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ABSTRACT

Auto-encoder models that preserve similarities in the data are a popular tool in
representation learning. In this paper we introduce several auto-encoder mod-
els that preserve local distances when mapping from the data space to the latent
space. We use a local distance-preserving loss that is based on the continuous
k-nearest neighbours graph which is known to capture topological features at all
scales simultaneously. To improve training performance, we formulate learning as
a constraint optimisation problem with local distance preservation as the main ob-
jective and reconstruction accuracy as a constraint. We generalise this approach to
hierarchical variational auto-encoders thus learning generative models with geo-
metrically consistent latent and data spaces. Our method provides state-of-the-art
performance across several standard datasets and evaluation metrics.

1 INTRODUCTION

Auto-encoders and variational auto-encoders (Kingma & Welling, 2014; Rezende et al., 2014) are
often used in machine learning to find meaningful latent representations of the data. What constitutes
meaningful usually depends on the application and on the downstream tasks, for example, finding
representations that have important factors of variations in the data (disentanglement) (Higgins et al.,
2017; Chen et al., 2018), have high mutual information with the data (Chen et al., 2016), or show
clustering behaviour w.r.t. some criteria (van der Maaten & Hinton, 2008). These representations
are usually incentivised by regularisers or architectural/structural choices.

One criterion for finding a meaningful latent representation is geometric faithfulness to the data. This
is important for data visualisation or further downstream tasks that involve geometric algorithms
such as clustering or kNN classification. The data often lies in a small, sparse, low-dimensional
manifold in the space it inhabits and finding a lower-dimensional projection that is geometrically
faithful to it can help not only in visualisation and interpretability but also in predictive perfor-
mance and robustness (e.g., Karl et al., 2017; Klushyn et al., 2021). There are several approaches
that implement such projections, ISOMAP (Tenenbaum et al., 2000), LLE (Roweis & Saul, 2000),
SNE/t-SNE (Hinton & Roweis, 2002; van der Maaten & Hinton, 2008; Graving & Couzin, 2020)
and UMAP (McInnes et al., 2018; Sainburg et al., 2021) aim to preserve the local neighbourhood
structure while topological auto-encoders Moor et al. (2020), witness auto-encoders (Schönenberger
et al., 2020), and (Li et al., 2021) use regularisers in auto-encoder models to learn projections that
preserve topological features or local distances.

The approach presented in (Moor et al., 2020), uses persistent homology computation to define
local connectivity graphs over which to preserve local distances. One can choose the dimensionality
of the preserved topological features, however, preserving higher-dimensional topological features
comes at additional computational cost. In this paper we propose to use the continuous k-nearest
neighbours method (Berry & Sauer, 2019) which is based on consistent homology and results in
a significantly simpler graph construction method; it is also known to capture topological features
at all scales simultaneously. Since AE and VAE methods are usually hard to train and regularise
(Alemi et al., 2018; Higgins et al., 2017; Zhao et al., 2018; Rezende & Viola, 2018), to improve
learning we formulate learning as a constraint optimisation with the topological loss as the objective
the reconstruction loss as constraint. In addition, we adapt the proposed methods to VAEs with
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learned priors. This enables us to learn models that generate data with topologically/geometrically
consistent latent and data spaces. More details and results are available at https://arxiv.
org/abs/2206.05909 (Chen et al., 2022).

2 METHODS

In this paper we address (i) projecting i.i.d. dataX = {xi}Ni=1 with x ∈ Rn into a lower-dimensional
representation z ∈ Rm (m < n) using auto-encoders and (ii) learning an unsupervised (hier-
archical) probabilistic model that can be used not only to encode but also generate data similar
to X . Auto-encoder models are typically learned by minimising the average reconstruction loss
Lrec(θ, φ;X) = Ep̂(x)[l(x, gθ(fφ(x))] w.r.t. (θ, φ), where l(·, ·) is a positive, symmetric, non-
decreasing function and the mappings fφ and gθ are called the encoder and the generator, respec-
tively. Due to consistency with distance-preserving losses, we only use as reconstruction loss the
Euclidean distance l(x, x′) = ||x − x′||2. The expectation is taken w.r.t. the empirical distribution
p̂(x) = (1/N)

∑
i δ(x− xi) and training is performed via batch gradient methods.

Unsupervised probabilistic models are typically learned by maximum likelihood method w.r.t. θ on
pθ(X) =

∏
i

∫
i
pθ(xi|zi) pθ(zi) dzi, where pθ(x|z) is the likelihood term corresponding to the gen-

erator gθ(x) and pθ(z) is the prior distribution/density of the latent variables z. The distribution
pθ(z) is either chosen as a product of some standard univariate distributions or learned via empirical
Bayes. In practice, it is often included in the maximum likelihood optimisation. Since the integrals∫
i
pθ(xi|z) pθ(z)dz are usually intractable, log pθ(x) is often approximated using amortised varia-

tional Bayes (Kingma & Welling, 2014; Rezende et al., 2014) resulting in the evidence lower-bound
(ELBO) approximation log pθ(x) ≥ maxφ

{
Eqφ(z;x)[log pθ(x|z)]−KL[qφ(z;x)||pθ(z)]

}
. The re-

sulting qφ(z;x) is an approximation of the posterior distribution pθ(z|x) = pθ(x|z)pθ(z)/pθ(x) and
can be viewed as corresponding to the encoder fθ(x). In this paper we will deviate slightly from
the ELBO approach to fit the parameters θ and φ because of practical considerations but the general
modelling ideas will be similar nonetheless.

2.1 LOCAL DISTANCE PRESERVATION

Auto-encoders are popular models for dimensionality reduction and thus they are often extended
with regularisers or constraints that impose various types of inductive biases required by the task at
hand. One such inductive bias is local distance preservation, that is, two data points xi and xj close
in the data-space at distance dX (xi, xj) should be mapped into points zi = fφ(xi) and zj = fφ(xj)
at distance γdZ(zi, zj) ' dX (xi, xj). This distance preservation can help to retain the topology of
the data X in the encoded data Z = {zi = fθ(xi)}Ni=1. Since the the data X is often hypothetised
to lie on a sub-manifold of Rn, give or take some observation noise (Rifai et al., 2011), one expects
the encoded data Z will be a lower-dimensional, topologically faithful representation of X .

In this paper we mainly consider local distance preservation where locality or closeness in
the manifold is formulated via (neighbourhood) graph structures constructed based on topologi-
cal/geometrical considerations. We detail the graph construction methods we use in Section 2.3.
Let us assume that we have constructed two graphs with the same method, a graph GX based on
data/batch and another graph GZ based on the encoding of the data/batch. Given these graphs and
the distance measures in both spaces, we define the local distance preserving loss defined similarly
as in (Moor et al., 2020), the difference being that we count the intersection GX ∩ GZ only once

Ltopo(φ;X,Z) =
∑

(i,j)∈GX∪GZ

|dX (xi, xj)− γdZ(zi, zj)|2 . (1)

Here, in case of auto-encoder models we have Z = {zi = fφ(xi)}Ni=1, while in case of generative
models we have Z = {zi ∼ q(z;xi)}Ni=1. The scaling factor γ is a learned variable and is introduced
to help with the scaling issues one might encounter when learning priors in VAEs. This loss is a nat-
ural choice since it incentivises matching both distances and graph structures. In case of generative
models one can also consider the generative counterpart for Z ′ ∼ pθ(z), X

′ ∼ pθ(·|Z ′). For our
models and training schedules this did not bring any additional benefit because a good auto-encoding
and a well fitted prior already ensures a small value for this additional term.
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There are several other options for loss functions that are designed to incentivise auto-encoders
to preserve local structures. SNE/tSNE construct a probability distribution of connectedness for
each data point both in the data and latent spaces and compare these using the Kullback-Leibler
divergence. UMAP uses a formally similar method on a symmetrised k-nearest neighbours graph
(see Section 2.3) albeit based on different theoretical considerations.

2.2 INFERENCE AND LEARNING VIA CONSTRAINED OPTIMISATION

Probabilistic generative models (VAEs) are often hard to train because they can converge to sub-
optimal local minima (Sønderby et al., 2016), moreover, it has been shown in several papers that
higher ELBO values do not necessarily correspond to better prediction performance or informa-
tive latent spaces (Alemi et al., 2018; Higgins et al., 2017). For this reason, several annealing
schemes have been proposed that slowly “turn on” the KL-divergence term in the ELBO to avoid an
over-regularisation of qφ. In particular, scheduling schemes derived from constrained optimisation
approaches (Rezende & Viola, 2018) can significantly improve training in hierarchical generative
models (Klushyn et al., 2019). For this reason, we propose two constrained optimisation methods to
train auto-encoders and generative models.

In case of auto-encoders, we formulate the optimisation problem as

min
θ,φ

EXb∼p̂(x) [Ltopo(φ;Xb, fφ(Xb))] (2a)

s.t. EXb∼p̂(x) [l (X, gθ (fφ (X)))] ≤ ξrec, (2b)

where ξrec0 denotes a baseline reconstruction error, a hyper-paramater that is mostly influenced by
the model architecture. To emphasise that we use batch training and that Ltopo is computed on a
pair of data batch Xb and the corresponding (stochastic) encodings Zb, we overload the notation of
the respective mapping and densities with this set notation.

In case of (hierarchical) generative models, we formulate the constrained optimisation problem

min
θ,φ

EXb∼p̂(x) [KL[qφ(Zb;Xb)|| pθ(Zb)]] (3a)

s.t. EXb∼p̂(x)
[
EZb∼qφ(·;Xb)[− log pθ(Xb|Zb)]

]
≤ ξrec (3b)

EXb∼p̂(x)
[
EZb∼qφ(·;Xb) [Ltopo(φ;Xb, Zb)]]

]
≤ ξtopo, (3c)

where, when a Gaussian pθ(x|z) = N (x|gθ(z), σ2
x) is used, we replace equation 3b with an equiv-

alent reconstruction constraint EXb∼p̂(x)
[
EZb∼qφ(·;Xb)[||Xb − gθ(Zb)||2]

]
≤ ξrec. The optimal pa-

rameter σ2
x can be computed at the end of training as the average square reconstruction error. The

KL is overloaded to represent averaging over Xb, Zb. The Lagrangian of the optimisation problem
(3a–3c) has a similar form as an ELBO objective and thus resembles models in (Rezende & Viola,
2018), (Higgins et al., 2017) and (Klushyn et al., 2019) albeit with two constraint terms. In our
experience the constraint optimisation approach leads to better training performance than simple
regularisation when one has to fit objectives with different scales.

To solve the optimisation problems (2a–2b) and (3a–3c), we define the corresponding Lagrangians
and optimise them via gradient quasi-ascent-descent. We use the exponential method of multi-
pliers (Bertsekas, 2003) for the Lagrange multipliers λrec and λtopo corresponding to (2b,3b) and
equation 3c, correspondingly. This reads as λt+1

rec = λtrec exp{ηrec(L̄trec − ξrec)} and λt+1
topo =

λttopo exp{ηtopo(L̄ttopo − ξtopo)}, where we use a first order moving averages L̄trec and L̄ttopo to
dampen fast variations due to batch training (Rezende & Viola, 2018). There are several other
options to fit λrec, λtopo such as various gradient methods on their logs. In addition we use the
following simple tricks to maintain numerical stability: (i) we clip the multipliers at 102–104 (ii) we
set the objectives to 0 until all constraints are first satisfied.

2.3 TOPOLOGY AND LOCAL DISTANCE PRESERVING LOSSES

In this section we present the local distance and/or topology preserving graph construction methods
and losses we propose and compare to.

Vietoris–Rips complex (VR) Moor et al. (2020) propose the regulariser in equation 1 for an auto-
encoder model. The graph construction they propose is based on persistent homologies of Vi-
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etoris–Rips complexes (VR). A VR complexRε(Xb) associated with the data points in Xb at length
scale ε is the set of all fully-connected components of the graph constructed based on pairwise ε-ball
connectivity. As ε increases the set Rε(Xb) contains more and more fully-connected components
saturating when finally the whole graph is included. The authors apply persistent homology cal-
culation on Rε(Xb) to obtain persistence diagrams and persistent pairings based on which one can
identify simplices that create or destroy topological features.

It is shown that the for 0-dimensional topological features (connected components) the minimum
spanning tree corresponding to the data Xb and distance measure dX contains all the topologically
relevant edges. The authors show that their method works for higher-dimensional topological fea-
tures (e.g. cycles, voids) but opt to use only 0-dimensional topological features and thus define the
graphs GXb and GZb as the corresponding minimum spanning trees. We used their publicly available
implementation compute these graphs. The method in (Moor et al., 2020) provides a principled way
to define a loss/regulariser that incentivises a topologically faithful encoding of the data together
with a choice of complexity (dimension of topological features).

Continuous k-nearest neighbours (CkNN) In contrast to persistent homology where different
topological features arise at different length parameters ε Berry & Sauer (2019) propose consistent
homology showing that it is possible to construct a single unweighted graph from which all topolog-
ical information of the underlying manifold can be extracted. They propose the continuous k-nearest
neighbours graph (CkNN), a graph that captures topological features at multiple scales simultane-
ously. They prove that it the unique unweighted graph construction for which the graph Laplacian
converges spectrally to a Laplace-Beltrami operator on the manifold in the large data limit. The
graph construction method is applied to clustering and image patter detection via PCA.

Let κ(x; k,Xb) be the index of the k-th nearest neighbour of x in Xb. Then the CkNN graph
GXb(δ, k) over the set Xb is defined via the connectivity (Berry & Sauer, 2019)

dX(xi, xj)
2 ≤ δ2 d(xi, xκ(xi;k,Xb)) d(xj , xκ(xj ;k,Xb))

for all xi, xj ∈ Xb. In other words, for δ = 1, two points are connected if their distance is smaller
than the geometric mean of they kNN radius/distance.

Using a kNN-based approach has the benefit that it takes into account the local density of the points
instead of the ε-ball approach that works well only for data uniformly distributed on the manifold.
In fact it is known for kNN that ||x− xκ(x;k,Xb)|| ∝ p(x)−1/m, where p(x) is the sampling density
and m is the intrinsic dimension of the data. As a result, CkNN is an instance of a broader class
of graph constructions for where connectivity is defined by d(x, x′) < δ[p(x)p(x′)]−1/2m and has
the advantage that one does not have to estimate m. This connection is specially interesting in the
context of generative models where we learn the latent space and data distributions pθ(z) and pθ(x),
respectively.

Witness complexes k-nearest neighbour (kNNWC) Schönenberger et al. (2020) propose a topo-
logical regulariser for AEs which instead of VR complexes is based on witness complexes (Silva &
Carlsson, 2004). A witness complex Vε(Xb) is constructed in a similar fashion as a VR complex,
however, instead of the ε-ball connectivity the following method is used to create the connectivity
graph at scale ε. A set of landmark points L ⊆ X is selected from the data and the whole dataset is
considered as witness points. Then two points xi, xj ∈ L are connected of there exists x′ ∈ X such
that dX (xi, x

′) ≤ ε ∧ dX (xj , x
′) ≤ ε. In (Schönenberger et al., 2020) this approach is adapted to

a batch training setting by considering L = Xb and using the whole dataset at witness points. The
authors propose changes to the VR graph construction method using different graph construction
methods in data and latent space and a correspondingly adapted loss function.

To adapt the witness complex based approach to our framework, namely, to (i) have a graph con-
struction that depends only on Xb (ii) have identical graph construction both in the data and latent
space (iii) use a single scale parameters without persistent homology computation, we propose the
witness based graph construction method

∃ x′ ∈ Xb, s.t. d(xi, x′) ≤d(xi, xκ(xi;k,Xb)) and d(xj , x
′) ≤ d(xj , xκ(xj ;k,Xb)) (4)

that is, two points xi, xj ∈ X are connected if there exists a point x ∈ X that is in the kNN radius
of both xi and xj . We hence have a method similar to CkNN with local length scaled depending
on the data. As a result, in this paper we do not use and implement the approach in (Schönenberger
et al., 2020) but only the graph construction equation 4.
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Stochastic neighbourhood embedding (SNE/tSNE) Instead of preserving topological structures,
SNE/tSNE (Hinton & Roweis, 2002; van der Maaten & Hinton, 2008) proposes to preserve a dis-
tribution of distances/similarities for each data point xi and its encoding zi w.r.t. all/some other
data points and encodings, respectively. This formulation allows the authors to use multi-modal
encodings, however, in most applications SNE/tSNE is still used with a unimodal encoding.

For each data point xi ∈ Xb, SNE/tSNE defines the probability of xj being a potential neighbour
of xj as pXj|i = k(xi, xj)/(

∑
j∈N (i) k(xi, xj)), where k(·, ·) is some distance or dissimilarity based

kernel function, N (i) a set or possible neighbours according to some neighbourhood graph G. In
this paper we use fully connected graphs. Although several methods using sparse graphs have been
developed for large datasets, using a full matrix is feasible in a stochastic batch gradient setting. To
compute the probabilities we use the Student/Cauchy kernel k(xi, xj) = 1/(1 + δ−2||xi − xj ||2)
proposed by van der Maaten & Hinton (2008). The probability distributions in the latent space are
defined similarly pZij(φ) = k(zi, zj)/(

∑
j∈N (i) k(zi, zj)), where, in case of auto-encoder models

we have zi = f(xi), zj = f(xi), while in case of generative models we have zi ∼ q(z;xi), zj ∼
q(z;xj). Unlike in (van der Maaten & Hinton, 2008), based on practical considerations, here we the
use symmetrised KL instead of symmetrised probabilities, and define the loss as L(φ;Xb, Zb) =
1
2 (
∑
i KL[pX·|i||p

Z
·|i(φ)] + KL[pZ·|i(φ)||pX·|i]).

Uniform manifold approximation and projection (UMAP) UMAP (McInnes et al., 2018; Sain-
burg et al., 2021) follows a similar approach as SNE/tSNE in the sense that it constructs a weighted
sparse graph and defines a corresponding cross entropy based loss between the weights correspond-
ing to the data Xb and its encoding Zb. The cross-entropy is computed via negative sampling and
it only takes into account the graph constructed based on the data Xb. The authors prove that their
weighted graph captures the underlying geometric structure of the data in a faithful way by using
concepts from category theoretic approaches to geometric realisation of fuzzy simplical sets (Spi-
vak, 2009). The graph in the data space is constructed using a symmetrised weighted kNN graph.
UMAP assigns the weights wij = αi exp{−max(0, d(xi, xj)−minj d(xi, xj))}, αi ←

∑
j wij =

log2(k) in a kNN graph. This matrix formed by these weights is then symmetrised according to
ŵ = wij + wji − wijwji. The weights for the encodings Zb are then computed similarly, albeit
using wij = 1/(1 + a||zi − zj ||2b) with a, b fitted based on theoretical assumptions. Due to the
special batching schedule and loss computation of the parametric UMAP method in (Sainburg et al.,
2021), we did not implement this method but used the open-source implementation1 instead.

2.4 LEARNING THE PRIOR

To define the prior models pθ(z) we consider several known approaches with different degree of
complexity and computational cost.

The realNVP prior The computationally simplest way to model a prior is to define the latent
variable z as an invertible transformation z = h(ε) of a factorising Gaussian or uniform variable
ε ∈ Rm. This allows us to compute log pθ(z) = log p0(ε(z)) + log |det(∂ε(z)/∂z)| and therefore
to approximate the KL divergence in equation 3a using a few Monte Carlo samples. Dinh et al.
(2017) define z = h(ε) as a sequence of K invertible transformations z1:dk+1 = z1:dk , zd+1:m

k+1 =

zd+1:D
k � exp(s(z1:dk ) + t(z1:dk )), (d < m) with lower-triangular ∂ε(z)/∂z and thus log pθ(z) can

be computed efficiently. Note that z and ε need to have the same dimensionality, therefore, in order
for the computations to behave well, one should ideally chose latent dimensions m for which the
encoded data does not need to further collapse to a lower-dimensional manifold.

The VAMP prior Tomczak & Welling (2018) define a learned prior in a VAE model starting
from the observation that the optimal empirical Bayes prior is p∗(z) = Ep̂(x)[qθ(z;x)], which
holds for our objective in equation 3a as well. Based on this observation they propose the prior
pθ(z) =

∑
k qθ(z; x̃k)/K with K learnable pseudo-data parameters x̃1, . . . , x̃K . This approach

allows us to compute log pθ(z) efficiently and thus, to approximate the KL-divergence via sampling
as mentioned above. The disadvantage of this definition is that we can only learn priors that can be
well modelled with a few elliptical components.

1Open source implementation available at https://github.com/timsainb/ParametricUMAP_
paper.
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Figure 1: Top row: (left) the Swiss roll data (3d) with encoding result (2d) from CkNN-NVP, (middle) the
kNN distance for the data and the encoding and prior samples resulting from a CkNN-NVP model, the distances
are plotted w.r.t. the distance along the main axis on the manifold (right) illustrating a bridging vs correct
graph construction by plotting the shortest path on the manifold vs in the CkNN graph. Botton row: graphs
construction examples for CkNN with k = 9 and δ = 0.9, kNN with k = 4 and UMAP graph with k = 4.
Note that the bridging in graphs of the kNN and UMAP are only for the illustrations.

Table 1: MRREz→x. The smaller the better.
AE VAE NVP VHP VAMP

CkNN 0.005 0.011 0.013 0.011 0.013
VR 0.007 0.017 0.018 0.018 0.012
SNE 0.007 0.031 0.027 0.025 0.028
kNNWC 0.006 0.012 0.028 0.009 0.014
UMAP 0.008 - - - -

Table 2: MRREx→z . The smaller the better.
AE VAE NVP VHP VAMP

CkNN 0.004 0.009 0.011 0.010 0.012
VR 0.004 0.014 0.015 0.016 0.009
SNE 0.005 0.046 0.032 0.027 0.030
kNNWC 0.004 0.010 0.031 0.007 0.012
UMAP 0.005 - - - -

Table 3: continuity. The larger the better.
AE VAE NVP VHP VAMP

CkNN 0.997 0.992 0.990 0.991 0.989
VR 0.996 0.987 0.986 0.985 0.992
SNE 0.996 0.954 0.969 0.974 0.971
kNNWC 0.996 0.991 0.971 0.994 0.989
UMAP 0.996 - - - -

Table 4: trustworthiness. The larger the better.
AE VAE NVP VHP VAMP

CkNN 0.995 0.990 0.988 0.990 0.988
VR 0.993 0.984 0.984 0.983 0.990
SNE 0.994 0.965 0.974 0.976 0.972
kNNWC 0.995 0.989 0.972 0.992 0.988
UMAP 0.993 - - - -

The hierarchical prior A more general approach to learning the prior is to use another hierarchy
to model it (Klushyn et al., 2019), that is, to use pθ(z) =

∫
pθ(z|ε) p0(ε) dε. This makes log pθ(z)

intractable, however, we can further approximate it by using an importance-weighted bound (Burda
et al., 2016) on pθ(z) like in (Klushyn et al., 2019). This results in replacing KL-divergence ob-
jective in equation 3a with an upper bound that we can also minimise with the same methods. This
model is the most flexible choice of prior, however, it is more expensive to fit than the realNVP or
the VAMP prior due to the additional level of hierarchy and the resulting bounding and inference
step.

3 EXPERIMENTS

Datasets We evaluate our models on the following datasets. Swiss roll and Coil20 are classic
datasets for manifold learning. The Human Motion Capture dataset includes both periodic motion
(walking and jogging) and line motion (balancing), from which we can easily observe and identify
the topology of the data. Cifar10 (in the Appendix) is another type of dataset that can be used to
evaluate our models in the general case, not limited to known manifolds.

Illustrative example: Swiss roll The Swiss roll dataset (e.g., Pedregosa et al., 2011) is a standard
artificial dataset used in non-linear dimensionality reduction and data visualisation which has several
properties that can illustrate the benefits and pitfalls of various algorithms. The data is sampled as
(t, s) ∼ U[3π/2,3π]×U[0,21] and transformed via x(t, s) = (t cos(t), s, t sin(t)). It has two properties
that are particularly interesting to us: (i) the data is not uniformly distributed on the manifold defined
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Table 5: Results on Coil20
AE-CkNN AE-VR AE-SNE AE-kNNWC VAE-CkNN NVP-CkNN VHP-CkNN VAMP-CkNN

MRREz→x 0.015 0.048 0.009 0.008 0.031 0.017 0.034 0.026
MRREx→z 0.007 0.010 0.011 0.003 0.007 0.005 0.007 0.013
continuity 0.988 0.986 0.988 0.997 0.989 0.992 0.989 0.981
trustworthiness 0.974 0.940 0.988 0.989 0.952 0.970 0.954 0.961
distance correlation 0.85 0.70 0.48 0.77 0.77 0.82 0.81 0.58

by [3π/2, 3π]×[0, 21] because the density decreases with increasing t; and (ii) the periodic functions
give rise to a folding with increasing radius thus confusing nearest neighbour methods when we do
not use enough data. The latter manifest itself through the graph constructions choosing connections
that “bridge” the manifold.

In the top-middle panel of Figure 1 we show the kNN distances for each data point and encoding
(top and middle) as well as from the learned prior (bottom) when plotted against the main axis of the
manifold and the main axis of the 2-d encoding, respectively. We can see that the encoding not only
preserves the local distances but also, as a consequence, the density of the data along the main axis.
The prior samples also show a similar pattern proving that latent space samples have similar kNN
characteristics. To detect bridging we can compare the shortest path in the graphs to the true shortest
paths on the manifold, an example is shown in the top-right panel of Figure 1 for a low batch size.
We compute the true shortest paths by solving numerically the boundary value problems resulting
from the corresponding Euler-Lagrange equations.

Evaluation metrics To evaluate our methods, we compute standard metrics on Swiss roll, CMU
human motion, and Coil datasets. We use four metrics from (Moor et al., 2020) to evaluate the
models, i.e., MRREz→x, MRREx→z , trustworthiness and continuity that are defined as follows.
(i) MRREx→z (Moor et al., 2020) measures the changes between distance rankings as the data
is encoded. The baseline ranking is computed w.r.t. the kNN graph (k = 9) in the data space.
(ii) MRREz→x (Lee & Verleysen, 2009) is the same measure but with the baseline ranking com-
puted w.r.t. the kNN graph of the encodings. trustworthiness (Venna & Kaski, 2006) evaluates
the preservation the k nearest neighbours during encoding while (iv) continuity (Venna & Kaski,
2006) evaluates it for the decoding. Note that all measures are based exclusively on the k near-
est neighbours and thus might disadvantage somewhat SNE and UMAP. We choose k = 9 for all
experiments.

Additionally, since we have the ground truth of the Swiss roll dataset, we compute the linear cor-
relation between the shortest path on the data manifold and Euclidean distance on the latent space.
For the Coil20 dataset, the neighbours of an image of an object is given by the camera angles, we
compute the linear correlation between the input data and the latent encodings based on this neigh-
bourhood during evaluation.

Hyperparameters We consider as general hyper-parameters the batch size, encoder, decoder and
prior architectures, the constraint bounds ξrec and ξtopo , the annealing rate η, and a switch variable
whether to turn on the main objective only after the first constraint satisfaction occurred. Further-
more, for CkNN we consider as hyper-parameter the length scale δ, and the number of the neigh-
bours k while for t-SNE the length scale. We use the ADAM optimiser Kingma & Ba (2015) with
learning rate 0.001 as implemented in PyTorch Paszke et al. (2019). For each dataset, we use the
same encoder, decoder and prior architectures across on all methods. In the Swiss roll latent space
experiment, kNNWC-based models and VR-AE requires larger batch size than the VR-VAE-based
and CkNN-based models.

Human Motion Capture dataset We use the Human Motion Capture dataset with 33 sequences of
various lengths representing five movements, i.e., walking, jogging, punching, balancing and kicking
(http://mocap.cs.cmu.edu/). The dataset includes 50-dimensional joint angles following
the data-preprocessing in (Chen et al., 2015) and the data is scaled to the range [0, 1]. In total, there
are 13,355 configurations of joint angles which we consider as our dataset. From this dataset, we
uniformly select 80 % for training and 20 % for testing. For the training data, we add a Gaussian
noise of σ = 0.03. For this dataset, we use a batch size of 512, k = 9, and for each model, we varied
as hyper-parameters ξrec, ξtopo, δ, and the annealing rate η.
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Figure 2: Real world datasets and 2d encodings. Top: the panels show examples form the Human Motion
Capture (left) and the Coil-20 (right) datasets. Bottom: Two dimensional projections of samples from the
datasets when computed using the shown methods. For the human motion dataset, the models preserves the
topology – walking (magenta) and jogging (yellow) as circles and balancing (green) as lines. For the Coil20,
some round objects have no obvious difference with different camera angles, so that they are distributed in small
regions. Cars and cuboids are similar to each other, and distribute next to each other. Note that topological
consistency for periodic motions/structures requires closed non-intersecting loops, not necessarily circles.

Tables 1, 2, 3 and 4 are the results on human motion dataset. Generally, we can observe the fol-
lowing. (i) Learning generative models has typically lead to worse metrics than in AE models. We
expect that this is due to the additional regulariser arising from learning the prior. (ii) Results for
VAEs and hierarchical VAEs are comparable with clear advantages only in case of SNE. (iii) Gener-
ally, CkNN leads to improved metrics when compare to other graph construction methods and losses
(SNE and UMAP). The latent representation and the learned priors are shown in the Appendix.

Coil-20 dataset We use Columbia Object Image Library with 20 objects (Coil-20) (Nene et al.,
1996). The dataset consists of 72 images of each object that were taken for by uniformly rotating the
camera around the object. This results 1440 images in total. The backgrounds were pre-processed
to be black, and the images were cropped to 32 × 32 pixels with grey scale. Since the dataset is
small, we use the maximum possible batch size of 1440, k = 9, and for each model, we varied ξrec,
ξtopo, δ, and the annealing rate η.

In Table 5 we show the results on Coil-20. We can observe that NVP-CkNN performs generally the
best and from the AE models, kNNWC (another method proposed in this paper) seems to perform
the best. As expected, SNE performs poorly on the distance correlation metric. Similar as in other
datasets, the VAMP prior tends to be rectangle (see Appendix), which probably reduces the distance
correlation value. As shown in Figure 2, the latent space of CkNN-AE and SNE-AE perform best,
but CkNN preserves the distances better. For example, the round objects which have small amount of
pixels changed with different camera angles distribute quite small in the latent space of CkNN-AE.
However, more than half of the objects in SNE-AE latent space have no obvious size difference.
Some objects (e.g., cuboids) are two circles in the latent space, since they have similar images
between the back and front sides. It is reasonable that an object locates into a big circle even though
they are not similar, since the space there is large enough.

4 RELATED WORK

Manifold learning Manifold learning encompassed a large variety of dimensionality reduction
methods designed with a different guiding principle compared deep generative models that use an
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auto-encoding view of Bayesian inference. The methods in manifold learning generally search
for neighbourhood structures or define the affinities between points and aim to embedd high-
dimensional data into a low-dimensional space while conserving some of these properties/affinities.
Methods include, e.g., Locally Linear Embedding (LLE) (Roweis & Saul, 2000), Local Tangent
Space Alignment (LTSA) (Zhang & Zha, 2004), Multi-dimentional Scaling (MDS) (Carroll & Ara-
bie, 1998), t-distributed Stochastic Neighbour Embedding (tSNE) (van der Maaten & Hinton, 2008),
Uniform Manifold Approximation and Projection (UMAP) (McInnes et al., 2018), and Isometric
Mapping (ISOMAP) (Tenenbaum et al., 2000). Deep generative models generally do not explicitly
encode neighbourhood information, however, such properties often emerge. Several follow-up stud-
ies combine VAEs and manifold learning. Topo-AE (Moor et al., 2020) and Connectivity-Optimized
Representation Learning (Hofer et al., 2019) construct graphs using persistent homology, which pre-
serves the topology between data and latent spaces. Based on Topo-AE, Li et al. (2021) define local
distance preserving invertible encoder-decoder models, VAE-SNE (Graving & Couzin, 2020) opti-
mises pairwise similarity between the distributions of the data and latent spaces to preserve the local
neighbourhood. Parameterised UMAP (Sainburg et al., 2021) adapts the original UMAP algorithm
(projection only) to an AE framework by using neural networks. Neighbourhood Reconstructing
Auto-encoder (NRAE) (Lee et al., 2021) proposed to preserve the neighbourhood structure by min-
imising the distances between the output of a data point on the gradient direction of the decoder and
its neighbours. Our work adapts the local distance preserving Topo-AE loss to generative models
and proposes simple and fast graph construction method based on CkNN.

Constraint optimisation for VAEs VAE models are typically challenging to train due to the diffi-
culty of balancing the reconstruction and compression (KL) term during training (Sønderby et al.,
2016; Alemi et al., 2018). Several non-adaptive annealing schedules have been proposed to slowly
turn on the KL-terms during training (e.g., Sønderby et al., 2016) or that anneal according to a
task-specific utility function (Higgins et al., 2017). Taming VAE (Rezende & Viola, 2018) propose
to use an annealing scheme derived from a constrained optimisation approach. VHPrior (Klushyn
et al., 2019) adapted (Rezende & Viola, 2018) to (two level) hierarchical generative models. Zhao
et al. (2018) study the constrained optimisation approach in several of VAEs and GAN models
establishing formal similarities between ELBO/GAN losses with information theoretic regularis-
ers/constraints (adapting/fixing the Lagrange multipliers depends on the connection they aim to
establish). In our work, we propose a simple (fully fitted) constrained optimisation with the re-
construction and topological losses as constraints. In our experience, this approach significantly
improved training performance compared to various combinations of regularisers (fixed multipliers)
and KL annealing schedules.

Learning priors for VAEs A Gaussian prior for VAEs can often lead to over-regularization. There-
fore, various flexible priors were developed. In (Dilokthanakul et al., 2016) a Gaussian mixture is
proposed as the prior. Variational Mixture of Posteriors prior (VampPrior) (Tomczak & Welling,
2018) learns a prior that is defined based on the optimal empirical Bayes prior using learned pseudo-
data. Klushyn et al. (2019) recast learning the prior as learning an equivalent (two level) hierarchical
VAE model. In flow-based and autoregressive approaches, the models learn the prior by changing
of variable formula. It requires invertible transformations with low rank of triangular Jacobians for
fast computation. For instances, Normalisation flow (Rezende & Mohamed, 2015), Non-linear in-
dependent components estimation (NICE) (Dinh et al., 2015), Glow (Kingma & Dhariwal, 2018),
Flow++(Ho et al., 2019), Inverse Autoregressive Flow (IAF) (Kingma et al., 2016), Prior learnt
from real-valued non-volume preserving (RealNVP) (Dinh et al., 2017), and Masked Autoregres-
sive Flows (MAF) (Papamakarios et al., 2017). In addition, Learned Accept/Reject Sampling (Lars)
prior (Bauer & Mnih, 2019) can be combined with the flows. We implement a choice of priors
with various degree of complexity representing a range of flexibility vs computational complexity
trade-offs.

5 CONCLUSION AND FUTURE WORK

In this paper we propose local distance preserving auto-encoder and hierarchical variational auto-
encoder models based on the CkNN graph construction method. The CkNN graph is not only
inexpensive to compute but it also leads to comparable results when compared to the persistent
homology (VR), SNE, and UMAP as shown in Section 3. The additional hyper-parameters k and
δ that CKNN requires are typically easy to tune and hence CkNN can represent a viable alternative
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option. To improve training and to achieve a good balance between different loss terms, we use
a constraint optimisation framework that results in hyper-parameters (constraint bounds) that are
easier to tune than weight parameters in a regularisation setting. By learning hierarchical variational
auto-encoders, we can generate data with consistent local distances in the data and the latent space.
Based on the experiments presented in Section 3, we conclude that CkNN-AE performs generally
better than other AE-based models. Similarly, CkNN based generative models have an overall good
performance among generative models. Flexible priors significantly improve the results of SNE-
based models, while they seem to have lesser impact on the metrics in other models. Additionally,
the CkNN computation is typically faster than VR, especially for large batch sizes (see Section A.6
in (Chen et al., 2022)) even if it comes with two hyper-parameters that, as we experienced, are easy
to fit.

As future work we plan to extend our approach to generative models trained with GANs a/o inte-
gral probability metrics objectives and assess how local distance preserving losses/constraints can
be combined with mutual information and disentanglement maximising regularisers and structural
choices. Time series models based on real world dynamical systems are also an interesting applica-
tion area; we can use our approach to learn topologically consistent latent state spaces.
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