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Abstract

Tensor decomposition serves as a powerful primitive in statistics and machine learning, and has nu-
merous applications in problems such as learning latent variable models or mixture of Gaussians. In this
paper, we focus on using power iteration to decompose an overcomplete random tensor. Past work studying
the properties of tensor power iteration either requires a non-trivial data-independent initialization, or is re-
stricted to the undercomplete regime. Moreover, several papers implicitly suggest that logarithmically many
iterations (in terms of the input dimension) are sufficient for the power method to recover one of the tensor
components.

Here we present a novel analysis of the dynamics of tensor power iteration from random initialization in
the overcomplete regime, where the tensor rank is much greater than its dimension. Surprisingly, we show
that polynomially many steps are necessary for convergence of tensor power iteration to any of the true
component, which refutes the previous conjecture. On the other hand, our numerical experiments suggest
that tensor power iteration successfully recovers tensor components for a broad range of parameters in
polynomial time. To further complement our empirical evidence, we prove that a popular objective function
for tensor decomposition is strictly increasing along the power iteration path.

Our proof is based on the Gaussian conditioning technique, which has been applied to analyze the
approximate message passing (AMP) algorithm. The major ingredient of our argument is a conditioning
lemma that allows us to generalize AMP-type analysis to non-proportional limit and polynomially many
iterations of the power method.

Keywords: Tensor decomposition, power method, approximate message passing

1. Introduction

Tensors of order m are multidimensional arrays with m indices, with m = 1 corresponding to vectors and
m = 2 corresponding to matrices. The notion of rank naturally generalizes from matrices to tensors: An
m-th order tensor T € (R?)®™ is said to be rank-1 if it can be written as

T:U1®"'®Um<:>T(i1,"' ,im):vl(il)-~vm(im),

where vy, - -, v, € R Past results imply that any tensor can be expressed as the sum of rank-1 tensors
(Kiers, 2000; Carroll and Chang, 1970). Namely, given T € (R%)®™ we can find vectors {UZ(] ) Yiepml, jelk]
such that

k
7j=1

The above decomposition is referred to as tensor decomposition, and the (CP) rank of a tensor is defined
as the minimum number of rank-1 tensors required in such decomposition. Unlike matrix decomposition,
tensor decomposition with m > 3 is in many cases unique (Kruskal, 1977). This is often true even in the
overcomplete case, where the rank of the tensor is much larger than its ambient dimension. The uniqueness
of tensor decomposition makes its application suitable in many practical settings, which we discuss below.
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Tensor decomposition serves as a powerful primitive in statistics and machine learning, especially for
algorithms that leverage the method of moments (Pearson, 1894) to learn model parameters. Applications
of tensor decomposition include dictionary learning (Barak et al., 2015; Ma et al., 2016; Schramm and
Steurer, 2017), Gaussian mixture models (Anandkumar et al., 2014a; Ge et al., 2015; Hsu and Kakade,
2013), independent component analysis (De Lathauwer et al., 2007; Comon and Jutten, 2010), and learning
two-layer neural networks (Novikov et al., 2015; Mondelli and Montanari, 2019). Despite the fact that tensor
decomposition is NP-hard in the worst case (Hillar and Lim, 2013), researchers have designed polynomial-
time algorithms that successfully approximate the tensor components under natural distributional assump-
tions. Exemplary algorithms of this kind include the classical Jennrich’s algorithm (Harshman et al., 1970;
De Lathauwer et al., 1996), algebraic methods (De Lathauwer, 2006; De Lathauwer et al., 2007), iterative
methods (Zhang and Golub, 2001; Anandkumar et al., 2014a,b, 2015, 2017; Kileel and Pereira, 2019; Kileel
et al., 2021), sum-of-squares (SOS) algorithms (Hopkins et al., 2015; Barak et al., 2015; Ge and Ma, 2015;
Ma et al., 2016) and their spectral analogues (Hopkins et al., 2016; Schramm and Steurer, 2017; Hopkins
et al., 2019; Ding et al., 2022).

SOS algorithms and their spectral counterparts provably achieve strong guarantees of recovering tensor
components, and can be implemented in polynomial time. However, they are often computationally pro-
hibitive on large-scale problems due to the high-degree polynomial running time. Therefore, in practice it
is often more preferable to resort to simple iterative algorithms (Celentano et al., 2020; Montanari and Wu,
2022b), such as gradient descent and its variants. These algorithms are computationally efficient in terms
of both runtime and memory, and are typically easy to implement. In the case of tensors, popular iterative
algorithms include tensor power iteration (Anandkumar et al., 2017), gradient descent on non-convex losses
(Ge and Ma, 2017), and alternating minimization (Anandkumar et al., 2014b).

We focus in this paper on the tensor power iteration method, which can be regarded as a generalization
of matrix power iteration. This method can also be viewed as gradient ascent on a polynomial objective
function with infinite step size (see Eq. (2) for a formal definition). However, unlike the matrix case where
the convergence properties are well understood theoretically, in the tensor case the dynamics of power
iteration still remains mysterious due to non-convexity of the corresponding optimization problem. To
unveil the mystery behind tensor power iteration, the present work proposes to study its asymptotic behavior
on decomposing a random fourth order symmetric tensor

k
T:Zai®ai®ai®ai, aiERd, Vi € [k]

=1

in the overcomplete regime k >> d, where we assume a; bk N(0, I;/d). We note that this is a well-studied
model in the literature, while its properties are not yet fully understood. Given the entries of T, our goal is
to recover one or all of the tensor components {a; };<, up to potential sign flips.

We denote by A € R¥*? the matrix whose i-th row is @] . Initialized at 2o € S*~!(1/d) that is indepen-
dent of the tensor components {a; },<f, tensor power iteration is defined recursively as follows:

_ \/gT(Ia Tt—1,Tt—1, 332&71)
||T(Ia Tt—1,Tt—1, $t71)l|2 ’

Ty t=>1, 6]

where
T(L,a,2,0) = ) a(@a(i)a()T(,i,j1).
i.5,l€(d]
For z € S%! (\/g) we introduce the following polynomial objective function:
k

S()= Y T(i.jkDa(Dz(izk)z(l) =Y (az)" = | Azl @)
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Notice that Eq. (1) can be reformulated as z; = V/d - VS(24-1)/ | VS(2¢-1) ||, i.., tensor power iteration
can be regarded as gradient ascent on S with infinite learning rate.

In the undercomplete regime where k£ < d, if the components {a;};<} are orthogonal to each other,
then S has only 2k local maximizers that are close to {4v/da; };<x. In this case, tensor power iteration
provably converges to one of the =v/da;’s (Anandkumar et al., 2014a). Indeed, tensors with linearly in-
dependent components can be orthogonalized, thus suggesting the existence of efficient algorithms in the
undercomplete regime.

Things become far more challenging in the overcomplete regime where k is much greater than d. When
k < d2, it is known that any global maximizer of S must be close to one of the &+/da;’s. However,
algebraic geometry techniques show that S has exponentially many other critical points (Cartwright and
Sturmfels, 2013). Further, if & > d?, then S(z) concentrates tightly around its expectation, uniformly for
all z € S%~1(+/d), thus making it hard to identify the tensor components from the information encoded in
S. As far as we know, there is no polynomial-time algorithm known for tensor decomposition within this
regime.

We thus focus on the regime d < k < d?, where algebraic methods and SOS-based algorithms are
proven to succeed (Ge and Ma, 2015; Ma et al., 2016; Hopkins et al., 2016; Bhaskara et al., 2019; Ding et al.,
2022), and numerical experiments indicate that the performance of randomly initialized power iteration
matches that of these methods (see Fig. 1 for details). However, from a theoretical standpoint, the dynamics
of tensor power iteration in the overcomplete regime still remain elusive. A reasonable first step towards
solving this puzzle would be to understand how many iterations are necessary for power method to find one
of the true components.

1.1. Main results

We hereby give a partial answer to the above question. In particular, we establish several new results on
the behavior of tensor power iteration in the overcomplete regime. Our first theorem states that randomly
initialized tensor power iteration requires at least polynomially many steps to converge to a true component:

Theorem 1.1 (Slow convergence from random start, informal, see Theorem 3.1) Assume that k, d are
large enough, and that k =< d° for some ¢ € (3/2,2). Then, there exists some 1 > O that only depends on
¢, such that with high probability the following happens: Tensor power iteration from random initialization
fails to identify any true component of T within d" steps.

Related work. Let us pause here to make some comparisons between our result and prior work on the
same model: The seminal paper Anandkumar et al. (2015) shows that tensor power iteration with an SVD-
based initialization converges in O(logd) steps for k£ = O(d). In Anandkumar et al. (2017), the authors
prove that tensor power method successfully recovers one of the a;’s in O(log log d) iterations, given that its
initialization has non-trivial correlations with the true components. As a comparison, our Theorem 1.1 shows
that the O(log d) bound on the number of iterations does not hold for randomly-initialized power iteration,
and establishes that polynomially many steps are necessary for convergence in the overcomplete regime. To
the best of our knowledge, this is the first result that provides a lower bound on the computational complexity
of tensor power iteration. From a more fundamental point of view, we also show that tensor power iterates
are “trapped” in a small neighborhood around its initialization for polynomially many steps.

Although the power method fails to converge in logarithmic many steps as conjectured, we still believe
that it will correctly learn one of the tensor components when k& < d? within polynomial time. We present
numerical evidence as Fig. 1 in Section 4 to support our claim. Establishing a rigorous positive result for
tensor power iteration in this regime is challenging, and we leave it as an interesting open question for future
work. As an alternative, we present here a weaker result suggesting the correctness of tensor power iteration.
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Theorem 1.2 (Increasing objective function, informal, see Theorem 3.2) For d*/? < k < d2, starting
from random initialization, with high probability the objective function S is strictly increasing along the
power iteration path up to finitely many steps.

According to Ge and Ma (2017), the tensor components are the only local maximizers of S on a superlevel
set that is slightly better than random initialization. Their result, together with Theorem 1.2 suggest that,
in order to prove convergence of tensor power iteration, it suffices to show that the objective function S
eventually surpasses a small threshold determined in Ge and Ma (2017).

Proof technique. Our proof is based on the Gaussian conditioning technique, and is similar to the analysis
of the Approximate Message Passing (AMP) algorithm (Bayati and Montanari, 2011). The majority of
prior AMP theory can only accommodate a constant number of iterations (i.e., the number of iterations
does not grow with the input size) and proportional asymptotics (in our case, this corresponds to assuming
k/d — 6 € (0,00)). Rush and Venkataramanan (2018) moves beyond the constant regime and extends
Gaussian conditioning analysis to O(log d/ log log d) many steps. However, their results fall short of validity
when targeting for polynomially many iterations, which is essential in our context. More recently, Li and Wei
(2022) develops a non-asymptotic framework that enables the analysis of AMP up to O(n/polylog(n)) many
iterations, while they focus exclusively on symmetric spiked model and require nontrivial initialization.

The technical innovation in this paper is that we successfully apply the Gaussian conditioning scheme
to analyze the tensor power iteration up to polynomially many steps. Indeed, our conditioning lemma
(Lemma 2.2) gives an exact non-asymptotic characterization of the power iterates, thus allowing for pre-
cisely tracking the values of the objective function along the iteration path. It is noteworthy that the same
argument can be used to prove that polynomially many power iterates are necessary for general even-order
tensors (see Remark 3.1). To the best of our knowledge, this is the first result that generalizes AMP-type
analysis to non-proportional asymptotics and polynomially many iterations. From a technical perspective,
we believe our results will help to push forward the development of AMP theory and enrich the toolbox for
theoretical analysis of general iterative algorithms.

Organization. The rest of this paper is organized as follows. Section 2 introduces some preliminaries
regarding power iteration and Gaussian conditioning technique. In Section 3 we state formally our main
theorems and sketch their proofs, with all technical details deferred to the appendices. Section 4 provides
some useful numerical experiments that support our theoretical results. We provide in Section 5 several
concluding remarks and discuss possible future directions.

2. Preliminaries
2.1. Notation

For z € R% and S € R%¥*, we denote by IIg(z) the projection of 2 onto the column space of S, and let
IT&(z) = z — g(x). For two vectors u and v of the same dimension, we use (u, v) to represent their inner
product, and denote by ||ul|, the /’-norm of u for p > 1. We use the notation ® to represent the Hadamard
product of vectors and matrices. Furthermore, for x € R? we define ¥ = z ® z--- ® z, the Hadamard
product of k copies of . For a matrix X, we denote by X the pseudoinverse of X. We denote by e;, the
k-th standard basis in any Euclidean space.

We denote by S?~1(r) the sphere in R centered at the origin with radius r. For random variables
X,Y, we write X L Y if X is independent of Y. For a collection of random variables { X;};cs, we use
o({X;}icr) to represent the o-algebra generated by these random variables.

For n € N, we define the set [n] := {1,2,--- ,n}. For two sequences of positive numbers {a, }nen, ,
{bn}nen, ., we say a,, < by if a, /b, — 0asn — oo, and a,, < b, if a, = O(by,) and b, = O(a,,). For
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{cn}nen, C R, wesay ¢, = 0,(1) if ¢, — 0 as n — oo. For a sequence of events { £, },,en, , We say that
E,, happens with high probability if P(E,,) = 1 — 0,(1).

We reserve Op and op as the standard big-O/small-o in probability notations: For a set of random
variables { X, },,>1 and a sequence of positive numbers {a, },,>1, we say X,, = op(a,,) if and only if for all
§ > 0, limy, 00 P(| Xy /an| > §) — 0. Similarly, we say X,, = Op(ay,) if and only if for all 6 > 0, there
exists M, N € R4, such that P(| X, /a,| > M) < ¢ foralln > N.

Throughout the proof, with a slight abuse of notation, we use capital letter C' to represent various nu-
merical constants, the values of which might not necessarily be the same in each occurrence.

2.2. Tensor power iteration

Using the rank-one decomposition of T, we can reformulate the tensor power iteration stated in Eq. (1) as
follows: 3
3
- (ai, T—1)"a;
z=Vd- Z;—1< 2 21-1)° t> 1.
sz‘:1<aia Ty-1)3a; )

For notational convenience, we recast z; as Z;, and redefine

k

wi= Y (a5 T ) e = AT (AT)?,
=1

where we recall that A € R**? is the matrix whose i-th row is aiT. In other words, x; is the gradient of
S(z) = || Az|); at F;_1, and F; is the projection of z; onto S~ (v/d):
Lt

lzelly

zy = AT(ATy1)%, Ty = Vd - 3)

We introduce some useful intermediate variables: y; = Ax;_1, f; = yf’ Using these intermediate variables,
tensor power iteration can be decomposed into the following steps:

yr = ATy_q, ft:yfa

Tt = ATft, Ty = \/g t @

[EaiPy

2.3. Intuition behind slow convergence

We now provide a heuristic justification for Theorem 1.1 through analyzing the first step of power iteration.
Indeed, we show that for any initialization zo € S?~'(1/d) that is independent of T, the normalized first
iterate 7, (defined in Eq. (3)) must lie in a small neighborhood of xy with high probability. This claim is
made precise by the following proposition:

Proposition 2.1 Ler zp € S¢! (\/&) be independent of A, and 1 be defined as per Eq. (3). Furthermore,
we assume k =< d€ for some ¢ € (3/2,2), and let ) be a small positive constant satisfying n < (¢ — 1)/2.
Then, with probability at least 1 —Cy exp(—Cyd™™{2n¢/440/20) it holds that ||T1 — x|y < Co-d1=9)/2+7.
|0l where Co, Ct, Co > 0 are absolute constants.

Proof By rotational invariance, we may assume without loss of generality that 2y = v/d-e; = (\/E, 0,---,0)T,
which implies that

k k k k k
Z<ai, xg>3ai = Z dS/Qa?lai = <d3/2 Z a?l, d3/? Z a?laig, e ,d?’/2 Z ag’laid> . 5)
i=1 i=1

=1 =1 =1
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Since aj; ~iiqa. N(0,1/d), applying Theorem D.3 gives the following concentration bounds:

t2d*
P ( > t) < Cyexp <—C1 - min {k’ d\/i}) , (6)

k

Za?l - ?T];

=1

k 244

P Za‘?lail >t| <Chexp <—C’1 - min{k, d\/i}) ,for [ =2,--- d. (7
i=1

As a consequence, we know that

1 3 3k . [t2dt
P ( g W(ai,x(ﬁ ai — el > tﬁ) < Codexp <—01 - min {k’ d\/i}) ®)
2
k
d 5 d3t [t
— P ( 3% E (aj,xo)’a; — xo|| > 3k> < Cod exp (—Cl -mm{k, dvts | . )

Therefore, setting ¢t = 3ks/ d?5, we obtain that

2
]P’( 3k 3k5> < Codexp <—C1-min{k8 \/E}> ,

_ 2> re Ve
Hx1H2 \/& o \/& d’ di/4
P(

3k 3ks . ks® Vks
el > \/g> < Codexp <—Cl - min {d, d1/4}> .
Hence, for any s > 0,

Vd
# (17 s 2 o8) <8 [ ], 2 7)o 5 o, =7)

3k 2
3k 3ks d svd
< lz1]]2 Vi 2\/&> + ( % T — Tp .

2
< Chd exp <Cl -min{ks %}) ,

2

xr1 —

d i/

which further implies that for any s > 0,

~ ks? Vk
P (le — xoly > S\/8> < Cpdexp [ —C} - min i, vEEL . (10)
d ’ dl/4
Recall that k& = d°, then choosing s = d1=9)/2+7 yields the desired result. |

The above proposition implies that ||z — xo||y / [|z0]|, is polynomially small in d with high probability
(1 — exp(—Q(dF)). If we can establish similar upper bounds for power iterations up to ¢ = poly(d), then
we are in good shape as it requires at least polynomially many iterates for the power method to escape
the neighborhood of x( of (an arbitrarily small) constant radius and in turn converges to any of the tensor
components. In the following sections, we show that this is indeed the case by leveraging the Gaussian
conditioning argument and extend its analysis to polynomially many steps.
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2.4. Gaussian conditioning

In this section, we present a Gaussian conditioning lemma, which enables us to decompose each step of
the power iteration as the sum of projections onto its previous iterates and an independent component. This
lemma can be viewed as a multi-step generalization of Lemma 3.1 in Montanari and Wu (2022a), and is
proved using the properties of Gaussian conditional distribution.

Recalling the variables defined in Eq. (4), we further denote by Fyi.; € R¥*? the matrix whose i-th
column is f;, and Xg.; € R¥(+1) the matrix whose j-th column is xj 1. We define fi* = Hfl o (fr),
o = TI% Yoy, (Tt), and T T = Iy Yo, (Tt). Note that fi- € R¥ and 2,7} € RY. The following lemma
will be used several times throughout our proof:

Lemma 2.2 (Gaussian conditioning) For s,t € N, we define the sigma-algebra:
fs,t = 0'(1‘0, L, sy Y1, 7yt)'

Then, we have the following decompositions:

t—1

~ Rit1, —T
=Y a M AT g (11)
i=0 Hx ||2
Ytr1 = Zh i 17” + hegr
1112
(12)
t+1 ~ ~1 ~
y L x—hx‘f > <$'7 ,.Tt)
_ZHF“ 1 xz 1 z 1 ZfL 7 . 221 . fval -,
1z; 1||2 i—2 1=l 171112
T A kxd e A, L 4 4
where Ay, Ayr1 € R satisfy Ay = Ayyp1 = A, and
Zt L U(-Ft—l,t U U(Zh Tt aZt—lagla .. -,gt)), /Tt+1 1 U(ft,t U U(Zh Tt aZtagla cee JL))‘
Further, the sequence {h,} is defined via
~1
Ti, T ~
1= fi- <||}l\|t2> + 7, A1 T (13)
¢ 12

The proof of Lemma 2.2 is provided in Appendix C.

3. Proof overview

We give in this section a formal statement of our main theorem, and provide an overview of its proof. We
postpone the full version of the proof to Appendix A.

Theorem 3.1 Assume d, k, T — oo simultaneously satisfying d*/? < k < d?, and that

]{32/3
= T(k,d) < (loghk)™ /3. =—.

Then for any € > 0, with probability 1 — 04(1), the following result holds for all 0 <t < T':

1
— max |(T¢, a;)| < e. (14)

Vd ielk] -

That is to say, tensor power iteration fails to identify any true component in T'(k, d) steps.
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Remark 3.1 The above conclusion extends to the case of arbitrary even-order tensors: For general m > 2

and a; R N(0, I4/d), let T = ZZ 1 Z®2m. Tensor power iteration for decomposing T is defined as the
following iteration:

vy = AT(AF_ )™ Fo= VA L
[P}

Similar to the proof of Theorem 3.1, we obtain that under the condition d@m=1/m « k< d™, as long as
tensor power iteration starts from a random initialization and

m/(2m—1)
T < (log k)_l/g - min {k1/2m, kd} y

then for all fixed € > 0, with probability 1 — 04(1), Eq. (14) holds for all 0 < t < T The proof of this claim
is similar to the proof of Theorem 3.1, and we skip it here for the sake of simplicity.

Remark 3.2 Using a similar argument, we can show that projected gradient descent requires at least poly-
nomially many steps to converge to any tensor component as well.

We also state here a formal version of Theorem 1.2, whose proof is provided in Appendix B:

Theorem 3.2 Recall that S(z) = Zfﬂ(ai,x)‘l for x € S¥1(Vd). Assume d,k — oo simultaneously
satisfying d*/? < k < d?. Then for any T, € N that does not grow with k and d, the following holds with
high probability: Forallt =0,1,--- T, we have

S(@;) = 3k + 20td + op(d).

As a consequence, with probability 1 — 04(1) we have S(z41) > S(@¢) forall 0 <t <T, — 1.

3.1. Proof sketch of Theorem 3.1

By definition, we have y; = Ax;_1. Therefore, in order to prove Theorem 3.1, it suffices to show with
probability 1 — 04(1), ||y, < eV/d forall 0 < t < T. We will prove a stronger version of this result,
namely ||y, < ev/d. To this end, we use Eq. (12) in Lemma 2.2 and decompose y; as y¢ = wy — 1 + vy,
where

T l?xt 1>

Z“ﬁ - Hﬂ E
112

le >.<~1L175t 1)

t
1
DRWE TR

=1 j=1

)

¢ ~ ~  ~
vy = Zfijil' <37i—17%l;1> ) <90¢L_~1737t—1)'

i—2 ”fiJLIHQ (B
By triangle inequality, we have
yelly < llwelly + lmelly + lvelly < llwelly + llmelly + [zl -

Then, it suffices to upper bound ||w;

4> |17t l5, and [Jve ||, respectively.

Upper bounding ||w;||, and ||7|,. For future convenience, define

\/a o <E£_—17gt—1>

A x 1 a’t -_— Ni.
THEE T VAEE I
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. iid.
Then, we can write w; = Zle a;z; and 1y = Zfzz a; 11, , 7. Moreover, one can show that z; "~

N(0, I) and Zle a?’t = 1. Using standard probability tools, we obtain that there exists a numerical
constant C' > 0, such that the following result holds with high probability (see Lemma A.1 and A.2 for
more details):

Jwe]l,, < CKY* < V4, Inell, < CT*4(logk)V* < Vd vt e [T).

Upper bounding ||v;|,. First, using Lemma A.3 in the appendix, we can show that |lv; 1 Hg is very close to
T2 (20) H; Therefore, it suffices to prove that

2
|mh@o|, <d=1a3,  weem,

i.e., tensor power iteration stays close to its initialization in the first 7" steps. To this end, we express
HH;O(@)Hg as d - HHjO(xt)Hz/Hthg, and estimate HHjo(ajt)Hg and \|1:t||§, respectively. Leveraging
Lemma 2.2, we can express x; in terms of the previous iterations, and finally establish the following re-
currence relation (see Lemma A.4-A.6 for details):

I olly Mm@l ) (\\Hz(m—n\\i)
lzellz 7 IMag(z)llz — 7 Mg (ze-1)ll3 )

where Uy, 47 is an increasing function. See the proof of Theorem 3.1 for its explicit definition.

Analysis of U}, ; 7. Note that the above inequality and the properties of Uy, 47 imply:

i 2 L 2
Al < Ufar 7HH””°($0)H§ = U} 47 (0), forallt e [T].
Mlao (ze)llz ™ \ 1Ty (20) 2 -

Hence, it suffices to show that U}, , - (0) < 1 for all ¢ € [T)]. This is achieved by establishing that

1
Uk,d,T(l’) < (1 + 2T> x, YV € [5k,da 25k,d]7 (15)

where €}, ¢ < 1 explicitly depends on k and d. It finally follows that

1 t
Up.ar (0) U g (Era) < (1 + 2T> cepd < Veepd < 2ep.4,

where the last inequality guarantees that Eq. (15) can be repeatedly applied to control U} , - (€k.q4). This
completes the proof sketch of Theorem 3.1.

4. Numerical experiments

We present in this section several numerical experiments that support our theory. In the following exper-
iments, we generate random tensors, and run tensor power method (1) starting from random initialization
over the unit sphere. If the iterates converge to one of the components (up to signs), then we call it a success.

We investigate the success region for tensor power method in our first experiment. In this experiment,
we run power method for 1000 iterations, and repeat this procedure for 1000 times independently for each
pair of (k, d). We record the corresponding empirical success rates, and plot these success rates for different
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Success Probability

1.0

0.8

r0.6

0.4

0.2

0.0
4 5 6 7 8 9 10

logk

Figure 1: Success probability of tensor power iteration for varying &k and d.

(k,d) as a heat map shown by Fig. 1. From the plot, we see that the success rate undergoes a sharp phase
transition around the boundary log k = 2logd. Our experiment suggests that for k& < d?, tensor power
iteration succeeds with high probability, and when & >> d2 it fails with high probability. This matches
the success region of SOS-based methods, which is also the conjectured region for possible recovery with
polynomial-time algorithms.

In our second experiment, we fix log k/ log d = 1.8, and varies d and T'. Again we repeat the experiment
1000 times for each pair of (d,T'), and record the estimated success probability after 7" steps of power
iteration. We present the outcomes in Fig. 2. The heatmap shows that polynomially many steps are necessary
for tensor power iteration to converge, since logT" scales linearly with logd around the success/failure
boundary. This observation validates Theorem 3.1.

Success Probability o

0.8
r0.6

-0.4

0.2

0.0

logT

Figure 2: Success probability of tensor power iteration for varying d and 7.

10
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We illustrate Theorem 3.2 in our third experiment. In this experiment, we record the values of the
score function S for the first few iterations along the power iteration path, and compare them with the
corresponding theoretical predictions given by Theorem 3.2. We repeat such procedure for 1000 times
independently, and present the outcomes in Fig. 3, which justifies the correctness of the theorem.

d=100, k=4000 d=200, k=10000 d=500, k=50000
—— y=3+20td/k 475 ey =3+ 20td/k 58] = y=3+20td/k
50 == S(%)/k 1 == %k —= Sk

45

4.0

35

3.0

t t t

Figure 3: Theoretical predictions of S along the power iteration paths versus the corresponding empirical
values. Outcomes are averaged over 1000 independent experiments. The error bars reflect the intervals
determined by two times the empirical standard deviation.

5. Conclusion

We analyze the dynamics of randomly initialized tensor power iteration in the overcomplete regime, using
the Gaussian conditioning technique. We prove that it takes polynomially many iterates for the power
method to find a true component of a random even-order tensor, thus refuting the previous conjecture that
tensor power iteration converges in logarithmically many steps. We also establish that along the power
iteration path, a popular polynomial objective function for tensor decomposition is strictly increasing for
finitely many steps. Extensive numerical studies verify our theoretical results.

Our work leads to a number of fascinating open problems. First, it would be interesting to understand
whether the power method indeed converges to a tensor component in polynomially many steps, within the
regime where SOS-based methods succeed. One possible direction is to extend our analysis in Theorem 3.2
to polynomially many iterations. Another appealing direction is to generalize our results to the case of odd-
order tensors, for which the power iterates will no longer stay in a small neighborhood of the initialization.
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Appendix A. Analysis of tensor power iteration: Proof of Theorem 3.1

This section will de devoted to proving Theorem 3.1. For ¢t € N, we define

L ~
- Ty
E H 33@ L 7< i1 ! 1>,

”37171”%

i ~1 o~
vy = ZfiL—l ) (wim1, T32q) . <$i:17xt—1>.
i=2

||fz£1||% |le—1||%

By Theorem 2.2 we have y; = g, + v;. Applying Minkowski’s inequality and power mean inequality, we

deduce that ||y ||1 < 8(|lg¢ll5 + llvell}). Notice that if Eq. (14) does not hold, since y; = A%, 1, then there

exists 1 < ¢ < T such that Hyt||j > £*d?. As aresult, in order to prove Theorem 3.1, it suffices to show

with high probability, ||y;|| < e*d? for all t € [T]. This further reduces to upper bounding ||g; || and ||v;||3.
We first provide an upper bound for ||g¢||4. To this end, we define

ZAf'?z .- M’ (16)

iall3

! (fF ATy (T, 7))

_ A, 1 T
nt_zzfj : T2
1£5-115 175 113

i=1 j=1

A7)

We immediately see that g; = w; — 7, thus upper bounding ||g;|| can be achieved via upper bounding
|[we]|4 and ||n,||4, respectively. As A; L F;_1, 1, intuitively speaking, this suggests that w; behaves like
a k-dimensional random vector with i.i.d. standard Gaussian entries. Therefore, with high probability w;
has ¢4-norm of order k. On the other hand, observe that 7, is the sum of projections of random vectors onto
low-dimensional subspaces, which only accounts for a small proportion of the total variation. As a result,
we expect ||7:]|4 to be small.

To make these heuristic arguments concrete, we establish the following two lemmas:

Lemma A.1 Assume T < k'/2. Then there exists a numerical constant C' > 0, such that with probability
1 —04(1), forall1 <t < T we have

lwell3 < Ck.
Lemma A.2 Assume T < k'/2. Then with probability 1 — 04(1), for all 1 < t < T we have

1/4 HHi_oit_l“Q_

Vd

Note that ||7¢||4 < ||7¢||2- Invoking Theorem A.1, Theorem A.2, power mean inequality and Minkowski’s
inequality, we obtain that with high probability, forall 1 <t < T,

Imell2 < CT3*(log k)

| R 2
lgella < 8Clwellz + [lmll2) < € (k + w TPlogh | < C(k+T logh) <d*  (18)

for some numerical constant C' > 0, since under the conditions of Theorem 3.1 we have T < d'/2.
Therefore, in order to prove Theorem 3.1, it remains to upper bound ||v;11[/$. In what follows, we perform
a crude analysis which uses the £2-norm to control the #*-norm. We comment that a more careful analysis
might lead to an improved estimate.

The next lemma establishes that the #2-norm of V41 1S close to the £2-norm of Hio ().
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Lemma A.3 Under the condition of Theorem 3.1, with probability 1 — 04(1), the following result holds for
all0 <t <T —1:

<1_Clogk Clogk
Vd Vd

The rest of the analysis is devoted to upper bounding ||II3; (Z;)||3. By definition, we have

) 1L @12 < ol < (1 ; ) I @)

I @) = o - I o) B (19)
2
Using Eq. (11) we see that
t—1
n=ya G, AT
= t—1 e
I ) = 37t - S g, Al
i=1 i
According to Pythagorean theorem,
i—1
ol = 5 AT T o)
. tflz : 9
I ool = 3 B g, AT e
i=1 i

Using the definition of h; given in Eq. (13), we deduce that

(hit1, fi) <fz ) <$i,5¢l> N (g, Zli+15f7ft>'

(22)
177 12 1512 15413 13- 12
Combining Eqgs. (20) to (22), we obtain the following decomposition:
2|3 =14 1411,
1 2 _ (23)
ML, (ze)ll2 = 1+ 141,
where
=1l A sl f)\2 t—1 L T
(g, AinZy, fo) (Mg, Aip Ty, fr)?
| = 14 i , _ i : (24)
; 115 Z TEE
el £y2 i
i ’f Ly, L —T
= YL IZ ) g AT B, 25)
i=1 ”f HQ Hfz H2
" :§2<xz,x%>< L (g, A @ f) o6
part 113117513

Next, we will show that terms Il and Il are negligible comparing to terms | and I’. Note that by Cauchy-
Schwarz inequality, |I[I|] < 2+/I’ x Il, namely the term Il is controlled by Il. This motivates us to first
provide an upper bound for term |I.
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Lemma A.4 Under the condition of Theorem 3.1, with probability 1 — 04(1), for all 1 < t < T we have
(note that |l depends on t as well)

Clogk C’logk
(1—) A2 << ( )nmb

Vd Vd
The following lemma establishes an upper bound on || f;||3:

Lemma A.5 Under the condition of Theorem 3.1, there exists a numerical constant C' > 0, such that with
probability 1 — o4(1), forall 1 < t < T we have

1£:ll3 < € (I + I, @15
With the aid of Theorem A.4 and Theorem A.5, we obtain that with high probability
1< C (ko T @011

forall 1 < ¢ < T and some positive numerical constant C. Next, we analyze terms | and I’. To achieve this
goal, we find the following lemma useful:

Lemma A.6 Under the condition of Theorem 3.1, there exists a numerical constant C' > 0, such that with
probability 1 — o4(1), forall 0 < i <t < T, we have

(I, AipT7, fi) Sk (FF,71-1)
-3

[P 1z

kT log k klog k
<0(\/ £ \/ Y e 1112)

Now we are in position to finish the proof of Theorem 3.1. For future convenience, we hereby establish
a general framework for the analysis of tensor power iteration dynamics, based on Theorem A.1 to Theo-
rem A.6. To begin with, let us denote

L= 7)1
Po=|mh @, @ = I @3-

Then, we know that P, + Q; = ||5t|\§ = d, and that

2
P gy v+
Q| Tay ()13 =

Recall that our aim is to show that ||v||3 < d? forall 1 < ¢ < T. According to Theorem A.3, this amounts
to proving that P, < @ for all ¢t € [T]. Define the stopping time

Tj, = inf{t € Ny : B, > k'/3}.

Since k/3 < d, it then suffices to show that T}, > T(k, d) with high probability, where T'(k, d) is defined
in the statement of Theorem 3.1.
Step 1. A lower bound for | — I'. By definition, we know that
o (o, fi)?
= ~ 2
1Zoll3
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Note that the proof of Theorem A.6 also implies that

kT log k 10gl<: k:logk:
KTlogk  [logh Toa k
S )

M1 k
= C(logk)'/? ( * P+ \/; ijf) .

<111§03 ft> 3k m

lZoll2

For t < Ty, we have (Q;—1 < d, thus leading to the estimate:

(Ao, 2 9K Cllog k)2 (VAT + VP + vk P2)

[ e 1-—
= d2 Qt 1 Qt_l

IZoll2

9k?
> ?Qtfl . (

2
— C(logk)'/? (k:‘m TY2 4 kP32 4 /2 ijf)) .

Hence, it follows that

1 d?
<
[—1 — 9k2Q;_,

(1 Cllogb (T kP2 £k 1))
where the last line is due to the fact that
oz k)2 (K212 4 kP4 K72 P = o(1),

Since by our assumption, 7' < k/3 and Py < kY/3.

Step 2. An upper bound for I + Il + Ill. Using Cauchy-Schwarz inequality, we get

|’+||+|||§|’+||+2\/|'><||:<W+\m>2.
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To upper bound /I, we note that
= k2P, _1/d?%|

W= vha ~ WV 3kyP/d
- 1 . i <HF1 Az‘ﬂaﬁZ , fe)? B 9k2 12 <~,LL,§:} 1)?
VIV 4 3kyPri/d | = 1713 = |FH
- 1 .EKQ%AM@JD_%@l@ﬁ)(@a&#ﬁﬁ>3MF$H>
VU +3kyPi_i/d | = 1Z5- (|2 d |zl [P d |zl

- ~ 2
_ 1 tzé (g, Aiaa @i, fr) B %(@L,@ 1)
W +3kyP_i/d \* 17 |2 d |z2

=1

_ ~ o 2
" §<<Hﬁ Ai+1$f_aft> 3k (T3, T 1))

17 |2 d |72

=1

17 |2 d |72

(“ klo k Tklogk
( S V S G+ o nn@

<caogk>1/2( fro e [Tn),

where (i) follows from Minkowski’s inequality, and (i¢) follows from Theorem A.6. Using Theorem A.4
and Theorem A.5, we obtain that with high probability,

Vi< Al < € (VE+ M @) = © (VE+ 1Y)

thus leading to the estimate:

\f+\f<—,/Pt | + C(log k)2 <\[ \/ 1/2>+C f+Pf’_/f),

since T < d*/3 by our assumption. We finally obtain that

2
|’+||+|||<< VPi_1 + Clog k)2 ([Tﬂ/ 1/2>+C W+Pt3_/f))

2
3k Tk
< (d\/Pt_lJrC(logk)l/?,/ - 1/2+c<f+Pt3_/f)) :

[4

_ 2
( Of, A fo) 3k (@), e 1>>

Step 3. Write a recurrence inequality for P;/Q);. Combining our results from the previous steps gives the
following recurrence relationship:

2

Pt |/+||—|—||| d2 3k 1/2 Tk 1/2 3/2

o= SoRa ( P+ Cllog k)2 | B+ ¢ (Vie+ PR)
X (1 + C(log k)2 (kfl/? T2 4 1Py g2 ijf)) .
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Denote the right hand side of the above inequality as Uy q7(P;—1/Q¢—1), then we know that Uy, 4 7 is an
increasing function: As P,_1/Q;—1 increases, P, increases and (J;—1 decreases. Hence, the right hand
side of the above inequality will also increase. As a consequence, we deduce that

Pr T Py T T k32
g < Uhar () = Uhar © < 0 (7155575 )

By definition of Uy 4 7, whenever

/{71/3/2 k1/3
— << —7F7r
d— K32 =" = d— kU3

we have the following estimate:

d 1/2
k:2/3 C’(logk:)/~ RV

T1/2
(1 + C(log k)'/? (W + 2%k 1/3>>

(4) cd 1/2 d1/2T1/2 _1/3
< <1+k2/3 + C(log k)Y <k1/2+k‘ B

(i4) Cd 2 di/2T1/2
< <1 + 273 + C(log k)Y Ssvoall B2

where (i) and (i4) both follow from our assumption: d*/? < k < d2. Since k'/3 < d, it suffices to show
that for 7' = T'(k,d) < (log k)~ 1/3 . (k2/3/d),

k1/3/2 k1/3
T
Ukar (d—k1/3/2> < FERAVER

Let 7" be the maximum integer such that

2
1/21/2
Ukar (x) <z X (1 +2C - d)

: k32 /3
T
Uk,d,T (d—k1/3/2> < d_k1/37

then by monotonicity of Uy, 4 7 and maximality of 7" we know that

+1
k13 T4 k1/3/2 Cd 12 ATV kY32
a7 < Ykat \ g L s + Clogh) - R ERVEYD

d s dV/2T1/2 k13 /2
gexp<C<T’+1><kz/3+(1 W) ) ) R

which further implies that

-1
1/271/2 2/3
T +1>(log2/C) - <kj/3 (log k)'/? . dT) > log 2 -min{kdy (1ng)_1/3k1/6}

k1/2 - 20

log 2 -1/3 k23 ' —1/3 K2/

> . — > R
> (ogh) P T = 1 2 (logh) 0 =

This completes the proof of Theorem 3.1.
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A.1l. Proof of Lemma A.1
For i, t € [T], we define

v @B

= AT} 1 Qit = —F=—7 -
TUER R T VAIEE 2

(27)
. . t 2 o t .

We immediately see that for all ¢ € [T, we have > ;_; o7, = 1, and that wy = };_; @;+2;. According to

Theorem 2.2, for all i € [T] we have ;12 Lo(Fic1ic1Uo(Ar, - A, El, e ,gi_l)), we then obtain

that for any ¢ € [T] and {21, -+ ,zi—1}, 2z | 21, , 2i—1 4 N(0, I). As a result, we see that zq,- -+ , 27

are independent and identically distributed random vectors with marginal distribution N(0, I;). Hence, it

suffices to prove that
4

<Ck
4

T
Qi
i=1

sup
aeST-1

with high probability. To this end, we use a covering argument. Fix ¢ € (0,1) (to be determined later),
let No(ST~1) be an e-covering of ST~!. Then for any o € ST~!, there exists o/ € N.(ST~!) such that
la — /|| < e, thus leading to

T

> (i —af)z

i=1

E Q%

i 23 < sup

€N (ST-1)

sup
aeST-1

)

4

T
g Q2
i=1

4 4

which further implies that

sup Zaizi < sup

aeST-1

4

= sup Zaizi <
erSTfl - 4

E Q%

Now, for any fixed @ € N.(ST~1), we know that Z _1a;z; ~ N(0,I). According to Lemma D.3, we
know that there exists a constant C' > 0 such that

sup
1—¢ a€EN.(ST-1)

4
zi|| > Ck | < Cexp(—CEY?).
4
Applying a union bound then gives
T 4 cNT
P sup Zaizi >Ck| <C () exp(—Ck'/?).
ozENs(STfl) 4 £

By our assumption, 7' < k'/2. Now we choose £ = 1 /2, it follows that

T 4
4
ozl <2
=1 4

with high probability. This completes the proof of Lemma A.1.

sup < Ck

aeST-1

sup
a€EN(ST-1)

i %
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A.2. Proof of Lemma A.2
Recall the definition of 7; from Eq. (17):

t i—1 AL !
(i A=) (T, %) } : E

g E fl o J_; b a;llp, 2= il 2,
175112 i—2

i=1 j=1 ”x’L 1”2

where the last equality follows from the fact that II , = 0, and the «; ;’s and z;’s are defined in the proof
of Theorem A.1. We thus obtain that

t t
Hm”g = Z Z Qg <HF1:i—1Zi7 HFI:jflzj>

i=2 j=2

t
< Z O‘zz,t HHFln-flzng +2 Z ‘ai,taj,t <HF1:z‘—1Zi7 HFI:j—lzj>

i=2 2<i<j<t

)

where for ¢ < j, we know that
_ T T R T
<HF1:1'71Z1'7HF1:1712]'> =z HFl:j—IHFlziflzz =z Hp,, zi ="Tr <HF1:¢71ZZZj ) :

Using the same argument as in the proof of Theorem A.1, we see that for i < j, IIx.. ., zi ~ N(0,Ix),
and z; ~ N(0, I};) are mutually independent. In fact, given (II,,, ,, 2;), the conditional distribution of z; is
always N(0, Ij;), and given I, , ,, the conditional distribution of z; is always N(0, I;,). This further implies

that
p( > \O08H My 2, (01, 20)) < A7

P (HHFLi—lZiHQ > ﬁ) < Cexp(_CT)’

T
Z; g, 2

where C' > 0 is an absolute constant. Therefore, we conclude that with probability 1 — o4(1), for all
2 <4< 73 <T,onehas

’<HF1:i—1Z7;7HF1:j—1Z.7'>} < VCTlogk, HHFm-—lzin < (T,

thus leading to the following estimate:

2
||nt||2<CTZa”+2«/C’Tlogk Y e < CT (1—af,) ++/CTlogk (Z\a“q)

2<z<]<t

<CT(1-af,) +t/CTlogk - Z af, < CT3?(log k)2 (1 —ad,).

i=2
Note that by definition, we have
(Tg, T1)? 1 2
t-af, =1 0T g g = g
5 ~1 2 0 2
d ||z, d d

Hence, we finally deduce that with high probability,
L7, |
<CT3/4 log k 1/4H o 2
Il < OT*/4(log /412
for all ¢ € [T'], as desired. This concludes the proof.
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A.3. Proof of Lemma A.3

Recall the definition of v;41:

Vip1 = Z fL 331, xz <§£_7 Elf> )

IV e

Since { ff'}lgigt is an orthogonal set, we readily see that

t ~ ~ ~ ~ ~
<xi7w#>2 L 2 HxZH x“xL> ( + xt>2
|vetll3 = - 2 (o Ti)” —
e Z 172 H LHQ ; TEHEETE
t 2 ~| ~1 i ~ 2 L =l 52
_ [l |5 ) (T, 77)? < HUUZHQ {7 H Hz (27, 74)
Z d e HﬂHQ ; HleQ ZHH\Q Rk

According to Theorem 2.2, we have z;- = H)L(O:FIZ: fi- where A; L (Il f;"). Therefore, given

(Ix,.,_,» /i), the conditional distribution of x;- is specified as

ol o, ) (1, o).

which further implies that ||z7- H; /| ff”; ~ x%(d — i)/d. Using standard concentration arguments, we
know that with high probability for all ¢ € [T):

d
ut 4

[k _1‘ SC(T logk> _ Clogk

Ik [ Vd

where the last inequality follows from the condition of Theorem 3.1: T' < /d. With the aid of the above

estimation, we deduce that
B ) @7 _
-1 17 S Z
(H *I!i 10, |~ =

C’logk AL Clogk
Z \“Hg vd

‘ (T, 7)?2

lors 3 = 1T @)13] = .
" [l

1715

T2, () 13,

which completes the proof of this lemma.

A.4. Proof of Lemma A.4

The proof is similar to that of Theorem A.3. By definition, ;- = H}(O:FIZ: fi+, we get that

t t 2
(i f)? (i) (f+ ft HwHIQ
Il = L . L = .

1=

From the proof of Theorem A.3 we know that, with probability 1 — o4(1), for all ¢ € [T'] one has

2
Hxi”% {1_Clogk,1+010gk}’
1F7 112 Vd Vd
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which immediately implies that

()5

=1

Clogk

)Hftllg,

5

175113
Clogk> AL ( C’logk:) )
IIZ(l— DJuT (g 1£:]13
Vd 2 17513 2

=1

< z‘J_v ft>2
(fis fo)

S

This completes the proof.

A.5. Proof of Lemma A.5

Note that y; = wy — 1¢ 4+ v, then by power mean inequality and Minkowski’s inequality,

6 . . .
1£ell3 = yells = llwe — e+ vellg < 243 - ([lwell§ + lmelI§ + llvel5)-

It follows from Theorem A.2 that with high probability,

6 6 9/2 3/2 HHioft%Hg

Inelle < limellz < CT™=(log k)™= —5—"=
forall 1 < ¢ < T. Leveraging Theorem A.3, we know that with high probability, forall 1 < ¢t < T
we have [|v]|§ < [Jve]|$ < 2||TI3; (Z4—1)||S. Finally, we upper bound |lw[|$. Recall that z; and o are
defined in Eq. (27) in the proof of Theorem A.1. Furthermore, the following properties are satisfied: (i)
21,29, 4 2T iid. N(0, I;); (i) For all 1 < ¢ < T we have 22:1 ait = 1; (iil) wy = 2221 o +%. Then,

we can use the same covering argument as in the proof of Theorem A.1 to show that

6

T
P| sup Zaizi > Ck | <7 exp(—Ck'/3).
=1 6

aeST-1

By our assumption, T’ < k'/3. Therefore, b < Ck with high probability. As a consequence, we deduce

that

t—1 ~
Ifla<C (k: +T9%(log k) 3/2H10d3”2 HHmo(fvt 1)]3) <C (k: + |]H§O(xt_1)||§) ,

since T < d'/2. This completes the proof.

A.6. Proof of Lemma A.6
Notice that

(O AT £ (A, £ (g, A @ f)
. & Flk 28)

g3 1z

We first upper bound the second term on the right hand side of Eq. (28). Applying Cauchy-Schwarz inequal-
ity implies that

g ATt Mg AT
|< Fi. ’lilxz 7ft>| < ” F1;z~j_+1‘rz ||2 . ||ft||2 (29)
125 (|2 175 |2
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Since A;;1 L i, we can deduce that v/d||Tlp, , A; 4175 || /H%LHQ = VXp, where 1 < D < iis the
rank of F7.; and Xp is a chi-squared random variable with D degrees of freedom. By Bernstein’s inequality

Ai& |2/ |2 < CV/TY

for some absolute constant C' > 0. Applying this result and Theorem A.S, we conclude from Eq. (29) that
there exists a positive absolute constant C, such that with high probability forall 0 <4 <t < T"

Mg, Ai1 @ T %
(O py, J—‘v_—|1’2 t>|SC\/;_(\/EJFHH:%O(%_QH%).

1z

e

Next, we consider <AZ+13:z s fo/llT Direct computation implies that

(A1 TE, f) :<Ai+15ﬁ(wt N + vt)3)
1z ]l 1z |2

_(Aindtwd) | 3(AiaEh wi (v —m)) | 3(Ain T wi(ve —m)?) | (A @, (00— m)?)
1252 12752 1252 1252
In what follows, we analyze each of the terms above, separately. Recall that we have defined z; and o ; in
Eq. (27). Using the representation w; = Zle @ 12;, we can then reformulate the first summand above as

follow: ~
<Az+1:le,w?> 1 t 3
— = — (%41, 10 125)°).
LHQ \/a< i+ (Z] 1% J>>

1z

We then show that the above quantity concentrates around its expectation uniformly for a; € S*~! and
t € [T}, via a covering argument similar to that in the proof of Theorem A.1. First, note that for any fixed

a; € St~1, one has
t
d 2
Zit1, E ajezi | = (g2 +/1—aiy,9,2),
i=1

where z, g ~ N(0, I}) are mutually independent. This further implies that
(Ai1 Tk, w) 1 5 3k 3k (T, 7 1)
— =1 | = =E [{0it142,2%)| = =iyt = — - = —
T V== T TR
Moreover, using Theorem D.3, we deduce that there exist constants Cy, C'1, C2 > 0, such that

1 3k k
P <’\/g<2i+17 (hmy @jnz)?) — Ja Lt > Co\/;‘ m> < Crexp(=ChTlogk),  (30)

where C' and Cs depend on Cj, and Cy — oo as Cy — oo. Let € > 0 be a small constant (to be determined
later), for ay, o) € S'™1 satisfying ||y — o |, < &, we have

] (<t (Sl age® = Sans) = (Tt (Shor 0% - Satin ) \

E

37‘65 1 ¢ 3 t 3
= \/* \/* < Zi+1, Zj:l ij,th) - (Zj:l aj,tzj) >‘
31{:5
<o f it o H<z§:1 0z = (Choy o))
3k€ t t '
hS f \[ l2it1ll o - ) HZ] 1 aJ,tZJH + HZ] 1 0‘; tzJH : szzl Qjtzj — 23:1 aj,thHOO
_ ke B\fs —— sup HZ s ‘2
< : t
SV VIR e T e il
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where the last line follows from Cauchy-Schwarz inequality. According to Theorem D.1, we know that there
exists a numerical constant C' > 0, such that with probability 1 — 04(1), we have ||z;||c < C'v/logk for all
i € [T]. Moreover, using a covering argument similar to the proof of Lemma A.1, we deduce that with high
probability,

2
22:1 aj’tszQ < Ckforallt € [T,

sup
atESi*1

thus leading to the following estimate:

1 3k 1 3k /T
'(\/E@Ha (23:1 aj,tzj)3> - \/;iazﬂrl,t) - <\/E<2z‘+1a (23:1 aﬁ,th)3> - \/Eangl,t)‘ < Cke a1 log k.

Therefore, we can apply an e-net covering argument with ¢ = 1/k on S'~!, and choose Cj to be large
enough so that Cy > 1. This finally implies that with high probability, for all ¢t € [T'] we have

k
< C’\/;- v/ T log k,

sup
areSt— 1

3k
7<Z1+1a (ZJ 195, tZJ)3> - ﬁaz‘ﬂ,t
which further implies that

<gz+1~%%aw§> 3k <~ , Ty—1)

1ZH  d o [F e

<c\fm

Now we try to upper bound the remainders. We already know that there exists a numerical constant
C > 0, such that with probability 1 — 04(1), we have ||z;||c < C'V/logk for all i € [T']. Therefore, with
probability 1 — 04(1), the following holds for all ¢ € [T:

t t
lwelloe <Y leiel - [l2illoe < Cv/logk (Ial,tl + \%,tl) < Cvlogk | Jo| +
i=1 i=2

=Cy/logk (\}gllﬂxo(ft—l)lb + \/EHHio(it—l)Hz) < Cy/logk (1 + \/iHHiO(ft—l)!z) :

According to power mean inequality, there exists a numerical constant C' > 0, such that with probability
1—o04(1),forall 1 <i+41 <t <T we have

B (A&, wi(ve —m)?)| _ 3
- 2 < llzilloo - llewelloo - llve = el

Clogk

< <1+\fynxo (T Hz> (l2ell3 + loell3) 31)
) C'log k \/>

< 1+ (T H x

< < T, (F-1 H2> T, (Z-1)3-

In the above equation, (i) follows from Theorem A.2 and Theorem A.3. Similarly, we can conclude that
there exists a numerical constant C' > 0, such that with probability 1 — o04(1), forall 1 <i+1 <t < T the

g3

§
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following holds:

3|(Aip 1 Zh, wi (v, —me))| 3 )
<—lzistlloo - w3 (vr — 1)1
172 Va' e

C\/l
8 F 121, - lloe — il
Vd

sCVf}fk a3 (el + o)
(&) C\/W
VA
In the above inequalities, (ii) is due to Holder’s inequality and ||z;41|, < C+/logk, and (iii) is due to
Theorem A.1, Theorem A.2, and Theorem A.3. Finally, according to the power mean inequality, we obtain
that with probability 1 — 0,4(1),

(32)

s,

’<Ai+1%z ,(Ut T]t)3>‘ 4 3 3
< —||Zi+1l|oo - (|Ve]l3 +
||:EL|| \le ’H—lH (H tHB H77tH3)

log k

=C (lloell3 + HntHQ) (33)

/1
<2C Og HHIO Ti— 1

Theorem A.6 then follows from Eqgs. (29) to (33) and our assumptions.

Appendix B. Increasing objective function: Proof of Theorem 3.2

This section will be devoted to proving Theorem 3.2. The main technical lemma employed to prove the
theorem can be stated as follows:

Lemma B.1 Under the condition of Theorem 3.2, for any t € [T.] we have

¢ t—1
ye=Y oigzi+ Y Gulj+en (34)
i=1 j=1
2
x0, T
@H%H% = (@0,2)" %k2t> +op(1) =1+ op(1), (35)
where as in the proof of Theorem A.1 we have
NJ_ ~
5= At - vd Qi = 7@,»_1;?—0.
sz 1||2 \/8||‘/1:i—1||2
Furthermore, the above quantities satisfy:
are =1+ o0p(1), (36)
3k
Gt =1+op(l), (37)
lecllz = op(d/VE). (38)

In addition, with probability 1 — 04(1), for all t € [T.] we have

CLfB < 20. (39)
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We then proceed to prove Theorem 3.2. For the sake of simplicity, define

t t—1
wy = E G2, V= E Giefi + et
=1

j=1
Then, Theorem B.1 implies that

t—1

=t d d d
bl < 3216 Ll + el < 0 30 <¢g> Top (\/E) _0p (@) ,

ie., |3 = Op(d?/k). Recall that in the proof of Lemma A.1, we have shown that >>'_, o?, = 1 and
iid. . . .
PN N(0, I;,). Since a1+ = 1 4+ op(1) and T is a constant, we can use standard concentration arguments

for Gaussian random variables to deduce that
[wil5 = llwellg = 15k + Op(VE),  |lwillse = Op(logk).
Using Eq. (34) from Theorem B.1, we see that

S(@i-1) = llyelld = (wi, 1) + 4w}, vr) + 6(wf, v7) + 4wy, v7) + (1)}, 1)
t—1
= <w§a 1> +4ZCj,t<w?7fj> +4<w§)75t> + 6<w1527Vt2> +4<wta7/§)> + <V£1’ 1>'
j=1

Next, we analyze the terms above, respectively. Similar to the previous argument, we can show that
(wi, 1) = |Jwe||; = 3k + Op(VE). Leveraging Egs. (36) and (37), we obtain that

t—1 t—1 t—1
4 Z Cj,t<w?7 fj> - 42 Cj,t(wgv (yj)3> =4 Z Cj,t<w?7 (wj + Vj)3>'
7=1 j=1 j=1

For any 1 < j <t — 1, using again standard concentration arguments, we obtain that <w§, (w; + uj)3> =
15k + op(k). Note that (;; = d/((3 4+ op(1))k), it follows that

t—1 t—1
43 " Galwd, f;) =4 (5+0p(1))d = 20(t — 1)d + op(d).
j=1 j=1

Applying Cauchy—Schwarz inequality we see that

A(wf. 2] < 4wz - erllz = Op(VE) - 0p (j%) — op(d).

Furthermore, the following results hold:

6 (wi, v7)| < 6]lwillZ, - [ll3 = Op(d*(log k)?/k),
4l (we, )] < Awellso - [1]13 < 4lwello - [14]13 = Op(d*log k/K?),
W D] = ey < Nl = Op(a/&?).

Combining these estimates and using the assumption that d*/2 < k < d2, we conclude that S (Ty—1) =
3k + 20(t — 1)d + op(d), thus completing the proof of the theorem.
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B.1. Proof of Theorem B.1

We prove the lemma via induction over t.

BASE CASE

For the base case ¢ = 1, from Theorem 2.2 we immediately see that y; = 121, thus proves Eq. (34).
Furthermore, by definition o7 = 1, which justifies Eq. (36) for the base case. Eq. (39) follows immediately
from the law of large numbers. Again by Theorem 2.2, we have

)

1 = - T I Al (40)

0

Using the law of large numbers, we obtain that (yi, f1)/d = 3k/d + op(k/d), HjOZ-lrleg = |13+
op(k) = 15k + op(k). We then discover that Eq. (35) for the base case follows, since by Eq. (40) we
have ||z1|3 = (y1, f1)%/d + HHjOZ-lrleg and (zq,11)2/9k% = (y1, f1)?/9k2. This completes the proof of
Eq. (35) for the base case. We note that Eq. (37) does not apply for the base case.

PROOF OF EQ. (34), (36), (37), (38) FORt = s+ 1

Suppose the claims hold for ¢ = s. Next, we prove that they also hold for ¢ = s+ 1 via induction. Leveraging
Eq. (12) in Theorem 2.2, we obtain that

s+1 s+1

Yst1 = D Qisr12i+ > Tisp1fii, (41)
i=1 i=2

where for2 <3 <s+1

~ ~ ~ 1 o~ ~ ~
<$i*1?$£;1> <1‘z‘{1>$s> g (iJllﬁAj‘rL‘jlﬁ <xj117$8>

ni,SJrl: . — —Z . — .
IfmallE 1703 = Il 175113

a;
i,s+1 bi,s+l

We then proceed to prove that ||b; s+1fi-1]]2 = Op(1). To this end, it suffices to show for every j €
{iyi+1,---,s+1},

(fiEy, A ) @y, )

T izl = 0p(1). (42)
=3 175,03
Note that for j > 7 we have ﬁj L Fj_1,-1,thus
Lo ATt
< — ij*” £N(0,d ). 43)
| i—1H2ij—1H2
Applying Cauchy-Schwarz inequality, we see that
(T @)
IV < |Flle = V. (44)
| %’—1”2
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Combining Egs. (43) and (44), we deduce that Eq. (42) holds for all j € {i,i +1,--- ,s + 1}. Then we
switch to consider a; 41. Using Eq. (11) and Eq. (13), we have the following decomposition:

<1'i—17§14_—1> . <hi7f8> . \/g

Qj,s4+1 =

IFE0B 173 lsll
{mie, T ' (fi=1, fs) _ Vd . (Tio1, 7)) (w1, T ) ‘ <H#1:i_1ﬁiff—1afs> | Vd
ORI B el 1A 05 1754113 EE [EATN
Pi,s+1 (Ii:;—l

We then analyze p; 41 and ¢; s+1, respectively. Combining Eq. (11), the law of large numbers and the fact
that A; L F;_q 4, we see that forall ¢ € N

1L
Ty, T _
( th2> =1+ O0p(d~1/?). (45)
/7112
Combining the above analysis with Eq. (35) from previous induction steps, we conclude that
< —1» f8> d
Pist1 = (1+o0p(1))) x X o (46)
v FEE T 3k

Next, we consider ¢; .41. We further decompose g; 51 as the difference of the following two terms:

<33i71>-%14;1> . <A/l§zjll7fs> . \/Zi _S <l‘1;1,.%g;1> ) <fjJ_asz§5£;1> < fs> ) \/(71
1f=4115 103 lzsllz = 123 I1£5-115 IIxz 5 llsll2

Ci,s+1

di,s+1 =

€i,s+1

Note that forall 1 < 57 <7 —1 < s, leveraging Eq. (43), (45) and Eq. (35) from previous induction steps,
we obtain that

o, Z2 0 U ATED [ )V

||fij:l||2' T 2 : 102 * P ) .
HfHHz Hf Hz HxquQ ”955||2
WA f) VA U ATy
= . . . 1 1
e Teols 1l e Ot or)
v

<Nl Op (1),

Leveraging Eq. (39) from previous induction steps, we obtain that with probability 1 — o4(1), the above

quantity is no larger than Op(y/d/k). This further implies that ||e; s 11 £~ |l2 = Op(1/d/k).
Finally, we analyze c; s41. By Eq. (41) from previous induction steps, we see that

A ) Js
AE) o (S 5t o)
3 s—1
<Z17 Zaj sZ] > + \/g<27,(z_: aj’szj)QajZ:;Cj,sfj I €5>—|— @

< ZO‘JSZJ Zstf] +€s) >+ ! <Zi,(§<j,sfj+65)3>.
j=1

%\

%\
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Below we analyze terms in Eq. (47), separately.

\}g<z (gaj,SZj)3> W + OP(\/E), (48)
jg ‘ <Zi(ji; jszj)?, jzé Gsfi+ 5s>

s s—1
3 2 2
<—||z i Zi ol L f s
<l Qo eisly x| X1l Il + el
=Op(Vd), (49)

s s—1 s—1
3Tc Zi||co IMa. i<Te ||1%jloo
<Zz(z 7)), (Zgj,sfj n 68)2>‘ < [ ESJST [EA . H(ZCJ}SJCJ' I 58)2H1
j=1 Jj=1 Jj=1

3T.||z; maxi<; Z; = 2
_ 3Te|zilloo maxi <<, [1Z)]lo0 HZCj,sfjJrEs 2
j=1

3
Vd

Vd

Vd

hop. 3 2 2

WSP 1007, (log k) & d

Vd k

Eq. (48) is by the law of large numbers. In Eq. (49), we employ Egs. (37) to (39) from previous induction

steps. Eq. (50) is by Egs. (37) to (39) from induction and the fact that with high probability, ||z;||c < logk
forall i € [T].

Combining Eqgs. (47) to (50) and Eq. (35) from induction, we obtain that

3T2|z»| maxi<;<7. ||2; —
Heleille miigyere slloe (572 )2 4 e )
j=1

O (dl 5001/]{3) (50)

fi£1H2 < Op(d*? k). 51)

Ci s—i—lfijll - —~<§Z{17i571>
7 ‘xil—1“2HfiJl1”2

Plugging the definitions of {a; s41, bi s+1, i s+1, @i,s+1, Ci,s+1, €is+1 ) into Eq. (41), we have

s+1 s+1

1
Yst1 — E O s+1% = g (@i 51— bisy1)ficq
i—1 i—2
s+1

1
= Z(pi,s—i—l + Gis+1 — bist1) fisq
i—2
s+1
1
= Z(pi,erl + Cist1 — €ist1 — bisy1)fisq-
=2

Recall that we have proved Hb,-,sﬂff_l |2 = Op(1) and Hei,sﬂfﬁl ll2 < Op(\/d/k). Using these results,
together with Eq. (46), (51) and Eq. (39) with ¢t = s, we have
S+1 s+1 ~ S-|—1 <fJ_ 1 fs>

— 171'8 1 L
oo =2 o= it - L Gt —orB.

Notice that

s+1
<f 1af8> _ i
2 Sttt T
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Using triangle inequality, we see that
1 ~ ~ o~
Hi Ti— 1’138 1) (xi—l’xiL—1> ] <x%_1,x3_1> fllH
~ ~ 71—
[ 1”2Hsz1H2 I1f=4 115 [ 2
Z) i1, Ts1) 1 [E7 P
- 1751 112 I£Eall2 ) 1

which by Eq. (45) is Op(1). Egs. (52) and (53) and the condition d < k < d? together imply that

(33)

s+1 s+1 ~ ~ o~
(i1, ;1) (T, Ts—1) d
‘ Ys+1 — Zaz s+1%i — Z I 21 : NlJ— 2 fzil - 7]{ij OP(d/\/%) (54)
i— 1fi=4113 [E b 3

Using the definitions of a; s, b; 5, we obtain that

s+1

Z <x7j—17 EEzj_—l> <§£__1, %3_1> fL _ 28: a fl
) = i—1 — 1,8Ji—1
s s
- Z Qi sZi + Z bisfita
i=1 =2

s—1 s
=3 Gufitest Y bisfit.
j=1 i=2

Since we have proved || Y5, b; s fi-1]l2 = Op(1) and by induction ||e;||2 = op(d/v/k), we can set

s+1

Es+1 = Ys+1 — Zaz s+1%5 — ZCJ Sfj f87

Cj,s—l—l:Cj,s fOI‘j:1,2,-" ,8—1,

d
Cs,erl — %

Combining the above analysis, we find that ||esy1]l2 = op(d/Vk), thus proves Eq. (38). Eq. (37) for
t = s + 1 is a direct consequence of our induction hypothesis. Thus, we have completed the proof of
Eq. (34) for t = s + 1. Furthermore, using Eq. (35) for ¢ = s, which holds by induction, we see that

Q11 = @Ozﬁ =1+ op(1). (55)

PROOF OF EQ. (39) FORt = s + 1

Next, we prove Eq. (39) for t = s+ 1. We have showed that ys1 = Zfill Qi s412i + Vsp1 With [[vgq1 |2 =
Op(d/ \/%) For the sake of simplicity, we let gs4+1 = Zf:ll i s+1%;. We claim without proof that

1 Fs1ll3 <llgsall§ + 6llgss1l2llvsrallt + 150 gsst S vst1l3 + 20llgsall3c s 13
+ 15 gs1 12 05 1ll5 + 6l gsralloslvss1ll3 + llossallE. (56)

Standard application of Gaussian concentration reveals that with high probability, ||gs+1]/cc < logk. Fur-
thermore, for all j € {2,3,4,5,6} we have [[vs41]; < [[vst1ll2 and |Jvs41]li < VE|vss1l2. Using the
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law of large numbers, we see that ||gs+1]|8 = 15k + op(k) and || gs+1]/3 = k + op(k). Plugging the above
analysis into Eq. (56), we see that

Hfs+1||§§15k+0p(k)+op(d6/k3) 15k + op(k), (57)

where in (i) we use the assumption that d3/? < k. This concludes the proof of Eq. (39) fort = s + 1.
PROOF OF EQ. 35) FORt =s+ 1
Finally, we prove Eq. (35) for ¢ = s + 1. Leveraging Eq. (11) in Theorem 2.2, we have

(@0, 751) (b1, fop1) (DT, for1) 1, =

- = = . . 3
3%k 3k 3k - 3k<zl’(;al,s+1zz+vs+1) )
of o1 sl .
3 +
:372(24 < (21, ( Zaz S-i-lZz aisH(zf, 1>) + E<Zlg§+1vs+la 1)
1

+E<21gs+1’03+17 1)+ 3k<21’05+171>-

Using Eq. (55) and the fact that Zf+11 az s+1 = 1, we obtain that ;511 = op(1) forall 2 < i < s+ 1.
Therefore, straightforward computation reveals that

s+1
( 21, Zal s+1zz <Zil71>) = OP(l)-

Furthermore,

1 1 1
%|<219§+1’Us+1, )|+ \%<Z195+1U§+17 D+ \37€<21U§+17 1)

1 1 (58)
\/>HZIHO<>H98+1H sollvs+lle + %HzlHoo”gs—&—lHooHvs—i-lH% + 3*k|121HooHUs+1H§ = op(1).

As a result, we conclude that

3
« S
<x0,3325+1> = li’;k+1 (21,1) + 0p(1) = 1+ 0p(1).

This proves the second part of Eq. (35) fors =¢ + 1.
Again by Eq. (11) in Theorem 2.2, we see that

+1, fo1)?
R P %QZ ’|~,L|S|§ T S Y S 4
(2

Recall that we just proved (hi, fs+1)2/9k* = 1 + op(1). Furthermore, by the law of large numbers and

Eq. (39) for t = s + 1, we have d||II, A 72—“ f1113/9k% = Op(d/k) = op(1). Therefore, in order to

prove the first part of Eq. (35) for s = ¢ + 1, it suffices to show

d(hit1, fs+1)?

— 1 59
owjarg W G
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forall 1 <7 < s. By Eq. (13)

\/g<hi+1yfs+1> _f<fz vfs+1> <xla 1L> \/g<Hf1:iAvi+1:flJ_’fs+l>

o = = + =
k(1T |2 3kl 115 3k 72
_ VA forn) N2tz VA(AiTF, for1) _Zf (3 A B0 f3E for)
Skang £ 2 3k 7|12 P 3k|ZH |2 £7-113

Using Eq. (45), (57) and Cauchy-Schwarz inequality, we see that

VA fo) el _ VAl forillz ot ll
kIl Iftle = 3k £l

= Op(y/d/k) = op(1).
Forall 1 < 5 <4, we have

VAlfi AT o

N(0,1).
1z 1211 £5- 12
Therefore,
\f<f_7 >AZ+1'T ><f_7 7fs+1> . <fjJ_7fs+1> o
~T n =0p(1)- — I = op(1).
3T N2l £5- 115 kL f5[l2

Note that

VA(A 1T forn)

3k T3 |2

1 s+1

=3 o7 (Zit, ; O 54125 + Us+1)3>

()43+1 " s+1 1

1+1,s

R <Z§+17 1)+ ( (zi41, ( Z @ s+1Zz a?+1,s+1 (Z?Jrl, 1>> + E<Zi+19§+1vs+1y 1)

1 1
+ %<Zi+1gs+1’03+1, 1)+ ﬁ(ziﬂvgﬂa 1),

which is op(1) via a similar argument that is similar to the derivation of Eq. (58) and a1 s+1 = op(1),
which we have already proved. Thus, we have completed the proof of Eq. (35) fort = s + 1.

Appendix C. Gaussian conditioning: Proof of Lemma 2.2

The proof idea comes from (Montanari and Wu, 2022a, Lemma 3.1). We first show that for all £ € N,

A= Hl%l:tWt+1H)l(o:t,1 + HFLtAHJXo;t,l + H#LtAHXO:t—l + HFlztAHXO:tfl’ (60)
A = Hfl:tWt"l‘ngzo;t + HFl:tA]'_‘[g_(o;t + Hﬁl;tAHXO:t + HFlztAHXO:t’ (61)

where Wt+1 Wt+1 A, and satisfy WtH L Fit Wi L Fi,t+1. Next, we prove Eq. (60) and Eq. (61)
via induction. For the base case t = 0, Eq. (60) holds as we can take W7 = A, which is independent of Fy o
by dedinition. Eq. (61) with £ = 0 is a direct consequence of Lemma 3.1 in Montanari and Wu (2022a).
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Suppose decompositions (60) and (61) hold for ¢ = s — 1, we then prove it also holds for t = s based
on induction hypothesis. We first decompose A as the sum of the following four terms:

A = H#LSAH}(O:571 + HFl:sAHg_(o:S,l + HJ}*:'LSAHXO:S—I + ]'_‘[FlzsAHXO:s—l'
Using induction hypothesis, we see that

A = Hfl;sflwsﬂg_(o;sfl + HFl:s—lAH§(0;571 + H#LSflAHXO:sfl + HFlzsflAHXO:sfl
= H#1:571AH§_(0:371 = H#1:371W5H§_(0;571 = HJﬁl:sAHAJ)ZO:sfl = H#1;SWSH§_(0:571

— A = HJ}‘:LSWSH-J)_{O:S—l + HFLSAHJXO:S—I + HJ}‘:‘LSAHXO:sfl + HFI:SAHXO:sfl °
Since by induction we have W L F,_1 s, we can then conclude that W L {Fy.s, V1.5, X0.5—1}. We take
WSJ’_I = H#I:SWSHJXO:S—I + HFl:sWIHAJ)EO:s—l + H#I:SWIHX0I571 + HFl:sW/HXO:s—17

where W’ is an independent copy of A that is independent of F; ;. We immediately see that given any
specific value of {F}.s, Xo.s—1, Y1:s, HFl:sWS’WSHXO:s—1}7 the conditional distribution of Wsﬂ is equal
to the law of A. As a result, we deduce that Wsﬂ 1 {Prs, Xos—1, Y1, U W, Willx,.._, }. Again by
induction, we know that

A = H#LSilWSHAJ)_(O:Sfl + HFl:s—lAH,J)_(o;sfl + Hfl;sflAHXD:s—l + HFl:s—lAHXO:s—l'
It then follows that
—T
ATfS :HAJ)ZO:sles H#l:sflfs + HAJ)EO:S—lATHFl:S*l fs + HXO:S*IATH#LsflfS + HXO:sflATHFlzs—lfs

=T =T =T
:Ws fs - Ws Fl:s—l(Fl-lz—s—lplts—l)TFl-I:—s—lfs - HXo;sAWs (I - Fl:s—l(Fl-lz—s—lFl:s—l)TFl-lz—s—l)fs+
XO:s—l(X(—)r:s—lXO:s—l)TDlesa

where D = diag({||7;||3/d}o<i<s—1). Therefore, we see that
Ts = ATfs S U({Flzsa XO:s—h Y1:37 F1:3W57W5X0:s—1})-

This further implies that WS+1 1L o({AXp.s_1, ATF1.g, X0:s_1, Y15, Fi.s}) = 0({Xows, Yiis}) = Fis.ss
which concludes the proof of Eq. (60) for ¢ = s. The proof for Eq. (61) for ¢ = s can be shown similarly.
Next, we prove Theorem 2.2 using Eq. (60) and Eq. (61). For ¢ € N, we define

A = Tl Wiy + Ty Mo Ty + Mgy, My 10+ T3, Mo T (62)
— =T —T —T —T
A1 = Hg_(o;tWt—l-letﬁrl + H)L(OthtHHiLH + HXO:tMt—&-lHjC;JJrl + o, My Ilps (63)

where ]\ZH 4 M 2 Aare i.i.d., and independent of o (Fr 7 U o((Wy, Wt)0§t§T+1))- From Egs. (60)
and (61) we see that

Hf”AHEtL = Hﬁ:tWtHH@i = Hfl:tAtHHgtL € Frit1, (64)
1 T 1 ! 1 5T
HXO:tA Hft{]—l = HXO:tWt—"_letJ:}-l = HXO:tAt"FletL_‘_l € ft—i—l,t-‘rl (65)

We then show that {4;, 4, :t € [T]} are i.i.d. with marginal distribution A. To this end, we only need to
show: (1) For all t € [T], A; is independent of Ay, - - ,At:l,Zl, .-+, A;_1 and has marginal distribution

A; (2) Forall t € [T], A; is independent of Ay, ---, A; 1, Aq,---, A;_1 and has marginal distribution A.
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We prove this result via induction. For the base case t = 1, Kl = Wﬂho + J/\ZHL which obviously
has marginal distribution equal to A as Wl L F0,0- On the other hand, A = HfOWIH ot HL M, HL

HmOMTH At onﬁ-lr J% and W is independent of Jy j, thus the conditional distribution of A; condi-
tioning on Fy ; is always equal to A. The margmal distribution of A; being A follows as a 51mple corollary.
Notice that A1 € o(Foa1 U O'(Ml)) and Fo1 L M1 Therefore, in order to show A; L Aj, it suffices to
prove AL M, rand A; L Fo,1. The first independence follows by definition. As for the second indepen-
dence, since g, f1 € Fo,1 and Wi, M; L Fo,1, we can conclude that conditioning on Fq 1, the conditional
distribution of A7 is always equal to its marginal distribution, thus concludes the proof of this step.

Suppose the result holds for the first ¢ steps, we then prove it also holds for ¢ 4 1 via induction. Condi-
tioning on F; ;, we see that the conditional distribution of At+1 is always equal to the marginal distribution
of A, thus At+1 has marginal distribution equal to A and At+1 L Fi+. Notice that A €o(Fic1,U U(M )
and 4; € o(F;; U O'(M )). Therefore, in order to prove At+1 4 {Al, ,At, Ay, -+, A}, it suffices to
prove At+1 1 Fitand At+1 4 cr({Ml7 M; : i € [t]}). We have already proved the first independence. The
second independence follows by deﬁnltlon.

As for A1, first notice that the conditional distribution of A; i conditioning on JF; 4+1 1s always
equal to the marginal distribution of A, thus At+1 has marginal distribution equal to A and A, ; L
Fisi1. Similarly, notice that 4; € o(F;_1,; U o(M;)) and A; € o(Fi; Uo(M;)). As a result, in or-
der to prove At+1 1 {Al, At+1, Ay, ,At}, we only need to show A; 1 L Ft4+1 and A L

ol {Ml, , Mt+1, My, -, M;}). We have already proved the first independence. The second indepen-
dence follows by definition. Thus, we have concluded the proof of arguments (1) and (2) via induction.

Finally, we are ready to prove the lemma. We first show that

hiy1 = AT (66)
forall 0 <t < T — 1. By Eq. (60) and Eq. (64), we have
Azl =I§ Wiy, 3 + g, AT
t ~
~ AT L Fk
:HJF_'MAH‘lxg_ + Z fiJ_ ' < fZJ_ 2t >
i=1 ”fz HQ

<xta§#_>

1713

which concludes the proof of Eq. (66). Now, by definition, we deduce that

HFHAt-‘rl + fi

- ht-i—la

=1 L, AT
z=Af, = HXOt1 TfH—Z3CH~LHft>‘§iL
i=0 2

()HXM1 ATfL +Z = ft>.5iL

_HXOt 1ATft +Z szjl_’HfO ff‘
2

@me 1A It Z szi,Hft T
2
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where () follows from the fact that H)L(O ATfZ- = H}(O:tflmi =0for0 < i <t—1,and (i) follows from
Eq. (65). Similarly, we obtain that

t+1 G-, 7)) t+1 A

X X X X
yHl:Agt:ZL’t AT, = ZL": ;
i | 1”2 = |7 1”2
1 ~ o~
o il—[ e Li_ 1,-Tt ZfL $1717x14;1> < f_la-rt)
Fra, A 1 .
T EL & [Nt R

This completes the proof of Theorem 2.2.

Appendix D. Supporting lemmas

This section contains supporting lemmas required by our proof.

Lemma D.1 (Tails of the normal distribution, Proposition 2.1.2 of Vershynin (2018)) Ler g ~ N(0, 1).
Then for all t > 0 we have

- — = | —F=€ <Plg>t) <-.-——e¢ .

Lemma D.2 (Bernstein’s inequality, Theorem 2.8.1 of Vershynin (2018)) Ler X1, .-, X be indepen-
dent, mean zero, sub-exponential random variables. Then, for every t > 0, we have

al 2 t
P i| >t)] <2exp |—cmin ) )
( i=1 l ) [ (Zivl HXZH?I/l max; || Xilw, >]

where ¢ > 0 is an absolute constant, and || - ||w, is the Orlicz norm.

Lemma D.3 (Concentration inequality for sub-Weibull distribution, adapted from Theorem 3.1 of Hao et al. (2019))
Let {X;}1<i<n be a sequence of i.i.d. random variables such that for some constants Cy,Cay > 0 and

€ (0,1), P(|X1| > t) < Cyexp(—Cat?) for all sufficiently large t > 0. Then, there exists a constant
C > 0, such that the following holds for all t > 0:

2,9
IP’( Zt)gCexp<—min{C t,C'qtq}>.
n

Proof Choosing a to be the vector of all ones in (Hao et al., 2019, Theorem 3.1), we know that there exists
a constant C' > 0, such that

iX E[X

n

Z (X; — E[Xi])

i=1

>C ( nlog(1l/a) + (log(l/a))l/q)> < a.

Sett =C ( nlog(l/a) + (log(l/a))l/q>, then one of the followings must happen:

(a) C'y/nlog(1/a) > t/2. This implies that

42
a < exp <_402n> .

37




WU ZHou

(b) C(log(1/a))"/? > t/2, which is equivalent to

Hence, we finally obtain that
]P) (

This completes the proof.

n

Z (Xi — E[X3])

=1

exp (— min {

38
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42
> t> < a < max {exp (—402> , exp <—
n
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