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ABSTRACT

We consider a familyM of MDPs over given state and action spaces, and an agent that is sequen-
tially confronted with tasks fromM. Although stated for this stepwise change in distributions, the
insight we develop is informative for continually changing distributions as well. In order to study
how structure ofM, viewed as a learning environment, impacts the learning efficiency of the agent,
we formulate an RL analog of fat shattering dimension for MDP families and show that this implies
a nontrivial lower bound on regret as long as insufficiently many steps have been taken. More pre-
cisely, for some constant c which depends on shattering d states, an inexperienced agent that has
explored the learning environment for fewer than d steps will necessarily have regret above c on
some MDP in the family.

1 INTRODUCTION

Lifelong learning in biological or artificial agents consists in continually learning in such a way that previous experi-
ence produces an inductive bias useful for current and future learning; see (Parisi et al., 2019) for a recent overview,
or (Thrun & Mitchell, 1995). While this kind of learning is a hallmark of biological life, it remains a key challenge
in machine learning. In reinforcement learning (RL), the lifelong learning formalisms mainly considered are of two
general types - successive or continuous - either the environment and task change at discrete time points so the agent
faces new tasks/environments in succession, or there is an ongoing task that continues while the environment continu-
ously changes. Experience from earlier tasks/phases can be transferred to future learning by various means, including
methods that model the environment, for example state representation Lesort et al. (2018) or abstraction such as an
interaction graph McGovern & Barto (2001); Stolle & Precup (2002); Menache et al. (2002); Şimşek et al. (2005) also
used for creation of macros or options that encode useful skills (Bacon, 2018; Sutton et al., 1999). Many new lifelong
RL approaches have appeared along these lines, and in some cases regret upper bounds are given Fruit & Lazaric
(2017); Ortner et al. (2019). The present paper does not offer a new algorithm for extracting knowledge useful to
future learning, recording it in some manner or deploying it. Rather, if provides a brief theoretical side note showing
how structure of a class M of MDPs can imply that any RL agent with only limited experience will do poorly on
some MDP of the class, and moreoever this “bad” MDP may be chosen from among members ofM that are indistin-
guishible to the agent, i.e., with prescribed behaviour at the parts of state space the agent has visited. This is not an
asymptotic result, but a lower bound on finite-horizon regret after finite exploration. It sheds light on how properties
of a class of MDPs induce limitations on how much an agent can learn, i.e. how close to optimal its learned inductive
bias can be, after only brief experience in the environment.

Despite the importance of representation learning there are few learning-theoretic results accompanying its use, even
in the setting of supervised learning. In RL, several upper bounds on regret have appeared for specific algorithms that
use representation, e.g. Ortner et al. (2019) in the case of state representation, or Fruit & Lazaric (2017) for options.
The latter also proves a lower bound on regret that applies to that algorithm, an options variant of UCLR.

A commonly used notion of sample complexity in RL, or sample complexity of exploration, is the number of times
an agent does not act near-optimally (Kakade, 2003; Brunskill & Li, 2013). We use a weaker notion, namely the
total number of steps performed - suboptimally or not - by the agent. This is a closer analog of sample complexity in
supervised learning and it allows us to speak separately of the experience that the agent had up until now in its life,
vs. the performance of the agent which we only evaluate on future learning. We are focused on this transfer. What
does the structure of the MDP say about how good the acquired inductive bias of an agent can be at finite sample
complexity?
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There has so far been relatively little development of learning-theoretic tools and results in RL, although some key
works have defined and studied learning-theoretic notions that apply to algorithms, for instance if an algorithm A is
(ε, δ)-PAC or its high-probability regret or expected regret can be controlled Dann et al. (2017). Such properties are
focused on long-term convergence to optimality. In contrast, we focus on lower bounds for regret and are concerned
not with convergence in the long run, but suboptimality in the short run.

2 COMPLEXITY OF MDPS - LOWER BOUNDING THE REGRET OF ARBITRARY ALGORITHMS

To achieve the stated implication we introduce an RL-analog of fat shattering dimension that applies to a familyM of
MDPs with fixed state and action spaces S,A such that transition probabilities are from a class T and reward functions
from a class R. This approach parallels the use of concept classes in supervised learning and has the advantage that
one can obtain min-max lower bounds of the form for any algorithm, there is some ”bad” MDP in the family M
such that the algorithm has regret above c > 0. Indeed, by measuring an algorithm’s performance by how well it can
perform across the range of environments fromM, rather than just a single MDP M ∈ M, it is possible to obtain
meaningful lower bounds that apply to arbitrary algorithms. Such bounds would be out of reach if focused on a single
MDP, where - in the absence of additional assumptions such as available information - an algorithm could in principle
be hardcoded with an optimal policy.

2.1 SETTING AND NOTATION

In this first exploration of complexity for MDP families, in this paper we restrict to finite state space S and finite action
space A, but we do not require the transition and reward classes T and R to be finite. We consider deterministic,
stationary policies drawn from a space Π. This is assumed to be the space Π = SA of all maps π : S → A, but it is
possible to restrict to a smaller Π (i.e. weaken both the definition of our complexity measure and the lower bound we
prove), though in this case we still require that Π have product structure, i.e., Π =

∏
s∈S Πs; this is a form of locality,

saying that Π constrains policies at each state s independently of what the policy does at other states, a property which
is trivially satisfied when Π = SA.

Note that the elements ofM correspond uniquely to dynamics-reward pairs (τ,R) ∈ T × R. For convenience we
identify M with T × R in designating its elements. Also, for a given (τ,R) ∈ M and s0 ∈ S, we write τs0 and
Rs0 for the real-valued functions on A× S obtained by putting s = s0 as first coordinate in τ(s, a) resp. R(s, a, s′).
Recalling that τ(s, a) is a probability mass function on S, this function will sometimes be denoted τs(a). For use
later, we write Ms := {(τs, Rs) : (τ,R) ∈ T × R} to record the range of local structure at s that is available in
MDPs M ∈M. It is helpful to observe that for a specific MPD (τ,R), if we fix a policy π, then (τs, Rs), completely
determines the local reward (distribution) at s, whereas the distribution of the number of visits made to s depends on
τ globally, and is independent of R. Our (semi-)supervised-inspired complexity measure treats these two distributions
as analogs respectively of p(·|x) and pX(·).

For convenience, given a policy π ∈ Π, we write st for the time-t state of the Markov process defined by the MDP-
policy pair (M,π). This is a random variable, whose distribution is determined by π and the dynamics τ of M ,
although we have abusively used lower case st.

Analogous to st, we write s∗t for the time-t state of (M,π∗) where π∗ is an optimal policy for M = (τ,R) ∈ M, i.e.
a policy achieving maximal expected return according to the definition in the next sections. Like st, s∗t is a random
variable; its distribution is determined by π∗ and the dynamics τ of M .

2.2 EXPECTED TOTAL RETURN AND REGRET

We focus on finite-horizon analysis and define return, i.e. cumulative reward, as T -step average. Assume a particular
initial distribution ρ on S. Expected return is then:

Es1∼ρ , st∼τ for t>1
1

T

T∑
t=1

R(st, π(st), st+1).

An alternative would be to consider a discounted version of this, also T -step; this can be handled by modifying
the proof we give for average reward. The finite-horizon choice, on the other hand, is linked to our definition of
uniform shattering, the RL form of complexity we propose. In that definition we place a condition on distributions of
st, t = 1, . . . , T . To instead study infinite horizon return, and prove lower bounds for that quantity, would require a
correspondingly stronger condition for all st, t > 0.
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Given a definition for expected return, the regret in M of a policy π is defined as the amount by which the expected
return of π in M is suboptimal compared to other policies. In other words, letting π∗ be an optimal policy for M , the
regret of π is

R(τ,R, π) := E[
1

T

T∑
t=1

R(s∗t , π∗(s
∗
t ), s

∗
t+1)]− E[

1

T

T∑
t=1

R(st, π(st), st+1)].

2.3 UNIFORM SHATTERING

This paper makes a first attempt at providing a notion of complexity for “RL problems” which, as described above, we
formalize as a family of MDPs.

Fix α ∈ (0, 1/2) and ν ∈ (0, 1). The complexity condition we propose here is modeled after ν-uniform α-shattering,
which was defined in Fraser (2016) to extend PAC-style analysis to semi-supervised learning.

Roughly speaking, ν-uniform α-shattering is a measure of complexity for a joint statistical model P on X × Y where
it quantifies the variability achieved by conditional distributions p(·|x) while the corresponding marginals pX(·) are
constrained. More precisely, it records the existence of a collection C ⊂ P(X) of n disjoint regions in X and
a subfamily P ⊂ P for which the associated conditional distributions p(·|x) are able to “match” (with margin α)
arbitrary choices ε ∈ {0, 1}n of labels over the n regions, while corresponding marginals pX(·) assign at least ν/n
probability mass to each region. Here we are using matching ε with margin α as shorthand for the target map fp
associated1 to p(·|x) satisfying fp(x) < 1/2− α on the regions where ε = 0 and fp(x) > 1/2 + α where ε = 1.

In many setups (e.g. absolute loss, mean as target map), this matching condition can be re-expressed as ensuring fp
have local loss above/below α compared to the majority value of an arbitrary reference function f : X → {0, 1} fixed
in advance. Here the choice of above/below must match ε viewed as an indicator function on C, i.e., subset of C. This
observation plays a key role in proving lower bounds based on uniform shattering and helps motivate the following.

As analog to ν-uniform α-shattering, the measure of complexity we propose for the MDP family M records the
existence of a set S of n states in S and a subfamily M ⊂ M of (τ,R) such that if we fix any reference function
π0 : S → A then distributions of the random variables Rs(a, s′), s′ ∼ τs(π(s)) associated to (τ,R) ∈ M are able to
“match” (with threshold α) arbitrary subsets of the n states of S while the dynamics τ inM ensure proportion of time
visiting each of the states of S remains close (within δ > 0) to ν/n.

The quantity Es′∼τ |s [Rs(π0(s), s′)] − Es′∼τ |s [Rs(π(s), s′)] will serve as RL-analog for local loss in the semi-
supervised version that was sketched above; we refer to it as local regret of π relative to π0 at s under (τs, Rs).
It only depends on the dynamic-reward pair locally at s. The expression matching a subset of S with margin α is now
interpreted as requiring the local regret of π0 at states inside/outside the subset to be greater-than/at-most α. By local
regret of a policy π at state s we mean local regret of π relative to the optimal policy π∗. This is the amount by which
π’s expected reward is suboptimal at s for a single execution of π(s), i.e. , Es′∼τ [R(s, π∗(s), s

′]−Es′∼τ [R(s, π(s), s′],
and does not take into account the expected number of times the state s is visited by the agent.
Definition 1. Suppose there is a collection of n states S ⊂ S and a subfamilyM⊂M of size |M| = 2n with product
structureM =

∏
s∈S Xs, where ∀s ∈ S the set Xs ⊂ Ms has exactly two elements which we denote (τ0, R0) and

(τ1, R1) such that the following properties hold. Fixing any choice of policy π ∈ Π,

1. at every s ∈ S, under π one of (τ0, R0) and (τ1, R1) induces local regret > α and the other local regret≤ α;

2. (off-policy version)2 under each MDP inM and all policies, the induced distributions3 for st, t = 1, . . . , T
assign average probability sufficiently close to ν/n at each s ∈ S so that for the higher local regret in 1. a
weighted version also holds[

1

T

T∑
t=0

P (s∗t = s)

]
Es′∼τ |sRs(π∗(s), s

′)−

[
1

T

T∑
t=0

P (st = s)

]
Es′∼τ |sRs(π(s), s′) >

αν

n
(1)

In this case we sayM α-shatters the set S ν-uniformly.
Remark 1. This form of complexity detects a region S of state space S which a certain subfamily M of MDPs is
guaranteed to visit reasonably uniformly (say, with average probability approximately ν/n at each state of S) yet

1(often fp(x) is the mean of p(·|x)
2For the on-policy version we would need this criterion for st, t = N + 1, . . . , N + T .
3starting from initial distribution ρ
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where the rewards are highly variable in the sense that a given action at any state s ∈ S will produce high rewards for
half the MDPs inM and low rewards for the others. Regarding the role that average probability approximately ν/n
plays in achieving 2., notice that if ν/n < P < ν/n(1 + δ) for both of the average probabilities in (1) and the local
regret statement in 1. holds more strictly so Es′∼τ [R(s, π∗(s), s

′] − (1 + δ)Es′∼τ [R(s, π(s), s′] > α then we obtain
the condition (1).
Remark 2. This definition is intended as exploration; it may be interesting to develop an analog for state-action pairs,
rather than working with states.
Remark 3. The MDPs ofM with given value of (τs, Rs) for s ∈ S0 are indistinguishable from each other for an agent
that has only experienced S0 yet we’ll show any chosen π will perform poorly on S \ S0 for one of these MDPs.

2.4 REGRET BOUNDS

Given the assumed initial distribution ρ used in computing regret, recall s1 ∼ ρ and the distributions governing the
random variables st and s∗t , t ≥ 1 are induced from ρ in the respective Markov processes, i.e., those defined on S by
π, τ and π∗, τ respectively. The following theorem studies how quickly an agent can improve its policy. This applies
to on-policy or off-policy learning: For any agent that has N steps of experience, there is a bound on how good the
learned policy can be - whether it is the current parametrization of policy in on-policy learning, or the current estimate
of target policy in off-policy learning.

Theorem 1. Let α ∈ (0, 1/2) and ν ∈ (0, 1). Suppose the familyM ν-uniformly α-shatters the n-set S ⊂ S. Then as
long as N < n, the policy obtained by any RL-agent with only N steps experience will have regret at least c = εαν/2
on some MDP of M, where ε > 0 is defined by N = (1 − ε)n, ε ∈ (0, 1). For example, c = ν/16 if α = 1/4
and N = n/2. Moreover, due to the product structure ofM, this holds even with (τs, Rs) fixed on all s previously
explored.

Proof. We address here the off-policy case where the notation and argument are simpler.

Under the behaviour policy of the agent, for each ground truth dynamic-reward pair (τ,R) ∈ M, the agent may have
visited any subset of S of size at most N in the course of its first N steps. Write S0 ⊂ S for this set of explored
states in S and put l := |S0|. We have l ∈ {0, . . . , N}. The next computations assume the agent has seen s ∈ S0 and
l := |S0|, although we omit writing this conditioning.

Let π ∈ Π be the policy proposed by the agent after this exploration. Suppose the ground truth dynamic-reward pair
(τ,R) belongs toM. The overall regret R(τ,R, π) of the agent can be lower bounded as follows

R(τ,R, π) =
1

T

T∑
t=1

∑
s∈S

[
P (s∗t = s)Es′∼τ [R(s, π∗(s), s

′]

− P (st = s)Es′∼τ [R(s, π(s), s′]

]
≥ 1

T

T∑
t=1

∑
s∈S\S0

[
P (s∗t = s)Es′∼τ [R(s, π∗(s), s

′]

− P (st = s)Es′∼τ [R(s, π(s), s′]

]
.

To lower bound the maximum of R(τ,R, π) over all MDPs inM we will lower bound the average over the elements
of a subfamily of M. Averaging has the advantage of linearity so it passes into summands, while the looser lower
bound thus obtained is sufficient for our purposes.

Recall that all the above quantities are implicitly conditional on the agent having seen S0. Since this may restrict
the possible ground truth (τ,R), it is useful to consider, for each of the 2l choices of (τs, Rs) on S0, the 2n−l pairs
(τ ′, R′) ∈M which coincide with (τs, Rs) at s ∈ S0, i.e. , (τs, Rs) = (τ ′s, R

′
s), s ∈ S0. Denote this subfamily ofM

byMS0 ; to keep notation simple, the assumed (τs, Rs), s ∈ S0 is not explicitly written.
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Now, assuming the ground truth (τ,R) is determined on S0, there are 2n−l pairs (τ ′, R′) ∈ MS0 which agree with
this fixed dynamic-rewards on S0. We will average over this family

1

2n−l

∑
(τ,R)∈MS0

R(τ,R, π)

≥ 1

2n−l
1

T

T∑
t=1

∑
s∈S\S0

∑
(τ,R)∈MS0

[
P (s∗t = s)Es′∼τ [R(s, π∗(s), s

′]

− P (st = s)Es′∼τ [R(s, π(s), s′]

]
.

To sum the quantity in square brackets over (τ,R) ∈MS0 we now view these (τ,R) according to what kind of regret
they generate on S \ S0 under the policy π. More precisely, we name (τ ′, R′) ∈ MS0 according to where in S \ S0
they cause the local regret of π to be above or below α: for every subset K ⊂ S \ L of the unvisited states of S, let
(τK , RK) be the unique pair for which local regret of π at each state of K is above α while at states of S \ S0 outside
K it is at most α. There are

(
n−l
k

)
sets K of size k, so there are

(
n−l
k

)
elements inMS0 that cause local regret of π

above α at exactly k states of S \ S0. Moreover, under (τK , RK), the local regret incurred by π is at least α at each
of the k states of K, so weighted regret incurred on S \L exceeds kα times ν/n. This regret in turn lower bounds the
overall regret and we have

∑
s∈S\S0

∑
(τ,R)∈MS0

1

T

T∑
t=1

[
P (s∗t = s)Es′∼τ [R(s, π∗(s), s

′]− P (st = s)Es′∼τ [R(s, π(s), s′]

]

>

n−l∑
k=0

(
n− l
k

)
kα

ν

n

= (n− l)
n−l−1∑
k=0

(
n− l − 1

k

)
αν

n

= (n− l)2n−l−1αν
n

= (n− l)2n−l

2

αν

n
≥ 2n−l

εαν

2
.

Therefore:
1

2n−l

∑
(τ,R)∈MS0

R(τ,R, π) >
εαν

2
.

Notice this lower bound does not depend on l = |S0|. So, regardless of how many states of S the agent visited in its
N -step exploration, there is always some MDP inM with the same dynamic-rewards that the agent experienced on
S0 but for which the agent’s learned policy will have regret above εαν

2 .

Remark 4. If we extend our analysis to continuous state spaces then, instead of a collection S of n states, we would
use a collection S of n disjoint subsets Si ⊂ S and the regret condition would require local regret above/at-most α on
the majority of the relevant Si; in this case, as analog to the current computations, instead of α · ν/n we would have
α/2 times ν/n as a lower bound on regret over a given Si.

We now illustrate the uniform shattering property for MDP families and associated regret bounds by some examples.
Example 1. Consider an MDP family with state space S = {s0, s1, ..., sn}. The action spaces Ai are all identical with
2 actions {ai0, ai1} for all i = 0, ..., n− 1 and An is empty. Taking any actions in Ai transitions to the state si+1 with
probability 1. There are 2n MDPs in the familyM, indexed by the ordered tuples u ∈ {0, 1}n with Mu having the
following reward structure: aiui

has reward α while the other action in Ai has reward 0. See figure 1.
We check this family 1-uniformly α-shatters the set S = {s0, ..., sn−1}. Clearly, for any policy and each states of S
there is a pair of MDPs inM, one for which π has regret α and one with regret 0 so condition (1) of definition 1 is
met. Taking the time horizon T to be equal to n, condition (2) is verified by computing the left term of inequality 1 is
equal to α

n and then ν = 1. Finally, assuming that an agent has experienced at most N < n, theorem 1 says that there
is an MDP inM for which the regret of the policy π is at least (1− N

n )αT .
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Figure 1: The simple MDP of Example 1.

More generally, in the simple case where π and π∗ have the same expected proportion of time spent 1
T

∑
t P (s∗t =

s) = 1
T

∑
t P (st = s) at all s ∈ S, then condition 2 of definition 1 takes the simple form: 1

T

∑
t P (st = s) ≥ ν

n

Example 2. By using clustering methods, it is possible to extend the result of theorem 1 to more general settings.
Consider for example an MDP family on the path space of the directed graph of the previous example, ie a directed
binary tree with n+ 1 levels. Each level l = 0, ..., n contains 2l states sl,i and each state has two actions transitioning
to two different states with probability 1. Every reward function from an MDP in the previous example lifts to an MDP
on the path space of the multi-graph and we take the MDP family M̃ to be exactly the set of those lifts. Although
each state in the tree has a much smaller chance of being visited, because of the way the reward functions of M̃ were
chosen, the regret bounds from the previous example still holds.
Example 3. In general condition 2 of definition 1 is trickier than condition 1. The notion of bottleneck may help
identifying states that have the right bounds on the proportion of time spent on the critical states S. The interaction
graph of an MDP is the graph that has as nodes the states of the MDP and an edge between s and s′ if there is an action
in As that has a nonzero probability of transitioning to s′. The betweeness of a state s is

B(s) =

∑
u,v 6=s∈S σu,v(s)∑
u,v 6=s∈S σu,v

that is the proportion of all shortest paths that contain s with σu,v the number of shortest paths between u and v
(shortest in the sense of the graph distance) and σu,v(s) the number of shortest paths containing s. This quantity is
used for example in Bacon & Precup (2013) to identify states that are useful goals of a temporal abstraction. Here we
will assume such states, called bottleneck states, in particular allow the transition between two clusters of states, the
initial states and another disjoint group of states that have very high reward actions within the group.

Suppose the state space S of an MDP familyM decomposes as the disjoint union of three sets Si,Sb,Sh, the initial
states, the bottleneck states and the mentioned high-reward states. The initial states contain the support of the initial
distribution. The set Sh contain some states that have high reward actions such that an optimal policy of M ∈ M
always ends up in Sh. The set Sb contains states that are α-preshattered by a family of MDPsM (preshattered will
mean that only condition 1 of definition 1 is met).

Now fix some policy π ∈ Π and suppose there are n bottleneck states S ⊂ Sb and all have to be visited to cross from
Si to Sh. SinceM α-preshatters Sb, there is some MDP M for which each state s in S has a good action with reward
r+ and a bad action with reward r− and r+− r− ≥ α and at each states s ∈ S, π choses the bad action. If Π is the set
of all possible policies on M , it will not be the case that all policies transit to the set Sh and therefore satisfy condition
2 so we will restrict admissible policies to the set Πh of the ones that do cross to the states Sh. In the setting described,
if s ∈ S

1

T

T∑
t=0

P (s∗t = s)Es′ ∼ τ |sRs(π∗(s), s′)− P (st = s)Es′ ∼ τ |sRs(π(s), s′)

=
1

T

T∑
t=0

P (s∗t = s)r+ − P (st = s)r−

=
1

T
(r+ − r−) ≥ α

T

and condition 2 is verified.
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3 CONCLUSION

We have defined uniform shattering, a notion of complexity for a family of MDPs similar in flavour to common
measures in supervised learning, such as fat shattering or VC dimension. The main use of these complexity measures
in supervised learning is to derive bounds on the risk of the hypothesis produced by learning algorithms. Likewise,
we find here a lower bound on the regret of a policy returned by any learning algorithm that has not had an experience
broad enough to prevent some unavoidable mistakes. Our observations are mainly of theoretical interest but provide
insight into how properties of an MDP class might dictate the need for a specific minimal amount of prior experience
in a lifelong learning setting before an agent can count on reducing its regret below a given threshold. The tools and
method we use are also more generally of of value for framing and advancing the discussion of RL learning theory; to
our knowledge no such agnostic bounds have been stated before. Our lower-bound result addresses only the case of
finite discrete state spaces. Further work will explore the specifics of continuous state spaces in this context and how
clustering of states can be used to treat regions instead of individual states. Another avenue we wish to investigate is the
interplay between complexity and representation, namely how complexity is reduced using the specific representations
of the MDP environment, for example options.
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