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ABSTRACT

Model-Agnostic Meta-Learning (MAML) has become increasingly popular for training models that
can quickly adapt to new tasks via one or few stochastic gradient descent steps. However, the MAML
objective is significantly more difficult to optimize compared to standard non-adaptive learning
(NAL), and little is understood about how much MAML improves over NAL in terms of the fast
adaptability of their solutions in various scenarios. We analytically address this issue in a linear
regression setting consisting of a mixture of easy and hard tasks, where hardness is related to the rate
that gradient descent converges on the task. Specifically, we prove that in order for MAML to achieve
substantial gain over NAL, (i) there must be some discrepancy in hardness among the tasks, and (ii)
the optimal solutions of the hard tasks must be closely packed with the center far from the center
of the easy tasks optimal solutions. We also give numerical and analytical results suggesting that
these insights apply to two-layer neural networks. Finally, we provide few-shot image classification
experiments that support our insights for when MAML should be used and emphasize the importance
of training MAML on hard tasks in practice.

1 INTRODUCTION

Large-scale learning models have achieved remarkable successes in domains such as computer vision and reinforcement
learning. However, their high performance has come at the cost of requiring huge amounts of data and computational
resources for training, meaning they cannot be trained from scratch every time they are deployed to solve a new task.
Instead, they typically must undergo a single pre-training procedure, then be fine-tuned to solve new tasks in the wild.

Meta-learning aims to address this problem by extracting an inductive bias from a large set of pre-training, or meta-
training, tasks that can be used to improve test-time adaptation. Model-agnostic meta-learning (MAML) (Finn et al.,
2017), one of the most popular meta-learning frameworks, formulates this inductive bias as an initial model for a few
gradient-based fine-tuning steps. Given that for the model can be fine-tuned on any meta-test task before evaluating
its performance, MAML aims to learn the best initialization for fine-tuning among a set of meta-training tasks. To do
S0, it executes an episodic meta-training procedure in which the current initialization is adapted to specific tasks in an
inner loop, then the initialization is updated in an outer loop. This procedure has led to impressive few-shot learning
performance in many settings (Finn et al., 2017; Antoniou et al., 2018).

However, in some settings MAML'’s inner loop adaptation and the second derivative calculations resulting thereof may
not justify their added computational cost compared to traditional, no-inner-loop pre-training. Multiple works have
suggested that MAML’s few-shot learning performance may not drop when executing the inner loop adaptation for
only a fraction of the model parameters (Raghu et al., 2019; Oh et al., 2020) or, in some cases, by ignoring the inner
loop altogether (Bai et al., 2020; Chen et al., 2019; 2020; Tian et al., 2020; Dhillon et al., 2019). Unfortunately, the
underlying reasons for MAML'’s behavior are still not well-understood, making it difficult to determine when inner loop
adaptation during meta-training yields meaningful benefit.

In this work, we investigate when and why MAML’s inner loop updates provide significant gain for meta-test time
adaptation. To achieve this, we focus on how the meta-training loss landscape induced by the MAML objective affects
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Figure 1: MAML, NAL excess risks and optimal solutions in various environments.

adaptation performance compared to the loss landscape induced by the classical objective without inner loop adaptation,
which we term the Non-Adaptive Learning (NAL) method. Notably, MAML should always perform at least as well as
NAL because its meta-training procedure aligns with the meta-test time evaluation of performance after a few steps
of task-specific SGD. Thus, our goals are to quantify the gain provided by MAML and determine the scenarios in
which this gain is most significant. We start by studying the multi-task linear regression setting since it allows us
to compare the exact solutions and excess risks for MAML and NAL. In doing so, we obtain novel insights on how
MAML deals with hard tasks differently than NAL, and show that MAML achieves significant gain over NAL only if
certain conditions are satisfied relating to the hardness and geography of the tasks. These observations provide a new
understanding of MAML that is distinct from the representation learning perspective considered in recent works (Raghu
et al., 2019; Du et al., 2020; Tripuraneni et al., 2020). We then give theoretical and empirical evidence generalizing
these insights to neural networks.

In particular, our main observations are best captured in the setting in which tasks are either “hard” or “easy”. We let
pm be the hardness parameter for the hard tasks, and pg be the hardness parameter for the easy tasks, where pg > ppg
(smaller hardness parameter means more hard). As we measure the hardness of a task by the rate at which gradient
descent converges for the task, in this case, the hardness parameter is the task loss function’s strong convexity parameter.
For a particular task environment, we let ? be the dimension-normalized distance between the average of easy tasks’
optimal solutions and the average of hard tasks’ optimal solutions, and let 7z quantify the variance, or dispersion, of
the hard tasks’ optimal solutions. Assuming that 22 (1 — £i)2 5 4 where d is the problem dimension and m is the

P

number of samples used for adaptation, then the ratio of thff expected excess risks after task-specific adaptation of the
2

NAL and MAML solutions is approximately (Corollary 2): % ~1+4 f—H. Thus, the largest gain for MAML

over NAL occurs when the task environment satisfies (informal):

1. Hardness discrepancy: the hard tasks are significantly more difficult than the easy tasks ’;—*E’ < 1, without
being impossibly hard (pg > ¢ > 0), and
II. Benign geography: the optimal solutions of the hard tasks have small variance r, and the distance between
the hard and easy task centers R is large.

Figure 1 summarizes observations (I) and (I) by plotting locations of the easy and hard tasks’ optimal solutions sampled
from four distinct task environments and the corresponding solutions and excess risks for NAL and MAML. The
environment in subfigure (a) violates (I) since Z—’; = 1. Subfigures (b)-(c) show environments with either small R or

large 75, so (II) is not satisfied. In contrast, the environment in subfigure (d) has small 7z, large R, and ’;—‘;’ =0.2,1in
~ 3.

Em(WNnar)
> Em(WrmaML)
Summary - Why MAML. We show theoretically and empirically that MAML outperforms standard training (NAL)
in linear and nonlinear settings by finding a solution that excels on the more-difficult-to-optimize (hard) tasks, as long
as the hard tasks are sufficiently similar. Our work thus highlights the importance of task hardness and task geography
to the success of MAML.

which case as expected MAML achieves the largest gain over NAL

1.1 RELATED WORK

A few works have explored why MAML is effective. Raghu et al. (2019) posed two hypotheses for MAML’s success
in training neural networks: rapid learning, meaning that MAML finds a set of parameters advantageous for full
adaptation on new tasks, and feature reuse, meaning that MAML learns a set of reusable features, among the tasks.
The authors’ experiments showed that MAML learns a shared representation, supporting the feature reuse hypothesis.
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Motivated by this idea, Saunshi et al. (2020) proved that Reptile (Nichol et al., 2018), a similar algorithm to MAML, can
learn a representation that reduces the new-task sample complexity in a two-task, linear setting. Conversely, Oh et al.
(2020) gave empirical evidence that MAML performance does not degrade when forced to learn unique representations
for each task, and Goldblum et al. (2020) showed that while some meta-learning algorithms learn more clustered
features compared to standard training, the same cannot be said of MAML. Moreover, a series of works have shown
that removing the inner loop and learning a distinct classifier for each class of images in the environment can yield
representations as well-suited for few-shot image classification as MAML’s (Chen et al., 2019). In this work, we take a
more general, landscape-based perspective on the reasons for MAML’s success, and show that MAML can still achieve
meaningful gain without necessarily learning a representation.

Much of the theory surrounding MAML and meta-learning more broadly has focused on linear settings, specifically
multi-task linear regression or the related linear centroid problem (Denevi et al., 2018). Some works have studied
how to allocate data amongst and within tasks (Cioba et al., 2021; Bai et al., 2020; Saunshi et al., 2021). Denevi et al.
(2018) considered meta-learning a common mean for ridge regression, and Kong et al. (2020) studied whether many
small-data tasks and few large-data tasks is sufficient for meta-learning. Other works have examined the role of the inner
loop SGD step size in meta-learning approaches (Bernacchia, 2021; Charles & Konecny, 2020; Wang et al., 2020b),
while Gao & Sener (2020) studied the trade-off between the accuracy and computational cost of the NAL and MAML
training solutions. However, unlike our work, these works either did not consider or did not provide any interpretable
characterization of the types of task environments in which MAML is effective. Other theoretical studies of MAML
and related methods have focused on convergence rates in general settings (Fallah et al., 2020; Rajeswaran et al., 2019;
Zhou et al., 2019; Ji et al., 2020a;b; Collins et al., 2020; Wang et al., 2020a) and excess risk bounds for online learning
(Finn et al., 2019; Balcan et al., 2019; Khodak et al., 2019). Like the current work, Fallah et al. (2020) noticed that
the MAML solution should be closer than the NAL solution to the hard tasks’ global minima, but the authors neither
quantified this observation nor further compared MAML and NAL.

2 PROBLEM SETUP: TRAINING TO ADAPT

We aim to determine when and why MAML yields models that are significantly more adaptable compared to models
obtained by solving the traditional NAL problem in multi-task environments. To this end, we consider the gradient-based
meta-learning setting in which a meta-learner tries to use samples from a set of tasks observed during meta-training to
compute a model that performs well after one or a few steps of SGD on a new task drawn from the same environment at
meta-test time.

Specifically, we follow Baxter (1998) by considering an environment p which is a distribution over tasks. Each task 7;
is composed of a data distribution p; over an input space X and a label space ). We take our model class to be the
family of functions {hy, : X — Y : w € RP} where h,, is a model parameterized by w. The population loss f;(w)
on task i is the expected value of the loss of Ay, on samples drawn from p;, namely f;(w) == E(x y)~p, [{(hw (X), y)],
where / is some loss function, such as the squared or cross entropy loss.

During training, the meta-learner samples 7" tasks from p and n points {(x{, y{ )}i—1 ~ pit for each sampled task 7;.
The meta-learner uses this data to compute an initial model w, which is then evaluated as follows. First, the meta-learner

samples a new task 7; ~ p and m labeled points {(fc{ , gg )}jL1 ~ pi*. Next, it updates w with one step of stochastic
gradient descent (SGD) on the loss function f; using those m samples and step size «. Namely, letting X; € R™*4 and
¥i € R™ denote the matrix and vector containing the m feature vectors and their labels, respectively, the update of w is
given by w; = w — aVy fi(w; X;,§;), where f;(w; X;,§;) =1 > iy L(hw(%7),§}) is the empirical average of

~

the loss on the m samples in (X;, ¥;). The test loss of w is the expected population loss of w;, where the expectation is
taken over tasks and the m samples, specifically

Fo(w) = EE g, o, [fiw—aVfi(w; X, 9:))] M

where we have used the shorthand E; :=E7,, and E g oy =E %, Fi)um For fair evaluation, we measure solution

quality by the excess risk
gm = Fm - Ez inf i i

The excess risk is the difference between the average performance of w after one step of task-specific adaptation from
the average performance of the best model for each task. To find a model with small excess risk, one can solve one of
two problems during training, NAL or MAML.

NAL. NAL minimizes the loss f;(w) on average across the training tasks, which may yield small excess risk &,,(w)
with less computational cost than MAML (Gao & Sener, 2020). Denoting the n training examples for the ¢-th task as
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X,; € R™*4 and their labels as y; € R™, NAL solves
HéiRHD FiaL(w) =+ ZZ-T=1 fi(w; X4, y4), 3)

w
which is a surrogate for the expected risk minimization problem defined as miny cgo E; [f;(w)]. We let w4, denote
the unique solution of the expected risk minimization problem, and let w 47, denote the unique solution to (3). We
emphasize that in our study we evaluate the solution of NAL by its expected error after running one step of SGD using
the m samples from a new task that are released at test time, and this error is captured by the excess risk &, (WxarL),
defined in (2).

MAML. In contrast to NAL, MAML minimizes a surrogate loss of (1) during training. According to the MAML
framework, the n samples per task are divided into 7 training “episodes”, each with ny “inner” samples for the inner
SGD step and n; “outer” samples for evaluating the loss of the fine-tuned model. Thus, we have that 7(n1 4+ ng) = n.
We denote the matrices that contain the outer samples for the j-th episode of the ¢-th task as X;?fj‘-t € R™ >4 and

y¢4t € R™, and the matrices that contain the inner samples as X" € R™2*% and y", € R">. The MAML objective is
then
T T
min Fifap (W) = g2 Y0 filw = aV i (wi X1, yi): X2 v, )
i=1 j=1

We denote the unique solution to (4) by W s 47, and the unique solution to the population version (1) by Wi, 4a,7.-
We expect En, (Waramrn) < Em(Wnar) since (4) is a surrogate for the true objective of minimizing (1). However, the
gain of MAML over NAL may not be significant enough to justify its added computational cost (Gao & Sener, 2020),
necessitating a thorough understanding of the relative behavior of MAML and NAL.

3 MULTI-TASK LINEAR REGRESSION

We first explore the relative behaviors of MAML and NAL in a setting in which we can obtain closed-form solutions:
multi-task linear regression. Here, the model h, maps inputs x to predicted labels by taking the inner product with
W, i.e. hw(x)=(w,x). The loss function ¢ is the squared loss, therefore f;(w) = 3E(x, y,)~p; [((W, %) —y;)?] and
filw:; X, y:)= £||X;w—y;||3 for all i. We consider a realizable setting in which the data for the i-th task is Gaussian
and generated by a ground truth model w; € R?. That is, points (x;,y;) are sampled from y; by first sampling
x; ~N(0,%,), then sampling y; ~ N ((w},x;), %), i.e. y; = (W}, x;)+2; where z; ~N(0,2?). In this setting the
population-optimal solutions for NAL and MAML are given by:

wiar = B[S E(Siw] and - wipa = E(Q] Q] W], )

K2

where for any s € N, we define Qgs) = (Ig—aX)E;(Ig—a%;) + %(tr(E?)Ei—FE?). Note that these Ql(»s) matrices

are composed of two terms: a preconditioned covariance matrix 33; (I; — aEi)Q, and a perturbation matrix due to the
stochastic gradient variance. We provide expressions for the empirical solutions w47, and Wz 4asz for this setting
and show that they converge to w3 4, and Wh; 4,7 asn, T, 7 — oo in Appendix D. Since our focus is ultimately on
the nature of the solutions sought by MAML and NAL, not on their non-asymptotic behavior, we analyze w7y, 4, and
Wi aarz 1IN the remainder of this section, starting with the following result.

It is most helpful to interpret the solutions Wy, 4, and W, 4, and their corresponding excess risks through the lens
of task hardness. In this strongly convex setting, we naturally define task hardness as the rate at which gradient
descent converges to the optimal solution for the task, with harder tasks requiring more steps of gradient descent to
reach an optimal solution. For step size « fixed across all tasks, the rate with which gradient descent traverses each f; is
determined by the minimum eigenvalue of the Hessian of f;, namely A\pnin(2;). So, for ease of interpretation, we can
think of the easy tasks as having data with large variance in all directions (all the eigenvalues of their X; are large),
while the hard tasks have data with small variance in all directions (all \(3;) are small).

Note that both W}, 45,7, and w3, 4, are normalized weighted sums of the task optimal solutions, with weights being
functions of the 33;’s. For simplicity, consider the case in which m and ns are large, thus the QQ; matrices are dominated
by 2,(I; — aX;)?. Since the weights for w, 4, are proportional to the X; matrices, w’ 4, is closer to the easy task
optimal solutions, as 3; has larger eigenvalues for easy tasks and smaller eigenvalues for hard tasks. Conversely, the
MAML weights are determined by X;(I; — aX;)?2, which induces a relatively larger weight on the hard tasks, so
Wiz IS closer to the hard task optimal solutions.

Note that easy tasks can be approximately solved after one step of gradient descent from far away, which is not true for
hard tasks. We therefore expect (I) MAML to perform well on both hard and easy tasks since W}, 4,1, is closer to the
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optimal solutions of hard tasks, and (II) NAL to perform well on easy tasks but struggle on hard tasks since w3 4 is
closer to the optimal solutions of easy tasks. We explicitly compute the excess risks of Wi, 4, and Wi, 477 as follows.

oys . * * .
Proposition 1. The excess risks for Wi 41 and Wi 4p,1, are:

—1 2

En(Wivar) = $Ei||By [S] o [ B (wi—wi)]| ©
2
Eu(Wiranss) = $E: B [QU] 7B QU (wh — wi] | o g

=/vIQv.

We next formally interpret these excess risks, and develop intuitions (I) and (IT), by focusing on two key properties of
the task environment: task hardness discrepancy and task geography.

where for a vector v and symmetric matrix Q of consistent dimension,

3.1 HARDNESS DISCREPANCY

We analyze the levels of task hardness that confer a significant advantage for MAML over NAL in this section. To do so,
we compare Wi, 4,7, and Wi 47 in an environment with two tasks of varying hardness. We let no =m, 31 =pglg,
and 39 = pgly, where py < pg, thus task 1 is the hard task.'

In this setting, the NAL and MAML solutions defined in (5) can be simplified as

WAL = R wi + —PE__ w5, WArAML = LWT + LW; ¥
PH + PE pH + PE ag +ag ag +ag

+ 2102p3 ) and ay = (pu (1 — apy)? + “La?p3)). Note that the natural choice

d+1
+PE

pE 2HA2 4 % As aresult, we can easily see that for sufficiently large values of m, we have
ag > ag. This observation shows that the solution of MAML is closer to the solution of the harder task, i.e., wi .. On

the other hand, wy 47, is closer to wo ., the solution to the easy task, since pg < pE.

where ap = (pr(l — apg)? +
of « is the inverse of the largest task smoothness parameter (i in this case) Setting o = i yields ap =

and apg = pH(l —

Considering these facts, we expect the performance of MAML solution after adaptation to exceed that of NAL. Using
Proposition 1, the excess risks for NAL and MAML in this setting are

ApaH

2 2
AEPH + AHPE
ap + aH'

(pE + pH)?
Recalling that ag ~ 0 for m > d, we conclude that MAML achieves near-zero excess risk in the case of large m.

In particular, we require that pg (1 — 2—‘;)2 > d"ﬁ, otherwise the O(d/m) terms in ag and ay are non-negligible.

Meanwhile, for NAL we have &,,,(Wyar,) = ﬁ, which may be significantly larger than zero if ”—’; < 1,1i.e. the

harder task is significantly harder than the easy task. Importantly, the error for NAL is dominated by poor performance
on the hard task, which MAML avoids by initializing close to the hard task solution. Thus, these expressions pinpoint
the level of hardness discrepancy needed for superior MAML performance: g—’; must be much smaller than 1, but also

PH (1 _ a
larger than 0, such that 5% (1 ) >

Em(WNaL) = s Em(Waramr) = &)

m’

Figure 2 visualizes these intuitions in the case that wi = 14, w5 = —14, d = 10 and v?2 =0.01. Subfigures (a) and
(c) show the locations of the first coordinates of Wi, 47, and Wy, 4,1 for varying pg, and m = 2000 and m = 100,
respectively. Subfigures (b) and (d) show the corresponding excess risks. We observe that unlike NAL, MAML
initializes closer to the optimal solution of the harder task as long as p—;’ is not close to zero or one, which results in

significantly smaller excess risk for MAML compared to NAL in such cases, especially for large m.

Figure 2 further shows that the MAML and NAL excess risks go to zero with pg. This is also shown in (9) and the
definition of az, and points to the fact that foo much hardness discrepancy causes no gain for MAML. The reason
for this is that pry — 0 corresponds to the hard task data going to zero (its mean), in which case any linear predictor
has negligible excess risk. Consequently, both NAL and MAML ignore the hard task and initialize at the easy task to
achieve near-zero excess risk here.

'The effects of task hardness could be removed by scaling the data so that it would have covariance o~ *I,;. However, the current
setting is useful to build intuition. Further, one can imagine a similar setting in which the first dimension has variance o~ * and the
rest have variance pg, in which scaling would not be possible (as it would result in gradient descent not converging in the first
coordinate).
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Figure 2: First coordinates of W, 42,1.» Wi 41, and their excess risks for various pp for large m (in subplots (a)-(b) for
m=2000) and small m (in subplots (c)-(d) for m =100).

Remark 1. The condition Z—’;’(l - 2—2)2 > % requires that m > d. However, this condition arises due to the

simplification tr(3;) = O(d), where tr(X;) can be thought of as the effective problem dimension (Kalan et al., 2020).
In realistic settings, the effective dimension may be o(d), which would reduce the complexity of m accordingly.

3.2 TASK GEOGRAPHY

The second important property of the task environment according to Proposition 1 is the location, i.e. geography, of
the task optimal solutions. In this section, we study how task geography affects the MAML and NAL excess risks by
considering a task environment with many tasks. In particular, the task environment p is a mixture over distributions of
hard and easy tasks, with mixture weights 0.5. The optimal solutions w; € R for hard tasks are sampled according to
wi ~ N(R14,rgl,) and for easy tasks are sampled as w} ~ A (04, rg1L;). Therefore R is the dimension-normalized
distance between the centers of the hard and easy tasks’ optimal solutions, and 77 and r g capture the spread of the hard
and easy tasks’ optimal solutions, respectively. The data covariance is 3; = pgI; for the hard tasks and 3; = pgl,
for the easy tasks, recalling that p; and pg parameterize hardness, with smaller py meaning harder task. In this setting
the following corollary follows from Proposition 1.

Corollary 1. In the setting described above, the excess risks of Wi 41 and Wiy 431, are:

En(WiAL) = Tomism)? [(GEP% +2appppu)re + apph (re + R?)

—I—(aHp?{—FQaHpEpH)TH—I—aHpQE(rH—FRQ)} (10)
Em(WiramL) = Taptamy? [(a% + 2agan)re + (a3 + 2apaf)ry
+aEa%I(TE+R2)+a2EaH(rH+R2)} (1)
where ag = pp(1 — apg)? + L2 a?p% and ay = pu (1 — app)? + LLa?pd.

Each excess risk is a normalized weighted sum of the quantities 7z, 7z and R2. So, the comparison between
MAML and NAL depends on the relative weights each algorithm induces on these task environment properties. If

2 d . . . . . .
g—g (1- z—f;) > £ then ag > ap and the dominant weight in &, (W}, 45,7) is on the 7 term, while the dominant

weights in Em(w}*v A L) are on the 7y + R? and ry terms. This observation leads us to obtain the following corollary of
Proposition 1.

Corollary 2. In the above setting, with « = 1/pg and Z—’;(l — %)2 > %, the relative excess risk for NAL compared
to MAML satisfies

5m(W7wAML) rH

Corollary 2 shows that MAML achieves large gain over NAL when: (i) the hard tasks’ solutions are closely packed (r g
is small) and (i) the hard tasks’ solutions are far from the center of the easy tasks’ solutions (R is large). Condition
(1) allows MAML to achieve a small excess risk by initializing in the center of the hard task optimal solutions, while
condition (ii) causes NAL to struggle on the hard tasks since it initializes close to the easy tasks’ solutions. These
conditions are reflected by the fact that the MAML excess risk weighs 7y (the spread of the hard tasks) most heavily,
whereas the NAL excess risk puts the most weight on R? (distance between hard and easy task solutions) as well as 7.

Note that the above discussion holds under the condition that ag > ag. In order for ag > ag, we must have

z—’;( 1— %{)2 > %, ie.m>dand 0 < Z—Z < 1, as we observed in our discussion on hardness discrepancy. Now, we
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Figure 3: Theoretical and empirical excess risks for NAL and MAML and ratios of the NAL to MAML excess risk in
the setting described in Section 3.2.

see that even with appropriate hardness discrepancy, the hard tasks must be both closely packed and far from the center
of the easy tasks in order for MAML to achieve significant gain over NAL. This conclusion adds greater nuance to prior
results (Balcan et al., 2019; Jose & Simeone, 2021), in which the authors argued that gradient-based meta-learning (e.g.
MAML) is only effective when all of the tasks’ optimal solutions are close to each other (in our case, all of rg, 77 and
R are small). Crucially, our analysis shows that NAL would also perform well in this scenario, and neither r g nor R
need to be small for MAML to achieve small excess risk.

To further explain these insights, we return to Figure 1 in which easy and hard task optimal solutions are each sampled
from 10-dimensional Gaussian distributions of the form described above, and 100 random task optimal solutions are
shown, along with the population-optimal MAML and NAL solutions. In subfigures (b), (c) and (d), we set pg = 0.9,
pr = 0.1, and m = 500. Among these plots, the largest gain for MAML is in the case that the hard tasks’ optimal
solutions are closely packed (small rf), and their centers are far from each other (large R), demonstrating the the
primary dependence of relative performance on R? /1.

We plot more thorough results for this setting in Figure 3. Here, we vary R and compare the performance of w N ar and
=0.5and

E =10 in (a)-(b), and f—H =10 and % =0.5in (c)-(d). Here we also plot the empirical solutions W 41, and WNMAML-

Again, MAML significantly outperforms NAL when R? /vy is large (subfigures (c)-(d)), but not otherwise.

W} M ansr 10 settings with relatively large 7 and small r g, specifically choosing g and g such that

4 TwO-LAYER NEURAL NETWORK

In this section, we consider a non-linear setting in which each task is a regression problem with a two-layer neural
network with a fixed second layer. The k-th neuron in the network maps R% — R via o((w*, x)), where o : R — R may
be the ReLU, Softplus, Sigmoid, or tanh activation function, and wk e R9 is the parameter vector. The network contains
M neurons for a total of D = Md parameters, which are contained in the matrix W := [w!, ... wM] ¢ R&>*M,

The predicted label for the data point x is the sum of the neuron outputs, namely hw (x) = Z ey o((Wh,x)).
The loss function is again the squared loss, i.e. f;(W) = 3E(x, 4o, [(O’(Zi\/le<wk, x;)) — ¥;)?]. Ground-truth
models W generate the data for task <. We sample (x;,y;) ~ ; by first sampling x; ~ N'(04,1,) then computing
yi = 221:1 o({(w})*,x;)). The following result demonstrates an important property of the MAML objective function
in the two-task version of this setting.

Theorem 1. Suppose that in the setting described above, the task environment is the uniform distribution over two

tasks. Define s; i, as the k-th singular value of W7, k; = ||[W7|2/s; pm, and A\, = H" e for ie{l, 2} Further,
define the regions S; = {W : [|[W — W7 ||y < ¢1/(s{ \ir; M?)} and the parameters 61 = i = csMs?q

Sori € {1,2} and absolute constants ¢, c1, ¢, and c3. Let 81 < B2, L1 < Lo and o« < 1/ L. Thenz any stationary point
Wi amn € S1 N Sa of the MAML population objective (1) with full inner gradient step (m = oo) satisfies:

IV 1 (Wpangn) 2 < (1_2“B§2|Vf2<WMAML>||2 1 0(a?).

13)

Interpretation: MAML prioritizes hard tasks. In the proof in Appendix B, we use results from Zhong et al. (2017)
to show that f; is 3;-strongly convex and L;-smooth in the region S;. As a result, task 1 is the harder task since 5;
and (5 control the rate with which gradient descent converges to the ground-truth solutions, with smaller 5; implying
slower convergence, and 31 < 2. Thus, Theorem 1 shows that, any stationary point of the MAML objective in S1 N S,
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Figure 4: Loss landscapes and ground-truth neurons for NAL (a,c) and MAML (b,d) for two distinct, four-task
environments and Softplus activation.

has smaller gradient norm on the hard task than on the easy task as long as there is sufficient hardness discrepancy,
specifically 85 > L;. This condition means that the curvature of the loss function for the easy task is more steep
than the curvature of the hard task in all directions around their ground-truth solutions. The smaller gradient norm
of MAML stationary points on the harder task suggests that MAML solutions prioritize hard-task performance. In
contrast, we can easily see that any stationary point w 47, of the NAL population loss must satisfy the condition
IVfiwnar)|lz = ||V f2(WnaL)||2, meaning that NAL has no such preference for the hard task.

Figure 4 demonstrates the importance of task hardness in comparing NAL and MAML in this setting. Here, for ease of
visualization we consider the case in which M = 1 and d = 2, i.e. the learning model consists of one neuron (with
Softplus activation) mapping from R? — R. Each subfigure plots the NAL or MAML population loss landscape for
different task environments with m = 250, as well as the ground-truth neuron for each task. In light of prior work
showing that the number of gradient steps required to learn a single neuron diminishes with the variance of the data
distribution (Theorem 3.2 in Yehudai & Ohad (2020)), we again control task hardness via the data variance. In all
plots, 3; = 0.5I5 for hard tasks and 3; = I, for easy tasks. Note that the MAML loss (evaluated after one step of
adaptation) is the evaluation metric we ultimately care about.

We observe that when all tasks are equally hard, the MAML and NAL solutions are identical (subfigures (a)-(b)),
whereas when one task is hard, MAML initializes closer to the hard task and achieves significantly better post-adaptation
performance than the NAL solution, which is closer to the centroid of the easy tasks (c)-(d). This supports our intuition
that MAML achieves significant gain over NAL in task environments in which it can leverage improved performance
on hard tasks.

5 EXPERIMENTS

We next experimentally study whether our observations generalize to problems closer to those seen in practice. We
consider image classification on the Omniglot (Lake et al., 2019) and FS-CIFAR100 (Oreshkin et al., 2018) datasets.
Following convention, tasks are N-way, K -shot classification problems, i.e., classification problems among N classes
where K labeled images from each class are available for adapting the model. For both the Omniglot and FS-CIFAR100
experiments, we use the five-layer CNN used by Finn et al. (2017) and Vinyals et al. (2016). NAL is trained equivalently
to MAML with no inner loop and n=mn1 +ns. Further details and error bounds are in Appendix C.

Omniglot. Omniglot contains images of 1623 handwritten characters from 50 different alphabets. Characters from
the same alphabet typically share similar features, so are harder to distinguish compared to characters from differing
alphabets. We thus define easy tasks as classification problems among characters from distinct alphabets, and hard
tasks as classification problems among characters from the same alphabet, consistent with prior definitions of semantic
hardness (Zhou et al., 2020). Here we use N =5 and K = 1. For NAL, we include results for K = 10 (NAL-10)
in addition to ' = 1 (NAL-1). We split the 50 alphabets into four disjoint sets: easy train (25 alphabets), easy test
(15), hard train (5), and hard test (5). During training, tasks are drawn by first choosing ‘easy’ or ‘hard’ with equal
probability. If ‘easy’ is chosen, 5 characters from 5 distinct alphabets among the easy train alphabets are selected. If
‘hard’ is chosen, a hard alphabet is selected from the hard train alphabets, then N =5 characters are drawn from that
alphabet. After training, we evaluate the models on new tasks drawn analogously from the test (unseen) alphabets as
well as the train alphabets.

Table 1 gives the average errors after completing training for two experiments: the first (Large) when the algorithms use
all 5 hard train and test alphabets, and the second (Small) when the algorithms use only one hard train alphabet (Sanskrit)
and one hard test (Bengali). The terms ‘Large’ and ‘Small’ describe the hypothesized size of 7 in each experiment:
the optimal solutions of hard tasks drawn from ten (train and test) different alphabets are presumably more dispersed
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Table 1: Omniglot accuracies. Table 2: FS-CIFAR100 accuracies.

Setting Train Tasks Test Tasks Setting Train Tasks Test Tasks
rH Alg. Easy Hard Easy Hard p Alg. Easy Hard Easy Hard
Large MAML 99.2 96.0 98.0 81.2 0.99 NAL 782 9.9 748 9.5
Large NAL-1 69.4 41.5 57.8 45.2 ) MAML 929 501 846 217
Large NAL-10 70.0 453 67.2 479 05 NAL 819 95 76.5 8.6
Small MAML 99.2 99.1 981 95.4 ) MAML 93.6 41.1 843 179
Small NAL-1 69.2 46.0 55.8 45.8 001 NAL 824 7.6 769 8.2
Small NAL-10 70.2 440 678 489 ’ MAML 940 157 850 118

than hard tasks drawn from only two (train and test) similar alphabets. By our previous analysis, we expect MAML to
achieve more gain over NAL in the Small r; setting. Table 1 supports this intuition, as MAML’s performance improves
significantly with more closely-packed hard tasks (Small), while NAL’s does not change substantially. Hence, MAML'’s
relative gain over NAL increases with smaller rg.

FS-CIFAR100. FS-CIFAR100 has 100 total classes that are split into 80 training classes and 20 testing classes. We
further split the 600 images in each of the training classes into 450 training images and 150 testing images in order
to measure test accuracy on the training classes in Table 2. Here we use IV and K as proxies for hardness, with
larger N and smaller K being more hard as the agent must distinguish more classes with fewer training samples/class.
Specifically, easy tasks have (N, K) = (2, 10), and the hard tasks have (N, K) = (20, 1). During training, hard tasks
are sampled with probability p and easy tasks with probability 1—p. Observe that the largest performance gains for
MAML in Table 2 are on the hard tasks, consistent with our conclusion that MAML outperforms NAL primarily by
achieving relatively high accuracy on the hard tasks. However, the improvement by MAML on the hard tasks disappears
when the hard tasks are scarce (p = 0.01), supporting the idea of oversampling hard tasks during training in order to
improve MAML performance (Zhou et al., 2020; Sun et al., 2020).

6 DISCUSSION

Our work highlights the importance of hard tasks to the success of MAML. We show that MAML outperforms standard
training (NAL) in both linear and nonlinear settings by finding a solution that outperforms NAL on the more-difficult-
to-optimize (hard) tasks, as long as they are sufficiently similar. Our results provide theoretical justification for the
empirical benefits of focusing on the hard tasks while training meta-learning methods (Zhou et al., 2020; Sun et al.,
2020) and give intuition to practitioners on when they can save computational resources by using standard NAL for
meta-learning instead of the more expensive MAML. Still, the notions of task hardness and similarity we use in our
experiments cannot be applied to all multi-task learning problems. We leave the further development of methods to
measure task hardness and similarity to future work.
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APPENDIX

A PROOFS FOR SECTION 3

A.1 PROOF OF PROPOSITION 1

For all i, let yi" = X"w, , + z!" and y?*! = X9'w, , + z?"*. In other words, z!" € R™? is the vector containing
the addltlve noise for the inner samples and z2“! € R™ is the vector containing the addmve noise for the outer samples.

From (41) and (43), we have that

Wiar = Ei[Zi] 7 Ei[Zw]] (14)
Wiranz = E[QU] T E Q" w]], (15)
Next, we compute a closed-form expression for F,,(w) (defined in (1)). For all i, let §, = Xlwl* + z; and

Y = xiTwi,* + z;. In other words, zi" € R™ is the vector containing the additive noise for the inner samples and
z; € R is the scalar additive noise containing the outer (evaluation) sample. Then we have

1 i 2
F(w) = 5B 0B %, 5, (<X“W — X (Xiw - Yl)> B y) ]
1 I " O ToTa 2
= SEE 0B, 50 | (06 Palw = W) + (21 + x] X[ 2,)
1 [ £\ 2 (0% ST A 2
= SEE i) Ex, 9 | (X0 Pi(w —wi))" + (Zz‘ + Exzszi) ]
1 [ #3142 2, o TxXTs 5T
= §EiE(Xi,yi)E(Xi,yi) (xi, Pi(w—w; )" +0°+ Wtr(xi X, 2:2; X;x;)
1
= 3B B IPtw = WO, + 0% + & (=)
where P; =1, — —XTX We have
1 . 1 a?o?

therefore, by equation 16 and the definition of the excess risk,

2 2
a0
7 u(x?)

1
Em(Wnar) = Fn(Wnar) — §E’i [02 +
=EEg, [Pi(wyar — w))%,
= ]EiEXi [(WNAL — W;k)TPZTEiPi(WNAL — W:)]
— * * T
= EiEg [ (B [Zo] " Eu[Zo (W) — w))])

PT S PyEL (3] B[ (W — wi)]]
=E; { (Eo/[Bi] "By [Bir (W), — Wr)])T

Eg, [P/EP] (B [o]Eo [Su(w) —w))]) |
= Ei | (Bo[Zo] 'Eo [Zu(wi — wi)]) |
Q"™ (By [£o] 7 B[S (w) — w)]) | (17)
= B || (Bo [So] " Bo [So (W) — W) [ (1)
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where (17) follows from Lemma 2. Similarly, for MAML we have the following chain of equalities for &,,(Wasanrr) :

2 2
o’ tr<2%>]

1
Em(Waranr) = Frn(Waranmr) — SEi {02 T

=EEg, [Pi(Wynamr — w;) 22

= BB, [(Waran — W) PTE P (waranes — )]
— B, | (B01Q0Y B QU Wil - wi) | PTEP; (B B (QY wi] - w)
- BBy, | (B1Q0)EIQI (i - i)
PT =Py (E1QU) B QY (wy — wi)) |
— | (B 1 B0 QY (v - wi])
E, [P/ 2Py (]Ez QU] B [QU) (wy — Wf)])}

T

=5, | (B B 1QE (v - wi) " QP (Bo1QEY1 B QP (i - wil) | 9

(B @1 EAQE (wi = i) o 20)

where (19) follows from Lemma 2.

A.2 PROOF OF COROLLARY 1

We first write out the dimension-wise excess risks for NAL and MAML, using the results in Proposition 1. Let w;,
denote the [-th element of the vector w. Since each X; is diagonal, we have that ng) is diagonal. Let \; ; denote
the [-th diagonal element of the matrix 3J; and let g;; denote the {-th diagonal element of the matrix ng), thus

2
gin = Ny (1— a)\i,l)z + a—(tr(E?))\i,; + A?,). Recall that we assume no = m. The error for NAL in the I-th
m ,

dimension is:
2
1 Ei/ |:/\i’,l (’LU;J — w;‘lD

SEi |a
gt |1 Ei M)

515? (Wiar)

1
= m]E [Eir [Eir [qighoahir g (wi g — wiy) (winy, —wyy)]]]
Likewise, the error for MAML in the [-th dimension is:

2
O (wianrs) = 20 o [ CACIRE)
m MAML ) 2 2, E'L’ [qi’,l]

- 1
2E; [Qz‘,l]Q

Next we use the definitions of A; ; for the easy and hard tasks. For the easy tasks, note that

E; [Ei’ []Ei” [%,l%’,l%‘”,l (w;-kgl - w;z) (w;/,z - wfz)]”

qzedlsy_)‘i,l (1—a)\ ) —i——(tr(E ))\ZH-)\ )
d+ 1)«
=pp(l —app)? + %

=:ag 2n

13
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and similarly for the hard tasks, namely

ar d+1)a?p?
@1 = pr (1 — apm)? + WDy (22)

Next, recall that the task distribution is a mixture of the distribution of the hard tasks and the distribution of the easy
tasks, with mixture weights (0.5, 0.5). Let ¢; be the index of a task drawn from the distribution of hard tasks, and i g be
the index of a task drawn from the distribution of easy tasks. Then using the law of total expectation, the excess risk for
MAML in the [-th dimension can then be written as:

2
1 Eq {Qi/,l (w;‘k’,l - w;‘k,zD

ED(waranr) = =E; |qi
(warane) = 5 i Es g0,
1 * * 2 * * 2
= mEz Qi,lEi’H [GH (wi'H,l - wi,l)} + qi Ky {GE (wi'E,z - wi,l)]
iy o (o )| B o (- )|
* * 2 * * 2
+ 20, [ase (w, , — ) By o (0, — ) ]
1 * * 2 * * 2
o oo s [on (w0 =i, )] s [as (w0 - i)
+ 20y, [au (wf, , — iy ) By [as (w3, - i) ]
- ¥(a3 ra + apad(rg + R?) + 2a%apry
16E; [g;)? . " "
+apa?(rg + R*) 4+ abrp + Qa%aHrE) (23)
1 )
— m (a‘SHrH + aHQQE(TH + RQ) + Qa%aErH

+aga(rg + R?) +a%rp + 2a2EaH7‘E)

14
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where (23) follows by the properties of the distributions of the hard and easy tasks. Likewise, for NAL we have

r 2
]Ei’ /\i’,l (w;*,#l - UJ;J)
Eir [Air 1]

1
EV(Wrar) = iEi il

1 . ; 2 . . 9
= WEU{ _CLHEi}_I |:pH (wi,HJ — wiH,l>:| +GHE1‘/E |:pE (wi’E,l — wiH,l):|

+ 2ankK;, [PH (wi*fH,z - wa,l)} By, [/’E (w;’E,l - wa,z)} ]

1

+——F
16E; [A;])°

[35]

9 2
* * * *
CLEEi'H [pE (wi}pl — wiE’l)} + aEEi’E [PE (wigE,l - wiE7l):|

20y, [on (w3, -ty )] Eoy [o (w0~ i) ]

1 2 2 2
=——la TH+a rg + R*)+2a rg+
Hap +a )2( HPHTH + anpp(TH ) HPHPETH

appy(re + R?) + apphre + QGEPHPE)

Note that in the this setting the excess risks are symmetric across dimension. Thus multiplying by d completes the
proof.

A.3 PROOF OF COROLLARY 2

For the case that & = 1/pg and Z—;’ (1- 2—2)2 > %, we can compare MAML and NAL by the weights that are placed

onry, rg, rg + R? and rg + R? in their excess risks. Using the fact that « = 1/pg, the expressions in (21) and (22)
can be simplified as

_(d+1)pg
ap = ———
m
d+1)p3
o = (1 = 27 + (L0 .

Under the assumption that Z—g(l - 2—1;)2 > 4 the bias term py (1 — Z—’;)Q dominates the gradient variance term

d+1 . . ) .
H%, thus ay dominates ag. As a result, we can ignore ag in the expressions. Furthermore, pp(1 — ‘;—2)2

3
dominates % within the expression for a7, meaning we can also drop the latter term. Thus we have
E

. da? dpp (1 — 21)?
gm(wMAML)%élang = 1 PE TH (25)
and
dappy; +2dagpepu dag p%; 2
Em (W ~ r rg + R
(Wivar) 4(pu + pE)? H 4(pm + PE)2< H )
_dpu(1=22)2  dpupp(1-EE)7
= ru “" R (26)
4 4(pu + pE)
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Dividing (26) by (25) yields
* _ PH\2 2 _ PH\2 _ PH\2
En(Wiiar) (de(l ) i dprph(1— 22) R2> / (de(l piL) m)

Em(Whranr) 4 4(pu + pE)? 4

~14 o Q27)

2
< PE

where the last approximation follows since Goron)® <

1
4
B PROOF OF THEOREM 1

In this section we prove Theorem 1. We first show a general result.

Lemma 1. Let wy a1 € RP be a stationary point of the MAML objective 1 with m = oo whose Hessians of the
task loss functions are bounded and positive definite, i.e. W Anr1, Satisfies

Bilp = V2 fi(Wwaamz) = Lilp, BoIp < V2 fo(Waranmr) < Lolp (28)

Sfor some Ly > 1 > 0and Ly > B2 > 0. Suppose that By > [1. Define w1 = wWyranr — oV f1(Waranmi) and
Wo = Wasamr — @V fa(Waranrr). Then the following holds for any oo < 1/ max (L1, La):

1-2
aﬁQQ IV f2(Waranip) + O(e?). (29)

IVfi(Waramr)llz < m

Proof. For some vector wyjaymr € RD, let HI(W]V[AJWL) = V2f1(WMAML) and HQ(W]\/[AA{L) =
V2 fo(wWaramr) and g1 (Waramr) = Vfi(wi) and go(Waranr) = Vfa(wo), recalling that wi = Waranr —
aVfi (WMAML) and wo = Waramr — oV fo (WMAML)-

Recall that the MAML objective in this case is given by

Fo(w) = %fl(w—anl(w))—&—%fg(w—ang(w)). (30)

After setting the gradient of Fi,(.) equal to zero at ws 4 s, we find that any stationary point w s 4,7, of the MAML
objective must satisfy

(Ip — aHi(wWaraner))gr(wi) = —(Ip — aHa(Waranr))g2(we) (31

Since Ho(Wasanr) = Loly and o < 1/max(Lq, Lo), Iy — aHa(Wasaprr) is positive definite with minimum
eigenvalue at least 1 — aL., > 0. Thus we have

(Ip — aHo(waranr)) '(Ip — aHi(Waranr))g1(wi) = —ga(wo) (32)

Taking the norm of both sides and using the fact that ||Av||2 > omin(A)||v]|2 for any matrix A and vector v, along
with the facts that 51Ip < Hl(WJWAML) < L1Ip and BoIp < HQ(WMA]\/[L) =< LIp by assumption, yields

lg2(w2)ll2 = [[(Ip — aHa(Waramr)) ™ (Ip — aHy(Waran))g: (wh) |2
> ot (Ip — aHa(Waranz))omin(Ip — oHi(Waranz))llg1(w1)]|2
1—al
z 1_706521||g1(wl)”2 (33)

Next, note that using Taylor expansion,

g1(w1) = Vi(Waranz) — oV fi(Waranr)Vi(Waranr) + O(a?)

= (Ip — oMy (Waramr))g1(Waranr) + O(a?) (34)
g2(W2) = Vfa(Waramr) — aV2 fo(Waranr)V fa(Waranr) + O(a?)
= (Ip — aHa(Waranr))g2(Waranz) + O(a?) (35)
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Figure 5: Task loss functions f1, fa, f3, f4 for task environment in Figure 4 (a-b).

Therefore
lg2(Waranz)ll2 + O(a?)
_ 1—al
> 0pax(Ip — aHa(Waranrr))omin(Ip — aHl(WMAML))?()ﬂ;||g1(W1)||2
1—al\?
> —- 36
> (1—aﬁ2> g1 (Waranr)|l2s (36)
ie. [IVAWrans)l2 < q=ag5z |V 2 (Warans)llz + O(). R

Now we are ready to prove Theorem 1.

Proof. We first show that B;Ing = V2f;(W) = LIy, forall W € S, fori € {1,2}, where V2 f;(W) € RNIxNd jg
the Hessian of the loss of the vectorized W and each 3; and L; is defined in Theorem 1. In other words, we will show
that each f; is f3;-strongly convex and L;-smooth within S;. This will show that any stationary point W p; 45,7, that lies
within S; N Sy satisfies the conditions of Lemma 1.

For any i € {1,2} and for any W € R¥*" we have by Weyl’s Inequality

V2[i(Win) = V2 fi(W) = V2 [i(Wi . )lleIna X V2 fi(W) 2 V2 f1(Wi ) + [ V2 fi(W) — szi(Wi,*)Hﬂ(J\SI%
Thus, we will control the spectrum of V2 f;(W) by controlling the spectrum of V2 f;(W; ..) and by upper bounding
IV2£i(W) = V2fi(Wi ) -

To control the spectrum of V2 f;(W; .) we use Lemma D.3 from Zhong et al. (2017), which shows that for absolute
constants ¢; and co and each of the possible o functions listed in Theorem 1,

(e1/(K?X)Ing = V2 f1(Wi) < (caNs?9)Ina. (38)
Next, we apply Lemma D.10 from Zhong et al. (2017), which likewise applies for all the mentioned o, to obtain
IV2fi(W) = V2 fi(Wi)ll2 < eaN?s5 1 [W = Wi ]2 (39)

for a constant 3. Next, for any W € S;, we have [[W — W, .|| = O(1/(s{ ; Air7 N?)). Therefore, by combining
(37), (38) and (39), we obtain that 3;Ing < V2f;(W) < LiIng forall W € S;.

Finally we apply Lemma 1 to complete the proof. O

Note that the constant c used in Theorem 1 is the homogeneity constant for which o satisfies Property 3.1 from Zhong
et al. (2017), namely, 0 < ¢’(2) < a|z|¢ Vz € R.

C ADDITIONAL EXPERIMENTS AND DETAILS

C.1 LINEAR REGRESSION

In all of the linear regression experiments, to run SGD on the MAML and NAL objectives, we sample one task from the
corresponding environment on each iteration for 5,000 iterations. Each task has n; = 25 outer loop samples and varying
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Figure 6: Loss landscapes for NAL (a,c) and MAML (b,d) for two distinct task environments and Sigmoid activation.
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Figure 7: Version of Figure 2 with corresponding empirical results, including 95% confidence intervals. The hardness
parameter py varies along the x-axis.

ng inner loop samples for MAML, and n = n; + ny samples for NAL. We appropriately tuned the ‘meta-learning
rates’, i.e. the learning rate with which w ;4,77 and w41, are updated after each full iteration, and used ny /10000
for MAML and 0.025 for NAL. After 5,000 iterations, the excess risks of the final iterates were estimated using 3,000
randomly samples from the environment. We repeated this procedure ten times to obtain standard deviations.

We also ran an experiment to test whether up-weighting the hard tasks improves NAL performance, in light of our
observation that MAML achieves performance gain by initializing closer to the hard task solutions. We use a similar
environment as in Section 3.2. Tasks are 10-dimensional linear regression problems with ny = 25 inner loop samples
and n; = 500 outer loop samples, and noise variance v = 0.01. To implement up-weighting for NAL, we introduce a
parameter ¢ which is the ratio of the weight placed on the hard tasks to the weight placed on the easy tasks within each
batch of tasks. We normalize the weights to sum to 1. For example, if a task batch consists of 6 hard tasks and 4 easy

tasks, then NAL with { = 2 places a weight of 64& = % on the hard task loss functions and scﬁ = %6 on the easy

task loss functions (as opposed to % on all tasks for standard NAL).

Easy tasks have hardness parameter pr = 1 and optimal solution drawn from A (04, I), and hard tasks have hardness
parameter pg = 0.1 and optimal solution drawn from A/ (214,1;). We run NAL and MAML for 4000 iterations and
use a task-batch size of 10 tasks per iteration, sampling easy and hard tasks with equal probability. We report the
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Table 3: Effect of up-weighting hard tasks for NAL.

NAL NAL,(=2 NAL,(=5 NAL,{ =10 MAML

Avg. coord. 0.18+.02 0.33+.02 0.61 £.03 0.87 £ .03 1.58 £0.01
Test error 0.78+ .11 0.64 .08 0.51+04 0.39 £ .05 0.26 =0.10
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Figure 8: Logistic regression results in analogous setting to m = 500 column in Figure 2 (T" = 2 tasks, d = 10
dimensions). Recall that py; is the strong convexity parameter (data variance) for the hard task, which determines its
hardness, while the strong convexity parameter of the easy task is 1. MAML again initializes closer to the harder task,
and has smaller excess risk for appropriate pg.

average coordinate value for the final solutions w47, and was 4/, and their test error (averaged across randomly
sampled hard and easy tasks), plus or minus standard deviation over 5 independent random trials.

Note that average coordinate value closer to 2 means the solution is closer to optimal solutions of the hard tasks, while
closer to 0 means it is closer to the optimal solutions of the easy tasks. Indeed we see that when NAL places more
emphasis on the hard tasks, i.e. ¢ is large, its performance correspondingly increases and approaches that of MAML.
Indeed, it illustrates that MAML can be interpreted as a reweighing of tasks based on their level of hardness for GD.

C.2 LOGISTIC REGRESSION

We also experimented with logistic regression, please see Figure 8 for details.

C.3 ONE-LAYER NEURAL NETWORKS

We approximate loss landscapes for two types of activations: Softplus (Figures 4 and 5) and Sigmoid (Figure 6).
To approximate each landscape, we sample Gaussian data as specified in Section 4 and compute the corresponding
empirical losses as in equation (3) for NAL and (4) for MAML. We use n = 500 for NAL and n; = 20 and 7 = 25 for
MAML in all cases. We use no = m = 250 for Softplus and no = m = 80 for Sigmoid. Figure 6 shows that when the
hard and easy task solutions have similar centroids (R is small, as in subfigures (a)-(b)), then the NAL and MAML
solutions are close and achieve similar post-adaptation loss (b). On the other hand, if the centroids are spread and the
hard tasks are close (large R, small vy as in subfigures (c)-(d)), then the NAL and MAML solutions are far apart and
MAML obtains significantly smaller post-adaptation loss (d).

C.4 OMNIGLOT

The full version of Table 1, with error bounds, is given in Table 4.

We use the same 4-layer convolutional neural network architecture as in (Finn et al., 2017), using code adapted from the
code that implements in PyTorch the experiments in the paper (Antoniou et al., 2018). We ran SGD on the MAML and
NAL objectives using 10 target samples per class for MAML, i.e. n; = 5 x 10. Likewise, n = nj + 5 X ny samples
were used in each task to update wy 41, on each iteration, for no = 5 x K. Eight tasks were drawn on each iteration for
a total of 20,000 iterations. The outer-loop learning rate for MAML was tuned in {1072,1073,107%,107°,1075} and
selected as 10~2. Similarly, the learning rate for NAL was tuned in {1072,1072,1074,107°,107°} and selected as
1075, Both MAML and NAL used a task-specific adaptation (inner) learning rate of 10~* as in Antoniou et al. (2018).
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SETTING TRAIN TASKS TEST TASKS

TH ALG EASY HARD EASY HARD
LARGE MAML  99.2+.2  96.0£.6 98.0+.2 81.24.3
LARGE NAL-1 69.4+.4 415+£.3 578x.4 452+£8
LARGE NAL-10 70.0%£.8 453+.9 67.24+.3 479+.7
SMALL MAML 992+.5 991+£.2 981%x.3 95.4%.3
SMALL NAL-1 69.2+.5 460+.6 558+x.5 458%1.0
SMALL NAL-10 70.2+.6 440+£.8 67.8%£.8 489%.8

Table 4: Omniglot accuracies with 95% confidence intervals.

Setting Train Tasks Test Tasks

P Alg. Easy Hard Easy Hard
0.99 NAL 782+ 4 9.9+1.0 748+ .4 95+ .6

) MAML 929+ .3 50.1+1.0 84.6+.4 21.7+.3
05 NAL 819+ .3 9.5+ 1.0 76.5+.4 8.6+.3

) MAML 936+ .5 411+ .3 843+ .6 179+ 4
001 NAL 824+14 7.6+ .2 76.9+.9 82+ 4

' MAML 94.0+12 157+ .3 8.0£.2 11.8+ .3

Table 5: FS-CIFAR100 accuracies with 95% confidence intervals.

To select the alphabets corresponding to hard tasks, we ran MAML on tasks drawn from all 50 Omniglot alphabets, and
took the 10 alphabets with the lowest accuracies. The train/test split for the other (easy) alphabets was random among
the remaining alphabets.

To compute the accuracies in Table 1, we randomly sample 500 tasks from the training classes and 500 from the testing
classes, with easy tasks and hard tasks being chosen with equal probability, and take the average accuracies after
task-specific adaption from the fixed, fully trained model for each set of sampled tasks. MAML uses 1 step of SGD for
task-specific adaptation during both training and testing, and NAL uses 1 for testing. The entire procedure was repeated
5 times with different random seeds to compute the average accuracies in Table 1 and the confidence bounds in Figure 4.

C.5 FS-CIFARI100

First, we note a typo from the main body: we used 5x as many samples for task-specific adaptation as stated in the main
body for both easy and hard tasks, that is, (N, K) = (2, 50) for easy tasks and (N, K') = (20, 5) for hard tasks.

The full version of Table 2 with error bounds is given in Table 5.

We use the same CNN as for Omniglot but with a different number of input nodes and channels to account for the
larger-sized CIFAR images, which are 32-by-32 RGB images (Omniglot images are 28-by-28 grayscale). We ran
MAML and NAL (SGD on the MAML and NAL objectives, respectively) using 10 target (outer loop) samples per
class per task for MAML, and 15 samples per class per task for NAL (recalling that NAL has no inner loop samples).
Eight tasks were drawn on each iteration for a total of 20,000 iterations. The outer-loop learning rate for MAML was
tuned in {1072,1073,107%,107°,107%} and selected as 10~3. Similarly, the learning rate for NAL was tuned in
{1072,1073,107%,107°,1075} and selected as 10~%. Both MAML and NAL used a task-specific adaptation (inner
loop) learning rate of 10~! as in Antoniou et al. (2018).

We trained for 10,000 iterations with a task batch size of 2, with hard tasks being chosen with probability p and easy
tasks with probability 1 —p. As in the Omniglot experiment, after completing training we randomly sample 500 tasks
from the training classes and 500 from the testing classes, with easy tasks and hard tasks being chosen with equal
probability. We then take the average accuracies after task-specific adaption from the fixed, fully trained model for each
set of sampled tasks. NAL uses 5 steps of task-specific adaptation for testing and MAML uses 1 for both training and
testing. The entire procedure was repeated 5 times with different random seeds to compute average accuracies in Table
2 and the confidence bounds in Figure 5.
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D MULTI-TASK LINEAR REGRESSION CONVERGENCE RESULTS

We motivate our analysis of the NAL and MAML population-optimal solutions for multi-task linear regression by
showing that their respective empirical training solutions indeed converge to their population-optimal values.

First note that the empirical training problem for NAL can be written as

T X 7% i27 40
Jnin, = ZII (W —wi.) =z (40)

where the j-element of z; € R™ contains the noise for the j-th sample for task 7;. Taking the derivative with respect to
w and setting it equal to zero yields that the NAL training solution is:

T T
wiar = (O XIX) Y (X Xow; + X[ z) (A1)
=1

i=1

assuming ZiTzl X/ X; is invertible. Similarly, using z¢“* and z{" to denote noise vectors, as well as Q” =
P;; (X;’f;t)TXf’;tPM where P; ; =1, — (Xm )T X" we have that the empirical training problem for MAML is

7,5
outP out out in\ T zn
“é}?dﬂ;;”’( P = wi) = 23— X (X Tl 3 (42)
therefore
T T T T
waane =30 Qi) ZZ(Quw P (X ez — Py (KOS X (XE) T2 23) 43)
i=1 j=1 i=1 j=1

To show that wy 41, and wjs 471, indeed converge to their population-optimal values as T, n,ny, 7 — 0o, we first
make the following regularity assumptions.

Assumption 1. There exists B > 0 s.t. |w}|| < B Vi.
Assumption 2. There exists 5, L > 0s.t. fI; < 3; <X LI, Vi.

Assumption 1 ensures that the task optimal solutions have bounded norm and Assumption 2 ensures that the data
covariances are positive definite with bounded spectral norm.

Remark 2. We would like to note that Gao & Sener (2020) achieve a similar results as our Theorem 2 and 3. However,
we arrive at our results using distinct techniques from theirs. Moreover, our MAML convergence result (Theorem 3)
accounts for convergence over task instances to the population-optimal solution for MAML when a finite number of
samples are allowed for task-specific adaptation (a stochastic gradient step), whereas the analogous result in Gao &
Sener (2020) (Theorem 2) does not: it assumes T = 1 and shows convergence as ni = ny — 00. Since their result
relies on ny — o0, it shows convergence to the population-optimal MAML solution when an infinite amount of samples
are allowed for the inner task-specific update, i.e. a full gradient step. Our dimension-dependence is significantly worse,
than theirs, which suggests the extra complexity of the MAML objective with finite samples allowed for task-specific
adaptation.

D.1 NAL CONVERGENCE

Define Var(X;) == |E;[(Z; — E#[Z])?]|| and Var(Z,w; ) = |E;[(Ziwi . — Eo [Zowi . ])?]|-

Theorem 2. (NAL Convergence) Under Assumptions 1 and 2, the distance of the NAL training solution (41) to its
population-optimal value (5) is bounded as

. dVd+ B (200n) + £ log(200n) log(200T)L?B
lWnar —wWiarll2 < B2/n B%n

+\/Var(2,»wi,*)1og(200d) LB /Var(X;)log(200d)

44
NG VT ()
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with probability at least 0.96, where K is the maximum sub-exponential norm of pairwise products of data and noise

c c?L? cL4/lo
samples, for some absolute constants c,c’, and n > 4 ( L\/Eﬂ/ L d;rgﬁ LV g<200T)> and T > L?B?(Var(Z;) +

Var(3;w}))/9. Informally,

~ d 1
||WNAL - W}FVALHQ <O (\\/fﬁ + \/T) (45)

with probability at least 1 — o(1), as long as n = Q(d) and T = Q(Var(%;) + Var(Z;w?)), where O and Q exclude
log factors.

Proof. We first introduce notation to capture the dependency of the empirical training solution on 7" and n. In particular,
for any T, n > 1, we define

Tn 1 — 1 « 1 « T

Tn) . Ty -1 & TN - T~ . T,.

witan = (7 2 X X)X Xlwi+<Tn§ X, XZ> 7 2 Xl
i=1

i=1 i=1 i=1

We next fix the number of tasks 7" and define the asymptotic solution over 7" tasks as the number of samples approaches
infinity, i.e., n — oo, namely we define

Using the triangle inequality we have

T, T, T T
Iwia —wiarll = WGy —wia, +wia, — wivasll
T, T T
< [whad = wirnl+ IwSas — wiacl (46)

We will first bound the first term in (46), which we denote as § = ||WE\F}FA"L) - wg@)‘z || for convenience. For this part we

implicitly condition on the choice of T training tasks to obtain a bound of the form P(||0]] > ¢|{7;};) < 1 — 4. Since
this holds for all {7;};, we will obtain the final result P(||f]| > €) < 1 — ¢ by the Law of Total Probability. We thus
make the conditioning on {7;}; implicit for the rest of the analysis dealing with 6.

We use the triangle inequality to separate 6 into a term dependent on the data variance and a term dependent on the
noise variance as follows:

L 1 T 1 1 1 T -1 )
= Tx. T~ [ 1 ‘ Tg |
0= ; T?fL(z_:lMXX) X; X; <TZ_:12> 75| Wi
1 T -1 . T
(7e2p) (ma|
1 T 1 -1 1 T _11
< ; Tn(Z_:T XIXi/> X/ X; - (Tz_:lz> 5 | we

1 o T - = 1 T
+ (TnZXT? X) <ZTnX" zi> 47

where (47) follows from the triangle inequality. We analyze the two terms in (47) separately, starting with the first term,
which we denote by ¥, namely

=)

=1

T 1

1 1 o 1 & o
T T

— —x'x, | xX'x,-(=Y"3=,| =3,

Tn(ZTn’ ) : <T§ ) 7

/=1

w (48)

?
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We define the matrix A; for each i:
1

1
49)

1 (&1 - 1 & )
A= — — XX, XX, —[=) =y -
e (S a) xrx- () 5
which implies that 9 := || S, A;w7||. We proceed to bound the maximum singular value of A; with high probability.

Note that if we define C as
T
1
c=—) X/X,
IR

=1
then A; can be written as

A, =C! 1x

Tn n .
/=1

/=1

1 & 1 & o
IX; - —§ X, X 7§ > —-¥%; | =C'B;
7 7 (T 7 T T (3 T 7 C k3 (50)

. T . .
where, defining A = % Ei":l 3, for notational convenience,

1 1 <& 1
Bi= | —X/X;,— [ — ) X)Xy, |A =%
(e (7 )47

T
1 T -1 1 T —11
= — X X; - —_— i1 DG/ A — 24
(nxl ATIA <n§xzx> )

i'=1

T T
1 1
= <T2 Y XX AT'E - (Tz > X;Xi/> A12i>
n n
=1

/=1

T
(G

= %% Z (XZTX'LAilzz/ - X;I:X,L/A7127)
/=1

Adding and subtracting terms, we have

T
1
Z (X;'—XiA_lEi/ - nEiA_lﬁi/ + ?’in/A_lzi - X;Xi’A_12i>

~ T2

T
1 -1 —1
+ D (EiA IS ST z:i)

B;

=1

=1
1/1 1 & 1 & 1
= (= X/Xi=Z ) A =D |+ = ¥ — =X Xy ) ATIE,
P (xem)an (33080 + 3 (- fxix ) as
T T
1 1 1 (1
“SAT Y ) = =) Zh ATy
e (ri) -7 (7 )
1/1 1 & 1
= XX, -%; |+ = 0 — XX, | AT,
T(n (3 3 ’L)—"_Tzz/zl 7 n 1 >
where the last line follows by the definition of A.
Next, define
n

Z;, = <2i - :ijx,) = %Z (zi —xM (xg’”)T)

foralli = 1,...,T, where xl(-h) € R is the h-th sample for the i-th task (the h-th row of the matrix X;). Using this

expression we can write

1 1 <&
B, =—|(-%Z,+= Z.A'S,
L T( ry )
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Note that each Z; is the sum of n independent random matrices with mean zero.

Using Lemma 27 from Tripuraneni et al. (2020) with each a; = 1, we have that

P (I1Z:l] < exXimax max (e2(v/dfn + ti/n), G(v/Afn + ti/n)?) ) = 1 = 2exp(~12) (52)

for any ¢; > 0, and for each i € [n].

Next, considering the expressions for 14, A;, B;, C, and Z;, we can write that

T
CilzBiW;‘
=1
T 1 1 T
—1 | _7. - ., —1v, *
C §T< ZZ+TZZZA zl>w1’ (53)

i'=1

71B7;W;»k

*
iW;

Next replace A by its definition % 23:/:1 33, to obtain

T T -1
Z —Z + Z Z (Z 21’”) Zi W;k
i=1 /=1 i/ =1

T
T |

19:

T -1 7
+ (Z Eyf) ZEiw;‘ (54)
i=1

=1

where in equation 54 we have swapped the summations. This implies

-1 7
1ol g [ (E2) Emes |
=1 i=1

1’1

I e TN Z
SHC ||fZ||Zz’|| Zzi Z (Wi —w}) (55)
i=1

/=1

where (55) follows by the Cauchy-Schwarz and triangle inequalities. Using these inequalities and Assumptions 1 and 2
we can further bound 1 as:

1 I T -1 r
V< ||C_1HTZ||Z1"|| <ZE'L> ZHEZ'(W: —wi)l
= i=1

i'=1 1

S

™M

1 Z T - 7
< ||C_1Hf > 1zl <Z z) S IZillllwy = wyll
—1 i=1

i'=1

<.

1 T\
<l D 11z | <ZE> 2TLB

i'=1 =1

<.

Next, by the dual Weyl inequality for Hermitian matrices, we have Apin ( 2?21 ) > Z?Zl Amin (2:). Thus by
Assumption 2, we have Ay, ( ZiT=1 Ei) > T8, so

2LB
D<o ZHZ 12LB/B = |C M =5 Z:IIZ I (56)

By a union bound and Lemma 27 from Tripuraneni et al. (2020) with each a; = 1, the probability that any

1Zs]| > €1 A max (55) max (CQ(\/d/n ti/n), E(\/dIn + ti/n)2> (57)
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is at most 2 Z _, exp(—t?). Thus, with probability at least 1 — 2 Z _, exp(—t?)

9 <||C~ 1H 2LB ch)\max ) max (02(\/d/n +ti/n), ci(v/d/n +ti/n)2)

Let ¢ := max; t;, then using Assumptlon 2 we have

2
2L Bcl max (02 Jd/?—i—t/n ), ca(v/d/n +t/n) ) (58)

with probability at least 1 — 27" exp (—t2) for some absolute constants ¢; and ¢, and any ¢ > 0.

o< ||c

Next we bound ||[C~1||, where C is the random matrix

T
1
= — > X/X, (59)
Tn P

Using the dual Weyl inequality again, we have

mm > T Z )\mm ( ) (60)

Next, using again using Lemma 27 from Tripuraneni et al. (2020) with each a; = 1, as well as Weyl’s Inequality
(Theorem 4.5.3 in Vershynin (2018)), we have

i (XX, ) 2 Ao (20) = e |25 o (ca (/A -+ /) A/ +1/1?)

> B — ¢;Lmax (02(\/d/n +t/n),ca(v/d/n + t/n)2>
=0 —cL(y/d/n+t/n)=:¢ (61)

with probability at least 1 — 2 exp (—t2) for any ¢ > 0 and sufficiently large n such that ¢ > 0, where ¢y, ¢z, and ¢
are absolute constants (note that since L > 3, in order for ¢ to be positive n must be such that ca(1/d/n +t/n) <1

2
(CL\/EJM /c2L2d+4ﬁth)
23 :

assuming c¢; > 1, so we can eliminate the maximization. In particular, we must have n >

Now combining (61) with (60) and using a union bound over ¢, we have

o=t < L
Amin(C) ~ EiTﬁ—cL(\/d/n—i—s/n)
1

T B—cL(\/d/n+t/n)

for any ¢ > 0 and n sufficiently large, where c is an absolute constant, with probability at least 1 — 27 exp (—t2). Using
(62) with (58), and noting that both inequalities are implied by the same event so no union bound is necessary, and

2
N .
. <CL\/E+ G ﬁL drafelt ) sufficiently large, we have

(62)

d(y/d/m+t/n) L*B
< (63)
B—cL(\/d/n+t/n) B
with probability at least 1 — 27 exp (—t2) for some absolute constants ¢ and ¢’ and any ¢ > 0.

So far, we derived an upper bound for the first term in (47) which we denoted by 1J. Next, we consider the second term
of (47), which is due to the effect on the additive noise on the empirical solution. To be more precise, we proceed to

“1
provide an upper bound for (ﬁ ST XZTXi) (Zl =Xz ) . Using the Cauchy-Schwarz inequality, we

can bound this term as

1\ (1
(TZ ) (r2)
-1

Z XTX lilez.
T¢:1n v

T

11
<CME S

i=1

1
~X/ z; (64)
n
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We have already bounded || C~'||, so we proceed to bound the term % >, || 1 X[ z,||. Note that each element of the

vector Xz-T z; is the sum of products of a Gaussian random variable with another Gaussian random variable. Namely,

(h)

denoting the (A, s)-th element of the matrix X; as x;"’(s) and the s-th element of the vector z; as z;(s), then the
(h)

s-th element of X z; is Zle x,gh) (s)zi(s). The products z; "’ (s)z;(s) are each sub-exponential, since the products
of subgaussian random variables is sub-exponential (Lemma 2.7.7 in Vershynin (2018)), have mean zero, and are
independent from each other. Thus by the Bernstein Inequality,

2
ngh)(s)zi(s) > b) < 2exp (—c” min( db b )) (65)

)
¢ K, max K,

for some absolute constant ¢’ and any b > 0, where K is the sub-exponential norm of the random variable xgh) (8)zi(s)
(for any h, since the above random variables indexed by h are i.i.d.). Define K := max, K Using a union bound over
h € [n], we have

P (il =0) =2 (3
> e

=1

IA

s=1

(s
| =
~
~

< 2nexp <—c” min (

for any b > 0. Thus we have || X z;|| < b/\/n with probability at least 1 — 2n exp (—c” min(%, %)) Combining
this result with (64) with (47) and (63), we obtain

< d(d/n+t/n) L*B b 1
T B—cL(y/d/n+t/n) B VnpB—cL(\/d/n+t/n)
1 dVd+pb  tL*B
= 66
B —cL(y/d/n+t/n) ( Bvn - pn ) (©0)
with probability at least
1 — 2T exp (—t%) — 2nexp [ —¢”’ min L (67)
P p iK' K

2
\/227
forany t,b > Oand n > (CL\/E*‘ czé d+dfeLt |
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Now that we have bounds for the terms in (47), we proceed to bound the second term in (46). We have

T
Iwy, — w’mn

H< > TZEW B (Siw]]
) HGZE> ;};Eiwi‘ - (;;2) B [Siw]

i=1

T i=1
1 T —1 1 T T 1
= H<TZEZ> 72 Tiwi - (Z&) Ei[Ziw}]
i=1 i=1 i1
1 & -1
+H(T§E) BilZiwi] - Bal] B [Ziw]] (68)
1 & -1 E
< H(TZEZ> TZEZWL —Ez[zzwf] ’
i=1 i=1
1 —1
+ H (ZE) -E;[Z)7! JIZawi|l 69)
1 1 T 1 T -1
~ BT Wi — — N\ sl
- 6HT;21W1 i H(T;E) e (70)

where in equations (68) and (69) we have used the triangle and Cauchy-Schwarz inequalities, respectively, and in (70)
we have used the dual Weyl’s inequality and Assumption 2. We first consider the second term in (70). We can bound

this term as
|(+55) " w5 m) " (b - nama e

T

) e
= % ;ZZ:(E“&’[EZ”])H 1)

using Assumptions | and 2.

We use the matrix Bernstein inequality (Theorem 6.5 in Tropp (2015)) to bound || ZZ 1(3; — Ey#[X])]], noting

that each ; — E;/[X;/] is an iid matrix with mean zero. Recall that Var(X;) = ||E;[(2; — Ei/[2:])?]||. By matrix
Bernstein and equation (71) we obtain

T -1
1 _ 1 4 Var(%;)
= 3 —Ei[Z]! - 72
H (T 2 > R s 72
with probability at least 1 — 2d exp ( f+212r/((§}/3)) for any § > 0. Similarly, we have that
T
11 16 Var(Z,w; )
== Yw; —E[Ew]| < s——————= (73)
37 2 A RN

with probability at least 1 — 2d exp <7M)

1+LB6/(3VT)
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Thus (70) reduces to:

(T)% . 16 Var(X;w; ) LB Var(X%;)
Wl — il < o TR 22 0 TIRE) (74)
H NAL NALH 6 \/T 62 \/T
. . 5% var(2;)/2 8% Var(Z;wi)/2
with probability at least 1 — 2d exp <7W) — 2d exp (fm).
‘We combine this result with (47) and (66) via a union bound to obtain
w Wil < 1 dVd + Bb N tL°B
NAL T ENALL = 5 L(Jdfn+ t/n) \ BV Bn
BVT BT
with probability at least
¥ b 62 Var(X%;)/2
1 — 2T exp(—t?) — 2nexp <c” min (, )> — 2d exp <ar()/>
dK’ K 14 Lé/(3VT)
52 Var(Z;w})/2
— 2dexp (_ar(wz)/> (76)
14 LBs/(3VT)

!’

2
as long as n > <6Lﬂ+vc22§2d+4ﬁcu> . Finally, choose t = +/log(2007), b = 4K 10g(200n) +

el

2
K log(200n) and § = (/Var(XE;) + Var(X,w})) ! log(200d) and restrict n > 4 <CL\/E+ Y c;ﬂLzUH_MCLt) such

that < Zand T > L?B?%log(200d)/(9(Var(X;) + Var(X;w}))). This ensures that each negative

-
B—cL(y/d/n+t/n) — B
term in the high probability bound (124) is at most 0.01 and thereby completes the proof. O
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D.2 MAML CONVERGENCE

We first state and prove the following lemma.

Lemma 2. Let A be a fixed symmetric matrix in R%*%, and let X be a random matrix in R"*% whose rows are i.i.d.
multivariate Gaussian random vectors with mean 0 and diagonal covariance 3. Then

1 1 1
Ex KXTX) A <XTX>} =ZAT 4+ — (r(ZTA); +ZA) D (77)
n n n
Proof. Letting x;. denote the k-th row of X, we have
1 1
n n
LT L= T
(n E Xy, xk> A (n E X, Xk>
k=1 k=1

1 n n
= Ey, EZ Z x;—xkAx;,Xk/ + Ex,

:EX

1 n
2 E kaxkAkaxk

k=1 k'=1,k'#k k=1
n—1 1 —

= SAY + - E,, [x] xzAx/ 78

- Jrn]; . [xkxk xkxk] (78)

Let Cy, = x; x,Ax/] x;, for k € [n], and let \; be the i-th diagonal element of ¥ for i € [d]. Then for any k, using the
fact that the elements of x}, are independent, have all odd moments equal to 0, and have fourth moment equal to 3)\? for
the corresponding 4, it follows that

d o 2 . _
E[C,..] = Ar Zj:l Ajaj i+ 2A2A, ., ifr s (79)
’ ArAs(Ars + As ), otherwise
Using (79), we can write
E[Cil = tr(ZA)E + (A + AT

= r(ZA)S + 25AS (80)
where (80) follows by the symmetry of A. Plugging (80) into (78) completes the proof. O
Now we have the main convergence result. Analogously to Theorem 2, we define Var(Q;) == ||E;[(Q; — Ei/[Q4])?]||2

and Var(Qiwi ) = [[Ei[(Qiwi — Eir[Qirwi])?][l2.
Theorem 3. (MAML Convergence, General Statement) Define 3 := (1 — aL)? + %ﬁl) and L = L(1 — af8)? +

M. If Assumptions 1 and 2 hold, the distance of the MAML training solution (4) to its population-optimal value

n

(5)is 2‘bounded as

IWaranvin — Whiganpll < ca® L LBdlog®(1007'd)
Mamrpll = G
V/Var(Q;w?)1og(200d)  LB+/Var(Q;)log(200d)
' A i ; 81)
VT NG

with probability at least 0.96, for some absolute constants ¢ and ¢, and any T > 320*L8d? 1og®(100T'd)/ (CB) and
T > L?B%log(200d)/(9(Var(Q;) + Var(Q;w}))).

Proof. The proof follows the same form as the proof of Theorem 2. Here the empirical covariance matrices %XZT X, and

their means X; are replaced by the empirical preconditioned covariance matrices QZ ; and their means Q;, respectively.
As before, a critical aspect of the proof will be to show concentration of the empirical (preconditioned) covariance
matrix to its mean. To do so, we re-define the perturbation matrices Z;:

1 = A
! N1 ]Z=1 Qm Ql (82)
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where
Qi = PL(X) TXPy
and
1 & A
Qi =E|— Qiyj
TNy <
j=1
1 T
= | oo DR (X)X P ) (83)
j=1

TNy “—

1 — o ) . a . )
=— DY E|(I;-—X")TX" )%, (I, - —(X)TX"
™ Z K d n2( w) m) < d nz( w) wﬂ

2
_ i Z (E _ 2@22 E [(in)Tin (Xout)TXout(in)Tin])
AL nj
2
= (I — aX)i(I; — o) + Z—(tr(Z?)Ei +39) (84)
2

where (84) follows by Lemma 2.

Note that here Z; has higher-order matrices than previously. Lemma 4 nevertheless gives the key concentration result
for the Z;’s, which we will use later. For now, we argue as in Theorem 2: for any T, 7 > 1, we define

() . T T &
WhaAML = T‘rm ZZQW TTm ZZQUW +P” U f?t P X X X” ;7;)

=1 j=1 i=1 j=1

We next fix T and define the asymptotic solution over T tasks as 7 — 0o, namely WS\;L*ML =

(+ ZiT:1 Q)% ZiT:1 Q;w?. Again using the triangle inequality we have
(T,7) (T)* (T)=

T,
ngw,:z)\u Wiranvell = Waranr — Waranr + Waranr — Waranell
(T, T T
< ||WM,Z1)\/1L 5%1)4*ML|| + |‘W§\434*ML —~Waramell (85)

The first term in (85) captures the error due to have limited samples per task during training, and the second term
captures the error from having limited tasks from the environment during training. We first bound the first term in (85),

which we denote as § = ng\;ﬂw L wg || for convenience. Note that by Assumption 2, we have almost surely

AL, < Q; < L1, Vi (86)

n2

Z;‘:1 Ql ; and 33; replaced by Q;, we obtain

WhereB = B(1 —al)?+ %jﬂ) and L == L(1- aﬁ)2 + o2 L3(d+1) Thus, using the argument from (47) to (56)
in the proof of Theorem 2, with =X/, X ; replaced by ——

™,
-1
Ou Ou o ou ou Z’n 'LTL
o<o+|| | 7 ZZQ” e ZZ( (X2 — (X X (XE)T H
1 1=1 j=1 1 =1 j=1 2
87)
where
T B _11 L —11
19:: Al — 7’\1”_ fp— il —_— i *
Z TZ 2] 700 (50 qav
Defining C == % 77, _ 1 D=1 Qi j» we have,
T -1 A T
~ 1 1 2LB
=27 ‘1Qi,j—<ZQw> Q| wi| <llCT =511zl (88)
i=1 = T T8 =

where to obtain the inequality we have swapped the order of the summations as in (54). Next we bound each || Z;|| with
high probability, by first showing element-wise convergence to 0.
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Lemma 3. Consider a fixed i € [T), k € [d), and s € [d], and let Q; j(k,s) be the (k s)-th element of the matrix Q;
defined in (93). The following concentration result holds for the random variable Tm 25:1 Qm, (k, S)Qm- (k,s):

1 T T’)/Q 1/6
P||— E ii(k,s) —Q; < > e — | —=—
™1 = Q 7.7( 75) Q(k? S) = ,-)/ Z € eXp ( (COé4d2L6) (89)

for some any v > 0, where Q; = ]E[m1 Z]T':l Qu] as defined in e.g. (83).

Proof. We start by computing the (k, s)-th element of Z;. First we compute the (k,[)-th element of the matrix
D;; = (Ig — Z(X{%)TX{m)(X94") "X 74", Here, we define x(-rj) R™ as the n-dimensional vector of the
r-th-dimensional elements from all of the ny outer samples for the j-th instance of task ¢, and A(kj) € R™2 as the
ng-dimensional vector of the k-th-dimensional elements from all of the ny outer samples for task i. Then we have

d d
(k) A(r T l k « (k) & r l
Diglhl) = 3L = 5K ) x0) = b oxi) = D& &G x) 00)
r=1 r=1
Then, the (k, s)-th element of Q; ; is
Qi j(k,s)
P.X X, P ;| (k,s)

[
M&

Dy (1 D(Mims = - (20.%1))

d
@ A() @ (k) A(T) (r) ()
(]llzs—n2< 1,57 X >)< 1,50 X ZTE AR < g X 7J>>

-~
Il
—

[
M=~

r=1

~

1

d
_ o () A(T (r) (s)
( i X Z,Tz WERS <7J’Xi7j>>
r=1
@ - ( (k) - @ o (F) ) (r) ()
~(s k (k A'r‘ l
Z J’ w( i w Z,TQ ijo X <X117Xi,j>>
l—l r=1
d 9 d
(k) A(r o () a(s - r l
= (x5 X3 Z R R X+ 1 DD KGRI R XD on
r=1 2 =1 r=1

Therefore the (k, s) element of - Z =1 Qi is

T T d
1 A _ 1 () L (5)y _ 20§ o (k) o () <)
[W;de} (k75) - Tinlz |:< 0,7 0 z,j> ?221< 0,5 0 177>< )]7 z,j>

Jj=1 r=
a2 d d
1) a(s I r l
o 2 SRR K X)) ©2)
"2 I=1r=1
As we can see, this is a polynomial in the independent Gaussian random variables {:1357;) (@) }jerr),red,qen.) and
{ ( )}jelr)reld],qe[ny]» for a total of d7(ny + n2) random variables. Moreover, ; 25:1 Qi j(k, s) is the average
of 7 7' i.i.d. random variables indexed by j. Define these random variables as u; for j € [7], i.e.,
B o)y _ 2@ - £® 20 x), <)
_ k s _ k) A(r s
uJ_n1< 1,5 0 ’Lj> n1n221< ,]7 >< 7_]’ >
d d
1) (s NG r l
2 Z Z ()3’ ) ;])’ X(,])> <X’E,J)? (’3> (93)
n1n2 =1 r=1
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such that
e iQu(k )—li : (94)
™y < ! ’S_T, 4
Jj=1 Jj=1

Then the variance of # 2;21 Qi j(k, s) decreases linearly with 7, since

2

1 A NN
Var Tnl ;Ql,j(kja S) = IE Tm ]z:; Q17J(k, 3) — Qz(k, S)

=B Y~ 1 Bl
-2 ;Em Elu,])?)
+ 5 Z # El(u; ~ Elug)JEl(uy — Efu;]) ©5)
T
< Lpp

d
« ~(l) (s ~(k) A(r r l
+—— > > ELEAD & & (e <)) (96)

The second moment of u; is dominated by the higher-order terms in u?2, since these terms have the largest expectation

(being of the highest order) and are the most populous. To see that they are the most populous, note that u; has d>nin3
monomials with six random variables, and only dnino monomials with four random variables and n; monomials with
two random variables. Thus E[u2] is at most a constant times the expectation of the d*n?n3 monomials of 12 variables
in u%. Each of these monomials in 12 variables is the product of 12 one-dimensional, mean-zero Gaussian random
variables, 8 corresponding to inner-loop samples and 4 corresponding to outer-loop samples. The maximum expected
value of each of these monomials is thus the eighth moment of the inner loop random variable with maximum variance
times the fourth moment of the outer-loop random variable with maximum variance. Since the variables are Gaussian

with maximum variance L, the maximum expected value of each monomial is 105L* x 3L2 = 315LS. This yields our
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upper bound on the variance. The following analysis formalizes this argument:

1 — -~
TsziJ(k’S)
Jj=1

1
< ZE[u?
=7 [Ul]
Lol LNy () 20 P e ™ £
:7E _ — X
o [N CHUE DR S HUEHUE
0® & ) D 17 o6 ek o))
+;§l221xi,g<h> w2 EY % ES &)
=1 r=

IN

2 M1 d d 2
c « r l 1) ~(s k) (7
& ( DD a2, E)>>
1 .
cat S LK ) 1D (1 yie D 25y o) &)
:n?n%TE[ DD > wi (W &G %)

2 () () &1 )y ) &<T;>>]

] ZJ’ Y 2,7 7777

COL4 ny n1 d d d
l
= 2B 2 D PIPIE AT §:x
nin,T
h=1h'=11=1r=10'=17'=1

(m @ﬁ?(q)@ig?(q)) 2" (n) (Zx )(Zx““) N o7)

By independence, each term in the above summation has expectation zero unless (i) 7 = [ and v’ = I’, or (i) r = 7/,
I =1"and h = K. There are n3d? distinct values of (h, h’,r,7’,1,1') that satisfy (i), and n;d* < n?d? distinct values
of (h,h/,r,7',1,1') that satisfy (ii). For simplicity we treat each term in the summations over ny as having non-zero
mean, although this can tightened. Since the expectation of each non-zero-mean monomial is at most 315L5, we have

j 730cd? o
— Y Qijlks) | < ——— (98)
TNy = T

for some absolute constant ¢. With this bound on Var( Z =1 Qi j(k, s)), the result directly follows from Theorem

1.9 in Schudy & Sviridenko (2012), noting that H ijl Qw (k,s) — Qi(k, s) is a degree 6 polynomial in centered
independent Gaussian random variables. Note that by the argument in Schudy & Sviridenko (2012), the bound on the
elements of Z; given in Lemma 3 is tight up to logarithmic factors. O

Next, we show that this result implies a high probability bound on each ||Z;]|.

Lemma 4. For all task indices i, any v > 0, and some absolute constant c, the following holds:

2 1/6
T
P(||Z;]| <) > 1 —€e*d®exp <— (W) > (99)

Proof. By Lemma 3, we have a high-probability bound on the size of the elements of Z;.

Using this bound, we can bound the spectral norm of Z; using the Gershgorin Circle Theorem, which says that every
eigenvalue of Z; lies within one of the Gershgorin disks ©;, defined by

Dy = {\: A € [Zi(k, k) — Ri, Zi(k, k) + Ry,]} (100)
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where Ry = 20|, 1Z;(k, 5)|. This implies that
Al < .
1]l < max Z(k, k) + Ri (101)

so we attempt to bound the RHS of the above. By a union bound over k, we have that for any v > 0,

P (Ry, > (d - 1)y) < P(Usrr{|Qi(k, 5) — Q(k, 5)| > ~})

d T’}/Q 1/6
2
9> “XP<‘<ca4dzLe) )

s=1,s#k
2 1/6
T
= (d—1)e*exp (— (W) ) (102)
where (102) follows from Lemma 3. We also have that
72 1/6
P(|Zi(ka k)| > ’Y) < e’ €xXp ( (0044(12[/6) ) (103)

again using Lemma 3. Combining (102) and (103) via a union bound yields for some particular s
P (Zi(k,k) + R <) > P({Ry < (d = 1)y} N {Zi(k, k) <~})
=1-P{Rx = (d—1)v}U{Z(k. k) = ~})
>1-P{Re > (d—1)7}) —P({Z(k, k) =~})

T2 1/6
1 _ o2 _ L
=1-—e deXp( (ca4d2L6) > (104)
Therefore, via a union bound over k, we have
P (}Clé%{zi(h k) + Ri} < ’7) =1—P (Upejg {Zi(k, k) + Ry > 7})
2 1/6
> 1 — e2d® exp ( <CGZPL6> ) (105)
for any v > 0. As a result, using (101) we have
2 1/6
P(|Z]| <7)>1—e2dexp | — [ —L— (106)
d=7= P ca*d? L6
O

We continue with the proof of Theorem 3 by bounding ||C~!||. Using an analogous argument as in the proof of Theorem
2 based on Weyl’s Inequality (Theorem 4.5.3 in (Vershynin, 2018)), we have

T
1
)\min(C) > )\min(f E Ql) - ”ZZH
=1

> -~ (107)
where (107) follows by (86) and Lemma 4, with high probability, for any v > 0. Thus choosing v < B , we have
1
[CHI < = (108)

Using this with (88) and Lemma 4, and using a union bound over i € [T, we have
2LBy 1 2\
Plo>""0 ) <eTdexp | — —be (109)
B B—~ catd? LS
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Next, we turn to bounding the second term in (87), which is the error term due to the additive noise in the linear
regression setting. We will do this by again making an argument based on the concentration of a polynomial in
independent, centered Gaussian random variables around its mean. First, note that the term we must bound is

1
<Tan ZZPZJ Xout TxoutP )

=1 5=1

out T out out\ T yout T, in
(e S S (R Ty — o (R TR (X )H

=1 j5=1
-1
it T t
TmT(ZZPJ Xm XO“P >
=1 j=1
T <ZZP1] Xout T out o 7P (Xout)Txout in T ’L’I’L H (110)

mT i=1 j=1

H 71H Ty (ZZsz Xout T 077jt o 7P (Xout)TXaut(in)T :73) || (111)

where (110) follows from the Cauchy-Schwarz Inequality. Define

(ZZP i Xout T ogt _ 7P (Xout)TXout(in)T :7;)] (k’) (112)

=1 j=1

g(k) =

Tan

for each k € [d], i.e. g(k) is the k-th element of the d-dimensional vector
(Tan ST Doy P (Xguh) Tagut — Py 5(X9uh) TX4 (X)) T2 m) and let g := [g(k)]1<k<q. Note that each

) n2

g(k) is a degree-6 polynom1al in 1ndependent, centered Gaussian random variables. One can see that it is degree-6
because after expanding the P; ; matrices, there are five data matrices and a noise vector (six total matrices) in the
highest-order product. Also note that this polynomial has mean zero since the noise has mean zero and is independent
of the data. Its variance E[(g(k) — E[g(k)])?] can be upper bounded using a similar argument as in Lemma 3. We will
not write the full calculations and argument since they are very similar to those in Lemma 3. We again use the fact that
the polynomial in question is the sum of n7 i.i.d. random variables to obtain variance decreasing linearly in n;7. The
differences are that in the highest-order monomial of g(k)?, there are there are six inner loop samples, four outer—loop
samples, and two noise samples, for a maximum expectation of 15L3 x 3L2 x v2. There are T?72n2d*n} of these
terms, but as before, only T2 d4n1n2 of these terms have nonzero expectation due to independence, and the n3nj
coefficient cancels. Thus, the variance is upper bounded as

4 2T T 3.2
atd® Y iy Zj:lL v a*d?LPv?

Var(g(k)) <c 732 =c— (113)
for some absolute constant ¢, which implies, via Theorem 1.9 in Schudy & Sviridenko (2012), that
9 b2 1/6
P(lg(k)] >b) <e“exp | — (caWW) (114)

thus we have via a union bound over k € [d],

9 b2 1/6
P (HgH < \/Zib) >1— e2dexp | — (W) (115)

forany b > 0. Combining this with (111) via a union bound, we have that

‘ (Tn - ZZP i Xout TXoutP )_1
1

i=1 j=1

out T out out\ T yout in\T,_in
(TWEQEEPUX a4t — Py (X TXI X))
i=1j

\[
< (116)
p
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with probability at least

Tb2 1/6 7_,7/2 1/6
>1—e?dexp | — (MW) —e2Td?exp [ — (W) (117)

This completes the bound on 6. Next, we must bound ||W5\24*M . — Wisanmll- We have

T —1q T L -1
;Qi) TZQin—<TZQi) E;[Qiw;]

=1

T
||W§LI,)4*ML ~Wiramrll

1 T -1 1 T
(T > Qi) T > Qiw; - EiQi] ' Ei[Qiw]]
i=1 i=1

I

Nl =

-1

+(3 an) Qiw!] — Ei[Qi) B [Qiw!]

ZQZ) %Zinz‘ - é Q) 'Ei[Qiw]]
=1 =1

= é Qi) _1Ei [Qiw;] — Ei[Qi] 'E[Qiw;]

AGEe) T sl i) v

1 —1

~

*ﬂ»—l

|z

4

(118)

N\
Il

i[Qiw/ ]l (119)

LB (120)

o) s

where in equations (118) and (119) we have used the triangle and Cauchy-Schwarz inequalities, respectively, and in
(120) we have used the dual Weyl’s inequality and Assumption 2. We first consider the second term in (120). Continuing
to argue as in the proof of Theorem 2, we have

’ Z Qiw QZW Z Q; — 7,' z
As in the proof of Theorem 2, will use the matrix Bernstein inequality (Theorem 6.1.1 in Tropp (2015)) to upper bound
|+ Z;il Q;w; — E;[Q;w}]|| and || % ZiT:1 Q; — E;[Q,]|| with high probability. Doing so yields
16 Var(Q;w?) LB Var(Q;)

B NT B2 VT

with probability at least 1 — 2d exp (—%) — 2d exp (—%) forany § > 0.

(T)*
IWhranr = Waramell <

(121)

T)x*
1w — Waranll < (122)

Combining (122) with our bound on 6 (from (87), (109), and (116)) via a union bound and rescaling ¥ = Ypew = Yold /T
yields

w — < 2LBy 1 \/3b 1 + 16 Var(Qiw}) | LB Var(Qi) a23)
R N N BN VT B2 VT
with probability at least
2 1/6 /7.2 1/6
cy b
1-— 6271d2 exp (— <a4dQL6) > — e2dexp <— (a4d2L5y2> )
2 p— 2 )

odexp [ -V Qiwin)/2) oy oo 0 Var(@Qi)/2 ) (124)

1+ L5/(3VT) 1+ LBS§/(3VT)
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for some absolute constants ¢ and ¢, and any b and § > 0, and y € (0, \/7[2).

Finally, choose v = 4d O‘4L6 log®(1007d), b = 2d/ &*L2 “4L0”2 log®(100d), and
§ = (\/Var(Q;) + Var(Q;w7))~'/log(200d) and restrict 7 > 32d>a* L log®(1007'd)/(c3) such that /f <2

and T > L?B? log(ZOOd)/(9(Var(Qi) + Var(Q,;w))). This ensures that each negative term in the hlgh probability
bound (124) is at most 0.01 and thereby completes the proof.
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