Proceedings of Machine Learning Research vol 195:1-30, 2023 36th Annual Conference on Learning Theory

Convergence of AdaGrad for Non-convex Objectives:
Simple Proofs and Relaxed Assumptions

Bohan Wang BHWANGFY @ GMAIL.COM
University of Science and Technology of China

Huishuai Zhang * HUZHANG @MICROSOFT.COM
Microsoft Research Asia

Zhi-Ming Ma MAZM @ AMT.AC.CN
Academy of Mathematics and Systems Science, Chinese Academy of Sciences

Wei Chen * CHENWEI2022 @ICT.AC.CN
Institute of Computing Technology, Chinese Academy of Sciences

Editors: Gergely Neu and Lorenzo Rosasco

Abstract

We provide a simple convergence proof for AdaGrad optimizing non-convex objectives under only
affine noise variance and bounded smoothness assumptions. The proof is essentially based on a
novel auxiliary function ¢ that helps eliminate the complexity of handling the correlation between
the numerator and denominator of AdaGrad’s update. Leveraging simple proofs, we are able to
obtain tighter results than existing results (Faw et al., 2022) and extend the analysis to several
new and important cases. Specifically, for the over-parameterized regime, we show that AdaGrad
needs only O(E%) iterations to ensure the gradient norm smaller than e, which matches the rate of
SGD and significantly tighter than existing rates O( E%) for AdaGrad. We then discard the bounded
smoothness assumption, and consider a more realistic assumption on smoothness called (Lg, L1 )-
smooth condition, which allows local smoothness to grow with the gradient norm. Again based on
the auxiliary function &, we prove that AdaGrad succeeds in converging under (Lg, L1 )-smooth
condition as long as the learning rate is lower than a threshold. Interestingly, we further show that
the requirement on learning rate under the (Lg, L;)-smooth condition is necessary via proof by
contradiction, in contrast with the case of uniform smoothness conditions where convergence is
guaranteed regardless of learning rate choices. Together, our analyses broaden the understanding of
AdaGrad, and demonstrate the power of the new auxiliary function in the investigations of AdaGrad.

Keywords: AdaGrad, Convergence Analysis

1. Introduction

Adaptive optimizers have been a great success in deep learning. Compared to stochastic gradient
descent (SGD), adaptive optimizers use the gradient information of iterations to dynamically adjust
the learning rate, which is observed to converge much faster than SGD in a wide range of deep
learning tasks (Vaswani et al., 2017; Dosovitskiy et al., 2020; Yun et al., 2019). Such a superiority
has attracted numerous researchers to analyze the behavior of adaptive optimizers.

AdaGrad (Duchi et al., 2011) is among the earliest adaptive optimizers and enjoys favorable
convergence rate for online convex optimization. Specifically, the design of AdaGrad is quite simple:
it tracks the gradient magnitudes of the past iterations and use its reciprocal to scale the current
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gradient. The pseudo-codes of the norm version of AdaGrad (i.e., AdaGrad-Norm) and AdaGrad are
presented in Algorithm 1 and Algorithm 2, respectively.

Despite the popularity and the simplicity of AdaGrad, its theoretical analysis is not satisfactory
when optimizing non-convex objectives. Specifically, until recently, Ward et al. (2020) analyze the
convergence of AdaGrad-Norm and achieve O(log T'/v/T) rate. However, Their result is based on
the assumption that the stochastic gradient g; is uniformly bounded across the iterations, which does
not hold even for quadratic functions, let alone deep neural networks. In comparison, the analysis of
SGD does not require such an assumption.

Algorithm 1 AdaGrad-Norm Algorithm 2 AdaGrad
Input: Objective function f(w), learning Input: Objective function f(w), learning
rate > 0, initial point w; € R9, initial rate > 0, initial point w; € R4, initial
conditioner v; € R™ conditioner vy € R%+
1: Fort =1 — oo: 1: Fort =1 — oo:
2: Generate stochastic gradient g; 2: Generate stochastic gradient g;
3. Calculate v; = vy 1 + ||g¢]|? 3:  Calculate v; = v;_1 + g?Q
4: Update w41 = wy — ﬁ\/%jgt 4: Update w41 = wy — n\/% ® g¢
5. EndFor 5: EndFor

A very recent exception (Faw et al., 2022) relaxes the assumptions and proves that AdaGrad-
Norm converges by only assuming uniformly bounded smoothness (c.f. our Assumption 1) and
affine noise variance (c.f. our Assumption 2), which matches the conditions of SGD. However, the
proof in (Faw et al., 2022) is rather complicated (around 30 pages), which is hard to understand the
intuition behind and to extend to the analysis of other cases. Moreover, the convergence rate in
(Faw et al., 2022) does not get better when strong growth condition holds (i.e., our Assumption 2
with Dy = 0) while SGD does. We believe such a gap is vital as strong growth condition holds in
over-parameterized models (Vaswani et al., 2019), which are widely adopted in deep learning.

We know that the convergence analysis of SGD under the same set of assumptions is quite simple.
What makes the analysis of AdaGrad so complicated? We can understand the difficulty from the
classical descent lemma

E[f(wii1)|Fi] < fw)+E LV (wi), wipn —wi) \ft]+§E [me —wy||* | 7

) 1
First Order Second Order v
where F; := o(g1,- -, gi—1) denotes the sigma field of the stochastic gradients up to ¢ — 1. Then
» for SGD, w; ;1 — w; = —ng; and hence the “First Order” term is —n||V f (w;)||?, which is
negative and able to decrease the objective sufficiently,
* for AdaGrad(-Norm), w41 — wy = _77\%7' As vy correlates with gy, the “First Order” term

does not admit a clear form.

To deal with the correlation in AdaGrad(-Norm), a common practice is to use a surrogate vy of vy
(Ward et al., 2020; Défossez et al., 2020; Faw et al., 2022), which is measurable with respect to F,
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to decompose the “First Order” term as follows,

BV o), wien — w17 = B | (¥ w), —nj;t> 7| =& |(Vstw). 00 ) 17

+E [<Vf(wt), 9t <\/1,7t - \/1,7t>> ’ft] '

2
The first term equals —n%, which is negative and desired. However, the last term is an

additional error term, which is very challenging to deal with. Existing results either assume bounded
stochastic gradient to work around it (Ward et al., 2020), or resolve it through complicated analysis
(Faw et al., 2022) (c.f. Section 3).

Contributions. In this paper, we propose a novel auxiliary function £(t) = w for the

convergence analysis of AdaGrad(-Norm), and show the error term can be bounded by Et [€(t —
1) — £(t)] (c.f. Lemma 4), which can be reduced by telescoping. As explained in Section 3, such a
auxiliary function is rooted in the non-increasing nature of the adaptive learning rate L’/k

With the new and simplified proof, we are able to obtain stronger results for AdaGrad-Norm and
extend the analysis to other important scenarios.

* Under strong growth condition (or the so-called over-parameterized regime), our convergence
rate for AdaGrad-Norm is (’)(%), which matches that of SGD and stronger than existing
results (Faw et al., 2022). This demonstrates that AdaGrad-Norm converges faster in the
over-parameterized regime than in the under-parameterized regime.

A f(we)?
VVt,l
&(t) and obtain similar convergence. To the best of our knowledge, this is the first convergence

result of AdaGrad without the requirement of bounded gradient norm. We also prove the
convergence for randomly-reshuffled AdaGrad, which is the version of AdaGrad used in deep
learning practice.

« We extend the analysis to AdaGrad by utilizing a coordinate version &(t) = Zle of

* We go beyond the uniform smoothness and consider a realistic non-uniformly smooth condition
called (Lg, L1)-smooth condition (Assumption 6). We prove that AdaGrad(-Norm) still
converges under (L, L1)-smooth condition, but requires the learning rate smaller than a
threshold, whose necessity is conversely verified with a counterexample. Together, AdaGrad
can converge under the non-uniform smoothness but may not be exactly tuning-free.

We have observed a concurrent work by (Faw et al., 2023), which also establishes the convergence
of AdaGrad under (Lo, L )-smooth condition and affine noise variance assumption. Though results
are similar and both appear in COLT 2023, there are some notable differences between their findings
and ours. First, Faw et al. (2023) require either D; < 2 or an additional assumption on the objective
function, whereas our result holds for all D; values without any additional assumption. Second, their
result is based on a novel stopping time, while ours relies on a new auxiliary function. Lastly, Faw
et al. (2023) establish a set of negative results for Clipped SGD and Sign SGD (with momentum)
when analyzed under the (Lg, L1 )-smooth condition, highlighting the advantage of AdaGrad over
these optimizers. All in all, both their work and ours complement each other, providing a more
comprehensive understanding of AdaGrad.



WANG ZHANG MA CHEN

Organization of this paper. The rest of this paper is organized as follows. In Section 2, we
define notations and introduce assumptions; in Section 3, we describe the motivation to use the
auxiliary function; in Section 4, we derive the convergence result of AdaGrad-Norm under L-smooth
condition; in Section 5, we extend the result to AdaGrad; in Section 6, we analyze the convergence
of AdaGrad(-Norm) under (L, L1)-smooth condition; Section 7 presents the related works.

2. Preliminary
Notations. The following notations are used throughout this paper.

* (Vector operators) ® stands for the Hadamard product between vectors, and ¢®2 £ ¢ ® g.
(w,v) stands for the L? inner product between w and v, and ||w|| £ \/(w, w) .

* (Stochastic operators) F; = o (g1, - , g1) stands for the sigma field of historical gradients
up to time ¢ — 1 and thus {w;}7°, is an adapted random process with respect to {F;}¢2 ;. For
brevity, we abbreviate the expectation conditional on F; as E/*[+] £ E[x|F;].

Assumptions. Throughout this paper, we assume that f is lower bounded. We also need the
following assumptions:

Assumption 1 (L-smooth condition) We assume that f is differentiable and its gradient satisfies
that V'wl, w9 € Rd, we have HVf('wl) — Vf(wg)” < L||w1 — 'wQH

Assumption 2 (Affine noise variance) We assume that there exist positive constants Dy and D1
such that V't > 1, EV[||g¢[|?] < Do + D1||V £ (wy)||%

To the best of our knowledge, the above two assumptions are the weakest requirements for the
convergence of AdaGrad(-Norm) among the existing literature.

3. Motivation of the auxiliary function

As mentioned in Introduction, the main obstacle in the analysis of AdaGrad(-Norm) is to bound the
error term B (V f (wy), 7791?(\/% - \/%7» Most of the existing works assume that || g; || is uniformly
bounded, and choose vy = v;_1. In this case, the error term can be shown to be as small as the
”Second Order” term in Eq. (1) and can be further bounded. If the bounded gradient assumption is
removed, Faw et al. (2022) shows that most of the iterations are ”good”, in the sense that the error

2
term is smaller than nw

, which hence won’t affect the negativity of the “First Order” term
in Eq. (1) after decomposition. However, it is complicated to deal with the "bad” iterations, which
occupies the main space of the proof in (Faw et al., 2022).

Instead, to deal with the error term, we propose a simple auxiliary function £(¢) that can be
canceled out during telescoping. The choice of £(¢) is motivated as follows. By choosing o = v;_1,

we find that the error term can be rewritten as

27 (v st (—g= - == ) ) i 19 s@ollad (5= - == ]

IVl 19 F ol
sl Nz sl e
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where the inequality is due to the Cauchy-Schwarz inequality and v; is non-decreasing. Note that

if we have both |V f(wy)|| = ||V f(w;—1)]|| and || g¢|| = ||g¢—1]|, the term (2) approximately equals

to nEIF [( IVf(wi—Dllllge—1ll _ IV S (wo)llllgell _ IVfwo)llllg:ll
N7

Vo1 N
auxiliary function, and the sum of the expected error term satisfies

. In this case, we can use £(t)

as an

T

SeE(vrwm (= 7)) < ZE[ £ -1) - €0)] = €0) - BT

The RHS of the above inequality is bounded regardless of T'. This is the motivation to use the auxiliary
function. However, we do not have ||g;|| ~ ||g:—1|| but only have ||V f(w,)|| = ||V f(w¢—1)|| (due to
bounded smoothness, i.e., Assumption 1). To resolve this challenge, we convert ||g:|| to ||V f(w;)||
by Assumption 2 in the above inequality, and use £(t) £ % instead of w as the
auxiliary function. A formal statement of the above methodology can be seen in Lemma 4.

Remark 1 Note that the above methodology is mainly based on that the adaptive learning rate is
non-increasing. Therefore, we believe that similar approach can be applied to the analysis of other
adaptive optimizers with non-increasing adaptive learning rates, such as AMSGrad.

4. A refined convergence analysis of AdaGrad-Norm

In this section, we present our refined analysis of AdaGrad-Norm based on the auxiliary function
&(t). The refined convergence rate is given by the following theorem.

Theorem 2 Let Assumptions 1 and 2 hold. Then, for AdaGrad-Norm with any learning rate n > 0,
we have that with probability at least 1 — ¢,

2\/2D0(202 111(2\/ 2DyT + C3) + Cl) n C3<Cl + 205 ln(2\/ 2DoT + Cg))

min ||V f(we)||* <

te[T) - VT2 T62 ’
where C1, Cs, and C5 are constants defined as Cy := 4(f(w )—f*—l—ﬁw—%(Qn(LnDl)z
nD1(Ln)? + 77Do)ﬁ — 777 2Invg)/n, Cy := 2Ly, and C3 := 4D1Cy + 48C3 D1 In(4Cy Dy +

e) + 2\/w.

Remark 3 Faw et al. (2022) also prove that AdaGrad-Norm converges under Assumptions 1 and 2.
9

Their rate is 7 ST IV (w)|? = (’)(%). Compared to their result, our result has a tighter
dependence over T. Moreover, when restricted to the strong growth condition, i.e., Dy = 0, our result
gives a rate (’)(%) much faster than that in (Faw et al., 2022) and matching that of SGD. Such an
improvement counts as strong growth condition characterizes the landscapes of over-parameterized
models (Vaswani et al., 2019). Theorem 2 also shows that AdaGrad-Norm enjoys the tuning-free

ability under L-smooth condition, i.e., it converges without tuning the learning rate.
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Proof of Theorem 2 The proof starts with the so-called expected descent lemma:

EV f(wiy1) <f(wy) +EV [(Vf(wt)a Wyl — W) + g”wt—&-l — thIQ}

I 2
R <Vf(wt)’_ngt> L g7 || 9
=f(wy) + Vi) 4 2 N (3)
First Order Second Order

As discussed in Section 1, the “First Order” term does not have a simple form due to the
correlation between g; and ;. We follow the standard approach in existing literature to approximate
v, with the surrogate v;_1, which is measurable with respect to ;. The first-order term can then be
decomposed into

87 (s, 12| <87 (Vs —n— 2 )] B (sl = - e

The last term is an error term, coming from the gap between v,_; and v;. Plugging Eq. (4) back to
Eq. (3) and we obtain

2

2 1 1
_nva(wt)” E\]—'t |:<Vf('lUt),7’] < _ ) gt>:| ET]QE‘}—’: gt
EF f(weer) < flw) + VP Nz L2 N
First Order Main Error Second Order

The rest of the proof can be divided into two stages: in Stage I, We proceed by bounding the “Error”

term through the auxiliary function £(t) = %, and bound Zthl %. In Stage II, we

convert the bound of Zthl % into the bound of Z?Zl 1V f (wy) |2

1%
Stage I: Bounding the “Error” term. The following lemma summarizes the intuition in Section 3.

Lemma 4 Define an auxiliary function £(t) = %, t > 1. Then, the “Error” term can be

bounded as

\Fe w [ 3 IVf(w)l> |1 7 7 rals

E [<Vf( t)ﬂ?(m \/I7t>gt>] 3477 Nz +2\/HDOE [(ﬁ+m)2]
2

+ IDEP [€(t = 1) = &(®)] + (n(LnD1)? + 1D (Ln)?) ”9;21!3.

Proof By a simple calculation, we have

o (v (G - ) o)l = B (o |

<77E|]:t [HVf(wt)H HgtH3 :| < nHVf(wt)llEm |: ||gtH2 ]

- (V)W) (Ve +yvem1) | — 0 P NZERV 7=

where the first inequality is due to Cauchy-Schwarz inequality, and the second inequality is because
v; > ||g¢||%. By the mean-value inequality (2ab < a? + b?),

IV f(wi)]] ]—"t{ lge ]I } 1 AVF(w)l? 1 n (]—'t[ lge ]I Dz
o= E Ve X + E NN (5

20 v 2 U

6
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We focus on the last quantity (EM* [%])2 By further applying Holder’s inequality,

2
< (Do + D1||Vf(w,)|*)EV? [(\/yt!_gtjm)?] ’

where in the last inequality we use Assumption 1. Plugging the above inequality back to Eq. (5), the
“Error” term can be bounded as

7 1w L] < /(O P I el |

e NZ= R N NZESV=Y:
1y e [ lal?
+2\/7D1‘|Vf( )2 EVF [(\/Uth th)Q] ©6)

In the RHS of the above equality, the first term is a negative half of the “First Order Main” term,
and the second term is 7L \/7 times of the “Second order” term, and thus is at the same order of
the “Second order” term due to m is upper bounded. We focus on the last term, and utilize the
observation that

lge ]I lge ]I _ 1 1

VI T T BB D) et o

Thus, the last term can be bounded as

LDy ||V f(w)? 7 { lgel” } 1 2 |]—'< 1 1 )
- EV? —nD1||V f(wy) |”TEV | —= — — | ,
2 thl (\/17t+ /71/)&71)2 2"7 1” f( t)” ,7th1 \/Ft
which can be further decomposed into
1 1 1
LDy £ (uw Wt(_)
1DV B (P -
T pEF <||Vf(’wt1)||2 N IIVf(wt)|2> +p, IV f (wi)l* = IV f (we-1)I*
VVi-1 Ve Vi—1
By Assumption 1, ||V f(w:)[| — [V f(wi)| < [[Vf(wi) = Vf(wia)| < Lllw; — wia]].
Therefore,
anluva wy) | *EV < )
VVi-1
_p IE|th<||Vf(wt DIP IV (w )H2> 1 2L[we — we |||V f(we) | + L [|wp — wys ||
=501 +*D1
2 N \/’715 VVi-1
IIyt LIV S (wo) ] llge— 1H
:ngrE'ft<5<t—1>—s<t>>+gD e L
t—1
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where the last inequality we use £(t) = W and wy —wy_1 =1 j% Applying again the
Cauchy-Schwarz inequality, we obtain
n |7 2 1 _ i
IDE Y )P (= - )
1 ||V f(w)]? 12
E\}'t (f( _1)_5(0)_’_7 || f( t)” + (L D )2”925 1”3 + D (LU)QM~ (7)

2

TN N7 Nor=s

Applying the above inequality back into Eq. (6), the “Error” term can be bounded as

21 IVf(wy)? n _7-}[ Al }
" +2mDE (Vi + )

/it ”(LnDl)QM + QDl(Ln)QM_
\/7_ N N

Rearranging the RHS of the above inequality leads to the claim. |

| 7% w; 1 L
ER(VH(w)n(—oe = —=)a
+ IDIET (€t~ 1) — €(t) +

Applying Lemma 4 back to the descent lemma, we then have

|7, V@)l 3 [V f(we)]? n ]—'t|: llg:1I* }
EX [f(weg1)] < f(we) —n oz a0 Nz +3 \/HDOE (NN = NZ=E
+ DD EF (gt — 1) — () + ( (LnD1)? + 1Dy (L )2) gl | L o || oo |
51 mLntiy 51 n \/mg 277 N

|V f(w:) H2 n |F, { ||9t||2 ] n |F,
= DoEV?t | ——————— | + =D1EM (E(t — 1) — &(2
(wy) — 477 v 3 NEN o (€@t —1) = &(1)
2, N 2\ llge—1l® L onir || 9t
+ (anDe)? + 3Du(I)?) T + S| ®)
Taking expectation with respect to J; to the above inequality then leads to
1 JIV(wd)|P] ) n
E <E — -qE | ——+~— —DiE(E(t—1)—&(t
(ae)] <L) = g (L0 | Ty e = 1) — )
2 2
nDo [ lgel? } H ’ n 2y 19e—1]]
+ E n(LnD1)* + =Dy (Ln)° ) E——.
2 V(W + V)2 nD1)* + o D1(Ln)7) N

The sum over ¢ from 1 to 7" of the last three terms above can be bounded by

I?

nDy gt ] L, H
— + E
I = R
2 2y N 1 L ,
S (277(L77D1) + 77D1(L77) ) + §D0) ﬁ + 57’] (E In vr — In I/o),

where the inequality is due to that if {al}oo o 18 a series of non-negative real numbers with ag > 0, then

T 2
n gt—1
+ (n(LnD1)* +) 2D1(L77)2>EH - Hg
t=1

VVi-1

T at < at
Zt:l \/W \/“ Zt 1 Z IHZt o at— In ay, andZt 1 \/Z aé(\/zi;})as+\/22:0as)2

8
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f Therefore, summing Eq. (8) over ¢ from 1 to 7" leads to

Ly BT o ) Bipaon) + "Prsio) - eto)

=1 VVi-1 2
1 L
+ (277(L7]D1)2 +nD1(Ln)?) + gD()) \/717 + 5772(151 lnvy — Inwy). ©)
Applying the definition of C'; and Cs, we have E E% < C1 4+ C3EInvr. In Stage 11,

we translate such an inequality to the bound of Zthl |V f (wy) |2
Stage II: Bound Y/, ||V f(w;)||>. We bound E[,/w7] by divide-and-conquer. We first consider
the iterations satisfying V f (w;) > %:

T
|V f (wy)]? [V f(we)|]?
Ci1+ CElnvr ZZE [th ZE N7 ]ll\v.f(wt)“2>%g

2
lgel® 1| 2= 190 25 50
> ZE N = , (10)
2D1 \/m H f( i)” >D1 2D1 \/ VT
where in the third inequality, we use the following fact,

2D1][V £ (00) |15 o 20 = (Dot DV F ()21 > EP g1,
1

IV £ (we)]|>> [V f (we)[|>>

. . . . . D,
We then consider the iterations satisfying V f(w;) < Dy

T 2

1 ZE[”gtwn e 1o Simt 19 a2 20+ Vo
2D o IVFw)|2< B2 2D o = 9D
L= T 1 1 VYT 1 \/ZtT_l HgtHQHHVf(wt)Hzg& T

1

T
:2D \IZHgtH ]lHVf wt)H2<D0 + vy < 2D \l lz.%f” ]IHVf (we) H2<DO

il

Here in the second inequality we use Jensen’s inequality, and in the third we use Assumption 2.
Putting Eq. (10) and Eq. (11) together, we then have

+

1
< —\/2DoT + vp. (11)

2Dy

T
; D1[|V f(wy)) || + Do)1 va(wt)HzS%(l)“‘VO

T
2=t 191 ooy 25 20
VT
1 1
Sﬁ\/ 2DOT + vy + 01 + OQEIHVT S ﬁ\/ 2DOT + v + Cl + 202 IHE\/VT.
1 1

Here in the last inequality we use Jensen’s inequality. Solving the above inequality with respect to
E[N/I/T], we have E[\/VT] < 2/2DgT + vy + 4D, C1 + 48C5 D4 1H(402D1 + e). As

T 2

Wy 2

ISl L[S v sl >EWZ“'W( ¥
N= Nz - Elyvr] ’

1 1 %4}

! gl
oD, Z;E {\/ﬂﬂlw(wmk?‘f * 2D1E\/ﬁ

t=

2D1E[r] =50, "

1

T
C1+2C; InE\/vr > Z |:

9
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where the last inequality is due to Holder’s inequality. Applying the estimation of [E,/vr, we obtain

2
that E |:\/ZtT:1 ||Vf(wt)||2 < (2\/2DOT + vy + Cg)(Cl + 2C%y 111(2\/2D0T + vy + Cg)).

By further applying Markov’s inequality, we conclude the proof. |

Remark 5 The proof in (Faw et al., 2022) can also be divided into two stages with similar goals.
Our proof'is simpler in both stages, and we discuss the reason here. As pointed out in Section 3, our
proof in Stage I is simpler is due to the novel auxiliary function £&. Moreover, our conclusion in Stage
1 is also stronger, which laid a better foundation for Stage II: Faw et al. (2022) can only derive the
bound of E) , & %, where S is a subset of [T. This raises additional challenges for Stage
Il in (Faw et al., 2022), as our divide-and-conquer technique can no longer be applied. Faw et al.
(2022) resolve this through a recursively-improving technique, which not only require a complicated
proof, but also entangles Dy and D1 and leads to a sub-optimal rate under strong growth condition.

5. Extending the analysis to AdaGrad

In this section, we extend the convergence analysis of AdaGrad-Norm to AdaGrad. Such a result is
attractive since AdaGrad is more commonly used in practice than AdaGrad-Norm. A natural hope is
to prove the convergence of AdaGrad under the same set of assumptions in Theorem 2. However,
challenge arises when we try to derive an AdaGrad version of Lemma 4. Concretely, the “First-Order

. 2 . .
% (we use v as the [-th coordinate of v, and similar does gy ),
’ Vf(we)

2
while the bound of the “Error” term includes a term 7 sz:1 I l” and thus can not be controlled.

VVt—1,
Such a mismatch is due to that E[g7;] can only be bounded by the full gradient ||V f (w;)|| instead

of the partial derivative of the corresponding coordinate |0; f (w;)| (see Appendix C.2 for details).
Therefore, to derive the convergence of AdaGrad, we strengthen Assumption 2 to let the affine noise
variance hold coordinate-wisely.

Main” term becomes 7 Z?Zl

Assumption 3 (Coordinate-wise affine noise variance assumption) We assume that there exist
positive constants Dy and Dy such that V't > 1 and Vi € [d), E[|g:.:|*|F:] < Do + D10; f (wy)*

Note that Assumption 3 is still general than most of the assumptions in existing works. As an example,
the bounded noise variance assumption is its special case. Next, we obtain the convergence result for
AdaGrad as follows.

Theorem 6 (AdaGrad) Let Assumptions 1 and 3 hold. Then, for AdaGrad with any learning rate

n > 0, we have that with probability at least 1 — 6, min,e(r) ||V f (wy)||* = O(% vDOT)) +

O(m<1+1n(1+m)))
VT2 :

The proof is a coordinate-wise version of the proof for Theorem 2 with some modifications, where
~ 2

we leverage a coordinate-wise version of £(t), i.e., {(t) = Zflzl % (please refer to Appendix

C.1 for details).

We still seek to relax Assumption 3 back to Assumption 2. This is because Assumption 3 may
preclude some basic objectives. We demonstrate this idea through the following example.

10
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2

Example 1 Consider the following linear regression problem: f(w) = Egp((w,x))? = |Jw
where D is a standard Gaussian distribution over R® with the absolute value of each coordinate
truncated by 1. At point w, define the stochastic gradient g(w) as 2xx ' w, where x is sampled
according to D. One can easily verify that g(w) is an unbiased estimation of V f(w). For this
example, Eg.p|g(w)|? = O(||w|?) and ||V f(w)||> = O(|wl||?). Therefore, Assumption 2
holds with Ly = 0. However, ||01f(w)||? = 4(w)? and Egp(g9(w))} = O(||w||?), we see that

2
2] =00 % = oo, which violates Assumption 3.
T~ 1

On the other hand, note that the above exam-
ple obeys a stronger assumption on the smooth-

Algorithm 3 Randomly-reshuffled AdaGrad ness, i.e, for every fixed z, the stochastic gra-

Input: Objective function f(w) := dient g(w) is globally Lipschitz. It is natural

% S | fi(w), learning rate > 0, w1 € R<, to ask whether we can relax Assumption 3 by

Vi € R+ strengthening the assumption on the smoothness.

’ 2

1: Fort =1 — oo: In Section 3, we explain that we use %

22 Fori=1-n instead of w as the auxiliary function
3: Uniformly sample {7 1, , ¢} as et

due to g+ % ¢+—1. Therefore, tightening the

a random permutation of [1] assumption on the smoothness may help us to

4 Calculate g¢; = V fr, , (wr,,) ensure g; ~ ¢;_1, and we no longer need to
5 Update vy ; = vy—1 + g2 : :

p ti = Vii—1 7T 9 ) bound g; using Assumption 2, and as a result
6: Update wyi+1 = wy,; — Ui © gk we will not encounter the mismatch between
7 EndFor 8\7;(%? and ”W‘ . Motivated by the above
8 Update w411 = Wi pn+1, Vi41,0 = Ven example, we make the assumption that we have
9: EndFor the access to an stochastic oracle g(w, (), and

gt is generated by g, = g(wy, (;) where (; is
sampled independently from a distribution D. We further assume that g is L Lipschitz with respect
to w for a fixed (. Such an assumption is common in stochastic optimization literature (Yun et al.,
2021; Shi and Li, 2021). Unfortunately, such assumptions are still not adequate to ensure g; ~ g;—1
since g; and g;_1 may use different noise . A good news is that, for the without-replacement version
of AdaGrad (also called randomly-reshuffled AdaGrad. Please refer to Algorithm 5), every ( appears
once within one epoch and the above methodology can be used. Note that randomly-reshuffled
AdaGrad is the version of AdaGrad commonly adopted in deep learning. Thus although we slightly
change the analyzed algorithm, the problem we consider is still of significance.
As mentioned above, we require the following assumptions for the convergence of randomly-
reshuffled AdaGrad.

Assumption 4 (Assumption 2, reformulated) Let wy,; and gy, ; be the ones in Algorithm 5. Then,
there exist constants Do and Dy, such that, Yk, i, B umiform(n) |V fj (wii) | < Do+D1[|V f (wy ;)]

Assumption 5 (Stochastic L-smooth condition) We assume that Vi € [n], f; is differentiable and
its gradient satisfies Vw1, ws € RY, we have ||V fi(w1) — V fi(w2)|| < L|lwy — wa]|.

Theorem 7 (Randomly-reshuffled AdaGrad) Let Assumptions 4 and 5 hold. Then, for randomly-

reshuffled AdaGrad with any n > 0, minyery ||V f (wy0) || = (’)(% V2D L 0 \/Dio(th%J” DoT)) ).

11
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_ o A frr (Wi
The proof utilizes a randomly-reshuffling version of {(¢), i.e. {(t) = > ; Zle | lf(wt’1)|l}tlflt'l(wt’ )

and we defer the details to Appendix C.3. Theorem 7 shows that randomly-reshuffled AdaGrad does
converge under affine noise variance assumption, and extends our analysis techniques to new setting
of AdaGrad.

’

6. Convergence of AdaGrad over non-uniformly smooth landscapes

So far, the characterizations of AdaGrad(-Norm) has closely matched those of SGD over the uniformly
smooth landscape. However, in practice, the objective function is usually non-uniformly smooth.
Simple examples include polynomial functions with degree larger than 2, and deep neural networks.
A natural question is that whether AdaGrad still works well over non-smooth landscapes. In this
section, we analyze AdaGrad(-Norm) under the (Lg, L )-smooth condition Zhang et al. (2019),
which is considered as a preciser characterization of the landscape of neural networks through
exhaustive experiments.

Assumption 6 ((Lg, L1)-smooth condition) We assume that f : R? — R is differentiable. We
further assume that there exists positive constants Lo and L1, such that if wi,w, € R? satisfies

lwy — wa| < 7. then ||V f(w1) = V f(wa)|| < (Li]|V f(w1)]| + Lo)|lwi — w2

Assumption 6 degenerates to Assumption 1 with L = Ly if L1 = 0. Therefore, Assumption 6 is
more general than Assumption 1. Moreover, Assumption 6 holds for polynomials of any degree and
even exponential functions. Zhang et al. (2019) demonstrate through extensive experiments that over
the tasks where adaptive optimizers outperforms SGD, Assumption 6 is obeyed.

Theorem 8 Let Assumptions 2 and 6 hold. Then, for AdaGrad-Norm with Vn < L% min{ﬁ, ﬁ},
we have that with probability at least 1 — 6,

(1 +1In(1 + W)) Lo (Jﬁo(l +1In(1+ \/DoT))>
T62 VT52 '

The proof can be found in Appendix D.1, the key insight of which is that the additional error
terms caused by (Lo, L1)-smooth condition is at the same order of the “Error” term in the proof
of Theorem 2. Theorem 8 shows that AdaGrad-Norm can provably overcome the non-uniform
smoothness in the objective function and converges. Similar result can be derived for AdaGrad.
Compared to Theorem 2, we additionally require the learning rate to be lower than a threshold. To
see such a requirement is not artificial due to the proof, we provide the following theorem.

Theorem 9 For every learning rate n > %15, there exist a lower-bounded objective function f

obeying Assumption 6 and a corresponding initialization point wy, such that AdaGrad with learning
rate 1) and initialized at wq diverges over f.

in ||V 2=0
trg[l;l}ll Jwy)]]

The proof can be found in Appendix D.2. Theorem 9 shows that the learning rate requirement in
Theorem 8 is tight w.r.t. Lj up to constants. The tuning-free ability of AdaGrad under L-smooth
condition, i.e, AdaGrad converges under any learning rate, has been considered to be superiority of
AdaGrad over SGD. However, combining Theorem 8 and Theorem 9, we demonstrate that such a
property is lost when under a more realistic assumption on the smoothness. On the other hand, Zhang
et al. (2019) show that SGD converges arbitrarily slowly under (Lg, L1 )-smooth condition. Together
with Theorem 8, we find another superiority of AdaGrad: it can provably overcome non-uniform
smoothness but SGD can not.

12
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7. Related works

Convergence of AdaGrad over non-convex landscapes. Duchi et al. (2011) and McMahan and

Streeter (2010) simultaneously propose AdaGrad. Since then, there is a line of works analyzing the
convergence of AdaGrad over non-convex landscapes (Ward et al., 2020; Li and Orabona, 2019; Zou
et al., 2018; Li and Orabona, 2020; Défossez et al., 2020; Gadat and Gavra, 2020; Kavis et al., 2022;
Faw et al., 2022). We summarize their assumptions and conclusions in Table 1.
Non-uniform smoothness. The convergence analysis of optimizers under non-uniform smoothness
is initialized by (Zhang et al., 2019), who propose the (Lg, L1)-smooth condition and verify its
validity in deep learning. They further prove that Clipped SGD converges under such a condition.
Since then, their analysis has been extended to other clipped optimizers (Zhang et al., 2020; Yang
et al., 2022; Crawshaw et al., 2022). However, there is no such a result for AdaGrad.

8. Conclusion

In this paper, we analyze AdaGrad over non-convex landscapes. Specifically, we propose a novel
auxiliary function to bound the error term that is brought by the update of AdaGrad. Based on this
auxiliary function, we are able to significantly simplify the proof of AdaGrad-Norm and establish
a tighter convergence rate in the over-parameterized regime. We further extend the analysis to
AdaGrad and non-uniformly smooth landscapes through different variants of the auxiliary function.
One future direction is to explore and compare the convergences of AdaGrad and Adam under
the (Lo, L1)-smooth condition, given the fact that convergences of AdaGard and SGD are clearly
separated under this condition.
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Appendix A. Table listing existing works on convergence of AdaGrad over non-convex

landscapes
Allow unbounded gradient | Not delayed(® | Tuning-free learning rate Additional comments
Ward et al. (2020) X v v AdaGrad-Norm
Li and Orabona (2019) v x () X AdaGrad-Norm, sub-gaussian noise
Zou et al. (2018) X v v AdaGrad
Li and Orabona (2019) v X X AdaGrad, sub-gaussian noise
Défossez et al. (2020) X v v AdaGrad
Gadat and Gavra (2020) X v X AdaGrad, asymptotic
Kavis et al. (2022) x v v AdaGrad-Norm(©)
Faw et al. (2022) v v v AdaGrad-Norm

Table 1: Summary of existing convergence result of AdaGrad. None of these works show that
AdaGrad converges at rate ||V f(w;)||> = O(1/T) when over-parameterized. We
provide some explanation on the upper footmarks: (a): “delayed” refers to Delayed
AdaGrad, where v, does not contain the information of ¢;; (b): Li and Orabona (2019) also
change the degree of v, in the adaptive learning rate from —% to —(% + ¢); (¢): the bound
in (Kavis et al., 2022) has logarithmic dependence on the probability margin.

Appendix B. Preparations

This section collects technical lemmas that will be used latter.

Lemma 10 Let {a;}:°, be a series of non-negative real numbers with ag > 0. Then, the following
inequalities hold:

T

T
1
g §2\/50’ ZZS Oas<ln2at In ag,

t=1

ZT: 1
< .
t=1 \/Zs 0d \/Zs oas+\/Z§:0as)2 Vg

Proof [Proof of Lemma 10] The first inequality is because Zthl f T 0 “ 1 dx.

(Zt
The second inequality is because Zt 1 Z, f Zi 0 “ %dx. The third 1nequahty is due to

\/Zs 0 @s( \/Zs 0‘184‘\/22:0@8 \/Zs oas\/Es 0 @s( \/Zs oas+\/22:0as)

\/Zq 0%s \/ZZ:OG’S.

The proof is completed. n
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Appendix C. Analysis of AdaGrad
C.1. Proof of Theorem 6

Before the proof, we define gy, ; as the [-th component of g, and v}, ; as the [-th component of vy
Proof [Proof of Theorem 6] As the proof highly resembles that of Theorem 6, we only highlight

several key steps with the rest of the details omitted.
By the descent lemma, we have that

B f(wign) <f(w0) + _"<¢'/1T1 © V), 9S(w) B S (s (wli - 75)°%)]

First Order Main Error
L,z 1 2
STES | —=0yg
+2 NZa (12)
Second Order

The ”Error” term can be expanded as

BV [<Vf(wt)an<\/% }) @gt>] =§;Eﬂ [nalﬂwt) ( W%l— wlsz> gt,l}

For each [, the RHS of the above inequality can then be bounded as

2
1 1 >g l} < 1n31f(’wt) L B i1

- | <5 5 )
VVi—11 Vil ’ 20 oy 2 VULt V-1

EV [nalﬂwt) (

2
2
where by Assumption 3, <E|f t [\/mft\}ﬁ] ) can be bounded by

9 2
]E|.7:t gt,l < (DO +D18lf(wt)2)E\]-} gt7l S|
N 2T T (Pl + VPi—1))
Then, following the similar routine as the proof of Theorem 2 and leveraging the potential
function &(t) £ 2L Of W) e have
N
1 1 0 2 2
ElFt [Ualf('wt)( >g } < 77| L f (wy)] + n DOE\}} { Hgt,lH 2]
VVi-1, \/Vt VVi-1, 2V (\/m+ \/m)
2
" pEF ( 3 ) ( 2, 1 2) 1 1
—DEV? t—1) =&t LnD —D1(L _
+t3D & ) —&(t)) + (n(Ln 1)‘1'2 1(Ln) Ny \/H(Dgtl

Applying the above inequality back to Eq. (12) and summing Eq. (12) over ¢ from 1 to 7', we obtain
that

1 zT:zd:EW<f(w) zdz” §(t)]—|—ﬂDi
4nt:1 = VP 1 =1 l 270

2
¥ (mml% ( (LnD1)? + LDy (L) ) " Ln ) (Elnwr - nw)
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Define
5 A 1 2 N 2 £
Cy =4 <minl N (n(LnDl) + 2Dl(Ln) ) +51),
d
~ 4 - 1 -
&, A nf(wl) - fE[f(wT + ;le &(0) — &(T)] + 2D0\/—’70 — Cylnuy.

Then, following the same routine as Stage II in the proof of Theorem 2, we have

Z\/F] ST Z«/2D0T+V05+C’1 +02E21nuﬂ
=

2D1
1 - -
Sﬁ Z \/2DgT + vy, + C1+2dCyInE Z VUT-
1
=1 =1
The rest of the proof flows just as Theorem 6. The proof is completed. |

C.2. Explanation of why Theorem 6 uses Assumption 3

Here we provide a more detailed explanation of why Theorem 6 can not be established using
Assumption 3.
In the proof of the previous section, we see that by Assumption 3,

9 2
g
(EIE [\/m Jj/ﬁ]) < (Do + D18 f (we)*)EF

2
91

(VPel + Pi1,)?

1. O f(we)?
e

2
we replace Assumption 3 by Assumption 2, the bound of <Ef ¢ {\/mit\/lﬁ] > change to
<E]:t

and the term

term in the bound of the “Error” term. However, if

The term 0, f (w;)? latter results in a

2
9t
VUL Vi1

1, 0uf(we)? V£ (wi)]?
EA N reew V=i

than the absolute value of the “’First Order Main” term —n Z =1
on.

2
w 2\ | Fe i1
]) < (Do + D1||V f(wy) ||*)E (M—Fm)Q]’

correspondingly. Such a term is no longer smaller

A f (wy)?
V-1’

changes to 7 In

and the proof can not go

C.3. Proof of Theorem 7

Before the proof, we define several notations. We define vy, ;; as the [-th component of vy ;,
Vk > 1,71 € [n],l € [d]. Similarly, we define g, ;; as the [-th component of g ;. We define 7 ; as
the inverse index of 7y ;, in the sense that 7 7 , = 4, Vk > 1,4 € [n]. One can easily check that
{Thi}lq = [n], Yk > 1.
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Proof By Assumption 5 and the triangle inequality, f satisfies L-smooth condition. By applying the
descent lemma to the change of parameters within a whole epoch, we have

L
flwrg11) < flwrn) +(VF(we1), wrg11 — wrp) + §\|wk+1,1 — w1 (13)

We temporarily focus on the first order term (V f(wy, 1), Wr11,1 —wg,1) as the second order term
is as simple to be bounded as those in the proofs of Theorem 2 and Theorem 6. The wy 11 — w1
in the first order term can be rewritten as

Wk+1,1 — Wk,1 = —UZ

7

1
:—7727®91m+772 \/W \/m)ng,i

1
:—an@an” wkl +772 \/W \/V— 7 vakz(wkl) gk,i)
1
=-— OV f(wg1)+ © G, + —— O (Vfr  (Wg1) — gri
HM f(wg,1) UZW \/@) ki U;m (Vfre:(wi1) — gr.i)
Thus, the first order term can be rewritten as
(Vf(wp), wet1 — wi1)
n 1
=(V —-nN—=0V +(V ;
(Vf(wg,1), 77\/%@ fwia)) +(Vf(wga), TIZ \/W m)®9k,z>
n
1
\Y —— O (V. — Gk
+{ f(wk,l),n; Jos © (Vnawe) = gi)
2 1
=— v \Y ‘
nn 4Vk:,1® f(’w/g,l) < f’wkl 7]2 \/W m)@ﬂk,z>
+ (Vf(wg,1), UZ\/TJ (Vfrs (Wr 1) = ki)
2
We then tackle the three terms respectively and denote F} = —nn W OV f(wy, 1)‘ , Fo =

<Vf(wk,1)7ﬁ2?:1(\/,}ki*\/,iTﬂ)ng%and F3 = (Vf(wg1),n> 0, W O (Vi (wr1)—
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gk.i))- F> can be bounded as

||

d
1 1 1
(Vi) (o= = 7o) © 9w '"Zl Ol ) 3 m N

n

4 1 1 1
gnZDalf(wk,l)(m—Wgw nzzm ﬁ)wzf(wmugkm

=1 i=1 =1 i=1
d n 1 1 d n 1
= — o f(w 0 Th i 'LU Z o, f(w 0 i\ Wk 7y,
n;;(m W)l L f (wi,1)[01f K, TIZZU:I \/yk“ \/Vk,%k,i,l)l L f (w101 fi(we 7, ;)
oS (2100 1o )] (S ok 100k
et NZEW N
d n
O f(wr )0 fi(wr,7, ;) — Oufi(wp—1.7,_,
Y \ Mot ) = Oufil Fro1i)
I=1 i=1 VVE 11
d n
O f(wi,1) — Ouf (wWe—1,1)||01fi(Wi—1,7_, ;)
3y ] I
1=1 i=1 vV 1l

where Eq. (%) is due to vy, ;; is non-decreasing with respect to k and 7. Since Vk > 2,

n
IV f (i) =V (wim,)I? < L2lwgg — wimi1 ] < nL? Y [lwgja1 — w1,
j=1

and

”vfl(wkﬁ'kz) - vfi<wk—177:k71,i)||2 SLQHwkﬁ'k,i - wk—li’kaiHZ

n n
<mL? Y fwpo g1 — w1 j)* 4 20L Y [lwy e — wi),
j=1 j=1
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then Vk > 2 we can further bound | F5| as

| F|
<Uzd:zn: (!@f wi—1,) |0 fi(we-15.,,)1 |8lf('wk:,1)||alfi(wk,%k,i)|)
=1 i=1 VP VVEF il
n 2
DIRILE o © )| + o I, ) — Vs )
"1 1 >
# 30 50PL | = o Vhtwicra )| + IV = VAol

1
n

|0 (w1, )10 fil(wr—1,7_, )] |5lf(wk,1)||azfi(wk,%k,i)\)

1=
d
<y
Vkll VVEk, 71 4.

=1 =1
n

+
=1

2nnL -
Z |wg j+1 — 'wk,]

t i ool mlnl VV1,0,1

(wk.1)

1
2

n n
nLY  wi-1s1 — wr-lf?

1 i 21
+zg( + (4 )
;ni - (’@f W1, 1 Halfz(wk 1,7 1z)| B ‘8lf(wk,1)|’alfl(wkﬂ:kz)‘>

2L ‘ OV iwi1s )

V Vk 1,7 Tk—1, 7,7l V ka%k,iyl

=1 i=1
n n
1 2nnL 2
+ = Wi, 1 W j+1 — Wk,j
>3 k)| + g s 2 I 0
n 1 2 277 n
+ = i(Wk—1,7,_1, +(1+.>HL W15 1_'wk71,'2 )
9 ( 1,71, ) miny m ; H J+ J

-
I
—

where Inequality (o) uses the non-increasing property of vy, ; ; with respect to i.

When k = 1, we directly bound |F»| by

Bl <n)

=1

— [ 10uf (wi )| fi(wrz, )| 10 (wi )| fi(wr 7, )|
VVE 11 Yk il '

i=1

.
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Meanwhile, F3 can be bounded by

d n
1
|F3] <n ——— |0 f (wi,1)||01 fr s (Wi 1) — Grsii]
d n 1
=1 ——— O f (Wi )01 fry  (Wh 1) = Oy fr, (Wi )|
<i<1nLu SOR F1CTRY) mapm—" —) VPR N
4 1 4 4Vk,1 ’ Lminl,/l/lol Thyi ’ Thyi v
n
L|—— oV 2
S H\/i@ S (w1 +melWZIIwkj+1 wy, ||
) Z 21| 2
=— w n w —w

As a conclusion, when k& > 2, the first order term can be bounded as

(Vf(wpg1), wrs1 —wp1) < F1 + !F2| + | F3]

1 o f (w o, fi(w o f(w O fi(wy, =,
< —mn O Vf(why) +”ZZ |Ouf (wr—1, )10 fi(wi—15_, )] 101f (wi ) 10Lfi( k,ﬁm)|)
ot Lo N = N

3 1, 2
+ 4m7L||\/j®Vf(wk1 +Z L 7@Vf1 wk_lafkfl,i)
+ <1+. ! >n2LZHw1c1,j+1 — w2+ “2LG:\\wk,j+1—wk,j|!2-
2 ming /U1 = miny \/V10, =

When k& = 1, the first order term can be bounded as

(Vf(wy, 1) Wp1 — W) < F1 + !FQ\ + | B3|

8 a g T a 8 I3 T
< —nn (w.1) +”ZZ Ouf (w0 fi(we s )l 10U (wi )10 fi(wr 7,
—1 i=1 k11 VVk il
W (wk,1)||2 mmin WZTL L||ij+1 wy j | .

Besides, the second order term can be bounded as

L 2 nL 2
§||wk+1,1 — w1 §7 Z lwg j+1 — wg ]°
=1
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Combining the estimations of the first order term and the second order term together into the
descent lemma and summing over k then leads to

fwriiq)
1< 2
(w - oV f(w
11) 42 W J(wg1)
iy Zn: |Ouf (w1 )01 fi(wi 7 ) |0 (w10) |01 fi (w7, )]
=1 i=1 VVLLL VY170
+n d zd: — [ 10uf (w1t )| fi(wr—17,_, ) |01f (wr)l|Ofi(wr g, )]
k=2 I=1 i=1 V=17 100 V7l
T n 2
't (14 s o)
+ 5 OVfi(wez )| + 1+ L w w
;;277 |5 o VAt i ;;n T
2
f(w11 H (wk,1>
=1 V
+nzd: - \alf(’wl,l)||<9lfz'(w1,ﬁ,i)! N0 (wr)||0s fi(wrzy,)|
=1 i=1 VvV VYT 7r 4
T n 2
+ ’L OVfi(wrz )| + 1+ >2L w w12
l;z 1 277 H\/Vkﬂl filws) ( mlnl,/ylo’ ZZ 1wk j+1 — wi gl

k=1 j=1

We respectively bound the last two terms.

The term Z;{:l S, n’L H \/’/kl+ﬁ O Vfi(wkz,,)

2
‘ can be bounded as

T n 2
Qsz W 7, l Qsz(wk:'r 1)
1 2
=225L\Iwk,j+1—wk,jll : (14)

k=1 1=1

Thus, we only need to bound the last term in order to bound the first two terms. The third term

S (1 + o W) nL? > it Ik 1 — wy, ;|| can be bounded as

T 377 n 377 T n d 92'
1+.>nL2 wk'l_wk‘2:<1+_>nL2 i
kzl< ming /V1,0,1 ZH J+ ]H min, /7107 2;;1/ A

j=1
VTnl
<1+ ) nL? In
( mlnz\/Vw Z 101

=1
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Combining the above estimations together, we obtain

T d n
00 f (w1,1)]|01 fi (w1 7 ,)
flwri1n) <f(wi1) ‘Qvf(wkl +n ’
kz IZ; =1 VvV11,1
d
+ <(1 > nL?+ L> (Invy,, —Invigy). (15)
Hllnl V1,0, =1

Define

¢ f(w )~ flw iz 0] Con, 0o, T“)l + <(1+ 3 )nL2+ 1L)ilnu
) min, o] 9 1,0,15
0 11 T+1,1) L VVLLL min; /10 2") & 0,

3n 1
21+ —""——|nl*+ L.
Cl ( + minl VvV1,0,1 " + 2

Based on these notations, Eq. (15) can be abbreviated as

T 2 d
Z s O Vf(wry)|| <4Co+4C1> Invp,,. (16)
=1
Since
d 2 2
1 Of (wga)” w 1) V f (w1
19 D d( (R
VIR N = X Yk 2 i 1Vk,1,l'

the LHS of Eq. (16) can be lower bounded as

T

Z IV£(wra)l?* Zle IV f (wr,)|”

T
Z y
k= k= Zz/ N7 Dl VT

O by Tk i [V filwr)|” — BT
>nmn

/~—~d
Zyzl vrar

T
s Yot ot IV fi(wr s, 2 = b Sohey Soiey IV filwiz,) = V fi(w 1) |2 — 20T

\/ Zl’ 1 vry

T D
ﬁ > k=1 Z?ﬂ ||vfi(wk77~—k,i)“2 nD1 Zk 1 Zz 1 w7 Thi 'wk,l\IQ - [T?T

\V Zz' 1 vrLr
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T 2 T
ﬁ Dok Dic vai(wkyf'k,i)uz - 1%1 D k1 Dic Z;‘Lﬂ [w,j+1 — w1? T

Sy vra
nnﬁ by S IV fi(wpz, D12 — 22 ST ST lwg g — w1 — BT
\ Zgﬂ vror
s (i vy — Yo viow) — B Y S wii — wi |2 — BT

d
D=1 VT

2>n1

>nmn

As a conclusion,

d d 2 T
- 2n1Dl (v vy — 2y Vioy) — % > k=1 Z?:l |w,j+1 — wk,j”Q - %?T
\V Zg:1 vrar

d
<4Co +4Cy Y Invpgy.
=1

Echoing Eq. (14), we then obtain

d d L2 d n, D
2n1Dl (Zl/:l LN Zl’:l V1,0,z/) - %71772 21:1 In TEnt — ﬁ?T

Vi1,0,1
/~—~d
Zyzl vrar

nn

d

<4Co +4Cy Y Invpy.
=1

Solving the above inequality with respect to Z?,ZI vr v leads to

d
> vrne = 0(1) + O(DoT).
'=1

Applying the above inequality back to Eq. (16) completes the proof. |

Appendix D. Analysis under (L, L )-smooth condition

D.1. Proof of Theorem 8

Before the formal proof of Theorem 8, we first introduce the version of descent lemma under
(Lo, L1)-smooth condition.

Lemma 11 (Descent lemma under (L, L;)-smooth condition) Let Assumption 6 holds. Then, if

wy, ws € RY satisfies ||wy — ws|| < L% then

(Lo + L[|V f(w2)])

f(wr) < f(w2) + (Vf(ws), w1 — wa) + 5

[w1 — ws %,
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The proof bears great similarity to that of the descent lemma under L-smooth condition and we

omit it here. Interested readers can refer to (Zhang et al., 2020, Lemma A.3) for details.

Proof [Proof of Theorem 8] Since we set 77 < L% and || %H < 1, we have

Vf(wy) 1
— = < —.
[wis1 — wi| UH =T
Therefore, Lemma 11 can be applied to w; and w1, taking expectation to which leads to
Vi(w), Lo+ Li||Vf(w ?
]E]:t <vf(wt)7 -n ( t)> 0 IH f( t)”772E t i
Ex, f(wis1) < f(w:) + vy 2 VPV
First Order Second Order

We then decompose the “First Order” term into the “First Order Main” term and the “Error” term
as follows.

IV f (wy)]? [< 1 1
—-n——="—  Ep Vf(’wt)aﬂ( - 7)91&
Er, f(wit1) <f(we) + VR V-1 /Ut
First Order Main Error
Lo+ Li[|[Vf(w)] o g |I°
7] E]:t R —
+ 2 Vi
Second Order
IV f (wy)]|? [< 1 1
—-n———— Ep Vf(wt)ﬂ?( - 7)‘%
<f(wy) + VVt—1 + ' Vi1 Ve
First Order Main Error
L 2L 2
70772E}_t gt 1[Vf(wy)| 772EJ-} 9t
+ 2 VULl + 2 Vit (17)
Second Order I Second Order 11

Here the second inequality is obtained by directly expanding the ”Second Order” term. The ”Second
Order I” term takes the same form of the ”Second Order” term in the proof of Theorem 2, and it can
be handled in the same way as the proof of Theorem 2. So does the “First Order Main” term. As for
the ”Error” term, following the same routine as the proof of Lemma 4, we obtain that

‘E]-'t [<Vf(wt),n(\/% - \/117t)gt>H < HWEE [MH] -

Meanwhile, since v is non-decreasing with respect to ¢, we have that

L 2 2
/(TN R/ Py Tl
2 N VVit—1 VUi + Vi1
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One can easily observe that the RHSs of the above two inequalities have the same form except the
coefficients! Thus, the “Error” term plus the ”Second Order II”’ can be bounded by

11 L[|V f(w)]| 5 g |?
B (Vw0 =~ )| DTl | 9|
Error Second Order I1
oy IV (wi) | [ lge]l? } [V f(we)|l [ llg:1I” ]
Y IV e e el Yy e

where in the last inequality we use L < 1. By the mean-value inequality (2ab < a? + b?),

IV £ (w,)| [ 142 } 1[IV (w)]? 0 < { ¢ D2
e L IR I LAY Y el G B s
1 [V (w)|” U 5 { [l }
3277 T +2 Vt_lEftHgtH Er, (Vi + 1)
L IVf@)l? . n ) lge 12
<y T2l o (0,4 D ) P, ||

where the second inequality is due to Holder’s inequality, and in the last inequality we use Assumption

1. Similar to the proof of Theorem 2, we focus on the term 2D1 ||V f(w;)||?E£, [%},

since the rest of the terms can be easily bounded. Such a term can be bounded as

DLV f () 2 e
’ & [( ]

= NZESN e
2 1 1
<2D4 |V f (w))|[*Ex, (W - W)
—2nDiE7, (”Vf(z:l)llz’ B HVJ:%:)V) + oyp, IVF @I —Vt||_vlf(wt_1)|y2.

By Assumption 6, ||V f (wy)[| = [V f (wi—1)[| < [|Vf(wi) =V f(wi)|| < (Lo+La[|V S (wi)|])|we—
w;_1||. Therefore,

1 1

2nD1||V ’E < — )

nD1||V f(w:)[|"Ex, NN
:277D12(L0 + L[V f (wi) ) [wi — wi |||V f (we)l| + (Lo + La||V f (wi)]))?[Jws — wi—a ||

Vi1
[V f(wi1)|? IIVf(wt)||2>

+ 2nD1E -
<onD, 2(Lo + L1 ||V f (wy) ) [|wi — wi ||V f (wi) || + 2(L5 + LIV f (wy) |*) | wi — w1 ]?
o Vi

+20D1EF, (€ —1) = £(1)) -
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where the last inequality we use £(t) = Hvﬂ%)” and the mean-value inequality (Lo+L1 ||V f(wy)|)? <

2(L2 + L3||V f(w;)|?). Reorganize the RHS of the above inequality then leads to

2(Lo + L[|V f (wi) [Dl|we — wia|[[IVF (we) || +2(LF + LRIV f (we) 1*) |l wy — wia|®

Vi1

277D1

+2DiEx, (€(t— 1) — £(1))
_ _ 2 _ 2
o= sl T @0l = el @OI o = il

Vi1 Vi1 Vi1

Jewe = wes ﬂ ||1Vf<'w0“ +20D1Eg, (6t~ 1) = £(1)).

—=4nDi Ly

+ 4L32nD,

In the RHS of the above inequality, the first term can be bounded by the mean-value inequality as

_ 2 _ 2
oy o VSOl 0 ISP ool = wea |
Vi1 N Vi1
Byn < 64D 7, » the second term can be bounded as
_ B 2 1 2
sy e IV Tl 1 9SG
Vi1 167 v
Byn < &/Diﬁ’ the forth term can be bounded as
— 2 2 2
4Dy L [ — wia |7V S (wr)] SinHVf(’wt)ll '
Vi1 16" v
Therefore, 2 D1 ||V f (w;) ||*Ex, <\/% f) can be bounded as
2DV f (w00, (s~
nL t Fi U 1 \/17t
||Vf( e)]|? +4L2nD, lws — w1 || + 16D2L2 [|we — w2
_8 Vi1 0 VVi-1 VVi-1

+2nDiEF, (§(t - 1) = £(1))

All in all, we conclude that the "Error” term plus the ”Second Order II”” term can be bounded as

2

1 1 L]V f (wy) || 9t

E V f(wy), — I 2 E 2 || 2

e I e
Error SecondT)rder II

7 \V4 2 o B 2 o _ 2
an f(wd) +4L3UD1M+16D%L%IIM w1 |

-8 Vi1 Vi1 Vi1
+2nDiEF, (§(6—1) = £(1)) .
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Applying the above inequality back to Eq. (17), we conclude that

2 2

W\\Vf(wt)||2 Ly , gt 2 lwg — we—1]|

Ex, f(wirr) <f(wi) — -———5— + —0°Eg, | —=| +4LinD1———r——
Fof (Wig1) <f(wr) 8 U1 o T EF N 0" U1

lwe — we—1]?
+ 16Dng% +2nD1EF, (£(t—1) —&(1)) -

The above inequality takes the same form of Eq. (8) except the coefficients. The rest of the proof
follow the same routine as the rest of the proof of Theorem 2.
The proof is completed. |

D.2. Proof of Theorem 9

Before the formal proof, we first present some notations.

+ _ 2t 2! : :
Constants. Vi € Z7, we define a; = "5 = n\/4t+1_1 . One can easily observe that ay is
3
increasing with respect to t and thus a; > a; = n--= f +—, where the last inequality we use 7 > 4‘[.

We then define Sop_; = thl asi—1 and Sop £ thl as; with Sp = 0and S_; = 0.

Line segments. We define the following line segments: Cox—1 = {(x, Sog—2) : = € [Sok—3, Sok—1)},
and Cy, = {(52k717 y) Ty € [Sgkfg, SQk)} Define C = UE"ZIC;C.

Proof [Proof of Theorem 9] We first define a function over C as follows. Define f((0,0)) = L , and

_ _ _ 4
(22%71,0) + Ly (2 — Sop—3)(—2%72,2%%72) 2 € [Sop_3, Sor—3 +
Ly

8
(0, 22k), x € [Sok_3 + 0
1

_ _ 4
(0,2%%) + Li(y — Sop_2)(22F71, —2%71) 4 € [Sop_a, Sop_2 + LT)

4
V fleg (Sory) = ¢ (225, —22%) 4 (y — Sop_o — *)(O —2% 1)y € [Sopo + — I, , Sok—2 + I,

Ly

8
(22%41,0), y € [Sop—2 + - Szk)

To begin with, one can easily observe that V f ((Sox_1, Sar_2)) = (0,22¥) and V f((Sar_1, Sor)) =

(22k+10). We then prove that f|c obeys (0, L1)-smooth condition: as the length of Cy, is ag, which
is longer than L%, if w; and wy belong to C and satisfy ||lw; — wal| < L%, it must be that either
there exists a k, such that wy,wy € Cy, or there exists a k such that w; € C, and wa € Cpyq
(or there exists a k such that w; € Ciy1 and wa € Ci, which can be tackled in the same way
due to the symmetry between w; and ws). For the former case, without the loss of generality we
assume that & is odd and equals 2k’ — 1. We then observe that the gradient norm is no smaller
than 22¥'=2,/2 when w € [Sop_3, Sorr_3 + L%] x {Sap_2}, while the norm of directional Hes-
22k'

sian is L122k/_2\/§. Similarly, we observe that the gradient norm is no smaller than when

29

L
4 4
V flese 1 (@, Sap—2) = { (=2F71227) 4 (2 — Sop_g — —)(—2%72,0), z € [Sop_3 + ,Sok—3+ —

)

Sok—1)

8

8
Ly

) -

) -
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w € [Sop_3 + Lil, Sorr—1] X {Sok—2}, while the norm of directional Hessian is no larger than

L12%¥'=2 Therefore, we conclude that |V f (w;) — V. f(ws)|| < L1||wy — wal|||V f(w:)]]. As for
the latter case, without the loss of generality we still assume k = 2k’ — 1, and wy € Cop—1 and
wa € Copr. Since ||[wy — we|| < L%, we must have w; € [Sop_3 + L%, Sorr—1] X {Sokr_2}. Thus,

[V f(w1) =V f(ws)]
=V f((Sor'—1, Sarr)) — V f(w2)]|
<L ||V f(w2)[[[|(S2xr—1, Soxr) — wal| < Ly min{[|V f(w2)]], |V f(w1)|}[|wi — w2

This proves that f|¢ obeys (0, L1)-smooth condition.

Also, by induction, one can show that f|c > 0. Together, we can then interpolate f|c to get
f, which satisfies Assumption 6 and f > 0. Furthermore, running AdaGrad-Norm on f with the
initial point w; = (0,0) leads to that wor_1 = (S2x—3, S2or—2) and wap, = (Sor_1, Sor—2), and
IV 1 (w) | = 2

The proof is completed. |
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