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Abstract

Mixture models are universal approximators of
smooth densities but are difficult to utilize in com-
plicated datasets due to restrictions on typically
available modes and challenges with initialiations.
We show that by continuously parameterizing a
mixture of factor analyzers using a learned ordi-
nary differential equation, we can improve the
fit of mixture models over direct methods. Once
trained, the mixture components can be extracted
and the neural ODE can be discarded, leaving us
with an effective, but low-resource model. We
additionally explore the use of a training curricu-
lum from an easy-to-model latent space extracted
from a normalizing flow to the more complex in-
put space and show that the smooth curriculum
helps to stabilize and improve results with and
without the continuous parameterization. Finally,
we introduce a hierarchical version of the model
to enable more flexible, robust classification and
clustering, and show substantial improvements
against traditional parameterizations of GMMs.

1. Introduction

Mixture models have long served as reliable tools for both
modeling (density estimation) and summarizing (cluster
analysis) datasets. Through their probabilistic nature, mix-
ture models provide an estimate of the underlying data dis-
tribution; through a parsimonious collection of components,
mixture models succinctly summarize the major patterns
found in a dataset. Gaussian mixture models (GMMs),
which provide a universal approximation for smooth den-
sities (Goodfellow et al., 2015), have been effectively de-
ployed for modeling and clustering in a wide range of appli-
cations (Bohning et al., 2007; Gao et al., 2010; Jiao et al.,
2020).
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There are two major challenges in applying GMM:s to com-
plicated, high dimensional data. First, the partitions (modes)
that we wish to characterize in data are rarely spherical
or simple enough in nature to be faithfully captured with
Gaussian components. As an alternative, one may consider
more complicated components (Holzmann et al., 2006),
however, this worsens identifiability issues and yields par-
titions that do not adequately summarize populations of
interest in the data (Bohning et al., 2007). Second, mixture
models converge to local minima and thus their optimization
is extremely sensitive to initialization. Some approaches pro-
pose to initialize via local fitting methods such as k-means
(Richardson & Weiss, 2018). However, the distance met-
rics, for example Euclidean distance, implied in those local
fitting methods is rarely appropriate in high dimensions,
imposing initial partitioning that is arduous to escape.

We propose to offset the first difficult by taking a mixture of
mixtures in a hierarchical approach by considering a mixture
of distinct dynamical systems. In effect, we propose to learn
to evolve the components of one partition (see Fig. 1(a)) in a
fashion that results in an infinite mixture model in the limit.
This alleviates the burden of learning a large number of sep-
arate modes through a shared generator of components in
an approach that is akin to hypernetworks (Ha et al., 2016).
We can then combine multiple partitions to cover the entire
support (see Fig. 1(b)). Specifically, each partition is itself
defined by multiple components that are spanned through
smooth dynamics to represent complex, multi-modal distri-
butions. We sample discrete components from this continu-
ous parameterization during inference to construct a cheap,
lightweight model that dramatically reduces the computa-
tional cost, maintains improved performance over typical
mixture methods, and simplifies model interpretation.

We alleviate the second difficulty by creating a learned cur-
riculum (Bengio et al., 2009) over the data. We construct the
curriculum by transforming the data into a standard Gaus-
sian through a normalizing flow (Chen et al., 2019b; Dinh
et al., 2017; Grathwohl et al., 2019; Kingma & Dhariwal,
2018) and slowly annealing back to the original space. This
removes the difficulty with initialization since the distribu-
tion early in the training process is known. As we advance
through the curriculum, the model only requires minor per-
turbations from its previous state. We find that this process
results in considerably improved performance regardless of
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the mixture parameterization.

Main Contributions We propose a parameterization of
Gaussian mixture models through the output of a neural
ordinary differential equation (NODE). This formulation
induces a smoothly-varying trajectory through the data, in
essence, learning a probabilistic sheath across the data man-
ifold. Once trained, the components of the GMM can be
extracted and the NODE discarded, rendering storage and
inference notably cheaper than most other modern methods.
We include a hierarchical component to the model by consid-
ering multiple trajectory starting points to allow us to utilize
simple Bayesian methods for clustering or classification. Fi-
nally, we demonstrate a curriculum-based training method
to significantly improve model performance. Code can be
found at https://github.com/lupalab/cpmm.

2. Background
2.1. Gaussian Mixture Models

Traditional (finite) mixture models model the presence of
sub-populations within a dataset through a convex com-
bination of distinct components of a chosen distribution.
Gaussian mixture models (GMMs), the most common class
of mixture models, restrain the set of chosen distributions
that constitutes the mixture to the Gaussian family:
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where X 2 RM is the input data, is the component weight,

2 RM is the mean, | 2 RM M is the covariance matrix,
and K is the number of components in the mixture. Despite
the seemingly stringent simplification GMMs make, they
encompass a broad set of distributions. In effect, they are
universal approximators to any smooth probability distribu-
tion given enough mixture components (Goodfellow et al.,
2015). This offers us an insight when deploying GMMs
for data modeling: the more complex the data distribution
is, the more components the GMM would likely require to
yield a reasonable approximation. Motivated by this insight,
analogous to defining an integral as an infinite sum, we
take the limit K ¥ 71 in Eq. I to arrive at the following
continuous representation
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where the set of parameters, T ; k; | kQk, for the finite
GMMs become the set of functions, f (s); (s); | (s)g,
that is parametrized by the variable S whose meaning de-
pends on the specific context of the problem. Eq. 1 can then
be reversely seen as a discretized formulation of Eq. 2.

2.1.1. MIXTURE OF FACTOR ANALYZERS

General GMM s require O(M?) parameters for each compo-
nent. To reduce this parameter cost, we utilize a Mixture of
Factor Analyzers (Ghahramani & Hinton, 1996; Richardson
& Weiss, 2018) which parameterizes the covariance matrix
of each component as the sum of a diagonal matrix, D, and
the inner product of a low-rank matrix, A 2 RM R, with
itself where R M, such that | = D +AAT . This brings
the number of parameters down to O(MR) and allows for
O(MR?) cost to estimate the determinant and inverse per
component.

2.2. Neural Ordinary Differential Equations

Built upon the observation that a residual network (He et al.,
2016) can be seen as an Euler discretization for solving
an ODE, Chen et al. (Chen et al., 2018) introduced neural
ODEs (NODEs), a class of continuous-depth neural net-
works that parameterize the class of ODEs that aim to solve
the initial value problem:

POt ot ) M =he: G
with known initial value hy,. Instead of being restricted
to the Euler discretization, Neural ODEs are able to incor-
porate any black-box ODE solver in a memory efficient
manner to compute

tiva
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In practice, for tabular data, we set the architecture of f to
be a multilayer perceptron with an explicit dependence on
t and use either tanh or sin as the activation function. We
find that when using sin, the ODE seems to be less prone to
becoming stiff (Blanchard et al., 2006) and hence is easier
to numerically integrate. When using image data, we utilize
a convolutional neural network with the same activation
functions. In practice, we found that, in conjunction with
gradient check pointing, our models required only 1-2 GB
of GPU RAM to train.

3. Methods

In this section we discuss how we utilize neural ordinary dif-
ferential equations (NODE) to parameterize mixture models
over continuous indices and how to improve the training pro-
cess by instituting a curriculum to guide the model from an
easy-to-learn space to the true data space. The NODE allows
for a hyper-network (Ha et al., 2016) type approach, which
shares weights of a network to output parameters over mul-
tiple components, and whose limit is an infinite GMM. We
then extend a continuously parameterized mixture model by
allowing for multiple trajectories in a hierarchical structure
that allows us to perform clustering or classification.
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(a) Evolution of a single continuous mixture model.

(b) Evolution of several continuous mixtures. Color

schemes represent different mixtures.

Figure 1. We illustrate how a continuously parameterized mixture model can evolve components to model the data distribution (samples in
blue). Each ellipse corresponds to equal likelihood contours for a different component. Colors across components implicitly indicates the
arrow of pseudotime. (a) A single trajectory through the space provides a smooth probabilistic model. (b) A hierarchy of three different
partitions allows for different manifolds and enables flexible clustering or classification.

3.1. Continuously Parameterized Mixture Models

Inspired by the universal approximator properties of Eq. 2,
where the parameters of each component depend on the
latent variable, S, we chose to parameterize the MFA via
a neural network. We begin by constructing a joint state
across the MFA parameters. When the data is tabular, this
amounts to flattening each parameter and concatenating
them together:

h(t) = (t); A(t); log(d)(t); log( )(t) (5)

where the bar over A indicates the matrix has been flattened,
d is the diagonal portion of D, and log is applied element-
wise. We choose to use a shared state across parameters
rather than a separate ODE for each parameter so that the
model can better coordinate and share relevant information.
We learn the log of d and  instead of the parameters directly
to ensure that the covariance is positive definite and that
the weights are non-negative. As a result, h 2 R? where
J = (R+2)M + 1. In most cases, we set the value of

to a constant and exclude it from the state to encourage
contiguous modes.

There are two ways to proceed. If our goal was to best
match Eq. 2, we would construct the NODE based on the
joint state and solve the system of ODEs that includes the

continuous mixture
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where we evaluate each component in accordance with Eq. 2
on the instantaneous value of t within the ODE solver and
set p(X) = 0 at t = 0 and take the integral over the range
of t without producing intermediate values. Unfortunately,
while this formulation is a better match to the continuous
mixture model, integrating p(X) is numerically unstable and
often causes T to become stiff (Blanchard et al., 2006) or
for the integrator to underflow, see Appendix for additional
details. Additionally, this form would require that we keep
the NODE once training is complete and resolve it for every
new example encountered.

We instead choose to solve for the joint state directly
and return the parameters at a (possibly variable) num-
ber of pseudotimes. That is, for a (uniformly drawn)
set of pseudotimes, ft; gjezl, we model the density as
PO) = o (N X () AMGA®)T +D(Y)
where  (tj); (t;j); A(t;); D(fp) are the respective continu-
ously indexed parameters and i (tj) = 1. This approach
is essentially doing numerical integration to approximate
Eq. 2, which is feasible given the 1d integral. This leaves
us with a mixture model whose parameters are derived from
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acontinuous procesdVe will refer to this model as a con- whereC denotes the nurgber of MFAs and, therefore the
tinuously parameterized mixture model (CPMM). Figure 1number of clusters/classes,. =1, andft; ng:1 is a set
illustrates a dataset overlayed with the components extracteaf pseudotimes. We construct the mixture of @& FAs by
from a CPMM. providingC different initial values to the NODE. Alterna-

. . tively, we could learn a separate NODE and initial state for
We have speci cally choseh so that the ODE is not au- each MFA. This should allow for greater exibility in each

tonomous (Blanchard et al., 2006). From a practical per: _. .
. \ - trajectory. However, we generally nd that the improvement
spective, this means that our models are capable of learnin

loops and cycles. However, to further increase the exibility S not appr_euable while the increase in compute IS signi -
i L cant. Sharing the ODE means that the trajectories will learn
of the model, we additionally augment the joint state

from one another and share certain dynamic characteristics.

h(t) = (A log(d)(1); (1) ©) The hierarchical mixture allows the model to learn disparate

where 2 R and we have excludelbg( ) from the data partitions without requiring that a single trajectory
state. is not directly used in evaluating any portion of transition through low probability regions. Additionally, we
the mixture but instead provides an unconstrained pathwa§n utilize Bayes rule to estimapgy = ¢j x) from Eq. 7 to
that the network can use to pass information along. WithouPerform clustering or classi cation.

the augmented state, the network must encode information

relevant to future times into the parameters of the currend.3. Curriculum Through Spaces

time, overloading those parameters and notably decreas"@nfortunately,

performance. We generally chodséo be 2-4 larger than mensions often gets stuck in local minima anexsremely

J,soh2 R*. i 9 . . . .
sensitive to initialization. Direct mixtures (mixtures with
In this form, the NODE does not depend on the evaluatiordisconnected parameters) are often initialized via a combi-
data point,x, directly and can be solved independently.nation of kmeans and local tting prior to gradient descent
In fact, the NODE can be evaluated with only the initial (Richardson & Weiss, 2018). However, for CPMMs, the
value and the parameter times. We can therefore consid@arameters are the product of a learnable process and cannot
that our model is a type of hypernetwork (Ha et al., 2016)be directly initialized. As a heuristic, one may initialize the
We train the model by evaluating/solving the hypernetworkODE initial value based on kmeans or labeled examples,
against thdearnableinitial state and then evaluating the however this only provides a limited signal and one must
likelihood for each example in the batch. The initialization resolve how to initialize other parameters suciasr logd.
and hypernetwork dynamics are _then updatgd to maximiz?h order to circumvent this dif culty,
the likelihood of the batch. During evaluation, we solve curriculum learning (Bengio et al., 2009). We begin by
the_z hypernetworlonceand caphe thg parameters (for Ade ning a continuously indexible magyv 2 [0;1]; M :
uniformly drawn set of pseudotimés; g%, ) against future oM 21 "aM \,ch that o(X) = x, andM , progressively

executions. This places the total computational cost fofnaps to a smoother, simpler spaceascreases. We pro-

inference aD(KMR ). pose to leverag®l to construct a curriculum for learning
When the input data is an image, we construct the joint (aughe CPMM. Intuitively, we may begin training on the sim-
mented) state by keeping the parameters in the image shapéest space induced By 1 and slowly progress to training
for the NODE and concatenating over channels. We the®n our target input spackl o. That is, for a sequence
atten the data and parameters to calculate the likelihoodl = v1 > ::: > v 1 =0, we progressively train on respec-
This means that the unaugmented portion of the channdive dataset®; = fM ((x;)gl, . An accessible choice is
dimension is increased by a factor®f+ 2 relative to the  to de neM , as a continuous normalizing ow (Grathwonhl

training large mixture models in high di-

we borrow ideas from

image channel count (whenis held xed). etal., 2019)M , = u,, where
Z \
3.2. Hierarchical Mixture of Factor Analyzers uy(x) = g(us(x);s; )ds:
0
To facilitate clustering and classi cation, we extend the Z, @g
mixture of factor analyzers (MFAS) in a hierarchical manner.logp,, (uy(x)) =log N (u1(x);0;1) + tr — ds;
More speci cally, we model the data withraixture of MFAs v @s ®8)
x _ up(x) x anduy(x) is de ned by a learnable functiow,
p(x) = cP(xjc) which is trained via MLE so thai1(x) N (0;1).
=1
P ¢ P We construct the curriculum for the CPMM by rst training
= oo N X o) A)A)T + Do) 5 the CPMM onu;. Since the data is (ideally) a standard

(7)  Gaussian in this space, it is trivial to learn a good CPMM
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Figure 2.Evenly distributed transitions through different spaces. The data begins in a latent space as a standard Gaussian (top left) and
ends in the true space (bottom right).

and the initialization of the CPMM parameters can be cretimation (Hastie et al., 2001), and are widely deployed in
ated as perturbations from the standard Gaussian. We thenodern ML methods. Viroli et al. (Viroli & McLachlan,
marginally perturb the space by taking a small step in 2019) model the variables at each layer of a deep network
towards the input, e.g., we train the CPMMopn where, with a Gaussian mixture model (GMM), leading to a set
for suf ciently small ,py, (U1 ) pu,(uz). Werepeat of nested mixtures of linear models. Izmailov et al. (1z-
this process of perturbing the space and then updating th@ailov et al., 2020) use a GMM as the base distribution
CPMM until we have arrived back at the input space. Figurein conjunction with normalizing ows for semi-supervised

2 shows this smooth transition on a two-dimensional datasdearning. Richardson et al. (Richardson & Weiss, 2018)
as the map transitions between the latent space, through selemonstrate that GMMs better capture the statistical modes
eral intermediate spaces, before arriving back at the inputf the data distribution than generative adversarial models
space. (GANS), while Eghbal-zadeh et al. (Eghbal-zadeh et al.,
2019) incorporate a GMM into the discriminator of a GAN

One interpretation of this curriculum is that we learn the ini- o .
o - . to encourage the generator to exploit different modes in the
tialization for one space based on training over a margmallydata

simpler version of the data. This interpretation applies to

both the parameters of the NODE hypernetwork and the

initial values of each trajectory. Without this slow update Tractaple Likelihood Models Normalizing ows and au-
procedure, even with a good initial value, the CPMM canygregressive models are two common types of extremely
be hard to train since the initial trajectories can point in theeffective tractable likelihood estimators. Normalizing ows
wrong directions and the model can struggle to shift thgNF) jeam invertible transformations to a latent space where
probability mass appropriately. the data has a known, prechosen, distribution, typically the
An important distinction between our use of a curriculumsStandard normal. There exist considerable variations be-
and the typical form of curriculum learning is that we do tween models based on the families of invertible functions
not want to remember earlier “tasks.” Doing so would mean@llowed (Chen et al., 2019b; Dinh et al., 2017; Grathwohl
that the CPMM would still capture the intermediate space<t al-, 2019; Kingma & Dhariwal, 2018). Autoregressive
between the Gaussian noise and the input space. Siné&R) models (Oliva et al., 2018; Papamakarios et al., 2017;

these spaces are only used as a guide and have no intringi@n den Oord et al., 2016) exploit the probabilistic chain
meaning, maintaining them has no direct value. rule and learn a distribution for each dimension conditioned

on the previous features. Despite their impressive perfor-
mance as likelihood estimators and as generative methods,
4. Related Work these models are surprisingly brittle. In particular, they

an array of ML problems, e.g., clustering and density esthan the ones they were trained on which prevents them
from being utilized for outlier detection (Hendrycks et al.,






