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Abstract

We revisit the canonical problem of learning a single neuron with ReL U activation under Gaussian
input with square loss. We particularly focus on the over-parameterization setting where the stu-
dent network has n > 2 neurons. We prove the global convergence of randomly initialized gradient
descent with a O (T*S) rate. This is the first global convergence result for this problem beyond
the exact-parameterization setting (n = 1) in which the gradient descent enjoys an exp(—Q(T"))
rate. Perhaps surprisingly, we further present an {2 (T*3) lower bound for randomly initialized
gradient flow in the over-parameterization setting. These two bounds jointly give an exact char-
acterization of the convergence rate and imply, for the first time, that over-parameterization can
exponentially slow down the convergence rate. To prove the global convergence, we need to tackle
the interactions among student neurons in the gradient descent dynamics, which are not present in
the exact-parameterization case. We use a three-phase structure to analyze GD’s dynamics. Along
the way, we prove gradient descent automatically balances student neurons, and use this property to
deal with the non-smoothness of the objective function. To prove the convergence rate lower bound,
we construct a novel potential function that characterizes the pairwise distances between the stu-
dent neurons (which cannot be done in the exact-parameterization case). We show this potential
function converges slowly, which implies the slow convergence rate of the loss function.

Keywords: over-parameterization, global convergence, non-convex optimization

1. Introduction

In recent years, theoretical explanations of the success of gradient descent (GD) on training deep
neural networks emerge as an important problem. A prominent line of work Allen-Zhu et al. (2018);
Du et al. (2018c); Jacot et al. (2018); Safran and Shamir (2018); Chizat et al. (2019) suggests that
over-parameterization plays a key role in the successful training of neural networks.

However, the drawback of over-parameterization is under-explored. In this paper, we consider
training two-layer ReLLU networks, with a particular focus on learning a single neuron in the over-
parameterization setting. We give a rigorous proof for the following surprising phenomenon:

Over-parameterization exponentially slows down the convergence of gradient descent.

Specifically, we consider two-layer ReLU networks with n neurons and input dimension d:
n
w%Z[w;w]Jr, (D
i=1
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Figure 1: Setting: o = 0.1,7n = 0.05,||v| = 1. Left: The loss converges much slower when
n > 1, compared to the case of n = 1. Right: log, ) L(w(T)) converges to —3,

with a small perturbation that converges extremely slow (note if we want log ;7 ﬁ €

(—3—¢,—3+¢€),thenT > %01/6 is needed.)

where [x]4 = max{0, 2} denotes the ReLU function, w, ..., w, € R are n neurons. The input
x ~ N (0, I) follows a standard Gaussian distribution.

We consider the canonical teacher-student setting, where a student network is trained to learn
a ground truth teacher network. Following the architecture (1), the student network f : R — R

is given by f(z) = Y. [w, ], where wy,...,w, € R are n student neurons. Similarly,
the teacher network is given by f*(x) = >I*, [v,/ ]+, where v, ..., v, € R? are m teacher

neurons. It is natural to study the square loss:

n m 2
1
L(w) = Ezenon) |5 (Z[w? zl = v w]+> : o)

i=1 i=1

where w = (w ,w, ,...,w, )T € R"*?denotes the parameter vector formed by student neurons.

In this paper, we focus on the special case where the teacher network consists of one single
neuron vy, i.e., m = 1. For simplicity, we omit the subscript and denote v; with v. Then the loss
becomes

n 2
1
L(w) = Bzonon) | 5 (Z[’w? ], — [va]+> : 3)

i=1

The student network is initialized with a Gaussian distribution: V1 < i < n, w;(0) ~ N(0,021),
(0 € R™ denotes the initialization scale), then trained by gradient descent with step size 7.

In this widely-studied setting, we discover a new phenomenon: compared to the exact-parameterized
case (n = 1), the loss L(w(t)) converges much slower in the over-parameterized case. Empirically
(see Figure 1), the slow-down effect happens universally for all n > 2. Moreover, log 1) L(w(T'))
has a tendency of converging towards —3, which seems to suggest that the convergence rate should
be L(w(T)) = ©(T~3). In this paper, we prove rigorously that this is indeed true.

For the exact-parameterized case (n = 1), Yehudai and Ohad (2020) proved that L(w(t)) con-
vergences with a linear rate: L(w(t)) < exp (—€(t)), which is also validated in Figure 1. For the
over-parameterized case, an exact characterization of the convergence rate is given in this paper as
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L(w(t)) = ©(t~3). As aresult, we show that (even very mild) over-parameterization exponentially
slows down the convergence rate. Specifically, our main results are the following two theorems.

Theorem 1 (Global Convergence, Informal) ForVé > 0, suppose the dimension d = Q(log(n/§)),
the initialization scale ' o+/d = poly(n=")||v||, the learning rate n = poly(ov/d,n~1, ||v||~").
Then with probability at least 1 — 6, gradient descent converges to a global minimum with rate
L(w(t)) < poly(n, [|v[|,n~ 1)t~

Theorem 2 (Convergence Rate Lower Bound, Informal) Suppose the student network is over-
parameterized, i.e., n > 2. Consider gradient flow: 81§£t) = —8L(3“71J(t)). If the requirements on
d and o in Theorem 1 hold, then with high probability, there exist constants I'1, 'y which do not

depend on time t, such that Vt > 0, L(w(t)) > (['1t + Tg) 73,

Theorem 1 shows the global convergence of GD, while Theorem 2 provides a convergence rate

lower bound. These two bounds together imply an exact characterization of the convergence rate
for GD. We further highlight the significance of our contributions below:
e To our knowledge, Theorem 1 is the first global convergence result of gradient descent for the
square loss beyond the special exact-parameterization cases of m = n = 1 (Tian, 2017; Brutzkus
and Globerson, 2017; Yehudai and Ohad, 2020; Du et al., 2017) and m = n = 2 (Wu et al., 2018).
e While over-parameterization is well-known for its benefit in establishing global convergence in
the finite-data regime, this is the first work proving it can slow down gradient-based methods.

1.1. Related Works

The problem of learning a single neuron is actually well-understood and can be solved with minimal
assumptions by classical single index models algorithms (Kakade et al., 2011). For learning a single-
neuron, Brutzkus and Globerson (2017); Tian (2017); Soltanolkotabi (2017) proved convergence for
GD assuming Gaussian input distribution, which was later improved by Yehudai and Ohad (2020)
who proved linear convergence of GD for learning one single neuron properly. These results are
also generalized to learning a convolutional filter (Goel et al., 2018; Du et al., 2017, 2018a; Zhou
et al., 2019; Liu et al., 2019). These works only focus on the exact-parameterization setting, while
we focus on the over-parameterization setting.

Another direction focuses on the optimization landscape. Safran and Shamir (2018) showed
spurious local minima exists for large m in the exact-parameterization setting. Safran et al. (2020)
studied problem (2) with orthogonal teacher neurons. They showed that neither one-point strong
convexity nor Polyak-Lojasiewicz (PL) condition hold locally near the global minimum. Wu et al.
(2018) showed that problem (2) has no spurious local minima for m = n = 2. Zhong et al. (2017);
Zhang et al. (2019) studied the exact-parameterization setting and showed the local strong convexity
of loss and therefore with tensor initialization, GD can converge to a global minimum. Arjevani and
Field (2022) proved that over-parameterization annihilates certain types of spurious local minima.

A popular line of works, known as neural tangent kernel (NTK) (Jacot et al., 2018; Chizat
et al., 2019; Du et al., 2018c, 2019; Cao and Gu, 2019; Allen-Zhu et al., 2019; Arora et al., 2019;
Oymak and Soltanolkotabi, 2020; Zou et al., 2020; Li and Liang, 2018) connects the training of
ultra-wide neural networks with kernel methods. Another line of works uses the mean-field analysis

1. Note that ||w;(0)]|| scales with o+v/d rather than o.
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to study the training of infinite-width neural networks (Nitanda and Suzuki, 2017; Chizat and Bach,
2018; Wei et al., 2019; Nguyen and Pham, 2020; Fang et al., 2021; Lu et al., 2020). All of these
works considered the finite-data regime and require the neural network to be ultra-wide, sometimes
infinitely wide. Their techniques cannot explain the learnability of a single neuron, as pointed out
by Yehudai and Shamir (2019).

More related to our works are results on the dynamics of gradient descent in the teacher-student
setting. Li and Yuan (2017) studied the exact-parameterized setting and proved convergence for
SGD with initialization in a region near identity. Li et al. (2020) showed that GD can learn two-
layer networks better than any kernel methods, but their final upper bound of loss is constantly
large and no convergence is proven. Zhou et al. (2021) proved local convergence for mildly over-
parameterized two-layer networks. While our global convergence analysis uses their idea of es-
tablishing a gradient lower bound, we also propose new techniques to get rid of their architectural
modifications, and improved their gradient lower bound to yield a tight convergence rate upper
bound (see Section 2 for details). Also, Zhou et al. (2021) only provided a local convergence the-
ory, while we prove convergence globally. On the other hand, their results hold for general m > 1
whereas we only study m = 1.

The first phase of our analysis is similar to the initial alignment phenomenon in Boursier et al.
(2022). Their analysis also relies on the finite-data regime and the orthogonality of inputs, hence
does not apply to our setting.

Similar slow-down effects of over-parameterization on the convergence rate have been observed
in other scenarios. Richert et al. (2022) considered error function activation and empirically ob-
served an O(T~2) convergence rate. Going beyond neural network training, Dwivedi et al. (2018);
Wu and Zhou (2019) showed such a phenomenon for Expectation-Maximization (EM) algorithm
on Gaussian mixture models. Zhang et al. (2022) exhibited similar empirical behaviors of GD on
Burer—Monteiro factorization, but no rigorous proof was given.

Paper Organization. In Section 2 we describe the main technical challenges in our analysis, and
our ideas for addressing them. In section 3 we define some notations and preliminary notions. In
Section 4 we formalize the global convergence result (Theorem 1) and provide a proof sketch. In
Section 5 we formalize the convergence rate lower bound (Theorem 2) and provide a proof sketch.

2. Technical Overview

Three-Phase Convergence Analysis. Our global convergence analysis is divided into three phases.
We define 6; as the angle between w; and v, and H = ||v|| — >_,(w;, v). Intuitively, 6; represents
the radial difference between teacher and students, while H represents the tangential difference
between teacher and students.

When the initialization ov/d is small enough, in phase 1, for every i € [n], 0; decreases to a
small value while |w;|| remains small. In phase 2, Vi € [n], §; remains bounded by a small value
while H decreases with an exponential rate. Both 6; and H being small at the end of phase 2 implies
that GD enters a local region near a global minimum. In phase 3, we establish the local convergence
by proving two properties: a lower bound of gradient, and a regularity condition of student neurons.
Non-Benign Optimization Landscape. Compared to the exact-parameterization setting, the opti-
mization landscape becomes significantly different and much harder to analyze when the network
is over-parameterized. Zhou et al. (2021) provided an intuitive illustration for this in their Section
4. For the general problem (2), Safran et al. (2020) showed that nice geometric properties that hold
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when m = n, including one-point strong convexity and PL condition, do not hold when m < n.
In this paper, we go further and show that the difference in geometric landscape leads to totally
different convergence rates.

Non-smoothness and Implicit Regularization. The loss function is not smooth when student
neurons are close to 0, which brings a major technical challenge for a local convergence analy-
sis. Zhou et al. (2021) reparameterized the student neural network architecture to make the loss
L smooth. We show this artificial change is not necessary. Our observation is that GD implicitly
regularizes the student neurons and keeps them away from the non-smooth regions near 0. To prove
this, we show that w; cannot move too far in phase 3, by applying an algebraic trick to upper-bound
Yoo Nl Ve, L(w(t))|| with L(w(T')) (Lemma 24). A similar regularization property for GD was
given in Du et al. (2018b), but it applies layer-wise rather than neuron-wise as in our paper.

Improving the Gradient Lower Bound. In our local convergence phase, we establish a local
gradient lower bound similar to Theorem 3 in Zhou et al. (2021). Moreover, we improve their
bound from ||V, L(w)|| > Q(L(w)) to ||V L(w)| > Q(L*?(w)) (Theorem 7). The idea in
Zhou et al. (2021) is to pick an arbitrary global minimum {w} } ; and show ) ,(V, L(w), w; —
w) > L(w). We improve their proof technique by carefully choosing a specific {w; }! ; such
that ||w; — w} || is small, then applying Cauchy inequality to get a tighter bound. This improvement
is crucial since it improves the final bound of convergence rate from L = O(7~!) in Zhou et al.
(2021) to L = O(T~3), which matches the lower bound in Theorem 2. This also indicates the
optimality of the improved dependency L%/3.

Non-degeneracy Condition. While the lower bound for the convergence rate is straightforward
to prove in the worst-case (i.e., from a bad initialization), the average-case (i.e., with random ini-
tialization) lower bound is highly-nontrivial due to the existence of several counter-examples in the
benign cases (see Appendix A). To distinguish these counter-examples from general cases, we es-
tablish a new non-degeneracy condition and build our lower bound upon it. We define a potential
function Z(t) = 3, ||zi(t) — 2;(t)|, where z; :== w; — (w;, v)v. As long as the initialization
is non-degenerate (See Definition 13), then Z(t) = Q(¢t~1) and L(w(t)) > Q(Z3(t)n=>/||v|)),
which imply L(w(t)) > Q(¢~3). Intuitively, the slow convergence rate of L when n > 2 is due to
the slow convergence of term z; — 2;, (¢ # j), and we define Z(t) to formalize this idea.

3. Preliminaries

Notations. In this paper, bold-faced letters denote vectors. We use [n] to denote {1,2,...,n}. For
any nonzero vector v € RY, the corresponding normalized vector is denoted with ¥ := H%H For
two nonzero vectors w,v € R?, §(w, v) := arccos ((w, D)) denotes the angle between them.

For simplicity, we also adopt some notational conventions. Denote the gradient of the ™ student

neuron with V; = dgfvw)

— . For any variable w that changes during the training process, w(t) denotes
its value at the ¢ iteration, e.g., w;(t) indicates the value of wj at the ¢ iteration. Sometimes we
omit the iteration index ¢ when this causes no ambiguity. We abbreviate the expectation taken w.r.t

the standard Gaussian as Eg -] == Egnr(0,1)[]-

Special Notations for Important Terms. There are several important terms in our analysis and
we give each of them a special notation. 6; = 6(w;,v) denotes the angle between w; and v.
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0;; == 6(w;, w;) denotes the angle between w; and w;. Define

n

r= Zwi —v, and R:R?— R, R(z) = Z[w;mh — [v'x],.

i=1 j=1
Then L(w) = E,[3R*(x)]. Define the length of the projection of w; onto v as
h; = ('wi,@.

Lastly, define
H=|v| = > hi= (@ -r).

i€[n]

Closed Form Expressions of Loss and Gradient. When the input distribution is standard Gaus-
sian, closed form expressions of L(w) and V L(w) can be obtained (Safran and Shamir, 2018). The
complete form is deferred to Appendix B. Here we only present the closed form of gradient as it is
used extensively in our analysis: Safran and Shamir (2018) showed that when w; # 0, Vi € [n], the
loss function is differentiable with gradient given by:

1 1 . . _
Vi= 5 ij —v |+ o Z |w;l| sin@;; — ||v|| siné; | w; — Zﬁijwj +0v|. 4
J J#i J#i

Big-O notation. In this paper, we slightly abuse the use of big-O notation. We say for Ve = O(p),
proposition A holds, if there exists an absolute constant C' € R such that for Ve < C'p, proposition
A holds. (See Theorem 4, 5, 6, 9, 14 for details.)

4. Proof Overview: Global Convergence

In this section we provide a proof sketch for Theorem 1. Full proofs for all theorems and lemmas
can be found in the Appendix. We start with the initialization.

4.1. Initialization

We need the following conditions, which hold with high probability by random initialization.

Lemma3 Let sy = 10V/d, sy = 20v/d. When d = Q(log(n/§)), with probability at least 1 — §,
the following properties hold at the initialization:

21

Vi€ [n],s1 < [wi(0)]| < s, and 5 <6:(0) < 5 5)

Condition (5) gives upper bound s, and lower bound s; for the norms of w;(0), and states 6; will

fall in the interval [7, %”] initially. These are standard facts in high-dimensional probability. See

Appendix F.1 for proof details. The rest of our analysis will proceed deterministically.
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4.2. Phase 1

We present the main theorem of Phase 1, which starts at time 0 and ends at time 77.

Theorem 4 (Phase 1) Suppose the initial condition in Lemma 3 holds. For any e; = O(1), (¢; >
2

0), there exists C = O (%) such that for any o0 = O (Ceilsd_l/2|]v||) andn = O (”C”'Zﬁ/a) by

setting T = %, the following holds forvV1 < i <n,0 <t <Tj:

s1 < [lwi(@)]| < s2 + 2nf|v]lt, (©)

A ~1/24 4
and sin’ (912(”) — < (1 + 32/77||t”‘|) (sin2 (@é@) — e%) . @)

Consequently, at the end of Phase 1, we have

Vi € [n},@i(Tl) < 4deq, (8)
and hi(Th) < 2h;(T1),Vi,j € [n]. 9)

(6) gives upper and lower bounds for ||w;||. (7) is used to bound the dynamics of ;. (8) shows that
0; is small at the end of Phase 1, so the student neurons are approximately aligned with the teacher
neuron. (9) states that the student neurons’ projections on the teacher neuron are balanced.

Now we briefly describe our proof ideas.
Proof of (6). Proving the upper bound of ||w;|| is straightforward, since the triangle inequality
implies an upper bound of gradient norm ||V;|| = O(||v|| + ), ||w;]|), and the increasing rate of
||wi|| is bounded by 7||V;||. Note that we use ||w;|| to upper bound ||V;||, and use ||V;|| to upper
bound ||w;||, so the argument can proceed inductively.

Given with the upper bound, we know that ||w;|| = O(n||v||t) = O(¢2||v||/n) is a small term.
Then the gradient (4) can be rewritten as:

Vi — —%(HUH $in 0,; + (1 — 0,)v) + O(2]|v]2). (10)
With (10), we prove the lower bound ||w;|| > s by showing that ||w;|| monotonically increases.
Proof of (7). The condition (7) aims to show that 8; would decrease. Our intuition is clear: Since
in each GD iteration, the update of w; (the inverse of gradient (10)) is approximately a linear
combination of w; and v, the angle between w; and v is going to decrease.

However, there is a technical difficulty when converting the above intuition into a rigorous proof,
which is caused by the small perturbation term O(€3||v||?) in (10). When 6; is large, showing 6;
would decrease is easy since this term is negligible. But when 6; is too small, the effects of this
perturbation term on the dynamics of #; is no longer negligible. As a result, we cannot directly
show that ; decreases monotonically. Instead, we prove a weaker condition on the dynamics of 6;
and perform an algebraic trick (See (33) (34) in Appendix C):

() = xit 1) 2 Gl (o - @) o
:>Xi(t + 1) - 6% < <1 - 12"’~ZH</:E‘ 1)”) (Xi(t) - 6%) :

7
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Here ;(t) := sin® (H’T(t)> Note that (11) holds regardless of the sign of x;(t) — €2, hence both
cases of 0; being large and 6; being small are gracefully handled. Therefore we can apply (11)

iteratively to get x;(t + 1) — e? < IT4H, ( %) (xi(0) — €%) (even if x;(t) — €} might be
negative for some ¢). This bound, combined with algebraic calculations, yields (7).

Proof of (8). Applying (7) with t = T and some basic algebraic calculations yields (8).

Proof of (9). To prove (9), we divide Phase 1 into two intervals: [0,7}/50] and [T7/50,7T7]. We
first show that #; remains small in the second interval: [17/50,71]. Given with 6; being small,
nice properties of the gradient implies that h; monotonically increases, and its increasing rate ap-
proximately equals gH (see (36)), which is identical for all 7. Therefore, the increases of h; in the
second interval: h;(T}) — h;(T1/50) are balanced. Then we show that h; (77 /50) is small compared
to hi(Th) — hi(11/50). These two properties together shows that h;(77) are balanced.

4.3. Phase 2

Our second phase starts at time 77 + 1 and ends at time 75. The main theorem is as follows.

Theorem 5 (Phase 2) Suppose the initial condition in Lemma 3 holds. For Yey = O(1), set €, =
2
0] (6271 1/2) in Theorem 4, n = O ( ToT ) and Ty =Ty + { L1n <36 )1 then VT <t <Ty,

hi(t) < 2h;(t), Vi, j, (12)
nn\ =T 2 ni
s > il () - >
(1 5 ) [vl + Beaflvfl = H(t) = 5 (1 5 ) ]| = 6e2([v]| > 18exlv||,  (13)
2ol S1 .
> = Vi
> hi(t) > Vi (14)
0i(t) < €2, Vi. (15)

(12) is the continuation of (6), which shows that the projections h; remain balanced in Phase 2.
(13) bounds the dynamics of H (t). It shows that H (¢) exponentially decreases and gives upper and
lower bounds. (14) gives upper and lower bounds for h;. (15) shows that §; remains upper bounded
by a small term €5 in Phase 2. Below we prove (12) (13) (14) (15) together inductively.
Proof of (12). Similar to (9), note that (15) guarantees that ¢; is small, so we still have that, for V4,
h; monotonically increases with rate approximately 3 H. Therefore, h; will remain balanced.
Proof of (13). To understand why we need the bound (13), note that the gradient (4) has the
following property:
Vi = 5+ Of(nma [ + [[o]) max ). (16)

By (14) and (15), max; 0; < €2, and max; ||w;|| = O(||v]|/n). So the second term in (16) can be
bounded as O((n max; ||w;|| + ||v||) max; 0;) < O(ez2||v||). When O(e2||v||) is much smaller than
the first term 7/2 in (16), we have V; ~ r/2. Consequently, » and H = (v, —r) will decrease
with an exponential rate. But this will end when 7 becomes no larger than O(ez||v||) and the
approximation V; ~ r/2 no longer holds, and that is the end of Phase 2.

So H should decrease (with exponential rate) to a small value, and it also should not be too small
to ensure that ||7/2|| > O(ez||v||) (since H = (v, —r)). So we need to use (13) to simultaneously



OVER-PARAMETERIZATION EXPONENTIALLY SLOWS DOWN GRADIENT DESCENT

upper and lower bound H. With the above intuition, proving (13) is straightforward as: V; =
r/2=Ht+1)~(1-—nn/2)H(t)~ -~ (1—nn/2) " TP H(TY).

It is worth noting that, we also need to handle a perturbation term when bounding the dynamics
of H(t), and we used the same trick as in proving (7).
Proof of (14). The left inequality can be derived from (12) and (13). The right inequality can be
derived from the monotonicity of h;, (15) and (6).
Proof of (15). This is the most difficult part in Theorem 5. Recall that in Phase 1 we used the
gradient approximation (10) to bound 6;, but (10) relies on ||w;|| being a small term, which only
holds in phase 1. So this time we use a totally different method to bound ;.

First we calculate the dynamics of cos#; and get (see the proof in Appendix D for details):

cos(6;(t41))—cos(6;(t)) = I+1z, whereterm I; > —1 3" sin6;(t) sin(ﬁi(t)—l—ej(t))#ﬂ”)”,

and term /5 is a small perturbation term. The next step is to establish the condition (12), then use it
to bound the term % in I;. Consequently, we have

cos(8;(t + 1)) — cos(0;(t)) = I + I > =20 > _ sin6;(t)(sin6;(t) + sin 6;(t)) + L. (17)

JFi

However, this is still not enough to prove the bound. The lower bound of the dynamics of cos 6;
in (17) depends on 6; where j # 4. Since 6; might be much larger then 6;, the increasing rate of 0;
still cannot be upper-bounded.

To solve this problem, our key idea is to consider all 8;’s together. Define a potential function
V(t) =Y, sin? (0;(t)/2), then we can sum the bound in (17) over all i’s to get an upper bound
for the increasing rate of V. Although the bound for ¢; depends on other 6;’s, the bound for V' only
depends on V itself. Consequently, the dynamics of the potential function V' can be upper bounded,
which yields the final upper bound (15).

4.4. Phase 3
Theorem 6 (Phase 3) Suppose the initial condition in Lemma 3 holds. If we set e = O(n™14) in
Theorem 5, 1 = O (#), then VT € N we have
4f|v]] ] nt|lv|”
—— > lw (T +To)|| > — d LIT+T) <0 —— . 18
o2 (T4 Tl 2 P and LT <0 (T (18)

This is the desired 1/7" convergence rate. Our analysis consists of two steps:

1. Prove a gradient lower bound ||V L(w)|| > poly(n—", |jv||~") L?/3(w).

2. Prove that the loss function is smooth and Lipschitz on the gradient trajectory.

Given these two properties, the convergence can be established via the standard analysis for GD.

4.4.1. STEP 1: GRADIENT LOWER BOUND.
Theorem 7 (Gradient Lower Bound) If for every student neuron we have % > |w;l|| > u,

4n
and L(w) = O (2L | then |V L(w)|| > @ (s ) -

n2/3||v||1/3

As stated in Section 2, this theorem is an improved version of Theorem 3 in Zhou et al. (2021),
improving the dependency of L from ||V, L(w)| > Q(L(w)) to |V L(w)|| > QL3 (w)).
Below we introduce our idea of improving the bound.
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Lemma 8 (Gradient Projection Bound) Suppose wi,ws, ..., w; is a global minimum of loss
Jfunction L. Define Omax := max;c(,) 0;, then

Z< 0 L<w>,wi—w:> > 2L (w) — O (el - 101 (19)

ow;
i=1 ’

Lemma 8 uses the idea of “descent direction” from Lemma C.1 in Zhou et al. (2021). The
idea is to pick a global minimum w7, w3, ..., w, and lower bound the projection of gradient on
the direction w; — w;. Recall that Zhou et al. (2021) made artificial modifications of the network
architecture for technical reasons, e.g., they used the absolute value activation x — |z| instead of
ReLU. Therefore, their proof cannot be directly applied to our lemma. However, we show that their
idea still works in our setting, and modified their proof to prove Lemma 8 in Appendix E.2.

With Lemma 8 and several technical lemmas (Lemma 20, 21 in Appendix E.2), it is easy show
that the last term O (62, ||7|| - [|v]|) in (19) is small, so Y7, <6iwiL(w),'wi — wZ*> > L(w).
Then we need to upper bound ||w; — w}||, and that is the step where we make the improvement.
In Zhou et al. (2021), they picked an arbitrary global minimum {w}}? ; and treated the term
|w; — w|| as constantly large. Consequently, their gradient lower bound scale with L1, yielding
a final convergence rate of L(w(T)) < O(T~1'). In contrast, our key observation is that we can
pick a specific global minimum {w; }?_; that depends on {w;}?_,. Specifically, we define

x|

h;
Vi € [n],w; = v
’ Z j hj
Then Lemma 22 shows that ||w; — w}|| < O(LY?(w)) is a small term rather than a constant term.
Finally, direct application of Cauchy inequality yields the improved bound Theorem 7.

4.4.2. STEP 2: SMOOTHNESS AND LIPSCHITZNESS

The aim of step 2 is to show the smoothness and Lipschitzness of L. However, one can see from (4)
that L is neither Lipschitz nor smooth. The problem of non-Lipschitzness is easy to address, since
(4) implies that | VL|| is upper bounded by ||w;||, and ||w;|| is upper bounded by L(w). However,
the non-smoothness property of L is hard to handle. By the closed form expression of V2L (see
(51)), one can see that || V2L|| scales with ”‘EZ_H”. Then ||V2L|| — oo as ||w;|| — 0.

As stated in Section 2, our idea of solving this problem is to show that GD implicitly regularizes
w; such that ||w;|| is always lower and upper bounded, namely (18) in Theorem 6. This property
ensures the smoothness of L on GD trajectory (see Lemma 23 for details).
Implicit Regularization of Student Neurons. Next we describe our idea of proving the implicit
regularization condition (18). It is not hard to give ||w;(7%)|| lower and upper bounds (see Lemma
19). Therefore, we only need to show that the student neurons do not move very far in phase 3. In
other words, we wish to bound ZtT:TQ n||VL(w(t))|| for VI' > Tb. The intuition is very clear: in
phase 3, the loss being small implies that the decrease of loss is small. Since the move of student
neurons results in the decrease of loss, the change of ||w;|| should also be small. However, the
following subtlety emerges when constructing a rigorous proof.
The Importance of the Improved Gradient Lower Bound. We want to emphasize that our im-
proved gradient lower bound (Theorem 7) is crucial for bounding the movement of student neurons
Z;‘F:TQ n||[VL(w(t))||. There is an intuitive explanation for this: The weaker bound ||V L(w(t))|| ~

10
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L(w(t)) implies the rate L(w(T")) ~ # (i.e., the rate in Zhou et al. (2021)). Then || VL(w(t))|| ~
L(w(t)) ~ % and ZtT:TQ n[|VL(w(t))| ~ ZtT:T2 2. But the infinite sum > e, 1 diverges, so
we cannot derive any meaningful bound.

On the other hand, the improved gradient lower bound ||V L(w(t))|| ~ L?/3(w(t)) implies the
convergence rate L(w (7)) ~ % = ||VL(w(t))|| ~ L2/3('w(t)) ~ % = ZtT:TQ n|VL(w(t))| ~
ZtT:TQ t%, which is finite. See Lemma 24 for the rigorous argument.

4.5. Main Theorem

Now we are ready to state and prove the formal version of Theorem 1.

Theorem 9 (Global Convergence) For V6 > 0, if d = Q(log(n/d)), o = O (n=42264-1/2||v|))
n=0 <nu§’972“‘i“2> then there exists To = O (l(:fnn> such that with probability at least 1 — 6 over

the initialization, for any T € N, L(w(T + T»)) < O <"(4WL;’)”32> .

To combine three phases of our analysis together, the last step is to assign values to the parame-
ters in Theorem 4, 5, 6 (e2, €1, C, 0,1, 11, T5) such that the previous phase satisfies the requirements
of the next phase. For a complete list of the values, we refer the readers to Appendix F.2. With the
parameter valuations in Appendix F.2, combining the initialization condition (Lemma 3) and three
phases of our analysis (Theorem 4, 5, 6) together proves Theorem 9 immediately.

Remark 10 Careful readers might notice that, if there exists © such that w; = 0, then L is not
differentiable and gradient descent is not well-defined. However, such a corner case has been
naturally excluded in our previous analysis. (See Appendix F.3 for a detailed discussion.)

Remark 11 Some readers might think that the polynomial dependencies of o = O (71_4226d_1/2 ||v ||) ,

2 . . . .
n=0 (nw”giﬁnz) in Theorem 9 is too large. Here we would like to stress that these dependencies

are not optimized, and we leave fine-grained optimization of them as a future direction.

Taking n — 0 in Theorem 9 (more rigorously, replacing our discrete analysis for GD with its
continuous counterpart), we can obtain a corresponding global convergence theorem for gradient
flow.

Corollary 12 (Global Convergence, Gradient Flow Version) For V6 > 0, if d = Q(log(n/J)),
o = O(n=*22d=1/2||v||), then there exists Ty = O(logn/n) such that with probability at least
1 — 6 over the initialization, for any T > 0, randomly initialized gradient flow has convergence rate
upper bound L(w(T + Ty)) < O(n?||v||?/T?).

5. Proof Overview: Convergence Rate Lower Bound

In this section, we provide a general overview for the convergence rate lower bound. Full proofs
of all theorems can be found in Appendix G. We consider the gradient flow (gradient descent with
infinitesimal step size):

ow(t)  OL(w(t))
- ow =0

11



Xu Du

while keeping other settings (network architecture, initialization scheme, etc.) unchanged.

Our goal is to prove an Q (1/7%) bound. We note there exist fast-converging initialization
points that break this lower bound. In Appendix A, we list several examples. Therefore, we need to
utilize the property of random initialization to show our lower bound of  (1/7%).

We first define a few important terms. For Vi € [n], define z; := w; — (w;, D) as the projection
of w; onto the orthogonal complement of v. Define Z(t) = 3, <, [|2i(t) — 2;(?)[|. Define
QT (t) := {i € [n]|z(t) # 0} as the index set containing all i with z; nonzero at time ¢. For i, j €
Q™ define k;; := 0(z;, z;) as the angle between z; and z;. Define kmax(t) := max; jeq+ (1) kij(t)
as the maximum angle between z; and z;.

Our idea is to show the lower bound holds as long as the initialization is “non-degenerate”,
formalized by the following definition.

Definition 13 (Non-degeneracy) When n > 2, we say the initialization is non-degenerate if the
following two conditions are satisfied. (1) All z;’s are nonzero: Yi € [n], z;(0) # 0. (2) z;’s are
not parallel: Kmax(0) > 0.

Since z;’s are initialized with a Gaussian distribution, the initialization is only degenerate on a set
with Lebesgue measure zero, so the probability of the initialization being non-degenerate is 1. Now
we are ready to state the formal version of Theorem 2 whose proof is in Appendix G.3.

Theorem 14 (Convergence Rate Lower Bound) Suppose the network is over-parameterized, i.e.,
n > 2. Consider gradient flow: —f—~ = —=—5—=>. For > 0, if the initialization is non-
egenerate, = og(n , 0 = n- - v||), then there exists 1o = —— | suc
deg d = Q(log(n/s)) O (n=1224=1/2|v|)), then there exists Ty = O (105") h

that with probability at least 1 — 6, for ¥t > T we have

nl7/3

Kinax (0)[0]|*/3

L(w(t) ™ <0 < ) (t —T2) +1,

where v € R is a constant that does not depend on t.

Remark 15 The bound in Theorem 14 depends on 1/k2.(0). Such a dependence is reasonable

max
since we have shown that there would be counter-examples if kpmax(0) = 0 (See toy case 3 in

Appendix A).

5.1. Proof Sketch

Our key idea of proving Theorem 14 is to consider the potential function

Z(t) =) llzi(t) — z;(t)| where z(t) = wi(t) — (w;(t), V).

1<J

With Z(t), our proof consists of three steps:

1. Show that with the non-degeneracy condition, Kpax(t) is lower bounded. (Lemma 30)

2. Show that when kpnax 1s lower bounded by a positive constant, %Z (t) can be lower bounded by
Z2(t) (See (66) in Appendix G.3), so the convergence rate of Z(t) is at most Z(t) ~ ¢t~ 1.

3. Use Z(t) to lower bound L(w(t)): L(w(t)) > Q (ﬂ) . ((68) in Appendix G.3).

o]

12
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Remark 16 The potential function Z(t) provides two implications.

o [t explains why the convergence rate is different forn = 1 and n > 2. For n > 2, our analysis
implies that the slow convergence rate of Z (Z(t) ~ t~!) induces the slow convergence rate of
L(t) ~ t=3. Whenn = 1, Z is always zero, so L converges with linear rate. Intuitively, this is
because optimizing the difference between student neurons is hard, which is a phenomenon that only
exists in the over-parameterized case.

o [t explains why the convergence rates in the two counter-examples (toy case 2 and 3 in Appendix A)
are linear. In these two cases, the potential function Z degenerates to Q.

We need several technical properties of the gradient flow trajectory. The first one is the implicit
regularization condition: (18) in Theorem 6, and we use its gradient flow version (see Theorem 27
for details). We also need Corollary 28 and Lemma 29 to exclude the corner cases when w; = 0
and z;(t) = 0, where Kpay is not well-defined. The proofs are deferred to Appendix G.1.

Lower bounding k. is the most non-trivial step. We need to use the following lemma.

Lemma 17 (Automatic Separation of z;) Ifthere exists i, j such that r;j(t) = Kmax(t) < 3, then
cos K;j(t) is well-defined in an open neighborhood of t, differentiable at t, and

57 °°8 kij(t) < —7T_70rij(t)(1 — cos K?j(t)). (20)

Lemma 17 states that, when the vectors z; are too close in direction, gradient flow will auto-
matically separate them, which immediately implies a lower bound of kpax (See Theorem 30). Its
proof idea is also interesting: we can easily compute the dynamics of cos x;;, which splits into two
terms 7 and I (see (61) for them). I; is a simple term that can be handled easily, but the second
term [o is very complicated and seems intractable. Our key observation is that, although I, is hard
to bound for general i, j, it is always non-positive if we pick the pair of ¢, j such that x;; = Kmax,
and that property implies Lemma 17 via some routine computations.

Remark 18 We note that in toy case 3 in Appendix A, all z;’s remain parallel and will not be sep-
arated. This is because the bound (20) in Lemma 17 implies that the initial condition r;; = 0, Vi, j
is unstable. To see this, consider the ordinary differential equation & = —C (1 — 22) where C>0
is a constant. The initial condition x(0) = 1 induces the solution x(t) = 1, which corresponds
to toy case 3. But this initial condition is unstable since any perturbation of x(0) results in solu-

. _ 1—exp(2Ct4cy)
fion x(t) T 14exp(2Cttcp)’
separation of z;.

which implies an exponential increase of the perturbation, hence the

Given with a lower bound of Kp,ax(t), and the implicit regularization property in Theorem 27,
step 2 and step 3 can be proved with some geometric lemmas See Lemma 33, Lemma 31 and the
proof of Theorem 14 in Appendix G. Combining three steps together finishes our proof.
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Appendix A. Case study

It is a known result that under the case of exact-parameterization where n = 1, the loss converges
exponentially fast [Yehudai and Ohad (2020)]. To understand why the convergence rate becomes
much slower when n > 2, we investigate several toy cases.

Toy Case 1. Setn = 2, wi(0) = A\ (0)v + A2 (0)vt, wa(0) = A1 (0)v — A2(0)vt, where
A1(0), A2(0) > 0, v is a vector orthogonal with v such that ||v|| = ||v||. Then w1 (0) and w2 (0)
are reflection symmetric with respect to v (See Figure 2). Consider gradient descent with step size 1
initialized from (w (0), w2(0)). Itis easy to see that the symmetry of w; and ws, is preserved in GD
update, so fort = 0,1, 2, ... there exists A1 (t), A2(¢) such that w (t) = A1 (t)v+ o (t) v, wa(t) =
A1 (t)v — Ao(t)vt. Since 01(t) = 0o(t),Vt € N, we denote 6 := 0; = . Then gradient (4) has
the form

1 1
Vi= </\1 — ) v+ o [(J|lwz]| sin(20) — ||v|| sin 0) w1 — 20ws + Ov]

2 2
1 : ol . ) ))
=\ — =4+ — sin(20) — sinf | \y — 0(2)\1 — 1 v
(122W(()||w1u 1= 02N 1)
+ L (29 +sin(20) — 120 gy 9) Aovt
27 (|1 ||

1 0 sin(20) 1 A —1/2 N
()\1 2) ( - + N ) v+ 5 < 0+ N sin(26) | A\v—,

where the last equality is because sin(26)— H|1|11;1”|| sinf = sin(20)—% sinf = Sin/\(fe) (M —3
A similar expression can be computed for V.
Then we can write out the dynamics of A; and Ay as
1 1 O(t) sin(20(t))
ME+L) ——= (M) — = 1- 1-— 21
-y = () (1-n (1= 22 EON) e
A1 —1/2
Mot +1) =) (1= (20+ 2212 G100)) ). (22)
2w A
Since 6 = o(1), A1 is a constant term, 1 — @—F Sin/\(f(et()t)) ~ 1, then (21) implies > A{ (t4+1)—1 ~

(M(t) — %) (1 — ). This indicates that A; converges to 3 exponentially fast. So A\; — 1/2 =
o(l) = 20 + ’“%ﬂsin(%) ~ 20 ~ 2tanf = 2% ~ 4M2. Then (22) can be rewritten as
Aot + 1) = Ao(t) (1 - 277”)\2 (t)) . This indicates that Ao converges to 0 with rate g (t) ~ ¢t~ 1.

Finally, we can compute the loss with (23) as L(w) = © ((2A1 — 1)® + (sinf — f cos 9)) [|v||*.
Since (sin — fcosf) ~ 03 ~ A3 ~ t=3, we know that the convergence rate is L(w(t)) ~ t 3.

From the above toy case, we already know that the convergence rate given by Theorem 9 is
worst case optimal. However, our ultimate goal is to prove an average case lower bound for the
convergence rate: Theorem 14. We would like to point out that there is a huge gap between the
worst case optimality and the average case optimality: proving the latter is much more difficult. To
see this, we present two more toy cases.

2. Here we use the ~ sign to omit higher order terms.
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Figure 2: Toy Case 1

Toy Case 2. Letn > 2. We consider the case where all student neurons are parallel with the
teacher neuron: w; = \v,...,w, = \,v, where \i,...,)\, € RT. Then the gradient (4)
becomes V; = (3 ;w; — v). One can easily see that ), A; converges exponentially fast to 0,
which means that the convergence rate in this toy case is actually linear.
Toy Case 3. Letn > 2. We consider the case where all student neurons are equal: w; = wy =
. = wy,. Then the gradient (4) becomes V; = %(nw; — v) + 5= [—||v|sin6;w; + 6;v]. One
can see that the gradient in this case is just n times the gradient in the single student neuron case
where the student neuron is w; and the teacher neuron is v/n. So the training process is actually
equivalent with learning one teacher neuron ||v||/n with one student neuron, with the step size 7
being multiplied by a factor of n. So in this toy case, the loss also have linear convergence.

Appendix B. Closed Form Expressions for . and VL

In this section, we present closed forms of L and V L, as computed in Safran and Shamir (2018).
Closed Form of L(w).

1 — 1
L(w) = 5 D T(wi,wy) = > Y(wi,v) + 5 T(w,v),
i,j=1 i=1

where

T(w,v) = Ezono,n) HwaL [”T“"u

1 :
= o [wll vl (sin(we) + (7 = bw,v) c08(0w,0))-

Rearranging terms yields
1 1 . .
L{w) = 1| Zwi—vHQﬂL% > (sin b — 63 cos bg)||lwill sl — D (sinb; — 6 cos 6;) awil| |[v]]
7

1<j %

(23)
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Closed Form of VL (w). When w; # 0,V: € [n], Safran and Shamir (2018) showed that the loss
function is differentiable and the gradient is given by

n

Vi=Ezn(0,1) J; [ij LT [vTaer 1 {w?az > O} x

1 1
= 5 ij —-v —f—% ZH’U)jHSiDGU— ”’UHSIDQ, Ei—ZHij'wj—kG,-'v
J J#i J#
Appendix C. Global Convergence: phase 1

Theorem 4 Suppose the initial condition in Lemma 3 holds. For any €1 = O(1), (e1 > 0), there
2

exists C = O <%) such that for any o = O (C’e‘llsd_l/QH'vH) andn = O (”ﬁgﬁ), by setting

T = %,3 the following holds forvV1 < i <n,0 <t <Tj:

s1 < Jlwi(®)[| < s2+ 2nflvllt, (24)

o (0t t N\ 76,0
Sm2<§))€%§<”527||v||> <<;))) 2

Consequently, at the end of Phase 1, we have
Vi € [n], 0;(T1) < 4eq, (26)

and

hi(Tl) < 2hj(T1),Vi,j S [n] 27)

Proof By Lemma 3, (24) and (25) holds for ¢t = 0, and we have s; < |Jw;(0)|| < s, Vi.

Now we show with induction that (24) and (25) holds for V¢ < T7.

For t < T7, assume (24) and (25) holds for 0,1, ..., ¢, we prove the case of t 4 1.

First note that (25) holds for 0, 1, . . ., ¢ implies that V¢' < ¢, sin(6;(#')/2) < max{sin?(0;(0)/2), €2} <
sin?(7/3) = 6;(t') < 27/3.

Proof of the right inequality of (24).

Consider V0 < ¢’ < ¢, note that ||w;(¢')|| > s1 > 0, Vi implies that, for any 4, j, the gradient
V(') and the angles 0;(t'), 6;;(t") are well-defined.

Note that sy = 20v/d = O ((nT1)€f¥||v]|) < nTi|jv|, so V0 < ¢’ < t we have

v
(1)1 < 52+ 2ol < 52+ 2mollTi < 30wl = O (&/m) ol < L cag)

By triangle inequality, for Vi € [n],0 < ¢’ <t,

1 1
IVl < 5 | D2 los@) 4+ ol | + o= | 32 @)+ ol + 3 allw; ()] + o]
J J#i J#i

IN
DO | =

1 1 /1 T
—+1 — | =+14+ = < 2||v||.
(5+1) Wl + 5 (34145 +7) ol <2l]
(29)

3. Here we set 7 such that Ty = C/n € N.
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Then ||w;(t + 1)|| can be upper-bounded as

Jwi(t + D) = [lw: (0 ZnV )< [lwi (0)[| + ZUIIV )< 52+ 2n(t 4 1)]|v]].

Proof of the left inequality of (24).
Next we show that ||w;(t + 1)|| > ||w;(t)| > s1.

Note that
[wi(t + 1> = [[wi ($)|* = [Jwi(t) = nVi(0)||> = [lwi(0)[|> = =2n(wi(t), Vi(t)) + n*[| V()%

so to show |lw;(t 4+ 1)|| > |Jw;(t)]|, we only need to prove that (w;(t), V;(¢)) < 0 (note that by the
induction hypothesis we have ||w;(t)|| > 0, therefore w;(t) is well-defined):

(wi(t), Vi(t))
(m = 0:(t) (wi(t), v) + (wi(t), ||v] sinb; (t)w;(t))

27
, w;(t), i [Jw; (T)] sin0;5(¢) ) w;(t
+Z (0. 000 (wi(t), (S, J;zn i) wi(®))
_ (7r —0; (t))cozi( ) + sin 6;( ol + Z — COSQ@;]‘(ZL/) + sin 6;;(t) s (8
(2§8) (=0 (t))coszi( ) + sin 6;(t )H'U” ) (e%) ol
< 2o +-0(&) ol
<0.

The reason for the second to last inequality is that, it is easy to verify by taking derivatives
that the expression (7 — ) cos 6 + sin @ monotonically decreases on the interval [0, 7], and the
induction hypothesis implies 6;(t) < 27/3, therefore (m — 6;(t)) cos6;(t) + sinb;(t) > (7 —
27/3) cos(2m/3) + sin(27/3) > 1/12.

Then we have ||w;(t + 1)|| > ||Jw;(t)]| > s1.
Proof of (25).
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First we calculate the dynamics of cos 6;.

cos(0;(t + 1)) — cos(0;(t))
= (w;(t +1),v) — (w,(t),v)
_wi ()] {wi(t + 1), B) — [|wi(t + 1)]| (w; (1), )
[|lw;(t + 1)[| - [|w;(t)]]
_(wi(), D) (Jwi(t)]] — [lwi(t + D)) — nllwi(®)| (Vi(t), D)
[lw;(t + 1)[| - [|w;(t)]
(w; (1), 7) Ll a8eDIE o (1) | (Vi (8), )
wi(t + 1) - Jwi(®)]]
I o 20w, Vi) [V
D] [< O ol w0 "V ﬁ

O T Vi) 2w, Vi)
T 4 D [” (i), ) @i(t), Vilt)) + (wi(6). D) (wat)n oG+ D 2w )] )

- 772 <Ez (t) ’ ﬁ>

V(@)
[[wi ()] + [Jwi(t + 1]

- (%e). )

— N W; V) w; - v .
I
n (wi(t), v) P wi(), Vi) (lwi®)ll = it + DI) IVi(®)]? ] _
[wi(t + 1) [wi ()] + [lwi(t +1)]] [[wi ()| + [Jwi(t +1)]]
Ip)

(30)

For the first term I, note that the vector (w;(t),v) w;(t) — v is orthogonal with w;, therefore,

n N 1
D= e+ 0] << ””m‘“)”’zw{;(”%(ﬂ)w(ﬂ<wei<t>>v]>
_# — sin v ™ —U;5 COS U — COS U; COSU;4 w;
= 2rfwn(t+ D] l(” 0:(t)) s 6:(t) 0] ~ ; 015(1)) (cos 05(t) — cos Bi() cos By (1)) | m]
" T —0; sin? 6; v|| — nm - 2||lw;
> seTwrtr 7 = 00 sin )] — - 2 1)
S [(r— 6,(8) sin? (D)}v]| — - 20(C) o]
27 ||w; (t 4+ 1)]|
nllv]

m[ sin? 0;(t) — O (nC) |,

€29

where the last inequality is because 0;(t) < /3.
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The second term I is a small perturbation term, which can be lower bounded as:

: . . 2
L>_ {IIVz(t)! [nVi (@)l . Vi)l ]
||'w2(t + 1)” 281 281
) (32)
29) 4n?
= Vi) > —II [
s1llwi(t +1)]| 1wi(t +1)]|
Combining both terms together, we get
n|v]] 7T [v]]
. _ . — > dnEn D _ =
cos(0;(t + 1)) —cos(6;(t)) =11 + I > Srlwi(t £ 1] sm 20;(t) — O (nC) — 87 .
nlv] 9
> —————— |sin“ 6;(t) — O (nC)]|,
B+ o 0~ 0 )
where the last inequality is because n = O (”ﬁg{) = 87r77””” =0 (nC).
Therefore,
sin? <91(t)> in? <9i(t+ 1)> _ cos(0;(t + 1)) — cos(6;(t))
2 2 2
(33)

= o [ (") )

where the last inequality is because cos(6;( )/2) > cos(m/3) =1/2 = sinb;(t) = 2sin(0;(t)/2) cos(;(
sin(6;(t)/2), and C = O(e2 /n) = O(nC) < €3.
Then we have

sin’ <6<t2+1)> —a s’ <9i§t)> 12”,;72”?& Dl [S““ (915 ) - ] —a
= (" sapmron) (5 (%57) ~4)

= <1 " G/l + 20 +1>>> (“ <02(t)> B )

For the same reason, for any ¢’ € {0, 1,...,t} we have

sin’ <9(tz+1)> s (1 " el o 1))) (sz <9i(2t/)) - ) oY

sin? (%) — €2 can both be positive or negative, but (34) always holds regardless of its sign.

nllv| sin2 6, n
2 Do+ 1 [ 40~ O 2

Since 1 — 15053 /||v||7—7|—277(t’ ) is always positive, and multiplying both sides of an inequality by a
positive number does not change the direction of the inequality, we can iteratively apply (34) and
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get

“P@G+1> 2<ﬁ< @m%+mm>Gﬁ(&9)_%>
t+1 .
< H exp ( 15 82/||’17J7H n 277”)) <Sin2 (01;0)> — 6%)
t+2 ;
=P </ul 12 (SQ/HUH T 2m) ) (Sm2 <01§0)> - 6%>
o (- (LIS (o (0 )

<(2mt) (o () -4),
m) 2

where the last inequality is because 27||v|| < s; < so. (Note that, by Lemma 3, sin? ( 5 ) — €1

is always positive.)
Proof of (26). W.L.O.G., suppose 71 /50 € N. By (25), for Vt € [T1/50,T1] we have that

(35
Since €7 = O(1) is a sufficiently small constant, we have
0;(t
Vit € [T1/50,T1],sin ( ; )) < \/561 =Vt e [T1/50,T1],91(t) < 4ey.
This implies (26) immediately.
Proof of (27). Consider Vt € [17/50,T1]. The dynamics of h; is given by
hi(t +1) = hi(t) = —n{Vi(t), v)
n
= (ol = S s
J
FH(t)
n . .
— 5 > " llw; (8)] sin 6i(t) — ||v]| sin6(t) | cosBi(t) — > 6i(t)h 0;(t)||v||
J# J#i
Qi(t)
(36)

The first term is just Z H (t). Denote the second term with Q;(t). Then h;(t+1) = hy(t)+ 3 H(t) —
Qi(?).
H (t) can be lower bounded as
[ofl _ 2]v]]

@8
= [lvll = Zh ) 2 ol =D llwi@®) > ol =n- 0 === 37)
j
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On the other hand, the second term );(¢) is a small perturbation term, whose norm can be upper
bounded by

@it <5 |- Dass0 -+ o103t + - Doy + oo
<L [‘ [ollge, + jojjae, + 121 ”8e1+461\|vH] (38)

<3n|vler < 96131{(1:) < 0.1§H(t),

where the second inequality is because 6;;(t) < 0;(t) + 0;(t) < 8e.
Therefore
0.37||v| < o.9gH(t) < hi(t+1) — hi(t) = gH(t) —Qilt) < 1.1gH(t),Vt € [T1/50, T1].

Then we have the following bound, which shows that, Vi, h;(17) — h; (77 /50) approximately equals
to ZtTl T1/50 3H(t):

T —1 T1—1 -1
09( gH(t) < hi(T)~hi (T1/50) = Y (ha(t+1) —hi(t) < 11| Y gH(t)
t=T1 /50 t=T1/50 t=T, /50
(39)
hi(T1/50)] is small comparing to Zt T1/50 2H(t):
24) Ti—1 .
hi(T3/50)] < Jlwi(T1/50)]| ‘< 82+277HUH* < —nHvHTl o2 > JH@) |- (0
t T1/50
(39) and (40) jointly yields
Ti—1 " Ti—1 .
0<0.7| > SH®) | <hi(T1) <13 > SH(®) | Vi,
t=T, /50 t=T, /50
which implies (27) immediately.
|

Appendix D. Global Convergence: phase 2

Theorem 5 Suppose the initial condition in Lemma 3 holds. ForVey = O(1), sete; = O (egn_l/ 2)
in Theorem 4, n = O <%) and Ty =T7 + { Lp ( ﬂ, then VT <t <1Tb,

36€2
hi(t) < 2h;(t),Vi, j, (41)

nn\t— 2 nn
(1- ?) ol + 6ealjvl] = H () = 5 (1- 7) lv]| = Geal|w]| > 18exflv]],  (42)

2
1ol S 1) %,W. (43)
n

0;(t) < ea,Vi. (44)
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Proof
We prove (41), (42), (43) and (44) together inductively. First we show the induction base holds.
Note that Theorem 4 directly implies (41) and (44) for ¢t = T). For (43), by (28) we have
hi(Ty) < ||Jw;(T1)]| < % and by (24) we have h;(T1) = ||w;(T1)| cos 0;(T1) > ||w;(T1)||/2 >
51/2. For (42), note that 0 < hi(T1) < wi| < [|0]l/(3n) = |jv]| > H(T1) > 2|v|l/3.
Now suppose (41), (42) (43) and (44) holds for 71,77+ 1, . . ., t, next we show the case of t + 1.
Proof of (41).

First note that due to 0;(t) < ez and % > h;(t) > %+ we have
llofl o hat) _hi(t) 51\,
> > = ()| > h; > —, Vi. 45
n — cosez  cosb;(t) lwit)ll = hi 2 9" (45)

As computed in (36), hy(t + 1) = hy(t) + 2H(t) — Q;(t), Vi

(44)
Note that 0;;(t) < 0;(t) + 0;(t) < 2e9, Vi, j. Similar to (38), we have

1
1Qi(1)] < *1462H'v|| <36277HUH g 3H (), (46)
which implies
n. 2 U <4 :
Then JH(t) — Qi(t) <2 (3H Q;(t)) Vi, j.

Finally, Vi, j we have h;(t + 1) = hi(t)+ 2H(t) — Qi(t) < 2h;(t) + 2 (ZH(t) — Q;(1)) =
2h;(t +1).

Proof of (42).

The dynamics of H(t) is given by H(t + 1) = H(t) — > ,(hi(t + 1) — hi(t)) = H(t) —
223 H () + 22 Qit) = (L—nm/2)H () + 3, Qi(t).

Note that (46) implies | Y. Q;(t)| < 3nea||v||n, therefore

H(t+1) = Gesllv] < (1= 1) H(t) + 3nes|jvlly — 6eallo]| = (1= 5L ) (H (1) = 60l

Iterative application of the above bound yields H (t+1)—6ex||v| < (1 — %)tﬂ*ﬂ (H(Ty) — 6e3|v])).

For the same reason, we also have H (t + 1) + 6e|[v|| > (1 — %)Hl_ﬂ (H(T1) + 6ea|v]]).

(28)
On the other hand, Vi, ||v||/(3n) > ||Jw;(T1)|| > hi(T1) = ||wi(T1)|| cos;(T1) > 0 implies
|lvl]] > H(T1) > 2||lv||/3. Combining three aforementioned bounds yields the first and second
inequality in (42).
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Now we prove the rightmost inequality in (42). Note that np = o(1) = 1 — nn/2 >
exp(—2nn/3). Then

2
g(1—%) ]| - 6zl
2
> < exp(=2nn(T3 = T1)/3)|[v]| - Ges o]
2 2nn 31 1
> = S ( — -6
> 2o (<50 3w (55 ) ) el ealol
2
= = - 36ea][v]| — Gezfv]
= 186w,

where the second inequality is because Tb — 11 = [ Ly ( 36162 ﬂ < %ni In (ﬁ)
Proof of (43).
Since we have already shown (41) and (42) for t + 1, H(t + 1) > 18ez||v|| > 0 implies

2
hi(t+1) Zh (t+1) < |loll.¥i = hit+1) < o], ¥i.

For the lower bound, by (36) and (47) we have

hilt +1) = ha(t) + SH(D) — Qi(t) > ha(t) > (48)

51
5
Proof of (44).

Recall that the dynamics of cos(6;) is given by (30) as cos(0;(t + 1)) — cos(6;(t)) = I1 + Is.
Then we have

Ui

I :m (1 — 0;(t)) sin? 0;(t)||v|| — ;(w — 05(t)) (cos 0 (t) — cos 0;(t) cos 0;5(t)) |[w; (1)
Z - g i (cos0;(t) — cos 0;(t) cos b;5(t)) M
. [Jw; @)l
2_2;51119 sin( ()""Hj(t))m’

where the last inequality is because 0;;(t) < 0;(t)+6;(t) < 2e2 < ™ = cos§;(t)—cos 0;(t) cos 0;;(t) <
cos 0;(t) — cos b;(t) cos(6;(t) + 0;(t)) = sin0;(¢) sin(6;(t) + 0;(t)).

0;(t)
(48)
Since we have already shown (43) for ¢t + 1, ||w;(t + 1)|| > h(t + 1) > h;(t) holds. Also we
have ||w;(t)|| = h;(t)/ cosB;(t) < 2h;(t). Then

I >—= Z sin @;(t)(sin 6;(t) + sin 6;(t)) QZJ(S;) (g) —2n ; sin 6;(t)(sin 6;(t) + sin 6;(t)).
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To bound Iy, first note that ||w;(¢)|| < 3|lv||/n,Vi. Then by applying elementary triangle
inequality in a similar manner as (29), we have ||V;(¢)|| < 5||v||, Vi. Since ||w;(t + 1)|| > h;(t +
1) > s1/2, for similar reasons as (32), I could be lower bounded as

(DIl - it i) *[lol?
L> 1 Vi@l Vil + Vi@ S 07 H’gll .
51/2 S1 s

So we have
cos(0;(t + 1)) — cos0;(t) > —2 Z 0;( 0; in 6, (t)) — 100 ‘Il ||2
i n Y sin (sind;(t) +sin;(t)) — 100—=— (49)
JF 5
Define a potential function V (¢) := >, sin? (6;(t) /2), we consider the dynamics of V():
1
V(t+1) = V(t) =5 D (cosBi(t) — cosbi(t + 1))

i

1 ) ,
<52 [ 203 sin b (0)sin6,(0) + sin6; (1)) + 100" l;n
v JFi
(50
n?||v]|?
= 2 bl 0;( 50— L2
”Z nsm +Zbln + ;

9 2
SlOm]Z:sim2 < ; )) —i-SOM,

51

where the last inequality is because sin? 6;(t) = 4 sin?(6;(t)/2) cos?(6;(t)/2) < 4sin?(6;(t)/2).
Then we have

on|jv 2 5nllv 2 _ 5nllv 2
V(t+1)+nLQ” < (1 + 10nn) <V(t) + 77!2|> <o < (14 10np)H0 (V(Tl) N 77!2H
Note that by (35) we have V(T}) < Zne%, and by setting n = O (%) =0 (ﬁiﬂi) we have

577!75”2 < ne2. Then V(¢ + 1) < (14 10nn) 171 3ne? < exp(10nn(Ty — T1))3ne < €2/16. A
1
Appendix E. Global Convergence: phase 3

E.1. Initial Condition of Phase 3

First we prove some initial conditions that are satisfied at time 75, 7.e., the start of Phase 3.

Lemma 19 Suppose the conditions (41) (42) (43) (44) in Theorem 5 holds, then at the start of
Phase 3 we have
Vi € [n], [v]l/(3n) < [lwi(T2)[| < 3v]|/n,

and
L(w(T3)) < 20es]jo]
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Proof
Proof of the First Condition.

By Theorem 5 we have 0;(Th) < €,Vi, and H(T) < (1— %)TQ*TI lv]| + 6ea|jv| <
exp(—"L(Ty — T1))|[v]| + 6eal|v]| = (36e2) /2[|v]| + 6ex||v]| < Tey?[|u]].
Then for Vi € [n], 3|Jv[| < [|vll = H(T2) = X2; hj(Ta) < 2nhi(Tz) = |wi(T)|| > hi(Tp) >

o]l /(3n).

Similarly, for Vi € [n], H(T2) > 0 = [v|| > >_;hi(Tz) > nhi(12)/2 = hi(12) <
2|lvll/n = |wi(T2)ll = hi(T2)/ cos(0:(T2)) < 5hi(T2) < 3[lv]|/n.
Proof of the Second Condition.

Since ||v||/(3n) < hi(T2) < 2||v||/n, Vi, we have

where the last inequality is because Vi, 0;(T2) < €2 = o(1) = tan 0;(T2) < 2es < o(e;/z).
So according to (23) we have

1 1 2 2 2
L(w(Ty) < § (8 oll) "+ %(n2.262.<n||v||> +n€2n||v|2>§2062||’0||2~

(T) — v <Z\|szg hi(To)T|| + Zh (T)T — v
— Zhi (Ty) tan 0:(Ty) + H(Ty) < 82 ||v],

i

|
E.2. Proofs for Gradient Lower Bound
Before proving Theorem 7, we need some auxiliary lemmas.
E.2.1. AUXILIARY LEMMAS
Lemma 8 Recall the global minimum wi,ws, ..., w, defined as w; = 5= h[ e v. Define
jE[n

Omax := Max;e ] 0;, then

> (o L) wi = wi ) = 2L (w) - O (Wl - [o]).

= \Ow
Proof First we introduce the idea of residual decomposition in Zhou et al. (2021), which decom-

poses the residual function R(x) in two terms :

n

R(x) = wJTa: — vzl =rTzl{v'z>0}+ " ija: l{ij:I: >0} —1{v'x>0}).
-], [o], e |

Define Ry (z) = r'x-1{v 'z > 0} and Ry(x) = > i1 'w x (1{'w x>0} —1{v x> 0})
then R(x) = Ri(x) + Ra(x).
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Back to the lemma, first we have the following algebraic calculations:

Zn: <8fviL(w)’wi - w%k>

i=1
= z": E. [R(ac)l {w;ra: > O} a:T(wi — w;")}
i=1
R(z) ; ([w:fﬂkr -1 {w,TaC > O} wTwZ*)]
R(x) Zn: (1{wiT2 >0} - 1{w 2 >0}) .:cTw;-"]

i=1

7

=E,

=2L(w) + E;

With the residual decomposition, the last term above can be decomposed into two terms Iq, 5
as

T Y w''z — 1w z w!
"3 (1 {ur"e20} -1 ur 20 el

i)Y (1w T2 > 0} ~1{wlz > 0}) wTw;]

i=1

I

Rg(m)zn: <1 {'w;“T:U > O} -1 {w;rm > O}) wT'w;‘] .

=1

+Eg

~~

I
For the second term I5, note that
Vj,'ija: <1{ija: >0} —1v' x> O}) >0= Ra(x) >0
and Vw;', w;,
<1 {'waa: > 0} -1 {w;ra: > 0}) x w! >0,

so I is always non-negative.
For the first term [; = Zie[n] E. {rTml(va >0) (l wl’-‘Tm > O} -1 {'wZTa: > 0}) mTwﬂ,
we bound each term in the summation as

E. [rTwl(va >0) (1 {w’-‘—rm > O} -1
> <€, [Ir7al - [1{wi T2 > 0} - 1 {w/@ > 0| @] w6,

~rlieillew; |- Es [12)2 |1 {wiTE > 0} — 1 {w]& > 0}]]
—0 (|lrllo?lw;]))
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where & is the projection of & onto span(w;,w;,r) and follows a three-dimensional Gaussian.
Here the first inequality is because 1 {wﬁfTaz > 0} —1{w/z >0} # 0= 0(w},z) € [1/2—
0;,7/2 + 6;] = |2 w}| = |2 Tw}| < ||&| - ||w}]|6:, and the last inequality is because

[ymH? ‘1{10*“ > o} 1 {wiT:E > o}H — 0(6)).

(See Lemma C.5 in Zhou et al. (2021) for detailed calculations.)
Note that ) . [|[w]| = ||v]|, so we have

Z< J L(w), w; —w;k> = 2L(w)+L+13 > 2L(w) =Y O (|[7]|67|lw]]]) = 2L(w) =0 (Buclir] - [[0]]) -

: Ow;
i=1 i€[n]
|
Lemma 20 (Bound of 6;)
|w;]|2603 < 307 L(w), Vi.
Proof W.L.O.G., suppose v = (||v]||,0,...,0)" and w; = (cos6;,sin6;,0,...,0)"||w;].

Define S; := {x : * € R, x"w; > 0 Ax"v < 0}. One can see that S; = {z : O(z,w;) <
7/2,0(x,v) > m/2}. On the other hand, V& € S;, R(z) = >j_, {ija:]Jr — [vlz], >
[w, x| 4 = 0. Therefore,

IR ’
L(w)=E,. — [w-—rm} — ['UT:E}
() = Everion) |5 ( Ta| ~[o7a],
1 - Lo |
> —(w, z)? d
IRE ey ’
+oo  pOi+m/2 )
=[] aelocosto = 00 s
=T
12 pOi+m/2
= oo cos?(w — 6;)dw
27 w=m/2
112
- ”1;’;” (26; — sin(26;))
lwrl? (260*
81 30
Rearranging terms yields the result. |

Lemma 21 (Bound of ||7|)) Given that 2120 > ;|| > L for aili € [n] and L(w) = O(n=2||v|%),

then
7l = O (n£*2(w)).
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1/3
Proof Lemma 20 and ||w;| = O(||v]|/n) implies §; = O <n2/3 (L(w)> / > = o(1). For all

[[v]®

i € [n], by Taylor expansion we have |(sin 6; — 6; cos 0;)| = O(6?), then |(sin 6; — 0; cos 0;) ||w;]| -

lvl]] = O(Gf’)HwZH “|v|| = O(nL(w)). Similarly, Vi,j € [n] we have 6;; < 6; +6; <
w 1/3 .
0 (% (52" ) = lsini; = 85 cos i)l - ] = OB - oy | = O (1w
Then by (23),
2 . .
l7)|* = 4L(w) — - > (sin ;5 — 05 cos Bij) |lwil| - [lw; ]| > (sinb; — 6; cos 6;) | wil| - [[v]
i<j i

< AL(w) + n20O(L(w)) + nO(nL(w)) < O(n?L(w)),

which implies ||| = O (nL1/2('w)). [

Lemma 22 (Bound of |[w; — w}|)) Suppose % > [Jw; || > %,W € [n] and L(w) = O(||v||?/n?).
1/3
Then ||w; — w}|| < O <n2/3 (L(w)) > [|w; .

[[o]*

1/3
Proof Lemma 20 and ||w;|| = O(]|v||/n) implies 6; = O <n2/3 (ﬁf}‘lfz)) ) . Lemma 21 implies
|H| = [(r,5)| = O(nL'*(w)).
We first decompose ||w; — w|| into two parts as ||w; — w}|| < ||w; — h;©|| + ||hiv — w]]|.

1/3
The first part can be bounded as |w; — h;v|| = ||w;| sind; < O (n2/3 (L(w)> [|w; .

[[v]l*

(1 — vl —p.H A 1H]
i (1= )| = i < il
Note that |H| = |(r,3)]| < |l7]| = O(mL*(w)) < O(Jv])) = [[o]l — || > [v]|/2. So we have

b — wrll < ol < il - 2 O(mLY2(w)) < O (023 (L@)*Y 1w,

[hiv — w} || < [Jwi| [|w;]| Tol[/2 (n (w)) < n (|-

The second part can be bounded as ||h;o—w}|| =

Jo—-H = Tl
Combining two parts together yields the bound.

E.2.2. PROOF OF THEOREM 7

Now we are ready to prove Theorem 7.

Theorem 7 If for every student neuron we have % > ||wil| > @, and
o]
Lw)=0—- ],
w) =0 (1]

then |V L(w)|| > Q (M)

n2/3||v||1/3

1/3
Proof Lemma 20 and ||w;|| = O(||v||/n) implies §; = O <n2/3 (ﬁfjﬁ?) ) . Lemma 21 implies
Il = O(nL?(w)).
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‘ 2

Combined with lemma 8 and L(w) = O (%) we have

> (o L) wi = wi ) = 20(0)-0 (Bl ol) > 2L(w)~O( L7 (w) o) > Liw).

= \owi
Then
phw) = 3 () 0= w7 ) < 37 | ) o) = 2507 3 ol
Lemfa22 agz,,) H o <n2/3 (ﬁf}TQ))U?)) g{;} T, (”2/3L(w)1/3||v||1/3> H(‘ﬂ(’;zv) H
o5 0 ). -

E.3. Handling Non-smoothness

In this section, we establish two lemmas needed for handling the non-smoothness of L.

2
Define the Hessian matrix of L as A := 2 665;”). The next lemma ensures the smoothness of L

when the student neurons are regularized, i.e, their norms are upper and lower bounded.

Lemma 23 (Conditional Smoothness of L) If for every student neuron we have % > [Jw;|| >
I then || Al < O(n?).

Proof When w; # 0,Vi, Safran et al. (2020) has shown that L(w) is twice differentiable and

computed the closed form expression of Hessian A = % € Rndxnd;
A - My
A= ] 1)
An,l te An,n

where A; ; € R4 i, j € [n] are d x d matrices with the following forms:
The i diagonal block matrix of A is

1
Ai,i = 51 + Zg(wla wj) - C(wla ’U),
J#i
where
_ sinf(w, v)v]|

((w,v) =

—— T, = =T
e

and My = U — cos O(w, v)wW.
For ¢ # j, the off-diagonal entry is

Al}j = o [(77 - e(whwj))I +ﬁ’wi,wjﬁ;’r +ﬁwj,wiﬁz—‘r] .
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Note that ||w;|| = @(M),W implies lewsl] O(1),Vi, j and ”v”‘ = O(n), Vi. Then ||((w;, w;)|| <

n [[will [[wi]

bl = 0(1) and [[¢(wr, v)|| < O() {2 < O(n). so [Aill < BTN + 3oz 1€ (wi,w))]| +

2wl will =
[¢(wg, v)|| < O(n).
Also note that || A; ;|| < &= (7 +1+1) < 1foralli # j.
Then [[A(w)[| < 35, ; |Ai ]l < nO(n) + (n* —n) < O(n?). =

The following lemma shows that each student neuron w; will not move too far in the third phase.

Lemma 24 (Bound of the Change of Neurons) [f the initial loss at phase 3 is upper bounded
by L(w(Tz)) < Cj, and there exists constant Cs > 0 such that L(w(t + 1)) < L(w(t)) —
HVw @®)]1? < L(w(t)) — CsnL3(w(t)),YT +To — 1 > t > T, then

1
(L(w(T2) =13 + CenT/3)%

L(T+Ty) <

and
T—1

S 0l Vw t+ )| < 8¢,
t=0

Proof We bound the loss as

1
)
1

> (L(w(t) — CsnL4/3(w(t)))1/3
_ 1 <1+ 1-— (1—CsnL1/3(w(t)))l/3>
T LB(w(t) (1- CSnLl/:z(w(t)))l/S
— 1 1+ CnL 3 (w(t))

LY3(w(t)) (1= CL3(w(t))) " (1 +(1— oY) P 4 (1 - CsnL1/3(w(t)))2/3>
- ! +C 1
Dw®) T (= G ) T (1 Cnt 3w () + (1~ CanL B a(t)

1 n Csn
L3 w(t) 3

v

Therefore, L~ /3 (w(t + Ty)) > L~ /3(w(Ty)) + %t,VT >t >0.Letly == L™ '/3(w(Ty)),
then 1/I3 < C; and

1
Lw(Th+t) < —-r—— VYVt <T
(’UJ( 2+ )) = (ll ¥ Csnt/?))g? >~ 4,
this proves the first inequality.
For the second inequality, note that
i 2
L(w(t+1)) < L(w(t) = 5 [IVw @) = [Vw ®)]* < y (L) = L{w(t+ 1))

34
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By Cauchy inequality, V1" > 0,

2
IVw (T2 +t)H>

1 T—-1
2 <z+cm/3>> ( (s Cont SV (T “”2>
T—-1

I+ Csnt/3)?
T-1

1

Z (lh + Csnt/3)2>
1

DBy csm/s)?)

1
<o\ & wranmr

t=1

(I +T))+ 26

IN
(M1
—_

[
e
(

1 20y Tz‘l 1
l1 3 s (ll + Csnt/3>2

1 ! 2
> ( (I, + Csnt/3)2; (L(w(Ty 4 t)) — L(w(Ty 4+t + 1))))
w(Ty+T))+ Y ((h + Cont/3)* = (i + Csn(t — 1)/3)) L(w(Ts + t))>

T—1
Tﬁ ; (lh + Csnt/3) L(w(Ts + t)))

2 6

1 -6
i+ Csnt/3) = Csnly’

5 60

Note that
-t oo +o00
3 1
s < -
—0 (I + Csﬁt/3 go I+ C’Snt/3) Csn ; (ll +Cen(t—1)/3
Therefore,
T—1 2 ) ] L s 6
\Y% Ty +t < - + S <
(; V(s )”> n (@nh) (11 3 Csnh)
So we get
< 60
0> V(T + )| < 0y g < 8C5 1201
t=0 Con?li

E.4. Proof of Theorem 6

Theorem 6 Suppose the initial condition in Lemma 3 holds. If we set €3
5n=0 (#) then VT € N we have

Aflv|

and

35

“nCalilh  C2l?

= O(n~') in Theorem

(52)
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Proof Since we have set 5 = O(n~'4), by Lemma 19 we have % > |Jw; (T2)|| > %,Vi, and
[v]?

L(w(Ty)) < 2esfo]* = 0 (1447)
To prove the theorem, we just need to prove (52) and a stronger version of (53):
1

(L(T2)71/3 +0Q (W) nT>3'

We prove (52) and (54) together inductively.

The induction base holds for 7" = 0 by Lemma 19.

Now suppose (52) (54) hold for 0,1, ...,7 — 1, we show the case of 7.

First note that (4) (52) and routine computation implies ||V;(t + T»)|| = O(||v]|),V0 < t <
T-—1.

For VI, <t < T +T5 — 1, since the induction condition together with lemma 23 guarantee the
smoothness of L, the classical analysis of gradient descent can be applied ([Nesterov et al. (2018)],
lemma 1.2.3) to bound the decrease of loss at time ¢ as

L(w(t+1)) =L(w(t)) + (Vw(t), —nVw(t)) +
/1 L (55)

L(T+Ty) <

(54

=DV () G w(e) — TV () (~n V(1)

For vr € [0, 1], [[w;(t) = Vi ()| > [ws(t)l| = nl| Vi (@) > Yol —nO(|Jvl) > L), similarly
we have ||w; (1) —mnV;(t)]| < ||lwi(@)||+n||Vi(t)]] < % Then lemma 23 implies the smoothness
of L at w(t) — TV (t): H gjﬂ% (w(t) — TnVW(t))H < O (n?). Combined with gradient lower
bound Theorem 7 (note that L(w(t)) = O(||v||?/n'?)), the dynamic of loss can be bounded as

1
L(w(t)) = L(w(t + 1)) 2 1l|Vw (t)|* — /0(1 —7)0 (n?) || = nVw (t)|*dr

n
> §\|Vw(t)||2

Theorem 7 1 4/3
(o) i)

Set Cs in Lemma 24 as Cs = () (*) For VI' 4+ T35 — 1 > t > T5, the above inequality

n/3]|v|[2/3
implies that L(w(t + 1)) < L(w(t)) — 2[|[Vw(#)|* < L(w(t)) — CsnL*3(w(t)). So we can
apply Lemma 24 here, which immediately implies (54).
For (52), Lemma 24 yields

T—1
v
(T4 To)| > (T — S nl Vot + Tl = L0 042 ()9
t=0
[ s (01PN vl
-4 0 _ . >
3n O ol nl4 ~ 4n’
similarly
T-1 1/3
3llv v||? 4||v
T+ 1) < (@) |+ nlVw 1) < 2240 <n2/3uv||1/3~ (1) ) < ol
t=0
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Appendix F. Supplementary Materials for Section 4
F.1. Proof of Lemma 3

Lemma3 Let s, = 10V/d, sy = 20v/d. When d = Q(log(n/$)), with probability at least 1 — §,
the following properties holds:

Vi € [n],sl < le(O)H < 89, (56)
Vi e [n],% <6;(0) < % (57)

Proof By concentration inequality of Gaussian (See Section 2 in Dasgupta and Schulman (2013)),
For Vi we have Pr [Hwi(O)H < Lovd Vv |w;(0)]| > 20\/21} < Pr [||[wi(0)]2 — 0%d| > 202d] <
exp (— (%)2 d/24) < exp(—(log(n/d))) < %. By union bound, (56) holds with probability at

least 1 — §/3.
For (57), note that for Vi € [n],

_ 1 1 (w;(0),D)] 1 =« 27
i(0),v)| < coVd i > ovd= ————— < - = - <0;,(0) < .
(w,0). )] < 3oV (0] > govd = I < 5 T <00 <
L . . _ 1 (io\/&f
By concentration inequality of Gaussian, Pr [|<wi(0), )| > Za\/&} <2exp | —5 s <

IN

2 Then Pr [;(0) < TV 6;(0) > 2%] < Pr [\(wi(O),ﬁﬂ > ia\/&} +Pr [Hw,-(())u < %a\/ﬂ
25

3.~ By union bound, (57) holds with probability at least 1 — 20/3. Applying union bound again
finishes the proof. |

F.2. Parameter Valuation

In this section, we assign values to all intermediate parameters appeared in Theorem 4, Theorem 5
and Theorem 6, according to the requirements of these theorems.

* First we set e = O(n~'*) in Theorem 5 as required by Theorem 6.

* Sete; = O(e§n~/2) = O(n=8%9) in Theorem 4 as required by Theorem 5.

SetC' =0 (%) = O(n~'") in Theorem 4.

Seto =0 (Ce‘llSd_l/QH'vH) =0 (E?Od_l/Q”UH/n) =0 (n_4226d_1/2||v||) in Theorem 4.

2 2
efo“d

Setn = O <W) =0 (7116"977@”2) as required by Theorem 5. (Note that in Phase 1 and 3,

Theorem 4 and Theorem 6 also have requirements for 7, but the bound in Theorem 5 is the
tightest one.)
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C=nT o n Ty
11

Figure 3: Parameter Dependency Graph

c ) :
e SetT) = P 0] (n—}?) in Theorem 4.

« Finally, set Ty = T} + L%, In (36162)} 0 (%) L0 (M) _0 <1og<1/ez>) _

nm nm
0] ( l‘szn”) in Theorem 5.

The dependence between these parameters is shown in Figure 3. (We use arrows to indicate
dependency, e.g., the arrow from € to €2 indicates that €; depends on €5.)

F.3. Non-degeneracy of Student Neurons

There is a technical issue in the convergence analysis: if one of the student neuron w; is degenerate
and w; = 0, the loss function L(w) is not differentiable, hence gradient descent is not well-defined.

However, our proof shows that such case would not happen and the student neurons are always
non-degenerate. Note that the student neuron’s norm ||w;|| is always lower-bounded in all three
phases of our analysis (Phase 1: (24) in Theorem 4, Phase 2: (43) in Theorem 5, Phase 3: (52) in
Theorem 6). By these bounds we have the following corollary describing the non-degeneracy of
student neurons.

Corollary 25 If the initialization conditions in Lemma 3 hold, then for Vi € [n],t € N,
0.

w;(t)]| >

Remark 26 Note that an assumption on the initialization condition such as the one in Corollary 25

is necessary, otherwise there would be counter-examples where all student neurons are degenerate.

For example, Yc > 0, if we set w;(0) = —cv,Viandn = an’ then straightforward calculation

jEn
shows that Vi,V ;(0) = —%v = Vi, w;(1) = 0..

Appendix G. Lower Bound of the Convergence Rate
G.1. Preliminaries

In this section, we do some technical preparations for proving Theorem 14.
Taking n — 0, we get the gradient flow version of Theorem 6.
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Theorem 27 Suppose gradient flow is initialized from a point w(0) where the conditions in Lemma
3 hold. If o = O (n=4226d=1/2||v||), then there exists Ty = O (loin) such that VI € R we

have

vl > 1|wi(T + T)|| > || H (58)
and
4 2
LT+Ty) <0 (” yg” > . (59)

Similarly, we also have the gradient flow version of Corollary 25.

Corollary 28 Given that the initial condition in Lemma 3 holds, then for ¥Yi € [n|,t € N,
Jwi(®)] > 0.

Lemma 29 Given that the initial condition in Lemma 3 holds, and the initialization is non-degenerate,
then ¥'t,3i € [n], s.t. z;(t) # 0.

Proof Assume for contradiction that 3¢ € R such that z1(¢) = - - - = 2z,,(t) = 0. Define
= inf{t|z1(t) = --- = z,(t) = 0}.

Then the continuity of z; implies z1(¢f) = -+ = z,(f) = 0, so ¢ > 0. On the other hand,
Corollary 25 indicates that w; () # 0, Vi € [n]. Since w; is continuous, there exists a neighborhood
of ¢ such that for Vi, j € [n], ||w;(t)]|/||lw;(t)|| and ||v||/|lw;(t)|| are bounded by a fixed constant
when ¢ is in this neighborhood. Furthermore, since ¢ > 0, 3¢ > 0 and constant C' > 1 such that for
Vt € [t — €, t],Vi € [n] we have

IO g - ) < +Z”"”§ ol _

— llwi(t [[wi (8)]] "ol

Then in the interval [t — ¢, ] we have

0z lwyll [[v]] ™ — Bij
H 5 — Z J ; sin 6; zi—ZT]Zj §C||zi||+Zsz”v
t H 1,|| || ZH i i j#i
6|’Z1H2 6zz
- e D
JEn]
2
= 5 Z Izl = =2C | Y Nzl | = —2nC [ D Iz
j€ln] j€[n] J€[n]
0
62nCt Z sz”2 _ e2nC’t e Z ”szQ 4 a Z szH2 >0
e jen] Jj€(n]
= llz@®) = e Z 25 (2 = o)l

jE€n]
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Here the (¢) indicator is omitted for simplicity. Note that we bound %;”2 instead of % here,
since | 2;|| might not be differentiable if z; = 0, while ||z;||? is always differentiable.
Finally, due to the definition of Z, there exists i € [n] such that z;({—€) # 0. Then 3, [|12;(?) % >

e—2nCe (Zje[n] |2 (t — e)HQ) > (), a contradiction. =

G.2. Proofs for Section 5

By the closed form formula of gradient (4), the dynamics of z; is given by

0z 1wl o]l T — by
5% — or ZH z” szH sin 6; zz—; o zj. (60)

Lemma 17 If there exists i, j such that kij(t) = Kmax(t) < 5, then cos k;j(t) is well-defined in
an open neighborhood of t, differentiable at t, and
— 0. (¢
5 C%8 kij(t) < _777:]()(1 — cos K,?j(t)).
Proof First note that for Vi € Q7 (), ||z:(¢)|| > 0 = zi(t) = ”2178;“ is differentiable at t.

Therefore, for Vi, j € QT (t), cos ki; = (zi(t), zj(t)) is well-defined in an open neighborhood of ¢
and differentiable at ¢. According to the dynamics of z; (60), Vi € Q7 (t) we have

0 _ |zl Az, Oz (Om o T — O 2 — (20, %)%
o= 12 - 2] =2 B
k#i
Then

dcoskij  0(z;,Zj)

ot ot

8tz“ zZj Zi, (%zj

Yy Al maEe - Y S - mE)

ki keQ+ 2r il k#jkeQt 2 =l
7 JkeQ
T —0;; <sz~|] sz”> 2
_ + (1 — cos” kij)
2 \llzll =l ”
I
_ Z ™ — O szH(COSK | — COS K COS Kij) + Tk szH(COSH‘ — COS K COS Kij)
vt BT 7 R T P
JNEEQ

Iz
(61)

The expression above splits into two terms I; and 3. The most important observation is that,
by setting Z;, Z; to be the pair of maximally separated vectors, i.e., k;; = Kmax, the second term I
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is guaranteed to be nonpositive. This is because for Vk,
Kki < Kmax < 7r/2, Kkj < Kmax = Kij = COS KEj 2> COS K;j 2> COS Kp; COS Kjj = COS Kjj—COS Kj; COS Kij > 0,

similarly we have cos k;j, — cos kg cos k;j > 0, Vk. So I3 < 0 when Kkj; = Kmax. This implies that
when k;; = Kmax,

9 cos kij T =0 (=l | 11zl T —0ij
Y == J + =2 1 — cos? ki) < — 1 (1 — cos? k).
o == el ) w) < = )

|
Lemma 30 Given that the initial condition in Lemma 3 holds, suppose the network is over-

parameterized, i.e., n > 2, and the initialization is non-degenerate, then for ¥t € R>q, at least
one of the following two conditions must hold:

Ji € [n] s.t. zi(t) =0, (62)
Kmax(t) > /ﬁnagx(()). (63)

%m‘ Then we

Proof Assume for contradiction that 3¢ such that z;(t) # 0, Vi and Kmax(t) <
can define

3

Note that by lemma 29 we have Q" (¢*) > 1. For Vi, j € Q1 (%), if £i;(t*) > Kmax(0)/3, due to
the continuity of x;j, ki > Kmax(0)/3 holds in an open neighborhood of ¢*, which contradicts the
definition of ¢*. So Vi, j € Q*(t*) we have r;;(t*) < Kmax(0)/3.

Step 1: First we prove Vi, z;(t*) # 0.

If 3i such that z;(t*) = 0, then for such ¢ we have 821 = — Z];éz 02 )zj(t*). Since
QT (t*) # @, pick k € QT (t*) and we have

<6Zé§t*)vzk<f*>>=— S T e, ) < 0,

JAINGEQT (t*)

= inf {t € R|Vi, zi(t) # 0 A kmax(t) < Kmax(o)} .

where the last inequality is because #(t*) < Kmax(0)/3 < 7.
On the other hand, the definition of 82'(t*) implies that Je > 0, Vt' € [t*,t* +¢€), z(t') =
Zi(t) 4+ (¢ — )22 4ot — %) = (¢ — )220 | o(¢ — ¢*). Similarly, z;,(t) = 24 (t*) +
(t' — %) 220 | o(¢ — ¢*). Then

(it an(t) = (¢ =) (2 (o)) ol =), (64

Since <8z37(:*), zk(t*)> < 01is a negative constant, there exists € > 0 such that for V¢’ € [t*,t*+¢),

(64) is negative, consequently r;x(t') = arccos (<zi(t’),zk(t’)>) > Z.So vt e [t*,t* + €),
Fmax(t') > Ki(t') > 7/2 > kmax(0)/3, this contradicts the definition of ¢*.
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Step 2: After proving z;(t*) # 0,Vi and k;;(t*) < Kmax(0)/3 < kmax(0), Vi, ] € [n], we aim
to derive a contradiction.

Note that t* £ 0 due to the definition of x,,x. By the continuity of z;, 3¢; > 0 such that for
Vit € (t* —e1,t* 4+ €1),i € [n], z;(t) # 0. Then the definition of t* implies that V¢ € (t* — e1,t*),
Fmax(t) > Kmax(0)/3. Since on the interval (t* — €1, t* + €1), Kmax = max; je[n] Kij i continuous
4, we have that Kmax (t*) > Kmax(0)/3. Then Kpax (t*) = Kmax(0)/3. Pick 4, j such that Kij(t*) =
Kmax(t*). Note that 0;;(t*) < m, otherwise k;;(t*) = m, a contradiction. Then by lemma 17 we
have

cos ki; (") < —w(l — cos k% (%)) < 0.

ot - s J
So Zrii(t*) > 0= Jeg > 0 5.t V¢ € (t*,t* + €2), Kmax(t) > Kij(t) > Kij(t*) = Fmax(t?)
Kmax(0)/3, this contradicts the definition of ¢*.

Lemma 31 Given that the initial condition in Lemma 3 holds, suppose the network is over-
parameterized, i.e., n > 2, and the initialization is non-degenerate, then for Vt € R>o we have

Z(t) = Q(rmax(0) HelaXsz( )|D-

Proof We show that for V¢ € R>q,

max [z(t) — (1) 2 Qe (0) max 12:(0)]). (65)
i,j€[n] i€[n]

W.L.O.G., suppose z1(t) = maxe[, [|2:(t)||. By lemma 30, for V¢ one of the following two cases
must happen:

e Jk s.t. Zk(t) =0.
By lemma 29, k # 1. Then max; jepn [|2i(t) — 2 (1) > ||21(t) — 21| = [|z1(t)]| >
O (Fmax (0) maxiep) || 2i(0)]))-

° K‘max(t) > HmaX(O)/&

Pick a pair 4, j such that £;;(t) = Kmax(t). Then K1;(t) + £1;(t) > Kij(t) > Fmax(0)/3 =
max{x1i(t), £1;(t)} > Fmax(0)/6. W.L.O.G., suppose £1;(t) > Kmax(0)/6. If r1;(t) <
7/2, then [21(8) — 2 (1) > 21 (8)] sin pi(t) > i (0) maxiciy |24 (E)]). T ras(t) >
7/2, then [[z1(t) — 2i(t)[| = [[z1(t)[] = Q(Kmax(0) max;epy, [|2i(t )H) So no matter which
case happens, (65) always holds.

In conclusion, we have Z(t) > max; je() |2i(t) — 2 () || = Q(Amax(0) maxiep, [|z:(2)]). W
Combined with Lemma 29, Lemma 31 immediately implies the following corollary.

Corollary 32 Given that the initial condition in Lemma 3 holds, suppose z;(0) # 0,Vi € [n],
Kmax(0) > 0 and n > 2, then for ¥Vt € R>q we have Z(t) > 0.

4. Generally Kmax may not be continuous since the range of taking the max (i, € QV) might change, but it is
continuous on (t* — €1,t" + €1) since all z;’s are nonzero on this interval.
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Lemma 33 Suppose the conditions (58) (59) in Theorem 27 holds. Suppose the network is over-
parameterized, i.e., n > 2, and the initialization is non-degenerate. Then ¥t > T we have

9 2(1) > 00 o)1)

Proof

Recall the closed form expression of gradient (4), which can be decomposed into two terms,

oL
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8wl Zw] v+ Py Z |lwjl| sinb;; — ||v||siné; | w; — Zﬁijwj + ;v
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The second term 5 can be rewritten as

> lwjli(sin 0 — 655)@: + Y [|w;l|6:;(w; — ;) — ||v| (sin6; — 6;)w; — |[0]0:(w:
JFi J#i
By Theorem 27, for V¢t > T5, we have ||w;(t)|| = O(]||v||/n). Note that sin 6;;(t) — 6,;(t) =

O(Q%(t)) O(03,,«(t)), similarly sin 0;(t) — 6;(t) = O(63 ,.(t)). Combined with |w; — w;|| =
25in(0;;/2) = O(Omax), We get

12 <>~ O([v]|/m)OBhax) + Y O[v]]/7)fmaxO (Bmax)
J#i Jj#i

H[|0(Oa5) + [0]10:02xO (Brmax) = O(|[0]163

max )

Then Vi, aé‘;l = —851(01 =—1 (Z w; — ’v) +0(||v||62,,). Note that the first term —% (Z] w; — ’U)
is the same for all w;, so for Vi, j € [n] we have H Ouwi . aé‘t”' - % O(||v||62,...)-

For Vi, j € [n], if z;(t) = z;(t) then dzalt() = 8z5t(t) = %Hzi(t) — z;(t)|| = 0. Otherwise
Zi(t) — Zj(t) 75 0 and

B (t0) = 2,00 = 31 500 = 5(0) FT = 2500 ) 2 - | 5500 - 5100

> | ) = wy 0| = ~O(Iol (0.

So for both cases we have % (Ilzi(t) — z;(1)]]) = —O([|[v]|02,4x (1))
Then 5 Z(t) = 3 1<icjen & (12:() = 2;(D)]]) = —O(0?||v]|67, (1)) u
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G.3. Proof of Main Theorem

Theorem 14 Suppose the network is over-parameterized, i.e., n > 2. For ¥§ > 0, if the ini-
tialization is non-degenerate, d = Q(log(n/d)), o = O(n*“%d*l/QHv ), then there exists

Ty =0 (log") such that with probability at least 1 — 6, for Vt > Ty we have

n

nl7/3

Kinax (0) |02/

Lw(t)3 <0 < ) (t—T) +1,

where v € R is a constant that does not depend on t.

Proof For Vt > T, we have max;cy) [|2i(t)|| > Omax(t)O(]||v]|/n). Then by lemma 31, for V¢ >
Ta, Z(t) > Qmax(0)0max ()| 0] /1) = Omax(t) = O (L“)) . Combined with lemma 33

fmax (0)[|]]
we have 5 a2
t
L 2(t) > —0(m2|]|62,, (1) > —0 [ L) |
5:710) = ~0(o]62uy() = ~0 (=T ) (66)

By Corollary 32, Z(t) is always strictly positive. We can therefore calculate the dynamics of
1/Z(t) as: Vt > Tb,

max

o 1 1 9 n? 1 nt 1
oz~ 2oa’M=0 (m%nax<o>||vu> = 7w ¢ < QIR T2>>+Z<T2>
67)
On the other hand, by Theorem 27 we have

zh) < Y Uz@l+lz0nD < Y @:@)llwi0)] +6;)w;(O)]) < O(n]v]fmax)-

1<i<j<n 1<i<j<n
By lemma 20 we have
2\ 1/3 3
W > T, Oul$) = O ((L«w@»n) ) S zo(Z20) e

]2 n®||v|

Combined with (67), we have

17/3 n5/3||'v||1/3
Lwt) V<o —" | ug—my+ 200
)= <m%ax<o>||v||2/3 =T+ 7,

n5/3||,v||1/3

Finally, since Corollary 32 implies Z(15) > 0, setting v = )

finishes the proof. |

44



	Introduction
	Related Works

	Technical Overview
	Preliminaries
	Proof Overview: Global Convergence
	Initialization
	Phase 1
	Phase 2
	Phase 3
	Step 1: Gradient Lower Bound. 
	Step 2: Smoothness and Lipschitzness

	Main Theorem

	Proof Overview: Convergence Rate Lower Bound
	Proof Sketch

	Case study
	Closed Form Expressions for TEXT and TEXT
	Global Convergence: phase 1
	Global Convergence: phase 2
	Global Convergence: phase 3
	Initial Condition of Phase 3
	Proofs for Gradient Lower Bound
	Auxiliary lemmas
	Proof of Theorem 7

	Handling Non-smoothness
	Proof of Theorem 6

	Supplementary Materials for Section 4
	Proof of Lemma 3
	Parameter Valuation
	Non-degeneracy of Student Neurons

	Lower Bound of the Convergence Rate
	Preliminaries
	Proofs for Section 5
	Proof of Main Theorem


