufficiently large. Since X7 is trace class, we may assume
without loss of generality that the space spanned by its top p eigenvectors is unique.® Let V’, denote
the eigenspace spanned by these eigenvectors, and note that V7 is isomorphic to R”. Finally, let let
¢ : R" — VI C H by an isometric inclusion in the sense of Definition 4.2.

Suppose first that ( f, §) are full-rank, and let T be the balancing operator guaranteed by Lemma 4.3.
As ¢ is an isometry, Eq. (J.8) implies

Ep,e [((((TF), T 9))m — (7, 6")n)?] < €.
as well as the following equality, which can be checked by evaluating the induced quadratic forms.
B0 = Epy, [o(F)e(f) ] = Epy, [1(8)u(9) ], Jd.9)

so that ¢(f) and +(§) are balanced and take values in V5. A standard expansion and Cauchy-Schwartz
inequality imply that

ED1®1[(<L(f)7L(g)>H <fp7gp> )2]
9)

= ED1®1[(<fa g)Rr — <fp7gp> )2]
< Ep, o, [((f, 9)rr — (" 9030 + B [((F 93 = (fy, 95)20)°]
+ 2\/ED1®1 (<f 9>RT - <f* *>H)2]ED1®1[(<f*,g*>H - < 5792)7‘1)2]
= 2 + 2taily(p)'/%e + tail}(p) (Lemma M.4)
= ¢ + 2tails(p)'%e + taily(p) := 7). (1.10)

F* 2 . .
Recall that €2 < | (iﬁsl)["p. Hence, by choosing some p > s sufficiently large, we can ensure

tail;(p) is small enough that

[Z1g1llop
€p < 4706’ [p] < 2€¢2. J.11)

As ||Z5g1 llop = |25 ]lop due to Eq. (J.13), we then have

135 lop

Pl < T 40

(J.12)

Continuing the proof, let Z[*p} denote Ep, ., [f5 (f, )], viewed as an operator on V¥, and notice

that £* = Ep, ,, [¢5(g5) "] by Assumption 2.4, and that
0i(Eig1) i€ [p]
oi(Xr,) = . J.13
Viewing V} as isomorphic to R?, define the error terms consider by Proposition J.2:
No(R, k) = Ep, [(ff = RuUTS). g)%,] vV Epg [(fF RL(T‘lﬁ) = 9i)¥s]
A1(R, k) = Ep,[|Ilff — Re(T)I5] v Ep, [IIR(T™'9) — gilI3,].

8. If rank(X 1) is finite, let p equal the rank. Otherwise, the eigenvectors must have decay so for any p, there exists
some p’ > p which has eigengap.
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where above the norms and inner products are the standard Euclidean inner product on V7, and
where R is an orthogonal transformation of V7. From Eqs. (J.11) and (J.12), we can apply Proposi-
tion J.2 to find that there exists an orthogonal operator R for which

Ap(R, k) < efp} -8
AL(R k) S (Vr+ 8%)ep) + s05(B;) + taili (275 9).
Moreover, the index k satisfies
taila (37 k) S s°€ty) + s(0s(5))” + taila(Th5 5).
Lastly, R and k satisfy
RY,R' - e Pl (J.14)

where P[*k] is the projection onto the top-k singular space of 2[*1)]’ namely V}, and were X, is as in
Eq. (J.9). We now argue that for this transformation R, the embeddings (f, g) defined by’

f=RuTf), g:=Ri(T'g),

satisfy the conclusion of Theorem 10.
Proof of part (a). This follows from direct computation, as ¢ and multiplication by R are
isometries.
Proof of part (b). This follows from the definition of f and g, and from Eq. (J.14).
Proof of part (c). By Eq. (J.13), we have

tail;(3f,; k) < tailj(k), € {1,2}.
Combining this and the facts that p > s and that ¢, < € (see Eq. (J.10)),
AR, E) S (Vr+ sP)e+ sos(Ei ) + tailf(s), (J.15)
as well as Ag(R, k) < €2 - s3. Similarly, the index k satisfies
taila (373 k) < $3€% + 8(0s(X151))? + tail3(s).
Moreover, from Eq. (J.13), we see taily (k) = tailg(E[*p]; k) + tail3(p). Since p > s,

tail} (k) < s%€® + 5(05(Xig1))? + tails(s) + tail5(p)

<$ 8262 + 5(05(X1g1))? + taily(s). (J1.16)
Thus,
tails (k) + Ao(R, k) < s%€® + s(05(Xf 1)) + tail5(s). (J.17)
To conclude
No(R, k) = Epy [{fi — f,900%:] V Eng [(fi, 9 — 91)%5], (J.18)
A1(R, k) = Ep, [ fi = flI%s] V Epylllg — 91135 J.19)

Hence, part (c) of Theorem 10 follows from the above identification, and Eqs. (J.15) and (J.17).
Proof of part (d). Applying the last part of Proposition J.2 and using p > r implies that

05y, L)) TT) > 05(Shy) — € = 03(ZF) — €.

9. under the natural inclusion of Re(f) from V} to H
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Removing the full-rank assumption f ,g. To replace the assumption that ~( f , g) is full-rank with
the assumption that € < o,.(X*), apply Lemma L.8 to show that there exist f, § such that (a) (f, g)

is full-rank if and only if (f, §) is, (b) (£, §) = (f, ) almost surely on D 1, and (c)
EDDC,l [ffT] - ED%J [ggT]v UT(EDx,l [JEJET]) =0.

It suffices to show that f , g 1s full-rank. To this end, let ¢ be an isometric embedding of R" — V7
for p > r, and note we have that Ep, , [((F, )rr — (f*, ¢*))?] < €2, and since ¢ is an isometry,

Epy s L(P)e(H)T] = Ep, , [L(§)e()T].

Applying the last part of Proposition J.2 and using p > r implies that
0 (Epy , [t())e(F)T]) > 0n(Bfy) — € = 0n(Z%) — ¢,

which is striclty positive for € < o,(3*). Since ¢ is an isometry, we have shown that ( f,9) are
full-rank, which implies that (f, §) are also full-rank.

J.6. Proof of supporting claims
J.6.1. PROOF OF LEMMA J.1

Proof Define subsets of R? by Uy = (J;_{fi(X)} and W, = U?:1{gj(9)}- Since f; and g; are
simple, Uy and Wy are finite. Define the sets

Xu:=[)F D), u=@Y, . u@)e @
b .
Y =g, (W), w=(w, . wl)e )

LetUp:={ue (Up)*: Xy # 0} and W, := {w € (W,)? : Yy # 0}. Note that Uy and W, are

finite sets (since Uy and Wy are). By construction, for each u € Uy (resp. w € W), there exists

an zy € X (resp. yw € Y) such that for all ¢ € [a] and j € [b],
filza) =0, gj(yw) =W,

By construction, we also see that the sets X, and Y, indexed by u € Uy and w € W, form a
partition of X and Y, so we may define functions ¢ and ¢y by

ox(x) =2y, € Xy, uwuely
Py(Y) = Yw, Y €EYw, WEW,.

Note that since z,, € Xy, ¢ is idempotent: ¢y = ¢x o ¢x; similarly, ¢y = ¢y o @y.
By definition of Xy, and Y, it holds for all z € X, and y € Yy, that

fi(z) = fiopx(x), gi(y) = gjo dy(y).
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Hence, forany ¥, W(f1(x), ..., fa(z),g1(y), . ., go(y)) can be written as some function U (z), dy(y)).
To conclude, let Dy denote the distribution of ¢ (z) under Dy and Dy denote the distribution of
¢y(y) under Dy. Then,

Epyeny [¥(f1(2),- -, fa(@), 1(y), - - 96 ()]
= Ep,apy [ (¢x (), dy())]
= Enxeny [V (dx © éx(2), ¢y © dy(y))] (Idempotence of ¢, ¢y)
EDX@)D%[ (¢x(@), dy(y))]
= Epon, [V (f1(2), -, fal2), 01(y), - 9 (1))]-
This completes the proof. |

J.6.2. PROOF OF LEMMAS J.4 AND J.5
Proof [Proof of Lemma J.4] We bound
B[] — B[y ©?|[2
T T T 2
= [, - )71+ Bl - 9)9 7]+ Elwr - )@ - 0)1|

<3|E[ (- — ¥) 1IIE + 3IE[(r — )y ]I + 3IE[(%r — ¥) (¥ — ¥) T][IE
< 3E[[¥(vbr — ) T3] + 3E[l| (r — )y T |1E] + 3E[||(¥r — ¥)(¥r — ¥)|1F].

(Jensen’s Inequality)

< 6E[lv)?]1vr — vII°] + 3E[||¢or — v|*]
< GE[|¢[|IE[llv- — ¥4 + 3E[l¢r — v[|Y]. (Cauchy Schwartz)

This last term goes to 0 as 7 — oo by definition of L5 convergence. |

Proof [Proof of Lemma J.5] Let 7 := rank(E[)®2]), so that o, (E[¢®?]) > 0. By Lemma J.4,
there exists some 79 so that for all 7 > 7y sufficiently large, E[)®?] = E[¢®?] — % 1,. For all such
T > 70, and any v € range(E[¢®?2]) \ {0}, we have

TERE?)v > v EW®?)v — o,|v]?/2 = o, |[v[?/2 > 0.
Thus, dim(nullspace(E[:©2])) < dim(nullspace(E[¢®?2])). Hence,
dim(range(E[¥?])) > dim(range(E[¥?))).

On the other hand, by assumption, range(E[¢®?]) C range(E[)®?]). Hence, range(E[x¥?])
range(E[1/©2]).
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J.6.3. PROOF OF LEMMA J.6

Proof We give the construction of the sequence f(;), the others are similar. By Lemma J.3, there

. . Lo(D . .
exists a sequence of functions f such that f; Q(HX) foie lim; o0 Ep, || fr — flI? =0. Let P

denote the orthogonal projection onto range(3). Then, P f = f Dy-almost surely by Lemma L.7.
Hence,

Jim Ep|[Pf; — fI* = lim Ep.[P(fr - f)I

< Tli)rgo Ep, |l f- — flI? (P is an orthogonal projection)
=0. (f- £2(Dx) i)
Hence, let i) = Pf, 8% f. Moreover, £y = E[(f())®?] = PE[(f,)®2PT, which
ensures the inclusion of the rowspaces. |

J.6.4. PROOF OF LEMMA 1.7

We demonstrate the existence of T;}, and note that the existence of T[*T} is similar. Recall from
LemmaJ.6 that X, ; := E[(f(;))®?], and X, , := E[(g(r))®?], and range(3 ) ;)Urange(X(,) ) C
range(3). By Lemma J.6 and Lemma J 4, it follows that

lim E(T),f = lim 2(7—)79 =X

T—00 T—00

and for some 79, range(X ;) f) = range(X(;),) = range(X) (taking 7o to be the maximum of

the two 79, and 79 4 required for X,y ; and X, individually ). Let r = dim(range(X)). By

inflating 7o if necessary, we can ensures 0(X(;) 5) = 0,(X(r)4) > 0r(X)/2 forall 7 > 7.
Hence, by Lemma L.2, for all 7 > 79, there exist some T[T] € SZ; such that

_ -1 -1

TinXe). T =T 2Ty

satisfying

1Z(r).s = Brygllop 7o

—1 1/4 —
maX{HT[T]HOp, ||T[7_} Hop} S (1 + A) ) Where A .— 20‘,',.(2)

Notice that T} = T[TT] (SZ contains only symmetric matrices), we also have
®27 _ T _mp-T
B{(Tpr1fr)) ™" = T Z(r) s Tppy = Tppy B

and that since lim,_, max{HT[T] llops |]T[_T]1||Op} =L lim; 00 Ty = 1.

T o (e

J.6.5. PROOF OF LEMMA J.8
Part (a). We have
Ep | fir) = FI? = Ep | T fir) — fII?
< 2Bp, (T — L) fi) |12 + 2By | fr) — FIIP
<2 T = L2, - Bl fo)lI” + 2Epy || iy — fII%.
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Since f(r) £2(Bx) f>sup, Ep || fr) |2 < M for some M < co. Hence, by Lemmas J.6 and J.7,
1im En, [|fir) — £ < Jim 2T~ L,[2%,M + lim 2Ep, | f) — I = 0.

The proofs of the other guarantees are similar.
Parts (b) and (¢). These follow from part (a) and Lemma J.4.

Part (d). Set ( := 0y (X*) — 0x11(X*), and assume ¢ > 0. By part (b), lim_, EFT] = 3.
Hence, by Weyl’s inequality, there exists some 7y such that for all 7 > 7, akH(Z[*T]) < op(X*) —
(/2. The convergence then follows by Wedin’s Theorem (see e.g. Lemma D.2). The convergence
of Py, (] to Py is analogous.

Part (e). This follows from parts (a) and (d).

Part (f). This can be checked by using parts (a) and (e), together with standard applications of
Cauchy Schwartz and/or Jensen’s inequality.

Part (g). The first statement can be checked by using part (a), together with standard applications
of Cauchy Schwartz and/or Jensen’s inequality. The second uses part (e) instead of part (a).

> 2 *112
Part (h). Since lim, o | 4([)98”20" = Hiﬁ!;p by part (b) and Weyl’s inequality, part (h) follows
from part (g) and Eq. (J.4). This completes the proof. |

J.7. SVD perturbation for distribution embeddings

In this section, we reiterate the limiting analysis to establish an embedding analogue of our main
perturbation result for the singular-value decomposition (Theorem 1). Specifically, the main result
of this section is:

Theorem 11 Let (f, g) be balanced embeddings, with ¥ = Ep,. ffT] = Ep,, lgg" ], and let
EDI@l[(<f7g> - <f*,g*))2] < €2. Then,

(e) Let = =TR[ffT]. Then, Yis1loi(2) — o2 < é

(f) Fix k € N, and let P}, denote the projection onto the top k eigenvectors of X.'0 Set oy ==

1 — 2541 and suppose that o} > 0. Then, if e < no;.0%, for a givenn € [0,1). Then

* ’
9

812

Ep Pif,Prg) — (fi 90 < 3
1®1[(< > < k k> )] (52(1 _ ,’7))2
Our proof follows by approximation to simple functions.

Lemma J.9 Ssuppose that (f,g) and (f*,g*) are simple functions embedding into RP, and bal-
anced under Dy = Dy @ Dy, and that € is as in Eq. (J.2). Then

(a) It holds that 3 ;- |oi(%) — o ()2 < €2

10. Under the conditions of this statement, it holds that Py, is unique.
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(b) Suppose oi,(X*) > 0, and set 6}, := 1 — J’“:(Ig:)) and suppose that € < 1oy, (X*)0%, where
n € [0,1). Then

2 81e?
e = (51— )

Proof [Proof of Lemma J.9] For the first point, we have

Z |0 (X) — 04(32%)] Z \02 —0; M*)\ (Lemma J.2, part (a))
i>1 i>1
< ||V — M*||3 (Lemma K.3)
< €. (Lemma J.2, part (b))

For the second point, we can verify from Lemma J.2 part (c) and the same computation as in the
proof of part (b) that

Epany [((fi (@) 96 () — (fe(2), 91(9)))°] = My = Mgl (J.20)

where M[*k] and l\A/I[M denote the rank-k SVD approximation of M* and M, respectively. We
now invoke our main SVD perturbation bound, Theorem 1. This states that if o (M*) > 0 and
§ =1 — 01 (M*) /0 (M*) > 0, and if | M* — M||op < noy(M*) for some 7 € (0, 1), then the
Frobenius norm error between the rank-k SVD’s of M* and M is bounded by

: 81|[M — M|
Mg — My, 17 < T2
Using the correspondences in Lemma J.2, we can take § = 67 := 1 — Uki(lgj)), and that it is

sufficient that € < no,(3*)8}; (since o1, (M*) = 04(3*) and € = | M* — Mg > |[M* — MHOp).
Using Eq. (J.20) and Lemma J.2 part (b), we conclude that for € < 10787,

Epyey (U (@), 60)) = (@), )] = My = My < o

This completes the proof. |

Next, we remove the requirement of simple functions.

Lemma J.10 Suppose that (f, g) and (f*, g*) are pairs of embeddings into RP, and are balanced
under Dg, = Dy ® Dy, but are not necessarily simple functions, and that € is as in Eq. (J.2). Then

(a) It holds that 3 ;- |oi(%) — o (Z9)]? < €2

(b) Suppose o,(X*) > 0, and set 8} =1 — U(’;:(lg:)) and suppose that € < 1oy, (X*)0%, where
n € [0,1). Then

2 < 81e?
etk = L= )
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Proof [Proof of Lemma J.10] Let’s start with part (a). By invoking Lemma J.9 part (a) for each 7,

> loi(Bt) = 0B < ey

i>1

Taking 7 — oo, Lemma J.8 parts (b) and (c) ensure EFT] — 3%, 351 — 3. Thus, Weyl’s inequality
implies that im0 321 |039(57) — 0i(B) P = Xiz1 10i(E*) — 09(X)[*. Lemma J.8 part (g)
gives 6[27_] — €04 < €, completing the proof of the statement.

Next, let’s turn to part (b). Fix a &k for which o4 (3*) > 0. From part (a) and the condition

. oe+1(Ef)
that ¢ < oy (3%), it also follows that o3 (%) > 0. Define O =1- %ﬂ[ﬂl

part (b) ensures 2[*71 — 3*, so that (again using Weyl’s inequality), 627“] is well defined for all 7

Uk+é(2)*)
o (X*
€ < noy(X*)d); implies that there is a sequence of 7y, (- | 7 such that e, ;1 < (7] ak(Efﬂ)éz 7]

for all 7 sufficiently large. Invoking Lemma J.9 part (b) for these 7,

Lemma J.8

sufficiently large, and converges to 07 := 1—

. Using Lemma J.8 again, the assumption that

2 o 81e?
Rl = (627[71(1 - Uk,[r}))z‘

Taking limits 7 — oo and again calling Lemma J.8 concludes the proof. |

The proof of Theorem 11 follows by extending Lemma J.10 to infinite dimensional embeddings
along the lines of Appendix J.5. Details are similar (though considerably simpler) and are omitted
for brevity. |

Appendix K. Supporting Linear Algebraic Proofs

K.1. Balancing without loss of generality

Proof [Proof of Lemmal.2]Let A = UzX® AVE and B =UgX BVg where X 4, 3. p are diagonal
matrices with elements ranked in descending order, and V4, Vp € R4 Since the X 4, X5 and
V 4,V can be constructed from any eigen-decomposition of A" A and BT B, and since both are
equal, we have ¥4 = ¥ p = ¥ and we can choose the basis V p such that V4 = V. Moreover,
V4 = Vp = R for some R € O(d), since they are d x d matrices with orthonormal columns.

Hence, A = U4X¥R and B = VXR for some R € O(d).
1 _ _
To justify Ay = UE[Qk]R, set A := AR" = UX; defined By and By similarly. Then,
it can be checked that f’[k] projects onto the top k eigenspace of AT A, so that Py = RTf’[k]R

projects onto the top k eigenspace of AT A. Hence,

_ _ 1
Ay =APj = AR -R'PR= US; R,

as needed. Similar argument holds for By. |

Proof [Proof of Lemma I.1] From Lemma 1.2, there exists a R € Q(d) for which A’ = AR, B’ =

BR, and a R* € O(d) for which A¥ = A*R*, B = B*R*, and for which we can take A[*é} =
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A[* }R* B[*é] B[*k]R Given R’ € O(d), we choose our orthogonal matrix to apply to the
non-primed terms as R = RR/(R*)~! € O(d). We compute

I(A%y — AR)(B)) 13 = [(Afy — ARR'(R") ") (Bj) |2

(A% — AR/(R) (B IR

— (A} < o7 - AR(RY) (BRI
(A}
\<

~AR)RY) TR (BY) I
— AR (BY) I3,

where the second-last line uses that (R*) ™1 (R*)*T = I, for R* € O(d). The equality HA[*k] (B[*k} -
R)T||2 = |A%,(B¥, — B'R/)T||2 can be verified similarly.
F (k] \P[k] F y
Moreover,
|A}, — ARJE = A7 (R - AR RR/(RY) |2
= [I(Afy — AR)R) 7 = |Af; - AR,
where the last line uses the unitary invariant property of the Frobenius norm. The equality HB[*k] —
BR|2 = HB[*;:;] — B'R/||2 follows similarly.
Lastly, since R = RR/(R*)~!, we have R" = R"'RR*. Then

rowspace ((A'[k]R')T(AmR'» = rowspace( A[k]R 1RR*) (A [k]R 'RR* ))

= rowspace ( A[k] RR")" (AjyRR"))
_rowspace( AuR) T(AmmR*)
5 rowspace (R (A7) (A7 R")

= rowspace ( A[k]R* ]R*)>

— rowspace ((Af) " (A%)) .

where in (i), we use that rowspace ((A[k] R)T(A[k] R)) D rowspace ((A’[*k])T(Afk})» and that
R is a rotation matrix. [ |

K.2. Supporting proofs for error decomposition
K.2.1. PROOF OF LEMMA 1.3

We first state the following facts.

Fact K.1 Let X := (K;)¢_, be a monotone partition of [d] for some d < min{n, m}, and consider
A =UX and B = V'Y!. Then,
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(a) Any diagonal matrix ¥ € R4 is compatible with K. Hence, A = Zle Ak, and similar
for B'.

(b) If R € R4 is compatibile with X, then AR = 3°_| Ax, R,

(c) Foranyl <i # j </, 2;@.2;@_ = 0. Hence, A;Ci(Bgcj)T = 0, and also (AKiR;Ci)(Bkj)T =
0.

(d) Ax,(B')" = (Ax,)(Bi,) " forany1 <i <L

If in addition (Ki)le is a monotone partition with pivots 0 = k1 < ky--- < k¢ < k¢11 = p, then
Ap, = Zf:ll Ay, and similarly for B'.

Proof We use the facts above to prove Lemma 1.3:

/
(A, AR)(B,) —(ZA* <2A;@-R&>) B,
=1

-1
=" (A%, — AxRu,) (B, - (AcRe,)(Bf,)"
i=1
0—10-1 ) -1
- (A%, — AcRu,) (BR) " — (A Ra,)(BR)"
j=1i=1 j=1
=0
-1 A
=) (A*/c - AK:iR/cz) (Bx,) "
=1
Proofs for the compositions of (A[*kd —AR), (B[*/ch BR) and A%, ]( el BR) " follow anal-
ogously. |

K.2.2. PROOF OF LEMMA 1.4

Proof [Proof of Lemma 1.4] For simplicity, we abbreviate £; = E;(R). Let us prove the bound on

Ao (R, k) first. Recall Ag(R, ke) = [|(Af,; — AR)(B7, ) T|E V A5, (Bf,, — BR)T|Z. We

explicitly bound the first term || (A} ; — AR)(B[*M)T |Z, and note that a similar argument bounds
the second term.
Invoking Eq. (I.7a)

I(Af, - AR)(Bj,) T2 = e_ (A%, - AcRe) BR)T
- j
S (atee) m
+ § (A%, - AxRe,) BL)T ( AR, ) (BE)")
i, =Tt -~
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Here, the second term vanishes because (B*,Ci)TB,*Cj =0= (Z*Ki)%(V*)TV*(EI*CJ_)% = (2,*@)%(2,*@_)% =
0, since K; N K; = () for i # j. Continuing,

/-1

| (4. Acre) |
=1

2

-1
2 <D IBR IS AR, — AR |
i=1
-1
= Zmax{azl K e Ki} - |Ak, — A Ry, |?
i=1
-1
< Z(MUEM) ) HAkl - A'}Ci R/CiHZ (9, p)-well-tempered)
i=1

{—1
i=1

<E;
/-1
—2
< M(;(ézz A 62¢+1) ) : zén[za—}i] E;
/-1
< u(;(ézi) +(8h) ) s
/—1 /¢
= M(Z(ézi)_z + Z(ézi)_2) . ién[eaixl] E;.
=1 =2

By convention, 85 = 1 > &; (all relative gaps are at most 1). Thus, Zfzz(ézi)*Q <
Zle(ézi)”, and the above is at most 2#(2521(521)72) max;e( B = 2uMspace max;e(g) B
This completes the proof of the first argument.

Let’s now turn to Ay (R, k¢) = ||A5 , — AR|2 V| Bj, ; — BR|[%. Again, we focus on [[Af, | —

AR||%. From Eq. (1.7b)

2
| AT, — AR[F =

/—1
Z ( *ICZ - AIClRK:L) - A>I€2R>k‘g
=1

F

-1
~ 2 ~
= Z HATC, - AICiRICiHF + HA>/€4R>/€4H123
=1

/-1 /-1
+> (A%, - AcRe, A%, — AcRe, ) = > (A, - AR, Asg Rk, ),
i#j i=1
=0 =0
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where the terms on the second line vanish because they involve inner products of matrices whose
columns have disjoint support. We bound

ZiHA*,C ~AcRe| :i L (of )(8L ASE )QHA% ~ AR
i=1 ' ' HIE =1 (621 /\6%1 1)2( I:iﬂ) - : - : : e
<E;
-1 1
<672 Z —L; (partition is (0, u1)-well-tempered)
i=1  kit1
-1
1 M.
<62 max E; - — = Sgec max F;
ie[e—1] = Ok 0% ig[e—1]
- ol .
Finally, using R € O(d) and Ay, = UXZ, for ||U||o, = 1, we have that
- . 1 1 -
1Ak, Ror IF < I1Ask|If <[22, 18 =D IB71E =) o:i(M).
1>k 1>k
In sum,
—1 2
|Af — ARIE = |3 (A, - AcRy,) — AspRo,
i=1 F
-1 . 9 .
=" ||Ak, - AcR| + I1Ask R}
i=1
< 2% max E; + o;(M),
=8 aep-1 = «(M)
as needed. |

K.2.3. PROOF OF LEMMA 1.6

Proof [Proof of Lemma 1.6] We observe that for any monotone (in particular, well-tempered) parti-
tion,

My, = My, ) — My, Mg, = M},

it1) it1] F’ﬁ']’

where we let M, | = My, = 0. Thus, o = {op,F},

max (8, A 8k )M, = M [lo < manc 87, [ Mg, = Mg llo + 85, [|Mp

le[ﬂ i+1} - Mfk‘l+1] HO

<2 max & |[Mj. — MY |lo =: 26..
= ie[f+X1] o (k3] [kZ]H €

Next, for a matrix of the form Ay, € R"*% let A,y € R™*IXil denote its canonical compact
representation. We observe then that

A 5T ¢ * T
AgyBiy =Mr, Al (Bi,) =Mk,
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Further, observe that o, | (M) = min{o}, : k € K;} = o}, . Hence, Lemma L5 implies the

following: for a given i € [{], if 2é,, < ¢ gﬂ < %, then there exists an orthogonal
matrix O; € O(|/;|) such that
. o
1A ey Oi = A I + 1By Os — By lIf € —— M, — ME 7
(ICi) Mt F F U|IC|(M* ) i llF
— * 12
kit1

Multiplying both sides of the above inequality by (87 A 8} 1)202241’ there exists a O; € O(|;])
such that

(8%, A 850y (1A O = Ay IRV By Oi = BiylI}) < col8, A 85,,,)?INIk, — M |}

i+1) ‘
~2
< 4co€fpe-

Now, let R be the block matrix compatible with (X;){_,, such that R,y = O; (that is, the
block of R corresponding to the set IC; is the matrix O;). Since R is a block-orthogonal matrix, it
is orthogonal. Moreover, it is straightforward that

1A ) Oi — Al IF = [ A, Ric, — A%, [Ir,

and analogously for the “B”-factors. Hence, for all i € [¢]

= (57, 787, )%%,,, (|AG R, — A%V B R, - Bi ) < o,

This completes the proof. n

K.3. Existence of well-tempered partition
K.3.1. PROOF OF LEMMA 1.7

‘We first restate the lemma as below.

Lemma 1.7 (Singular Value Spacing) Fix any s € Nand o € [0}, 07]. Then, there exists integer
¢ € N, and an increasing sequence 0 = k1 < ka--- < k¢ < kgy1 = s such that the following is
true:

(a) Fori € [l], 55 > 1/kiy1 > 1/s.
(b) Fori =1/, J,’;__H < 2e0, and fori € [{ — 1], U,’;H_l < 26201’;+1.
(c) Fori=1{, oy > 0, andfori € [ —1], oy > eaziﬂ.

Define

i max {k' < s:8}, > 1 0% >0} ifsuchak’ > 0 exists
1= .
0 otherwise.
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And for 7 > 1, define

k

- max {k:’ <k 8% > %,Uz/ > eai_} if such a k' > 0 exists
i1 = i i .
otherwise.

We terminate this recursive definition of l%i the first time there is some l;:i = 0. Thus, let ¢ :=
{i > 1: ki = 0} (which is a unique index). Finally, for i € [¢], choose k; = ];gﬂ_i.

We now verify this sequence satisfies the desired properties. Items (a) and (c) clear from the
definition.

Item (b). We mainly prove the argument that for i € [ — 1], 0% | < 262021“.
We may assume k; 1 # 1, since otherwise k; = 0 = ky, i.e. ¢ :71, andk; +1=0+1=1=
k;i+1, and the bound is vacuous. Continuing, fix an index 7, and let k; := max{k’ < k;41 : oy >

€0y, }. Notice that in particular aii 41 < €0y, Then, we can equivalently express

max{k’</;:,-+1 : 0%, > %} if such a k¥’ > 0 exists
ki — i+1
0 otherwise.

In particular, if k; + 1 > k;, then k; = k;, and thus Uzi_’_l = al’—;H < ea};i+1 < 26202i+1, we are
finished.
Otherwise, if k; + 1 < k;, we know that for all

- 1
vj e ki + LKL 8 <. (K.1)
i+
Hence,
ki
* . * 0-.;(
Oki+1 = Ok;+1 e
j=k;+1 J+1
ki
= o ! (T =1 5%)
kitl 1— 6% % J
j=k;+1 J
ki
< Ok 1 11 - (Eq. (K.1))
j=kitl T [kita
<O (1 1/kigq)~ (R (i)
< O'?éi+1 ) (1 - 1/ki+1)_ki+1 < 60’2i+1 ) (1 - 1/ki+1)_ki+1’ (O-li;;-&—l = 60_2#1)
Using the elementary inequality (1 — %)” >e 11— %) for n > 1, and the fact that k; 1 > 2, we

obtain that (1 — 1/k;; 1) %+ < 2e. Hence, Opir1 < 2620'2i+1. )
Proof for the argument that J,:Z 41 < 2eo is nearly identical, by introducing notation ky, defined
as kg := max{k' < s: oy, > o} and noticing that k, can be equivalently expressed as

by — max{k’ <k +1:8> %} if such a k' > 0 exists
¢ 0 otherwise,

and the rest of the proof follows the same argument. |
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K.3.2. PROOF OF PROPOSITION 1.2
We let (ICZ-)f:1 denote the partition whose pivots are given by the points in Lemma 1.7.

Item (a). From item’s (a) and (b) of Lemma L.7, the partition is (J, u)-well-tempered for § > 1/s
and p < 2€2.

Item (b). a; > o follows from Lemma 1.7, part (c). From that same lemma, we also see that for
i€ [l o > ee zal’; > e!~o. Hence
o1

¢
1§;€(5i)0 12 71_1_6

>0

spe

||MN

Item (c). Finally, we develop bounds on Mgpace. We bound
l

Mapace = Y _(8,)7% < e%?é;(s 1)< 482
=1

Clearly ¢ < s. Moreover, from Lemma 1.7, part (c), since o, grow geometrically by factors of e,
we must have that ¢ < 1 4+ [log %] Hence, ¢ < {5, := min{1 + [log %1, s}.

Item (d). We bound

S

taily(M*; k) = > (052 = > (01 + > _(07) = D (o) + taily(M*; 5)

>k j=ke+1 j>s j=ke+1
< S(UZZ+1)2 + tailg(M*; s)
< 4¢%s0? + taily(M*; s),

where in the last line, we used Lemma 1.7, part (b). The bound on tail; (M*; ky) is analogous. W
|

K.4. Useful linear algebra facts

We conclude the section by several useful facts about the linear algebra.

Lemma K.1 (Eq. (1), Li and Strang (2020)) Let M, M’ € R"*™ where rank(M') = r. Then,
Vie{l,...,min{n,m} —r}, o;(M—M') > o;.(M).

Lemma K.2 (Theorem A.14, Bai and Silverstein (2010)) Let M = AB' have rank (at most) r.

Then, 3 ;1 0i(M) < 370 0i(A)oi(B).

Lemma K.3 (Theorem A.37 (ii), Bai and Silverstein (2010)) For any M, M’ € R"*™,

> (0i(M) — 0y(M))* < |M — M|,
=1

where the above holds for v = min(n, m), and thus, also holds for any 1 < v < min(n,m).
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Appendix L. The Balancing Operator

L.1. Properties of the balancing operator
Definition F.4 (Balancing Operator) Let X, Y € SE. We define the balancing operator
W (Y3 X) := X2(X2YX2) 2X2 € SL.

The uniqueness of W = W,,1(Y; X) (and hence the well-definedness of the map ¥y,,)) is a
consequence of the following lemma.

Lemma L.1 Let X,Y € SY. The balancing operator has the following properties:

(i) Uniqueness: There is a unigue W = Wy, 1(Y;X) is the unique positive definite matrix
satisfying X = WY W, so that Wy, is well-defined.

(ii) Positive scaling: V) (aY;X) = a_%\I/bal(Y; X).
(iii) Anti-monotonicity: If Y = Y', then ¥1,,(Y; X) < Up(Y'; X).

(iv) Comparison with X: If Y = 17X, then V1, (Y;X) =< TféIp, similarly, if Y < 17X,
Uy (Y; X) = 721,

(v) Comparison with identity: If Y = 71, then Uy (Y;X) < 772X 3; similarly, if Y =< 71,
U (Y;X) = 772X,

(vi) Inverse symmetry: Uy, (Y;X) = Upa(X;Y) "L

(vii) LetZ = WiYW3: = W2 XW3, Then, there exist orthogonal matrices Q1,02 € O(p)
such that Z < 3(01X0{ + 02Y O, ). Moreover, \;(Z) = oi(X%Y%).

Proof Item (i). One can directly check that W = Wy,,(Y; X) satisfies X = WY W. For unique-
ness, W satisfying X = WYW satisfies I, = W/(X2YX2)W’, where W’ := X WX 2.
Thus (W')~2 = X3YX2, so that (W2 = (X%YX%)_I. Note that X2YX2 > 0, and since
we stipulate W = 0, W’ = 0. Thus, by (Horn and Johnson, 2012, Theorem 7.2.6), it follows
that W/ = (X%YX%)_% is the unique positive definite square root of (X%YX%)_l. Solving for
W = X2 W’'X 2, we see W = X2(X2YX2) 2X:z.

Item (ii). This is a straightforward computation.

Item (ii). Let'Y = Y’. Then, X2YX2 > X2Y’X2. The mapping Z ++ Z 2 is operator
anti-monotone on S’é ((Horn and Johnson, 2012, Corollary 7.7.4)). Thus,

(X2YX2)3 < (X3Y'X3)73.
Therefore,

pa(Y;X) = X2(X2YX2) 2X2 < X2(X2Y'X2) 2X2 = Uy (Y X).
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Items (iv) and (v) Fix ar € R. Then

1—r

W (7X7: X) = X3(X2 - (rX")X2) 2X2 = X2 (rX" ) 2X2 = 72X 2

In particular, if r = 1, Uy (7X";X) = 721, whereas if r = 0, Upy(rI; X) = 772X 2. The
conclusion follows from monotonicity.

Item (vi) If W satisfies X = WYW, then W/ = W1 satisfies Y = W/XW/'. The result
follows from the uniqueness of Wy,,).

Item (vii) We start with the following claim:

Claim L.1 Consider a PSD matrix A = LL" € Si with L € RP*P we have A% =0'LT=LO
for some O € O(p).

Proof Let L = UEVlee an SVD of L. Then, A = UX2UT, A% = UXU! = USVIVUT =
L(VU"). Similarly, A2 = UV'LT =O'L". |
Now, set Z = W 2XW™2 = WaYW3. Then, by the above claim there exist orthogonal matri-
ces Oy, Oy such that O; X2 W2 = (W 2XW2)2 = Z2 and W2Y20, = (W2YW2)2 =
Z%. Hence,

Z=0X:W :W2Y20, = 0;X:Y:0,.

Thus, for any v € R?,

vI0.X2Y20,v
IvTO1Xz2| - [ YZO0uv]|

v Zv

IN

IN

1
5 (IVTOIX3 P + Y2 0,v]2)
1

v’ (olxolT n OQYo;) v.

Moreover, since Z € SZ, we have \;(Z) = 0,(Z) = O’Z‘(leéY%OQ) = ai(X%Y

N

). m

L.2. Balancing “close” covariances

Lemma L.2 Let 3, % € SY be two matrices with range(X) = range(X’). Then, there exists a
transformation T € S such that

TYET =T 'S'TY,  and sinceT=T', TET' =T '¥'T .
Moreover, this transformation satisfies, for r = rank(X),
13— Xop
Ar(B) AXN(E)
o;(TET) = 0;(TET ) = 0;(X2X'2) (L.1)

maX{HTHOpy HT_luop} S (1 + A)1/4, where A =

Lastly, if rank(X) = rank(X') = p, then T is unique and given by

[NIES

T = W, (T D)% = (TH(DIT'mE) 733
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Proof The last part of the theorem, when rank(X) = rank(X’) = p, is a direct consequence of
Lemma L.1. We now handle the case when rank(X) = rank(X’) < p. Let U € RP*" consist
of columns which form an orthonormal basis for range(X) = range(X’). Set X = UTXU and
Y = UTX'U. Then,

1% = 3 op

1% = > lop
Ar(2) '

_1 _1
) HY XY 2H0P S 1+ )\T‘(Z/)

IXT2YX 2 lgp < 1+

5V
Thus, setting A := %, we have

Y <(1+A)X, X<(1+A)Y.
Let W := WU},,1(Y; X). Then, from Lemma L.1.(iv),
max{||W|op, [W ™ |op} < V1+A. (L.2)
Moreover, from Lemma L.1.(vii),
1 1 1 1 1,1
oi(W2YW2) = 0;(W 2XW™2) = 04(X2Y2)
= o;(UTZU)2(UT2'U)2)
1 11
=0;(22X 2), i€]r] (L.3)

where the last equality can be verified by a diagonalization argument, and using the fact that U is a
basis for the row space of X, 3.
To construct the transformation T, set

T=UW 2U' + (I, - UU"), sothat T"' = UW:UT + (I, - UU").

Note that T € SZ, since W € ST and U is orthonormal. Since (I,—UU )X = £(I,-UU") =0
(and similarly with X'),

TST = UW U SUW U’
— UW 2XW:U"
— UW:YW:2UT (L.4)
—UW:U S'UW:UT
=T ¥T !
Moreover, by Eq. (L.2),
1 1
max{||Tlop, [T lop} = max{L, [UW 2U " |lop, [UW2UT||op} < (1+ A)/4,
Finally, by Eq. (L.4) followed by Eq. (L.3),
o(TET) = 0;(UW 2XW2UT) = 0;(W 2 XW2) = 0;(22%2),i € [1],

whereas, for 7 > r, we verify that W 2XW 2 = 0. Since 3., 3 share the same range and have
rank r, we have oi(Z%Z/%) =0for¢ > r. [ |
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L.2.1. PERTURBATION OF THE BALANCING OPERATOR

Lemma L.3 (Perturbations of ¥1,,), Relative Error) Fixe € (0,1). Then,

(a) Let X, Y, Y € SE, with (1 — €)Y XY’ < (1 +¢)Y. Then,
(1+€) 72 Whar (Y5 X) = W (Y5 X) < (1 — €) 72 Wi (Y X).
(b) Similarly, if X, X', Y € SE, with (1 — €)X X X' <X (1 + €)X. Then,
(1= €2 Wpa (Y3 X) = Upar (Y3 X') < (14 €)7 Uy (Y X).

(c) Finally, X, X"\ Y, Y € S, with(1—e)X < X' < (14€)Xand (1-¢)Y <Y’ < (1+¢)Y,
then

2
(1 =2€) Upa(Y; X) < Wp (Y5 X') < <1 + 1_€> Uhar (Y5 X).

€

Proof [Proof of Lemma L.3] By anti-monotonicity of Wy, (-; X) and the explicit formula for Wy,,,
1
\Ilbal(Y/; X) >~ \Ilbal((l + G)Y; X) = (1 + 6)7§\Pbal<Y; X)
By the same token,
(14 €) 2Ty (Y; X) = U (Y3X) = (1 — )2 W (Y; X).

Hence, the result follows from the inverse symmetry of Wy, (Lemma L.1.(vi)).
Finally, combining the first two parts of the lemma, we have

Woa(Y3 X)) = (14 €) 20 (Y5 X) = (1 €)2 (14 )72 U (Y3 X),
and
Tpa (Y5 X)) = (1= €) 2T (Y; X)) < (1 =€) 2(1 + €) 2 T (Y X).

To conclude, we bound

NI

1— 2
:\/ € \/1_ € S T3> 12

1
1—¢€)2(1 - —
( €)2(1+¢) 1+e 1+e™

and

o=

1 1+e€ 2€ 2¢
1 1—¢) 2= =4/1 <1 .
(+€)2( 6) \/1—6 \/+1—e_ +1—e

concluding the proof. |
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Lemma L.4 (Additive Perturbation of Balancing Operator) Let X, X', Y, Y’ € SL be matri-
ces such that pI, = X, X', Y, Y’ < ML, and || X — X/||op, [|[Y — Y'|lop < A < /3 for some
A > 0. Then,

M
H\Ijbal(Y/;X,) — Wpa(Y; X)”Op <3A- \/7

Moreover, || Ua1(Y'; X)) op, |Whal (Y3 X) |lop < /M /pand Wi (Y5 X'), Upa (Y5 X) = \/ 1/ M,

Proof [Proof of Lemma L.4] Under the above conditions, it holds that (1 — p 1A)X < X' <
(1 + p~'A)X, and similarly for Y and Y’. Applying Lemma L.3 with e = A/u < 1/3, we have

(1= 26)Wpa(Y; X) = (Y5 X') < (14 3€) ¥hal(Y; X).
This gives

A
[Uhat (Y X') = Uat (Y5 X) [lop < 3;H‘I’bal(Y; X)) [lop-

Lastly, since Y = pu/MX (as'Y > pI, and X < MT,), it holds || Wpa(Y;X)|lop < 1/ M/p by
Lemma L.1.(iv). Thus,

M
(Dt (Y X') — Dyt (Y: X) o < 3A - Vﬁ

A similar computation also shows || W1 (Y'; X')|[op < /M/p, and Wig (Y'; X'), Upa(Y; X) =
V /ML, [ |
We recall the definition of the balanced covariance.
Definition F.5 (Balanced Covariance) Given X, Y €S2, we define
1 1
CovBal(X,Y) = Uy (Y; X)2 - Y - Uy (Y; X)2.

Remark 12 (Symmetry of CovBal) Note that, from definition of Vy,,1, we also have CovBal(X,Y) =
(Y X)2Y U (Y X)2 = U (X; Y) 2 Y U0 (X; Y) "2 = CovBal(Y, X).

Lemma L.5 (Perturbation of Balanced Covariance) Ler X, X' )Y, Y’ € S be the matrices
such that pI, < X, X' Y, Y' < ML, and | X — X||op, [|[Y — Y'|lop < A < pu/3 for some
A > 0. Then,

|CovBal(X',Y') — CovBal(X,Y)llop < 4(M/u)*A.

Moreover, we have

_1

1 1 1 1 3
[ What (Y5 X) 72 = Upat(Y;X) 72 lop V [[What (Y5 X)Z — Upai(Y;X)2 |op < — (M /pu)?/4A.
2p
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Proof [Proof of Lemma L.5] We have

|CovBal(X', Y') — CovBal(X, Y)|lop
= Wt (Y5 X)) 7Y g (Y X)Z — Wt (Y3 X) 2 Y Wy (Y3 X) 2 o
< Phar (Y5 X2 (Y~ Y)Wt (Y5 X)2 o
[ Wt (Y5 X)2 = Wt (Y3 X) 2 o[ lop (1 P01 (Y3 X' 2 lop + ([t (Y3 X) 2 o)
< AV/M/ 1+ 2M (M/ i) /4| T (Y X') 7 = T (Y3 X)2 [op.

We now require following perturbation inequality for the matrix square root.

Lemma L.6 (Perturbation of Matrix Square Root, Lemma 2.2. in Schmitt (1992)) Let A1, A5 €
1 1
SY satisfy A1, Ag = I, Then, ||[A? — AZ|op < ﬁHAl — Asllop.

Using ¥y, (Y'; X’)% , Upha(Y; X)% = v/p/MTI,, Lemma L.6 followed by Lemma L.4 implies

1 1 1
||\I/bal(Y/; X/)§ - \I/bal(Y; X)§||0p < i(M/M)1/4‘|\Ijbal(Y/;X,) - \Ilbal(Y; X)Hop
3
< 2 (M/p)**A. L.
< 5o (/) L)

Thus, we conclude the first part of the lemma:
[CovBal(X’,Y’) — CovBal(X, Y)llop < Av/M/p+3(M/u)*A < 4(M/p)*A.

The second bound in the lemma was derived above, and the bound on || ¥y, (Y”; X’) 2 —Upa(Y; X)% I
is precisely Eq. (L.5). The bound || Wy, (Y'; X') 5 - Upa (Y; X) £l || follows from the inverse sym-
metry of the balancing operator (Lemma L.1.(vi)). |

L.3. Balancing of finite-dimensional embeddings

Lemma L.7 Let Dy be a distribution over X, let X = Ep, [ffT], and let P be the orthogonal
projection on range(X). Then P f = f Dy-almost surely; that is, Pp..[f(z) € range(X)] = 1.

Proof It suffices to show E[||(I, — P)f||?] = 0. As PX = P, we have

E[|(T, - P)f[?] = &r[E[(T, = P)/)((L, - P)f)']] = (X —~PE - SPT + PEPT) = 0
—tr(Z -2 -%+3%)=0.

Lemma L.8 For any pair of embeddings f : X = R"and g : Y — R, there exists embeddings
X =R andg:Y — R" such that
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(a) {f,§) = (f,§) almost surely, and
EDDC,l [JE]?T] - EDyJ [ggT]
(b) Foralli €N, o;(f,§) = ai(EfDx’l[ffT]) = Ui<EDx71[f~fT]), where we recall o;(-, -) defined
in Eg. (3.1)

(c) (f, g) is full-rank if and only lf(f, §) is, and in this case T is unigely given by

1 1 1 1\ 2
T = V(T f)2 = (2 (22%,52) 22;;> : (L.6)

where 3 = E[ff ] and £, = E[§g"].
Proof Given ( f, g), let us construct a sequence of embeddings ( fi, §i)i>0, with covariances X ; :=
EDm [fi(f,-)—r] and X, ; = Ep, , [gi(gi)T], and minimum rank
r; := min{rank(X;;, 34}

Lastly, set P ; to be the orthogonal projection on the range of X/ ; and P ; the same for X, ;. We
define

s AN (Py.ifi,0i) rank(X;,) > rank(Z, ;)
(fo,90) = (f,9),  (fir1: Git1) = {(ﬁ’,Pg,z@z‘) otherwise

‘We establish three claims.

Claim L.2 Foranyn, (fn, Jn) is full-rank if and only lf(f, §) is, which is true if and only if fo=f
and g, = g.

Proof We argue by induction that ( fn, Jn) is full-rank if and only if ( an, Gn+1)- The “if” follows
since rank(X. ;) < rank(X. ,11). The “only if” follows since if ( f,, g ) is full-rank, P, = P,
are the identity, and thus, fn+1 = fn, Jn+1 = Jn. |

Claim L.3 For any n, let holds that { fns gn) = ( 1, g) almost-surely under Dig.

Proof We prove by induction on n. The base case n = 0 is immediate. Assume now that ( fn, Jn) =
(f,g) holds almost-surely under Digi. Assume that without los of generality rank(3¢,) >
rank (3, ,,), so that (fn+1,§n+1) = (Pgynfn,Gn). Then, by symmetry of the projection P ,,
we have

<fn+lagn+1> = <Pg,nfnagn> = <meg,ngn>-

By Lemma L.7, P g, = §n almost surely, and the result follows. |
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Claim L.4 Let
n:=inf{i € N :rank(3y,) = rank(3 s ,41) and rank(X, ) = rank(3g ,41)}
Then n is finite, and range(X ¢ ,) = range(Xg ).

Proof That n is finite follows since the ranks of the covariances rank(X. ;1) < rank(X.;)} are
non-increasing. Next, without loss of generality, assume that rank(Xy,) > rank(X,,,), so that

(fn+1,§n+1) = (Pg,nfnagn)- Then, Xy, = 39 ny1, and
Y1 =PynXsnPyn, sorange(Xy,11) C range(Py ) = range(3y ).
On the other hand,
rank(X,,) <rank(Xy,) = rank(Xy, 1) = rank(Py ., X7, Pgn),

which implies that range(X,,41) C range(X,,,) = range(Xg ,4+1). [

Hence, let T denote the (symmetric) positive definite transformation assured by applying Lemma L.2
to

Y= Binr, B Ega; (L.7)

these matrices have the same range by the above claim. Take f:=T an and § := T 1§,41. We
show all desired properties holds.

Part (a). The transformation T ensures that
Epy, [f )= T T=T 'Sy, T ' =Ep,,[35'],

Moreover, symmetry of T and Claim L.3 imply that, almost surely,

(£,3) = (Tt T Gns1) = (fart, T T Gns1) = (fatts Gnr1) = (F,9),

Part (b). This is a consequence of Eq. (L.1) in Lemma L.2, noting that for X, ¥’ defined in
Eq. (L.7) that o,.(f, §) := o.(B/2(Z)1/?)).

Part (c). Note that if f, § are full-rank, 3 fnt+1 = Xy and Xy, 1 = X, so that T is uniquely
given by Eq. (L.6) due to Lemma L.1. Note that (f, §) is full-rank if and only if (f,1, §nr1), Which
by Claim L.2 is full-rank if and only if (f, §) is. |

L.4. Analysis of separation rank

Definition F.7 Given X ¢ Sg, ro € [p], 0 > 0, the separated-rank at (1o, o) (if it exists) is

sep-rank(rg, o; ¥) := max {r € ro] :0,(X) > 0,00(X) — 0r41(X2) > a,.:Z) } : (F9)
0

We say the separated-rank is well-defined if the above maximum exists.
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Lemma L.9 (Properties of Separated Rank) Givenr, € [p]ando € [0,,(%), ||X||op/€], sep-rank(rg, o; X)
enjoys the following properties:

(a) sep-rank(ro,o; X) is well-defined: i.e. for some r € [rg), it holds that 0, (X) — 0y41(2) >
o (%)
and o.(%) > o.

T0

(b) Forr = sep-rank(rg, o; ), we have o,1(X) < eo.

Proof To prove part (a), we observe that since o > o,,(X), there must exist some maximal 7,y €

[ro] for which o, . (¥) < 0. Now suppose that, for the sake of contradiction, for all r < 7y, it
holds that 0,.(X2) — 0,41(2) < %{)2) Then, ||Xop = 01(2) < (1 4+ 1/rg)™> 0y, +1(2) <
(14 1/rp)™=xo < ec. This contradicts our condition that o < ||X||,p/e.

To prove part (b), again let rp,x < 79 be as in the proof of part (a). We must have that
r = sep-rank(rg,0;X) < rpax. If ' = rpax, then 0,41(X) < o. Otherwise, for any 1’ €
{r+ 1,7+ 2,..., max}, it holds that o,/(X) < (1 4 1/r¢)o,»4+1(X). Hence, 0,41 < (1 +
1/rg)max"Tg, 11 < eop . t1 < €0. [ |

L.5. Proof of Proposition F.3

Lemma L.10 Fix X,3', vy € [p| and suppose || X — X'||op < o/4r¢. Lastly, assume that one of
the two hold

(i) 0 € 3070 (2), =2 op)-

(ii) There exists positive numbers G, and &1 satisfying max{|G,,—or, (%), |1—01(2)|} < 0/4
for which o € 26, 251].

Let r = sep-rank(rg,0; %), and let P, and P, denote the projections onto the top-r singular
spaces of . and X', Then, for any Schatten p-norm || - ||o, P, and P, are unique, and

IEEDI|N
P, — Bl < arpl 2= F e
o
The lemma also holds under the following more general condition:
Proof Set A = || — 3'||op,. We shall show that under both conditions of the lemma, it holds that
0 € oy (Z), 1Zop/€],

so that the conditions of Lemma L.9 are met.
Condition (i). By Weyl’s inequality and our assumption on A and the first assumption on o,

g — UTO(EI) 2 U(l - ﬁ) - UTO(Z) = %TU - UTO(E) >0
1" op/e = = [[Zllop/e — (1 + g55)o > 0,

so that o € [0y, (%), é”E/”op]-
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Condition (ii). We are given &, and 7 satisfying max{|G,, — 0, (2)l, |01 — 01(2)|} < o/4
for which o € [267,, Z41]. Thus,

0 - UTO(Z/) > U(l - ﬁ - %) _a'ro(zref) > 0'/2 — Or >0

12 [lop/e =0 > 61— (14 4= + 3)0 > 0.

Next, set 4 = 0,,(X’)—A. Then o,.(X’) > i, and by Weyl’s inequality, o,.(X) > 0,.(X')—A =
. Moreover, the definition of sep-rank ensures that o,.(3’) > o as well as

or1(E) <o (VA= 1/rg) = pu+ A — 0. (Z)/ro < p+ A —a/ro.

Again, by Weyl’s inequality, 0,41 (X) < u+2A—0/rg. Thus, for A < o /4rg, max{o,+1(X’), 0r4+1(X)} <
w— 7, where 7 = o /2rg. It follows from Lemma D.1 that if U/, is an orthonormal basis correspond-
ing to the top r eigenvalues of 3’, and UL . is an orthonormal basis corresponding to eigenvalues
r+1,...,p, and defining U,, U, analogously for 3. Then, one has that, for any Schatten-p norm

- llo

1% — 3
max{[|(U}) "Usrllo, [(UL,) "Upl} < Zro—————

On the other hand, if P, P} denote the projections onto the top-r eigenspaces of X, 3/, we have

[P} = Prllo < [P (P = Pr)llo + [Ty — PP = Py)llo
= P, = P Pyflo + [[(T, — PL)Py[lo
= Py (I, = Pr)llo + (T, = PL)Pr o
=1(U}) "Usrflo + [[(UL,) T U o

==

< 47“0|
g

Proposition F.3 (Perturbation of Balancing Projections) Ler rg € N, matrices X, X' Y, Y’ €
S2, and positive numbers o > 0 and (5i)z‘e[ro+1] satisfy the following conditions:

(a) Forany A € {X, X' Y, Y'}, uI, < A < MI,

() masc{|X = Xllops [Y = Y'lop} < A, where A < 5t (/M)
(c) max;e(y,11]|0: — 0i(X)| < 0/8rg, where X2 = CovBal(X,Y).
(d) o € [max{p,25:,}, 251].

Define 3’ = CovBal(X',Y'), r = sep-rank(rg, 0; 2’), Q = Proju(r; X, Y) and Q' = Projy, (r; X', Y').
Then, 1 is well defined, Q and Q' are unique, and the following bounds hold:

197 (M /p)>2A
1Q" — Qllop < p , max{||Qllop, |Qllop} < /M.
Moreover, 6, > 30, 6,41 < 30, and &, — Gr11 > 2.
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Proof [Proof of Proposition F.3] Throughout, we also set 3 = CovBal(X,Y), W = U, (Y;X),
and W' = Up1(Y’; X). We further let P, and P/. denote the projections onto the top-r singular
spaces of X and X/, respectively.

By Lemma L.5 and that A < (M/u) implies A < 11/3, we have that

12 = 2 lop < 4(M/n)*A

Hence, for A < 5 (M /)2, it holds that

(L.8)

Moreover, condition (d) of the present proposition matches condition (ii) of Lemma L.10 (recall
that lemma only requires one of conditions (i) or (ii) to be met). Thus, Lemma L.10 implies

IS~ Sllop _ 16r0(M/p)*A _ 16ro(M/p)*A
g

[Py = Pl < 4ro S S

Thus, combining the above bound with Lemma L.5 and the norm bounds on W, W', as well as
their inverses due to Lemma L.4, it follows that

1Q" = Qllop
= (W) "2PL(W')z - W 2P, W3 |,
_1 1 1 1 1 1 1 1
< (W) ™2(P. = Pr)(W')2[op + [[(W)2P(W')2 — (W)2)][op + [|[(W')2 = W2)P,.(W)2]|op
1 1
< HPIT - P’/‘HOPHWIHOP + Zmax{HWHop, HW/HOP}UQ : ||(W/)2 - (W )2 HOP
L6ro(M /)2 A

<— (M/p)'? +2- (M/M)1/4 (1\/-’//~L)3/4A

1970(M /)52 A
” .

Second, using [W{|op V [W™H|op < +/M/u from Lemma L.4,

<

_1 1
1Qllop = W3 P W3 o < ¢||W||opuwf1||op||Pru < VM/p,

and similarly for ||Q'||op. Finally, we have from the assumption on o and Weyl’s inequality and
Eq. (L.8) that

g g
07 2 0(8) ~0/42 0p(E) |2 = Fop — g = 2 0n(F) ~ -
70 4rg
g g
o1 201 (2) +0/4 L0 (B) 412 = Flop + g - S o (F) + -

From Lemma L.9, we have 0,.(X') > o and 0,+1(X) < eo, so using 9 > 1, we have o > 30/4
and 07, < (e + 1)o < 30. Finally, from the definition of sep-rank (Definition F.7),

(1= D)on(S) = orp1 (=) > 0.

7o
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Using the previous display this implies

g o o
1-YHor -0 >-01-LH— - — >~
( 7’0) T r4+1 = ( r0)47,,0 47,0 - 27,0’
so rearranging, and using o < 407 /3 as derived above,
* * * *
o o o 20 o
et .

0 2rg 1o 3ro N 37“0.

This completes the proof. |

Appendix M. Supporting Proofs for Error Decomposition

In this section, we prove a slightly more specific statement of Proposition 4.1, which makes depen-
dencies on the problem parameters explicit. We also state and prove an error decomposition result
under more general assumptions which allow for additive slack, as described below.

The remainder of the section is structured as follows.

(a) Appendix M.1 states our main results, both under Assumptions 2.2 and 2.3, as well as under
more general assumptions (Assumptions M.1, 2.2b and 2.3b) which allow for additive slack.

(b) Appendix M.2 sketches the main steps of the proof. The proofs of the constituent lemmas are
deferred to subsequent sections. This section focuses on Proposition 4.1a, and mentions the
modifications for Proposition 4.1b at its end in Subsubsection M.2.1.

(c) Appendix M.3 outlines helpful lemmas we refer to as “change of measure” lemmas. One key
lemma uses the covariance-relation, Assumption 2.3, to relate certain expectation under D;go
and Do to those under D;g1 and D).

(d) Appendices M.4 to M.6, prove the various lemmas given in Appendix M.2.

(e) Appendix M.7 derives Theorem 2 from Proposition 4.1 and Theorem 8.

M.1. Main results

We now give risk decomposition results which make dependencies on problem parameters explicit.
Our granular guarantee under Assumptions 2.2 and 2.3 is as follows.

Proposition 4.1a (Final Error Decomposition, Explicit Dependence) Suppose Assumptions 2.2
and 2.3 hold. For any k < r with some fixed integer r > 0, and any aligned k-proxies ( f ,Ag) of the
R"-embeddings (f, ), denote Do = Do(f,g,k) and By = By(f,g,k). Let o < 0.(f,9) be a

lower bound on o,(f,§) as defined in Eq. (3.1), which satisfies 0> € (0, tail(k) + Do + Arain)-
Then,

1
R(fa 9; Dtest) ,S Kvtst/{gov ((A1)2 + ; (Aapx + AO + K/cov/‘%rnAtrain)2> .

101



SIMCHOWITZ GUPTA ZHANG

In particular, suppressing polynomial dependence on Ky, Keov, We recover
. .
R(fv g; Dtest) S,* (A1)2 + ﬁ(ta";(k) + A0 + Atrain)Q‘

The same bound holds more generally when tail5 (k) + Ao+ D rain is replaced with an upper bound
M, and when o need only satisfy o2 < M. Moreover, it also holds that

R(f) 9; D1®1) < /{trnR(fv 9; Dtrain)~

M.1.1. ERROR DECOMPOSITION UNDER ADDITIVE REMAINDERS

The above error decomposition holds under slightly more general conditions, which allow for addi-
tive additive remainders in the multiplicative approximations in Assumptions 2.3 and 2.4.

Assumption 2.2b (Coverage Decomposition with Additive Slack) There exists Kist, Ktrn > 0
and Ny, Mern € (0, 1] such that Diyain covers all pairs Digj with (i,7) = (1,1), (4,75) = (1,2), and
(1,7) = (2,1), and Diegt is continuous with respect to the mixture of all pairs D;gj. Formally, for
all (x,y) € X x Y,

Pigj dD¢rain (.CE, y)

thest (I‘, y)
Pp,. > Kist | < Mtst- (Test Coverage)
o [22‘,]'6{1,2} dDigj(z,y) ° °

Assumption 2.3b (Change of Covariance with Additive Slack) There exists a Kkeov > 1 and
Neov = 0 such that, for any v € H,

E:cNDx,z [<f*(x)7 U>’?—[] < Kcov ExNDx,l [<f*(1,‘), U)%—L] + ncov”UHg{

EyNDy,2[<g*(y)7v>%-[] < Kcov * EyNDy$1[<g*<y)vv>%-l] + UCOVHUH%{'

> } <mems (i) € {(1L1),(1,2), (1)} (Train Coverage)

For additive slack, we further require uniform boundedness of the embeddings (rather than just
their inner products.)

Assumption M.1 (Boundedness) There exists an upper bound B > 0 such that

max {sup 1)l v 1) lats sup gl v Ig*(’y)|H} <B.
zeX y€eY

We now state the general analogue of our error decomposition, Proposition 4.1b, which allows
for additive slack terms. For simplicity, we assume 7coy, Ntsts Pern < 1.

Proposition 4.1b (Final Error Decomposition with Additive Slack) For any k < r with some
fixed integer v > 0, and any aligned k-proxies (f, g) of the R"-embeddings (f, ), denote Dy =
Ao(f,g,k) and Dy = D(f,g,k). Let 0 = O'r(f, §) (as in Eq. (3.1)), and let o satisfy 0% €
(0, tail5 (k) + Ao]. Then, under Assumptions M.1, 2.2b and 2.3b, we have

1
R(f, 9; Dtest) 5 ﬁtstﬁgov <(A1)2 + ﬁ (Aapx + AO + H(:ov"ﬁtrnAtrain)2>

+ B4p01y(KCOV7 Rtst Htrn) : (ntst + Ttrn + ncov)-
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M.2. Overview of proof

For now, we focus on Proposition 4.1a, which assumes Assumptions 2.2 and 2.3. The modification
of Proposition 4.1b, under Assumptions M.1, 2.2b and 2.3b are described at the end. Each of the
lemmas in this section is proved under these more general conditions.

Fix any embeddings f : X — H and g : Y — H. We shall ultimately enforce that f, g are
aligned k-proxies (Definition 4.2) for some ( f , §), though this is only necessary for one step of the
proof. We begin by recalling the error terms from Definition 4.3, and introducing a few other terms
in our analysis.

Definition M.1 (Key Error Terms) Given functions f : X — Hand g : X — Hand k € N,
define

AO( , k) := max {E91®1 [<fl:> 92 - g>2] ) EDl®1 [<fl: - f, 92>2] } (weighted error)
A1(f k) :=max {Ep, | fx — fII”, Ep,,llgi — glI*} (unweighted error)
Bs(f,g.k) == max {Ep,, | f7 — fll, Epy,llox — g1} (Daga-recovery error)

Dopx (k) == R, 9k Digt)- (approximation error)

When it is clear from the context, we will use the shorthand notation Dg, A1, As and D,y respec-
tively, for convenience.

Above, Aq(f, g, k) captures differences g; — g (resp f; — f) weighted by f; (resp. gj) under
Dig1. A1 captures the unweighted differences (i.e. in || - ||) under D;g1, and Ay does the same
under Dsyg9. Since f* and g* have spectral decay, we expect the unweighted errors A, Ay to be
larger than the weighted one Ag.

Bounding Dig-risk with Dygo-risk. We begin the proof with a lemma which bounds the risk
under Dyq by the risk under the bottom-right block Dag2, plus the risk under Diyain (i-€. Arain)-
The following is proved in Appendix M.4.

Lemma M.1 (Error Decomposition on Dy.s;) Under Assumption 2.2, the following holds for any
f:X—=Handg:Y — H:

R(f, 9 Drest) < kitst (R(f, 93 D2g2) + 36t R(f, 9 Dirain)) -

Bounding the Dsgo-risk. The difficulty is now in handling the error on the bottom-right block
Dsga. Our analysis reveals that the leading order term is precisely the weighted error Ag, with the
unweighted errors A; and A, entering only in a quadratic way (i.e. at most second order) into the
error. The following is proved in Appendix M.5.

Lemma M.2 (Error Decomposition on Dag2) Under Assumptions 2.2 and 2.3, for any f : X —
H,g:Y—H andk € N

R(f?.g; D2®2) COV(AO + (Al) + Aapx) + (A2)2 + HcovﬁtrnAtraina

where above we suppress error term dependence on f, g, k.
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Bounding A;. We now turn to bounding Ay. This requires making full use of the assumption
that (f, g) are aligned k-proxies of (f, §). Going forward, recall from Eq. (3.1) and the construction
in Definition 4.2 that

or(Epy [ffT]) = 00(f.9) > 0,

where the positivity is a consequence of the assumption that ( f ,g) are full-rank. We may now
bound As. The following is proved in Appendix M.6.

Lemma M.3 (Decomposition of Ay) Suppose (f,g) are aligned k-proxies of ( 1, g). Then, we
have

Atrain

7,082 5 (B ) b e (B + B (8)

where above we suppress dependence on f, g, k in all error terms.

Concluding the proof of Proposition 4.1a. Lastly, we observe that the rank-k approximation
error under D; 1 is precisely the tail term tail5 (k).

Lemma M.4 We have D, (k) = R(f}, 95 Dig1) = tails (k).

Proof Using that projection matrices are self-adjoint and idempotent,

R(f¢ 9 D1o1) = Epy, [((fi(2), 9 () — (F*(2), 9" ()))]
= Ep,.,, [((PLf* (), Prg* () — (f*(2), 9" (¥)))?]
= Ep,.,, [((PLf* (), () — (f*(2), 9" (¥)))’]
= Ep, o, (1 = PR) f*(2), 5" (9))°]
= t2[Eei (1 = PHEip (1= PR = D Xj(Zigy)? = tailj(k),
>k
where in the last line, we use that P}, projects onto the top & eigenvalues of X7 ;. |

Putting these terms together reveals our final error decomposition result.
Proof [Proof of Proposition 4.1a] Let o < o,.(f, ). We write

R(fa g; Dtest)

(@)

5 Rtst (R(f7 g; D2®2) + KtrnAtrain)

(44)

S_, Rtst ( COV(AO + Aapr + (Al) ) (A2)2 + Kcov"itrnAtrain) + "itrnﬁdenAtrain

5 Ktst ( COV(AO + AE?LpX + (Al) ) (A2>2 + chovﬁtrnAtrain) s
where in the last line, we absorb terms using xco, = 1. Continuing the string of inequalities,
(@) K‘(Q:ov 2
< Kist ( COV(AO + Aapx + (Al) ) o2 (Aapx + A0 + ’Qcov’{ftrnAtrain) + Kcov“trnAtrain>

(iv) 52
S, Rtst < COV(AI) o_(;v (Aapx + AO + ﬁcovﬁtrnAtrain)2>

1
= /ftstﬁcov ((Al) ? (Aapx + Ay + Hcov"ftrnAtrain)2> s
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where (7) uses Lemma M.1, (i7) uses Lemma M.2, (ii¢) invokes Lemma M.3, and (iv) applies the
assumption o2 < A.px + Do + Agrain and Koy, K > 1 to absorb the term

K2

2 co 2
KCOV(AO + Aapx) + chovﬁtrnAtrain < TV (Aapx + A0 + chovﬂtrnAtrain) s

2

loosing at most a constant factor of 2. The last inequality uses k¢, > 1. Note that the simplification

also holds when likewise A,y + Ag + Atrain by an upper bound M, such that o2 < M.
Lastly, the final statement of the proposition, namely the bound R(f, g; Dig1) < KtenR(f, 95 Dirain)
is a direct consequence of Assumption 2.2. |

M.2.1. MODIFICATIONS FOR ADDITIVE SLACK

Like their analogues in proving Proposition 4.1a, the following lemmas are proved in Appen-
dices M.4 to M.6, respectively.

Lemma M.1b (Error Decomposition on D;.; with Additive Slack) Under Assumptions M.1 and 2.2b,
R(fa g; Dtest) < Kigst (R(fa g; D2®2) + 3HtrnR(f7 g; Dtrain)) + 4B4 (77tst + 3/1tst77trn)'

Lemma M.2b (Error Decomposition on Dyxo with Additive Slack) Under Assumptions M.1, 2.2b
and 2.3b, for any k € N,

R(fa 9; D2®2) 5 REOV(AO + (A1)2 + Aapx) + (A2)2 + /‘fcov’itrnAtrain + B4/€cov(ncov + ntrn)a
where above we suppress error term dependence on f, g, k.

Lemma M.3b (Decomposition of A with Additive Slack) Suppose k < r, and (f, g) are aligned
k-proxies for ( fr, gr) with P}. Then for k < r,

Atrain

Wmin

Ur(fyg)AQ SJ ( > + "'fcov<A0 + Aapx(k>) + B2(77c0v + ntst)y

where above we suppress dependence on f, g,k in all error terms.

Deriving Proposition 4.1b from the previous lemmas follows in much the same way as Proposi-
tion 4.1a, and is omitted for brevity.

M.3. Key change-of-measure lemmas

We begin by establishing some important change-of-measure results.

Lemma M.5 (Change of Covariance) Under either the boundedness assumption Assumption M.1,
or assumping Neoy = 0, the following holds for any i,j € {1,2} and any (f, g), under Assump-
tion 2.3b,

i ED¢®2[<JE’ g;>2] < ’{COVED¢®1 [<fa g;>2] + BQUCOV

* EDZ@j[<f]:7§>2] < ’QCOV]EDleijf]:agy] + B27700v-

105



SIMCHOWITZ GUPTA ZHANG

The same holds if gj; (resp. f};) are replaced by g%, = g* — gj; (resp. [, = [* — fi;) or g* (resp.
1), and under Assumption 2.3, the above holds with 1co, = 0.

Proof Since Assumption 2.3 is stronger than Assumption 2.3b, we focus on the proofs under As-
sumption 2.3b. Let’s begin by proving the first item under Assumption 2.3b; the extension to the
second item is similar. We have

Ep,..[(f, 9%)*) = Epy, [Ep, 2[<f 9] (Fubini)
= Ep,,[Ep,,[(f, Pig")]]
< Epy, [ieovEpy, [(PLf, %)) + oos [ PLS I (Assumption 2.3b)
< Epy, [FcovEp,y , [(Pk *)zl + 77covaH ] (P% is a projection)
< Epy, [K/COVEDy (P% *>2H + BQUCOV (Assumption M.1)
= fcovEmy s@my , [(P kf )] + B1eov (Fubini)
= KeovEpy ;0my , [(F, 98)°] + B 1lcov-

As mentioned, the second item is similar To derive the similar bounds for g* — g, we use that

g — g5 = (I — P})g*, and | — P} is also a projection operator; the bound for f* — f can be
derived similarly. Finally, the bounds for f*, g* are slightly simpler to establish, because we need
not commute the projection operator. |

Lemma M.6 (Change of Risk) The following bounds hold:

o The risk on the “off-diagonal” product distribution is bounded by
R(f% g8 Diga) V RUfE 9 Dawt) < FeovBapx (k) + 1eov B2
o The risk on the “bottom-right” product distribution is bounded by
R(fis 9 Daw2) < Kooy Bapx (k) + 2hicovtlcov BZ.
Proof Introduce the shorthand fZ, := f* — fiand g%, := g* — gj. Note that
fe=0=POf" g5 =01-Ppg",

and hence fZ,, g%, are B-bounded under Assumption M.1.
Observe that since Pj; is an orthogonal projection, so is | — P%. Since orthogonal projections
are self-adjoint and idempotent,

- <f1§a92> = <f*ag*> - < Zf*ag*> = <(| - PZ)f*,g*>
= (1 =P (=P ") = (1 = PR, (1= PR)g") = (for g50)-
Thus, by Lemma M.5 and the fact that f£, is B-bounded, we have

(M.1)

R(flzﬂ 923 D1®2) = ED1®2 (h* - <fl:7glt>)2 = ]ED1®2 <f;kvg;k>2 < ’%COVED1®1 <f;k7g;k>2 + ncosz-
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Similarly, R(f7, g; Daw1) < KeovEpig (f24, 95402 + Ncov B Finally, by two applications of
Lemma M.5, we have

R(fi> 9k Daw2) = Epygy (B — (i 95))* = Epygy (21 954)°

KeovED, gy (f3ks 9;k>2 + Neov B2

Koo EDign (F2r 0517 + (Keovleov + Teov) B
R EDign (f2k 051)7 + 26coveov B
(

’igovEDmm h* — <f1:’g;<;(>)2 + 2’icovncovB2
(Eq.- M.1))

= KEOVR(flza 92; D1®1) + 2’{cov7]covB2-

This completes the proof. n

2

ININAIA

Lemma M.7 Suppose the boundedness assumption, i.e. Assumption M.1 holds for some (f,g).
Then, for any (i,7) € {(1,1),(1,2),(2,1)},

R(fv g; DZ@]) S 4B4€trn + "itrnR(f; 9; Dtrain)~
The same also holds without Assumption M. 1, with €, = 0 (ignoring the 4B%¢pn term).

Proof Define the event

gr ini®j ‘=
praim.1e) {thrain (.73, y)

We first consider the case where Assumption M.1 holds. To this end, we consider any function
F:X xY — [0, M]. We then have

Ep,,,[F(2,y)] < M Pp,_ [~Eiainiog] + Epi, [F (2, ) { Erainie; }]

= M Pp,,; [~ Etrain,iwj] + EDyn [F(%, ¥)I{ Etrain,ic; | -

1
<M PDi@j [_‘gtrain,i®j] + EDtrain [F(l', y)i]

Rtrn
1R ) train —_ train
Ktrn M P, ]-[ Etrain ’L®]] + Ep,,.. [F($7 y)] Megn + KirmEnp,,,, [F($, y)]

The result follows by setting F'(x,y) = ((f(z),g(y)) — h*(x,y))?, which lies in [0,4B%] by
Lemma M.38, stated just below.

For the case Assumption M.1 does not hold but with ey, = 0, the first term on the right-hand
side above does not appear, which completes the proof. |

dDz@](x7y) < Ky }

dDi@j (‘T’ y)

thrain (:L', y) ]

Lemma M.8 Under Assumption M.1, given any B-bounded functions f, g, the function F(x,y) =
((f(2),9(y)) — h*(x,y))? satisfies 0 < F(x,y) < AB*

Proof Since f, g are B-bounded |(f, ¢)| < || f|lllgll < B2. Similarly, |h*| < ||f*|||lg*|| < B? The
bound follows. |
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M.4. Proof of Lemmas M.1 and M.1b

Proof We prove the more general statement under Assumption 2.2b, and explain the modification
to Assumption 2.2 afterward. Define the event

thest (377 y)
Eiest 1= <K .
rest { zz‘,je{m} dDigj(x,y) ~ =

Then, for any bounded, nonnegative function F'(z,y) : X x Y — [0, M], we have

EDtest [F(I', y)]
S M IED,D‘nest [_‘gteSt] + EDtest [H{gteSt}F($7 y)]

H{gtest}

. thest (.TL‘, y)
ZiJE{LQ} dDz’@j(% Y)

= M Pp, . [Erest] + / F(z,y) - ( Z dDig;(z,y)
(z.y) ijef1,2)

F(.%',y) : < Z dDi@j(xvy)>

S M IP>'Dtest [_‘gteSt] + Rtst /
i,7€{1,2}

(z,y)

2

= MPp,, [~Eiest] + kst Y, By, [F(2,)]
ig—1
2

é M'r]tst + ﬁtst Z EDi®j I:F(’:U7 y)]
ij=1

Taking F(z,y) = ({f(),9(y)) — h*(z,y)), which takes values in [0,4B%] by Lemma M.8, we
find

2
R(f,9; Drest) < 4B st + st Z Ep,q, [F(z,y)].
ij=1

By Lemma M.7, we bound

Z R(fv g; Di@j) < 12B477trn + 3HtrnR(fa g; Dtrain)-
1,§7#(2,2)

Therefore,

R(f, 9; Drest) < kst (R(f, 93 Dag2) + 366mR(f, 95 Dirain)) + 4B4<77tst + 3KtstMrn ) -

The bound follows. To obtain the simpler statement with Assumption 2.2, under which we can take
st = Men = 0, and complete the proof. ]

M.5. Proof of Lemmas M.2 and M.2b

We begin with an elementary algebraic lemma which helps us expand the risk R( f, g; Dag2).
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Lemma M.9 Foranyh* : X xY = R, f1, fo: X = H, and g1,92 : Y — H, we have
((fr.g1) — h*)? < 2((far g2) — h*)2 4+ 6(f1 — fo, 92)* + 6(f2, 91 — g2)* + 6] f1 — fo|*[lg1 — g2/
Proof [Proof of Lemma M.9] Set h; = (f1, g1) and hy = (f2, g2). Then,

(h1 — h*)? = (hg — B*)? = (hy — h* 4 hy — h*)(h1 — ho)
= (h1 — h2)? + 2(hg — h*)(h1 — ho)
< 2(hy — h2)2 + (hy — h*)2.

Hence, we have (hy; — h*)? < 2(hy — h2)? + 2(ha — h*)?. To conclude, we bound

(b1 = ha)? = ((f1,91) = (f2, 92))°
= ((f1 = f2:92) + (f2, 91 — g2) + (1 — fo, 01 — 92))°
<3(f1— fo,92)* + 3(f2, 91 — 92)° + 3(f1 — f2. 91 — g2)°
< 3(f1— f2.92)° 4+ 3(f2, 91 — 92)* + 3|l.f1 — Lol*llor — g2
Combining the two displays completes the proof. |

Step 1. Change of covariance under Dogo. Taking fi = f, g1 = g, fo = fj; and g2 = g7,
Lemma M.9 implies

EDyes (£, 9) = 1)) = 2By, [((f: 9) — h*)?]
<6 (Epyea(f = f7:.91)% + Epana (15,9 — 68)° + Enae, [ f = S5l — 97 1%])

(4)
< GKcoy (ED2®1 <f - f1§792>2 + ED1®2 <fl:ag - 92>2) + 6ED2®2Hf - QEHQHQ - QEHQ + 48ancov

(@)
= Ok cov (ED2®1 <f fkvgk> =+ ED1®2 <fl:vg - g;>2) + GEDx,QHf - fl:”g ' EDyA,sz - fI:HQ + 48B4ncov

(32)
< 6kcov (Epoey (f = [ 080 + Epyg, (fis 9 — g5)?) + 6(D2)% + 48 B oy, (M.2)

where in (i) we apply Lemma M.5 to the terms Ep,_, (f — f¥, g5)* and Ep,, (f7, g9 — g;)?, for

with B = 2B, in (ii) we use that Dagy = Dy 2 ® Dy 5 is a product measure, and in (iii) we recall
the definition of Ay = Ao (f, g, k).

Step 2. Expansion of D;g2 and Dygi. Next, we expand the first two terms in Eq. (M.2). First,

(F=Tign) = igp) =l = fro)—h+{f 95 —9) = (fr9) —h+{f = IL, e — 9+ (i 95 —9)-

Hence,

IE172@1 <f - fl:7gl:>2
< 3E’D2®1[(<f, g> - h2)2] + 3ED2®1 <f1§791: - g>2 + 3ED2®1 <f - fl:ag]: - g>2

(@)
< 3Epye, [((f19) — hE)?] + BkcovEDy oy (i 91 — 90 + 3Epye, |1 f5 — FIIP1lgk — glI* + 12B*cov,
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where in (7) we again apply Lemma M.5. We can further expand

Epue lf5 = FIP1lg% = 91* = Epp o fi = fIP - By, llgk — gl

1 Keov
< (Epy, |l — FI7)? + == (Epy , gk — g11*)?
2Kcov 2
1 K
A 2 cov A 2
— 2’{@0\/( 2) + 2 ( 1) ?

where again, we recall the definition of A5 and A in Definition M.1. In sum, we find

IED2®1 <f - fl:»gl:>2

* * * ]' 3
< 3Epag, [((£:9) = 1))+ Bhcon (Epic (F7, 9 = 97 + 5(B1)) + 57— (B2)? + 128"y,
A similar analysis bounds
ED1®2 <fl:ag - g;>2
Y 3g — hE)?] + Bkicov (E R+ (A Ay)? +12B*
= D1®2[(<f7g> k:) ]+ ’QCOV( D1®1<f fkvgk> + 2( 1) )+ %% ( 2) + Tcov -
Thus, defining
Dot = Ep, o, [((f,9) = 1)°] + Epuey [((f, 9) — hi)),
we have

ED2®1 <f - fl:vgl:>2 + ED1®2 <fl:’g - gl:>2
< 3ED1®2[<<f7 g> - hZ)Q] + 3ED2®1 [(<fvg> - h2)2]

3
+ 3’£COV(E91®1 <f - fl:vgl:>2 + ]ED1®1 <fl:,g - gl:>2 + (AI)Q) + P (A2)2 + 24347lc0v
3
= 300 + 3keov (280 + (A1)?) + - (A3)? + 24B* oy (M.3)

Step 3. Intermediate simplification. Combining Eqgs. (M.3) and (M.2), we find

ED2®2[(<f’ 9) — h*)2} - 2ED2®2 [((fl:a g/:> - h*)2]
< 6Kcov (ED2®1 <f - f]:, 92>2 + ED1®2 <f]:, g — QZ>2) + 6(A2)2 -+ 48347700\/
< 18HcovAoﬁ" + 18Hgov(2A0 + (AI)Q) + 24(A2)2 + (144/€c0v + 48)B4ncov'

That is, by rearranging

Epses [((f,9) — h*)?) < 18k2,, (280 + (A1)%) + 24(A2)? + (144Kcov + 48) B1jcoy
+ 18K covDoft + 2ED2®2 [(<fl§7 92> - h*)Q]' (M.4)
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Step 4. Concluding the proof. To conclude, we upper bound Eq. (M.4). We begin by noting that,
by Lemma M.6,

2Ep,., [((f72 9) — h*)°] = 2R(fF, gks Dage) < 2620, R(fL, 93 Prgn) + Ahicovieov B
Similarly, again by Lemma M.6
Dot = Ep, o, (£ 9) — h)?) + Epye, [((F.9) — h)°)
< 2By, (£, 9) — h*)2) + 2y, [((F.9) — h*)?)
- 2Ep, o, [(h — h*)) +2Ep,, (4
=R(f},9%:D1w2) =R(f},95:D221)
< 2Ep, o, [((f,9) — 1)) + 2Ep,, [((f. 9) — h*)?]
+ dkicoy R(F, 935 Dis1) + Acoy B

Hence,
18con Bt + 2B, ({f 07 = 1)’
< (418 + 2)k2 R(f5+ g Digt) + (4 - 18 + 4)KcoyNeov B
(2 18)Keov (Epyual(F. 9) — 1)) + Epyo, [((f, ) — 5%)?)).
= T4K2 R(fE, 95 Dig1) + T6Kcovlcoy B® + 36kcov (R(f, 9; Dig2) + R(f, g; Dag1)) -
By Lemma M.7, and using that 0 < ({f, g) — h*)? < 4B*
(R(f.9; D1g2) + R(f, 9: D2x1)) < 26mR(f, g; Devain) + 8B en,
Thus,
18kicov Dot + 2Ep, 0, [((fi, g) — h*)?]
< T4K2, R(f{, 98 D1s1) + 26coviten RS, g3 Divain) + (8 - 36)1encov B + 76k covTeoy B,
In sum
Ep,eo[((f,9) — 1))
< 18Kz (280 + (A1)?) + 24(A2)* + (144K coy + 48) B ey
+ 18Kcov Doft + 2Ep, ., ({7, 95) — h*)?]
< 18K2 (280 + (A1)?) + 24(A2)? + T2k covkten R ([, 93 Dirain)
+ 7482 R(f5 05 Digt) + (144kcoy 4 48) Bicoy + 288numkcov B + T6kcovTeov B*
< 18kgey (280 + (A1)?) + 24(B2)? + T2k covkten R(f, 5 Dirain)

=A¢rain

+ 74"/‘7%0\/ R(f]:: gz; Dl@l) +268KJCOVB4T]COV + 28877trn"fcovB4;
—————
:Aapx

where in the last line, we used K¢y > 1 and 144 + 48 + 76 = 268. Dropping constants and
simplifying,

R(f,9: D2w2) = Ep,g,[((f, 9) — B*)?]
N cov(AO + (Al) + Aapx) + <A2)2 ~+ KcovRtrn Dtrain + B4Hcov(ncov + Utrn)-
The proof for Lemma M.2 follows by setting 7¢n = Neov = 0. [
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M.6. Proof of Lemmas M.3 and M.3b

Recall the definitions

Ao := max {Ep,,, (/7,95 — 9% Epioi (72 9% — 9>2] }
Ay = max {Ep,, || ff = fI% En,, o — oI}
B, = max {Ep,, | ff — /1% Eny, g5 — gll*}
Airain(f, 9) := R(f, g Dirain)
D, (k) == R(f7, 9%; D1s1)

where the dependence of f, g, k is suppressed in all A,y terms. Our aim is to bound Ay. We focus
on bounding Ep, , ||gi — gl|?, for the bound on Ep.,|lfy — f||? is analogous.

Further, let us recall what it measn for (f,g) to be aligned k-proxies. This means that (a)
f = (roTYHf g = (1, 0T)j, where ¢, : R” — H is an isometric inclusion, and T is the
balancing operator of Lemma 4.3, and (b) for P}, projection onto the top k-eigenvectors of X7,
we have

range(Py) C range(Ep, , [ffT]). M.5)

In particular, let V := range(Ep, , [££T]). Since f, § are full-rank, V = range(s,) = range(Ep, , 99" ]).
Moreover, range(Ep, , (95 (v)g5(y)']) = range(P}) C V... Hence, By Lemma L.7 , g(x) g;(y) €

V almost surely, and thus, g;(y) — g(y) € V with probability one. In addition, since V = range(¢,)

has dimension r, it follows that for any v € V, and since o (Ep,., [f f ) = 0,(f,§) in view of the
construction in Definition 4.2,

vIEp, [ff v > v]?- o (f.9).

Therefore,
A 1
or(f,9)Epy , 9% — 9> <Epy, | ——Eny,(f, 95 — 9)°
UT(fag)
1
= 7AAED [<f>g - 91:>2} .
Ur(f’g) e

In other words, we bound Ep, , ||g5 — gl|* by relating an expectation involving Dy ;. Now, we can
further expand

(fra—gi) ={f,9) —frgr) = (f,9) — {fi>98) — (f — fi> 9%)
=((f,9) =) = ((f& 98) — W) = (f = f. 95)-
Hence,

O'r(f, g)EDy,zHgl: - g||2 < 3ED1®2(<f7 g> - h*)Q + 3ED1®2(<fl:792> - h*)2 =+ 3ED1®2 <f - fl:7gl:>2
< 3R(f,9; D1g2) + 3R(f§, 9k Dig2) + 3Epy, (f — fi )%

By Lemma M.5 and the fact that f — f} is 2B-bounded,

ED1®2 <f - f}:a 91:>2 < K/COVED1®1 <f - f;:,g;:)Q + 4B47ICOV = KeovBo + 4B47]cov-
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By Lemma M.6,
R(fE, 95 D1o2) < KeovR(f7 983 Dig1) + Neov B = KeovBapx + Neov B
Finally, by applying Lemma M.7,
R(f, 9 D1o2) < 4B st + KuenR(f, 95 Divain) = 4B nist + Kten Birain-

Thus,

AN * A rain
(7o)l — 017 <3 (5 ) BB+ Do)+ 125 + ).

min
This completes the proof. u

M.7. Proof of Theorem 2

Sete? = €2 . Forany s € N, e > 0 satisfying s < ||}, [lop/40€ and

&> inf Ep,[(f.9) ~ (3.9,

s'>s—

by Theorem 8, we can always find a k for which

(Bo(f. g, k) + tail3 (k) + Dirain(f, 9))* S %€ + 5%(07)" + tail3(s)” + ey M6)
A(f,9.k)?% < (r+sh)e +5°(a)) + tailf(s)”. '
Proposition 4.1a ensures that, with the choice of s = r 4 1,
R(f, g; Dtest)
L .
5* (A1)2 + ?(ta";(k‘) + AO + Atmin)2
T
2 o P 2
< (A1) + 5 (tail3 (k) + Ag + Agrain)
(o7)
6.4 A 2( x\4 ()2
tail
S (4 506+ (00 4l (o) 4 S S Lt
(s=r+1<r)
6.4 4 2 x V4 s 2
) o€ + €y + 17 (07 )" F taily(r + 1)
< (rfé +r¥ (o)) +taili(r +1)%) + o b (;;)2
6 4 4 I 2
tail 1
< (1€ 4 (L a)r(o)? + taili(r + 1)) +a - Etrn(t;' 2(r+ 1)
0-7"
6.4 4 k(02
] rPe* + €g,p, + taily(r . .
< (r'é+ 1+ a)r?(ory,)? + taili(r)?) + a - t(o-*)Q 2(r) (Monoticity of tail})
T
6.4 4 1% ()2
tail
< (7’462 +ar®(or,,)? + tailj(r)?) + o - re+t et(m*—): aily(r) (a>1)
o-'l’
The last statement of the theorem - upper bounding o < 2, is precisely the last statement of Theo-
rem 8. u
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