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Abstract

We consider the development of adaptive, instance-dependent algorithms for interactive decision
making (bandits, reinforcement learning, and beyond) that, rather than only performing well in
the worst case, adapt to favorable properties of real-world instances for improved performance.
We aim for instance-optimality, a strong notion of adaptivity which asserts that, on any particular
problem instance, the algorithm under consideration outperforms all consistent algorithms. Instance-
optimality enjoys a rich asymptotic theory originating from the work of Lai and Robbins (1985)
and Graves and Lai (1997), but non-asymptotic guarantees have remained elusive outside of certain
special cases. Even for problems as simple as tabular reinforcement learning, existing algorithms
do not attain instance-optimal performance until the number of rounds of interaction is doubly
exponential in the number of states.

In this paper, we take the first step toward developing a non-asymptotic theory of instance-
optimal decision making with general function approximation. We introduce a new complexity
measure, the Allocation-Estimation Coefficient (AEC), and provide a new algorithm, AE2, which
attains non-asymptotic instance-optimal performance at a rate controlled by the AEC. Our results
recover the best known guarantees for well-studied problems such as finite-armed and linear bandits
and, when specialized to tabular reinforcement learning, attain the first instance-optimal regret
bounds with polynomial dependence on all problem parameters, improving over prior work ex-
ponentially. We complement these results with lower bounds that show that 1) existing notions of
statistical complexity are insufficient to derive non-asymptotic guarantees, and ii) under certain
technical conditions, boundedness of the Allocation-Estimation Coefficient is necessary to learn
an instance-optimal allocation of decisions in finite time.

1. Introduction

We consider the development of adaptive, sample-efficient algorithms for interactive decision making,
encompassing bandit problems and reinforcement learning with general function approximation.
For decision making in high-dimensional spaces with a long horizon, existing approaches (Lillicrap
et al., 2015; Mnih et al., 2015; Silver et al., 2016) are sample-hungry, which presents an obstacle for
real-world deployment in settings where data is scarce or high-quality simulators are not available. To
overcome this challenge, algorithms should both i) flexibly incorporate users’ domain knowledge, as
expressed via modeling and function approximation, and ii) explore the environment in a deliberate,
adaptive fashion, taking advantage of favorable structure whenever possible.

Toward achieving these goals, a major area of research aims to develop algorithms with optimal
sample complexity and understand the fundamental limits for such algorithms (Russo and Van Roy,
2013; Jiang et al., 2017; Sun et al., 2019; Wang et al., 2020; Du et al., 2021; Jin et al., 2021; Foster
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et al., 2021), and the foundations are beginning to fall into place. In particular, focusing on minimax
regret (that is, the best regret that can achieved for a worst-case problem instance in a given class
of problems), Foster et al. (2021, 2022b, 2023) provide unified algorithm design principles and
measures of statistical complexity that are both necessary and sufficient for low regret. However,
minimax regret and other notions of worst-case performance are inherently pessimistic, and may
not be sufficient to close the gap between theory and practice. For example, recent work has shown
that algorithms that are optimal in the worst-case can be arbitrarily suboptimal on “easier” instances
(Wagenmaker et al., 2022b). To overcome these challenges and develop algorithms that perform well
on every instance, a promising approach is to develop algorithms that adapt to the difficulty of the
problem instance under consideration.

The performance of such adaptive algorithms can be quantified through instance-dependent
regret bounds, which become smaller (leading to low regret) when the underlying problem instance is
favorable. Algorithms with such guarantees have been studied throughout the literature on bandits and
reinforcement learning; basic examples include adapting to large gaps in value between alternative
actions (Lai and Robbins, 1985) or low noise or variance in bandit problems (Allenberg et al., 2006;
Hazan and Kale, 2011; Foster et al., 2016; Wei and Luo, 2018; Bubeck et al., 2018), and adapting to
the difficulty of reaching certain states in Markov Decision Processes (Zanette and Brunskill, 2019;
Simchowitz and Jamieson, 2019; Dann et al., 2021; Wagenmaker et al., 2022b).

While there are many notions of adaptivity and instance-dependence, they are generally incom-
parable. A stronger notion of adaptivity is instance-optimality, which asserts that the performance of
the algorithm on a problem instance of interest exceeds that of any consistent algorithm (that is, any
algorithm with sublinear regret for all problem instances). Instance-optimality enjoys a rich theory
originating with the work of Lai and Robbins (1985) and Graves and Lai (1997), with a celebrated
line of research developing sharp guarantees for the special case of finite-armed bandits (Burnetas
and Katehakis, 1996; Garivier et al., 2016; Kaufmann et al., 2016; Lattimore, 2018; Garivier et al.,
2019). Beyond the finite-armed bandit setting, however, development has been largely asymptotic in
nature, and existing algorithms either:

1. achieve instance-optimality only as T' — oo (or, to the extent that they are non-asymptotic,
require 7" to be exponentially large in problem-dependent parameters) (Graves and Lai, 1997;
Komiyama et al., 2015; Combes et al., 2017; Degenne et al., 2020b; Dong and Ma, 2022), or

2. achieve non-asymptotic guarantees, but require restrictive modeling assumptions such as linear
function approximation (Tirinzoni et al., 2020; Kirschner et al., 2021).

Indeed, even for the simple problem of tabular (finite-state/action) reinforcement learning, existing
algorithms do not attain instance-optimal performance until the number of rounds of interaction is
doubly exponential in the number of states (Ok et al., 2018; Dong and Ma, 2022). In this paper, we
address these challenges, providing algorithms that i) accommodate flexible, general-purpose function
approximation, and ii) attain instance-optimality in finite time, in a sense which is itself optimal.

Contributions. We take the first steps toward building a non-asymptotic theory of instance-optimal
decision making. We observe that asymptotic characterizations for instance-optimality:

1. reflect the regret incurred by an allocation of decisions designed to optimally distinguish the
ground truth problem instance from a set of alternatives, but

2. do not capture the statistical complexity required to learn such an allocation.



INSTANCE-OPTIMALITY IN INTERACTIVE DECISION MAKING

To address this, we introduce a new complexity measure, the Allocation-Estimation Coefficient
(AEC), which aims to capture the statistical complexity of learning an optimal Graves-Lai allocation.
We provide a new algorithm, AE2, which attains non-asymptotic instance-optimal regret at a rate
controlled by the AEC. We complement this result with lower bounds that show that under certain
technical conditions, boundedness of the Allocation-Estimation Coefficient is not just sufficient, but
necessary to learn an instance-optimal allocation in finite time.

Our algorithm is simple, and can be applied to any hypothesis class in a generic fashion. It
recovers the best known guarantees for standard problems such as finite-armed and linear bandits and,
when specialized to tabular reinforcement learning, achieves the first instance-optimal regret bounds
with polynomial dependence on all problem parameters. We believe that our approach clarifies and
elucidates many tradeoffs and statistical considerations left implicit in prior work, and hope that it
will serve as a foundation for further development of instance-optimal algorithms.

1.1. Interactive Decision Making

We adopt the Decision Making with Structured Observations (DMSO) framework of Foster et al.
(2021), which is a general setting for interactive decision making that encompasses bandit problems
(structured, contextual, and so forth) and reinforcement learning with function approximation.

The DMSO framework is specified by a decision space 11, reward space R C R, and observation
space O. The learner is given access to a (known) model class M C (Il — Arxo), and it is
assumed there exists some true model M* € M, unknown to the learner, which represents the
underlying environment. Formally, we make the following assumption.

Assumption 1.1 (Realizability). We have that M* € M.
The learning protocol consists of I" rounds. For eachround ¢t = 1,...,7T"
1. The learner selects a decision * € II.

2. The learner receives a reward r* € R and observation o' € O sampled (rt,0') ~ M*(x!),
and observes (!, o).

We can think of the model class M as representing the learner’s prior knowledge about the
decision making problem, and it allows one to appeal to estimation and function approximation. For
structured bandit problems, for example, models correspond to reward distributions, and M encodes
structure in the reward landscape. For reinforcement learning problems, models correspond to Markov
decision processes (MDPs), and M typically encodes structure in value functions or transition
probabilities. See Appendix A.6 and Appendix A.7 for concrete examples of how standard decision-
making settings can be instantiated within the DMSO framework, and Foster et al. (2021) for further
background. Foramodel M € M, E" ™[] denotes the expectation under the process (7, 0) ~ M (),
fM () :== E7™[r] denotes the mean reward function, and 7,, := arg max,cp; f (7) denotes the
optimal decision. When the algorithm is clear from context, E*[-] and P"[-] refer to the expectation
and probability measure, respectively, induced over histories under M. When the context is clear, we
overload notation somewhat and use P*"[] to refer to the conditional density over R x O induced
by playing m on M. We make the following assumptions.

Assumption 1.2 (Bounded Reward Means). Forall M € M, = € 11, we have f*(7) € [0, 1].
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Assumption 1.3 (Unique Optimal Action). For the ground truth model M* € M, the optimal action
T > IS unique.

Note that the latter assumption is standard in the literature on instance-optimality. We measure
performance in terms of regret, which is given by

Reg(T) 1= 311 Bt [fY" (mare) — 27 (4], (1)

where p' is the learner’s randomization distribution for round ¢. In addition, we define A (7r) =
fM(my) — fM () as the suboptimality gap function for model M and decision 7, and the minimum
suboptimality gap as

v infremam (z)y>0 AY (), my is unique,
min T . (2)
0, otherwise.
Since by assumption 7,,+ is unique, we have Aféfn > 0. Throughout, we replace dependence on M™*
with “*” when the meaning is clear from context, for example: A% . := AM" ‘or f*(7) := fM" (7).

Further Notation. We let M™ = {M : [T — Agxo | fM(r) € [0,1]} denote the space of
all possible models M with rewards in R and f*(7) € [0, 1]. We use Ay to refer to the set of
probability distributions over any X". Throughout, we often abbreviate E ,[-] with E,[-].

1.2. Background: Asymptotic Instance-Optimality

Our aim is to develop algorithms that are instance-optimal in a strong sense: for every model
M* € M, the regret of the algorithm under M™ is at least as good as that of any consistent
algorithm; here, an algorithm is said to be “consistent” if it ensures that E¥ [Reg(T)] = o(T") for all
M e M. Instance-optimality is a powerful notion of performance: no algorithm—even one designed
specifically with M* in mind—can achieve lower regret on M * without giving up consistency. For
multi-armed bandits, a long line of work initiated by Lai and Robbins (1985) characterizes the
instance-optimal regret as a function of the instance M*, and provides efficient algorithms that attain
instance-optimality in finite time (Garivier et al., 2016; Kaufmann et al., 2016; Lattimore, 2018;
Garivier et al., 2019). For the general decision making setting we consider, the forward-looking
work of Graves and Lai (1997) (see Dong and Ma (2022) for a contemporary treatment) introduced a
complexity measure we refer to as the Graves-Lai Coefficient, which asymptotically characterizes
the instance-optimal performance as a function of the instance M* and model class M. For any
class M and model M € M, the Graves-Lai Coefficient is defined as

gle(M, M) := niergn { D e AM(w) | VM € MP(M) 2> e D (M () || M (7)) > 1},

+ \well mell
(3)

where, for M with unique optimal decision 7,,, we define Mt(M) := {M' € M | 7y & 7o}
the set of “alternative” models—the models M’ € M that disagree with M on the optimal decision' —
and Dk (- || -) denotes the Kullback-Leibler divergence. When M is clear from context, we will ab-
breviate g™ := glc(M, M) (and g* := glc(M, M*)). We also denote any solution to Eq. (3) by n™—

note that this is not in general unique. The characterization of Graves and Lai (1997) is as follows.

1. For M € M such that 7, is not unique, we define M**(M) := {M’' € M |7y N7, = &}, and define
glc(M, M) as in Eq. (3), with respect to this M®'*(M). We also define M** (1) = {M € M |7 & wu}.
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Proposition 1.1 (Graves and Lai (1997); Dong and Ma (2022)). For any model class M with
IITI| < oo, any algorithm that is consistent with respect to M must have

E"" [Reg(T)] > gle(M, M*) - log(T') — o(log(T)) 4)

for any M* € M, and there exists an algorithm which achieves, for all M* € M satisfying
Assumption 1 .32

E" [Reg(T)] < gle(M, M*) - log(T) + o(log(T)). )

The interpretation of the Graves-Lai Coefficient of M* with respect to M, glc(M, M*), is
simple. It asks, if M™* is known to the learner (to be clear, M * is not known a-priori), what is the
minimum regret that must be incurred to gather enough information to rule out all possible alternatives
M’ € M which do not have 7,,+ as an optimal decision (i.e., 7y~ & 7,,/)? In other words, it aims
to certify that m,,+ is indeed the optimal decision while incurring the minimum regret possible.

The Graves-Lai Coefficient characterization is appealing in its simplicity, but the catch—at least
when one moves beyond finite-armed bandits—is hiding in the lower-order terms, particularly for
the upper bound (5). For general model classes, the best known finite-time regret bounds (Dong and
Ma, 2022) take the form

E*" [Reg(T)] < gle(M, M*) - log(T) + poly(|TI|, (Ay,) ™) - log'~(T) (©)
where ¢ > 0 is a universal constant. While this indeed leads to instance-optimality as 7" — oo,
the “lower-order” term in Eq. (6) scales with the size of the decision space, which is intractably
large for most problems of interest. As an example, consider the problem of tabular reinforcement
learning in an episodic MDP with S states, A actions, and horizon H. Here, we typically have
gle(M, M*) = poly(S, A, H) , yet [TI| = AHS. Consequently, the Graves-Lai Coefficient does
not become the dominant term in (6) until > exp(exp(S)). That is, for realistic time horizons,
asymptotic instance-optimality does not tell the full story.

Learning an optimal allocation. Given knowledge of an optimal Graves-Lai allocation 7"
solving Eq. (3), a learner could simply take actions as specified by ™", and would achieve the
instance-optimal rate given in Proposition 1.1. However, this is typically infeasible, as the optimal
allocation itself depends strongly upon the ground truth model M™*, and is therefore unknown to
the learner. In light of this challenge, the approach taken by essentially all existing algorithms
(Burnetas and Katehakis, 1996; Graves and Lai, 1997; Magureanu et al., 2014; Komiyama et al.,
2015; Lattimore and Szepesvari, 2017; Combes et al., 2017; Hao et al., 2019, 2020; Van Parys and
Golrezaei, 2020; Degenne et al., 2020b; Tirinzoni et al., 2020; Kirschner et al., 2021; Dong and Ma,
2022) is to first learn an estimate for a Graves-Lai allocation ™", and then take actions as specified
by this estimate. In addition to being natural, this approach is necessary in a certain (weak) sense:
for any algorithm that achieves instance-optimality, the expected decision frequencies must converge
to an approximately optimal allocation as 7" grows (cf. Lemma B.1).?

The presence of the lower-order term scaling with |II| in Eq. (5) (and in similar regret bounds from
most existing work) reflects the sample complexity required to learn an optimal Graves-Lai allocation

2. To be precise, rather than scaling directly with glc(M, M ™), the upper bound given by Dong and Ma (2022) scales
with a quantity glc (M, M™) such that gle,. (M, M*) =1 glc(M, M™).

3. The connection between instance-optimal regret and learning an optimal allocation has many subtleties; we refer ahead
to Appendix B for extensive discussion.



WAGENMAKER FOSTER

through uniform exploration. Specifically, one can estimate an allocation by uniformly exploring
the decision space to gather data, and then solving an empirical approximation to the Graves-Lai
program (3). Naive exploration of this type inevitably results in Q(|II|) sample complexity, and it is
natural to ask whether a more deliberate exploration strategy, perhaps by exploiting the structure of
M, could lead to better finite-time regret bounds. For the setting of linear bandits, where IT C R?
and the mean reward function 7 — f* () is linear, this is indeed the case: a recent line of work
(Tirinzoni et al., 2020; Kirschner et al., 2021) provides regret bounds of the form
E"" [Reg(T)] < gle(M, M*) - log(T) + poly(d, (Aj,) ™) - log' ~“(T).

This bound replaces the size of the decision space in the lower-order term by the dimension d,
reflecting the fact that there are only d “effective” directions in which exploration is required. While
this is an encouraging start, the techniques used in these works are specialized to linear bandits, and
it is unclear how to generalize them beyond this setting.

1.3. A Motivating Example

As discussed in the prequel, for finite-armed bandits and linear bandits, it is possible to achieve
instance-optimal regret bounds where the lower-order terms scale with the number of actions A,
or dimension d, respectively. Extrapolating, one might be tempted to ask whether we can always
learn a near-optimal allocation with sample complexity no larger than, say, the minimax rate for M.
The starting point for our work is to recognize that in general, the answer is no: existing notions of
statistical complexity are insufficient to capture the complexity of learning the Graves-Lai allocation
in finite time, as illustrated in the following simple example.

Example 1.1 (Searching for an informative arm). Let A, N > 2 and 8 € (0, 1) be parameters, and
consider the class M of all models defined as follows. First, IT = [A] U {n} };c[n}; decisions in [A]
are “bandit arms”, and decisions in {77 }c[n] are “informative” (or, revealing) arms. Each model M
has a unique optimal decision ,,, and the following structure, with O = [A] U {_L}.

* For each bandit arm k € [A] we have r ~ N(f¥(k),1) for f* € [0,1]. There are no
observations, i.e. 0 =1 almost surely.

e All informative arms 7, give 0 reward almost surely. There exists a unique informative arm
T € {7{ }ien associated with M, so that if we play any 77, we receive an observation

Unif ([A]), T # T
O\ Blny, + (1 B)Unif([4]), 70 =n3.

We take M to consist of all possible models with this structure. The interpretation here is as follows.
If one were to ignore the revealing arms {77 };c|n], this would be a standard finite-armed bandit
problem. In particular, if we were to consider a model M* with f*"(r) = 1 + AI{r = i} for
i € [A], a standard calculation would yield g” o %. However, the presence of the informative
arms makes the problem substantially easier. With 3 = 9/10 (for concreteness), one can see that
for the model M, pulling the informative arm 77 will give o = 7, with probability at least
9/10, meaning that we can identify that 7, is optimal with high probability by pulling 7%, a
constant number of times. It follows that the optimal allocation is to ignore the bandit arms and set
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n™" (m) oc I{m = m2,. }. This gives g™" < O(1), which is substantially better than g™" o< £ if A is
small or A is large.

If one only is only concerned with asymptotic rates, this is the end of the story, but for non-
asymptotic rates, we need to consider the amount of exploration required to learn the optimal
allocation. In particular, in order to identify the informative arm 77, which is necessary to learn the
optimal allocation, it is clear that in the worst case, any algorithm needs to try all of the revealing
arms, leading to E[Reg(7")] = Q(N). While the complexity of learning the optimal allocation is
washed away by an asymptotic analysis with 7" — oo, it cannot be ignored for finite 7. In addition,
the (V) factor cannot be explained away by standard complexity measures. As we have seen,
suprem 8™ = O(1), so the Graves-Lai Coefficient is not sufficient to explain it. Furthermore, the
minimax rate for this problem is always bounded by O(\/ﬂ ), which does not scale with IV; yet
(A) sample complexity does not suffice to learn an optimal allocation. In addition, it can be shown
that existing complexity measures such as the Decision-Estimation Coefficient (Foster et al., 2021)
and information ratio (Russo and Van Roy, 2018) also do not scale with V. N

Example 1.1 shows that if we want to achieve instance-optimality in finite time, new notions of
problem complexity for the class M are required, motivating the following central questions:

1. Can we develop algorithms for general model classes M that achieve non-asymptotic instance-
optimal regret bounds of the form

EM" [Reg(T)] < glc(M, M*) - log(T) + comp(M) - log*=¢(T), 7

where comp (M) is a complexity measure that reflects the intrinsic difficulty of exploring in
order to learn a Graves-Lai optimal allocation for AM?

2. Can we understand when the presence of such lower-order terms is necessary?

1.4. Organization

The remainder of the paper is organized as follows. In Section 2 we introduce a novel complexity
measure, the Allocation-Estimation Coefficient, which captures the complexity of learning a Graves-
Lai optimal allocation (Section 2.1), present our main upper and lower bounds (Section 2.2), and
instantiate our bounds on several examples (Section 2.3). In Section 3 we present an overview of
our main algorithm, AEZ2, and in Section 4 offer directions for future work. Due to space constraints,
results in the main body are presented informally—see Part I of the appendix for full statements.

2. Overview of Results
To capture the statistical complexity of learning an optimal Graves-Lai allocation in finite time, we

provide a new complexity measure, the Allocation-Estimation Coefficient (AEC).

2.1. The Allocation-Estimation Coefficient
For a model M € M and parameter € € [0, 1], we define

M
A(M;e) = {/\ € A | 3n € Ry sit. Epon[AY ()] < (1+:)g,
1_e ®)
inf  E;ox|Dk(M M’ >
M/e/l\f(lalc(M) A[Dxu (M(m) || M (7)) ] = n }



WAGENMAKER FOSTER

the set of (normalized) allocations A € Arp which are e-optimal for the Graves-Lai program
gle(M, M) in Eq. (3)—both in terms of achieving the optimal objective value and satisfying the
information constraint. In addition, for a distribution A € A, we define

MEN) ={M e M| Xe A(M;e)}. )

Informally, Mgl(/\) represents the set of models for which the (normalized allocation) A € Ary is
e-optimal for the Graves-Lai program glc(M, M).

For a reference model M : II — /Agry«o (not necessarily in M) and parameter ¢ > 0, the
Allocation-Estimation Coefficient is given by

1

aec.(M, M) = inf sup

{ (10)
MDA e ey | B [ D (M

(m) || M (= ))]}7

where we adopt the convention that the value is 0 if M (\) = M. In addition, letting co(M) denote
the convex hull for M, we define aec. (M) := SUD 7 e co(M) aec.(M, M).

The Allocation-Estimation Coefficient is a game between a min-player choosing A\, w € A and
a max-player choosing a model M € M (with the restriction that M ¢ Mgl()\)). The distribution
A € Ap represents a normalized Graves-Lai allocation, while w € Ary is an exploration distribution
used to gather information. The reference model M should be interpreted as a guess for the underlying
M* € M. When X € Apis fixed, infueay Supy e () Erne [Dy (M (m) || M(m))])~!
represents the time required to gather enough information to distinguish between the reference
model M and all alternative models M ¢ ME()) for which X is not an e-optimal Graves-Lai
allocation—provided that we explore optimally by minimizing over w € Ar. For intuition, consider
the case when M € M. In this case, \ must be chosen so that M € M?l()\) (i.e., A must be a
Graves-Lai optimal allocation for M), as otherwise the value of the AEC will be infinite, since
Ernw[Dxi (M(m) || M(m))] = 0. Therefore, in such cases, the AEC reflects the difficulty of
distinguishing M from models that have different Graves-Lai optimal allocations. Such models
might have the same optimal decision m,, as M (cf. Example 1.1) but, if our goal is to play a
Graves-Lai optimal allocation for M, we must still distinguish M from such models.

The Allocation-Estimation Coefficient plays a natural role for deriving both upper and lower
bounds on the time required to learn an optimal allocation. For lower bounds, the significance of the
AEC is somewhat immediate: it precisely quantifies the time required to acquire enough information
to learn an e-optimal allocation for the best possible exploration strategy, and thus leads to a lower
bound on time required to learn such an allocation for any algorithm. Notably, the AEC serves
as a lower bound for all possible model classes M, and hence may be thought of as an intrinsic
structural property of the class M. For upper bounds, the Allocation-Estimation Coefficient acts as a
mechanism to drive exploration; see Section 3 for further explanation.

Generalized Allocation-Estimation Coefficient. For certain results, we make use of the following,
slightly more general variant of the AEC. For a reference model M : II — Ag o and subset of
models Mgy C M, we define

—_

aec (Mo, M) = inf sup 1D

AWED HMGMO\Mg'(/\){ Ernw [DKL(

M (m) || M(m))] }
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where we adopt the convention that the value is 0 if M\ M ()\) = @. Here M denotes the set we
take the supremum over, while M denotes the set that Mgl()\) is defined with respect to (i.e., the set
with respect to which the Graves-Lai allocation is defined). When My = M, we recover the AEC
as defined in Eq. (10): aec.(M, M) = aec? (M, M).

2.2. Main Results

Building on the intuition above, our main results show that boundedness of the Allocation-Estimation
Coefficient is sufficient to achieve instance-optimality in finite time, and is also necessary in order to
learn a near-optimal allocation. Formal statements of our upper bounds are given in Appendix A and
formal statements for our lower bounds in Appendix B.

Upper Bound. Our upper bounds are based on a new algorithm, AE? (Allocation Estimation via
Adaptive Exploration), achieves instance-optimality by using the Allocation-Estimation Coefficient
to drive exploration.

Theorem 2.1 (Upper Bound—Informal Version of Theorem A.1). For any model class M satisfying
certain regularity conditions, the AE? algorithm ensures that for all e > 0, M* € M, and T € N:

E" [Reg(T)] < (1+¢) - gle(M, M*) - log(T) + O* (aec. 15(M) + aecl/7, (M) - log/4(T)),

where 5*() suppresses polynomial dependence on =1, the log-covering number of M, sup MeM
1/AM.  loglogT, and several other measures of the regularity for the class M.

Theorem 2.1 shows that it is therefore possible to achieve instance-optimality in finite time with
lower-order terms scaling (primarily) as the cost of learning the optimal allocation, as captured by
the AEC. For multi-armed bandits with II = [A], we have aec.(M) = O*(poly(A)), and for linear
bandits with IT C R?, we have aec. (M) = O*(poly(d)), so that the regret bound in Theorem 2.1
enjoys similar scaling as existing non-asymptotic approaches (Tirinzoni et al., 2020; Kirschner et al.,
2021). For tabular reinforcement learning, we have aec.(M) = O* (poly(H, S, A)), which leads
to exponential improvement over prior work (Dong and Ma, 2022). Finally, for the instance in
Example 1.1, in cases when N > A, 1/Anin, aec.(M) = O(N), so aec. (M) captures the intuitive
difficulty of learning a Graves-Lai allocation in this setting.

Remark 2.1 (Technical Conditions). The technical conditions under which Theorem 2.1 is proven
are relatively mild, and include certain smoothness of the KL divergences, sub-Gaussian tail behavior
for log-likelihood ratios, and bounded covering number for M with standard parametric growth
(note that M may be infinite), all of which can be shown to hold for standard classes. In addition,
we requires that the amount of information that can be gained by playing the optimal decision for
M* is bounded (see Appendix A.1 for precise statements of our conditions).

Remark 2.2 (Asymptotic Performance). Asymptotically as T — oo, the regret bound given in
Theorem 2.1 scales as (1 + €) - gle(M, M*) - log T, which is a factor of (1 + €) off of the lower
bound. For all standard classes, aec, /12(/\/1) scales polynomially in 1 /¢ so, to obtain an optimal
leading-order constant, it suffices to choose € = 1/ log® T, for small enough a > 0.
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Adapting to Minimum Gap. Note that the lower-order term given in Theorem 2.1 scales with
suparea 1/AN. , the minimum gap of the entire model class. In Appendix A.5, we give a refine-
ment of the AE? algorithm (AE2) which attains an improved regret bound which replaces the term
suppream 1/AN, with 1/A% . . the minimum gap of the underlying model; notably AE? requires no
prior knowledge of A% . (i.e., it is able to adapt to the minimum gap of the underlying model). In
addition, rather than scaling with aec, 12(M), the lower-order term now scales with aec’7,, (M*)
for a subset M* C M which, informally, restricts to models in M for which the minimum gap is at

least A*

min*®
Theorem 2.2 (Upper Bound—Informal Version of Theorem A.2). For any model class M satisfying
certain regularity conditions, the AE? algorithm ensures that for all ¢ > 0, M* € M, and T € N:

E™" [Reg(T)] < (1 + <) - gle(M, M) - log(T) + 0% ((aecfy,(M*))* +10g®7(T)),  (12)

*
min’

where 6*( -) suppresses polynomial dependence on ¢ ™1, the log-covering number of M, 1/A
loglog T, and several other measures of the regularity for the class M.

Lower Bound. To provide lower bounds, we adopt a novel minimax framework which asks, for
the model class M under consideration, what is the least value of 7' € N for which it is possible to
learn an e-optimal Graves-Lai allocation for any model in M. To state our result, we introduce the
following notation, defined with respect to any M € M™:

MOPY M) ={M e M |7y Cmy, De(M(m)||M(x)) =0 Vi € wy}.

The set M°Pt(M) represents the set of models where 1) the optimal decision coincides with that of
M and 2) M and M € M cannot be distinguished by playing the optimal decision.
Our main lower bound provides a sort of converse to the upper bound in Theorem 2.1.

Theorem 2.3 (Lower Bound—Informal Version of Theorem B.2). For any model class M and
€ > 0, it holds that unless

log(T) > sup QF (aec?” (MPOPE (M), ]\7))7 (13)
Mem+
no algorithm can simultaneously achieve the following for all instances M € M:

1. attain Graves-Lai optimality on M within a constant factor (i.e., ensure EM[Reg(T)] <
2 - gle(M, M) log(T)).

2. discover an e-optimal allocation for M (i.e., find A with M € Mgl(/\)) with probability
greater than Q% (1).

Here, SNF() hides polynomial dependence on regularity parameters of M.

Observe that the Graves-Lai Coefficient becomes the dominant term in the upper bound Theo-
rem 2.1 as soon as log(7) > Q*(aec./12(M)). The lower bound (13) shows that for any algorithm
that aims to estimate the Graves-Lai allocation (in particular, AE?), such scaling is necessary, and
therefore the lower-order term in Theorem 2.1 is in some sense unimprovable. To the best of our
knowledge, this is the first general approach to quantifying the lower-order terms necessary in order
to achieve instance-optimality. We make several remarks on the lower bound.

10
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Remark 2.3 (Scaling in AEC). Our upper and lower bounds scale with a slightly different version of
the AEC, as the lower bound restricts the AEC to M°P* (]\7 ). In Appendix B, we show an additional
lower bound that scales directly with aec. (M), matching our upper bound, but which only provides
a lower bound on T rather than log(T') (see Theorem B.1).

Remark 2.4 (Asymptotic Optimality and Learning Optimal Allocations). Theorem 2.3 gives a lower
bound on the time needed to learn a near-optimal Graves-Lai allocation, but does not directly
imply that it is necessary that an asymptotically optimal algorithm learn such an allocation. As we
have noted, the allocations played by any asymptotically optimal algorithm must converge to an
optimal allocation in expectation. However, showing that this convergence is necessary with even
constant probability (the condition under which Theorem 2.3 is proved) is rather subtle. As we show
in Appendix B (Theorem B.3), if one assumes that, in addition to being asymptotically optimal in
expectation, the algorithm under consideration also has regret with appropriately bounded second
moment, then if EM[Reg(T)] < (1+¢) - glc(M, M) log(T') for all M € M, it is indeed necessary
that a burn-in time analogous to Eq. (13) is satisfied.

Together, our upper and lower bounds represent an initial step toward building a sharp non-
asymptotic theory of instance-optimality, and lead to a number of new conceptual insights. Our
results open the door for further-development, and to this end we highlight a number of opportunities
for improvement (Appendix B.4), as well as open problems (Section 4).

2.3. Concrete Examples

We next present several examples illustrating our upper and lower bounds. All results in this section
are informal—see Appendices A.3, A.6, A.7 and B.3 for formal results and additional examples.

Example 2.1 (Searching for an Informative Arm (revisited)). We return to the example of Section 1.3.
Some calculation shows that, for the choice of M in Example 1.1, as long as (3 is constant and
N > A/A?, we have

Q(N) < sup aecX (M P (M), M) and aec.(M) < O(N).
MeM+

Theorem 2.1 then implies that AE? has regret on Example 1.1 of

E"" [Reg(T)] < (1 +e¢) - g*log(T) + N - poly(A, ., %,log N,loglog T) - log!/2(T).

Furthermore, Theorem 2.3 shows that a scaling of log(T) > €2*(NN) is necessary for any algorithm
to learn a Graves-Lai optimal allocation. It follows that, on this example, the AEC reflects a notion
of problem difficulty not captured by any existing complexity measure, matching our intuitive
understanding of what the correct scaling should be. We remark that the scaling log(7') > Q*(N)
is natural (as compared to " > Q7 (N)) since, if an algorithm is instance-optimal as required
by Theorem 2.3, it can allocate at most O (log(7")) pulls to suboptimal decisions. To pull every
informative arm (each of which is suboptimal) while achieving instance-optimality, it follows that
we must have log(T") > Q*(N). g

Example 2.2 (Tabular Reinforcement Learning). Consider the setting of tabular reinforcement
learning. Here we take M to be a (tabular) episodic Markov Decision Processes (MDP) with S

11
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states, A actions, horizon H, probability transition kernels { P }¥_,, and Gaussian rewards; see
Appendix A.7 for a full definition of this setting. Let M denote the set of all such tabular MDPs
which, for each state-action-state triple (s, a,s’) and h € [H], have P)"(s" | s,a) > Pyin > 0; that
is, each transition can occur with some minimum probability. Then it can be shown that:

aec(M*) < poly (S A H, L A* ,log Pmm)
This implies that for any tabular MDP in M, the AE2 algorithm has regret bounded as:
EM" [Reg(T)] < (1+¢) - g*log(T) + poly(S, A, H, x+—, L,log 52—, loglog T) - log"/*(T).

To the best of our knowledge, this is the first regret bound in the setting of tabular reinforcement
learning which is instance-optimal with lower-order terms scaling only polynomially in problem
parameters, an exponential improvement over past work (Ok et al., 2018; Dong and Ma, 2022).

T U S O A
Furthermore, one can also show that sup ;. ,,+ aect' (M (M), M) > Q( (A§ ) ) so that

our lower bound, Theorem 2.3, implies that a burn-in time scaling polynomially in S, A, and A*

is necessary to learn an e-optimal Graves-Lai allocation for every model in M. -
We remark that the prior work of Dong and Ma (2022) does not require that P}’ (s" | s, a) > Ppin

as we do, yet their bound scales polynomially in the inverse probability of observing the trajectory

that occurs with minimum non-zero probability (the work of Ok et al. (2018) only holds for ergodic

MDPs, itself a very strong assumption). Our finite-time results are therefore, in general, significantly

stronger, scaling only logarithmically in F;,;,. Removing the Pp,i, assumption while still achieving

reasonable lower-order terms is an interesting direction for future work. N

Example 2.3 (Linear Bandits). Consider the setting of linear bandits in d dimensions with unit-
variance Gaussian noise. Let M denote the set of all linear bandit models defined with respect to
some arm set X C R% and parameter set © C R, Concretely, each model M € M takes the form

M(T(‘) :N(<07xﬂ>7 1)7

for some 6 € ©, where x, € A is an embedding of 7. Let A%,
(which is unknown to the algorithm). Then it can be shown that

aec(M*) < poly(d, 1 A )
which implies that the AE2 algorithm has regret bounded as
EM” [Reg(T)] < (1+¢)-g*log(T) + poly(d, A*A , 67log logT) - log6/7(T). (14)

denote the minimum gap of M™*

We remark that the scaling of Eq. (14) matches the state-of-the-art instance-optimal bounds for linear
bandits (in that all have polynomial lower-order terms—our polynomial dependence on d is slightly
worse as our upper bound on the AEC is somewhat coarse) (Tirinzoni et al., 2020; Kirschner et al.,
2021). Notably, it is a simple corollary of a much more general result, while prior work relies on
specialized algorithms tailored to linear bandits. N

In Appendices A.3, A.6, A.7 and B.3 we formalize these examples and present additional
examples, including structured bandits with bounded eluder dimension and finite-action contextual
bandits. In all cases, we obtain lower-order terms scaling only polynomially with problem parameters,
and in each setting either match the best-known existing bound, or are the first to provide any
meaningful finite-time bounds.
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Algorithm 1 Allocation Estimation via Adaptive Exploration (AE2, Informal)
1: input: optimality tolerance £, model class M.

2: Initialize s < 1 and ¢ <— class-dependent quantity.
3: Compute !+ Algy ({@}) and M < Ejp e [M].
4: fort =1,2,3,...do
R -1 ]P)]T/T,Tri 'L7 7
5: if Ings € s s VM € MM (15:), Yo E]\A/[Ng log Ww > log(tlogt) then
6: Play mys. // Exploit
7: else // Explore
8: Set p® < gA® + (1 — q)w? for
S S . 1
A% w?® + arg min sup — . (15)
AwEAT MGM\Mfl/G()\) E]/\/T~£5 [Ewr\zw [DKL (M(W) H M(ﬂ'))”
9: Draw 7* ~ p® and observe reward r* and observation o°.
10: Compute M5t = E 7 eor1 [M] for 5t Algy ({(7f,r',00)}5 ), s < s+ 1.

3. Algorithm Overview

Finally, we present our algorithm, AE2, in Algorithm 1. AE? relies on an online estimation oracle,
denoted by Algy , which at every step s, given access to data { (7", 7", 0’)}5;11 with 7% ~ p’ and
(rt,0') ~ M*(r") returns a randomized estimate &' = Algy ({(7%,7%,0")};_]) € Ay with the
goal of approximating M* (Foster and Rakhlin, 2020; Foster et al., 2021). The estimates produced
by Algy, must ensure the total KL estimation error is bounded:

st (s) = Yi_y Bg7 g [Breys [Di (M () || M*(7))]] S O(log s). (16)

We show that, under the regularity conditions required by Theorem 2.1, such a guarantee can be
achieved, with O(+) hiding the log-covering number of M.

AE? alternates between exploit steps and explore steps, tracking the number of explore steps
that have been performed with a counter s € N. For each step ¢ € N, the algorithm makes use of
an estimator M* = Effes [M], where &5 = Algy ({(=*,r", 0% }f;ll) is computed by calling the
estimation oracle with data gathered at previous explore steps. Given the estimator, the algorithm first
checks whether it has enough information to guarantee that the greedy decision is optimal, in which
case it exploits (Line 6); otherwise it explores. In explore steps, the key component is the choice of the
exploration distributions A* and w?® in Eq. (15), which mimics the Allocation-Estimation Coefficient
program. To understand the role of the Allocation-Estimation Coefficient here, we consider two
cases. In the first case, if A® is an e-optimal Graves-Lai allocation for M* (that is, M™* € M§1(>\5)),
then playing \* will optimize the tradeoff between minimizing regret and collecting information, and
will therefore match the optimal performance prescribed by the Graves-Lai Coefficient.

In the second case, if A\® is not an e-optimal Graves-Lai allocation for M*, we have M* ¢

ME(X%), so w* will place mass on actions that ensure Eifes [Erw[DkL (]\/4\(7r) || M*(7))]] is large.

Since p* plays w* with constant probability, the quantity Eg7 [Erps [DkL (]\/4\ () || M*(m))]] will
also be large. If our estimator is consistent and Eq. (16) holds, this can only happen a small number
of times without violating Eq. (16); at most logarithmic in the number of exploration rounds. As such,
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we can show that \* must be a near-optimal Graves-Lai allocation for M* on all but a logarithmic
number of exploration rounds, and that AE? achieves the optimal rate on such rounds, yielding the
optimal performance rate of Theorem 2.1. Critically, rather than exploring in a naive fashion (e.g.,
by sampling decisions uniformly), AE? explores specifically with the goal of learning a Graves-Lai
optimal allocation for M* and adapts to the structure of M to perform this exploration efficiently.
We emphasize the simplicity of AE?. While most existing instance-optimal algorithms are quite
complicated even for basic settings, AE? relies on a few simple components yet is far more general
than existing approaches and performs comparably or better. See Appendix A.2 for a full description.

4. Discussion

Our work initiates the systematic study of non-asymptotic instance-optimality in interactive decision
making. We close by highlighting a number of interesting open problems and future directions raised
by our work. On the technical side:

* QOur upper bounds depend on a number of different problem-dependent parameters, such as the
minimum gap in the lower-order terms. Can we improve the dependence on these parameters, or
understand to what extend they are necessary?

* Our lower bounds concern the problem of learning a near-optimal allocation. Like the upper
bounds, these results are likely loose in terms of dependence on various problem parameters, and
new techniques will be required to tighten them. Furthermore, it remains to develop a complete
understanding of the connections between this problem and the problem of minimizing regret.
While our results show that “well-behaved” algorithms which achieve instance-optimal regret must
pay a burn-in proportional to the cost of learning a near-optimal allocation, it remains unclear if
this is truly necessary for algorithms which only have optimal expected regret (but, for example,
could exhibit heavy-tailed behavior).

* While our algorithm achieves the instance-optimal rate, its regret could scale linearly over shorter
time horizons, until it has learned a near-optimal allocation. Can we develop “best-of-both-
worlds” algorithms that achieve the same instance-optimal guarantees of AE2, yet also achieves the
minimax-optimal rate (for example, a O(\/T )-style guarantee) over shorter time horizons?

» The focus of this work is primarily on regret minimization, yet the challenge of learning the
optimal allocation also arises in the PAC setting. Does the AEC extend to the PAC setting, and
can algorithms be developed in the PAC setting which achieve the instance-optimal rate in the
leading-order term, while scaling with an AEC-like quantity in the lower-order term?

More broadly, it will be interesting to explore whether our framework and algorithm design ideas
can be used to develop practical and computationally efficient algorithms.
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INSTANCE-OPTIMALITY IN INTERACTIVE DECISION MAKING

Part 1
Main Results

Part I is organized as follows. Appendix A presents our algorithm and main upper bounds, as well as
examples. Appendix B presents complementary lower bounds. In Appendix C we review additional
related work. We conclude with discussion of open problems and future directions in Section 4.
Proofs are deferred to the appendix.

Additional notation. For an integer n € N, we let [n] denote the set {1,...,n}. For a set Z, we
let Az denote the set of all probability distributions over Z. We adopt standard big-oh notation,
and write f = 5(9) to denote that f = O(g - max{1, polylog(g)}). We use < only in informal
statements to emphasize the most notable elements of an inequality. We will let lin(-) denote a
function multi-linear and poly-logarithmic in its arguments. For a decision 7 € I, we use I, € Ay
to denote the delta distribution which places probability mass 1 on 7.

Define the Kullback-Leibler divergence by

]og(d—P)dP P« Q
D (p] @) = { J1oelag)dP: 7
k(P Q) { oo, otherwise.

Appendix A. The AE? Algorithm: Regret Bounds and Examples

This section presents our main algorithm and regret bounds. We begin by introducing the most basic
variant of our algorithm, AE2, and using it to provide instance-optimal regret bounds for simple
settings (Appendices A.2 and A.3); with preliminaries in Appendix A.1. We then give a refined
variant of the algorithm, AE2, which adapts to the minimum gap A% ;. and leads to regret bounds
under relaxed regularity conditions (Appendix A.4 and Appendix A.5). We use this variant to provide
applications to structured and contextual bandits (Appendix A.6) and tabular reinforcement learning
(Appendix A.7). We conclude with an overview of our analysis in Appendix A.8. For all results in

this section, we assume that Assumptions 1.1 to 1.3 hold.

A.1. Regularity Conditions

To present our algorithm and results, we first introduce several regularity conditions for the model
class M.

Likelihood ratios. We next make two assumptions concerning smoothness of KL divergences and
behavior of log-likelihood ratios.

Assumption A.1 (Smooth KL). There exists Lk, > 0 such that for all M, M', M" € M and w € 11,

| Dt (M () || M" () — Dy (M () [| M" (m)) | < L/ Dic (M () || M ().

Assumption A.2 (Sub-Gaussian Log-Likelihood). There exists V., > 0 such that for all M, M', M"" €
Mand 7 €11,

P (r,0)
PM"7 (1, 0)

]P)J\/I/Jr (7,/’ 0/)

log ]P)]w//m,(r,’ O/)

Py o)~ (m) { — E@ o)~ () [bg H > x] < 2exp(—2°/VY,)

forall x > 0.
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Assumption A.1 and Assumption A.2 facilitate finite-sample estimation guarantees with respect
to the KL divergence. Both assumptions are met by standard problem classes, including general
structured bandit problems with Gaussian noise. Existing works that consider general model classes
make similar assumptions (Dong and Ma, 2022).

Estimation. To provide estimation guarantees that accommodate infinite classes M, we assume
certain covering properties. We will consider the following notion of a cover.

Definition A.1 ((p, )-Cover). We say that a set Moy € M is a (p, p)-cover of M if there exists
some event £ such that:*

1. sup e SUPerr P17 (E°) < p

2. For each M € M, there exists some M' € Mo, such that
log PM™ (1, 0) — log P (r,0)| < p

for all (r,0) € R x O with sup yprepg PM 7 (1,0 | €) > 0.
We denote the size of the smallest such cover by Neoy (M, p, 11).

Definition A.1 states that the log-likelihoods are “covered” under some good event £ which
occurs with high probability: for any model in the class, we can find some model in the cover with
log-likelihoods that are “close” on £. We assume that the covering number for the model class M is
bounded, and has reasonable (“parametric”) growth.

Assumption A.3 (Bounded Covering Number). For some parameters dcoy > 1, Ceoy > 1, we have

10g Ncov(Ma P ,LL) < dcov - log (C;;V> .

Note that the rate of growth of the covering number required by Assumption A.3 is the standard
rate of growth for parametric (e.g., linear) classes. Our results easily extend to accommodate general
growth rates, but we adopt Assumption A.3 because it suffices for all of the examples we will
consider, and simplifies presentation.

Information content of optimal decisions. As noted in the introduction, the Graves-Lai Coefficient
g* = glc(M, M*) can be thought of as the minimal regret needed to distinguish M * from all possible
models with different optimal decisions. As playing the optimal decision, 7, incurs no regret, any
allocation 77 which is optimal for the Graves-Lai program, Eq. (3), will still be optimal if we increase
the number of plays of 7, arbitrarily. As we are interested in finite-time behavior in this work, it is
undesirable to consider allocations for which the number of pulls of optimal decisions are arbitrarily
large. Instead, we would like to consider allocations which play optimal decisions only as long as
they still provides useful information about models in the alternate set. The following definition
gives a formal quantification of this.

4. Note that we require that Mo, C M, i.e. that Moy is a proper cover.
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Definition A 2 (Information Content of Optimal Decision). Fix € € (0,1/2]. For a model M € M,
we define n}' > 0 as the minimum value such that, for any allocation n € RH satisfying

(1+¢e)g" > m)AM (7 d inf Dy (M M’ >1—c¢,
62 S amAM) and S ) D (M) () >
mell mell
we have
inf D | M (7 D M'(m)) > 1 - 2e.
M/ejl\/l?alt(M) Z n(m) KL( (m) |l Z n KL ()l (7 )) - c

mell,ngm s TET M
Mo M
We denote n"' := sup e aq Nz

Intuitively, any allocation which is e-optimal for the Graves-Lai program Eq. (3) need not play
any optimal decision 7,, € 7r,, more than n}’ times. Therefore, for model M, n}’ can be thought of
as a quantification of the extent to which playing optimal decisions provides useful information—no
additional useful information can be acquired on models in the alternate set M*(1) by playing
optimal decisions more than n)’ times. As we will see, n}’ is bounded polynomially in problem
parameters for many classes of interest.

Uniformly regular classes. We refer to a class as uniformly regular if n2' < oo, and the following
assumption on the minimum gaps holds.

Assumption A.4 (Lower-Bounded Minimum Gap). We have infrepq AN > 0. We denote by
Anmin > 0 a (known) lower bound on inf pre pq A,

min*

Note that Assumption A.4 implies that for all M € M, 7, is unique. For the results concerning
the most basic version of our algorithm, AE? (Appendices A.2 and A.3), we assume for expositional
purposes that the class M is uniformly regular. Our more general algorithm, AE2 (Appendix A.5),
achieves guarantees similar to those of AE2, but without uniform regularity. In particular, AE2
replaces dependence on A, with the minimum gap A% . = AM for the true model, and replaces
dependence on n with n* := n". We note, however, that in cases where a lower bound A on
the minimum gap A, of the true model is known a-priori, Assumption A.4 can be satisfied by
restricting the model class to models with minimum gap at least A.

A.2. The AE? Algorithm

We now present the most basic variant of our main algorithm, AE? (Algorithm 2). This will serve as
the starting point for the most general version of our algorithm, AE2 (Appendix A.5). To describe the
algorithm, we first introduce the primitive of an online estimation oracle (Foster and Rakhlin, 2020;
Foster et al., 2021).

Estimation oracles. Algorithm 2 makes use of an online estimation oracle, denoted by Algy, ,
which is an algorithm that, given knowledge of the class M, estimates the underlying model M™* € M

s—1 ,.s—1

from data in a sequential fashion. When invoked at step s € N with the data (7%, 7!, o), ... (751, r
observed so far, the estimation oracle builds an estimate

M? = AngL({(ﬂ' P ,0 )}f_;)
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Algorithm 2 Allocation Estimation via Adaptive Exploration (AE2)
1: input: optimality tolerance £, model class M.

ESRT 4nmax+€gM M . . M
2: Initialize s < 1, Nmax < nmax(./\/l, 5/6), and q < W forg = ll’lfMeM:gM>0 g .

3: Compute ¢! <+ Algy, ({@}) and M! « Epfgr [M].
4: fort =1,2,3,...do ‘
5: if Imgs € Tgs s.t. YM € MM (15), Zf;ll E— [log M} > log(tlogt) then

M~gt PM7? (i of)
6: Play 7y;s. // Exploit
7: else // Explore
8: Set p® + gA* + (1 — q)w® for
S S . ].
A%, w® < arg min sup — . (18)
ACEDT MEMME (Ninima) Bifoge B [DiL (M () | M () ]]

9: Draw 7° ~ p*® and observe reward r* and observation o°. .
10: Compute estimate £+ < Algy ({(n%,7¢,0%)}5_;) and M5! = Effesti [M] .
11: s+ s+ 1.

which aims to approximate the true model M *. Following (Foster et al., 2021; Chen et al., 2022;
Foster et al., 2022a), we make use of randomized estimation oracles that, at each step produces
& = Algy ({(ﬂ'i, i, o) }f;ll ), where £° € Ay is a randomization distribution, and draw M ~ £s.
We measure the oracle’s performance in terms of cumulative estimation error, defined as follows.

Definition A.3 (Cumulative Estimation Error). Consider the process where, for each round i € N,

given (t,rt ol), ... (wi L rit ot =YY with 7t ~ pt and (1%, 0') ~ M* (%), the estimation oracle
returns & = Algy (7!, r!,0h), ..., (x"7 1 r""1 o' 1)), Forany s € N, we define the oracle’s

cumulative KL estimation error under this process as:

Esty () := Z Efc [Empi [DKL(M*(W) I ]\7(71'))” .
=1

Algorithm 2 can be invoked with any off-the-shelf algorithm for estimation, but our main results
make use of the fact that under Assumption A.2 and Assumption A.3, there exists an estimation
oracle Algy, (Algorithm 7 in Appendix F.3) which ensures that with probability at least 1 — §, for
all s e N:

Ceov - 8
EStKL(s) S VM : dcov : 10g3/2 <Co(;-/) . (17)
That is, the estimation oracle ensures that the KL divergence between the true model M* and the
estimates returned scales at most poly-logarithmically in the exploration horizon. Note that on
its own, this guarantee does not necessarily imply that AM* = Eps.¢s[M] — M*—Ilow online
estimation error only requires that M/ ® is on average close to M * on the decisions we have actually
played.
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Algorithm overview. We now present a formal overview of our algorithm AE2. We restate
it here for convenience in Algorithm 2.  The algorithm alternates between exploit steps and
explore steps, tracking the number of explore steps that have been performed with a counter s €
N. For each step ¢t € N, the algorithm makes use of an estimator M*® = Eﬁwgs [M], where

& = Algy ({(Wi, ri, o) }f;ll ) is computed by calling the estimation oracle with data gathered at
previous explore steps. Given the estimator, AE? performs a test based on likelihood ratios (Line 5)
to check whether it has collected enough information to rule out all models for which myzs € 737 is
not an optimal decision. If so, it exploits, and plays m5;s (Line 6), as in this case w37 = 7, with high
probability. If the test fails, the algorithm must gather more information to eliminate alternatives,
and it explores (Line 8). The key component of the explore phase is the choice of the exploration
distribution in Eq. (18), which is based on the Allocation-Estimation Coefficient program, but
incorporates some small modifications: 1) First, M is randomized according to the distribution &%, 2)
Second, the set M* € M?l(/\) is replaced with a smaller set M* € M?l(/\; Nmax)> Which requires
that A obeys certain normalization constraints; this is detailed below. Using the distributions \*
(representing a normalized allocation) and w? (representing an exploration distribution) returned in
Eq. (18), the algorithm computes a mixture p® = g\* + (1 — q)w?®, where ¢ € (0, 1) is a carefully
chosen parameter, and plays 7w° ~ p® (Line 9). The reward and observation (7%, 0®) that result from
playing 7° are then used to update the estimation oracle for subsequent rounds (Line 10).

To understand the intuition behind the explore phase and why the Allocation-Estimation Coef-
ficient plays a useful role here, we can consider two cases. In the first case, if A® is an e-optimal
Graves-Lai allocation for M ™ (that is, M* € MEI/G()\S; Nmax)), then playing \* will optimize the
tradeoff between minimizing regret on M™* and collecting information that allows one to distinguish
M* from M € M (M*), and will therefore match the optimal performance prescribed by the
Graves-Lai Coefficient, incurring regret scaling as g*.

In the second case, if A\° is not an e-optimal Graves-Lai allocation for M*, we have M* ¢

MEI/G()\S; Nmax ), SO by the definition of the AEC (Eq. (18)), w® will place mass on actions that
ensure B [Erw[DkL (M(m) || M*(m))]] is large; exactly how large this quantity is will be

quantified by the value of the AEC. Since p°® plays w® with constant probability, the quantity
Eptngs [Brnps [Dre (M (7) || M ()]

will also be large, but if the estimation oracle is consistent in the sense of Definition A.3, this can
only happen a small number of times. In particular, if Eq. (17) holds, the number of times in which
we encounter this second case is at most logarithmic in the number of exploration rounds. As such,
we can show that A* must be a near-optimal Graves-Lai allocation for M™* on all but a logarithmic
number of exploration rounds, and that AE? achieves the optimal rate on such rounds.

Critically, rather than exploring in a naive fashion (e.g., by sampling decisions uniformly), AE?
explores only to the extent necessary to learn a Graves-Lai allocation for M*. There may exist
instances M # M™* which differ significantly from M™ but have a similar Graves-Lai allocations—
AE? will make no effort to distinguish such instances since, as long as it knows that one of these
instances is correct, it can simply play their shared Graves-Lai allocation. This notion of exploration,
which is targeted toward distinguishing instances that have different Graves-Lai allocations, is
precisely the notion captured by the Allocation-Estimation Coefficient.

Normalization factor for allocations. As noted in Appendix A.1, while an optimal Graves-Lai
allocation may place an arbitrarily large number of pulls on an optimal decision, for finite-time
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guarantees it is useful to restrict to allocations which place only finite mass on optimal decisions.
To this end, AE? restricts the optimization problem based on the AEC in Eq. (18) to only consider
normalized allocations A for which the normalization factor is at most

64 1
Mmax(M; €) = 79— <s + Vo’ ) il (19)

where the normalization factor refers to the value n in the definition of A(M;¢) (see Eq. (8)). In
particular, to enforce this restriction, the optimization problem in Eq. (18) restricts the max-player to

M € M\/\/lfl/G()\; Nmax)> Where Niax = Nmax (M, £/6) and Mfl/ﬁ()\; Nmax ) is defined identically

to Mflﬁ()\) in Eq. (9), but with n restricted to n < npax. As we show in Lemma E.4, for ny,x (M, €)
defined as in Eq. (19), the optimal value in Eq. (18) can be bounded by the AEC.

Computational efficiency. The primary computational burden in AE? lies in solving the optimiza-
tion problem (18) to compute the exploration distributions. In general there is little hope of solving
this efficiently (i.e., in time sublinear in |II| and | M|)—indeed, in some cases it may be that to
even determine whether M € M%l()\) will require enumerating the model class M. However, for
nicely structured problems, we anticipate that this program can be solved, or at least approximated,
efficiently. As the focus of our work is primarily statistical, we leave further exploration as to when
the algorithm can be implemented efficiently to future work.

Simplicity. We emphasize the simplicity of AE2. Most existing algorithms which achieve instance-
optimality are quite complex, even in specialized settings such as linear bandits. In contrast, AE?
is very simple and intuitive, and relies only on three basic components: an explore-exploit test, an
estimation oracle, and a single optimization to compute the exploration distributions. Despite its
simplicity, as we show, AE2 obtains comparable or better performance over existing approaches.

Relation to existing approaches. At a very high level, AE? bears some similarity to the E2D
algorithm of Foster et al. (2021), which achieves the minimax optimal rate for general classes M
in the DMSO framework. Both algorithms rely on online estimation algorithms, and both solve
min-max programs based on the output of the estimator to determine which allocations to play.
However, the algorithm design and analysis principles for the two algorithms, and in particular the
motivation for the min-max programs they solve, differ significantly.

A.3. AE? Algorithm: Regret Bound for Uniformly Regular Classes

We present upper bounds for AE? in the setting where our class M is uniformly regular: Assumption
A.4 holds and n2* < oo; these assumptions are relaxed by the AE2 algorithm in the sequel. To state
the regret bound for AE? in the tightest form possible, we introduce the following variant of the
Allocation-Estimation Coefficient, which incorporates randomized estimators £ € A aq:

aect (Mo, &) := inf sup !

— , (20)
AweEAT MEM\M?I(/\) E]WNS [Eﬂ'NW [DKL (M(Tr) || M(ﬂ))“

with aec. (M, &) := aecl'(M, ) and aec. (M) := supgen ,, 3€C: (M, §). Note that one can always
bound aec. (M) < aec.(M) due to the convexity of the KL divergence. In fact, these definitions
are equivalent up to dependence on problem-dependent parameters in Appendix A.1 (indeed, our
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lower bounds in Appendix B scale with the latter quantity), but the former can be simpler to bound
for some of the examples we consider.
Our main theorem concerning the performance of AE? is as follows.

Theorem A.1 (Regret Bound for AE2). For any ¢ € (0,1/2], there exists a choice for the estimation
oracle Algy, such that for all T € N, under Assumptions A.1 to A.4 and if g > 0, the expected
regret of AE® is bounded by

EM' [Reg(T)] < (1 +¢)g* - log(T) + a&c. /15(M) - Caec - log*?(log T) + Cioy - log"/*(T),
(21)

where

) V/adcov 1Og(ccov) - MaxXpre m gM .
eA3

min

Caec i=c (571 + VMnQ?IG) ’ log(clow)’

for a universal numerical constant ¢ > 0, and C\o,, is a lower-order constant given by

min

. y 1/2 13/2
Clow = lin (]\r/}lgfﬁ g", 3ec5;12 (M), %27 A%a né\%a L2KL7 Vi / ; deov,10g(Ceov ), log log T) )

where lin(+) denotes a function multi-linear and poly-logarithmic in its arguments.

We prove Theorem A.1 in Appendix F.1, and give a proof sketch in Appendix A.8. Theorem A.1
shows that AE? achieves the asymptotically optimal Graves-Lai rate for M*, as given in Proposi-
tion 1.1, up to a (1 + ) approximation factor. In more detail, if we label the terms in Eq. (21)
as

EM [Reg(T)] < (1 +¢)g* - log(T) +3aec./12(M) - Caec 10g%/2(1og T) + Clow - log"/?(T),
TV W

@ (1) (111)

the regret bound can be seen to consist of:

* The leading-order term (I) = (1 + €)g* - log(T'). This is the only term that scales linearly

with log(T'), as a consequence we have limp_, o, ]EMkE?i(eTg)(T)] < (1 + ¢)g*, which matches

the instance-optimal rate given in Proposition 1.1 up to a factor of (1 + ¢).

* A lower-order term (II) = aec,/15(M) - Caec - log®?(log T'), which is polylogarithmic in
log(T'), and scales with aec. ;;5(M), as well as regularity parameters from Appendix A.1.

* A second lower-order term (III) = Cig - log"/?T. This term scales with log"/ 2T =
o(log(T)) and, like the term (II), scales with the AEC and regularity parameters from Ap-
pendix A.1. Compared to (II), this term has worse dependence on log(7T’), but enjoys sublinear

ﬁiﬁQ (M) scaling with the AEC.

Critically, both of the o(log T') lower-order terms above do not scale with (often exponentially large)
terms such as |II| or | M| found in prior work, and instead scale principally with aec. (M), which, as
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we will show in Appendix B, is unavoidable in a certain sense. In particular, note that once 7' is large
enough that

log(T) > Q2 (3ec. /12(M)),

the leading-order term (I) = (1 + €)g* - log(T") term in Theorem A.1 will dominate the regret.
This is precisely the time horizon given by the lower bound in Theorem 2.3, which is necessary
for an algorithm to learn a near-optimal allocation for the Graves-Lai program. We offer a more
thorough comparison of Theorem A.1 with our lower bounds in Appendix B.4. Below, we discuss
the lower-order terms and asymptotic performance in greater detail.

Remark A.1 (Additional Lower-Order Terms). The lower-order terms in Theorem A.1 depend on
the model class M through the regularity, covering, and smoothness assumptions, as well as the
minimum gap (Appendix A.1). For many of the examples we consider, the Allocation-Estimation
Coefficient will dominate these other terms, yet there may exist classes where this is not the case.
Resolving the optimal dependence on these problem-dependent parameters in the lower-order terms,
as well as understanding when these parameters are necessary, remains an interesting direction for
future work.

In addition, let us mention that while both lower-order terms scale with o(log T') (note that the
scaling is no larger than O(\/log T - polyloglog T')), it is not clear what the optimal dependence
on T should be for the lower-order terms. For example, one might hope to replace the dependence
on log'/?(T) with 1og®(T) for some constant a < 1/2, or even with polylog(log(T)). Precisely
characterizing the optimal log(T) scaling for lower-order terms remains an interesting open question.
To this end, we remark that Jun and Zhang (2020) show that in some cases, an Q(loglog T') term is
indeed necessary.

Remark A.2 (Asymptotic Performance). Asymptotically, as T — oo, the regret of AE? scales with
(1+¢e)g*-log(T), which is a factor of (14 €) off from the asymptotic lower bound in Proposition 1.1.
For any fixed T € N of interest, as long as aec.(M) = poly(e~1), one can obtain an asymptotic
constant of 1 by choosing € = 1/log®(T) for a sufficiently small constant a > 0. For example, when
ITI| < oo, it is always possible to bound aec.(M) < poly(|I1|)/e* (see Proposition A.1 below), so
choosing e as above ensures that the lower-order terms scale o(log T'), while the leading-order term
scales as g* - log(T) asymptotically.

A.3.1. EXAMPLE: SEARCHING FOR AN INFORMATIVE ARM

We next provide an example of a uniformly regular class in order to illustrate a case where Theo-
rem A.1 holds. In particular, we revisit the informative arm setting described in the introduction
(Example 1.1). Recall that we exhibited a model class for which the complexity of learning the
Graves-Lai allocation is not governed by existing complexity measures, and can be larger than
the minimax optimal rate for learning with M. In what follows, we show that on this example
the Allocation-Estimation Coefficient correctly adapts to the complexity of this model class. We
emphasize that the main applications of our results, which take advantage of the more general AE2
algorithm, will be given in Appendix A.6 and Appendix A.7, and we also present additional examples
of uniformly regular classes in Appendix G.2.1.

Example A.1 (Searching for an Informative Arm (revisited)). Let M denote the model class con-
structed in Example 1.1, with parameters A, N > 5 and /5 € [4/A,9/10]. We additionally discretize
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the space so that, foreach M € M and 7w € [A], we have f"(7) € {0, Amin, 2Amin, - - - LﬁJAmm},S
and furthermore restrict M so that it does not include instances with multiple optimal arms.
For this class, one can show that Assumptions A.1 to A.4 hold with Lk, V,, < O(log A) and
deov = O(A), Ceov = O(N) (see Appendix G.4). Furthermore, we can bound n2" < AQL, and

min

64N 16A
aecs(/\/l) < ? + AT

As a result, for this class, AE? has expected regret bounded as

E"" [Reg(T)] < (1+¢)g* - log(T) + N - poly(4, L, ﬁ, log N, loglog T)) - log™/?(T).
Note that here the only term that scales linearly with IV is the Allocation-Estimation Coefficient—
every other class-dependent term appearing in the regret bound scales at most logarithmically in V.
We are particularly interested in situations where the cost of finding the correct informative arm is
much larger than any existing complexity measures for the problem: that is, when [ is constant and
N > A, ﬁ. In this case, we have aec.(M) < O(NN), and the Allocation-Estimation Coefficient
correctly captures the intuitive complexity of learning the optimal allocation. In particular, the
dependence on [V reflects the fact that we need to test each informative arm at least once. Furthermore,
as we show in Example B.1, we can lower bound aec. (M) > Q(NV) as well, so in the regime where
N> A, ﬁ, the AEC is the dominant lower-order term. N

See Appendix G.2 for the proof of this example.

A.4. The AE? Algorithm

While it may be reasonable to assume that the minimum gap of M*, A* . ., is bounded away from 0,

and that the amount of useful information playing 7, provides is also bounded on M*, assuming
that this is true for every model in the model class (as in the prequel) is a significantly stronger
assumption. For example, if we let M denote the space of all multi-armed bandits with means in
[0, 1], the only possible value of Ay, is 0, as we can always find some instance with minimum gap
arbitrarily close to 0. In this section, we dispense with the uniform regularity assumption: we relax
Assumption A.4, and additionally prove that it suffices if only n* := n}" (as opposed to n2) is
bounded.

Our main algorithm for this section, AE2, is given in Algorithm 3. It is very similar to AE? but to
remove the requirement of uniform regularity, the algorithm avoids solving Eq. (18) over the entire
model class M, and instead solves it over a carefully restricted model class. For x,y > 0, define

Myy:={MeM : AL, >z,nl <y} (23)
AE? breaks its explore rounds into doubling epochs. For each epoch /, Eq. (22) in Algorithm 3
solves an AEC-like optimization problem over a restricted class M¢ C M At 1y which is chosen

in Line 9 to explicitly ensure that the value of the optimization problem in Eq. (22), is bounded;
this is guaranteed by the definition of A’ in Line 8. Similar to AE2, the value of the optimization

5. The discretization is required to satisfy the uniform regularity assumption—we include it here to provide a concrete ex-
ample of a uniformly regular class. However, it can be shown that, without this discretization assumption, Theorem A.2
applies to the original formulation given in Example 1.1 with the AEC again scaling as O(N).
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Algorithm 3 Adaptive Exploration for Allocation Estimation for classes without uniform regularity
(AE3)
1: input: Optimality tolerance €, estimation oracle Algy, , growth parameters o, ap, apg > 0.
2.8+ 1,0+ 1, 5<—4+2€,qs<—1—3_"“1,n3<—sa".
3: Compute &' « Algy, ({@}) and M + Eppogr [M].
4: fort=1,2,3,...do

5: if s > 26 then // Form active set and cover
6: {0+ 1.
7: Al arg minpsgA st elecg72(/\/lA i) < §MM,
8: ME%MAQﬁﬂ{MEM:né”-FA}W+§gM + M +AM(5_VnS}
9: M. < (pe, pe)-cover of M for py < 27 py < 27 55, D 2.

M,mbd i
10 if 3y € wge s.L VM € MM (), YT By | log H} > log(tlog t) then
11: Play mys. 7 // Exploit
12: else // Explore
13: Set p® < ¢°A* + (1 — ¢°)w? for

1

A%, w® < arg min sup — . (22)

Awern MeMAME (xne) Exf s Ernnw[DrL (M (m) | M(7))]]

14: Draw 7° ~ p®, observe r*, 0%, set D < D¢ U {(7°,r%,0%)}.
15: Compute estimate £+ < Algy (DY, ME,,) and M5 = Epy eor1 [M].
16: s+ s+ 1.

problem in Eq. (22) quantifies how much information we are gaining about the Graves-Lai allocation
of M™, and the regret of the explore phase can be bounded in terms of the value of this optimization.
By restricting M so that the value of Eq. (22) is always bounded, we can therefore ensure that the
regret during the exploration phase is bounded.

Intuitively, this restriction of M’ reduces the space of models we must distinguish M * from in
order to identify its Graves-Lai allocation: rather than distinguishing M™* from all models in M, we
must only distinguish it from models in M, which could be significantly easier. The caveat is that,
since we do not know the value of n* or A* . . M* may not always be in M. In such cases, little can
be said about the exploration phase—we are not able to provide any meaningful guarantees on how
much information A\* and w?® acquire about M*. To mitigate this, as s increases we gradually relax
the criteria for inclusion in M, ensuring that for large enough s, M* will be in M. In particular,
one can show that the number of exploration rounds needed to guarantee M* € M scales with

aec(M*), for
={MeM : Af, > Al <1/A} for Ay i=min{Af;, 1/nf 56} (24)

That is, M* is the restriction of M to models with gap at least min{A}; ,1/n% /36} (implying all
models in M* have a unique optimal decision), and for which the information content of the optimal
decision is at most max{1/AT;, % 54}
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Estimation oracle. While AE? simply requires that the estimation oracle Algy, returns random-
ized estimators supported on A 4, for AE2, we wish to ensure that the estimators produced are
instead only supported on M. To this end, we restrict the estimator to MY, the (py, f1¢)-cover of
M. We denote the resulting estimation oracle with Algy, (D¢, MZ,,), where the first argument
represents the set of available observations, and the second argument the set over which the estimation
oracle must return an estimate.

Computational efficiency of AE2.  Similar to AE2, it is not clear how to solve the main optimization
required by AE2, Eq. (22), in general. In addition, unlike AE2, AE? maintains a version space of
models, M, which could increase the computational burden further. We emphasize that the focus of
this work is primarily statistical, and leave addressing the computational challenges for future work.

A.5. AE? Algorithm: Regret Bound without Uniform Regularity

The following theorem provides the main guarantee for AE2.

Theorem A.2 (Regret Bound for AE2). For any ¢ € (0,1/2], if Assumptions A.I to A.3 hold and
g* > 0, AE? (Algorithm 3) ensures that for all T € N, the expected regret is bounded as

M* * =5~M * 3 3/2 6/7
EY [Reg(T)] < (1+¢)g* - log(T) + (aecs/m(./\/l )) + Caec - 1og”*(log T') + Ciow - log™ (T,

where

Chec i =0 A

min

~<V/\%1(VM + LKL) : dcov log<ccov)>

and C\o, is a lower-order constant given by

Clow := poly (g*> ﬁv n;/G’ %a Vs LKL, deov, log Ceov, log log T) .

The proof of Theorem A.2 is given in Appendix F.2. As Theorem A.2 illustrates, at the expense
of a slightly larger polynomial dependence on the Allocation-Estimation Coefficient, and slightly
larger lower-order terms, we can obtain near instance-optimal regret—matching the instance-optimal
lower bound given in Proposition 1.1 up to a factor of (1 + €)—without requiring any assumption on
the minimum gap, or boundedness of n2*. Rather than scaling with the minimum gap for the entire
class, Amin, Theorem A.2 scales only with the minimum gap of the ground truth model, A% . , which
could be substantially larger than Ay;,. An additional advantage of Theorem A.2 is that it scales
with aec'(M*) as opposed to aec.(M); for the examples we consider in the sequel, the former
quantity enjoys better dependence on problem-dependent parameters. For example, we show in
Appendix B that for standard classes, aec. (M) can scale with the minimum gap amongst all models
in the class. On the other hand aec}'(M*) typically scales with AX . .

We emphasize that AE? requires no prior knowledge of A% . or n*—it is able to adapt to the
minimum gap and regularity of the underlying model.

Remark A.3 (Dependence on n}). As we show in the following examples, n¥ is typically bounded
polynomially in standard problem parameters, though in practice this needs to be verified for each
problem instance. We remark that some scaling in terms of n} seems unavoidable—if there is a
significant amount of information to be gained playing the optimal decision, any algorithm which is
nearly instance-optimal will play the optimal decision at least n; times, and therefore the “effective
horizon” to eliminate alternate instances scales with n%. As we are the first to formalize this notion
of how informative the optimal decision is, we believe more research in this direction is required.
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A.6. Application: Structured and Contextual Bandits

We now instantiate Theorem A.2 to give regret bounds for AE? in standard settings of interest,
bounding the Allocation-Estimation Coefficient for each setting. We begin by focusing on structured
bandit settings and contextual bandits, then turn to tabular reinforcement learning in the sequel. We
recall that, to map bandit problems to the DMSO framework, we take the decision space II to be the
set of “arms”, the observation space O = {@}, and the reward space R to be the rewards from the
bandit (while we do not explicitly include the rewards in the observation space, we assume they are
observed). We defer proofs for all examples to Appendix G.

A.6.1. THE UNIFORM EXPLORATION COEFFICIENT

For the main examples we consider, we proceed by first bounding the Allocation-Estimation Co-
efficient in terms of another, somewhat simpler parameter we refer to as the uniform exploration
coefficient.

Definition A.4 (Uniform Exploration Coefficient). For a randomized estimator & € A p4, we define
the uniform exploration coefficient with respect to & at scale € > 0 as the value of the following
program:

ngp(e) =  min {C ‘ VM,M' € M :

maxMue{M,M/} EMNg[}EﬂNp[DKL (M(’ﬂ') H M”(T('))” S ]./C
CeRy ,pelAq 3 '

— maxyeny Exnpy [DiL (M (7) || M'(7))] <
We define pgxp(e) as any minimizing distribution for this program, and let

Cexp(M, €) := sup ngp(e)
§EA M

denote the uniform exploration constant for class M.

Intuitively, the uniform exploration coefficient characterizes the extent to which it is possible
to explore by uniformly covering the decision space. In particular, one can always choose p to be
uniform over I, which gives Cexp (M, €) S |II]/¢, but in cases where information is shared between
actions, the parameter is significantly smaller, as we will show for familiar examples below. For
example, in the case of linear bandits with dimension d, we have Cexp (M, €) < O (d'l%l/e).

The following result shows that the Allocation-Estimation Coefficient can be bounded in terms

of the uniform exploration coefficient.

Proposition A.1 (Informal). For Mo C M, we can bound aecX' (M) < Cexp(Mo, 9) for any

\/g < : : : { 1 A%in } € A%in

min min< min ) : ) .
~ MeM, 1Lk 34V, 2gM /AN + ng% 3

The full statement of Proposition A.1 is given in Lemma E.6. Using Proposition A.1, we obtain
guarantees for AEZ on several familiar classes, beginning with several bandit settings. We remark that
Proposition A.1 is not in general tight—it simply shows that the Allocation-Estimation Coefficient is
bounded by a simple, general, and interpretable notion of how easily a class can be explored. As,
such the bounds on the Allocation-Estimation Coefficient in the following examples can almost
certainly be improved using more specialized tools.
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A.6.2. FINITE-ARMED BANDITS

We first consider the simplest bandit setting: multi-armed bandits with finite arms.

Example A.2 (Finite-Armed Bandit). Fix A > 0, and consider the class of finite-armed bandits with
A arms and unit-variance Gaussian noise:

M= {M(m) = N(f¥(x),1) | f* €[0,1]4}.

It is straightforward to verify that Assumptions A.1 to A.3 hold with Lk, V, < 4 and deoy =
O(A),Ceoy = O(1), and it can also be shown that, as long as f*"(m,) < 1, we can bound

nf<c- ﬁ. In addition, we can bound Ceyp,(M*,e) < 4A4/¢, so Proposition A.1 gives the

following result.

Proposition A.2. For the finite-armed bandit problem with A actions, there exists a universal
constant ¢ > 0 such that

A15
aec (M) <c- S(AF

min

(25)

We immediately obtain the following corollary to Theorem A.2.

Corollary A.1. For finite-armed bandits with Gaussian noise, as long as f" () < 1, AE2 has
regret bounded by

EM [Reg(T)] < (1+¢)g* - log(T) + poly(A, é, A*#‘,log logT) - log6/7(T).

With more refined analyses, various works have achieved instance-optimal regret bounds for finite-
armed bandits with tighter lower-order terms than Corollary A.1 (Garivier et al., 2016; Kaufmann
et al., 2016; Lattimore, 2018; Garivier et al., 2019). We emphasize that Corollary A.1 is a special
case of a much more general result. In particular, we proved the bound on the Allocation-Estimation
Coefficient, Eq. (25), using tools which hold for general classes (e.g. Proposition A.1). An analysis
of AE2 specialized to finite-armed bandits would likely yield a tighter result. N

A.6.3. STRUCTURED BANDITS

Many bandit problems exhibit richer structure than the multi-armed bandit setting, and the study
of these settings has been the focus of much of the recent work on instance-optimal learning. We
next consider one such setting, that of structured bandits with bounded eluder dimension (Russo and
Van Roy, 2013).

Example A.3 (Structured Bandits with Bounded Eluder Dimension). Consider a bandit problem
with unit-variance Gaussian noise but where the means are now given by a general function class F
mapping from II to [0, 1]:

M ={M(7)=N(f(=),1) | f € F}. (26)

For such general settings, we might hope to capture the complexity of learning in terms of generalized
notions of dimension for /. We consider one such notion here: the eluder dimension.
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Definition A.5 (Eluder Dimension (Russo and Van Roy, 2013)). Let dg(F, <) denote the length
of the longest sequence of actions {1, ...,mq} such that, for each n < d, there exist functions

I, € Fwith \/Z?:_f(f(m) — f!(m))? < &' but f(m,) — f'(7n) > €'. The eluder dimension of
function class F at scale ¢ is then defined as dg(F,€) = sup./>. dg(F,e') V1.

The eluder dimension can be thought of as quantifying how easily a function class can be
“explored”: evaluating a pair of functions on dg(F, €) points allows one to determine whether they
are nearly identical over the entire space. It is known to be bounded for many standard classes—for
example, for linear function classes with dimension d, dg (F, <) < O(d-log 1/¢)—and is also closely
related to the disagreement coefficient (Foster et al., 2020). Furthermore, it can be shown to be a
sufficient condition for bounded (worst-case) regret in general bandit problems (Russo and Van Roy,
2013). The following result shows that the eluder dimension bounds the Allocation-Estimation
Coefficient.

Proposition A.3. For the structured bandit class M considered in (26), we have

16dg(F,V6/2)

Cexp(M*,06) < 5

This implies that

_ 16di(F,V5/2)

2A8
s (M) < o

de(F, $A,)2

for scale 6 =c-

and A, = min{Afnina 1/”:/36}’

where ¢ > 0 is a universal constant.

Proposition A.3 highlights the ability of the Allocation-Estimation Coefficient to adapt to the
inherent complexity of “exploring” for the model class under consideration. We henceforth abbreviate
dg := dg(F,V5/2).

It is straightforward to show that Assumptions A.1 and A.2 are met in this setting with Lk, V <
4 (see Appendix G.2). Furthermore, Assumption A.3 can be shown to hold with dcy, scaling with
the covering number of F in the distance d(f, f') = sup,ep | f(7) — f/(7)] and Ceoy = O(1). In
general, it must be shown that n¥ is bounded for each M * and class of interest; as we show in the
following examples, it is bounded for standard structured bandit settings such as linear bandits. We
have the following corollary to Theorem A.2.

Corollary A.2. In the structured bandit setting with bounded eluder dimension considered above,
AE? has regret bounded as

EM" [Reg(T)] < (1 +¢)g" - log(T) + poly(dp, deov, £, 5+—, %55 loglog T) - log®™T(T).

To the best of our knowledge, Corollary A.2 is the first result to show that it is possible to obtain
the instance-optimal rate in classes with bounded eluder dimension, with lower-order terms scaling
only polynomially in the eluder dimension. More generally, Corollary A.2 illustrates that AE2 can
adapt to the structural properties of the given model class, and achieve regret scaling with existing
notions of intrinsic dimension. N
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We next consider two examples of structured bandits where it is known that the eluder dimension
is bounded: linear bandits and generalized linear models. While these results are immediate given
Corollary A.2, the additional structure present in these settings allows us to obtain somewhat more
explicit results.

Example A.4 (Linear Bandits). Consider the class of linear bandits with unit-variance Gaussian
noise defined as

M ={M(r) =N((0,2z),1) | 0 € O},

where © C R? is some convex set with /3 diameter O(1) and X := {x, : 7 € II} C R is the arm
set, which we assume has ||z;||2 < 1 for all 7 € II. As in Example A.3, Assumptions A.1 and A.2
are met in this setting with Lk, V\, < 4; furthermore, Assumption A.3 is also met with deoy, = O(d)
and Ceoy = O(1). We then have the following bound on the AEC.

Proposition A.4. For the linear bandit class M defined above, we have

@ (1 ®
aec'(M*) <c- 2 <A* + n;/36> -polylog(d, 1 ﬁ, n;‘/36>

min

for a universal constant ¢ > 0.
Using Proposition A.4, we obtain the following corollary to Theorem A.2.

Corollary A.3. In the linear bandit setting defined above, AE? has regret bounded as
E"" [Reg(T)] < (1 +¢)g* - log(T) + poly(d, L, 53—, nZ /36, loglog T') - 1og®/7(T).

Corollary A.4 has lower-order terms scaling similarly to the best known lower-order terms in the
linear bandit setting (Tirinzoni et al., 2020; Kirschner et al., 2021). These works, however, develop
algorithms which are specialized to the linear bandit setting, while Corollary A.4 is the instantiation
of a more general result designed for arbitrary general decision-making settings.

The following result shows that under general conditions, we can bound the parameter n} for
linear bandits.

Proposition A.5S (Informal). For linear bandits satisfying certain regularity conditions, n} is bounded
by a polynomial function of problem parameters and a geometry-dependent term scaling with the
structure of X and ©.

The full statement of Proposition A.5 is given in Proposition G.2. The regularity condition for
Proposition A.5 requires primarily that 6* lies sufficiently far within the interior of © (see Appendix
G.2.4 for further details). We remark that the guarantees given in both Tirinzoni et al. (2020) and
Kirschner et al. (2021) scale with geometric parameters very similar to n.

<

Example A.5 (Generalized Linear Models). In the generalized linear model setting, we take the
model class to be

M = {M(m) = N(g((0,zx)),1) | 6 € O},
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where © and X are as in Example A.4, and ¢(-) is a known link function which is increasing and
Lipschitz, but potentially nonlinear. Let gmax and gmin denote upper and lower bounds on the
derivative of g, respectively:

max ‘= "((0 d gumin = i ({0 .
Gma ee@f??iimg“ ,2)) and g eeeglé?o(;c)g(( ,Z))

As in the linear bandit setting, we can show that Assumptions A.1 and A.2 are both met with
Lk, Vi < 4, and that Assumption A.3 is also met with deoy = O(d) and Ceoy = O(gmax)-
Furthermore, under the same conditions as for linear bandits, n} can be bounded for generalized
linear models exactly as for linear bandits, but with an additional scaling of (%)2. We then have
the following.

Proposition A.6. For the generalized linear model class M defined above, we have

— d393 x 1 i 1 1
aec'(M*) <ec- gzgf;é . <A*. + n;/%) .polylog(d, o AE n:/36>
min min

for a universal constant ¢ > 0.
Using Proposition A.4, we obtain the following corollary to Theorem A.2.

Corollary A.4. In the generalized linear model setting defined above, AE? has regret bounded as
E"" [Reg(T)] < (1 +¢)g" - log(T) + poly(d, 222, L, d—, n s, loglog T) - 1og®/ (7).

Jgmin ’ €7

To the best of our knowledge, this is the first result to obtain finite-time instance-optimality for
generalized linear models with lower-order terms polynomial in problem parameters. N

A.6.4. CONTEXTUAL BANDITS

The previous examples illustrate that AE2 is able to learn efficiently in a variety of structured bandit
settings. We now show that it leads to new guarantees for finite-action contextual bandits with general
function approximation.

Example A.6 (Contextual Bandits with Finitely Many Arms). Consider the contextual bandit setting
with context set X' (which could be arbitrarily large) and action set .4 such that A := | A| < co. Let
px denote the context distribution, which we assume is known to the learner. The learning protocol
is then, for stept =1,2,3,.. ..

1. Environment samples context z¢ ~ py.

2. Learner chooses action a! € A, receives reward ;.

We assume that ! = f*(2, a®) 4+ w’ for w! ~ N(0, 1), for some f*: X x A — [0, 1]. We assume
as well that the learner is given access to a set of functions F such that f* € F.

To view this setting as a special case of the DMSO framework, we take the decision space to
be the set IT = (X — A) of all policies mapping from X to A, and take O = X as the observation
space. The learner’s decision at round ¢ is a policy 7!, and they receive a reward-observation pair
(rt, o) = (r', ') under the process z* ~ py, r* ~ N'(f*(zt, 7% (x")), 1). The model class M is the
set of all instances of this form for f* € F.

The following result shows that the Allocation-Estimation Coefficient is be bounded by the
number of actions A, and is independent of the size of the context space. See Appendix G.3 for a
proof.
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Proposition A.7. For the contextual bandit setting, we can bound

4A
CEXP(M*7 5) S ?7

which implies that

VP A3 1 e
aec (M )gc.?. <A*+n€/36) ,

min
for a universal constant ¢ > Q.

As in the cases of bandits with bounded eluder dimension, n} must be bounded for each M*
and class F of interest. It is straightforward to show, however, that Assumptions A.1 and A.2 are
met in this setting with Lk , V), < 4, and, furthermore, that Assumption A.3 is also met with dcoy
scaling as the covering number of F in the distance d(f, ') = sup,cx qea | f(2,a) — f'(x,a)|, and

Ceov = O(1). We then have the following corollary.

Corollary A.5. In the finit-action contextual bandit setting considered above, AE? has regret bounded
as

EM* [Reg(T)] < (1 +¢)g* - log(T) + poly (A, deov, %, ﬁ, n2/36, loglogT) - 10g6/7(T).

To the best of our knowledge, Corollary A.5 is the first instance-optimal guarantee in the
contextual bandit setting with general function approximation that obtains lower-order term scaling
polynomially in problem parameters. Notably, the lower-order term scales independently of the size
of the context space, |X'|. We anticipate that extending this result to contextual bandit settings that
have large action spaces, but which exhibit additional structure allowing for efficient exploration
(e.g., linearity), will be straightforward. N

A.7. Application: Tabular Reinforcement Learning

As a final application of our results, we turn to the setting of episodic tabular reinforcement learning.

Episodic Markov decision processes. Recall that episodic reinforcement learning is a special case
of the DMSO framework in which each model M € M is an episodic Markov Decision Process
(MDP) given by the tuple M = (S, A, H,{P}M L {R}M}L  s1). Here S is a set of states, A
a set of actions, H the horizon, P}/ : S x A — Ag the probability transition kernel at step h,
R} ' § x A — Ag the reward distribution at step h, and s; a deterministic initial state, which
we take to be fixed across models. We assume that R} (s, a) is unit-variance Gaussian, and that
ErhNRﬁI (s,a) [Th} € [07 1/H]6

The decision space II consists of non-stationary policies 7 = (71, ..., 7y ), where 7, : S — A.
For a fixed policy m, an episode proceeds in an MDP M proceeds as follows. First, beginning from
the initial state s;, we take action a; ~ m(s1), receive reward r; ~ R}'(s1,a1), and transition
to sp ~ P}(- | s1,a1). This continues for H steps at which point the episode terminates and the
process repeats. We define f(m) := EM~[3 {j:l 71, as the expected reward achieved over the
entire episode under this process.

6. This assumption only serves to ensure that f* (7) € [0, 1], in line with the convention for the rest of the paper. Our
results continue to hold up to poly(H) factors if B, ~RM (s0) [rr] € [0,1].
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Each round ¢ € [T] in the DMSO framework corresponds to an episode in the underlying
MDP M*. At each round, the learner selects a policy 7!, and receives reward r! = Zle rfl and
ot = (sh,ab,rl, ... shy,aly,rhy), where (sh,al, 7, ..., sty aly, rl) is the trajectory that results

from executing 7! in M™* for a single episode.

Tabular model class. In the tabular RL setting, it is assumed that S := |S| and A := |.A| are
both finite, and we take II to be the set of all deterministic policies. In addition to assuming that M
consists of tabular MDPs, we restrict to the following subclass:

Mtab(Pmin) = {M = (87“4’ H, {Piiw}thlv {R%}thhsl) : S%li}lh Pé\/[(sl ‘ s,a) > Pmin}‘
(27)

While the assumption that ming , ¢, P2 (s" | s,a) > Pyin may be seen as restrictive, the guarantees
we provide scale only with log %, so Pin can be taken to be extremely small without affecting
the result significantly.

Note that when our results are specialized to reinforcement learning, A% . denotes the gap
between the performance of the optimal policy, and the next-best deterministic policy. This quantity
can be lower bounded in terms of other standard quantities including gaps in the rewards at each state
and the transition probabilities.

Toward instantiating Theorem A.2 in this tabular RL setting, we first provide a bound on the
Allocation-Estimation Coefficient, which we establish by first bounding the Uniform Exploration

Coefficient.

Proposition A.8. For M < M, (Puin), we can bound’

SAH? -log’ H

CH (M*e) <c >

exp c

for a universal constant ¢ > 0, which implies that

1
Pmin

5A5H14 . 1 10 H 1
s (M) < - 2 s 7. (

4 A*

min

24
. + ”2/36> -log*

for a universal constant ¢ > 0.

Next, it can be shown that Assumptions A.1 to A.3 hold for M < M1, (Pumin) With constants
(see Appendix G.5):

Ll = Vo = O(H -log 1/ Prin), deov = O(S*AH), Ceoy = O(H/Puin).
We then obtain the following corollary to Theorem A.2.
Corollary A.6. For M < M., (Puin) and ¢, AE? has regret bounded by

EM" [Reg(T)] < (1 + ¢)g* - log(T) + poly(S, A, H, 1 . log ﬁ, nZ /36, 10glog(T)) - log®7(T).

7. Here CH, denote the uniform exploration coefficient as defined in Definition A.4, but with Dk (- || -) replaced with
D} (-, ). To prove Proposition A.8, we show that a variant of Proposition A.1 still holds with this alternate definition

of Cexp(M, ).
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To our knowledge, Corollary A.6 is the first guarantee for tabular RL that achieves the instance-
optimal rate while obtaining lower-order terms that scale only polynomially in problem parameters.
As noted previously, existing approaches to instance-optimal regret in tabular RL (Ok et al., 2018;
Dong and Ma, 2022) have lower-order terms that scale exponentially in problem parameters, and as a
result are truly asymptotic in nature.

While Corollary A.6 is stated in terms of n} for the sake of generality, as we show in Appendix G.5,
if M* has rewards that are sufficiently small (in particular, if it satisfies IEThN RM (s.0) [rp] < 1/H?
for all (s, a, h)), then we can bound

x g g
nggc-A* <1+€(A*>

. )2
min min

In this case, Corollary A.6 scales polynomially in all standard problem parameters.

Let us remark that the prior work of Dong and Ma (2022) does not require that P (s" | s,a) >
Ppin as we do (the work of Ok et al. (2018) only holds for ergodic MDPs, itself a very strong
assumption). However, the lower-order term obtained in Dong and Ma (2022) scales polynomially in
the inverse probability of observing the trajectory that occurs with minimum (non-zero) probability.
In general, this will scale exponentially in H, and inversely with the probability of the transition with
minimum (non-zero) probability occurring, that is min, , o . p7 (4/]s.4)>0 P} (s'|s,a). Thus, while
we must impose the stronger condition that all transitions occur with some probability Ppi,, our
bounds only scale logarithmically in this quantity, and polynomially in S, A, and H, a significant
improvement over Dong and Ma (2022). Understanding whether it is possible to remove the
additional restrictions we impose while still obtaining reasonable finite-time performance is an
interesting direction for future work.

As far as we are aware, there is no prior work on instance-optimal algorithms for RL settings
with general function approximation. While we have only instantiated Theorem A.2 and AE? in the
tabular RL setting, the tools we have developed can also be applied to RL with general model classes.
Exploring the application of AE2 to, for example, bilinear classes (Du et al., 2021) is an exciting
avenue for future work.

A.8. Overview of Analysis

To close this section we briefly sketch the proof of the regret bound for AE? (Theorem A.1); the
proof of the regret bound for AE2 (Theorem A.2) builds on these ideas, but is slightly more involved.
See Appendix F for full proofs.

Let us refer to the exploit phase as the subset of rounds ¢ in which Line 6 of AE? is reached, and
refer to the explore phase as the subset of rounds in which Line 8 is reached. We focus on bounding
the regret in the explore phase—it can be shown (Lemma F.1) that in the exploit phase, where the if
statement on Line 6 is true, 7375 = 74 for all but O(loglog T) rounds, so that the regret incurred in
this phase is at most O(loglog T').

Let st denote the total number of rounds in the explore phase up to time 7'. Fix an explore round
s € [s7]. We bound the regret A*(p®) by considering three cases.

Case 1: M™* ¢ M\M§1/6()\5 ;Nmax)- In this case, A® is not an optimal (normalized) allocation
for M*, but we can use the AEC to argue that the information gained by the algorithm is large. In
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particular, since p® plays w® with probability at least 1 — ¢, we can bound

1
B¢ [Ermps [Dict (M () || M*(m)) ]
1 1
< . —
1= Eg_o[Ermws Do (M(m) || M*(m))]]
(@) 1 ) 1
< min sup —
1 B q )\7WEAH MGM\MEI/G(AQnmax) E]/\ng\S [Eﬂ"“ws [DKL (M<7T) H M(ﬂ-))]]
1
< 1—g¢ - 3eC. /12(M)

as long as npay is chosen appropriately; here, (a) follows because M* € M\M%l()\s; Nmax) by
assumption in this case, and by the choice of A® and w® given in Eq. (18). Rearranging this gives

159 : ¢ 2%e/12M) B i [Brmps (D (M () || M*()) ).

This reflects that, when M* ¢ M\Mfl/ﬁ(/\s; Nmax ), our choice of p® ensures that M ~ &5 and M™*
can be distinguished, with the amount of information gained lower bounded by O(aec, 15(M) ™)

Adding and subtracting 1%(1 - aeC./12(M) - Ei7es [Ernps [DKL(]\//_T(W) | M*(m))]] to A*(p®),
and using that A*(p®) < 1 always, we then have that the instantaneous regret in this case is bounded
by

2

A*(p%) = AM(p°) = 7 3 a(M) By [Ereps D (M () || M* ()]

e
1—

+36C./12(M) - B [Erps [Dict (M () || M*(m))]]

<-1+ 12q 388 /12(M) - By [Ermpe [Dict (M () || M* ()]

Summing over s, it follows that the total regret in this case is bounded by

ST sT
Z A*(p®) -I{sinCase 1} < - - 2eC, /12(M) - Estgy (s7) — Z]I{s in Case 1}.
s=1 s=1

Furthermore, since regret is always non-negative—that is, A*(p) > 0 for all p—rearranging this
inequality leads to a bound on the total number of times this case can occur:

2
1—gq

sT
Z I{sinCase 1} <

s=1

. ﬁg/lQ(M) . EStKL(ST).

Critically, as given in (17), Estgy (s7) scales at most poly-logarithmically in sp. Thus, as long as
st is at most O (log T'), the total regret incurred in this case (as well as the total number of times this
case can occur), will be at most O(3ec,/12(M) - loglog T').
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Case 2: M* ¢ Mf%()\s; Nmax) and 7, € mys. In this case, we have that \° is a Graves-Lai
optimal allocation for M™*. Thus, it follows that

AN (Lt e/6)g /ot and | nd B (D (M () | M (7)) = (1 2/6)/o”

for some n* < ny .. This implies that, for any M € ./\/lalt(M *), we can bound

A*(p®) = A%(p®) — (1 + €)g" Ernps [Dr (M*(m) | M (7))] + (1 + €)g" Ernps [Di (M* () || M ()]
S (1+¢e/6)g/n* — (L+¢e)(1 —¢/6)g"/n* + (1 + €)g Erps [Dr (M (m) || M (m))]
S —eg/n* + (14 €)g Ennps [Dr (M*(m) || M (m))]
< =" /Pmax + (1 + €)8" Erps [Di (M™ (1) || M (m))]

Since this bound holds uniformly for all M € M?a!t(M*), it follows that the total regret in this case
can be bounded as

sT ST
A*(p®) - T{sinCase 2} < (1 +¢)g* - inf Erps [DiL (M* M I € s
DA% IsinCase 2} £ (1 +2)g S§1ﬁM€A;g“(M*) o DL (M () | M )] T € gz}
eg”
— I 2
— ;1 {sin Case 2}.

To bound this, the key observation is that, if we explore at round s, then it must be the case that,

[ IP’I’T(TO)]<

for all w575 € s, there exists some M € M (7s) such that 07—, 'E— [log P (o)) S
r°,0

M~gi
log(T'log T'). Using Assumption A.1 and Assumption A.2 to move from M ~ £ to M* and to
relate the observed log-likelihood ratios to the KL divergence, we can furthermore show that

Ve ZEM (DL (M () | M ()] - s € e57:)

]P)IW i (,,,.87 OS

)
< I S A .
Me/\}trallft.(M* Z IE]W ~ES [log PM, 7r5( ) + \/5 EStKL(ST)

Slog(T'log T) + /sT - Estki(s7)-

This allows us to bound

st
(g 30t e D) | M) T € v

S(1+e)g” - logT + g*v/st - Estki(sr).

Thus, as long as s = O(log T'), we can bound the total regret incurred in Case by (1+¢)g*-log T +
o(log T'). Using that regret is always lower bounded by 0 in the same fashion as Case 1, we can
further use this to bound the total number of times that Case 2 occurs by

sT

ZH{S in Case 2} < mn—a: (g* logT + g*\/sT - EstKL(sT)>.
eg

s=1
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The intuition for this case is that, since we are playing a Graves-Lai allocation for M*, the regret will
scale with g*, the instance-optimal rate, and, furthermore, the allocation will allow us to distinguish
M* from alternatives M € M®*(M*). Using that the total estimation error is bounded, and that we
only enter the explore phase if there exists some M € M?®*()M*) that we cannot distinguish from
M, this ultimately implies that the total number of times this phase occurs, and therefore the total
regret incurred by this phase, is bounded.

Case 3: M* € Mfl/ﬁ()\s; Nmax) and m, & mys. In this case, we bound A*(p®) by adding and
subtracting Bz, [Ex~ps [DkL (]/\4\(7[') || M*(m))]] in the same fashion as Case 1. Since 7, & 757,
it can be shown that £° must place Q(A ) probability mass on M € M2 (A1*), allowing us to
lower bound Ex7_ . [Erps [Dx (M (7) || M*(7))]] using the same reasoning as in Case 2. In total,
we can show that the regret in this case is bounded by O(f—f - Estky(s7)), and the number of
times this case can occur is at most O(JF=- - Estx (s7)).

in

Concluding the Proof. Combining all three cases, we have shown that the regret of the explore
phase is bounded by

*

~ 1
(I1+e)g"-logT + O < ~ﬁ5/12(./\/l) - Estk(s7) + g°v/s7 - Estki(sT) +

g
- Est .
1- q Amin S KL(ST))

Furthermore, using our bounds on the number of times each case can occur, one can show that
st = O(logT). Since Estg| (s7) is at most polylogarithmic in sz, it follows that the regret is
bounded as

(1+e)g*-logT + 6(@5/12(/\/1) +ﬁ2;52(/\/{) . 10g1/2 T),

as stated in Theorem A.1.

Appendix B. Lower Bounds for Learning the Optimal Allocation

The AE? algorithm achieves instance-optimal regret by explicitly learning an -optimal Graves-Lai
allocation for the underlying model M™*. In this section, we introduce an abstract formulation for the
problem of learning an optimal allocation (Appendix B.1), and provide lower bounds which show
that the Allocation-Estimation Coefficient is a fundamental limit for this task (Appendix B.2). We
then present several examples illustrating lower bounds on the Allocation-Estimation Coefficient
(Appendix B.3), and discuss how our lower bounds relate to the problem of minimizing regret
(Appendix B.4).

Additional Notation. Throughout this section we will also make use of the following definition:

M
A(M;e,npax) = {)\ € Arr ¢ 3n € (0, npax] s.t. AY(N) < (1—1-:)g, (28)

‘ , 1—¢
Mleﬁit(M)EWNA[DKL(M(W) | M'(7))] > n }

That is, A(M; €, npmax) denotes the set of normalized allocations that are Graves-Lai optimal for M
with tolerance ¢, and have normalization factor at most n,,,x. Unless otherwise stated, the results in
this section do not make use of Assumption 1.3 or Assumption A.4.
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B.1. Learning the Optimal Allocation: Minimax Formulation

We consider the following protocol, which captures the task of learning an optimal Graves-Lai
allocation for an unknown model M*.

e Fort =1,...,T, sample ! ~ p' and observe (1, 0').

» Based on the entire history H = (7!, 71,0'),..., (77, 7T, o), output a normalized alloca-

")
tion \ € Arr. The allocation may be randomized according to a distribution ¢ € Aa ;.

We formalize an algorithm for this task as a pair A = (p, q), where ¢(- | HT) is the distribution

over A given the history, and p = {pt} te[T] is a sequence of exploration distributions of the form

pi(- | HI™L). We let PM-%(.) denote the law of HT when M is the underlying model and A is the
algorithm, and let E™-4[-] denote the corresponding expectation. The goal of the algorithm is to
ensure that )\ is an e-optimal allocation for M™* with high probability, i.e.

PMW(X e A(M*;e, nmax)> >1-4

for some failure probability § > 0 and normalization factor ny,x > 0

Intuitively, learning an optimal Graves-Lai allocation is closely related to achieving instance-
optimal regret, but there are some subtle technical differences which we discuss in detail in the
sequel. We study the former task because we find it to be more amenable to non-asymptotic lower
bounds, and because it captures the behavior of “natural” algorithms such as AE? and essentially
every existing asymptotically optimal algorithm we are aware of.

Minimax framework. To provide lower bounds on the complexity of learning an optimal Graves-
Lai allocation, we consider a minimax framework. Our main quantity of interest will be:

TE(M; 2, N, 0) = inf inf{T eN| IP’M’A(X e A(M;e, nmax)) >1-6, VM e M}. (29)

This represents the earliest time 7" € N for which there exists an algorithm that learns an e-optimal
allocation with probability at least 1 — §, and does so uniformly for all M/ € M. Recall that for our
upper bounds (Theorem A.1), the Allocation-Estimation Coefficient gives a bound on the lower-order
terms in the regret (reflecting the time required to learn an e-optimal allocation) that holds uniformly
for all models in the class M. To understand the optimality of uniform bounds of this type, a minimax
framework is natural. This framework also naturally complements recent non-asymptotic algorithms
for linear models such as (Tirinzoni et al., 2020; Kirschner et al., 2021), where the complexity of
exploration is captured by problem-dependent quantities such as the feature dimension, which are
bounded uniformly for all models in the class. Nonetheless, exploring other notions of optimality
(for example, instance-dependent complexity) for learning the Graves-Lai allocation is an interesting
direction for future research.

Note that the quantity (29) does not place any constraint on the regret of the algorithm under
consideration. It will also be useful to consider the notion

T¥(M; e, nax, 6, R)
— inf inf{T EN| IP’M’A‘(X e A(M;e, nm)) >1- 4, E™*Reg(T)] < R -log(T), VM € M},
(30)
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which captures the minimax complexity of learning the Graves-Lai allocation, subject to the constraint
that the algorithm achieves logarithmic regret throughout the learning process. This notion is
particularly well suited to complement the upper bounds achieved by algorithms such as AE?.

We remark that the restriction to allocations with normalization factor no more than n,ax in
the definitions above is natural for several reasons. First, without such a restriction, the returned
allocation can place an arbitrarily small amount of mass on informative actions, and an arbitrarily
large amount of mass on the optimal action, since any Graves-Lai optimal allocation is still Graves-
Lai optimal if the amount of mass on the optimal action is increased arbitrarily. While technically
Graves-Lai optimal, such allocations do not reflect an allocation one could play over a finite time
horizon in order to certify the optimal decision 7,—as any algorithm with finite-time guarantees must
do—and therefore do not reflect the cost such an algorithm must pay to learn an allocation. Second,
given knowledge of the optimal action, any Graves-Lai optimal allocation which has a normalization
factor larger than ny,,x can be transformed into a Graves-Lai optimal allocation with normalization
factor ny,, by adjusting the mass on the optimal action, assuming ny, . is taken to be sufficiently
large (in particular, as large as nyax (M, €); cf. Eq. (19)). Therefore, if we restrict our attention to
the task to learning the Graves-Lai allocation for a subclass of models which agree on the optimal
action (as we do in Theorem B.2), any lower bound for learning an allocation with normalization
Nmax also applies to learning an unrestricted allocation, for large enough ny, .. Finally, AE2 jtself
plays allocations with bounded normalization, which as we note in Appendix A.2, does not affect the
optimality of its performance—allocations with bounded normalization are always sufficient.

B.2. Main Result

We state two lower bounds. The first scales with the version of the Allocation-Estimation Coefficient
appearing in our upper bound (Theorem A.1), but leads to a lower bound on 74!, while the second
lower bound scales with the AEC for a restriction M, but is exponentially stronger in the sense that
it provides a similar lower bound on log(7""). We remark briefly that the regularity conditions of
Appendix A.1 are not required to hold here, unless otherwise stated.

Theorem B.1 (Main lower bound—weak variant). Let € > 0, nyax > 0, and Mg C M be given,
and set 0 := 5 - min{1,infrrept, 8" /Nmax}. Unless

0 _
T>—- sup aecy!(Moy, M),
MeM+

any algorithm must have, for some M € My:

PM[X ¢ A(M;e, nmax)} >

[=>] IS5

Stated equivalently, Theorem B.1 implies that for any ¢ > 0, if we set d = c-- infpre pmr, 8" /Nimax
for sufficiently small numerical constant ¢, then

T8 (M e, Nmax, 6) >0+ sup aeco. (Mo, M).
MeM+
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Remark B.1 (Choice of My). Theorem B.1 is stated with respect to an arbitrary subset, My,
of M. While one could simply choose My < M, in some cases it is advantageous to choose
Moy € M. In particular, note that our lower bound scale with inf yre pq, g". For classes M where
infpream g = O—which will be the case, for example, if M corresponds to a model class where
reward means form a compact set—it is advantageous to restrict My so that it corresponds only to
instances with g™ > 0.

We remark as well that the restriction of the lower bound to M is somewhat analogous to our
upper bound Theorem A.2, which provides guarantees in terms of the AEC of a restriction of M, M*.
We may therefore choose Mg <— M™ to obtain lower bounds matching the scaling of Theorem A.2.
In the following section we provide several examples of how Mg can be chosen to yield intuitive
lower bounds.

Lastly, let us mention that Mg may also be chosen to yield lower bounds that have a more
instance-dependent flavor. For example, given some instance M*, we could choose M to correspond
to all instances identical to M up to a permutation of the decisions, in which case Theorem B.1 is
will yield lower bounds on the performance of any algorithm on a permutation of M™*, rather than
over the entire class.

Remark B.2. The lower bound in Theorem B.1, for My = M, scales with the quantity

sup aec.(M, M) > sup aec.(M,M) > sup aec.(M,¢) = aec.(M),
MeM+ Méeco(M) €A M

which at first glance might appear to be larger than the version of the AEC appearing in our upper
bounds. However, there is no contradiction, because these quantities can be shown to be equivalent
(up to problem-dependent parameters) under the assumptions with which Theorem A.l is proven.

Our second lower bound yields a lower bound on log(7®') as opposed to Tgl—stigniﬁcantly
stronger result—but scales with the AEC for a restricted class. To state the result, for M € M™ and
Mo C M, define

MPYM) = {M € Mo | ma € 7xz, Do (M(7) || M(7)) =0 Vr € wxr ).

This represents the set of models M where 1) the optimal decisions for M are also optimal for M
and 2) playing the an optimal decision reveals no information that can distinguish M and M. Our
second lower bound scales with the AEC for Mgpt(ﬂ ), and is restricted to algorithms with low

regret.

Theorem B.2 (Main lower bound—strong variant). Let ¢ > 0, nypax > 0, and My C M be given,
and define 6 = 5 - min{1,infare vy 8" /Nmax ). Unless
M

sup N .10g(T)zQ(52)~ sup aecﬁg(Mgpt(M)aﬂ)a
MeMo “min MeM+

there is no algorithm that simultaneously ensures that

1. EY*Reg(T)] <2 -g"log(T), YM € M,.

2. PM AN ¢ A(Ms e, nmax) | < 5, YM € My,
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Equivalently, Theorem B.2 implies that for any € > 0, if we set 0 = ¢ - ¢ - infyre o 8"/ Nmax
for a sufficiently small numerical constant c, then for R := 2sup ;¢ aq, 8"

62 -inf AM S
log(T# (M £, My, 6, R)) > 2020 - sup aecy! (MGP(M), M).

Mem+

B.3. Examples

As we discuss in the sequel, the dependence on the Allocation-Estimation Coefficient in our lower
bounds (particularly Theorem B.2) qualitatively matches the dependence on the AEC in our main
upper bounds, Theorems A.1 and A.2. We defer a detailed discussion comparing our upper and lower
bounds for a moment, and make matters concrete by considering three examples: the informative
arm example from the introduction (Example 1.1), multi-armed bandits, and tabular reinforcement
learning. We defer proofs for all examples to Appendix H.4.

Example B.1 (Searching for an Informative Arm (revisited)). Let M be the class constructed in
Example 1.1 with parameters N, A € Nand 8 € (0,1/2). Let M denote the restriction of M to
models with AM. > A for some A € (0,1/6) (so that 7,, is unique), and f"(m,,) < 1. Aslong as

N > 16 and Slog(1 4+ SA) > 2A/(A — 1), we have

R — N
sup aecX' (MG (M), M) > —. (31
MeM+ 43
For this construction, we have A, > A and Q(1) < g < O(p~!) for all M € M. Thus,
Theorem B.2 implies that any algorithm with E*[Reg(7T')] < 2g" log(T) for all M € M must
fail to learn an c-optimal allocation with probability 6 = §2(¢/nyax) unless

gM 62 N
sup —=— - log(T) 2 R
MeM AIlgin n%iax 6

which implies that log (T8 (Mo; €, Nmax, 0, R)) = €2/n2 .- N for R = 2sup e g = O(B71).
Any Graves-Lai allocation need only take at most O(3~!) pulls to eliminate alternative instances, so
an appropriate choice of Ny, is O(B371), yielding log(T® (Mo; &, hmax, 6, R)) = %% - N. While
the dependence on the parameter ny,.x, €, A > 0 here is certainly loose, this formalizes the intuition
sketched in the introduction: any algorithm that learns an optimal allocation must explore Q(N)
times, yet any algorithm that achieves near-instance-optimal regret E**[Reg(7T)] < 2g™ log(T') <
B~ 1log(T) can play a sub-optimal decision no more than roughly 3! log(T")/A times, leading to
the constraint that

log(T) 2 N.

We can also apply Theorem B.1 to show that any algorithm must fail to learn an e-optimal allocation
with probability 6 = Q(¢/nmax) unless T' 2 &/Nyax - % 4

Example B.2 (Finite-Armed Bandit). Let A > 6 and A € (0,1/2) be given and set II = [A]. Let
M be the set of all multi-armed bandit instances with Gaussian noise:

M= { () = N(f¥(m),1/2) | £ € 0.1} (32)
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andlet Mg ={M e M : |my| =1,AM(7) € [A,2A] for m # 7y, fM (7)) < 1} denote the set
of all bandit instances where suboptimal arms have gaps on order A. Then for all ¢ € (0,1/32),

A

sup aecX'(MOPY(M), M) > c-e72. A

MeMm

(33)

where ¢ > 0 is an absolute constant.
It can be shown that, by the construction of My, gV = O(A/A) for all M € My, so d x
¢ - min{1, An } Theorem B.1 then implies that any algorithm must fail to learn an e-optimal

allocation with probablllty d = Q(e - min{1, m}) unless

. A A
T Z mln{l, Ar]m(} . gﬁ

Any Graves-Lai allocation need only take O(%) pulls to eliminate all alternate instances, so a reason-
able choice of ny, .y is therefore O(%). With this choice of Ny, we have T8 (M €, npax, 8) = %.
We remark that the scaling on all parameters here is natural. Intuitively, we would expect that we
need to pull each arm at least once to learn a near-optimal allocation, yielding an Q2(A) scaling. In
addition, note that for multi-armed bandits, the optimal allocation places mass o< ﬁ on arms with
gap A. To correctly estimate this proportion requires an accurate estimate of A, which becomes
increasingly difficult as A becomes smaller, yielding an Q(%) scaling. Finally, as we decrease ¢,
we require that the returned allocation becomes closer to a truly optimal allocation, and we would
therefore expect an (1) scaling.

Note that the result derived by applying Theorem B.1 above only gives a lower bound on 7T'. To
obtain a lower bound on log(7"), we combine Theorem B.2 and Eq. (33) with npax = O(%) as
above, which implies that any algorithm with E* *[Reg(T)] < 2g™ log(T) for all M € M must
fail to learn an e-optimal allocation with probability 6 = (e - min{1, ﬁm}) unless

M
sup - log(T) 2 A,
MeMy AIJ\;{IH g( )

or equivalently log(T® (M; e, Niax, 6, R)) > 4

M
™ suppre g 8™/ A,

why such scaling is natural, note that any algorithm which has E* *[Reg(T)] < 2g log(T) for

for R = 2supy;cpg8™. To see

each instance M can afford to explore (that is, play a suboptimal decision) at most 2-&;— N log(T)

min

times, or their regret could exceed 2g™ log(7T'). However, no algorithm has any hope of learning an
optimal allocation unless they play every arm at least once, so taking at least A pulls of suboptimal

arms seems unavoidable, and we therefore would expect that we must have 2-8— N log(T) = A,

min

which is precisely the necessary scaling shown here.

We make two remarks on this log(7") lower bound. First, note that due to the presence of the 6>
term in Eq. (33) (which we believe to be loose), the lower bound we derive by applying Theorem B.2
does not scale with the parameter e !, as one might hope. Second, as noted, for M € M for M
chosen as in Example B.2, we have g™ = Q(A/A), in which cases the dependence on A cancels,
and the lower bound becomes trivial. Note that this is somewhat to be expected. Theorem B.2 will
give a trivial lower bound whenever sup y;¢ aq, " is much larger than the AEC. Recall that in our
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upper bound, Theorem A.2, the leading order g* - log T’ term will dominate the lower-order terms
once

g* -logT = Q(aecs(M)).

Therefore, if g* is much larger than the AEC, Theorem A.2 simply gives an upper bound scaling
as approximately g* - log T, as long as log 7" = €(1). The interpretation in this setting is that the
complexity of learning the Graves-Lai allocation is dominated by the regret incurred by playing the
Graves-Lai allocation, which we know is necessary from Proposition 1.1, and therefore we would
not expect lower-order terms to be significant components of the regret, as reflected by Theorem A.2.
However, as we have already shown, In settings such as Example B.1 where this is not the case and
the AEC is much larger than g*, Theorem B.2 will give a non-trivial lower bound which reflects the
difficulty of learning the optimal allocation. <

Example B.3 (Tabular Reinforcement Learning). Let S, A, H € N and A € (0,1/2) be given, and
assume that SA > 24 and H > log,(S/2). Let M be the set of all tabular MDPs with 1) |S| = S,
|A| = A and horizon H, and 2) Gaussian rewards with variance o2 = 1/2 (cf. Appendix A.7). Let
M be the result of restricting M in the same fashion as Example B.2. Then for all ¢ € (0,1/32),

SA

sup aecM(MPY(M), M) > c-e72. Az

Mem

(34)

where ¢ > 0 is an absolute constant.
It can be shown that, by the construction of My, g" > Q(SA/A) for all M € M. Thus,
analogous to the multi-armed bandit example, Theorem B.1 and Eq. (34) imply that any algorithm

must fail to learn an e-optimal allocation with probability 6 = (e - min{1, Af :ax ) unless
SA SA
T>mindl, 2o 4. 22,
2 mm{ , nmax} A2

Choosing Npyax = O(%) gives T8 (M; e, Nimax, 6) 2 f—ﬁ. With this same choice of ny,x, Theo-
rem B.2 implies that any algorithm with EM *[Reg(T')] < 2g™ log(T) for all M € M must fail to
learn an e-optimal allocation with probability 6 = Q(¢A) unless

M

sup & log(T) =z SA,

MeMo AI]\I/{in
or equivalently log(T® (M; e, Npax, 6, R)) = supMeMng/AM for R = 2sup ;e pq, 8"
Z 0 min

B.4. Discussion and Interpretation

Our lower bounds show that the Allocation-Estimation Coefficient serves as a fundamental limit on
the sample complexity required to learn an approximate Graves-Lai allocation. In particular, they
capture phenomena such as the necessity of searching for an informative arm in Example 1.1 that are
missed by purely asymptotic analyses. To the best of our knowledge, our lower bounds represent
the first attempt to systematically understand the sample complexity of learning the Graves-Lai
allocation in a general decision making framework. As such, they are somewhat coarse (in particular,
the dependence on parameters such as €, npay, and A is almost certainly loose), and they are
best thought of as a starting point for further research. In what follows, we provide additional
interpretation of the results, and highlight some of the most interesting remaining questions.
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Regret versus learning the optimal allocation. Theorems B.1 and B.2 lower bound the sample
complexity required to learn an e-optimal Graves-Lai allocation. Intuitively, this task is closely
related to achieving instance-optimal regret. Our analysis of AE? shows that it is sufficient, and many
prior works aim to directly estimate the optimal allocation as well. However, it is unclear to what
extent learning the optimal allocation is necessary to achieve instance-optimal regret.

In more detail, it is quite straightforward to show that if an algorithm achieves instance-optimal
regret, its empirical frequencies act as an optimal allocation in expectation.

Lemma B.1. Ler ¢ € (0,2), and suppose that Assumption A.4 holds. Fix T € N and consider an
algorithm A such that for all M € M,

EY*[Reg(T)] < (1 +¢)g" - log(T).

For each M € M, define n™ € R via n™ (7) = EM* {IZg(ZTT))}’ where T'(0) denotes the number of

pulls of decision m, and define \ = n™ /||n*||,. Then if

M

6 2g
log(T) > —1 ——— - log(T
og(T) = - 0g<1\31€15>4 AV og( )>,
we have that for all M € M,
AMe A(M;e). (35)

This result gives a guarantee on the expected frequencies of any instance-optimal algorithm, but
does not give any guarantee for the realized frequencies. As such, without further assumptions on the
algorithm under consideration, it is unclear whether instance-optimal regret implies that it is possible
to learn an optimal allocation with high or even constant probability. We cannot currently rule out
the existence of pathological algorithms for which n™ is optimal in expectation, yet the empirical
arm frequencies deviate from the mean with moderate probability. Nonetheless, if one is willing
to make stronger assumptions on the algorithm under consideration—in particular, that the second
moment of regret is controlled—then it is possible to derive lower bounds on regret directly.

Theorem B.3 (Simplified version of Theorem H.3). Let the time horizon T € Nand ¢ € (0,1/2) be

given, and suppose that Assumptions A.2 and A.4 hold. Suppose there exists an algorithm A with the

property that for all M € M: 1) EM*Reg(T)] < (1 + ¢)g™ log(T), 2) /E™*[(Reg(T))?] <

2gMlog(T'), and 3) for all = € 11, if EM*[T(7)] # 0, then EM *[T(7)] > 1. Then if we define
M

d=¢- min{l, infMeMO m}, it must be the case that
min £

log®(T) > sup aec)? (MCOPY(M), M).

2
c MeM+

M V3 log(6~1
for C' < O((SupMeM AgM )t M (;gQ( )>.

See Appendix H.5 for a full statement and details. The idea behind the proof is to 1) show (via
robust mean estimation) that any instance-optimal algorithm with well-behaved tails can be used
to estimate the optimal allocation with high probability (with a small blowup in time horizon), and
then 2) appeal to Theorem B.2. More work is required to understand whether 1) we can prove lower
bounds on regret directly, and 2) whether it is possible to show that low regret and learning the
optimal allocation are equivalent in a stronger sense.
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Comparing upper and lower bounds. Keeping the differences between regret minimization and
learning the optimal allocation in mind, let us highlight that the lower bound on 7' provided by
Theorem B.2 seems to qualitatively match the upper bound from Theorems A.1 and A.2. In particular,
ignoring problem-dependent parameters and polylogarithmic factors, the upper bound Theorem A.1
scales, for every model M € M, as

EM[Reg(T)] < (1 +¢)g" log(T) + O* (aec.(M)).
In order for this bound to simplify to, say,
EM[Reg(T)] < (1 + 2¢)g" log(T),

we need

Y log(r) 2 (1) 2,

which has similar scaling to the lower bound

log(T) 2 Q*(1)- sup aec (M (M), M)
Mem+
from Theorem B.2. As discussed in the prequel, the former result is concerned with regret, while the
latter considers the task of learning the optimal allocation, but the scaling log(7) 2 aec.(M) seems
to be fundamental for both. Of course, beyond the gap between regret and learning the allocation,
there is still much room to improve the dependence on problem-dependent parameters in both results.

Comparing Theorem B.1 and Theorem B.2. Theorem B.1 and Theorem B.2 exhibit an interesting
dichotomy: Theorem B.1 places no constraints on the regret of the algorithm under consideration,
and gives a lower of the form 7' > Q*(1) - sup Mem+ aec (Mo, M), while Theorem B.2 gives a
lower bound of the form log(T") > Q*(1) - SUP e uq 2€C2 (MEPY (M), M), or equivalently T' >
exp(Q (1) - sup 7 Trem+ aece(MEPY(M), M)); the latter lower bound is exponentially stronger, with
the caveat that 1) the class M is replaced with the subclass MOpt( ) and 2) Theorem B.2 assumes
that the algorithm achieve nearly-instance optimal regret for every model in M (E" *[Reg] <
2 - g"log(T)). In what follows, we argue that this tradeoff is fundamental.

* First, let us consider the role of the assumption E* *[Reg| < 2 - g™ log(T'). Without this
assumption, the lower bound from Theorem B.1 is qualitatively tight: if the algorithm explores
optimally for every round ¢ € [T7, it gains roughly (supjy;. .+ aec2*(Mo, M))™! units
of information per round, which is sufficient to identify an optimal allocatlon as soon as
T 2 supjreaq+ aect (Mo, M).

¢ On the other hand, if the require that E**[Reg] < 2 - g log(T'), then for each M € Mo,
ax, Los(T)

AI\I log(T'), but
only if we restrict to models for which playing an optimal decision gives no information. This
is precisely what the subclass MOpt( ) captures: models M € M, for which decisions that
are optimal for M lead to no information. Combining these insights leads to the lower bound

T~ Agj\f log(T) 2 Q(1) - supge e aec (MGP* (M), M) in Theorem B.2.

min

the algorithm can afford to explore (i.e., play a non-optimal action) at most 2 -

times. This changes the “effective” time horizon for exploration to 77 = 2 -
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We remark in passing that the definition of Mg (M), which places the constraint that Dy (M () || M (7)) =
0, Vm € mj; is somewhat coarse. We expect that both Theorem B.2 and Theorem A.1/Theorem A.2
can be improved to scale with

MP (M;a) = {M € Mo | 7y € 7rg, D (M(7) | M(7)) < o Vi€ 7y}

for a =~ 1/+/T; the intuition is that we get Q(T") rounds worth of information on 7r,, for “free”,
which facilitates accurate estimation.

Minimax versus instance-dependent lower bounds. As mentioned in the prequel, our lower
bounds have a (constrained) minimax flavor. Specifically, Theorem B.2 shows that if 7" is not
sufficiently large, then for any algorithm, there must exist a “worst-case” model M € M for which
the algorithm either 1) fails to achieve (approximately) instance-optimal regret or 2) fails to learn
an e-optimal Graves-Lai allocation. While this is quite different from a classical minimax analysis,
and certainly is closely connected to instance-optimality, an interesting direction for future work
is to develop a fully instance-dependent understanding of the complexity of learning Graves-Lai
allocations.

Appendix C. Additional Related Work
In this section, we discuss further related work not already covered in detail.

Asymptotic guarantees for general decision making. For the general decision making frame-
work we consider, which allows for arbitrary model classes and subsumes structured bandits and
reinforcement, the only prior works we are aware of that achieve the instance-optimal lower bound
from Graves and Lai (1997) are Komiyama et al. (2015), which restricts to finite observation spaces,
and Dong and Ma (2022), which restricts to finite decision spaces; these works do not provide
non-asymptotic guarantees.

Many works provide purely asymptotic instance-optimality guarantees for more specialized
settings, including multi-armed bandits (Lai and Robbins, 1985; Garivier et al., 2016; Lattimore,
2018; Garivier et al., 2019), linear bandits (Lattimore and Szepesvari, 2017; Hao et al., 2019, 2020),
and general structured bandits (Burnetas and Katehakis, 1996; Magureanu et al., 2014; Combes
et al., 2017; Van Parys and Golrezaei, 2020; Degenne et al., 2020b). Some of these works do
provide non-asymptotic bounds on regret, but these results generally have lower-order terms that
scale linearly in |II|, which renders them vacuous until log(7") 2 |II|; we consider such results to be
asymptotic in spirit. Along these lines, it is worth discussing Jun and Zhang (2020), which provides
non-asymptotic guarantees for structured bandits in which the lower-order terms scale with a quantity
K, that aims to capture the number of “effective arms”. While this quantity can improve over |II| in
certain situations, it is not clear whether it is well behaved for standard classes of interest (e.g., linear
bandits).

Non-asymptotic guarantees for linear bandits. For linear bandits, a number of recent works
provide non-asymptotic instance-optimal regret bounds in which lower order terms scale only with
the dimension d rather than the number of decisions |II| (Tirinzoni et al., 2020; Kirschner et al.,
2021). These results take advantage of the specialized geometric structure of the linear bandit setting
(e.g., existence of optimal design) for exploration, and cannot be directly adapted to general function
approximation, but our results can be viewed as generalizing these guarantees.
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Reinforcement learning. For reinforcement learning, a number of works—mostly focusing on
tabular settings or linear function approximation—provides non-asymptotic guarantees that are
instance-dependent, but not necessarily instance-optimal (Simchowitz and Jamieson, 2019; Al Mar-
jani and Proutiere, 2021; Dann et al., 2021; Al Marjani et al., 2021; Wagenmaker et al., 2022b;
Wagenmaker and Jamieson, 2022; Wagenmaker and Pacchiano, 2022). For instance-optimality, the
results we are aware of are the classical work of Agrawal et al. (1988) and very recent work Dong
and Ma (2022), which provides asymptotic guarantees for finite-horizon tabular RL, Ok et al. (2018),
which provides asymptotic guarantees for an infinite-horizon setting under ergodicity assumptions,
and Tirinzoni et al. (2022) which provides PAC guarantees for deterministic MDPs (though we note
that the guarantee of Tirinzoni et al. (2022) is also achieved, up to H factors, by Wagenmaker and
Jamieson (2022)).

Instance-optimal PAC guarantees. Our discussion has largely centered on regret, which is the
focus of our work. For the PAC setting, where the goal is to identify the optimal decision (or a
near-optimal decision) as quickly as possible, a number of recent works have employed similar
techniques to derive instance-optimal algorithms for settings such as multi-armed and structured
bandits (Kaufmann et al., 2016; Garivier and Kaufmann, 2016; Russo, 2016; Degenne and Koolen,
2019; Degenne et al., 2019, 2020a). While many of these works are asymptotic in nature, in
specialized settings such as multi-armed bandits (Jamieson et al., 2014), linear bandits (Fiez et al.,
2019; Katz-Samuels et al., 2020), and linear dynamical systems (Wagenmaker et al., 2021), recent
work has shown that the optimal rates are achievable in finite-time.

Complexity of learning the Graves-Lai allocation. The Allocation-Estimation Coefficient aims
to capture the sample complexity required to learn an e-optimal Graves-Lai allocation. To the best of
our knowledge, our work is the first to study the complexity of learning the allocation with general
function approximation, but a small body of work has studied the complexity in simple settings such
as top-k bandits (Simchowitz et al., 2017; Chen et al., 2017), and graph bandits (Marinov et al.,
2022a,b).

Minimax regret. While the focus of this work has been on instance-optimality, a large body of work
exists on minimax optimality, where the goal is to perform optimally on the hardest instance within a
class. This line of work has established worst-case optimal (or nearly optimal) rates in settings such as
multi-armed bandits (Auer et al., 2002; Audibert and Bubeck, 2009), linear bandits (Dani et al., 2008;
Abbasi-Yadkori et al., 2011), tabular reinforcement learning (Dann et al., 2019; Zhang et al., 2021),
and reinforcement learning with function approximation (Zhou et al., 2021; Du et al., 2021). The
recent line of work Foster et al. (2021, 2022b, 2023) shows that, in the interactive decision-making
setting considered in this work, the minimax-optimal rates are governed by a quantity known as the
Decision-Estimation Coefficient. While our work takes inspiration and bears some similarity with
this work, we remark that the techniques necessary to establish instance-optimality are significantly
more intricate. It is also worth stating that it is always possible to bound the DEC by the AEC; the
converse, however, is not true.
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Part I1

Proofs

Appendix D. Additional Notation

Mathematical Notation | Definition
Dk (-] 9) KL divergence
Dy(-,-) Hellinger distance
Dy () Total variation distance
D(- ) General divergence
Ay Set of probability distributions over X
DMSO Notation
M Model
M* Ground truth model
M Set of models
Mo Arbitrary subset of M
m, 11 Decision 7, set of all decisions 11
R Reward r, set of all rewards R
0,0 Observation o, set of all observations O
EM™[-], PM[ ) Expectation and distribution of (r, 0) ~ M ()
EM[-], PM[] Expectation and distribution induced over histories on M
fM(m) Expected reward playing 7 on M, f*(mw) = EM™[r]
T Optimal decision of model M, 7, € argmax cr f ()
Ty Set of optimal decisions of model M
AM(T) Gap of decision 7 on model M, AY (7)) = fM(my) — fM(m)
M Minimum gap on model M (see Eq. (2))
M* Set of all possible models, M* = {M : 1l — Agxo | f¥(7) € [0,1]}
Reg(T) Regret after 7" rounds (see Eq. (1))
Lk Lipschitz constant of KL divergence (see Assumption A.1)
Vv Sub-gaussian parameter of log-likehood ratio (see Assumption A.2)
Neov (M, p, 1) (p, 1) covering number of M (see Definition A.1)
deov, Ceov Bounds on covering number (see Assumption A.3)
Y Information content of optimal decision on M with
¢ tolerance ¢ (see Definition A.2)
n Maximum information content of optimal decision on M, n?* = supy;c 14 N’
My Mypy={MeM : Al >z <y}
A, A, = min{A% . . l/ng/gﬁ}
M* Restriction of M induced by M™ (see Eq. (24))
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Graves-Lai Notation

gle(M, M) Graves-Lai Coefficient for class M, model M (see Eq. (3))
gV g* Graves-Lai Coefficient for model M, M*; g™ = glc(M, M), g* = glc(M, M*)
g™ Minimum non-zero Graves-Lai Coefficient on M, g := min ;e pq.g050 8"
MM Alternate set for model M, M*(M) = {M' e M | 7y N7,y = T}
My, Alternate set for M*, M%, = M3E(M*)
n Allocation, 7 € RE
A Normalized allocation, A € Ay
w Exploration distribution, w € A
A(M;e) Set of e-optimal normalized Graves-Lai allocations for model M (see Eq. (8))
A(M: 2, o) Set of e-optimal normalized Graves-Lai allocations for model M with
T A normalization factor at most ny,.x (see Eq. (28))
./\/lgl()\) Models for which A is an e-optimal Graves-Lai allocation (see Eq. (9))
Mgl (X i) Models for which A is an e-optimal Graves-Lai allocation with
’ * normalization factor at most ny,.x (see Eq. (37))
I (n; M) Information content of 77 on M with respect to M (see Eq. (36))
() () = I (: M)
Tgl(/\/lo; €, Nmax, ) | Minimum time to learn Graves-Lai allocation over M (see Eq. (29))
AEC Notation
aec (Mo, M ) AEC with tolerance €, model set M, reference model M (see Eq. (10))
aec.(M, M) aec.(M, M) = aec (M, M)
aec. (M) aece (M) = supre o) a€Ce(M, M)
aec (M, §) AEC with randomized estimator £ (see Eq. (20))
. (M,§) | 38 (M, €) = 3eeH(M,€)
aece (ML aec:(M) = SUPgeA ,, A€Ce (M, §)
aec2(M, M) AEC defined with respect to general divergence (see Eq. (38))
aec2 (M, ¢§) AEC with randomized estimator, general divergence (see Eq. (39))
Uniform Exploration
Notation
ngp(e) Uniform exploration coefficient with respect to £ at scale € (see Definition A.4)
pgxp(s) Uniform exploration distribution with respect to & at scale €
Cexp(M, €) Uniform exploration coefficient for class M at scale ¢
ngé () Uniform exploration coefficient, general divergence (see Definition E.1)
pggf,(s) Uniform exploration distribution, general divergence
C’g(p (M, e) Uniform exploration coefficient for class M, general divergence
Estimation Notation
Algy Estimation oracle
Estky(s) Cumulative KL estimation error (see Definition A.3)
Estp(s) Cumulative estimation error with respect to divergence D (see Eq. (40))
Es\tD (s) Cumulative estimation error with arguments flipped (see Eq. (41))
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Divergences. For probability distributions P and QQ over a measurable space (£2,.% ) with a common
dominating measure, we define the total variation distance as

Dry(P,Q) = sup |P(4) - Q(4)| = 5 [1dP - dQ)

AeF

and (squared) Hellinger distance as

Di(P.Q) = [ (VaF - Vi) .

Interactive decision making. We formalize probability spaces in the same fashion as Foster et al.
(2021, 2022b). Decisions are associated with a measurable space (II, &), rewards are associated
with the space (R, Z), and observations are associated with the space (O, €'). The history after
round ¢ is denoted by H! = (7!, 71, 0%),.. ., (7!, rt, o'). We define

t t
Qt:H(HxRx(’)), and F'= ®<@®%’®ﬁ
i=1 i=1

so that H! is associated with the space (2!, Z1).

When the algorithm is clear from context, we let P* denote the law it induces on 4’ when
M : 11 — Agxoe is the underlying model, and let E*[-] denote the corresponding expectation. We
will also overload notation somewhat and let P*™ the density of (r,0) ~ M ().

Notation for complexity measures and allocations. We let 7'(7) denote the number of times
decision 7 is taken up to time T". For € R'I, we define

IM(nsM)=inf N “n(m) D (M () | M (7)), (36)

M’ alt (g
emei( )TrEH

so that we can write glc(M, M™*) = infne]Rl}r {3 e n(m)AM () | 1M (n; M) > 1}. We abbrevi-
ate I (n) = I™(n; M) whenever the class M is clear from context. We will occasionally overload
notation and write AM () = Y n(m)AM (7) for n € RIL. We also let M7, := M (M*) and

ME (X npax) = {M e M : X e A(M; e, npax) }- (37)

Recall the definition

M
A(M;e) = {)\ € A |In e Ry sit. Ep oz [AY ()] < m:)g,

. , 1—¢
Mlejl\fllaflt(M)EﬂNA [Diw (M () || M ()] > n }

For a given A € A(M;¢), we refer to the n € R, which realizes

M and inf Erox [DKL(M(W) ”MI(”))] 2

Eq oa[AY <
A () < S it > =

as the normalization factor of A.
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General divergences. While in the main text we have focused on results that hold for the KL

divergence, throughout the appendix we will consider more general divergences D( - ) In

particular, rather than fixing the divergence in Eq. (18) to the KL divergence, we utilize divergence D.

We also perform online estimation with respect to D rather than with respect to the KL divergence.

While D could be an arbitrary non-negative function, we make the following assumptions on it.
First, we replace Assumption A.1 with the following more general assumption.

Assumption D.1. Forall M, M’',M" € M, and 7 € 11, there exists some Ly such that

[ Diw (M () | A" (x)) — Dic (M () | M"(m))]| < Licey/ D (M () || M/ ().

Note that, by Jensen’s inequality, Assumption D.1 immediately implies that, for £ € A(M),

| Dkt (M () | M (7)) = B D (M(x) || M"(m)])| < Licey/ B [D(3 () || M ()]

We in addition make the following assumption, which we note is met for the KL divergence.

Assumption D.2. For all M, M’ € co(M), and 7, we have
Di(M(r), M'(n)) < D(M(x) || M'(r)).
Furthermore, D( - ) is convex in its second argument.

A direct consequence of this assumption is that, when rewards are observed and bounded in [0, 1],
we have

£ () = £ ()] </ D(M(m) | M ().

Throughout the appendix, we assume that Assumption D.1 and Assumption D.2 hold for our
divergence D.

We also generalize the definition of the Allocation-Estimation Coefficient to account for general
divergences as

- 1
aec;(M, M) := inf sup

— (33)
AMweAD MeM\ME (N EﬂNw[D(M(ﬂ') H M(W>)]

and

1
aeco(M;¢€) ;== inf sup — .
AT e g (n) Exzg Erne [D (M () || M (m))]]

Other variants of the AEC are generalized similarly with a superscript D. Our guarantees will also
depend on a notion of estimation error for general divergences, given by

(39)

Esto(s ZEM eilErpi [D(M* () | M ()] (40)
It will also be convenient to work with the following notion of estimation error:

Estp(s ZIEM i (Bt [D(M () | M*()) ). (41)
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Appendix E. Technical Tools

E.1. Online Learning

In this section, we state online estimation guarantees for variants of the Tempered Aggregation
algorithm of Chen et al. (2022). Throughout the section we abbreviate E; 1[-] = E[- | H!~1, pf, £1].
We recall that P*™(r, 0) denotes the density over rewards and observations (r, 0) under M ()

Algorithm 4 Tempered Aggregation
1: input: Finite class M.
2: Initialize £ < Unif(M).
3:fort=1,2,3,...do

Receive (7f, 7, 0').

Update estimator:

AN

EFL(M) o €4(M) - exp (; log PM™ (1, ot)) VM € M.

Proposition E.1 (Tempered Aggregation, Finite Class Setting). Assume |M| < oo and M* € M.
Then Algorithm 4 produces estimates (§t)tT:1 which satisfy, with probability at least 1 — 6,

- M|
Z EMN@ [EWNpt [Da(M*(W)7 M(”))H < 2log 5
t=1

Proof of Proposition E.1. We follow closely the proof of Theorem C.1 of Chen et al. (2022). Define

the random variable
P]\/I,ﬂt (Tt, ot)
At = — log EMth [eXp (6 log W .

1 IP)Mth (Tt, Ot)
exp 5 log ]P)]\l*,ﬂt (Tt, Ot)

i 1 ]P)]\/I,Tl't (’I“t Ot)
— t y
= Z € (M)Et_l exp (2 lOg W

‘We have

Ei_1lexp(—A")] = B¢y [Ezv1~gt

MeM
B . i PMm (rt, o)
= M%f (M)E¢-— _E0~M*<wt) [ W”
= 3 00 (1 ey RO ), M) )
MeM

where the last equality holds by the definition of the Hellinger distance. This implies that

| — By [exp(—AY)] = %EMth [,y [D(M* (), M(m))].
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By Lemma A.4 of Foster et al. (2021), we have that with probability at least 1 — 4,

T T

1
§At 1 7>§:—1 E,_ — A
2 + og(s_ ogE;_1[exp( )]

Mﬂ

(1 —E;—1[exp(— At)])

o
Il

1

T
Z Mgt [Ermpt [DR (M (), M ()]

l\DM—\

We turn to upper bounding Zle A!. Following the proof of Theorem C.1 of Chen et al. (2022), we
have

T T
1 a7 (rt, ot)
t_ 1
tzlA = —log(M;Mf (M) exp (;210g 7@”1*’“t(7’t,0t) .
Since M* € M, we can then bound
T * -t
1 pM*T (Tt Ot)
t * ) _

Combining these expressions gives the result. O

Proposition E.2 (Tempered Aggregation, Infinite Class Setting). Let Moy denote a (p, j1)-cover of
M with covering number Ncoy (M, p, p). If we apply Algorithm 4 to Moy, we have that whenever
M* € M, with probability at least 1 — § — T'p,

Neov(M, p, 1)

T
S Enrege (B [DR(M* (), M(m))]] < 2log ~22

t=1

+ T'p.

Proof of Proposition E.2. Defining A’ as in Proposition E.1, the first part of the proof is identical to
that of Proposition E.1, and we conclude that, with probability at least 1 — 4,

a 1
Z At +1og =
t=1

ZEM~§’5 Ermpt [DR(M* (), M (m))]]
t=1

>,
I\D\H

and

T T PM™ (rt of)
;At:—log< Z fl(M)eXp<2210g[pMth>>'

MeMcoy t=1
Let £ denote the event associated with M ..y, as defined in Definition A.1, which satisfies sup 3¢ p4 Sup, P ’ (& |
) < u. Let M € Mo, denote the element in the cover which satisfies

PM5™ (1, 0)

1 -
‘ % P (r, o)

= ‘logIP)M*’”(r, 0) — log PM™ (r, o)‘ < p,
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for all (7, 0, ) with sup . c o P 7 (1,0 | €) > 0. We then have
PM, mt t T PM,wt t .t IPM mt t
PM*,m Tt Ot) PM,7 (T’t,Ot) PM*T (rt70t)
so we can bound

PM 7r (7,, Ot)
pM,mt (Tt’ Ot)

ZAt < log|Mecov| + = Zlog

t=1
which gives that with probability at least 1 — 9,

T T

1
S Bt e DA (), M(m))]] < 2108 | Mo | +2log = + > log
t=1 —

pM*T (7“ ot)
pM,mt (rt70t) '

Let & denote the event that £ occurs at step ¢. Denote the event & := N, & and

T

) 1

& = {ZEAM [E eyt [DR(M* (), M ()] < 2l0g [Meov| + 210g 5 + Tp} :
t=1

Then
PM (&) < PM [ N EY] + PMT[EL).

By definition of & and a union bound we have P™" [€f] < T . Furthermore, on the event £; we can
bound, foreacht < T,

PM () of)

]PJ]\I wt(rt’ot) = p-

log

* ot
Thus, it follows that on &, Zt | log ]Pm[[;i(()) < Tp, which implies that PM" [, N £1] < 6. The

result follows.
O

E.2. Properties of Graves-Lai Program

In this section, we establish some basic properties of the Graves-Lai coefficient g" = glc(M, M).
Through out the section, we omit dependence on the class M for various quantities of interest
whenever it is clear from context. Throughout, we will use the fact that whenever AM. > 0, 7,; is
unique.

E.2.1. BASIC PROPERTIES OF GRAVES-LAI PROGRAM

Lemma E.1. Forany M € M and n > 0, we have

o
=
—

& < inf {AM()\) L 1M(N) > }

n AEAR n
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Proof of Lemma E.1. Assume the contrary. Then there exists some X such that
AM(X) <g”/n and IM(X)>1/n.
However, since both A () and I*(\) are linear in rescaling of A, this implies that
AM(nX) <g” and I(n))>1
By definition we have

gM: 16111Rf1_I AM( ) S.t. IM(U) > 1.
n

This is a contradiction, so the desired conclusion follows. O

Lemma E.2. For any M € M™ with AM. > 0, we can bound

min

g" < Céo(1(ANn))

fOl’ 5 = ]IM.
Proof of Lemma E.2. By definition we have
M= inf AM s.t. inf )D M’ 1
g = inf, () el Zn kL (M (m) || M (m)) >
< inf s.t. inf )D M’ 1.
< it ol ose Zn L (M (m) | M'(m)) >

Let & € Ay denote the distribution with (M) = 1. Let and let peyp == pgxp(a) denote the uniform
exploration distribution defined with respect to &, and C’gxp(s) the corresponding uniform exploration
coefficient, for some ¢ to be chosen.
Consider some M’ € M**(M). Since Ex7_ g[IE,W},[DKL( (m) [| M"(7))]] = Ennp[Dr(M (7) || M (7))]
for all M" and Dy (M () || M (7)) = 0 for all =, it follows from the definition of the uniform
exploration coefficient that

Epewp [DiL (M (7) | M'(m))] < 1/Cé(e) = sup Ep[Dyu (M(m) || M'(m))] < e

pPEAD

or, alternatively,

Sup Ep[ Do (M (m) | M'(m))] > € = Ep,,, [Du (M (m) || M'(7))] > 1/Clp e)-

If M’ € M2t (M), then it follows that 7, ¢ 7,,. Take some 7, € 7,,. By definition we have
M () > fM () + AMand fM (7r,0) > f (7). Thus,

Ay < M (mar) = Y () + 7 () = £ ()
< ‘fM(WIV) - fMI(WM)| + ‘fM/(ﬂ_M/) - fM(ﬂ—M’)’
< \/D (7ar) || M/(WM + \/D () |l M/(WM/))'

62



INSTANCE-OPTIMALITY IN INTERACTIVE DECISION MAKING

This implies that there exists some 7 such that D (M (7) | M'(7)) > (A2 /2)?, so we can lower
bound

sup Ey[Dic (M (r) | M'(m))] 2 (A%

mll’l)
pEAL

Thus, setting & = $(AM, )2, we have that

IE’Pexp [DKL(M(T() H M/(T('))] > 1/ exp(%(Ar]br{m) )

It follows that the allocation 1 = Cexp(i(AM )2) * Pexp realizes

min
i ! i § (LAM /
el 2D (ME M) = | (3 (A5)") - By, [Dr (M) | /()] 2 1,
which proves the result. O

Lemma E.3. Assume g™ > 0, AM. >0, and nl/4 < o¢0. Then it must be the case that

min

1

M > A]\/I .
& max e ren D (M () | M'(x))

min

Proof of Lemma E.3. Recall that

M — inf AM s.t. inf )D M’ 1.
= AV s S D (M) () 2

By the definition of n1/4, for any allocation 7 € RY! satisfying inf g e pgate (ary Do M(T) DL (M () || M (7)) >
3/4, the allocation 7 defined as 7(w) = n(7) for m # 7y, and 7(7,,) = nfl% satisfies

inf )D M'(m)) > 1/2,
el Zn kL (M (m) || M (m)) > 1/

and furthermore A™(n) = A (7). It follows that

M > inf AM s.t. inf ) D M’ >3/4

& WGRH ( ) lM’GMdlt Z 77 KL ) || ( )) /
> inf AM s.t. inf )D M’ >1/2, n(my) < nd,.
neRl (n) e Male( 277 KL (m) | M (e )) /2, n(mar) 1/4

If for all M’ € M (M) we have Dy (M () || M'(7,,)) > 0, this implies that we can distinguish
M from M’ by playing only 7,,. Furthermore, by what we have just shown, this can be achieved
by playing ), at most 2n11”/4 times. It follows that, if Dy (M (my) || M’ (7)) > 0 for all M’ €

MM, then g™ = 0. Thus, if g¥ > 0, there must exist some M’ € M3 (M) such that
Dt (M () || M (1)) = 0.
We then have

g” > inf AM(n) st Y n(m)Dx(M(x) | M'(x)) > 1

erlY
K TETM
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— inf  AM(n) st > n(m) D (M(x) | M'(x)) > 1

eRI n(mpr)=0
n +77( M) TAT A

> inf min  17ll1 st max Dy (M () || M'(7)) - [|nlly = 1
neR,n(mar)=0 g

=AM . 1 _
™ tnax, Dy (M () | ()

The result follows. O

E.2.2. PROPERTIES OF THE INFORMATION CONTENT OF OPTIMAL DECISIONS

Lemma E4. Lete € [0,1/2) and 7 > 0 be given. We can bound, for any function g(w, M) and
Moy C M with inf pre pq, AN >0,

inf sup g(w, M) < inf sup g(w, M)
WACLI 1 Mo\ MEL (M) WAL jre Mo\ ME ()
as long as
4glbf 2gM
i > max max{nM —_—
MeMo =7 A%in’ CA%in ’
where

M M

. . g AM. g

¢ = min min min- 5
MeMp:gM>0

gM+2nM’ 4

Proof of Lemma E.4. Note that each of these expressions only depend on A through M%ls()\; n) and
M%l()\), respectively. To prove the result, it therefore suffices to show that, for every A € A, there
exists X' € Ay such that Mo N ME(X) € Mo N MEL(N; 7).

Fix A € Aq. Consider M € Mg N M§1(A). By definition we have that there exists some n > 0
such that

AYN) < (1+¢e)g"/n and IY(\) > (1—¢)/n,
where here I (\) = I (\; M). We consider two cases.
Case 1: A\ = [ for some 7 € II. First, suppose that 7 # m,,. Then we have

M SAMO) < (1+2)g"/n = n< (1+e)g" /A,

min min*

It follows that as long as it > (1 4 )g™ /AM. _then M € ME(\;q).

Now, suppose that 7 = 7,,. In this case, by the definition of n}’, we immediately have that it
suffices to take n = n’. Thus, for A = I, we have M5L(\) = ME'(\; i) as long as

i > max{nY, (1+¢)g"/Amin}-
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Case 2a: \ # I, for any 7 € II. Fix some ¢ € (0,1/2) to be chosen. Suppose that there exists
some 7’ such that A(7’) > 1 — ¢, and note that there can exist at most one such 7’. Define \" as

¢

N(r)y=1-¢ N(n)= 1_7)\(71_/)

M), Vm#n

and note that \’ € Ary. Our goal is to show that ./\/lgl()\) - M%L(X; n).
Suppose that ,, = 7. Then

Ay < — S (1Fe)et

AN = 1— () n

1= )\()

Denote n’ := (ﬁ(ﬂ,) - 1y=1. Since I*(\) > (1 —¢)/n, we have I™(n\) > 1 — e. Then, by the
definition of n}’, we have

inf Z nA(m) D (M (7r) || M' (7)) + n2 Dy (M () || M (00)) > 1 — 2e.
M/GMalt(M) nar

However, note that

Mn'\) = e }Eflt(M) ng 1_C;(7TM)>\(7T)DKL(M(7T) | M (7)) +n'(1 = ¢) D (M (mp) || M (1))
— Mleji\fllaflc(M) W;;w n)‘(ﬂ')DKL (M(Tr) H M/(ﬂ')) + (1 - C)(lg— )\(7'(' ))n ) DKL (M(TFM) H M/(WM))
(@)
2 el 2 PEOPE M) 0D (M) 1 ()
®)
>1—2¢
where (a) follows as long as
(1 — C)(l — /\(W/»n > néw’ (42)

¢

and (b) follows from what we have just shown. Rearranging, we have that Eq. (42) is equivalent to

(1= A)n
A= A)n+ v =&

Note that by Lemma E.1 and the definition of A\, we have

d=clg” < inf {AM(X) TN > 135} < AM(N),

which implies that

(1—e)g" <AM(N)-n<(1—Amy)) - n.
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As the function is increasing in z, a sufficient choice of ¢ for this M is then

X
z+nM
M

S ___3/8)>¢

I oyt
15

Thus, for such a ¢, we have that M € M2 (X';n’), which implies that M & M%ls()\’; n’). Note that
(1= X("))n < (1+¢)g™/AM. in this case, so we have that M € /\/l%lg(/\’; i) as long as

_ 2g"
>
n_Q_A

Consider now the case where 7,, # 7. In this case, defining \" as before, we can bound
AM(N) < CH+ (1= QAY(r") < CHAT)AY(r') < C+AY(A) <+ (1 +¢e)g" /n.

Furthermore,

min

PO el 2 T WP (M () [ M () + (1= D (M) | M ()
2 wreinh 7;(1 — QA(m) Do (M (m) | M (7)) + (1 = QA(x") Do (M (') || M’ (7))
=1 ="MW

> (1= —e)/n.

Since 7’ # my,, we can lower bound AM(X) > (1 — ¢)AM. . so

(1+e)g” _ 48"
( C)AM - A]W

min min

( g>Ai\n/Iln < AM()‘) < (1 + E)gM/n — n<

We can therefore bound ( < g™ /n as long as
AM. .
< —min —
¢= 4
Consider ( that satisfies this inequality. Then AM(N) < (1 + 2¢e)g™/n. We can also lower bound

(1-¢)(1—¢)>(1—2¢)aslongas ( < ;= < e. Thus, as long as

M

. A . _ M
ggmm{l,%}-a and n>

4g

we have that M € M& (N; 7).

Case 2b: )\ # I, for any 7 € II.  Finally, it remains to handle the case then there does not exist 7/
such that A(7’) > 1 — (. In this case, we can always lower bound

(1 +e)gM
CAI\[ ?

min

(Apin SAY(A) < (1+€)g"/n = n<

so as long as i > (222{“ we have M € ME (; 7).

Since we are in the regime where \ # I, it must be the case that if M € My N Mgl(A), then
g™ > 0. Thus, a sufficient choice of  is

M A]M
¢= min min{ & min }

MEMo:gM>0 gM +2nM’ 4
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Concluding the Proof. To show the result, we need that n is large enough for each M € M. The
argument above shows that it suffices to take

4 M 2 M
n > max rnax{nM & g}

— g M ? M
MeMo Amin CAmin
for
M AIW' e
¢:= min minqg — & o
MeMo:gM>0 gM + 2n} 4

This proves the result.

Lemma E.5. For every M € M with A}l > 0, there exists some X\ € A(M; <) with normalization
factor n satisfying

nggkI/AI\/[ _}_né\/l’

min
i.e., we have M € ME (X\;n).
Proof of Lemma E.5. Consider some allocation n € RE such that
AY(n) <g" and IM(n) > 1. (43)

Let 7/ denote the allocation satisfying 1/(7) = n(n) for = # m,, and 7/(7,;) = 0. Note that
AM(n) > AM. ||7||1, which implies that

min

I7'1ls < g/ Ain-
Let n” denote the allocation satisfying n”(7) = n(w) for 7 # m, and n”(7y) = n’. Then
by definition of n}/, and since 7 satisfies Eq. (43), we have I (1) > 1 — e. Furthermore,

it is straightforward to see that A™(n”) < g. This implies that n"/||n"|1 € A(M;e) with
normalization factor ||7”||;. However, we can bound

7"y = |7 ly + n2 < g"/AN, 4+ nl.

This proves the result. O

E.2.3. BOUNDING ALLOCATION-ESTIMATION COEFFICIENT VIA UNIFORM EXPLORATION
COEFFICIENT

In this section we prove a generalized version of Proposition A.1. In particular, rather than specializing
to the KL divergence, we consider a general divergence D. We define the uniform exploration
coefficient with respect to D as follows.
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Definition E.1 (Uniform Exploration Coefficient, General Divergences). For a randomized estimator
& € A and divergence D( - ), we define the uniform exploration coefficient with respect to & at
scale € > 0 as the value of the following program:

D,¢ / . maxMue{MM/} EMNg[Eﬂ—Np[D(M(ﬂ') || M”(W))H S /C
Cexp( ) CGRT,II)%AH{C ’ VMyM 6 M . — ma,XpleAH ET{'NP’ [D(M(Tr) || M’(ﬂ'))] S € .

We define peD);g(e) as the minimizing distribution for this program, and let

CP (M,e):= sup CP%(e)

exp exp
EEA M

denote the uniform exploration constant for class M.

Lemma E.6 (Formal Version of Proposition A.l). Lete € [0,1/ 2) and My C M be given, and
assume that inf prep, g™ > 0,inf prepty ANy > 0, SUP e, D 1/4 < 00, and Assumptions A.2,
D.1 and D.2 hold. Then for any § € A, we can bound

1 D
min sup — < Cex (Mo,é)
AWEAN e nqo\ () Edg [Bo[D (M () || M ()] ?
for any § > 0 satisfying
1 AM. c AM.
5 < 3 31 3 min min .
Vo< puin mm{mm { 81LkL’ 34V, } 28" /AN + g’ 3 }

Proof of Lemma E.6. Let § > 0 be some tolerance to be chosen. Let M denote some M € Mg

such that Eg7 . [Ep,,,[D(M(7) || M(7))]] < 1/Cexp, where we abbreviate Cexp := exp(./\/lo, D))
and pexp 1= pE);g(a) is a distribution that achieves the value of CS_ (Mo, ) for &; if such an M does

not exist, we let M = arg minpseaty Exzog[Epep [D(M(x) || M(x))]]. Lete’ > 0 be some value

to be chosen, and let A € A(M;e') denote the allocation in A(M;e’) with smallest normalizing
factor n. Let n denote the value of this normalizing factor, then:

AMA) < (1+£)g" /R and IY(N) > (1—¢€)/A.

We can bound:

min min sup !
A WEAT e gel (3 ety Enzee BulD (M (m) | M (m))]]
1

< sup =
MemERenmo EiTngEpecy [D (M(m) | M(m))]

)
H{E]erg[ Pexp[ (M( )H M( ))H 1/ exp}
B 57 e [Bpewy [D (M (7) | M ()]

where here we take 3 = 0. If Es7 e Epeey [0 (M(7) | M (7))]] > 1/Cexps then by definition of M,
for all M € M we have

< sup
MeME (N)enMo

+ Cexp, (44)

E]Ww.ﬁ[Epexp [D(M(ﬂ-) ” M(W))H > 1/Cexp7
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so we can simply bound Eq. (44) < Ceyp. Going forward, we assume this is not the case, so
that EifmeEpey [P (M () | M(7))]] < 1/Cexp. Our goal is to show that, for small enough
d, A € A(M;e) for every other M € My with EMNg[Epexp[D(M(W) | M(7))]] < 1/Cexp,
so that M € ME(X). This will imply that there does not exist M € ME(X)¢ N M, with
Eifee [Epep [D (M (7) || M (7))]] < 1/Cexp, which further implies that Eq. (44) E Cexp-

Fix any M € Mo. We note that by the definition of pexp, if Egz._¢[Epe., [D (M (7) || M (7))]] <
1/Cexp, then

Sup E,[D (M (r) || M(r))] < 6,

This implies in particular that, for each 7, D(M (m) || M(m)) < 6.
Step 1: Eg; _[Ep,,,[D(M () | M(7))]] < 1/Cexp implies 7, = 757 As noted, if

B 57 [Bpes, [D (M () || M(7))]] < 1/ Cexp,

we have D( (m) || M (7)) < & for all w. Assume that 7, # 73 (note that since inf yre pgo A, >

0 by assumption, all M € M have unique optimal). By definition we have f M) > M () +
AM. and fM(my,) > fM(75). Thus,

Agiin < fY () = FY (war) + £ (ar) = £ ()
<1 () = ()| 4 1 () = £ ()]
< /DM (r50) | M) + 1/ D(M () | M(7a0)).

This implies that there exists some 7 such that D (M () | M (x)) > (AM, /2)2. Assuming

§ < min (AM. /3)2 45
—M“élﬁo( min/3)"5 (45)

this is a contradiction. Thus, it must be the case that m,;, = 73, as long as Eq. (45) is satisfied.

Step 2: Ej; _[Ep,,, [D(M(r) | M(7))]] < 1/Cex, implies X € A(M;e). Under Assumption
D.2, we can bound, V7 € II,

F7(m) = (@) < /DI (x) | M(x)) < V3.
This implies that, for any A € Apy,

AN =AM < [F (mar) = Y (man)| + D Aal () = f¥ ()| < 45

In addition, under Assumption D.1, we have

Dy (M () || M' (7)) > D (M (7) || M () LKL\/D ) || M(m))
> Dy (M () || M'(m)) — 2Lk V3.
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This implies, for any A € Ary,

O = 2 ZA ) D (M () || M ()

inf Z)\ ) Dy (M () | M' () — 2L V8

MreMalt

=I"()\) — 2LKLf

where the final equality uses that, given what we have already shown, 7,, = 7, so that Mt (M) =
Mt (M). Repeating the calculation in the other direction, we get that |1 (\) — I (\)| < 2Lk V3.

We next relate g™ to g. By definition we have

(1+)g"/f> inf AMO) st 1Y) > (1 =<)/m

Applying our perturbation bounds we can lower bound this as

> inf AMN) =4V st IM(A) > (1 —¢€')/f — 2Lk Ve
€A

M

g
> ((1 — & ) — 2LK|_\f) 4\/5

where the last inequality follows from Lemma E.1. This implies that

& < ((1-)/f 2L V) 1+ ) - o 4 4((1 = )i - 200 V5 VG

Assuming that

\/g - e — 2(8/)2
B 2(1 + 28’)LKLH’

some algebra shows that
Eq. (46) < (1 +2¢)%g™ 4 4(1 + 2¢)aV/6.
Now we can bound
AM(XN) < AY(X) + 45

<(14e)g" /m+4V6

< (142¢)3g™ /i +4(1 + 2¢')2V6 + 46
and

IM(X) > IY(X) = 2L Vo > (1 — &) /A — 2Ly V0.
If ¢’ and ¢ are small enough so that
(142)3 <1+4¢/2 and 4(1+2¢")2V0 +4V0 < eg™/2n

and

1—¢' >1—¢/2 and 2Lk V6 < e/2m,

(46)

then AM(X) < (1 + €)g™ /mand I (X) > (1 — £)/f, which implies that X\ € A(M;e) with scaling

factor n.
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Step 3: Condition on J. Altogether, we have assumed that ¢ satisfies Eq. (45) and, that for some
M € Mo with Egz_[Ep,.,[D(M(7) || M())]] <1/Cexp, we have

'Pexp

I _9(g! 2 _ _
Vi < Q(TH% 414 2)V6 +4V6 < egM /2, 2Lk Vo <e/2n  (47)

and
(1423 <14¢/2, 1-€>1-¢/2.

Some algebra shows that, as long as ¢ < 1, it suffices to take ¢’ = £/36 to satisfy the latter two
conditions. Furthermore, some calculation shows that a sufficient condition for Eq. (47) to be met is
that

m

M
\ngin{ ! g }

81Lk. 17

=0

By Lemma E.5 and our choice of n, we can bound
B < 2gM /AN +n)a

m

so it suffices that we take

_ ~1
) 1 gJVI 2g1\/f a7
\/gﬁmln{SlLKL,N}f(AM +n; :

min

As M was chosen to an arbitrary model in M with E e Epe [D (M(m)|| M(ﬂ’))ﬂ < 1/Cexps

'Pexp
we take it to minimize g over this constraint. It suffices then that

— — -1
) 1 gkf 2g1\f v
\/ggmln{glLKLaw}'€<Mf+na/36 :

min

Figally, by Lemma F.13 (under Assumption A.2) and Lemma E.3, we can lower bound gﬂ >
AM. /2V,,. Combining this condition with Eq. (45) gives the result.

O]

Appendix F. Proofs from Appendix A

Organization of Appendix F. In this section we prove the main results from Appendix A. We
consider a slightly generalized version of the setting in Appendix A, where we allow for divergences
other than just the KL divergence, as described below. This section is organized as follows.

* First, in Appendix F.1, we give the proof of our main result, Theorem A.l. We break this
proof into two principle components: bounding the regret of AE? in the exploit phase (Section
F.1.1), and explore phase (Section F.1.2). The key results in this section are Lemma F.3, which
formalizes the key algorithm intuition given in Appendix A, showing that exploring via the
AEC yields low regret, and Lemma F.4, which shows that, to enter the explore phase, the
total “information gain” must be bounded as O(log T"), which ultimately yields the optimal
leading-order scaling. We combine these results with our estimation guarantees in Appendix
F.1.3, where we give the proof of Theorem A.1.
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* In Appendix F.2, we extend AE? and Theorem A.1 to the case where we assume no lower
bound on the minimum gap over the model class, first presenting our main algorithm in this
setting, Algorithm 6, and then giving a proof of Theorem A.2. The structure of this section is
similar to Appendix F.1—the primary difference being a slightly different argument to handle
the need to adapt to the minimum gap of the ground truth instance.

* Finally, in Appendix F.3 we present our estimation routine with covering, and prove that it
achieves low estimation error, and in Appendix F.4 we provide the proofs of miscellaneous
results used throughout Appendix F.

F.1. Regret Bound for Uniformly Regular Classes (Theorem A.1)

In this section we prove Theorem F.1, which generalizes Theorem A.1. To do so, we analyze
Algorithm 5, wich generalizes Algorithm 2 to allow for general divergences.
Throughout, we define

M= min M

MeM:gM>0

Algorithm 5 Allocation Estimation via Adaptive Exploration (AE2, general divergences)

1: input: Optimality tolerance J, model class M, estimation oracle Algp,.

e 1 5 4nmax+6gM
2: Initialize s < 1, € + 1325° Nmax < nmaX(M,s),q — W.

3. Compute ¢! <+ Alg,({2}) and M! Eper[M].
4: fort=1,2,3,...do

5. if 3mge € mge st YM € MY (ng), Y B, | log % > log(tlog ) then
6: Play mys. 7 // Exploit
7: else // Explore
8: Set p® < gA® + (1 — q)w? for
1
A, w® < arg min sup — (48)
AWEAT MeM\ME \nmax) Effgs [Erne [D(M(m) | M(7))]]

9: Draw 7° ~ p®, observe r*, 0°. .
10: Compute estimate 57! « Alg, ({(n?,r?, 0")};_,) and let M® = Epyes[M].
11: s+ s+ 1.

F.1.1. BOUNDING REGRET OF EXPLOIT PHASE

We refer to the exploit phase as the subset of rounds ¢ in which Line 6 is reached, and refer to the
explore phase as the subset of rounds in which Line 8 is reached.

Lemma F.1. The total expected regret incurred by the exploit phase of Algorithm 5 is bounded by
2loglogT + 3.
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Proof of Lemma F.1. Let & denote the event that we exploit at round ¢, and that 7y;s # 7. Then,
since we can incur suboptimality of at most 1 at each round, the total expected regret incurred by the
exploit phase is bounded by

T
> EV{E)]
t=1

Let g} denote the event

_ s ]Pazﬁ,wi(ri Oi)
gt =< Vs Z 1: ZE]/W\NQ IOgW < 10g<t10gt) .

i=1

By Lemma F.2, we have PV [[{£¢}] < and we can bound

- tlogt’

* * ~ * ~ % —~ 1
B [I{&:)] < B [I{& N &} + B [{EF)] < B [I{& N &Y + 11—
0g
Let s; denote the exploration round at round ¢. If we exploit at round ¢, this implies that for all
M € M (15s), we have

st—1 ]P>]\47r( z)
ZEM i log —————F— B (1 of) > log(tlogt). (49)

If w575 # Ty, then M* €~./\/la1t(7rﬁs), so Eq. (49) must hold for M < M*. This contradicts &,

however, so EM"[I{&; N &}] = 0. Thus, E¥" [[{&}] < ngt, SO

T
/ Flog dt-S—i—QloglogT

IMH

T
> EMI{E} < 3
t=1

Lemma F.2. For {(r%,0%,£")}:_, generated as in Algorithm 5, we have that

S B
pM.T (’I”Z, OZ) .

i=1
Proof of Lemma F.2. Denote
s =i s
pM. (T’, OZ)
1=
We first show that X is a supermartingale. Letting F,_; denote the filtration up to s — 1, we have

]P)]\J s (/r, 708)
exXp (EM ~ee [log P (s, 05)] ) | }—8_1]

s—1

. P (rt, o) .
EM [ X, | Feoi] —@(p(ZEMN&L [log W]) \EM

=1
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. P (r®,0°%)
— o1 - ]Elu exp (EZ/\/I\Nfs llog IPWJTS(TS’OS)]) | fsll
(a) . PpM,7° (7’8 03)
M U
§ Xsfl - E Eﬁwfs [exp (log PM*’WS—(’FS,OS) | ./T"Sfl

B [P (1%, 0%)]
— s—l'[EM [ M~¢ |]_—571

M ms (Ts, OS)
= As—1

where (a) holds by Jensen’s inequality, and the final equality holds since E; ¢ [PM (-, 4)] is a
valid distribution over R x . Thus, X is a supermartingale. Ville’s Maximal Inequality then
immediately gives that

M*
PM 35> 1 : X, > €] < EY 1)

68

To complete the proof, using the same calculation as above, we bound

Pﬂ,wl (7,17 01) ]Pﬂ’vf,wl (Tl, 01)
exp <E1\7~51 llog P (1 gl) (L ol) EM\Ngl exp| log —]P]M*vﬂ'l(rl’ o) <1.

O]

EM* [Xl] — E]\/I* < EM*

F.1.2. BOUNDING REGRET OF EXPLORE PHASE

Lemma F.3 (Main Explore Phase Regret Bound). Let st denote the total number of exploration
rounds (which is a random variable), and assume that § € [0,1/2). Then running Algorithm 5, if
g* > 0, we can bound

24”1211ax + 8nmanM 12n1ax

Elsp] < (082 -aec.jy(M) - E[Estp(sr)] + AL - E[Estky(s7)]
6nmax oL . *
T 'E[;M@ﬁ{w*)%s [De(M*(m) || M(7))] - I, € ﬂ'ﬁs}]

and the regret during exploration rounds is bounded as

E[XT:A*(WS)] < SMmax + 2™ 36 (M) E[Esto(sr)] + 2(L +0)g”  E[Estiy (s7)]
s=1

N 55/\/1 Amin
sT
+(1+d6)g"-E nf Eoe[Dwt (M* M T, e AS}
1+ [;Mef;gu(m p DL (M () || M ()] - T € sz}

Proof of Lemma F.3. The expected regret during exploration can be written as E[Y 77, A*(7%)] =
E[> T, Eps[A*(m)]]. By definition, for exploration rounds, we have p° <— g\°+(1—¢)w?®. For each
s < st, we consider three cases to bound the instantaneous expected regret, E,s[A*(7)] = A*(p®).
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Case1: M* ¢ M\M?l(/\s; Nmax)- Denote such rounds as SL . Write

A (p*) = [A%() = V"B o [Bpe [D(M () | M*(m)]] | + 7By [Bpe [D(M () | M* ()]
for

S'_1+5. 1

DT 0 By B [D(I() | M ()]

(50)

In this case we have that

VEgp e [Eps [D(M () | M* ()]

1+06 1 N

B . 7 Ew o |Eps[D(M(m M*(m
I—gq Ews[EﬂNgs[D(M(ﬂ-) H M*(Tr))]] M~E [ [ ( ( )H ( ))H

146 -

= 1 E— [Eps[D(M(n) || M*(m

"~ Egpe.[Epe [D(M{(r) || M*(m))]] g [Bpe [D (M () | M7 (m)) ]

=1+09.

Thus, since the suboptimality gap is always bounded by 1, we can bound

W) = B [Epe [D (V) | M ()] <1 7By, [Ep [D(M () | M*(m)]] < =6,

M~gs M~gs

So,

A*(p°) € =6 + 7' Egp_g. [Epe [D(M(m) || M*(m))]].

Case2: M* € Mgl()\s; Nmax ), T« € Taps. Denote such rounds as ngp, and write

A*(p?) = [A"(p") = (1 +0)g" - Eps[D (M (7) || M (7))]] + (1 + 6)g" - Eps [Drcr (M () || M ()]

for any M € MZ,. In this case, since M* € M?l()\s; Nmax ), We have that A\* € A(M*;¢). This
then implies that

A*(X°) < (1 +¢)g*/n* and Mér}\fl*l Exs[D(M*(7) | M(7))] > (1 —€)/n*

for some n* < npay. Since M € M7, it follows that Exs [Dyg (M*(7) || M (7))] > (1 —€)/n*.
Thus,

A*(p°) — (1 + 6)g"Eps [Drr (M* () || M (m))] < q [AT(A®) — (1 + 6)g"Ens [D (M*(m) | M(m))]] +1—¢
q[(1+¢e)g"/n" = (1+0)(1—¢e)g"/n*]+1—¢q
:q[25—5(1—€)]‘§—:+1—q

(

IN N

) q0g”
LA

S

*
< D

o 2 Nmax

+1—gq
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*

—~
=

< 08
=4

Nmax

Y

where (a) follows from our choice of € = L% and setting of n*, and (b) follows from our setting of

2+
4n +ogM .
Q= o osait ma"+2 fg ~> since g* > 0, and some algebra. Thus,
max

A% (p®) < (14 0)g Eps [D (M () || M ()] —

As this holds for every M € M., we therefore have

0 g*
* S < : * s * _ .
M) < inf (14 0 By (D (M () | M(m)] - &

Case 3: M* ¢ Mgl()\s; Nmax ), T+« & Tas. Denote such rounds as ngp, and write

87) = |a000) - 2V B (D (M) | 37

+ W "B es [Epe [Drr (M () | M(m))])

Since M* € ME (A*; nnay), we have that A € A(M*; ¢). This then implies that for any M € My

A*(X) < (+e)g’/n® and - inf By Dy (M*(m) | M(m)] = (1 —€)/n*

alt

for some n* < npa. By Lemma F9, since 7, € 75, we can lower bound Ef\/ﬂgs []I{J\/J\ €
Mt > %Amin. Thus, we have

WEM%S [Exe[Dyo (M (m) || M () - T{M € M;}]]

(1+0)(1— E)g*.

n*

Q(ng*%w [Ex-[Dicw (M*(m) || M ()]} >

This implies that

84(7) - 2V ey B, Dk (M () | R )]} < al(1+ <) /" — (14 6)(1 = )g* /] + 1~ g
s
T A npax

where the final inequality follows by the same argument as in Case 2. Thus,

*

847) < 2EVE g B (D (M) | T - §E
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Completing the Proof. In total we have

ST
*x(, 8 og”* s T *
B| Y20 < B[ - syl - (52, UStl+ X Vg B D (T |30 (m)]
a—1 max

s€SL,
H1408 X i B (D (0 () | M)
s€82,
2(1+6)g* —
+ 2LV S by By D (304() | )]
EISCHA
og* 8Nmax + 2gM — ot 2(1 + 5)g*
<FE| — . _max 178 gecP ‘E S L T 1)
< I: I st + (55/\” aecg/z(/\/l) StD(ST) + A StKL(ST)
ST
FO 0 it B D (") | M) € )|

where the last inequality follows from Lemma F.10, which bounds

o < 8Nmax + 2g™

and also using that for any s € ngp we have 7, € mys. Upper bounding — 4;55; - s < 0 proves
the second claim in the lemma statement.
For the first claim, as regret is always nonnegative, it follows that
4 Smax +2¢™ o 2(1+9)g"
0<E [ Tl sp + S . aec€/2(/\/l) -Estp(s7) + A Estyi(s7)

(1 0)g -y inf By D (M (x) | M(x))] - I € ws}]

s=1 alt

which implies

2(1+6)

*
E[ST] S A g 'EStKL<ST)

4nm b'e 8nm X + 2gM PR C—
5g*a : E[ a(ng =— - aec; (M) - Estp(sr) +

FULEOE Y i BplDa (00 (n) | M) E € )|
—1 alt

Lemma F.4. When running both Algorithm 5 and Algorithm 6, for all o« € [0, 1), we have

: [;ME/‘}‘%(M*) % Bps [D (M (7) || M ()] - T{m € w;rfs}}

< E[s$]logT +E [VMSIT/ 21 /1344d oy - 10g(128CcoysT)
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J/2Ha/2 st -
+ (Vi + Liy) (4?1—04 + Z; sl/2ta/2 Ei7 s [Brps [D(M(m) || M*(W))]])]
+ E[s7]loglog T + 7V .

Proof of Lemma F.4. Let 57 denote the final exploration round for which 7, € ;5. Then, upper
bounding the KL divergence by 2V, via Lemma F.13, we have

ST
;Mérfl\ﬁ;“ s Bps [DxL (M*(m) [| M (m))] - I{m, € myzs }
ST—l
< §% f  Eps[Dro(M* M 2V 8.
_ST8:1Mg}M [Dxu (M () || M (7))] + 2V

Under Assumption D.1 and via Jensen’s inequality and AM-GM, we have, for any s > 0 and
M e M,

Eps [Dk (M () || M (7)) < B [Ege D (M) | M()]] + L\ /By [Ege [D (M () || ()]

< Egp- o [Epe [D (V) | M(m))]) + L (al By [By [D(M () | M*<7r>)n) ,

We now wish to bound
B[ Y, Eg B D (3 | )]

Let M7, denote an (pj, tt5)-cover of MY, and &7 the corresponding event at step s < 27, for some
pj and 115 to be chosen. Let &; := M5 ;. By deﬁmtlon Po+[E5] 2 1—pj, s0 Py [E5] > 1— 29 ;.
Define an event

Ay {vsqa Me M, (54103 Ery o By D (W) | M)
=1

+ V(s + 1)5”\/56 log QJNCOVM;‘aij,uj)
j

]P)]\/I,ﬂ'l (747 OZ)

s VIS
M, (i
<(s+1)* ZEMNe‘ [log M

V- (4(8;:1)6; +3 i B B [D(M ()| M*(W))]) }

=1

sfor some d; to be chosen. By invoking Lemma F.12 with 8; = i'/2%%/2 /(s + 1)® and a union
bound, we have P[A4;] > 1 — ¢; (while Lemma F.12 does not contain the (s + 1)* term, the bound
in the expression for A; simply gives the bound from Lemma F.12 multiplied through with (s + 1),
which is non-random, so this is admissible). We can decompose

sp—1
IE['S“%Z inf | By [Epe [y (M (x) | M(m))]
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[log T'| Sp—1 | |
= [w i, 2 B B D (M M (r) || M(x >)n-ﬂ{§Tew—l,y),Ajmgj}]
[log T'] -1
+ z; |: Z EMNgs DKL( (m) || M (m ))H {31 € [2j_1,2j),A§UE;}:|‘

We bound these terms separately. We can bound the second term as

[log T |: sr—1

> Efsie i, 3 By D () | M) 57 € 720, 4065

= MeM?,
Dog T]
< 37 2. 2%(PAY) + PIEY)
j=1
[log T']
< ) 2Vu2%(8; + 27 p)
j=1
where the first inequality follows by bounding Lemma F.13, and 57 < 27, and the second follows by
our bound on the probability of A;. Letting J; = %, = 24] , this term can be bounded by 4V/,,.
We turn now to the first term. Fix j € [[log T']]. By definition of the event A;, and since 57 < 27,
plugging in our choice of §; we can bound, for any M & Mo,

sp—1

Bl i X g B D (Hm) | M (e D16 € 20, 40 5]

sp—1 ]P)]VITK‘ ( s s)
Mg/l\f(* Z IEM ~ES log PM, Tré( s Os)

alt o1

<E

+ VM~1/2+Q \/56 10g(23jNCOV(M;1t, Pjs 1))

~1/240/2 ST
S — - - .
TV (‘”{_a + 25 By B [D(M(m) | M*<w>)n) > I3y € [271,20), ej}]
s=1

sp—1 ]P>M7r ( s s)
Mg/l\f(* Z IEM ~ES log ]P)MTP"( s OS)

alt o1

~—4

<E + V3 1/2+C“\/168 10g(837 Neoy (M2, pjy 1))

51/2—4—&/2 ST
1/2 2 T ~ i—1 oj
+ V- (471”_0( + ;s PP B [D(M () | M*(w))]]) ) {37 € [2 ,2]),5]-}]
(5D
where the second inequality follows since, if 57 € [2771, 27), then we can bound 27 < 257.

Since st is an exploration round by definition, we know that for all 753, € 7 5, , there exists
some M’ € M (7 z,.) such that

ST 1 A7 1S
PM,T (,’,.S’OS)
s=1
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By assumption we have 7, € 7 s, so it follows that there exists some (random) M’ € M, such
that the above inequality holds. Let M" € M2, denote the model in M2, such that

]P)]VI 7r(7, 0
]P)M// (

log = ‘logIF’M T (r,0) — log PM"7 (1, 0)| < pj,

for all (r, 0, ) for which sup7,_ PY7 (0 | £) > 0, which is guaranteed to exist by Defini-
tion A.1. Note that by definition of My, we have M” € M. We then have

ol ™ (rs, 0®
o7 9
ST' Mél,/l\fl* Z EM ~ES log PM, s (rs, o8

altsl

] I{3r € [2771,2%),&;}

)
sr—1 pM7e s, )
<57 Z Eires 108 ooy P, ﬂs ’I“S 08 I € [2271,29), &5}
s=1

T

— IP’M' “s(rs,o )

< $7log(TlogT) + p; - 57,

log + log

M~gs Ppum” ms (T‘S,OS)

M 75 (.8 8
]P) (T ;0 )] ]I{gTe [2‘77172])’8‘7}

]W/,‘ir‘S s 8
where the inequality holds since on &;, we can ensure that log %Y"’)) < p;. Therefore,
T (18,08

choosing p; = 2737, we have
j

~—4

Eq. (51) <E <5T log(Tlog T) + p; - 55+ + V55 T \/ 16857 10g(8Ncoy (M2, pj» )

g1/2+o¢/2 ST o . .
+ Vi (4 Toa T2 R B (DM (7) umm)n))-H{%e[%%}]

4

<E

32 108(Tlog T) + 279 + Vo3e 2\ 168 1og (85 Noow (M2, L,
T log(TlogT) + + Vi 681og(857Neoy (M2, £, %))

§1/2+a/2 ST /\ ) .
Ve (“l_a t S By o[Brmps [D(M () | M*<7r>)n> ) IfEre [P 2])}] .

As this holds for each 7, and the events {37 € [2/71,27)} are disjoint, we can sum over j to bound

[log T sr—1 A .
> [ it > Ex es [Eps [Drr (M M (m) || M(m))]] - I{3r € [2771,27), 4; ﬂgj}}
j=1 alt s=1
~—3 ——4
<E|3%log(TlogT) + 1+ V35 2\/ 168 1og (857 Neoy (M2, , “Z-, “L-))

~1/2+a/2 ST —~
V- (4Ta 38 PRy (B [D(M () | M*m)H) ] -
s=1
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Finally, under Assumption A.3 and Lemma F.15 we can bound

~—4 3 ~—4

~—3 ~

log(857Neov (Mg S% 81%)) < log(8sr) + log Neoy (M, S%a 51%)
< log(857) + dcov - log(128Ccov37)
< 8oy - 10g(128C oy sT).

The result follows. O

F.1.3. COMPLETING THE PROOF

Theorem F.1 (Full version of Theorem A.1). Forany § < 1/2, ifweset D(- || -) = DxL(-||-) and
instantiate Alg, with Algorithm 7, under Assumptions 1.1 to 1.3 and A.1 to A.4 and if g* > 0, the
expected regret of Algorithm 5 is bounded by

EM [Reg(T)] < (1 + 6)g* - 1og T + Cyec - 3€C. jo(M) - log¥*(log T) + lin (qow, Vlog T, log¥2(log T)) :

for
. N 1 1
Clow := lin <g 7]\%13/)\; ng v/\1/13/27 L2KL7 deov, IOg C(cow 577 AT7 n§767 aeCE/Q(M)>
V2 deov 10g(Ceoy) - maxprep g™ - (671 + Vi nye)
Cose 1= = SA3 . o log(Clow)

and where lin(-) denotes a function linear and poly-logarithmic in its arguments and ¢ > 0 is a
universal constant.

Proof of Theorem F.1. Letting Texp10it denote the exploitation rounds, we can bound the total
expected regret as

T sT ST
SEA) =E| Y A +E | A*(z*)| <2loglogT +3+E | > A*(WS)] :
t=1 tE€ Texploit s=1 s=1

where the inequality follows from Lemma F.1. It remains to bound the regret in the exploration
rounds. By Lemma F.3, we can bound this as

e o] Snmax 2™ _— 2(1 + 8)g*
E[Z A*(m )} < T . aecg/2(./\/l) -E[Estp(s7)] + (Amln)g - E[Estky(s7)]
s=1 =
ST
1+ 0)g E[;Mﬂg By [Di (M () | M(m)] - T, € g},

Applying Lemma F.4 with oo = 0, we can bound

sT
E [ZMiI}\E Eps [DL(M*(m) || M (m))] - T{7y € 7576 }] <logT +E [VM V/1344dcoy 57 - 10g(128CeoysT)
e *
s=1 alt
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+ Vit 1) (V5T + 3 V5 By g By D) | 3] )| + o log T + 70,
s=1

<log T + Vi/1344dco E[s7] - 10g(128CeovE[s7])

+ (Vi + Lk) <4\/E[ST] +E ) +loglog T + 7V,

N Vs B e [Erpe [D(M () || M* ()]
s=1

(52)
where the last inequality follows from Lemma F.16—applied with « = § = 1/2, a = 128C,,—and

the concavity of /x. Note that the condition of Lemma F.16 is met here since we assume Cco, > 1.
It follows from Lemma F.7 that

E

> Vs Epg[Brp [D(M(m) | M*(ﬂ))]]]

<E [(2 + 6V (20dcoy - log(64CcoysT) + 1) - 5y/2s7 1og(2sT)}
+ E[32(1 + Vi) log(sT)] + 8

< (24 6V)(20dcoy - 10g(64C o Els7]) + 1) - 54/2E[s7] log(2E[s7])
+32(1 + V) logE[sr] + 8

—0 (decov log(CeonE[s7]) v/E[s7] log (E[57]) + Viir /E[ST]), (53)

where the last inequality follows from Lemma F.16. Similarly, by Lemma F.8, we can bound both
E[Estp(sr)] and E[Estk (s7)] as

E[Estp(s7)], E[Estk (s7)] < E [(2 +5V0) (20dcoy - 1og(64CoysT) + 1) - \/log(QST)]
+ E[32(1 + V) log(s7)] + 8

< (24 5V)(20deoy - 1og(64C o E[s7]) + 1) - 1/log(2E[s7])
+32(1 + V) log(E[s7]) + 8

=0 (VMdcov log(CeovE[s7])\/10g(E[s7]) + Vi log(E[sT])>,
(54)

where the second inequality follows from Lemma F.16 and Jensen’s inequality, which lets us pass the
expectation through. Together this gives a regret bound of

ST
E [Z A*(WS)]
s=1
< (14 6)g* - logT + (1 + 6)g*Vi\/1344dcoyE[s7] - log(128CcovEls7]) + (1 + 8)g*(loglog T 4 7V,

F (140" (Vi + L) - O (\/E[ST] + Viedeoy - 10g(CeovEls7]) v/ Efs7] log(E[s7]) + Vi logE[sTD

S8Nmax + 2 M
+ (ngg 3825 (M) - O(Viudeon 108(CeovEls7]) /108 (Els7]) + Vi log(Efs])
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2(1+0)g*
N (AF - O(Vudeon 108(CeonElsr]) VIog(Els7]) + Vi log(Elsr]))

By Lemma F.3 we can bound the total number of exploration rounds by

24n2 . + 8nmaxg™

E[s7] < L 38t ,(M) - E[Estp(s7)] + A ElEsti(s7)
« S B3 it EpD () () T € ]
210t S (M) O Voo 08 CoBis] ) oRTEIST]) + Vi o)
S O((Vaadeos1o8(CemElsr) V108 (El571) + Vi los(Elsr) )
+ 6”3““ (log T + Vi\/1344dcoyE[s7] - 1og(128CeovE[s7]) + loglog T + 7Vy)
(7 L) (43/Elr] + O (Viadeow lo8(CooBls]) v ETsr T 08 (B 7)) + Vi v/Elor]) )

where the second inequality follows from Equations (52) to (54). Using Lemma F.17 and bounding
g™ < Nimax, we can solve this for E[s7] to get

~ [ Nmax Videoy log Ceoy - m x D Nmax Vadcov 10g Ceoy
Elsr] < 0( 7 log T et i e et (M) Pt
+ n12nax(VM + LKL) (V/\Qxldcov log Ceov + V ))
62 ’

Finally, by Lemma F.13 and Lemma E.3 we can lower bound g > A, /2V. Plugging this into
the above expression and using that

32 6
Nmax = Nmax (M, /6) = AT <5 +2VMn6/6> . max g,

min

gives the result, after simplifying.

F.2. Regret Bound without Uniform Regularity (Theorem A.2)

In this section, we prove Theorem A.2 (as well as a more general result, Theorem F.2), which gives
regret bounds for a variant of AE2, Algorithm 6, AE?, which does not require uniform regularity,
and adapts to the gap A% . = AM ., for the underlying model M™*. Algorithm 6 is a slightly more
general version of Algorithm 3, incorporating general divergences D.

Throughout this section, we let s* denote the first exploration round s such that M/* € M in
Algorithm 3. Note that s* is a deterministic quantity (though, the first round ¢ in which s = s* is not
deterministic).
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We remark briefly that, to bound Eq. (55) by a restriction of the AEC, it is critical that our
estimator produced at each exploration round s, £°, is only supported on M. To accomplish this,
we explicitly generate a cover of M, MY, and run an estimation procedure on this cover. As
Algorithm 7, the estimation procedure used to prove Theorem A.1, directly covers all of M, to prove
Theorem A.2 we do not appeal directly to this algorithm, yet we note that the covering and estimation
procedure employed by AE? are essentially identical to that in Algorithm 7, modulo the choice of
which set is being covered.

Algorithm 6 Adaptive Exploration for Allocation Estimation for classes without uniform regularity
(AEZ)
1: input: Optimality tolerance ¢, divergence D, estimation oracle Alg,, growth parameters c,

Qs QAL

) 5
: s<—1,£<—1,5<——4+25.

2

3 ¢° 1 — 5%, n® ¢ s, .

4: Compute ¢!+ Alg ) ({@}) and M' + Ep/ 1 [M].
5: fort=1,2,3,...do
6
7
8

if s > 2€ then // Form active set and cover
{0+ 1.
A ¢ argminasg A sit. ﬁg/;(MA,i) < sMM,
y 4 M 2 M
9: M“—MAg’ﬁﬁ{MeM : ”QIJFA,&HJFﬁ* A7 +ﬁ§\/n8}.
10: M, (pe, pe)-cover of M for py < 27, g < 2*5225 — .
X . . N 1t . s—1 ]P)JW,WZ (Ti70i)
11: if Ings € s st VM € M (7gs), > iy Effeei log BT (o) > log(tlogt) then
12: Play myzs. // Exploit
13: else // Explore
14: Set p® < ¢°A* + (1 — ¢°)w? for
S S . ].
A%, w? < arg min sup (55)

Aot premt® une) Bpeo B D (M () | M ()]

15: Draw 7 ~ p*, observe %, 0%, set D < DL U {(7%, 7, 0%)}.
16: Compute estimate {11+ Algp(DF, M) and M5+ = Ey;eor1[M].
17: s s+ 1.

F.2.1. BOUNDING REGRET OF EXPLORE PHASE

Lemma F.5. We have

2
s o 4\
A = & s> ‘
min

min

+

A*

min

_1
st < (aecy (M) ™ (24

Proof of Lemma F.5. We will have M* € M as soon as M* € M’ and M* € M" for

1 4g™  2nM 4 Y
M’e{MeM : né”—i—AM + i T T AW 8gvn2 , M”<—Mﬂﬁ

. gM .
min min min
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where

L _ : ==~D,M apm
A" = arig%mA st aeC_j, (MA%) < §MM,

Note that if this occurs for some ¢, then the first exploration round s such that M* € M%is s = 261,
.. l—
From the definition 2~ = 20n(=1) '\we have M* € M’ as soon as

* *
Vot )y ry Lo, g 2, 4

A;(nin A;(nin g* A;(nin5
dg*onr 4\
<:>2€‘12<n*+ + + == ) .
: A:(nin A:(nin g* A;ning

To have M* € M”, we need A* < A% and n¥ < 37, which will be the case once

1
aecsjy' (M) < gl=ram (ﬁ?’/ﬂM*)) M o< gt

The result then follows by combining these bounds. O

Lemma F.6. Let sp denote the total number of exploration rounds. For 6 < 1/2, running Algorithm 6,
we can almost surely bound bound

1 (& =

Ry < Z 2500t ME L [Epe [D(M () | M* ()]
ST

F Y02 ind B (D (7 (7) | M) I € )

s=s*

ST o 14+an
3 g B D (M) | )] + 4 (55) % ) + 57

s=s*

In addition, the regret during exploration rounds is bounded as

E[ ZT A*(WS)] < E[ ZT 2saq+aMEm£S [Eps [D(M () || M*())]

s=s* s=s*

ST
+ 30 it B D (M () | M ()] I{me € 7570}
s—s* alt
1

ST
+ > s 4g By By [Di (M () | M(m))]]| + 48" (55) "=

s=s*

Proof of Lemma F.6. We first prove the bound on the regret during the exploration rounds, then use
this result to prove the bound on s7.

Recall that by definition, for exploration rounds, we have p® < ¢*A\* + (1 — ¢°)w?®. We consider
three cases to bound the instantaneous expected regret, A*(p®), for each s > s*.
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Case 1: M* € MA\ME ()*;n%). Denote such rounds as Si.p- This case follows identically to
Case 1 in Lemma F.3 with

s:1+g*6‘ 1

50 By (B (D (3 (r) [ M# ()] °o
We therefore omit the proof and conclude that
A*(p*) < —g"0 + V' Egp . [Bps [D(M(m) || M*())]
< Y B [Bps [D(M(r) || M*(m))].
As regret is always lower-bounded by 0, we have A*(p®) > 0, so for rounds s € Selxp, we can also
write
g0 < Y'Egp e [Epe [D(M(r) || M*(m))). (57)

Case 2: M* € ME&(\%;n®), m, € ws. Denote such rounds as S2,p» and write

AT (p°) = [A™(p") = (1 +0)g" - Eps [Dur (M (m) [| M (m))]} + (1 + 0)g™ - Eps [Dict (M () || M ()]

for an arbitrary model M € My},,. In this case, since M* € M%l()\s; n®), we have that \* €
A(M*;e). This implies that

A*(N*) < (1 +e)g"/n*  and ngl\fl*l Es [Di (M*(x0) | M (7))] > (1 —)/n?

for some n} < n®.
Since M € M., it follows that Exs[Dx (M™* () || M (m))] > (1 — €°)/n%. Thus,
A% (p®) = (14 0)g Eps [D (M () || M ()] < ¢° [A"(A®) = (1 + 0)g"Ens [Drr (M (7) | M (m))]] +1 - ¢°
¢*[(1+e)g"/ns— (1+8)(1—e)g"/ni]+1-¢°
g*

n*
nS

<
<

=q¢°2e-6(1—-¢)] = +1-¢°

where (a) follows from our choice of ¢ = % and ¢° = 1— s, (b) follows from some algebra, (c)
uses that n} < n®and n® = s°, and (d) follows since we will always have s~ < 2g* — L5g* - s

Thus:

A*(p®) < (1+0)g"Eps [Di (M* () || M (7))] + 28" {s < (

1 1 _
62*)04(1—@” } _ ng* . Qn
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1
< (L + 8)g" Epe [Dic (M* () || M ()] + 28" I{s < (55) =" }.
As this holds for all M € M}, we have

M) < (L+0)g" | int By [Dicc (M () | M()] + 2675 < (350)7 )

Since A*(p*) > 0, this also implies that for s € S?2

exp :

1 1
108 <52 nt By D (MY (m) | M ()] + 265 s < (550) 7 )

an 1
<s0-2g" inf By (D (M () | M(m)] + 28 (s5) 7 -1 < (s5) 70 ).
alt
(58)

Case 3: M* ¢ Mgl()\s; n®), m, &€ Tis. Denote such rounds as Sg’xp, and write

A*(p) = [A% (%) — 21+ 6)g Vi - By, [Epe[Dict (M* () | V()]
+2(1+8)g"Vn® - Egp_eo[Eps [Dict (M* () || M())]].

Since M* € M&(X%), we have that \* € A(M*; ). This implies that for any M € M,

A*(X) s (A +e)g’/ng and - inf By [Dy (M (m) || M(m)] = (1 —€)/ng
eEMZ,
for some n* < n®. Assume that we are at epoch £. By construction we have that, for M € M¢,

1 of M 1 . .. . . .. . M 1
AN <Vn? = AM > T Since n® is increasing in s, this implies that A, > T As &°

is only supported on M, since 7, & s, Lemma F.9 implies that E s ¢s [I{M € Mz, }] > ﬁ
Thus, we have

2(1+6)g"Vn - Bz [Exs [Dke (M*(m) | M(r))]
> 2(1 4 6)g"Vn® - Egp_. [Exe [Dt (M* () | M(r)) - T{M € M, }]

1—¢
> 2(1 4+ §)g*v/ns -
R N
L (0o

- *
nS

This implies that
A*(p*) = 2(1 + 0)g" Vi Egp . [EBps [D (M () || M ()) ]
< [(+e)g"/n —(1+0)(1—e)g"/n]+1-¢°

1 1
< 2g"{s < (spr) "™} - Z(sg* 5T,

where the final inequality follows by the same argument as in Case 2. Thus,

A (p") < 201+ 0)g VI - By, (B (D (M () || ()] + 26°T{s < ()7 ) — og" -5~
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X ) _— N —1 Lo v —an
=572 2(1+ 0)g" By [Epe [Di (M () || M (m))]] + 28 I{s < (5r) ™™} — ;08" + 5

1
5gr) " )

< 52214 6)g Bgp . [Bpe [ D (M* () | M (m))]] + 28" {5 < (

Just as in Case 2, using that A*(p®) > 0, this also implies that for s € S3

exp* :

108 < 5%/ 914 0)g By [Bye [Dic (M* () | BT(m)]] + 27 (37 s < (iB) o o}

(59)
Completing the Proof. In total we have
sT
YA S Y VEg e [Ep [D(M(m) | MH(m)] + D (1+0)e yinf | Epe [ Dy (M () || M ()]
s=s* sESL, SES2, alt
o~ 1
+ 3 5221+ O)g B [Epe (Dt (M* () | M (m))]] + g (55) 7.
sESE

exp

By Lemma F.11, for s € Sexp, we can bound v* < (1 + g*§) - s*T@M_ This gives an upper bound
on the above of

< (1+g)s T ME g [y [D(M(m) | M* ()]

+ 3 (U 0)gt e int By (D (M (m) | M ()] Tm, € )

ST . 1
+ > s 4g By By [Di (M () | M(m))]] + 48" (55) "=,

§=8*

which proves the regret bound.
We now bound the number of exploration rounds. Since for every s € Selxp Eq. (57) holds, for

every s € ngp Eq. (58) holds, and for every s € ngp Eq. (59) holds, combining these inequalities
gives

75g| Sexp USap USS|

exp exp
< Y VEgpoelBp [D(M(x) | M*(m))] + D 5™ - 28" Ménf Eps [Dr (M () || M (m))]
sESCXp SGSCXP
14+an
+ Y SN2 A Ey L [Bys [Di (M () || M ()] + 4g* (55) oo
s€83p

<> (14 gt OME G [Be [D(M(r) | M (r))]

s=s*

sT
£ 2gt | inf B[ D (M () | M ()] Hme € e}

s=8*
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ST o 1+an
+ Y 822 A By (B [Di (M () | M(m))]] + 48" (5 ) 2o
s=s*
Using that |Se1Xp U ngp U Sg’xp| = s7 — s* and rearranging gives the bound on s7.

F.2.2. COMPLETING THE PROOF

Theorem F.2 (Full version of Theorem A.2). Consider Algorithm 6, and suppose we set § < 1/2,
D(-||-) = De(- || ) cena = 1/2, ¢ = 1/8, and oy = 1/4, and instantiate Alg p, with Algorithm 4.
Then if Assumptions 1.1 to 1.3 and A.1 to A.3 hold and g* > 0, the expected regret of is bounded by

N 3
EM [Reg(T)] < (14 9)g*logT + Chec - (ﬁ?’/; (M*)) 10g%?1og T + Ciow - 10g® 7T

)
for e 595

Caec := 0 SA*

min

~ < (VM + LKL)V/\SAdcov 10g(0cov) )

and

~ 1 1
C(|0W = O POIY VM7 LKL7 n; dCOV7 ].Og CC0V7 g*7 Ax o IOg lOgT .
A:(nin 0
Proof of Theorem F.2. The bound on the regret incurred in the exploit phase follows identically to
Theorem F.1, since the exploit test is the same. We turn to bounding the regret in the explore phase.

First, since we can incur regret of at most 1 at every round, we bound

ST ST
E|Y AY ()| <E| YA ()| +5*
s=1 s=s*

By Lemma F.6, we can bound

[ 3 8] SB[ S0 g g B D) 0 )

+ SiZTS*(l +4)g" - Mg/l\fi;t Eps [DgL (M*(m) || M(m))] - {7y € 7575 }

. _Z s/ g B [Epe[Di (M* () | BE(m))])| +4g* ()70 o
<[ 3014+ E o By D (W) | 04 (r)

s=s*

sT
+ Z(l +d)g* - inf  Eps [DkL(M* () || M(7))] - I{7s € 7575 }
— MeMy,
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+3 sAg' B B (D (01 () | FE)]| + 480 7

s=s*

Applying Lemma F.4 with oo = 0, we have

sT
E [ZMHE Eps [Di (M*(7) || M(7))] - I{mr, € 7355 }] <logT +E [VMslT/2 - /1344d .oy - 10g(128C oy s7)
S

+ (Vo + Liw) ( >+ 231/2 Eg7.cs [Ennpe [D (M() | M*(w))]]ﬂ +loglog T + TV,y.

Note that for s > s*, our estimator is applied to a cover of a set containing M *. Furthermore, note
that the estimation procedure used in Algorithm 6 is, other than the different choice of set to cover,
identical to that used in Algorithm 7. It follows that the analysis of Algorithm 7 can be applied to the
estimation procedure of Algorithm 6, with only the mild modification accounting for the difference
in the size of the cover (as we are covering MY instead of M). However, as we can upper bound the
size of the cover of MY by the size of the cover of M via Lemma F.15, this change is inconsequential.
Thus, by Lemma F.7, we can bound

ST

E|Y 2%t ME L [Bye[D(M(m) | M*(r))]

s=s*

SO(E[VMdcovlog(CcovsT) datam 10g(sT)D

< O(Vaudeon 10g(CoovElsr] E[s7] ¢ /10g (E[s1]) )
(60)

where the second inequality uses Jensen’s inequality and Lemma F.16 to pass the expectation through,
which holds as long as 1/100 < oy + a < 3/4. Similarly,

E Z son/2. 4g*E1\7N£s [Eps [Di (M*(7) | M(”))H < O(E Viudeoy 10g(CoovElst])E[s7]*/ IOg(E[ST]))7
=s 61

where we have again used Jensen’s inequality and Lemma F.16 to pass the expectation through,
which holds as long 1/100 < «, /2 < 3/4. For s < s*, we do not have M* € MY, and therefore the
estimation guarantees are vacuous. In this regime, using that the KL divergence is always bounded
by 2V, (Lemma F.13), we can simply upper bound the estimation error by 2V,. Thus,

E [Z 2. B [Enps [D(M(n) | M*(w))]]]

s=1

<E Z s1/2. E]TZ%S [Ernps [D(]\/J\(ﬂ) I M*(W))H 4 QVM(S*);;/Q

s=s*

< O(Viudeoy 10g(CeovE[s7))E[s7]"/*log(Blsr]) ) + 2Vai(s)*/%,

which gives, applying Lemma F.16 again:

E[ZMgg Epe Dy (M*(m) || M ()] - {, € ms}] < 1ogT+o<vME[sT1l/de~1og<ccovE[sT]>
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+ (Vi + i) (Els7]"/2 + Viqdeo 10g(CeovElsr] Elsr] /2 Iog(E[sT]))>
+ 2V (%)% + loglog T + TV (62)

Combining Egs. (60) to (62), we have

E { ZT A*(ﬂ's):| <(146)g*logT + O (VM VdeovE[s7]10g(CeovE[s7])

s=s*

+ (VM + LKL)VMdcov log(C’covE[ST])IE[ST]I/2 log(E[ST])
+ Vdeov 10g(CeovE[s7])v/1og E[s7]((1 + g*)E[sT]O‘q+O‘M + Eg*E[sT]O‘”/Q)

1
+ g*(é) aq—en + loglogT + VM(S*)3/2>.

To control this, it remains to bound sr. By Lemma F.6 we have the following almost sure bound:

57 < 5;‘( S (14 g7t OME G [y [D(V() | M* ()

s=s*

(a)

sT
+ 3 2gh it B[ D (M () | M ()] Mo € e}

s=8*

(0)

ST o 1+4+an
+ 302 4By (B Dy (M(r) || M ()] +4g" (5) ) T s
s=1

(c)

We bound the expectation of term (a) as in Eq. (60). To bound term (b), we apply Lemma F.4 with
a = o to get

E[(b)] < E[s3"]log T + E [VMslT/ Zron . /1344dcoy - 10g(128CcovsT)
Gl/2+en/2 st .
# Ot ) (1 DB e D) | ()] )
+ E[s7"]loglog T 4 TV,. S

Again applying Lemma F.7 and Lemma F.16, we have

E[(¢)] < O (g Vaudeon 10g(CeorElsr]JEls7]*"/2ylog Elsr])

and

- Zg1/2+an/2 Bz gs [Brmps [D(M\(w) | M*(m))]]

s=1

< O(Vaudeov 10g(CeovElsr]E[s7]/2+*/2\/log(Efsq]) )
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+ 2VM(S*)3/2+Q"/2,

as long as 1/100 < «, < 1/4. We therefore have (using Lemma F.16 to pass the expectation
through):

1
E[sr] < e 10) (E[ST]% log T + VuE[s7]/27% \/deoy 10g(CeovE[s7]) + (Vg + Lyt )E[s7] />0 /2

(VM + LKL)VMdcov IOg(CcovE[ST])E[ST]1/2+an/2 log(E[ST])
+ VMdcov log(ccov]E[ST])(l + g*)E[ST]anraM log(E[ST])

14+an
+ g*VMdcov lOg(CcovE[sT ST 3an/2 V IOg ST + g 5 * aq_a" + V ( )3/2+an/2> .

We now set oy = 1/2, ay = 1/8, and o, = 1/4, and note that all of the preceding parameter
restrictions are satisfied for these choices. Furthermore, this parameter choice implies that—using
Lemma F.17 to handle log factors—we have

VM(S*)3/2+(X"/2)

E[ST] S 0 ( <5g*)8/7 log T+ pOIY <VM7 dcova log Ccow LKL7 g 3 g *> + 5g*

Plugging this into the regret bound given above, we have

11
{ Z A* (7 ] (1+9)g"logT + O(poly (VM,dcov,log Ceov, Lki, 8" 5 g,log logT> g T

* 2
+ (1 + l/g )(VM + LKL);/Mdcov 1Og(ccov) + VM . (S*)?,/Q . 10g3/2 log T>.

Finally, by Lemma F.5, we can bound s* as

2

___ 1 4g* 2nz 4 an
§" < (aeCD’M(M )) oy ( + - et ) :
6/2 Al‘)frlll”l A’1;’111‘1 Al‘)frlll”l
and, by Lemma E.3 and Lemma F.13, we can lower bound g* > A% . /2V,. Plugging this in gives
the final bound. O

F.3. Estimation Guarantees

In this section, we analyze Algorithm 7, which is a variant of the Tempered Aggregation algorithm
(Algorithm 4) designed for infinite classes. This algorithm is used within Algorithm 5 in order to
prove Theorem F.1.

Algorithm 7 simply applies Algorithm 4 to a sequence of covers for the class M on a doubling
epoch schedule. In particular, at every epoch ¢, Algorithm 7 restarts the Tempered Aggregation
algorithm (Algorithm 4), clearing the Tempered Aggregation instance from the previous epoch from
memory. We denote the ¢th instantiation of Tempered Aggregation as TemperedAggregation’.

92



INSTANCE-OPTIMALITY IN INTERACTIVE DECISION MAKING

Algorithm 7 Estimation with Adaptive Covering
1: input: Class M.

20+ 1,90« @.

3: MY, < (pe, jue)-cover of M for py < 274, jup < 275

4: Initialize TemperedAggregation® as an instance of Algorithm 4 with Mﬁw.

5: fors=1,2,3,...do

6: Receive (7%, 7%, 0%), D < DU {(7°,r°,0%)}.

7: £ < TemperedAggregation®(D?), M Epg~gs [M]

8: if s > 2¢ then.

9: 0 0+1,9" 2.

10: M. < (pg, pe)-cover of M for py < 27¢, g + 275

11: Initialize TemperedAggregation’ as an instance of Algorithm 4 with M.

Lemma F.7. Let T denote some stopping time with respect to the filtration (% t)thl such that T <T
almost surely, and let o € (0,1). When running Algorithm 7 under Assumption A.3, we have

T

22a
E Z s¢ . Eprgs [Ex~ps [DE'(M*(TF), M) <E [(20dcov -1og(64Ccoy7) + 1) - 50 17'0‘] + 4.
s=1
In addition, if Assumption A.2 also holds, then
E|> s Enegs [Ermps [Dur (M*(7) | M(?f))]]]
s=1
22a
<E [(2 + 6V()(20dcoy - 1og(64Ccoy7) + 1) - 50— 17"”‘\/log(27')]
+ E[32(1 + V) log(7)] + 8 (63)
and
E| " Enngs [Ermps [Dur (M (7) | M*(ﬂ))]]]
s=1
22a
<E [(2 + 6V (20dcoy - log(64CcoyT) + 1) - 5o — 170‘\/log(27)
+ E[32(1 + V() log(7)] + 8. (64)

Proof of Lemma F.7. Let S* denote the set of s values for which ¢/ = k and note that S*¥ =
{21 41,281 12 ... 2%} We can bound

T

> 8" Ensegs [Brnps [D(M* (), M (1)))] (65)

s=1

E

[logy T

< N E[ YD 5 Eapees [Enpe [DA(M* (), M(x))]] - I{s < 7}
k=1 s€Sk
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[logy 17
< Z 2°F B | Y Enregs [Brmps [DR(M* (), M(m))]] - I{s < 7} (66)
= seSk

since we have that ¢ < [log, T'] by construction, and since s < 2" for s € S*. Let A, denote the
event

> 2FNeoy (M, pr,
Ay = {Vs €5 S Eppgi[Eropi[DA(M* (1), M(x))]] < 2log = (5k P 1) +2kpk}.

i=2k—1

By Proposition E.2 and a union bound, P[A4;] > 1 — §; — 2%¥ ;. Since the Hellinger distance is
always bounded by 2 and |S*| < 2*, we can upper bound

[logy, 17
Eq. (66) < Y 2°%| > E[Epsmgs[Brmps [DA(M* (), M (m))]] - I{s < 7, Ag}] + 2 2"E[I{ A} }]
k=1 sESk
Choosing 0, = 273k and since U = 2% we have
[log, T [log, T [log, T
> 2k FHIEMARY < Y 2 (g + 2% ) = Y 2227 <y
k=1 k=1 k=1

Note that for s € S¥, if s < 7, this implies that 2k—1 < 7. On the event Ay, for p, = 2% when
« > 0 we can bound

UOgQ T]
Z 2% N E[Engegs [Ennper [DF(M* (), M(m)]] - s < 7, At}]
seSk
[Tlog, 771 k —k o—5k
28N oy (M, 275, 275%) _
<E 2ak<210g v s +1)-]1 ok—l < 7
kzl 273k { } (67)

i Neov (M, 771/2,775/32) o

[ Neov —1/9. 7+75/32 920
<E <210g (M’:4//16’T /3)+1)-2a 1#}

200 {251 < 7})

where the final two inequalities follow since 2F < 27. Under Assumption A.3 we have

Neov(M, 771/2,775/32)
774/16

< IOdcov : 10g(640cov7')7

which gives the first result.

Bound on KL Estimation Error. By Lemma F.14, for any x > 0 we have
Dy (M () | M(m)) < (2 + 2V + 2) - Di(M(w), M(m)) + 32(1 + V2 Jz + Vi /2?) - exp(—a?/8V2).
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In particular choosing x = V,,(1/8 log s2, we have
D (M (7) || M (7)) < (24 2V + Viun/8log s) - D (M (), M(m)) + 32(1 + Vi) /5.

Repeating this for each step s, we can therefore bound

E [Z s Entngs [Ernps [DrL (M7 () [| M (7))]]
s=1
<(246V.) E [Z 5 \/10g SE o [Enmps [DA(M* (), M ()]
s=1
+32(1 4+ Vi) - Ellog 7].

The result in (63) then follows from a calculation nearly identical to our above bound on Hellinger
estimation error. Applying Lemma F.14 in a similar fashion with the arguments flipped gives (64). [

In the following, we extend Lemma F.7 to the case when a = 0.

Lemma F.8. Let T denote some stopping time with respect to the filtration (% t)thl such that T <T
almost surely. When running Algorithm 7, under Assumption A.3, we have

E

" Enrege [Ennye [DR (M (), M(w»n] < E[(20dcoy - 1og(64Ceou7) +1) - (2log 7 +1)] + 4.

s=1

In addition, if Assumption A.2 also holds,

. lz Barmes [Exngs (D (M* () | M ()]

s=1

<E [(2 4 5V (20dcoy - 10g(64CeoyT) + 1)(2log 7 + 1) - log(QT)}
+ E[32(1 + V) log(7)] + 8

and

. lz g B [DiL (M) | M ()]
s=1

<E [(2 + 5V30)(20deoy - 10g(64Cc0yT) + 1)(2log T + 1) - log(27')}
+ E[32(1 + V() log(7)] + 8.

Proof of Lemma F.8. This follows identically to Lemma F.7 but replacing Eq. (67) with

[logy T7]
> 2% Y " E[Epsmgs [Brmps [DR(M* (), M (m))]] - I{s < 7, Ag}]
k=1 seSk
[logy T'] k —k o—5k
<E Z (210g 2 NCOV(A;_’; 277 + 1> -]1{2k_1 <7}

k=1
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~1/9 =5
< E[<2 log Neow (M, 7—4//1267 T/32) + 1) -(2logT + 1)]
T

The bound on the KL estimation error also follows from the same reasoning as in Lemma F.7.
O]

F.4. Supporting Lemmas
Lemma F.9. Consider running either Algorithm 5 or Algorithm 6 Assume that 7, & T 5ps and that
My e ;g5 (M)>0 D > A Then Eppes [I{M € M} >

Proof of Lemma F.9. Recall that M = Enfegs [M], 80T € 75z implies that 7 € arg max, g Eazees [ (77)].
If 7, ¢ 7gs, then there exists some 7 such that Eysoes [fY(7)] > Eprees[f(m)]. Since
fM(m) € [0, 1], this implies that

0 < Enregs[fY(T) = fY (1] < Engegs I{M € My} — Enpes [(fY () — fY(7) - I{M & MG }]-
For M ¢ M., we have f"(m,) — fM(7) > AM. > A. Thus, the above implies

min

0 <Epmgs[{M € MGy} — A - Enees [{M & M3y}
= A (1= Eyngs[{M € M7y }) < Eppnes [{M € M}

Rearranging gives Epjoes [[{M € M7} > 185 > $A. O

Lemma F.10. When running Algorithm 5, on rounds s for which M* € M\M%l()\s; Nmax), We

have

(14 96)(4nmax + 265M)
ogM

’75 < 'EE/Q(M%

for ~* as defined in Eq. (50).
Proof of Lemma F.10. Recall that w® and A\? are chosen to minimize

sup 1/\ .
MEM\ME (A nima) Bfogs [Buwl[D (M () || M ()]

Since M* € M\M%l()\s; Nmax ), We can therefore bound

}\ < inf sup L
E 7 es [Boos [D(M (m) || M*(m))]] “EAT ey ME (A snma) B (B[ D (M (7) [| M ()]
1
= inf sup

MBI € A\ ME (itonan) B s [Bus D (M () | M ()]

Recall that we set

(1, 2 32gM
flmax = Aming Amin Mea-/\)il Amln
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By Lemma F.13, under Assumption A.2, we can bound Dk (M (w) | M'(7)) < 2V, for all
M, M’ € M and 7 € II. It follows from Lemma E.3 that

2V, 1
2> — —,
Amin MINpAre AM:gM >0 8
o)
< 1 N n 32g
n : - max .
M=\ Amin€ min e pgM>0 8" ) MeM Anmin

Given this, straightforward calculation shows that n,,,, meets the condition required by Lemma E.4,
so Lemma E.4 implies

1 1

inf sup — < inf sup —
NS et M (i) Bge Bl D (V) [ MG))] M85 sy o g Bl D (V) [ M)

:ﬁ?/z(/\/l;fs)
< 3ec]j5(M).

1 Anmax+26gM

By our choice of ¢ we have T = PP We can then bound
140 1 14 6)(4nmax + 20g™
i L _ 0+ e + 2 ) 20 ().
— 4 E]/\/I\Ngs [Es[D (M(W) | M*(ﬂ'))] &
O

Lemma F.11. Consider running Algorithm 6. Then on rounds s for which M* € M@\M?(AS; n®),
we have

"YS S (1 4 g*(g) . Saq+o<M
for v® as defined in Eq. (56), and o, vy, parameters of Algorithm 6.

Proof of Lemma F.11. Assume we are at epoch /. Recall that w® and A* minimize

1
sup —— )
MeMAME (rsins) Exf e [Eu[D(M(7) || M (7))]

Since M* € M“\ME (A%;n*), we have can therefore bound

}\ < inf sup L
Efes Bos [D(M(m) [| M*(m))]] €A1 ppe pos pe! (xens) Bz oes B [D (M () || M(7))]]
. 1
= inf sup

AwEATT MGMZ\M?(A;”S) ]E]/\/[\NES [Ew [D (M(ﬂ-) H M(ﬂ'))] '
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By construction, for every M € MY, we have

1 4gM 2nM 4

ng' + + + -+ < Vs
A11’\1’141H A&IIH AIIVI’{IH
This implies that
S g"  Anine 1
¢= min, mm{ g o 4 [

and

4g]VI
max max{n“ } < V/ns,

Memt °TAM

min

which together imply that

max max{ n

M 4g™ 2g <n
MeMmt

€ M
Amln CAHHH

By Lemma E.4 and since M is constructed such that inf menme AN > 0, we can therefore bound

1 1

inf sup — < inf sup —
AOEAT pre oy (ans) Eqp s B [D(M(m) | M(m))] A webn memime, () Exp e Bo [D(M(m) || M (x))]

<aec (MM 1 ;E°%)

where the last inequality holds by the definition of M* and A’. Note that by construction, £* is only

supported on M, so we can bound ﬁg’/; (M e i €%) < ﬁ?’/; (M e 1 ). By construction, we
TA N

also have ﬁ?’/; (MAe’ﬁ) < 2lam < gam, Lastly, 1}qs — 5% . We

can then bound

*
S:1+g(5 1 <(1+5)'8aq+a/\4'

I=¢ Eg_ [Es[D(M(m) | M*(m)] ~

F.4.1. LIKELIHOOD RATIOS

Lemma F.12. Consider running either Algorithm 5 or Algorithm 6. Under Assumption A.2, with
probability at least 1 — 6§, we can bound, for any M € M, s, and 3; > 0,

+ Vu/b6slog 1/

IP)]\[ﬂ‘ (7.1 Oi)
Z]EM et B [DrL (M M (m) || M (r) <ZEM ~gi 10gm
=1 =1

V- (z B+ B o [Erp[D(M ()| M*<7r>>n) .

i=1 i=1
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Proof of Lemma F.12. By Theorem 2 of Shamir (2011), under Assumption A.2 we have that with
probability at least 1 — 6,

s
Z E(T,O)NM*
i=1

Pﬂﬂr(r’ ) i—1 Pﬁ’ﬂi(riaoi)
Efee [log P (r, )] | H < ZEM ~er | 108 PMm (rt, o)

=1

+ Vy/b6slog1/6.

(68)

Note that
P ()] PT(r,0)
E [EM\NEi [10g P (i )] | H = Erpi |E(ro)or () EJT/I\~£i log PM.7 (1, 0)
]P’M’”(T, 0)
“Bup B [Barin e |

By Lemma B.4 of Foster et al. (2022b), we can bound, for any M e M,

PM, (r, 0)] '

PM, (r,0)

E(r 0)~M* () log PMo (r, )] - E(r 0)~M ()

log — %
8 PM. (1, 0)

Pﬁw PM,7(y 0)

< ¢ % <E(T70)NM*(W) [log W] +E(, o dim) [log WD . D2, (M*(x), M(r))

< \/2V2, - D3,(M* (), M (m))

where the second inequality follows under the subgaussian assumption, Assumption A.2. It follows
that for any M € M,

}P’ﬁ’”(r, 0)
Bt | (o)t (m) llog PV (r, 0) O)”
PM’W(T, 0) . —
2 Erps [E(T,O)NM(W) [logw — \J2VE B (DR (M (), M ()
(@ —
D e (D (M () | M ()] = \/2V2, - By e [D3 (M (), M ()]

2 B, (D (V) | M(m))] = V2, - (BB [DF (M (), KE(m)] + 1/)

where (a) follows by the definition of KL divergence, and (b) from AM-GM for any 3 > 0. Since
this bound holds uniformly for all M € M, this implies that

P (ri,0) | |
E [Eﬁfvsi llog ]PW] |H

> Egy vy (Dt (F() || M ()]

— Vi (BE g7 i [Erepi [DR (M* (), M(m))]] +1/8).

Combining this with Eq. (68), and using Assumption D.2 proves the result. O
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Lemma F.13. Under Assumption A.2, we have, for any M, M' € M,
D (M'(7) | M (7)) <2V, Vrell

Proof of Lemma F.13. We have

, ]P>M W(T O) ]P)]W’ )
Do (M (7) [| M (7)) = Er.0)~pr(x) |108 B (ro) < E(ro)~nti(n) ||l0g 7@, (r.0) < 2V
where the last inequality holds under Assumption A.2. O

Lemma F.14. Under Assumption A.2, for any x > 0 and M, M € M, we have
D (M (7) || M(m)) < (24 2V + ) - D}, (M(w), M(w)) +32(14 V2 /24 V3 /2?) - exp(—a?/8V2).

Proof of Lemma F.14. Fix 7. Define

&= {log 2 — Dia (1) | ()| <

and for j € N,

M7 (1, 0)

log ————~
o8 PM (7, 0)

&= {ejl cx <

- D (M) | ()| < .

Note that £, (&5 ) , form a partition of the probability space. Furthermore, since Dy (M () || M (m)) =

Eom i (r )[log o WET 0;] under Assumption A.2 we have that P*7(&;) < 2exp(—22e20—1)/V2)

and PM™(£¢) < 2exp(—a?/V2). Now,

—~ PM™(r, 0 -
DKL (M(’]T) H M(’ﬂ')) = /log IP)MJF((TO;CUPJM, (T, 0)
P (7, 0) > M (1, 0)
= L dPpMT 1 —— 24P
/ Og ]PDA/[’TF(T‘, O) (T7 O) + Z /g Og le’ﬂ(r O) (’r O)
=17

Using that D (M () | M () < 2V, by Lemma F.13, we can bound

]\/171" o) 4
Z/ }P’MW dPMW(T 0) <D (elw+2Vy) / AP (r, 0)

&j

<.
[y

Mg

(x+2Vy,) - PM7(E))

<.
Il
—

(z +2Vy,) - 26Xp(—1’262(j_1)/vj\2,1)

My T

—_

o0

(el 4 2V - 2exp(—z2e?0~1) V2 )dj

VAN
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<A(x+ Vy) / el exp(—e’ - 2% 2/V2)dj
0

=4(x + VM)VfAe2 exp(—a:2672/VA2,1)/x2
< 32(VA2,1/37 + V/a/xz) . exp(—xQ/SVJa).

We turn now to the first term. Note that we can write

PM7 (1, 0) P (1, 0 P71, 0) B
log —— 22 dPM:™ ,0) = 1 _ ) + ) —1 |qpmm L 0) — PMT (g
~/$ o8 ]P)Mﬂr( ) (r 0) /E',IP’M’W(T',O)>PM77T(T,0) ( ©8 PM,m (T, O) pMm,m (T, 0) (T‘ O) ( )

7,0
PM PM.T PM.T ~
+/ B < ~(0| 7T) 10g _ (T7O) +17 _ (T70)>d]P)]M,7r(,r_70)+]P)M,7r(58)
EPM.7 (1,0)<PM.7 (r,0) (

PM:7(r 0) 7 PM:T(r) 0) PM7 (7, 0)
Following the proof of Lemma 4 of Yang and Barron (1998) and using that log Nf WET O; <
Do (M () || M( )) + & < 2V + x on €, we can bound this as
< (2+ 2V +x)/(\/m_ BT 02 + B ()
<242V + ) / (VAP (r, 0) — 7 /dPT7(r, 0))? + PH (£9)
< (24 2V +z) - Dj (M( ),M( )) + 2exp(— 2/Vg)
]

F.4.2. COVERING NUMBERS

Lemma F.15. For any subset M' C M, there exists some (p, u)-cover M., € M’ for M" such
that (M| < Neov(M, p/2, ).

Proof of Lemma F.15. Let M., denote a (p/2, uu)-cover of M with event £. Throughout the proof
we use the shorthand (7, 0, ) € £ to denote that there exists M € M such that P> (r 0 | £) > 0.
By definition, it follows that for any M € M, there exists M’ € Mo such that

PM:™(r, 0)

LAY YD) 69
IP’M()p/ (69)

sup
r,o,m : (r,0,m)EE

log

Let M!

I v = @ and consider running the following procedure for every M’ € M.qy:

1. Choose a single M € M’ such that sup, , =.(.0)cs ’10g W((M) < p/2 (if such an M

exists).
remains

— M

cov

2. If there exists an M € M’ in step 1, set M.,
unchanged.

U {M}. Otherwise M.,

cov cov

By construction M/, C M’, and ML, | < [Mqov|. We claim that M/, is a (p, p1)-cover of M.
To see why, take some M € M'. Let M/ € M., denote the point realizing Eq. (69) for M. Let
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M" denote the point chosen in the above procedure for M’. Note that there must exist some M"”
chosen for this M’ since Eq. (69) holds for M, so in particular M € M’ satisfies the condition of
step 1 in the above procedure. Then,

IP;M,W(T7 O) ]v[,7r(,r7 O) ]P)]\/I/J('(T’ O)
sup log | = sup log 7 + log —7
r,o,m : (r,0,m)EE P (O|7T) r,o,m : (r,0,m)EE P (T7 0) P (O’?T)
PM:7 (7, 0) IP’MN(O\W)
< sup log ——"%| + sup log —— %
ro,m : (r,0,m)EE P (7“, 0) ro,m : (r,0,m)EE P (Tv 0)

<p/2+p/2=p

where the last inequality follows by our choice of M’ and the definition of M”. Thus, it follows that
ML, is a (p, p)-cover of M. O

F.4.3. FURTHER LEMMAS

Lemma F.16. Fora > 0, o < [0,3/4], and 8 > 0, the function x*log” (ax) is concave in x for

T > %exp(%) when B < 1, and for x > max{}lexp<\/ 8(’8;1)5), % exp(?)} when 3 > 1.

Proof of Lemma F.16. By some calculation, we have

< (96“ log” (aw>) = (=1 + B)Bz* log"*(ax) + (=B + 2a8)z~ > *log’ ! (az)

d2x
+ (=1 + @)az 2 1og’ (az).
If we restrict to > 1/a, then to show that the function is concave it then suffices to show that

(=1 + B)Blog %(az) + (=B + 2ap)log H(az) + (-1 + a)a <0

which, since o < 3/4, is implied by

(67

e

(=1 + B)Blog*(ax) + %Blog‘l(aw) <

which is further implied by

(—1+ B)Blog %(ax) < éa and %Blog_l(ax) < —a.

oo | =

The former condition is met for z > 1/a for all 5 € (0, 1]. For 5 > 1, it is met as long as

S(ﬁa_l)ﬁglogz(am) = leexp< W)

a «

The latter condition is met for

1 4
T > exp</8>.
a «
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Lemma F.17. Forall B,C,n > 1, if v < C'log"(Bz), then © < C'(2n)" log"(2nBC).

Proof of Lemma F.17. This is a direct consequence of Lemma A.4 of Wagenmaker et al.
(2022a). O

Appendix G. Proofs for Examples

In this section, we provide proofs for the examples given in Appendix A. We begin in Appendix G.1
by introducing a condition which implies n2” is bounded, and is easy to verify for many classes
of interest. Next, in Appendix G.2, we consider a variety of structured bandit settings, and in
Appendix G.3 extend this to contextual bandits with finitely many arms. In Appendix G.4, we
provide proofs for the informative arm example of Section 1.3. Finally, in Appendix G.5, we consider
tabular MDPs.

G.1. Preliminaries: Regular Models

To bound the quantity n* = n" for the examples we consider, it will be helpful to introduce the
following notion of a regular model.

Definition G.1 (Regular Model). We say instance M € M is a regular model if there exists some
constant LY, > 0 such that, for any M’ € MY (M) with D (M () || M'(70;)) > O, there exists
M" € M (M) such that Dx (M () || M" (7)) = 0 and, for all 7 € TI,

D (M () || M (7)) — Dy (M(m) | M ()| < v/ZE Do (M (ar) [| M (1))

(70)
+ LY D (M (ma0) || M (70r)).

Our definition of a regular model is a direct generalization of existing notions of class regularity
found in the literature (Degenne et al., 2020b). As we will see, for a variety of standard bandit classes
(including multi-armed bandits, linear bandits, and Lipschitz bandits), as well as tabular MDPs, one
can show thatM* is a regular model with L%, = L*" bounded by a polynomial function of problem
parameters. Intuitively, M* will be a regular model if, for any instance M’ € M?®!*(M*) for which it
is sufficient to pull 7, in order to distinguish M* and M’ (thereby ruling out M’ while incurring no
regret), then there exists some other instance M" € M3 (M™*) which is “close” to M’ in a certain
sense, and which cannot be distinguished from M* by simply pulling 7,. As the following result
shows, the quantity n} can be bounded whenever M ™ is a regular model.

Proposition G.1. If M is a regular model with A. > 0, we can bound

min
2gM 2gM '
M < N <1 + Ly, + AT ~LY ).

Given Proposition G.1, for many of the examples in this section, rather than bounding n directly,
we first show that M* is a regular model with L, well-bounded, and then use Proposition G.1 to
obtain a bound on n?.

Proof of Proposition G.1. To prove this result, it suffices to show that, for every normalized
allocation A\ € A(M, ) with normalization factor n, there exists some allocation 7 € Rl}r such that 1)
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n(m) = nA(w) for m # 7y, and n(m,,) < 0 for some well-bounded n, and 2) A (n) < (1 + 2¢)g"
and I (n) > 1 — 2e.

Fix some A € A(M,¢e) with normalization factor n > 0. Note that if M is a regular model,
then I (I,,) = 0. Since A € A(M, ¢), this implies that \(7,,) < 1. Let \" denote the allocation
N(my) =1—Cand N(7) = %)\(ﬂ) for ™ # 7y, for some ( to be chosen.

We have

AM(N) = — AY() < (14 e)g/n, 71
Take M’ € M3 (M) such that Dy (M (7)) || M'(7,)) > 0 and let M" € M3 (M) denote the

instance guaranteed to exist under Definition G.1. We then have that, for any 7,

Dy (M (m) || M(w)) 2 D (M () || M" (7)) — /LD (M () [| M (1)) = L3 D (M (mar) || M (2 )

> Dy (M () || M" () = (1 + @) LY, D (M (o) || M (70)) — é

where the last inequality follows for any o« > 0 by AM-GM. Then

Z)\/ ) Dy (M (7) || M ()

-2 1_§<w> A(m) Dy (M () | M (m)) + (1 = Q) D (M (may) | M ()
TETNM M

> 30 T (D (M) 1 M7() — (14 @) L2 D (M () | (7)) — )

TF#FM

+(1 - C)DKL(M(WM) | M (7r1))

=2 %MW)DKL(MW 24 (m) + (1 =€) = (14 ) L34 ) Dice (M) | M () — &

TET

We have M" € M3(M), so by definition

ZA ) Dy (M (x) || M"(m)) > (1 — &) /n.

However, Dk (M (75) || M" (75,)) = 0 by assumption, so it follows that

TET M

n

By assumption, A (\) < (1 4+ ¢)g" /n, and we can also lower bound A (X) > (1 — A(my,)) AN, .
Rearranging these implies that

(1 - >‘(7TM>) (1 + E M/Amm

Set o = (H:,e{g , then we have
¢ _1—£_£_ ¢ .1—5_ Ce
1—=Amy) a 1—Mmy) n (I4+¢e)gM/AM
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¢ 1—¢ Ce

ST Am) 0 U= Atm)n
B ¢ 1—2¢
T 1-Xmw) n

Furthermore, with this choice of «, if
1 1

¢< 14+ (1+a)l 1+ (1+ (1+¢e)g"/eA

M’
LM

mln)

we have
(1= = (1 + @) L3¢ Dt (M (mar) | M (1)) = 0.

We therefore have that, for any M’ € Mt (M) with Dy (M (7y,) || M' (7)) > 0, that

SN WD ()| M) 2 T

Now consider M’ € M (M) with Dy (M (7y) || M'(7,,)) = 0. In this case we have

Z)\/ DKL )HM/( )) 1_;.7-‘_1\4 zﬂ—:A DKL( (77) ||M’(7T)) > 1 _)f(ﬂ_M) . 1;6

where the inequality follows since A € A(M, ) with normalization factor n by assumption. Together
these bounds then imply that:

My/ ¢ 1—2¢
! ()\)21—/\(75\4). n

Combining this with our bound on A™(\') in (71) implies that X' € A(M;2¢) with parameter

A CONCIY)
¢

n - n.

To conclude, define the allocation 1 := n’\. Then for m # m,,:

n(m) = 1_)&(7””) -nN(7) = n\(7)
and
() = 1_/\C(TrM) N (my) < 1_)&(7TM) n

It follows then that AM(n) = nAM(X\) < (1 +¢)g™, and I™(n) > n'I™(N') > 1 — 2e. Therefore,
7 satisfies the desired condition. Since A € A(M, ), we have

AY(A) < (1+e)g"/n = (1= Alma))n < (1 +6)g"/Anin,

and thus
oy < (LS8 28" (Lt (14 28 /o0l ) I
777TM_AM 'C_ AM .
which proves the result. O

105



WAGENMAKER FOSTER

G.2. Structured Bandits with Gaussian Noise

In this section, we consider the problem of structured bandits with Gaussian noise, in which O = {@},
and the mean reward functions belong to a given function class F. Concretely, we consider the model
class

M = {M(n) =N(f(r),0?) : f € F}.

We set

1

D(M () || M(m)) + D (M(m) || M (r)) = 55

(fM(m) — f(m))? (72)

for D the divergence used by AE2. In general in the following examples we take o = 1 for simplicity.
We begin by verifying that the basic regularity conditions required by our results are satisfied for
generic classes F, then provide bounds on the AEC for specific classes of interest.

Lemma G.1. For bandits with Gaussian noise:

1. For D < Dy, Assumptions A.2, D.1 and D.2 hold with parameters

2v2
L =Vu = -

2. We can bound N¢o, (M, p, 1) by the covering number of M in the distance d(M,M') =
o?p

sup,er | f7 () — fM ()| at tolerance YRy o=y Furthermore, it suffices to take
E:={lr] <14 +/20%10g(2/pn)}.

Proof of Lemma G.1. In this setting, we have that for any M, M’ € M and any 7 € TI,
1 /
Dy (M (m) || M'(m)) = 55 (f(7) = £ ()",

For M € M, we therefore have

| Dr (M () || M (m)) — Do (M () | M'(m)) | = % (f () = 2 (1)) = (f¥ () = £ ()2

< S1P () - £ ()

= 22 [ () 37().

where the inequality follows from the Mean Value Theorem and the assumption that () € [0, 1]

for all = € II. This verifies that Assumption D.1 holds with Lk = QT\f
To show that Assumption A.2 is met, we note that for all M, M, M’ € M,

P (1, 0) 1
0g——"— = —5
& par (r,o0) 202

= g [P 4 £ 27 () — )]

(r = ()% — s — [T (m))?

I
202
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_ 1
- 202

[fM(W)2 + () =2 () (Y () = fY () + 20 () = ) (Y () = f ()

P R _
— Beitie) 08 (g | + 22 (7 (F) = () = 1)

It follows that

PMT (1 0)

PM7 (1) 0)
log ———= — E !
8 PM (1, 0) }

(r,0)~M' () [log PM7 (1, 0)

is sub-gaussian with parameter E, _ 57, [(% (M (m) =r)(fM(r) = fM(n)))?] < %, which verifies
Assumption A.2 with V2 = %.

Finally, we bound the covering number. Let £ := {|r| < 1+ /20%log(2/1)}. Elementary
manipulations show that P*™(£¢) < p for any M € M and 7. Using the same calculation as above,
we have
PM7(r,0) 1

- ) s — () <

PM(r, o) B L+ |r|
& PM' (1 0) 202 202

o2

| fM () = ()]

lo

where the inequality follows from the Mean Value Theorem. We therefore have that for any
M, M e M,

pM,T r,0 2+ 252 log 2 L )
sup IOg ]P)M, ﬂ—( ) < 5 ( / ) - sup ’fM (7‘(‘) o fM (7‘()‘
rom : |r|<1++/202 log(2/ 1) 7 (r,0) o ,r
' _atp . . N My
It follows that if we can form a 307108 cover of M in the distance d(M, M") = sup, ¢ | f* ()
™ ()|, this will serve as an (p, i) cover of M. —

G.2.1. DISCRETE STRUCTURED BANDITS

As a first example of bandits with Gaussian noise, we present an additional class that satisfies the
uniformly regular assumption.

Example G.1 (Discrete Structured Bandits). Fix A, > 0, and consider a discrete reward space
R C [0, 1] satisfying min, ,scg |7 —7'| > Apin. Consider any function class 7 C (II — R) defined
such that each f € F has a unique optimal decision. Let our model class be defined as

M ={M(r) =N(f(x),1) | f € F}.

I t is straightforward to show that Assumption A.1 and Assumption A.2 are met with Lk, V < 4,
and that Assumption A.3 is satisfied with d,, scaling with the log-covering number of F in the

distance d(f, f') = supyen |f(7) — f/(7)], and Ceoy = O(1). Furthermore, Assumption A .4 is

satisfied by construction of R and F, and we can bound n" < Ag .8 We thus have the following

min

corollary to Theorem A.1.

2
A2

min

8. It is not difficult to see that, given the construction of R, once the optimal arm has been played times, no

additional information can be extracted from playing it.
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Corollary G.1. In the discrete structured bandits setting considered above, if g* > 0, the regret of
AE? is bounded as

B [Reg(T)] < 1+ e)g" Jog(T) + 365, (M) - oty  gua g deo, £, 1 loglog T ) -log! (1)

As we show in Example A.3, the AEC in this setting can be bounded in terms of the eluder
dimension of F. <

Proof for Example G.1. We provide calculations for the discrete structured bandits setting
of Example G.1. First, note that Assumptions A.1 to A.3 all hold by Lemma G.1. To bound
n™, consider M € M and M’ € Mt (M). Note that either Dy (M (my,) || M'(my)) = 0,
in which case there is no advantage to playing ,,, or, due to the discretization of the means,
Dy (M (my) || M (7001)) > %A?mn. Thus for any allocation 7 € RE, as long as n(m,,) > A%, we
have n(my ) Dk (M (7ar) || M (75)) > 1. It follows that there is no advantage to choosingm??“(m/,)
larger than 15—, so we can bound nM < Ag . O

min min

G.2.2. MULTI-ARMED BANDITS (EXAMPLE A.2)

In this section we prove the result in Example A.2. First, note that for any M € M, we have
g < A/AM. . Assumptions A.2, D.1 and D.2 are met due to Lemma G.1, and with constants
Ly, Vo <4, deoy = O(A), and Ceoy = O(1). By Lemma G.2—stated and proven below—M™* is
a regular model with L%, = v/2 as long as f*" (m,) < 1. It remains to bound the AEC.

Proof of Proposition A.2. It is immediate to see that Cexp(M,e) < O(é) by choosing the
exploration distribution to be uniform over A. By Lemma E.6, we then

A3

aec (M) < N

C1

for a universal constant c;. By Proposition G.1, we have

g* g* A2
<o —=— .1 <o
Ne/36 = 2T Ar ( Y )” e(Af)?

min

for a universal constant ¢y, so we can lower bound A, > 03€(A;1in)4 /A2, giving

A15
aec ' (M) < ey )24

e8(A*

min

Lemma G.2. In the multi-armed bandit setting of Example A.2, any model M* € M is a regular
model with L, = /3 as long as f™" (m,) < 1.

Proof of Lemma G.2. Let M’ € M ()M*) and assume that Dy (M*(m,) || M'(7,)) > 0.
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Case 1: f'(m,) + " (m) — f (m,) < 1. Let M” denote the Gaussian bandit instance given
by M (r) = ' (7) + M (m,) — ' (m,); by our assumption, M” € M, and M" € Mt (M*).
Furthermore, f" (r,) = f™"(m,) which implies Dy (M*(7,) || M" (7)) = 0 as desired. Finally,
for any 7, we have

P ) = () = () — M ().

This implies that for all 7, since all models in M have unit Gaussian rewards, using the expression
for the KL divergence given in Eq. (72):

| Dt (M* () || M (m)) = Dy (M* () | M (m))| < [ () = S ()| = /2D (M* () || M/ ()

which implies the condition of Definition G.1 is met with L%, = /2.

Case 2: fM (7)) + fM () — f™ (m,) > 1. For this case the model M" constructed in Case
1 will not be in M. Assume first that " (m,) > f (m,,) and in this case define M” to be the
instance

oy = [T ), £ ) £ ) = P )}
fA{*(Tr*)+6 T = T

or some & > 0 such that f¥"(r,) + & < 1 (note that such a § exists since we have assumed
fM"(my) < 1). Note that we now have M" € M, and " () < fM"(m,y) for all m # 7, SO
M" € M?*(M*). Furthermore, we have f"(m,) = f™"(m,), so Dxi (M*(m,) || M"(m,)) = 0.
For 7w # 7y, if min{ f¥ (m,), fM (1) + " (7)) — fM (7))} = f (m,), this implies that

P () < ) P () = P () = Y () = () < P () = Y ().
Since we have assumed " (m,) > f™'(m,.), this implies that

[P () = )] = 1 ) = ] < P () = M ()]

So by the expression given for the KL divergence in Eq. (72), we have

[ Dt (M*(x) || M () — Dio (M* () | M ()| < /3Dy M () [ M(m)). (73)

For 0 # w0 with min{ f™" (m,), f' (7) + fM" (7)) — f (m)} = fM' (7)) + 7 () — [ (70),
the bound on | Dy (M* () || M' (7)) — Dk (M*(m) || M"(7))| follows identically to Case 1. For
7 = m,y, since we have assumed that £ (m,) > f™'(,,) we have

| (o) = £ ()| = P () = [ (aar) 46 < () = £ (70) + 6.

For small enough 4, this implies that Eq. (73) is satisfied for 7 = 7, as well.
Consider now the case where f""(7,) < f™ (7). In this case define M" by

fM'/ (ﬂ') - {min{fMl(ﬂM/) - 57 fM/ (77) + fM* (77*) - fMl(ﬂ*)} ™ 7& T

fM, (Tar7) T = Ty
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for § > 0 small enough that f*'(r,) — & > f* (). Note that M"” and M" € M*(M*) by
construction, and that f*"(r,) = f™"(r,) by our choice of §, so Dk (M*(m,) || M"(x,)) = 0.
For 70 # w0, if min{ f™' (7,0 ) — 6, fM (1) + M () — ' (70)} = f™' (7)) — 6, then we have

M () = [ ()] = | () — 6 — FM ()
< fM/(TrM’) - fM,(ﬂ') +6
< () — M ()| + 6

where for the final inequality we have used that min{ ' (7,,/) — 0, f* (7) + fM" (7)) — f* (7)) =
M (ma) — 6. Tt follows that Eq. (73) is satisfied for this 7 for sufficiently small §. If we instead
have min{ /(1) — 6, 1 (1) + 1" (m,) — ¥ ()} = F2 () + F" () — £ (), then the
bound on | Dk (M*() || M'(7)) — DxL(M*() || M" (n))| follows identically to Case 1.

For 7 = 7,1, we have | f*" (m,,/) — f (m,)| = 0. This proves the result.

G.2.3. STRUCTURED BANDITS WITH BOUNDED ELUDER DIMENSION (EXAMPLE A.3)

In this section, we give generic bounds on the uniform exploration coefficient and Allocation-
Estimation Coefficient for structured bandit classes with bounded eluder dimension (cf. Defini-
tion A.5). These result are used by subsequent examples, including linear bandits.

Lemma G.3. Let M{M (7) = N(f(x),1) | f € F}. Then for all € > 0, we have

CeX(M€)<M
p &) = - :

Proof of Lemma G.3. Let { € A(M). Recall the expression for KL divergence between Gaussians
of unit variance:

1

EMNg[Ep[DKL (M(W) | M(W))H = iEz\ng[EpKfM(W) - fﬁ(ﬂ))m

Abbreviate di, := dg(F,/c/2) and let {mr1, ..., T} denote a maximal sequence of e-independent
points. By the definition of the eluder dimension, for any 7 € II and any M, M € M, we have:

dg
D (fM(m) = f(m)? < Ve/2 = |fM(m) = ()| < Vef2.
i=1
Now, set p to be the uniform distribution over {71, ..., 74, }. Assume that M, M’ € M are such

that

iV " 1 M M 2
— = — — — <
Ug{la:f A Exze Ep[Dxi (M (m) || M"(m))] 5 Né?js\uj’c A Exze Bp[(f* (m)—f"(m))"] < ¢/ (16dR),

Markov’s inequality implies that for each M"” € {M, M'}, with probability at least 3/4 over the
draw of M ~ €,

Ey[(f*" (m) = f7(m))?] < e/ (2d).
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Taking a union bound, we conclude that with probability at least 1/2 over the draw of M ~ &,

e B () = ()] < </ 2d). 74)

Going forward, let M € M be any model such that Eq. (74) holds; we have just proven that such a
model exists. It follows from the maximality of 71, . .., mg,, and the definition of p that for all 7 € II,
and M" € M,

Ep[(f"(m) = fY(m)?] < ¢/ (2dr) = (f'(7) - f7(7))* < e/2.
In particular, since this holds for both M € {M’, M"}, and since Eq. (74) holds, we have that for all
T,
1 ! 1"
Dyt (M(m) || M"(m)) = 5 (' (m) = £ (7))
(fM () = f7(m))% + (f () — £ (m))?

€.

VANVAN

As this is the condition required by Definition A.4, it suffices to take ngp(s) = 16dg(F,\/c/2)/c.
Since this bound holds uniformly for all choices of &, the result follows. O

Proof of Proposition A.3. The bound

16dg(F,V6/2)

Cexp(M*a 6) S 5

follows from Lemma G.3, since dg(F',0) < dg(F,d) forall F/ C F.
By Lemma E.6 we can bound aec'(M*):

2
1 AM. € AM.
S5~M * < * f — : : : min . min .
acce (M) < CeXp(M 0) for 0 Mnelb\r/ll* mln{mln { 81LkL 34V } 2gM/Ar]¥1[in + ng§36’ 3 }

Lemma Lemma E.2 implies that for all M € M*,

64dp (F, $AM, ) _ 64dg (F, 3A,)

min

2T A

gM < Cexp(M*a i( r]ﬁin)Q) < (AM

min

where we have used that the eluder dimension increases as its scale € decreases; by Lemma G.1, it
suffices to take Lk, = V, = 2. A sufficient value for ¢ is therefore

e2A8

S=c —— —x
© dp(F,IA)

The result follows.
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G.2.4. LINEAR BANDITS (EXAMPLE A.4)

Proof of Proposition A.4. The result follows directly from Proposition A.3, since it is known that
linear bandits have eluder dimension which scales as dg(F,e) = O(d-log 1/¢) (Russo and Van Roy,
2013). O

In what follows, we prove Proposition A.5, providing sufficient conditions under which it is
possible to bound the regularity constant L%, (and hence n}) for linear bandits.

We begin with an geometric assumption on ©, X, and 6*, which we will show ensures that
M*(m) = N({zr,6%),1) is a regular model. To state our condition, we denote, for any vectors x
and y, we define =, and x5 to be unique vectors satisfying = x,, + x5 for z, || y and x5 L y.

Assumption G.1 (Regular Linear Bandits). The sets ©, X and model parameter 0* satisfy:
1. © is a convex polytope.

2. Forall § € ©, we have that there exists some g > 0 such that {0/ € R : ||/ — || < 65} C
©.

3. Letting x* € X denote the optimal action for 0*, we have

{9 eR? : |6 -6 < max A*(LL‘)/”I‘:E*HQ} co.
TEX xFT*
The first two points above are quite mild. The primary restriction of Assumption G.1 is Point 3,
which requires that 6* is located sufficiently far within the interior of ©. Using Assumption G.1 we
can state the full version of Proposition A.5.

Proposition G.2 (Full Version of Proposition A.5). If ©, X, and 0* satisfy Assumption G.1, then n}
is bounded by a polynomial function of d,1/A} . ,1/e,g*, and a geometry-dependent term scaling
with the structure of X and ©.

Remark G.1 (Comparison to Existing Work). We remark that Assumption G.1 is similar to the
conditions required by existing works which achieve instance-optimality in linear bandits with
polynomial lower-order terms (Tirinzoni et al., 2020; Kirschner et al., 2021). Though neither of
these works explicitly states such a condition, closer inspection of their analysis reveals it is indeed
required. In particular, the proof of Lemma 1 of Tirinzoni et al. (2020) relies on a result from Degenne
et al. (2020b) which shows that a condition analogous to Definition G.1 is met for linear bandits.
However, the proof given in Degenne et al. (2020b) appears to only hold when © is unbounded, or a
condition such as Assumption G.1 holds. As Tirinzoni et al. (2020) assumes that © is bounded, their
results therefore only appear to hold if a condition similar to Assumption G.1 also holds. Similarly,
in the proof of Lemma 10 of Kirschner et al. (2021), it is assumed that for every arm x # x,, there
exists some instance in the alternate set with optimal arm x. To satisfy this condition, it appears that
an assumption similar to Assumption G.1 is required.

Thus, while not stated explicitly in the existing literature, it therefore seems that all existing
results which obtain reasonable lower-order terms require an assumption similar to Assumption G.1.
Removing this assumption (or showing it is necessary) is an interesting direction for future work.
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Proof of Proposition G.2. Under Assumption G.1, this follows directly from Lemma G.4 and
Proposition G.1. 0

Lemma G.4. Under Assumption G.1, the linear bandit model M™ is regular for some L%, < 0o
whose value depends on the geometry of © and X.

Proof of Lemma G.4. Fix some 6* € © and let 2* denote its optimal arm. Let ©2*(9*) C ©
denote parameters with optimal arm x # x*. Assume there exists some 6 € ©*(6*) such that
(0 — 0*, x*) # 0 (if this is not the case, M* immediately satisfies Definition G.1 and we are done).
Let©, ={0cO : (z,0) > (z,0)},0* ={# c R : (§ —6* 2*) =0}, and OF = O, N O
We first show that, under Assumption G.1, ©F # @ forall z € X, x # x*. We then use this to show
that M* () = N ((x, 0*),1) is a regular model.

Part 1: O # @. Fix some z € X with x # z*. Consider § = 6* + axz~ for some a € R to be
chosen. By construction we have (0, z*) = (6*, 2*), which implies that § € ©* for all a € R. We
wish to choose a large enough that (6, x) > (6, z*). Note that

(0.2) = (0%, 2) + alags, 23+ + 24) = (0%, 2) + af| 23+ |3
and (0, x*) = (0*,x*). Thus, to satisfy (0, x) > (0, x*), we need
allzz |3 2 (0%, 0" —2) <= a2 A*(z)/||lzz 3.
Let a = A*(x)/||xz+||3, then it follows that (§, ) > (0, z*). Furthermore, we can bound
10 = 07|z < allzz: [l2 = A" (z)/[lzz- |2
Under Assumption G.1, it follows that § € ©.

Part 2: M* is a Regular Model. Let ©, = {# — 6* : 6 € ©,}. Note that, since O is
a convex polytope, and ©, simply adds a linear inequality constraint, ©, is also convex. Let
O, ={p €O, : (¢ a*) = 0}. From Part 1, we have ©, # @. Lemma 23 of Kirschner et al.
(2021) then gives that there exists a geometry-dependent constant C(©, X') such that, for all ¢ € ©,:

gSOM

This implies that for all § € ©,, we have:

: 0l < ) — 0% 2

Now consider some 6 € ©(6*), and assume that (§ — 6*, 2*) # 0 (by assumption such a 6 exists).
Assume that 6 has optimal arm x, which implies that § € ©,. By what we have just shown, we know
that there exists some 6’ € © with (¢, z) > (0, z*) so that 0 € ©¥¢(9*), (¢’ — 0*,2*) = 0, and

160 = 0]l < C(©,X) - (0 — 6%, 27)].

Note that, for any =’ € X, we have

| Dr (0%(2") [ 0(2")) — D (0*(2") 16'(2")) ] = %\(9* —0,a)? = (0"~ 0',2)?|
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<2 " . ol
max (60", )] - [(6 — ¢, 2")]

< 2 max [|6”[|2]|2"[13 - 16 — ']|2.
0"co

Furthermore, note that

VDrL(0(2) [|0(2)) = —= (0" — 0,27)],

1

V2
Dk (0%(') [ 0(2")) — D (62 || 0(a"))|
s@%@mIm\mw%)ﬁmwmww»

0"cOx"eX

As 0 € ©*(6*) was arbitrary, we have therefore shown that M* is a regular model with

2
2= (22 CO.0) max_ 10)al"1) -

0"eO,x"eX

G.2.5. GENERALIZED LINEAR MODELS (EXAMPLE A.5)

Proof Sketch for Example A.5. The bound on the AEC follows as in Proposition A.4, using that
the eluder dimension for generalized linear models is bounded as O(d (‘;‘“ax )% - log %222 (Russo
and Van Roy, 2013). For the other regularity assumptions, note that by the Mean Value Theorem, we
have

| D (M () || M' (7)) — Dy (M (7) || M (7))| = %|(9(<979€>) —g({#'.2)))* = (9((8, 2)) — g((8", 2)))?|
< 2gmax‘<el - 9//7 l‘>|

and

/D (01 ww»-éwmwm&mw@%ewn

In light of these inequalities, bounds on all relevant regularity parameters for generalized linear
bandits follow from similar reasoning to the proofs for linear bandits. In particular, the conclusion of
Lemma G.4 holds for generalized linear bandits under Assumption G.1, with L%, as in Lemma G 4,
but scaled by (£22x)?).

O
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G.3. Contextual Bandits with Finitely Many Actions (Example A.6)

In this setting we take D (M (7) || M (7)) <+ Dy (M (x) || M(m)) for D the divergence employed
by AE2. Note that we have

1

= iEJ»‘NPX [anﬂ(x) [(fM(x7 CL) - fM(x7 a))z]]

Lemma G.5. In the contextual bandits setting of Example A.6:

Dy (M () || M ()

1. Assumptions A.2, D.1 and D.2 hold with parameters
LrL = Viu = 2V2
and D(- || -) = Dxo(- || ).
2. We can bound Ncoy (M, p, 1) by the covering number of M in the distance d(M,M') =

a’p

———E_ Furthermore, it suffices to
2+44/21og(2/p)

SUPgex aca | [ (2, a) — M (z,a)| at tolerance

take € .= {|r| <1+ \/2log(2/u)}.

Proof of Lemma G.5. Using the expression for the KL divergence given above, for any M, M', M €
M and 7 € II, we have

| Dk (M () || M (7)) — Dy (M () || M (7)) |

5 [Ean Ear (7 (@) = 1 (2,0)2]) ~ B B[ (77 () = ' (2,0))7]
< 3B [t | (7. 0) = 1 (0, 0))? = (7 ) = (2, 0))? ]
< W [Bane) [ |1 (@) = (3, 0]
< 2\ B [Barty [ (P (0,0) — 72,00
—Z\f\/DKL ™) || M(r)).

This verifies Assumption D.1 holds with Lk, = 2v/2. Assumption D.2 is immediate.
To show that Assumption A.2 is met, we note that

\V]

log P (7, 0) 1 PM7 (1 | 0)PM™(0)

]P)JVI,W(T | 0)
(6]
]P)M’W(T’, O) 2 ]P)M,ﬂ(,r. | O)IP)M’W(O)

PM7(r | 0)’

= log

where the second equality holds because the context distribution is identical for all models. As the
reward likelihoods conditioned on the context are Gaussian, a calculation similar to Lemma G.1
shows that Assumption A.2 with V, = 2v/2. The covering number bound also follows from the
same reasoning as Lemma G.1. O

Lemma G.6. For the contextual bandit setting described above, we can bound

eXp(M g) < %

e
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Proof of Lemma G.6. Fix some { € Ay and let 7y, be uniform over A for each context. Then,
for any p’ € A, we have

Ermp [DL (M () || M (7))]
1

= 3Bt B By ([ (2, 0) = £ (2, 0))]]

< E]WN,;—“[]EWNP/ [EOCNPX [anﬂ(x)[(fM(xv CL) - fﬂ(l‘v CL))2 + (fM(xv a) - fM/ (1:, a))gm]

<Y BB [(fY (@,0) = [T ()% + (7 (2,a0) = £ (2,0))?]]

acA
= AE57 ¢ [Eonp [Banpen (o) [(F (2, 0) = [T (2, 0))2 + (£ (2,0) = £ (2,0))]]
< 24B g7 [Dict (M (exp) | M (exp)) + Dict (M (mep) || M (mexp))]

It follows that if

3

Eﬂwg[DKL (M(ﬂ'eXp) | M(WeXP))] and EMNg[DKL (M(”eXp) | M/(WeXp))] < 1A’

€
< —
~4A
then we can bound E.,; [Dki (M (7) || M'(7))] < e. Thus, choosing pex, € A(II) to place proba-
bility mass 1 on 7eyp, a sufficient bound on Ceypp (M, €) is 44 /¢. O

Proof of Proposition A.7. The bound on Ceyp(M*, ) follows from Lemma G.6. Hence, by
Lemma E.6 we can bound aec}'(M?*) as:

4A 1AM £ AM
a5~M * < f 5 — : : : min . min .
(M) < 5 for 9= mip, mm{mm{leKL’ 34VM} 28" AN + 0l 3 }
By Lemma E.2, we have that for all M € M*,
16A

1
gM S Cex M*7 s %in 2 S .
oM, (A% < 5

By Lemma G.5, we can take Lx =V, = 21/2. A sufficient choice for ¢ is therefore

e2A8
Az
The result follows. O]

d=c-

G.4. Informative Arms (Example A.1)

In this section, we provide calculations for the bandits with informative arms setting in Example A.1.
We first show that Assumptions A.1 to A.3 are satisfied.

e Lemma G.1 If = € [A], then the response is simply Gaussian, so by Lemma G.1, the condition
of Assumption A.1 is met with Lk = 2. If 7 = 77, then by the Mean Value Theorem we have

| Dk (M () || M'(w)) = Dy (M () | M ()
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7r ]P)J\J 71' 71— EDM ﬂ(a)
= Z PIM log I[.DIM’ Z ]P)M lOg m
a€lA]
P (a) PY7(a) }) ar 7
< l—i—maxmax{lo , |llog — . P*™(a) — P*"™(a
( s ) 3 [P - P

® P (a) (
_ P (a) P (a) Mo T
= (1 + (Ilreli[ij(] max{ log P (@)’ log P o) - Dty <IP’ P )

(

]P)]\Iﬂ'(a) ]P>M7r(a) \/1 -

< (1 1 1 X -D PM,m || PM,TY.
< ( =+ (rlréz[ﬁ(] max{ IP’M/ (a) , |[l0g P (a) 9 KL( H )

Using the bound on the log-likelihood ratio given above, this verifies that Assumption A.1
holds with Lk = max{2,1 + log %}

 If m € [A], then the since the response is Gaussian, by Lemma G. 1, the condition of Assumption
A2 is met with V(= 2. If 7 = 77, then for M € M, either the observation is distributed as
1/A,s0 P 7(r,0) = 1/Aforall o € [A], or ¢ is the informative arm for instance M, in which
case PM™(r,0) = (1 — B)/A for o # my, and P (r,0) = B+ (1 — B)/A for o = 7, (note
that we can disregard o =_L since it occurs with probability O if an informative arm is pulled).
The log-likehood ratio is then at most

p+(1-p)/A A

<log ——.

STy L -

Thus, Assumption A.2 is satisfied with V), = max{2, log %}

» Using Lemma G.1, it is easy to see that Assumption A.3 is met with deoy = O(A) and
Ceov = O(1).

To bound the parameter n*, consider M € M and M’ € M®*(M). Note that either Dy (M () || M' (7)) =
0, in which case there is no advantage to playing m,,, or, due to the discretization of the means,
DL (M (7p) || M (7001)) > 1A2 Thus, for any allocation 7 € R, as long as n(m,,) > , we

_2
min* 2
A in

have 7)(my, ) D (M () || M () > 1. Tt follows that there is no advantage to choosingmn(wM)

larger than AQZ so we can bound n™ < A22

min min

G.4.1. BOUNDING THE ALLOCATION-ESTIMATION COEFFICIENT

We begin with some basic observations. First, since we restrict M to only contain instances
with a single optimal decision, if f*(m,) = {ﬁj A i for some M € M, this implies that

fM(r) < LﬁJAmm for all m # m,,. Fix some M € M satisfying f"(m,,) = LA JApin. Tt

min

follows that, for every M’ € M?*(M), it must be the case that ' (7,,) < Lﬁj Amin. Therefore,
since M and M’ have different reward means at ,,, and since this holds for all M’ € Mt (M), M
can be distinguished from every M’ € M2 (M) by playing 7,,. In this case, then, g = 0, so any &-
optimal Graves-Lai allocation must put all its mass on 7,,, implying A(M, e) = {L,,, }. Denote such
instances M with [ (7,,) = Lﬁj Amin as M. Note that for M with f¥(7,,) < Lﬁj Apin,
we have [e € A(M,e).
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~ We proceed to bound the value of the Fix M € co(./\/l) For a first case, assume that that
() < |5 — ] Amin — $Amin and let k = arg max;e [y P ™ (0 = 737) denote the index of
the most 1nf0rmat1ve arm for M. Let A = [0, and note that M?l( A) contains only instances in M
that have informative arm k. Let M’ = {M € M : n%, # 72} U M. Then M\ M (\) C M.
Letw = 3Unif ({{ };e(n) + 3 Unif([A]). Then,

o 1
aec.(M, =~ su
MID) < o o e (T T

2N 2A
< sup + sup

MeM3, 22 SN D (M (72) | M(72))  areq onepa) P (M () | M ()

If w5, # my, this implies that o ~ M (7?) is uniform on [A] for n7 # 75, and 0 ~ M (7)) is
distributed as Slr,, + (1 — B)Unif ([4]) for 77 = 73, Note that since k = arg max;c [y PMm (0 =
757) and M € co(M), we can have at most PY™ (0) < 1/A + /2 for all 0 if i # k, since if this
were not the case, then ¢ must be k. It follows from Pinsker’s inequality that for M with 73, # 7:

Dt (M(5,) | M(n5,)) > 2Drv (M(x3,), M(r3,))*

> 2|PM ™ (0 = 1y ) — PM (0 = 7y) |2
=2/ —-1/A - B/2”
> 2|6/4f

where the last inequality uses our assumption that 3 > 4/A. For M € M, since f¥(nz) <
| x| Amin — 3Amin, e have that

min

1
Dic (W () || M (7)) 2 5%,
Thus, we can bound
— 64N 16A
aec.(M, M) < 5 .

%Amin. Note that in

this case we must have |7 | = 1. Set A = ;. Then we have that Mgl()\) contains every instance

Now, consider the second case where M has f(m5) > | — | Amin —

except the single instance with f¥ (57) = | x-— | Amin. Letw = [ . Note that for any instance
with f¥(757) < | 5] Amin. i.€. every instance in M\ME(N), we have

Do (M(mw) | M(mx)) > SA

2
min*

oo =

It follows that with such an M, we can bound

oo

aec.(M, M) < ——

min
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G.5. Tabular Reinforcement Learning (Appendix A.7)

In this section, we prove all of the claims in Appendix A.7 concerning tabular reinforcement learning.

Throughout this section we let M, (a) denote the joint distribution of the next state and reward
if we play action a in state s at step h on MDP M € M. We also define

wﬁj’ﬂ(s, a) =P (s = s,ap, = a)

as the state-action visitation probabilities on MDP M under policy 7 (and define w;\f’ﬂ(s) analo-
gously). We let 7}/ (s,a) = E, RM (s.0) [r] denote the mean reward on MDP M at (s, a, h), and let
r1(Sh, ap) the denote the realized (random reward) at step h. We letr := (ri(s1,a1),...,7a(smg, am))
denote the vector of all random rewards in a given episode. 7 = (s1, ..., sy ) denotes a trajectory of
states, and 7, = sj, the hth state in the trajectory. We denote the ()-value function on M for policy 7
by

H

]};4771'(8760 — EM,T Z T'h/(sh’-;ah’) ’ Sy =S,ap = a
h'/=h

and the value function by V,"""(s) = Er, (5)[@}, " (s,a)]. We denote the value of a policy by
V"™ .= V""" (s1). For any function V : S — R we denote

P V(s a) = By par (oo [V(S)]-

"Sva)
For all results in this section concerning general divergences, we take D (- || - ) < Dxo(- [ -).
Proof of Proposition A.8. To bound the AEC, we first move from KL divergence to Hellinger
distance. Since we always have Dy (M (7) || M(x)) > D{ (M (), M (r)), we upper bound

1
aec'(M*) < sup  inf sup — :
: eAMAMELT prp g () Epog[Bu[ DR (M (), M ()]

We then apply Lemma E.6 to bound this by C5,(M*, ), with D(- || ) <= D3(,-). The bound on

exp
C8p(M*, ) then follows directly from Lemma G.10, and gives

SAH? . log2 H 1 AM 5 AM.
Y N < LA - logm i1 f 6 _ . . . min . Iin .
aec'(M*) < 5 or prey g min { 81LkL " 34V, } 2gM /AL, + ”?}36’ 3

By Lemma G.8, we have that Assumptions A.2 and D.1 hold with

]P’M/’”(T)

Lg, =Vy =4H + max maxmax W .

M M'em T€l €T

log

As we assume every transition has probability at least Py, we can lower bound PM (1) > Plfin,
so it suffices to take

LKL = VM = H(4 + log 1/Pmin)-
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By Lemma E.2, for M € M* we can bound

SAH? -log> H
g" < Coxp(M*, 1(ANi)?) < c- AT

A sufficient choice of § is therefore
. e2AL?
S2A2HS -log* H -log? 1/ Puin

G.5.1. TABULAR MDPS ARE REGULAR CLASSES

Lemma G.7. If M* is such that r}'" (s,a) € [0,1/H?) for all (s,a,h), then in the setting of
M <~ Miat,(Pin ), M* is a regular model with constant

. 96
LM A*

Proof of Lemma G.7. Take some MDP M’ € Mt (M*) such that Dy (M* () || M'(7,)) > 0.
Let M" be such that

Dy (M, (mi(s, b)) || M2, (mi(s, b)) =0, Vs, h
and

DKL( ( )l ( )) =0, Vs h,a#m(s,h),

so that M" is the MDP which is identical to M* on optimal actions, and identical to M’ on
suboptimal actions (recall that optimal actions for M* are unique). By construction, we have that
Dy (M*(my) || M" (7)) = 0. Furthermore, it is not difficult to see that M” € M. In particular,
to verify that PM"(s' | s,a) > Puin for each (s, a, h, s'), we note that since M*, M’ € M, for
every (s,a,h,s’), we have Pé”*(s' | $,a) > Ppin and P,i”/(s’ | $,a) > Ppin. By construction, we
have that P}*"(- | s,a) is identical to either PM" (- | s,a) or PM'(- | s,a) for each (s,a, h), so it
follows that P, (s’ | s,a) > Ppin. The remaining conditions for inclusion in M are immediate.
We consider two cases.

Case 1: M" € M (M*). Forr € II, by Lemma G.15 we have

Di (M*(m) | M'(r)) = hwzf*’ (s,0) Dt (M2, (a) || My (a)),
and :
Dy (M*(r) | M"(x Zhwh (s, a) Do (M (@) || M, (a))
_Zhwh T(s,0) D (M, (a) || Ml (a)) - I{a # m.(s, h)}
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so that

IDKL(M*( ) || M (7)) — Dy (M* () || M" (7))

= wf (s, (s, h)) Dk (M;h(ﬂ*(sa ) || Mgy, (74 (s, h>))
s,h

M* T
’ h
S sup wh (577T*(Sa )) X

_ Dy (M* () || M (,
s,h wﬁf T (s, (s, h)) KL( (ma) 1M ))

< sup —ee— - Dy (M*(ma) || M ()
s,h Wy, (5)

< o D (M2 () | M ()

where the last inequality follows from Lemma G.13. Thus, in this case, M™* is a regular model with
1
L= 5

min

Case 2: M" ¢ M™% (M*). Let (3,a,h) be such that QM (5,a) > Q%J,’”* (5,7(5,h)), and

note that such a tuple is guaranteed to exist by Lemma G.11 since M’ € M (M *) Let M" denote
an MDP that is identical to M” everywhere except for at (3, h, @), where we set r~ "(3,a) so that

Q™) = @) G5 ) + 6 (75)

for some § > 0 to be chosen. This will ensure a is the optimal action in (s, %), SO Ty #
Ty By construction we have that M* and M" behave identically on m,, which implies that
Qi: ’Tr*(s T.(3,h)) = Qi”*’”* (3,7«(8,h)). Furthermore, by assumption we have 7" (s,a) <
1/H? for all (s, a, h), which implies QM (5,1, (5, h) < 1/H. As QM T (5,a) = ry M (5a) +

P ' [Vhﬂfr ™(s,a) > rJ”(s a), it follows that for small enough ¢, we can ensure Eq. (75) is met
with 72 4”(~ @) < 1/H, so that M" € M.

If we can show that, for all 7, | Dg (M* () || M'(7)) — Dxp (M* () || MH(TF)) | is bounded by
some function of Dy (M*(m,) || M'(74)), we are then done. We proceed to show this. First, note
that, similar to Case 1:

D (M* () | M (7)) — Dyt (M* () || M ()|
= \ZwM (5, (5, ) Do (M3 (a5, 1)) [| Ml (a5, )|

sl ”T(§7ZL’)’DKL(M§*E(&’)||Msiﬁ(?i)) Dicw (MZ(@) || M,(@)|

1
S SUp Dyr (M*(W*) | M/(W*))
s,h wh *(s)
D)2 (5,a) - ()~ (2 (5a) -l G )|
(76)
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where the inequality follows by what we showed in Case 1, and since A" and M" have identical
transitions at (s, a, h), so the contribution to the KL divergence from the transitions cancels, leaving
only the KL divergence between unit-variance Gaussians. By the Mean Value Theorem and since
rewards are in [0, 1/H], we have

* !’ 17

S| G @) - (3,@)% - (R (5,0) - rl(5,0)) < —|T~ '(5.a) - (3,a)|.

Thus, it suffices to bound |7"M/ (s,a) — r% MY (3 a).

By assumption QM (3, a) > Q "™ (5, m,(5, h)). We can then ensure
Q) ™ E W - QT EmER) < QT (ED) ~ Q)T (B m(3.h)

for & sufficiently small. This is equivalent to, abbreviating @+ = (5, h):

7

M (5, a) + PV (3,) — e (5, ) — PE VT (3, )

ht1 ht1
~ o~ ! /! * ~ o~ ! . o~ ! *
<r "(3,a) + P [V]{ilﬂ J(5a) —ri" (5, anr) — P [Vhﬂilﬂ 1(3, @ ).

By construction we have that VM T (5) = VhM*’W*(s) for all (s, h), ry”(s Ay ) = r%” (3, ap),
and IP’%W [VhI:ILI (3, apr) = IP’%[ i [V;j_lﬂ*](s G+ ), since M" behaves identically to M on actions

taken by 7. Furthermore, we have IP’}Q? ! [Vhl\il ™(5,a) = IP’M [Véﬁ’ﬂ*] (5, @) since M" behaves iden-

tically to M’ on actions not taken by 7, other than the reward at (s, a, E) Using these simplifications
and rearranging, we get

I 5.@) = GOl < I G ae) = G ) + B VTG ) = BV G )|
+ B GLTES) - B ALIEE)
<|ry (3, ) — Tgf*(s Gy )| + \IP’M*[ Ailm](s Q) — ]P)%II [Vfﬁlm](s @)
B V1 B) — B 1B )
+IBY GG - B V)G,

Since rewards are unit-variance Gaussian, we have

’ e * o e = 2
‘7"%4 (SvaM*) - T%I (370«1\4*)’ < \/QDKL(MES(GM*) H M}LLS(GM*)) < \/IM,)DKL(M*(W*) H M/(Tr*))’
h

Since V ’W* € [0, 1], we have

P V™18 ) = B 16 )| < D IR 15,rn) = B (6 8,0
S/

< 2DTV(P (-1 3,@ue), P (- y'g,’dM*))

< 2D (P15 [ P2 5, are)
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2 ! ~ o~
< DB C 5 ) (| P2 | 5, a00))
wy “(3)

2
< | — 2 Du (M*(m)) | M'(m,)).
_\/ng @ KL (M* () || M (7))

By Lemma G.12 we have

‘P'M/[Vh]jlﬁ*](s aM*) IP;%{[ h]vJIr’lﬂ* S aM* ‘ < ZPM s ‘S aM*)’thj*lﬁ*(sl) _ @i/iw*(sl)‘
y o~ SH
< 2B 15 @) - | e D (M () | M ()
Wi (s')
8H
S sup e DKL(M*(TF*) H M/(Tr*))
s\ w2 (s)
h+1
and similarly
M’ ;TTx My M T ~ 8H . ,
PV (5,a) — PY VTG )] < sup | e - DL (M () [| M ().
s Wi (s)
Altogether then:
A7l s~ ~ ! o o~ 8 32H
P2 (5,) = G| < | | s | e | - VD (M () [[ M ()
“r () h+1 (5)

96H
< sup MmN . \/DKL(M*(W*) H M’(?T*)).

sho || wy " (s)
Combining this with Eq. (76), we have
| D (M* () || M'(m)) — Dy (M*(m) || M" ()]

1 96
< sup —z——— - Dy (M* () || M () +sup , | - /Dy (M*(m,) | M/ ()
show, " (s) sh \| Hw, " (s)
1
< —— Dy (M~ M’ D M’
< i D (M) M) | - VD ) T ()
where the second inequality uses Lemma G.13. Thus, in this case M™ is a regular model with
96
A

min
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G.5.2. TABULAR MDPS SATISFY BASIC ASSUMPTIONS

Lemma G.8. Tabular MDPs with unit-variance Gaussian rewards satisfy Assumptions A.2, D.1
and D.2 with

]P’M/’”(T)

log — 7
0g PM,7 (7—)

L, =V, =8H 4+ max maxmax
M,M'em m€ll T€T

)

and D(- || -) = Dyi (- [|-), where T := ST and PM™ (1) denotes the probability of observing state
sequence T € T on M when playing policy .

Proof of Lemma G.8. We verify each assumption separately.

Verifying Assumption D.1. Fix some M, M’, M € M. Our goal is to bound
| Dxp (M (7) || M () — Do (M (7) || M'())]| -
Let M denote the MDP with transitions identical to M but rewards identical to M. Then

| D (M () || M (7)) = Dice (M () || M (m)) | < | Dice (M () | M (7)) = Dice (M () || M ()|

+ | D (M (m) | M/ (7)) — D (M () | M'(m))|
We bound these terms separately. First, by Lemma G.15 we have

DKL(M(W) | M (m))
= wy"" (s, ) D (Mn( (s, h)) || Mgy, (w(s, b))

s,a,h

= ¥ w60 |5 (5.0 11 (5.0 4 D (B sn(en ) P s )|

and, given our definition of M,

Dyw (M () || M ()
M,T 1 M M’ 2 M M’
= % (o) | 5 (s.0) = 1 (5.0 4 D (B (o) [P s )|

s,a,h

Thus,
‘DKL(M(W) | M'(7)) = Dy (M () | M (m ))\

=15 3 0 ) [ (s ) i (5.0))2 — (rf (s.) — 7} (5,0))°

s,a,h

<th (5,a)|rM (s,a) — ril(s,a)|

s,a,h
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< Z wy"" (s, a)\/2DKL(Msh(a) | M sh(a))

s,a,h

2H - z:wM7r (s,a) DL (Mgn(a) || Mg (a))
s,a,h

- \/QH-DKL(M(W) I M (7)),

where (a) holds by the Mean Value Theorem and the assumption that reward means are in [0, 1], and
the final equality holds by Lemma G.15.

We turn now to bounding the second term. Let 7 = S* denote the space of all possible state

trajectories. Let PM™ (7 = -) denote the probability of observing 7 € 7 when playing policy 7 on
M. We then have

]P’M’”(T, T)

Dy (M () || M'()) = /10% mdpﬁ’”(r, T)
P T)]P)M 7T( ) M, M,
= [ 1o gy e 4 i
= /Iog g]\[,(())d[PM,W(T) + /(/ log WdPM’W(T | T))d]P)]er(T)
= Z PM7 (1) log P 77—_ + Z PM:™ (1) Dy, (IP) T (e | 1) | PM (| 7_))
TeT TeT

It follows that

| Dy (M () | M () fDKL(mw) | M ()|

PM, 7r [P)M,ﬂ'
Z]P)]\Iﬂ‘ lOg . Z]Pﬂ\/[ﬂ' log . (T)
reT B reT Prem(r)
+ Z ’PJW 7r IP;M 7r )‘DKL <P1V1,7T(T, ‘ T) H PM/;T(T. ‘ ,/_))
TET

Note that, since rewards at each state are independent,

H
D (B (r | 7) [ [ 7)) = 3 D (B (| 7) [BY"7(r | 7)) < H,
h=1

since rewards have means are in [0, 1] and are unit Gaussian. This implies

> IPYT(r) = B (1) D (B | 1) | P | 7)) < H Y [P (r) = P

T€T T€T
= HDyy(M(m), M(r))

<H\/ Dy (M () || M(x)).
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Note that %x log % =1+ log % so by the Mean Value Theorem we have

PM,W(T) log m _ PM,W(T) log o (( ))
]P)MW( ) ]P’MW(T) M, M,
§<1+max{logP(T) lgW })IP’ (1) — P*7(7)|

]P)JM’ s (,/_/)

P B

1+ max max
MeMTET

)P r) — )

It follows that

pM pM.
Z PM 7r 10 T Z PM, 7r 10 (T)

& oa x () PM’ T &) PpM',m (7_)

TET TET
)'Z“}DMW( ) P]\/Iﬂ'( )‘

TET

/

IF;M/
< (1 + max max |log

MeMTET IPM/ !

3 \1

M/GMT/GT !

/

/

()
()
- (1—1— max max |log P ’”E /; ) -DTV(M(W),M(W))
()
(')

IP;M/
< {1+ max max |log ——F—=
M'eM T'eT ]P)]M

) /3P () | 3 ().

This verifies Assumption D.1 with

pM'T T)
L. =1+VvV2H + H + max max max —.
P (7)

log
M'eM,M eM €Il T€T

Verifying Assumption D.2. That D} (M (x), M’ (7)) < D(M(x) || M'(r)) is immediate, since
KL always upper bounds Hellinger squared.

Verifying Assumption A.2. We have

P (7, 0) PM (1)
log —— 2 =]
og pM,m (T’, 0) og PpM,m (7-)

P (r | 7) (1) "(rn | T)
1 =1 1
+ Og]P)]VIJI'(T|7—) OgPMﬂ'T +Z Og]P)AITrT-h| )

Using the same calculation as in Lemma G 1, we have that log PO, w(rh‘ 7) s 8-subgaussian, since

(ral7)
M (| 7)

T (ralT)

rewards are unit-variance Gaussian. As log m and log B (7 ) 1€ independent for h # A/,
it follows that log = FIT. ”ETI ; is 8 H-subgaussian.
Furthermore, bounding
P (1 PM7 (1)

log < sup supsup

= Vr
PAT(7) M,MeMTENTET ’

1 N S
°8 par(7)

we have that 10g PIT, :E ; is VT subgaussian. Since the sum of subgaussian random variables is

17 (r0) _ 1oe BX7(T) P (rr)

subgaussian, it follows that log PL (ro) = log prr=4 () + log parm 1 ) is (VT + 8 H)-subgaussian,

which verifies Assumption A.2.
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O]

Lemma G.9. Let Py = infayrenq infy, o 5 o P (8" | s, a) and assume M is such that P, > 0.

We can construct a (p, j)-cover of M with respect to € := {|r,| < 1+ \/2log(2H/u),Yh € [H]},
with

Noow (M ) < 1 (2H (2 4 /log(H/)))5AH
cov P mm{pfl‘?“ﬂp m}S2AH pSAH

Proof of Lemma G.9. Throughout this proof, we use M = {(PM)i_ (rM)IL_ 1 € M to denote
the MDP in M with R}’ (s,a) = N (r}' (s, a), 1); for brevity, we S, A, and s; to be fixed and the
dependence on them.

Observe that for any models M, M’ € M, we have

o P]M,W(r’ 0) - PM, 7'('(7_) o IP)]MJI’(T ’ 7_)
g M — oM () 0 M
Mo (r, 0) &P (r) P (r \ T)
B (that | Ty (70, B PMT (rp, | 7)

PM (g | Ty (Th, EP T (r, [ 1) |

H H
=2 |ls + 2 [log
h=—1 =1
LetZ. = {e,2¢,...,|1/e]e}, so that |Z;| < 1/e. Let P, denote an ¢ cover of Ag in the {,-norm,

so that for any P € Ag, there exists some P’ € P, such that sup,cs |Ps — P;| < e. It suffices to
choose P. = Z7 N Ag, so we can bound |P.| < 1/&°. Let

MCOV - {M { )h 1 (rh )h 1} ( ’ Sva) € 7351,7“#(3,&) € I€27 Vs,a,h}
for parameters €1, 2 > 0 to be chosen. Then

1 1

SAH
Moy = (’P81HI52D < SQAH 6SAH‘
2

We will show that M.y is a (p, u)-cover of M for approprlately chosen £ and 1,2 > 0.

Let & := {|rp| < 14 /2log(2H /1), Vh € [H]}. As we assume rewards are unit-variance
Gaussian and have means in [0, 1], it is stralghtforward to see that P[£¢] < p. Fix M and let
M’ € M.y, denote the instance such that

IrM(s,a) — "' (s,a)| < ey and sup\ M(s' | s,a) — PM' (5" | s,a)| <e1, Vs,a,h.
s'eS

Note that such an instance is guaranteed to exist by definition of M.
By a similar argument as in Lemma G.1, we can bound, on &,

Z

h=

H

< D (U |ral) -sup [rf(s,@) — 74" (s,a)]

h=1 S,a

< HZ+ V2log(2H/p)) - sup [ (s, a) =i (s, a)|
< H(2+ v/2log(2H/ 1)) - €2

P (r | 7)

log
"(rp | T)
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We also have

By'(s' ] s,a)
Py(s' | s,a)
PM(s' | s,a)
PM(s'|s,a) —x

Z h Th+1 |Th7 (Thuh))

< H- sup
h= PAI Tthl ’Thv (Th7h’))

!
h,s’,s,a

log

log

< H:. sup sup

|z|<eq h,s',s,a

€1
< H- sup
h,s’,s,a P]iw(s/ | Saa) — €1

where the last inequality holds as long as inf, ¢ 5 , P (s' | s,a) —e1 > 0. Denoting Py, :=
infyreminfp g 5.0 PR (8" | s, a), for Moy to be a (p, it)-cover, it therefore suffices that

H(2+ /2log(2H/ 1)) - €2 < p/2,

so it suffices to take

& SP/Z and  Puin 251/2

min

Pmin
g1 = min{p4H ,2Ppin} and g9 =

p
H(2+ +/log(H/p))

The result now follows from our bound on | Moy |. O

G.5.3. TABULAR MDPS HAVE BOUNDED UNIFORM EXPLORATION COEFFICIENT

Lemma G.10. For the tabular MDP class M in (27), we can bound, for all € > 0,

320000SAH? -log> H

CP (M,e) < 5

exp

Jor D(- | +) < D)

Proof of Lemma G.10. Let { € A(M) be given. Define

Dexp = arg min max E D

Eﬂwg
pGAH qe II

(wy, " (5,))’ ”

s,a,h EW Np[wl]:[ﬂ— (870’)]

We first show that, for any M € M and any T,

Egr..e [DA(M(m), M(m)] < \/SAH? - By [Brp,, [DR (M (), M (m))])
Consider any policy m. We can bound
Bz [Df (M(m), M ()]

(a) _
< 100log(H) - Y EMNJ T (s q) DR (Msh(a),Msh(a))}

s,a,h
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®) M (s, )2
< 100log(H) - ZEM%[E Wy (5,) ]

s,a,h W,Npexp [w?f’ﬂ (87 a’)]

ST ol Rt ]

s,a,h

© 200 log () Y E wy (s a)? ]
= 0g : M~ =
s,a,h ¢ IE7""\4?cxp [wll«tl’ (87 CL)]

S e e R ]

s,a,h

where (a) follows from Lemma A.13 of Foster et al. (2021), (b) follows from Cauchy-Schwarz and
Jensen’s inequality, and (c) follows because the Hellinger distance is always bounded by 2. Now
note that, by definition of pex;,, we have

w"" (s, a)?

!
s,a,h T ~Pexp [wf]:,/lyﬂ (S? a)]

< min max D
pEAN gEA
s,a,h

g7

(W)™ (s,a))? ”

EW’NP[’U}}?J/(S: G,)]

and by the minimax theorem, we can bound

. (wp " (5,a))? . (W (s, )’
min max Er~g E]WN§ T = max min Erng EMNg 7
PEAT gEA sah Eﬂpr [wh ) (S, a)] qEA PEAT o ]E7T/Np [wh s (8, a)]

i M,m 2 ]
w S,a
< max Erng |Efzee (w, Ié;/ )

IO Sk L | Ergwy, ™ (s,a)]] ]
- e w " (s,0) ]
< max g | Bz _

a€tn 5,a,h L ¢ _Eﬂ’Nq[wl]f’W (s,a)] ] ]
= SAH.

By Lemma A.9 of Foster et al. (2021), since 1 (s, a, h) := %w}’?’ﬂl (s,a) forms a valid distribution
onS x A x [H]|, we can upper bound

wy ™ (5,0) DR (Mo (), Ma(a)) < HD (M ('), M (x).

s,a,h

Altogether then, we have shown that for all © € 11,

Ex7.e D} (V(m), M(x))] < 20010g(H) - \/SAH? - Exz._([Enspoe, [} (V(), M ()]

as desired. Since the Hellinger distance is a metric and satisfies the triangle inequality, this in
particular implies that, for any M, M’,

D (M (m), M'(m)) < 2E g7 [DR (M (), M(7))] + 2Bz, [D (M (), M’ (7))
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< 400log H - \/SAH2 Ee[Enmpons [DE (L (), M(m))]

+400log H/SAH? - Ei7_[Brnpey, D (M (r), M'())])

Thus, if

62

<
320000SAH? -log> H

E 17 [Ermpeny [DR (M (), M" ())]]

for both M” € {M, M'}, then D% (M (w), M'(7)) < e. It follows that a sufficient choice for C2

exp

is 320000S AH? log® H /2. O

G.5.4. SUPPORTING LEMMAS

Lemma G.11. If M has a unique optimal policy 7\, and M' € MM, then there exists some
(s,a, h) such that

Q™ (3.a) > V2 (3).
Proof of Lemma G.11. Assume that this is not the case, i.e. that for all (s, a, h),
Q™M (s, 0) < VT (s) = QU (s, (s, ).

Our goal is to show that in this case 7,,, = 7,,, which contradicts the fact that M’ € Mplt (M). We
proceed by induction.

Base Case. Let h = H and assume that for all (s, a),

M/, M,
Q™ (s,a) < Qp ™ (s, mu(s, h)).
This contradicts the assumption that 7,, is unique.

Inductive Case. Assume that 7,/ (s, h') = m,, (s, h') for all s and A’ > h. This then implies that

VM (s) = V™™ (s) for all . It follows that for all

M M

Q"™ (5, ) = ri (5,0) + BY [V )(5,0) = 1 (5, ) + By IVt (s, ) = @)™

S, a)

!
so in particular Q],;I/’KM (s,ma(s,h)) = Q;\Z[ o

(s,a)

M’ (s, (s, h)). Since we have assumed that for all

Qzﬂ,ﬂ']\/j (5,a) < Q}A:[I’WM (5,7 (s, h))

we have

My My

w1 (s h) < QM (s, (s, ).

However, since each M € M has a unique optimal action at each state, this is a contradiction unless
(8, h) = my (s, h), which proves the inductive hypothesis. The result follows. O
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Lemma G.12. For MDPs M, M’ with unit variance Gaussian rewards, we have

VhM’,ﬂ'(S) _ VhM’ﬂ—(S) < \/w;?ﬂ]{((g) - Dy (M () H M’(ﬂ'))

Proof of Lemma G.12. In the Gaussian reward setting, we have

r%/(s’,a’) —ry(s,d) < \/(r;f,'(s’,a’) —ry(s,a))? < \/2DK|_ (thsf(a/) [ M’,VS,(a’)).
Furthermore, since th‘,ﬁ’f (s') € [0, 1], we have
Py (VT (s,a) — B[V TI(s a') < Z P (s" | 8, d) — PM(s" | §',d)|
= 2Dy (Ph/ (1) B (| o))

< /2D (P (| o' a) || P (| o))

< \/QDKL (Mh/’s/(a’) H M/,78,(a/)).

By Lemma G.14, Jensen’s inequality, and Lemma G.15, it follows that

H

Vh]w/ﬂr(s) - Vh]vf,ﬂ'(s) S Z wé\/{ W(Sl’ G/ | sy = S) . 2\/2DKL (Mh',s’ (a/) H M]{L’7s’ (a/))
h'=h s',a’

<2 QHZZwMWs,a’\shzs)DKL(Mh/,/( NI My, o (a )

=hs’,a’
H
2H
S 2 My Z w;ﬁ W(s’, CL/)DKL (Mhl,sl(a/> H M/,7S/ (a’))
W (S) h'=h s',a’

< 2\/ %DMM@T) | M(m))

wp,

where we have used that, for h < A/,

wi{’”(s', a) = w;\;ﬂ(s’, a | s, =8 YwY(s", h) > w;;f (s a | sp = s)w,jy "(s).

SH

Lemma G.13. For any M € M for which 7, is unique, we have

A]\

min M (S) °

< minw,
s,h
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Proof of Lemma G.13. Let 7 denote the policy that differs from policy 7,, only at the state

5 and layer h glven by (3,h) = argmin shwp "M (s). Note that this implies in particular, that

W™ (5) = w7 (3) since 7 and 7, take identical actions up to step h. By the Performance-
Difference Lemma (Kakade, 2003), we have

H
VMM AT Z w7 (5,0) (V0™ (5) — Q)™ (s, a))
h=1 s,a

@ W (3,73 1) (VT (E) - QU (3,7 (1))
— W (E) (V2 () — QU (3, 7(5, 7))

< w;:W,ﬂ'M (g)

where (a) holds since V,"™ (s) = Q;""™ (s, a) for all (s, a, h) with wM 7r(s, a,h) > 0 other than
at (3, h). By assumption, the optimal policy is unique, so V"™ — V;*™ > 0, and thus

. M M M M, M . M
AM = min L A A B ws TM(E) = minw, ™ (s).
rell : VMM _y Mo s,k

O]

Lemma G.14 (Lemma E.15 of Dann et al. (2017)). For MDPs M, M’ and policy ©r, we have

VhM/’ﬂ(s) Vi Z Z wi (s a | sy = 8)- | (s, d)) — (s, d) + P [V,ﬁi’f](s’, a’)

=hs',a’
RO
Lemma G.15. For MDPs M, M’ and policy w, we have

H

D (M(m) || M' (7)) =Y 0> wp™(s,a) D (Mhs(a) || Mp(a)).
h=1 s,a

Proof of Lemma G.15. This is a standard calculation; see e.g. (Simchowitz and Jamieson, 2019;
Tirinzoni et al., 2021). ]

Appendix H. Proofs and Additional Results from Appendix B
H.1. Technical Lemmas

Throughout this section, when the class M is clear from context, we define
A(M;e,n):={ e A : In<nast. AYN) < (1+¢e)g"/n, I (\M) > (1—¢)/n}. (T7)

132
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Lemma H.1 (Derandomization). Let i > 0 be given. For any p € A(A(II)), defining j\p =
Exp[A] € A(II), we have that for all M € M,

I{Ap ¢ A(M;e,n)} <671 Proy[A & A(M;e/2,7))],

where § := § - min{l, ﬂ}

n

Proof of Lemma H.1. Let M € M be fixed and abbreviate [ (\) = I"(\; M). Fix p € A(A(ID)).
Forany A € A(M;¢e/2,n), let ny > 0 denote the least n > 0 such that

AM(N) < (1+¢/2)g"/n, and IY(\M) > (1—¢/2)/n.

Define

1 -1

n= <EA~p [n | A e A(M;E/Q,n)}) ,

A

and note that by Jensen’s inequality,
n < Exvplna [ A€ A(M;e/2,m)] <n.

We first observe that since A € [0, 1],

AY(R,) < ErnglAY (V) | A € A(M;2/2,7)] + PanylA ¢ A(M;2/2,7)]
< (L+2/2)8" - Bany |1 | A € AMie/2.7)| + Panyl ¢ A 2/2,7)

= (14228 1 Paylr ¢ A 2/2,7)]

Next, note that the map A — I (\) is concave and non-negative (it is an infimum over non-negative
linear functions), so we have

IM()‘p) > EA~p[IM()‘)]
> ExplI”(A) | A € A(M;e/2,0)] - Paoy[X € A(M;2/2,7)]

> (1—¢/2)Exep [:A |\ e A(M;e/2, n)] Proph € A(M;e/2,7)]
= (1-¢/2)
= (1-¢/2)

It follows that as long as

M M
ProplA & A(M;e/2,7)] <6 := % . min{l,g} < % . min{l,g},

Prplh € A(M;e/2,7)]

S|—>S| -

(1 =Pyp[X & A(M;e/2,0)]).

we have

AM(N\) < (14¢)g"/n, and IY(Ap; M) > (1 —¢)/n,
so that A, € A(M;e,n) C A(M;e,n). We conclude that

I{N\, & A(M;e,n)} <I{Prop[X & A(M;e/2,R)] > 6} <51 Prop[h & A(M;e/2,0)].
O
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Lemma H.2. Let M € M be given, and suppose Assumption A.4 holds. Fix T € N and consider an
algorithm A such that for all M' € M (M) U {M},

EM"“[Reg(T)] < R - log(T).

for some bound R™ > 2. Define n™ € RE via

GEE

log(T) |
Then if
6 RM’
log(T') > —log sup —o - log(T) |,
13 M'eMalt (M)U{M} A%in
we must have

(s M) > (1—<).

Proof of Lemma H.2. Throughout this proof we will use that 7, is uniquely defined for all M € M
by Assumption A.4. Note that

RMlogT
EV*[Reg(T)] < RMlogT = Y EM*[T(r)] < Tflfg.
AT min

Fix some M’ € M (M). Then ), # 7, (recall that under Assumption A.4, each M € M has a
unique optimal), so

R logT , RM log T
BT ()] € =g BT ()] 2 T = =7
min min

By Lemma H.1 of Simchowitz and Jamieson (2019), we have that for any HT -measurable variable
Z €]0,1], that

> EMAT(m)] D (M (r), M'(m)) > d(EM (2], B *(2])

™

for d(z,y) = zlog  + (1 — z)log % Choosing Z = T'(m,,/)/T, and using that

dla,y) = (1= ) log T ~ log2
we have
B ID ) M () 2 (1= T o — s
: i,
= <1 — m> <logT — log RZIJ\}gT) — log 2.
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Now, if

AM’

2 SUP pj7 e Aqalt R™' logT
log(T) > 8log< Parremen (M)u{ar} chly 2>,

we have log(2) < elog(T),

RM'log T
logT — log(AM,> > (1 —¢)log(T),

min

M
and 1 — RAMIOgTT > (1 —¢), so we can lower bound

min

STEM AT ()] Do (M (), M (1)) > (1= €)* — ) log(T) > (1 — 3¢) log(T).

™

As this is true for every M’ € M?(M), the result follows. O

Lemma B.1. Ler ¢ € (0,2), and suppose that Assumption A.4 holds. Fix T € N and consider an
algorithm A such that for all M € M,

E**[Reg(T)] < (1 +¢)g" - log(T).

For each M € ./\/l, deﬁne nM c RE via 77M (7'() = M. A [lgg)}, where T(TF) denotes the number Of

pulls of decision m, and define \ = n™ /||\n™||,. Then if

log(T) > §10 su 287 log(T")
g =2 g MEIXA AV g )
we have that for all M € M,
AM e A(M;e). (35)

Proof of Lemma B.1. Immediate consequence of Lemma H.2. O

H.2. Proof of Theorem B.1

Theorem H.1 (Full Statement of Theorem B.1). Let ¢ > 0 and My C M be given. Let {n™ } nre m,

be a collection of non-negative scalars indexed by My, and set § := § - min{l, inf prem, §—M .

Unless
0 _
T > - sup aech! (Mo, M),
8 MeM+

any algorithm must have, for some M € M:

P-4 [X ¢ A(M;e, ﬁM)} >

S
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Proof of Theorem H.1. Fix ¢ > 0, and let an algorithm A be given. For any M € M, define
= PTA(N =) € A(A(ID)), and let w™ := EM’A[% Z;f:lpt] e A(II).
Fix a > 0 and M € M™ be fixed. Define

M = argmax{P, [\ ¢ A(M;e,i)] | B [Di (M(r) || M(m)] < a?};
MeMg

we assume that such an M € M, does exist, as otherwise the claim we will prove is trivial. It is
immediate from this definition that we have

P74 (R ¢ A(M; e,
=P, A ¢ AM;e, )]

— sup {PAqu[A ¢ AM;e,n™)] | B s [Di (M(m) || M(m))] < a2}

MeMo
=z ll’lf su IP) ~ A A M &€, EwNw D M < a2
T geA(A(ID))weA(TT )Meﬁlo{ xglA ¢ A( ol [Dru (M () [| M ()] }
=: opt,

with the convention that this value is zero if the set { M € Mg | Ery [Dr (M (7) || M (7))] < o?}
is empty. In addition, we have

E, i [Dxi(M(7) || M(m))] < a?. (78)

Now, define § := § - min{l, infare m, %}, and let \, := Ej,[\]. By Lemma H.1, we have

PE= it eny P, (Bavald & A2 0] | Brv [Dict (M () || M (m)] < 07}
=0 geN(A (111I)l)fweA(H) ]\/[Sél/ao{]l{)\ ¢ & A(M;2¢e,7 ") } | Ero [DKL( (7) ||M(7T))] < 042}
=0 )\GA(HI)DLEEA(H) Ajéljao{ﬂ{)‘ ¢ A(M; 26, 0")} | B [ Dicu (M () || M(m))] < a2}
>4 inf sup {I{\ & A(M;2¢)} | Exw[Dre (M (7) || M(7))] < a2}

)\EA(H) weA(II) MeM,

_ 5.]1{a > (aec2€(./\/l0,M))_1}. (79)
We conclude that
PM[X ¢ A(M;g,ﬁM)} > 5. H{OP > (aecgg(Mo,M))‘l}. (80)

To proceed, using Lemma A.11 of Foster et al. (2021), we have

Pt A(M; e, )| > > Lpm SN ¢ AMe ) - %DKL(PM’A |PM)

S W

_ 4 -
> 41{(12 > (aec%(MO’M)) 1} B gDKL(P]\/LA H IPM,A)_

w
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Using (78) gives

=TE__ w[Dx(M(r)| M(n))] < o*T,

T
D (P | P #) = B4 | By D (M () || M(7))

t=1
so we have
]P)MA,A|:/)\\ ¢ A(M;&ﬁM)} > é]]{az > (aecé\g(Mo,M))il} _ éoﬂT.
3 3
We set o S‘ST, so that
PM’A{X ¢ A(M;s,ﬁM)} > g : ]I{a2 > (aeCQQ(Mo,M))fl}
- g .]I{T < g aecﬁg(Mo,M)}

By taking the supremum over all possible choices for M € M, we conclude that unless
5 _
T>-- sup aecy! (Mo, M),
8 Mem+

the algorithm must have P-# h) ¢ AN(M;e,nM)| > %. O

H.3. Proof of Theorem B.2
Recall that for M € M™ we define

7y = arg max f(7)
well

as the set 7r), C II of all optimal decisions 7 with f*(7) = max,¢cr f*(7'). Unless otherwise
stated, the results in this subsection do not make use of Assumption A.4. For M € M™ and
My C M, we define

MPYM) = {M € My | 7y C 75, Dy (M(7) || M () = 0Vr € 757}

For a subset IT' C II, let
N =|{te[T]|x" ¢1I'}|

Note that for all M € MOpt( ), since 7,, C 75, we have

N—“TFM S N—|7TM
Theorem B.2 (Main lower bound—strong variant). Let € > 0, nypax > 0, and Mo C M be given,
and define 6 = 5 - min{1,infare vy 8" /Nmax ). Unless
M J—
sup - log(T) > Q(8%) - sup aecy (MG (M), M),

AM
MeMy Amm MeM+

there is no algorithm that simultaneously ensures that
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1. EM*Reg(T)] <2-g"log(T), VM € M,.
2. IPM»A[X ¢ A(M; 2, nmax)| < &, YM € M.

Proof of Theorem B.2. Foreach M € M, if EM *[Reg(T)] < 2g" log(T), then EM *[N_,,] <
25 £ log( ). The result now follows by appealing to Theorem H.2 with A" = np.x and R =

min

M
28Up ey o log(T). O

Theorem H.2. Let T € N, e > 0, R > 1, and Mo C M be given. Let {0 } yre pm,, be a collection

of non-negative scalars indexed by M. Define § = £ mln{l inf prem, gj‘é } Unless
52 ot  T7). Nf
R>— - sup aecy’( M (M), M),
192 srem+

there is no algorithm that simultaneously ensures that

1. EMA[Nop,] < R, YM € M,

2. IP)M’A[X ¢ A(M;e,ﬁM)} <& YM e M.

Proof of Theorem H.2. Let ¢ > 0 be fixed. To prove the result, it suffices to lower bound the
constrained minimax value

M:= sup inf{ sup }P’M’A[X%A(M;E,HM) | EM4[Nor, | < R VM € MJP(IT )}.
Mem+ MeMEPY (M)
(1)

We begin by appealing to the following technical lemma.

Lemma H.3. Let M € M™ and T € N be given. Consider any algorithm A with the property that
forall M € MJP'(M),
EIM A[ “77]\[] < R

for some R > 1. For any € (0,1), there exists a modified algorithm A’ with the following
properties:

o PMA [Nﬁﬂ-ﬂ > [%1] = 0 for all models M € M™.
« Forall M € MP (M),
P X ¢ A(M;2, 7)) = P (R ¢ A(M; )] - 8.
By Lemma H.3, for any 8 € (0, 1), we have
M > sup inf{ sup IP’M’A[X ¢ A(M;E,ﬁM)} | pMA [Nﬁﬂ-M > [R-H =0 VM e ./\/l+} - B.
Mem+ MeMGP* (M) p

Now, consider an arbitrary choice for M above. We lower bound the minimax value using another
technical lemma.
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Lemma H4. Let T € Nand e > 0 be given. Let {n™ } r,re s be a collection of non-negative scalars
indexed by M. Consider any algorithm A with the property that

]P)M,A[N

—\WM

>R| =0
for some R > 1. For any M € MY, if we set § := 5 min{l,infMeMgpt(M) %}, then unless

R> 2 - aeclt (ME(WI), M),

the algorithm must have

sup  PY* [X ¢ A(M;s,ﬁM)] >
MeMGP (M)

SIS

Bounding [%W < 2;2 it follows from Lemma H.4 that unless

<

2? > — aec26(/\/l°pt( ), M),

co

where § := 5 - min{l,infMeMgpt( )ﬁT} we have

m > inf{ sup  PM* [/): ¢ A(M;e, HM)} | pMa [Nﬁﬂ-M > [R
MeMSP (M) B

H:o VM’e/W}—ﬁzg—ﬁ.

To conclude, we set 5 = 2 and maximize over M € M™. O

Proof of Lemma H.3. Fix 5 € (0,1) andlet C' := (%} Fix A = (p, ¢) and consider the algorithm
A" = (p/, ¢') defined implicitly as follows. Fort =1,...,T"

e Sample 7! ~ p'(- | H!TL).
« If |{i <t|n' ¢ w5 }| = C, break and play an arbitrary decision 7 € 7 until round 7.

Return A ~ ¢(- | #7T).

It is immediate from this construction that A" = (p', ¢') has N—r _ < C almost surely under all
possible models M € M™. We now focus on bounding the performance. Let T be the greatest
value of ¢ for which |{i < ¢ | 7' ¢ 75 }| < C. First, observe that for all M € MP*(M), since the
algorithms behave identically in law whenever Ty = T,

P [X € A(M;g,ﬁM)] > pM [X e A(M;e, i) ATy = T]
=P X e A(M3e, i) ATy =T

= PM’A[)\ € AM(M;e, ") AN Nom . < C]
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By the union bound, we have
IP)M,AP: c A(M;e,ﬁM) A Nﬁﬂ-ﬁ < C] > ]P)M,A[’/\\ c A(M;&,ﬁM)} B ]P)M’A[Nﬁﬂ-ﬁ > C].
Finally, we observe that by Markov’s inequality we have

B [Nomgy] _ B4 [Nagy]

P4 [No > C] < 8 < C

<5,

where we have used that Nﬁﬂ.]W < Nog,,, since w,, C 7. Rearranging, we obtain
P4 [X ¢ A(M;e,ﬁM)] > PV [X ¢ A(M;e, ﬁM)} ~B.
]

Proof of Lemma H.4. Fix ¢ > 0, and let an algorithm A be given. For any M € M™, define
¢ = PN = ) € A(A(ID), and let w™ = EM’A[ a— Dbt p] € A(II), with the
convention that the value inside the expectation is zero whenever N = 0.

Fix a > 0 and M € M™ be fixed. Define

M= argmax {P, wA¢ AM;e, )] | E,_u [Di (M(m) | M(m))] < 0?};
MeEMGPH (M)

we assume that such an M € /\/lOpt( ) does exist, as otherwise the claim we will prove is trivial. It

is immediate from this definition that we have

P4 [X ¢ A(M;g,ﬁM)]
=P, [\ ¢ A(M;e,)]

= sup {IP)ANQM g A(M;e,n™)] | E___ s [Di (M(x) || M(x))] < a2}
MeMSPY (M)

> inf sup ProolA & A(M;e, A | Epw [Drr (M (7) | M(7))] < o2} =: opt,
qGA(A(H)),weA(H)MGMSP“(M){ walA & AC I [ KL( (m) [| M ( ))] }

with the convention that this value is zero if the set {M € MOpt( M) | Ernw [DrL (M () || M(7))] < a2}
is empty. In addition, we have

E, i [DxL(M(7) || M(m))] < a?. (82)

Now, define 0 := § - min{l,infMeMgpt( i) & g } and let A, := E),[\]. By Lemma H.1, we
have

opt = inf sup  {Paog[A ¢ A(M;e,n")] | Bro[D M(m))] < o?
T sty weam )MEMSR(M){ el £ A )] [Dru (M(m) || M(m))] < o}

9.If N

-my; = 0 almost surely under M, we can take R = 0, in which case the statement of the lemma is vacuous.
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20 enwdweam Me;%g(m{]mq ¢ A(M;2e,0")} | Ere[Di (M (7) || M(m))] < 0®}
28y S8 o (U A2} | B [Dr (W) [ M ()] < o)
20 AeA(Hi)I}ogeA(H) Me/\sjggt( ){H{)\ ¢ AM; 26)} | B [DKL( (m) || M (m ))] < a2}
—se1fa = (rciaaom, i)

Hence, we have
e —\ -1
IPM’A‘[/\ ¢ A(M;s,ﬁM)} > 5-H{a2 > (aec%(/\/lOpt( ), M)) } (84)
To proceed, using Lemma A.11 of Foster et al. (2021), we have

~ e 4 _
IP)]\/I,A[)\ ¢ A(M;E,ﬁM):| Z IED]\/I,A[)\ ¢ A(M c ﬁIVI)] _ gDKL(PI\/I,AH]P)JVI,A)

Now, recall that from the definition, we have that for all M € ./\/lgpt (M),

Dyp(P™# || PM4) = EM* | N B D (M(r) | M(m))

|ty

Nop_ V3
— B4 | TN B, D (M(r) | M)

T
M pptg¢m

< R-EM* Z Erpt DL (M (7) || M ()

_‘”M ety

=R-E__ w[Dk(M(m)|| M(n))] < o*R,

where the first inequality uses that P74 []\Lﬂ.]\7 > R] = 0, and the second inequality uses (82).
With this, we have

pM’A[X ¢ A(M;g,ﬁM)} > gl[{a > (aeCQE(MOPt( ), ))_1} — Za?R.

We set o? =3 R, so that

\Y

PR ¢ A(M; e, )|

D DI
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We conclude that unless

) _
R> - sup aec)!(MJP"(M), M),
8 MeMm+

the algorithm must have P*-# hy ¢ AN(M;e,n™)| > %.

H.4. Proofs for Lower Bound Examples

Proof of Example B.2. Let A € (0,1) and A > 2 be given and set

M= {M(m) = N((m),1/2) | £ € 0,1 ]
and
Mo={MeM : Ay, >A/2}
Define M € M via f¥(r) = Al{m = A}. Fix ¢ € (0,1/2) and define a subclass
M = {M}U{Mi}icia_y

via
Mi(r) = Al{mr = A} + ¢ - Al{m = i}.
Since ¢ < 1/2, we have M’ C M°PY(M) and M’ C M. In addition, we have

D (M (m) || Mi(m)) = (F(m) = £ (m)).

Let M” C M denote the set of instances such that, for M’ € M”, Dg (M;(A) || M'(A)) = 0, and
M’ € MM (M), for all i € [A — 1]. Then,

IMZ’(A;M)ZM, /\ijgflt(Mv)me[DKL( i(m) || M' ()]
<M}gjf\/l/,E7r~)\[DKL( i(m) || M (7))] (85)
:Jg&m”“ (1—e)?A%I{j =i} + \; - AI{j #i}}.

‘We also have that
o (A—2) 1

& Te T TN T uon

where we have used again that e < 1/2.
Fix any pair A\,w € A and consider the value

—_

sup
MeMAME (%) { st

M () | M(m))] }
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Pick 6 < /32, and let 7 C [A — 1] be the set of models 7 for which A € A(M;; J). For each such
model, by definition, there exists n; > 0 such that

1
AMi(N) < (1488, and M\ M) > (1—6)—.
n; n;
Define n = max;c 7 n; and n = min;e 7 n;. Using Eq. (85), it is immediate that for all j € [A — 1],
Aj>(1— 6)A72, and that for all ¢ € 7,

n

1—e)2A~?
Az (1-ptme e
n;
In particular, this implies that for all ¢ € 7,
_ -1 _ 1AL
(1— 5)% +(1— 5)(182]A < AMi())
<(1+ 5)%
A—2)A~! 1—¢e) AT
St ik I ] el
n; n;
or by rearranging,
_ -1 _ -1 1 — ) 1AL
(1—5)% < (1+5)(A 24 +25( )" A :
n n; n;
_ -1 -1
§(1+(5)(A 2)A +45A ’
n; n;
_ -1
< (14228

as long as A > 6. Since this holds uniformly for all i € 7, rearranging once more gives

(1+ 26)
1-0

A< n < (1+26)°n < (14 86)n,

where we have used that § < 1/2.
Now, observe that for all 1 € 7, we have

AMi(\) > (1—8)(A—|T| - 1)A1n +(1- 5)|"7|(1—i)2An = 5)(1—<1)Am’
> (1-8)(A—|T| - 1>A1n * (114:866)|j|(1 - imn - 5)<1—1‘>Am’
(1-9)

(4191041713255 ) + (-9

1 1
> EL (=11 -0+ W25 ) + 0= 5

where we have used that 1% > 1— z, and that 6 < ¢/8. Suppose that | 7| > %. Then we have

(A—|;7!—1)+|~7!(11€> Z§<1+1;>—12(1+5/2)A—1
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> (1+¢/2)(A-1),
so that

(1-0)(1+¢/2) 1
A (A= 1)+ (=8 g5

AIW,L' ()\) 2

Noting that n < n; and § < ¢/8, we further have

AMi()) > (1 +€/4)A;1nli +{- 5)(1—16)Ani'

Observe that the right-hand side above is greater than (1 + ) % if and only if
20

(I+e/4)(A-1)>1+0)(A-1)+ T—=

which is satisfied if 6 < £/32. In this case, we have
M; g
AMi(N) > (1 +6)n—,
i

which contradicts the assumption that ¢ € 7. It follows that we must have | 7| < A/2.
Now, to conclude, select ¢ = arg min;c(4_1)\ 7 wi, and consider the value

1 1 1
e Aj}\%l(x){ﬁw [Dw (M(r) || M ()] } = By [Drl (L(n) | Mi(m))] i - A2

where the first inequality follows because A ¢ A(M;; d) by definition, and the equality follows from
the construction of M and M;. Since Yicia—pgwi < land [[A=1]\J| = 4 we must have

w; < %, so that

1 A
w; - €2A2 T 2g2A2

as desired. To complete the proof, note that this holds uniformly for all choices for A and w, and that

_ 1
aec' (Mo, M) = inf sup Vi
€ AwEAT MEMo\Mgl(A) Ernw [DKL (M(Tf') || M(T(‘))]

> inf !
> in sup — .
AWEAT MEM'\M%I(A) Eﬂ'NUJ [DKL (M(Tr) || M(TF))]

To obtain the parameter setting in the theorem statement, we rescale A < 2A and € + 32e. O

Proof of Example B.3. We reduce the lower bound to that of multi-armed bandits via a standard
tree construction (Osband and Van Roy, 2016; Domingues et al., 2021); as the argument is standard,
we only sketch the approach. Assume without loss of generality that H is a multiple of 2. Set
H = logy(S5/2). Consider a sub-class M’ C M defined as follows. All models M € M’ have
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identical, deterministic dynamics given by a binary tree. Each layer h has 2"~! states, so that layer

H has S/4 states, and the total number of states is S — 1. The agent begins from a root state s;
deterministically. For h < H — 1, there are two available actions, left and right. Choosing left leads
to the left successor for the current layer, and right leads to the right successor for the current layer.
There are no rewards for layer h < H — 1. For layer H, there are A available actions, and rewards
are arbitrary, subject to the constraint that the mean lies in [0, 1] and the noise follows A/ (0, 1/2).
It is clear that the class M’ is equivalent to the class of multi-armed bandit instances with SA/4

actions. As a consequence, the lower bound follows from Example B.2.
O

Proof of Example B.1. Let A € (0,1/6), 8 € (0,1), and A, N > 2 be given. Consider the
reference model M € M defined as follows:

« For each bandit arm k € [A], we have f¥ (k) = 1 + AI{k = A} and r ~ N(f¥(k),1).
There are no observations, i.e. 0 =1 almost surely.

* For each revealing arm 7, we receive zero reward almost surely (so M (mp) = 0) and
o ~ Unif([A]).

We define a subclass
= {M;}jen) € MGP(M)

as follows

* For each bandit arm k € [A], we have f"i (k) = § + AI{k = A} and r ~ N(fi(k),1).
There are no observations, i.e. 0 =1 almost surely.

* For each revealing arm 7}, we receive zero reward almost surely (so i (77) = 0). We have

o { LAY )
B+ (1— HUNiF((A]), =,

Note that M’ C M. For all j € [N], a direct calculation gives

D () 1 35(5) = 25 o8 (25 ) + 108 (15 50y ) =

and
Dy (M () | Mj(m)) = a - I{m = 75} (86)

In addition, it is straightforward to see that v < 23 whenever 5 < 1/2. Next we calculate that for
any j € [N]and M € M with 73, = 77, and 7y, # A,

D (155) | 31(x5)) = o (14 225 ) =1
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which has v < O(f) whenever 5 < 1/A and v > log(1+ S A). Lastly, we have that for all i € [4],
all M, M’ € M have

Diw (M) | M) = 57 (0) — £ (0))%

Let M” denote the set of instances such that for M’ € M”, 7, # A, and fM' (A) = 3 + A, so that
Dy (M;(A) || M'(A)) = 0 and M” C M3 (M;) for all j € [N]. Using the above calculations
and the definition of 1" (\; M), we can then compute, for all j € [V],

2

A
IMi(\ M) < mf Ex[Dkp (M;(m) || M (n))] = 5 r[rjljnl})\k-f—’}/ Aro (87)

A—1 (1 1 1 1
Mj—o— mind2o— (Z+A)=V=(Z4A)=
- -8 mm{ A ’<2+ )7} <2+ )7

whenever v > A/2(A —1).
Fix any pair A\,w € Ay and consider the value

and

1
o ){EM (D (M () | M(r))] }

Let J C [N] be the set of models j for which A € A(M;;1/2). For each such model, by definition,
there exists n; > 0 such that

sup

MeM\MF),

Ay < (1+1/2)8 < L
m;

n;

1
, and I"i(\M)>—.
2nj

<.

Define n = max,c 7 nj and n = minje 7 n;. Let us begin with some basic observations.

s Since AMi = AM for all j, we have AMi()\) < # for all j,j’ € J, and hence
J

1
AMi(N) < —. (88)
~n
* Any j € J must have
1 1
> — > —.
MY 2 g 2 82

. e : 2
To see this, observe that if it were not the case, we would need min;eq_q Ai% > 7 i to

satisfy the constraint that 1™ (\; M) > 2n (by (87)). But if this were to occur, we Would
have
A— 1

JW
< —
2An] AT n;’

which would contradict the assumption that v > 2A /(A — 1).
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Combing the inequalities (88) and (89), it follows that any j € 7 must have

171

1 M
e <o) A AN <
yn; ke

1
n;’

which implies that | 7| < 8. Hence, as long as N > 16, we have |[N]\ J| > N/2.
To conclude, select k£ = arg minje[ N)\T Wr and consider the value

1 1

1
sup — > = = )
MEMAME, (0 Ermew [DrL (M () || M (7)) ] Ernw [DrL (M (7) || Mi(7))]  wap -
where the first inequality follows because A ¢ A(Mj; 1/2) by definition, and the equality follows
from (86). Since ;v\ 7 wre < 1 and I[N]\ J| > &, we must have Wro < £, so that

1 N
> —.
Wro - Qv 2

as desired. Since this holds uniformly for all choices for A and w, the proof is completed. 0

H.5. Lower Bound on Regret for Algorithms with Well-Behaved Tails

In this section, we present an additional result, Theorem H.3, which shows that for algorithms for
which the tail behavior is “well-behaved” in a certain sense, the Allocation-Estimation Coefficient
directly leads to lower bounds on the least possible value of T for which any algorithm can achieve
(approximate) instance-optimality.

Theorem H.3. Let the time horizon T € N, ¢ € (0,1/2), and My C M be given. Suppose that
there exists an algorithm A with the property that for all M € M,

1. EY4Reg(T)] < (1+¢)g" log(T).
2. Forallm € 1L, if EM4[T ()] # O, then EM *[T'(7)] > 1.
3. VEY*[(Reg(T))? < 2g" log(T).

In addition, assume that 1) g™ > 1 for all M € M, 2) Assumption A.4 holds, 3) Assumption A.2
holds with parameter V., > 1, and 4) that

12 2gM
log(T) > —1 —— -log(T) ).
o) o g i ul0)
Then if we define § = € - min{1, inf pre g, SgJ‘/[/Ag++n/‘A}’ it must be the case that

2 o -1
for C < O((SUPMGM Agzlvvlj_ )t VMlagz(é )>.

min
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We prove Theorem H.3 by combining Theorem B.2 with an another technical result, Proposi-
tion H.1 (stated and proven in the sequel), which shows that for algorithms that satisfy the assumptions
of Theorem H.3, it is possible to use the empirical decision frequencies to compute an allocation that
is approximately optimal with high probability.

Proof of Theorem H.3. Define i = 3 Agi;[ + n, and set

min

gJ\/I
d:=¢e-min< 1, inf = .
MeMy nM

Assume that

12 2g™
log(T') > . log <Ns[1€1£\)/l A log(T)).
Let A be the algorithm in the statement of the proposition, and let A’ be the modified algorithm
created through Proposition H.1 with parameter 6. By assumption, we have that /E""*[N_r, ] <
log(246~Y) RPVY

2 Tog(T)
constant ¢ and 77 = T - n. Proposition H.1 implies that for time 7", the algorithm A’ satisfies

M

R :=2sup e pm Ag% log(T'). We define n = ¢ for a sufficiently large numerical

EALAI[NﬁvaI] < R :=R-n

and

e 0
P [A = A(M;25,ﬁM)} >1- 2
24
On the other hand, since the precondition of Theorem H.2 is now satisfied with parameter R’, we
have that unless
2
R>2

2 197~ SUP aecﬁg(Mgpt(M),M), (90)

Mem+
the algorithm must have

e 5
P [A € A(M;2e, ) <1- .

As % > %, this is a contradiction unless (90) holds.

Proposition H.1. Let the time horizon T € N and My C M be given. Let A be an algorithm with
the property that for all M € M,

1. B [Reg(T)] < (1+¢)g" log(T) for some & € (0,1).

2. Forallm € 1L, if EMA[T ()] # O, then EM *[T'(7)] > 1.

3. IE',M’A[N2 ] < R for some R > 2.

M
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INSTANCE-OPTIMALITY IN INTERACTIVE DECISION MAKING

In addition, assume that 1) g™ > 1 for all M € M, 2) Assumption A.4 holds, 3) Assumption A.2
holds with parameter V., > 1, and 4) that

12 2gM
log(T) > —1 ——— log(T') ).
o) 2 o g i elr)

—1y _ log(6=1) R3V} . .
Then for any 6 € (0,e™ ), if we definen = c - (52 ). 10g(% for a sufficiently large numerical
constant c, there exists an algorithm A’ that, using T' := T - n rounds, returns a normalized

allocation \ € A such that

P [X e A(M; 2, ﬁM)} >1-9,

foraM < 35&; + nM and that /EM* (N2, ] <R-nand

min M
EM 4 [Reg(T’)] < (1+¢e)g"log(T) n
for all M € M.

Proof of Proposition H.1. We first state a technical lemma regarding robust mean estimation.

Lemma H.5. Let X € R? be a random variable with i := E[X]. Assume that ||j1]|o < s, where s
is a known upper bound. For any § < e~ ', there exists an estimator [i,, that, given n independent
samples from X, ensures that with probability at least 1 — 6,

25 - E[| X — pl|3 - log(6~1)
- .

o — sl < 20y

In addition, ||jiy||0 < s with probability 1.

Throughout, we will use that since Assumption A.4 holds, 7,, is unique for all M € M. Fix
M € My. Letq € RE denote the vector of empirical decision frequencies when A is run with
horizon T, i.e. 7j(w) = T'(m). Let
77]% _ ]EJM,A[ﬁ]'

For parameters n € N and § < e~! we define A’ as follows:

* Run A a total of n times independently (so that 7/ = T -n), and let 7', . . . , )" be the empirical
decision frequencies.

* Apply the algorithm from Lemma H.5 to 7j', ..., 7" with parameters 6 and s = 2R, and let
N E IR{E be the resulting vector (note that we can take 7 to have non-negative entries without
loss of generality).

* Set T = arg max, .y 7, and set 7j(7) = 7(m)[{m # 7} and (7)) = n2* - log T" (note that n*
is a class-dependent quantity, and so is known to the learner).

* Set A =7/|lnll;.
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It is immediate that this construction satisfies |/E*"* [N2_ ] <R-nand

EMA [Reg(T')] < (1+¢)g"log(T) - n,

50 it remains to show that \ is a near-optimal allocation with high probability when n is chosen
appropriately.

We start by applying Lemma H.5. To do so, we carry out some prerequisite calculations. First,
by assumption, we have n™ (7) > 1 if n™ # 0. Using this, along with Assumption A.4, we have

" llg <1+ D #"(m) <1 +E*[Nogy ] <1+ R < 2R.

TETM
Second,
BV =0l < B | ((mar) — 0 (m)?] + 3 B[
THET M
< B () =0 ()| + B[N, .
Furthermore,
2
Y| (mar) = 0 ()| = B4 [ im) = D0 n()
THETM TETM
2
<EYA DS i)
TETM
= B4 [N_2‘7|'1v1:|'
so that

EM4|1f — |5 < 2BMA[N2 ] < 2R

AL

As a result, Lemma H.5 implies that with probability 1 — ¢,

log(6—1
=l < 2B e a

where C; = O(R3).
Next, we appeal to Lemma H.2, which implies that as long as

log(T) > 121 < %" (T)) 92)
0 > —log| sup -lo ,
g - loa sup Gy o

we have

AM() < (L+2/2)g" log(T), and I (y"; M) > (1 - £/2)log(T).
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Applying (91) and using that A™ € [0,1] and Dy (M (7) || M' (7)) < 2V, by Lemma F.13, we
have

AM () < (1+¢/2)g" log(T) + estat, and IM(1; M) > (1 —/2)1og(T) — estat - 2Vs-
Thus, as long as

1 . _
Estat < 55' mln{gM log(T), (QVM) ! 10g(T>}7

we have
AY () < (1+¢e)g"log(T), and IM(1;M) > (1 —¢)log(T). (93)
Next, we claim that T = ,,. To see this, note that since E* *[Reg(T)] < 2g™ log(T'), we have
g log(T) _ 3
() > T — QAI%H T > ZT

aslongasT > 8§ Ag;\\j_ log(T"), which is implied by the condition (92). Hence, as long as egat < L
we have o

() > 5

TN\ 9’

which implies that 7 = 7,,. By definition of n*, and since 7 satisfies Eq. (93) above, we then have
that setting 77(7) = n2*log(7T") does not affect the regret, and only decreases the information gain by
a factor of € log(T"). It follows that

AY() < (1+¢e)g™log(T), and I™(; M) > (1 —2¢)log(T).
We conclude that A € A(M; 2¢,n) for
n = [7l],/ log(T).

To wrap up, we compute that

M M
7l <7 0 (7) + st + 0 0g(T) < 22— 108(T) + utat + 02 log(T) < 35— log(T) + n2* log(T)
min min

TET M

whenever egay < g™ log(T).
O

Proof of Lemma H.5. From Proposition 1 of Lugosi and Mendelson (2019), we have that for any
§ < e~!, there exists an estimator [i,, that, given n independent samples of X, ensures that with
probability at least 1 — 6,

~ EIIX — ull2 -1 —1
Hun—u||2§12\/ | X — el - log(61)

n
Given fi,, we define i,, = arg minueRd:HuHOgsHU — fin||5- Since |||, < s, we have ||fi, — fin||ly =
Dy o <] Zn — ull2 < [|Zin — pl]2- It follows that

1B = plly < 2 = Enlly + |20 = sl < 2[[An — pll,-
Finally, we note that since /i, and p are both s-sparse, ||fin, — pll; < V25||n — |2 O
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