Representations and Exploration for Deep Reinforcement Learning
using Singular Value Decomposition

Yash Chandak ! Shantanu Thakoor? Zhaohan Daniel Guo’> Yunhao Tang?
Remi Munos?> Will Dabney’ Diana Borsa?

Abstract

Representation learning and exploration are
among the key challenges for any deep reinforce-
ment learning agent. In this work, we provide a
singular value decomposition-based method that
can be used to obtain representations that preserve
the underlying transition structure in the domain.
Perhaps interestingly, we show that these repre-
sentations also capture the relative frequency of
state visitations, thereby providing an estimate for
pseudo-counts for free. To scale this decomposi-
tion method to large-scale domains, we provide
an algorithm that never requires building the tran-
sition matrix, can make use of deep networks,
and also permits mini-batch training. Further, we
draw inspiration from predictive state represen-
tations and extend our decomposition method to
partially observable environments. With experi-
ments on multi-task settings with partially observ-
able domains, we show that the proposed method
can not only learn useful representation on DM-
Lab-30 environments (that have inputs involving
language instructions, pixel images, and rewards,
among others) but it can also be effective at hard
exploration tasks in DM-Hard-8 environments.

1. Introduction

Developing reinforcement learning (RL) methods to tackle
problems that have complex observations, partial observabil-
ity, and sparse reward signals is an active research direction.
Such problems provide interesting challenges because the
observations can often contain multi-modal information
consisting of visual features, text, and voice. Coupled with
partial observability, an agent must look at a sequence of
past observations and learn useful representations to solve
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the RL task. Additionally, when the reward signal is sparse,
exploring exhaustively becomes impractical and careful con-
sideration is required to determine which parts of the envi-
ronment should be explored. That is, efficient exploration
depends on an agent’s representation. Therefore, a unified
framework to tackle both representation learning and explo-
ration can be beneficial for tackling challenging problems.

Approaches for representation learning often include auxil-
iary tasks for predicting future events, either directly (Jader-
berg et al., 2016) or in the latent space (Guo et al., 2020;
2022; Schwarzer et al., 2020). However, in the rich obser-
vation setting, fully reconstructing observations may not be
practical, while reconstruction in the latent space is prone to
representation collapse. Alternatively, auxiliary tasks using
contrastive losses can prevent representation collapse (Chen
et al., 2020; Srinivas et al., 2020), but can be quite sensitive
to the choice of negative sampler (Zbontar et al., 2021).

Similarly, approaches targetting exploration often include
reward bonuses based on counts (Bellemare et al., 2016),
or reconstruction errors (Schmidhuber, 1991; Pathak et al.,
2017). While these ideas are appealing, in rich-observation
settings enumerating counts can be challenging and recon-
struction can focus on irrelevant details, resulting in mislead-
ing bonuses. Methods like RND (Burda et al., 2018) par-
tially address these concerns but are completely decoupled
from any representation learning method. This substantially
limits the opportunity for targeted exploration in the agent’s
model of the environment. A detailed overview of other
related work is deferred to Section 6 and Appendix A.

In this work we provide De-Rex: de composition-based
representation and exploration, an approach that builds upon
singular value decomposition (SVD) to train both a useful
state representation and a pseudo-count estimate for explo-
ration in rich-observation/high-dimensional settings.

Structure preserving representations: De-Rex uses a
decomposition procedure to learn a state representation that
preserves the transition structure without ever needing to
build the transition matrix (Section 3). Further, our method
requires only access to transition samples in a mini-batch
form and is compatible with deep networks-based decom-
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position (Section 4). This improves upon prior work which
used decompositions but was restricted to tabular settings
(Mahadevan, 2005; Mahadevan and Maggioni, 2007) or
required symmetric matrices (e.g., Laplacian (Wu et al.,
2018)) that could corrupt the underlying structure when the
transition kernel is asymmetric.

Pseudo-counts for exploration: We show that the norms
O lese leameq tle epresellons Sabure ealue *@fure 1. Consider opk SVD decomposion'r
dure to obtain pseudo-counts (Sections 3 and 4). This signi%’-J k\./.o’ whereV y - Vi© 2 RO . After decom-
icantly streamlines the exploration procedure in. contrast t os!thn, we con_S|der the rows bh_( 2 RS ¥to be the

X ) . . i jSj dimensional representation for the states. Intu-
prior works that required learning exploratory options using

spectral decomposition of the transition kernel (Machad itively, if two states have similar next state transition dis-
P P Yributions (teal rows j; andP [;;) then their representa-
etal., 2017a;b).

tions ( rows  i; andU ;) would also be similar.
Performance on large-scale experiments:Building upon ~ Notice that rows iflJ can be thought of as coef cients for
ideas from predictive state representations (Littman an@ombining the common basis vectaf§ to best estimate
Sutton, 2001; Singh et al., 2003), De-Rex also provides &ws ofP  (i.e.,P ;  UxVy,andP 7 Uy Vi)
procedure to tackle representation learning and exploratiohherefore, if® ;; Py, thenUy VR Uy V.

in partially observable environments (Section 5). We demon-

strate the effectiveness of De-Rex on DM-Lab-30 (Beattie

et al., 2016) and DM-Hard-8 exploration tasks (Paine et alolicy learning (Ghosh and Bellemare, 2020). Of particular
2019), in a multi-task settingrjthoutaccess to task label). interest are recent works by Lyle et al. (2021; 2022b) that
These domains are procedurally generated, partially obserghow under idealized conditions thstate featureemerg-
able, and have multi-modal observations involving languagdnd from value function estimation, using just TD-learning,

instructions, pixel images, and rewards (Section 7). capture the top-k subspace of the eigenbasi? ofAs we
show in the following, these top-k eigenvectordrof are

o exactlythe same as the top-k eigenvectorglof P ) 1.
2. Preliminaries Therefore, these basis vectors can be particularly useful

We will begin in a Markov decision process (MDP) setting for obtaining state representations as the value function is

. . : )
and develop the key insights using singular value decompd'—ne_ar |In(| P P 1)R (SgttonRantzj E’zgt(.)' 2018),{‘ Thz_a;th|s,
sition (SVD). Later in Section 5, we will extend the ideas to Vo= (t )t d ' V;Ederg- for all tf:S atv?c 02r VSV'
partially observable MDPs (POMDPs). one-step expected rewald [Rjs] for all the states '

_ _ Theorem 1. If the eigenvalues d® 2 RISISI  are real
Any vectorx is trgated as a C(_)Iumn vector. Any matrix 5.4 distinct,! then for anyk, the top-k eigenvectors &f
M is denoted using bold capital letters, ald;; | cor- and(I P ) !arethe same.

respond ta" row andj ™ column ofM. An MDP is a

tuple (S;A;p;r;do), whereS is the set of nite states, pryofs for all the results are deferred to Appendix B. These
A is a set of nite actionsy is the reward functionp  |eaq to a natural questioan we explicitly decompoge

is the transition function, and, is the starting-state dis- 4 4ig representation learningo answer this, Theoreth
tnbunons.‘_?' policy is a decision making rule, and let ¢4 pe useful from a practical standpoint, as estimating and
P 2 RPM ._bg,the transition matrix induced bysuch  gecomposing® can be much easier than doing so fbr
thatP gsq = 40 Pr(sls;a) (gs). Letthe perfor- oy 1 ynfortunately, however, eigen decomposition of

mance of a policy beJ( ) = E [ I_Rt]' where  p need not exist in general whén is not diagonalizable,
2 [0;1) andR; is the reward observed at tim@n inter- ¢, example, ifP s not symmetric.

acting with the environment with. Let  be a class of (pa-

rameterized) policies. The goalisto ratgmax , J( ).  Therefore, we instead consider singular value decomposi-
tion (SVD), which generalizes eigen decompositionPof

and always exists (Van Loan, 1976). That is, there always

_ _ _ _ : b e
Following the seminal work on proto-value functions (Ma- €Xists orthogonal matriced 2 R, V 2 RS
hadevan, 2005; Mahadevan and Maggioni, 2007), reprénd a real-valued diagonal matrix2 RIS/ such that
sentations obtained from spectral decomposition have bedd = UV ~. In Figure 1, we provide some intuition
shown to be eﬁeCt'Ye not only towards mlnllelng.t.h('a Bell- we consider eigenvalues to be real and distinct to simplify the
man error (Behzadian et al., 2019) but also stabilizing offchoice of “top-k' eigenvalues.

2.1. Why SvD?

2
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for what the top-k SVD decomposition & captures: Thus, let

P Ux «Vi ,whereUy 2 RSI kandVv, 2 RiSI k X -
are the top-k left and right singular vectors corresponding to An= =X>Y = = Xy 1)
the top-k singular values, 2 R ¥. We build upon this n no_,

insight to develop an SVD-based scalable method that goes

beyond just representation learning and can also be useftheorem 2. A , is an unbiased and a consistent estimator
to obtain intrinsic bonuses to drive exploration. of DP ,i.e.,

Outside of RL, different matrix decomposition methods 8i;j; E Anpj; = DP i1 Angj; 0 DP gy
such as Kernel PCA (Scholkopf et al., 1997), deep decom-

position (De Handschutter et al., 2021; Handschutter et al.,

2021), and EigenGame (Gemp et al., 2020; Deng et al
2022) have also been proposed. In what follows, we dra
inspiration from these but focus on the challenges for the R
setup, i.e., asymmetric (transition) matrices, construction o

With a slight overload of notation, &t 2 RIS/ S and
2 RISl SI pe the left and the right singular vectors for
n,andlet 2 RIS Sipe the singular values such that

exploration bonuses, and partial observability. A,=UV ~: (2)
. Now pre-multiplying both sides irf2) with U~ , post-

3. Tabular Setting multiplying with V and observing thdt) > U = V>V = |

To convey the core insights and lay the foundations for UTA,V = 3)

our approach, we will rst consider the tabular setting. In
Section 4, we will extend these insights to develop scalabl
methods that use function approximations. 1 X

= U xyyV = o (4)
Decomposind® exactly would require transitions corre- n._,
sponding to all the states. This is clearly impractical, as e isi e isi ,
an agent would rarely have access to all the possible staté\éc.)w'_ letfy : S ! _R an‘dgv_ ' S ! R be I|r_1ear
Therefore, we consider decomposing a weighted version Otpnctlons parameterized by ‘weights'andV respectively.
P .LetD = f(s;a;r;s9gl, be adataset af transition Then (4) can be expressed as,
tuples collected using. Letd 2 ( S) be the distribution 1
of the states from which the observed transition tuples o fu(xiov (yi)” = (5)
are sampled, and I& = diag (d) 2 RISISI | In the fol- i=1
lowing, we will consider decomposing the weighted matrix The form in(5) is useful because it naturally leads to a loss
DP (whendis uniform,DP / P ). As we will elabo-  function to search for ‘parametetd' andV that provide
rate in the following sections, this choice of decomposingthe decomposition if2). Speci cally, if we want the top-k
DP has two major advantage@) It will provide a prac-  decomposition, le) 2 RISI k gndP 2 RISI k pe the
tical representation learning procedure that only requiregstimates for top-k left and right singular vectors, and let
sampling observed transition tuples, gblit will also pro- (Ll) : \b) 2 RK Kk pe de ned such that,
vide, almost automatically, estimates of pseudo-counts that
will be useful for exploration. 0¥

gxpanding (3) using (1), we obtain

> .

1 X
=5 Teigp ()™
Representation Learning: In this section, we outline i=1
the key idea for representation learning. Before p.rc.)ceeﬁj,vher(:_.flg -S| Rk andgy : S ! RX. To perform
ing, we introduce some additional notation. kxgt2 RIS the top-k decomposition, one could how searchloand
be the Qge-hot encoding corresponding to ssa@nd et that makes (8; W) resemble the properties of i.e.,
njsj i
é ZS.R ol bf ihe gt'cl‘;g';j"ﬁs ft(;]r the St?]tef n thsldataset (B:¥) is a diagonal matrix with large values on the diag-
- Stimiarty, 1etys © € one-not encoding Corre- 5, “gpeci cally, we consider the following optimization
sponding tes” and lety 2 R"!>!  be the matrix consisting problem where veld> B = V>V = | the diagonal
0; - -
the stack 0" in the dataseD. elements of (lb ; V) are maximized while the off-diagonal
Using the datasdd we provide a sample estimate foP elements aré,
that we would like to decompose. While we wilever ¥
actually construct this, a possibly intractable, estimate of U ;v :=argmin (lD : \b)[i_i |
DP , it will be useful for deriving the proposed procedure. 09 i=1 '

st. (B;9);,,=0 8i6 j(6)
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Figure 2:(A) State visitation frequency in the data collected using a random p@BgyReference colors for the states in
the 4rooms(C) 2D Representations learned from 121-dimension tabular represent@)ddonus constructed using the
learned representations. Legend: values are normalized be@aetl and darker color represents lower value.

Resulting functiorf y  provides the representation for the Remark 1. Intuitively, there are extra degrees of freedom
states. For instance, similar to the example in Figure 1in how representations can be rotated/re-oriented such that
fu (xs) = U ~xs, which is the row of 2 RISI ¥ their relative distances from each other are the same, but
corresponding to the statebecausexs is one-hot. The their norm changes. This freedom is leverage(irto re-
functiongy is only used in searching for the functibyp .  orient the representations such that states that have higher
In Figure 2(c), we provide an illustrative example on thevisitation tend to get representations that have a lower norm
4-rooms domains, where it can be observed that the learnadalue. This can be visualized in Fig 2(C) and 3(C).

representation clusters the states that have similar transitioRemark 2. Alternatively, observe th@P is related to the

distributions (even wheD is far from uniform). (normalized) count matrix (Bellemare et al., 2016). There-
fore, decomposing it results in representations that have

Exploration: We now discuss how representations ob-properties of both the visitation frequenByand the transi-

tained from the SVD decomposition BfP can also be tion structureP .

bene cial for exploration. In the following, we show that

a pseudo-count estimate of a state's visitation frequency,

relative to other states, can be obtained instantly by just

computing the norms of the learned state representation. \ypije (6) provides the problenformulation it does not
provide a scalable way fperformthe optimization. Further,

. Function Approximations

Let the decomposition dP = UV > and as earlier !
let the representation functidny be parameterized linearly W& would want to extend the procedure to work with deep
with left singular valuet) . Let = 2, then the weighted neural networks. In the following, we elaborate on a way to

norm of the representatiokéy (xs)k 1 is inversely pro- achieve that.

portional tod(s), i.e.,how oftens has been observed in the

dataset relative to other states Representation Learning Leveraging the form irf5), we

Theorem 3. If P P ~ andD are invertible, then for ¢ = extend the |§iea usTg non-linear functldr)§ R R.k

PP )L andg, : R® I R that are parameterized by we!ghts
[sis]” =[ 1; 2] and take states (need not be tabular) as inputs,

2 _ s . xo
fulke) ™ = g ") (=27 1.6)0. () 2R S @)

i=1

Here s is a state-dependent constant that is independent a§peci cally, let
d(s). Theorenm3 is particularly appealing because not only

canfy provide representations that respect the similarity Laag ( () = }X( i1 ©)
in terms of next-state transitions, but it also orients the diag Tk [ 1
representations such that norms of the representations can . «

be used to indicate pseudo-counts. Further estimating the Lo ( ()= 1 ()2 (10)
bonus only requires computing u (xs) > ,, where k2 ko (]

is a diagonal matrix which can be inverted@gk) time, 6]

wherek is the dimension of the representation. Thereforenow similar to(6) we de ne a loss with soft constraints by
computing the norm is also &d(k) time operation. Figure  combining (9) and (10),

2(D), provides an illustrative example of wHdfy (Xs)k 1

captures in the 4-rooms domain. LC ()= Lgag( (Nt Lo ( () (11)
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Figure 3:(A) State visitation frequency in the data collected using a random p@B3yExample of the domain image used

as the statg(C) 2D representations learned from images (30x30x3) corresponding to the states. Reference colors for the
states are the same as that used in Figure 2([B)Bonus constructed using the learned representations. Legend: values are
normalized betwee@ and1 and a darker color represents a lower value.

where | is a hyper-parameter. For the tabular settin{G)y  the square i®utsidethe expectation. This is reminiscent
the condition forl0> 8 = ¥>¥ = | prevents unbounded of the issue in residual gradient optimization of the mean
maximization of the diagonal by ensuring that the columnssquared Bellman error (Baird, 1995). Therefore, to address
of U (i.e., each feature dimension), and column¥olfiave this issue, we also use the double-sampling trick to obtain
a norm of one. In the function approximation setting it is unbiased gradient estimates. Speci cally, let
not immediate what this condition should be. Therefore, I
to prevent unbounded maximization of )[i;i ] in (9), we g( )= 1 : fo(s)g.(D)
use batchnorm (loffe and Szegedy, 2015) on the output of ' b, (51925 k
bothf andg to ensure that each feature dimension remains =t

normalized. In Figure 3(C) we illustrate the representationde estimated usinly samples of a separate batch of data
learned by minimizing the loss i11) with convolutional  than the one used i(12). Then using12)and(13), we use

(13)

neural networks, batch-normalization, and=1. Ib,( ) instead ofLot( () in (10), where
Mini-batch optimization:  In practice, computing ( ) b ()= 1 X b( )i 1 S B( )i
in (8) using alln samples is impractical. Instead, it would 0 (k2 k) =1 fii ] i
be preferable to have a mini-batch estimate ¢f), i8]
1 X
1% 7 By, b( Y.
b(y= g fs)e. (12 foEw,, wr s T0u 69
i=1 6]

be shown that while the grad|ents ﬂoﬂ'ag( () are un- Theorem 5. Gradient@IP, ( ) is an unbiased estimator
biased, gradients fdr, (P ( )) will be biased in general. of @Lo ( ( )) ie.

Theorem 4. Gradient ofL giaq (P ( )) is an unbiased es- E @IP ( ) @L, ( ()):
timator of L giag ( ( )), and gradient ol , (b)) isin

general a biased estlmate.b{, C (). ie Exploration:  Having developed a mini-batch optimiza-

h i . . .
_ b _ _ . tion procedure to obtain the representations, we now extend
E %@Ld'ag 0) i @laiag ( () (7) to the function approximation setting. Speci cally, using
— 2 i -
E@L, P() 6@L, ( ()); (. ) = <( ), we construct the estimate for pseudo-count
usingkf  (s)k (y 1.

where the expectation is over the randomness of the mlnHowever as discussed earlier, obtainin@ ) exactly can be

batch. hard in practice. Therefore, in practi@d we keep a running

mean estimate® ( ) for different b( ) observed across

mini-batches. Furthe(b) as the loss i{11) encourages

1 2 €( ) to be diagonal, we only maintain a running estimate

( )ﬁ;j 1= 5 f (sk)g (sﬁ)ﬁ;j 1 € () for the diagonal elements and keep the off-diagonal
k=1 elements as zero. Now usi® ) = €2( ), we construct

This problem can be attributed to the fact that in (10),
!
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the estimate for pseudo-countsfisingkf 1(s)ke( ) 1- 2003), such that the probability of all the remaining tests

In Figure 3 (D) we illustrate the effectivity of estimating can be obtained as linear combinations of the probabilities

pseudo-counts using this procedure. of these core tests occurring. Therefddg;) encodes the
probability of thesek core tests occurring given the his-

P . tory h;, and the columns o ° contain the coef cients for
5. POMDP & Predictive State Representation thelinear combination Mathematically, this subtle differ-

An important advantage of the proposed approach is that wence from the standard POMDP perspective alloifso
can consider other matrices (€.8.2 RiSiAil Siinstead have values that are not constrained to be probability dis-
of P 2 RISii Si)as well. In this section, we take a step tribution nor be positive, and thus allows PSR to model a
further and consider theystem-dynamics matrtkat are ~ much larger class of dynamical systems (Singh et al., 2012).
well-suited forpartially observablesettings. Transformed PSR (TPSR) extends this perspective further
and letsU j; correspond to be a small number lofear
t combinationf the probabilities of a larger number of tests.
Mathematically, the key difference is that this perntitg,
to not be probability distributions and have negative values
ke a set of observation-action sequences, suchHhat as well. This perspective is particularly _useful as the left
2t o1t g He whereT is the horizon lengthH = O, smgL_JIar \_/ectors from the S\_/D dN now dlrectI)_/ provide
and8t> OH, = H, ; A O . Letatest 2 H be suf cient information from histories needed to infer future
outcomes (Rosencrantz et al., 2004).

Brief Review:  For a partially observable system, le
O be the set of possible observations anddet2 O be
a random variable for the observations at time_et H

any sequence of action and observatifms o¢; ::::; g ; 0; ).
Given a historyh = (og;ap;:a 1;6) 2 H, let
p( jh) = Pr(Oia = 01;:50 = ojhA; = 5.1. De-Rex: Decomposition based Representation and
a;;: 5 Aie) 1 = @) be the history-conditioned predic- Exploration

tion of a test . Intuitively, p( jh) encodes the probability We build upon the idea of TPSR that was often restricted

of future outcomes given the observed history. A system- .
dynamics matri 2 RMH  is de ned to have its rows to small-scale setups (Rosencrantz et al., 2004; Boots et al.,

C 2011; Boots and Gordon, 2011), and extend them to a large-
correspond to histories and columns correspond to tests

such thatW ; ; = p( jjhi). Figure 4 provides an illus- Scale setting with function approximators using ideas devel-

. . . . . | k
tration of a low-rank system-dynamics matik = UV °, oped |n. Sect|onk4. That 'S, '(.8) we usef , : H . R
iHi K \s0 K iHi K andg, : H! R* which takehistoriesandtestsas inputs,
whereU 2 R™ ¥, v©®2 R“F | Further, let(z), : 2 .
. instead of states and next states, respectively.
correspond to the latent variables of the system.
Speci cally, let dataseD consist ofn trajectories. For the
i™ trajectory(og; ao; ::ar 1;0r) in D, we de ne hj =
(0o;a0;::5;0) and jj = (&0 +1;5ar 1;0r). We ex-
tend (8), such that
x X > k k
()= = fL(hi)g. () 2R % (15)
i=1 j=0
Now, using the double sampling trick fro(h4) and using
a loss similar tq11), we can diagonalize ( ) in (15). We
provide more discussion on these in Appendix C.

Figure 4: A low-rank system-dynamics matrix (adapted
from the work by Singh et al. (2012)). Intuitively, rou;
provides a good representation for histdrybecause it
containsall the information that is suf cient to infer the 4 rooms (POMDP): Similar to Section 3 and 4, we also
outcome probability of all the futures (tests), given visualize the learnetkpresentations for the historiesd

the estimategseudo-counts for historiefor this purpose,
Viewing z;'s from different perspectives provides different we construct a domain where the observatiprat timet
insights. If a POMDP hals unobserved states theman cor-  corresponds to an image of si@&0; 30; 3) that has the top-
respond to the hidden states of the system. Correspondinglgpown view of the domain (similar to Figure 3 (B)), albeit
the rowsU [;; would be the belief distribution over thoke  that with probabilityp the agent's marker (red dot) is com-
hidden states, given the histdny so far, and columns of ©  pletely hidden. Therefore, when the marker is hidden, the
contain the probability of observing the futures/tests if theobservatiorD; does not provide any information about the
agent is in a given hidden state. In contrast, PSRs considdéocation of the agent, and the location needs to be inferred
Z to becore testqLittman and Sutton, 2001; Singh et al., using the history. More details about this POMDP domain
2003; 2012; James and Singh, 2004; Rudary and Singlan be found in Appendix D, where we also provide an abla-

6
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Figure 5: Similar to Figure 2 and 3, we provide plots in Figure 9 (in Appendix D) to assess the quality of the learned
distributions. However, it is not particularly informative for representations in higher dimensions. Therefore, as an alter-
native, we learned a classi cation model (using a single-layer neural network) that aims to classify the true underlying
state at the end of the observation sequence of a given (partial) history using the representation of that (partial) history.
This provides us with a proxy for how well can the learned representations be used as to decode beliefs over the un-
derlying true state. Top-row illustrates the snapshots of the observations that were provided to the agent at timesteps
t = f0;25;,50; 75,100 125, 150,175 200g (notice the agent missing in some frames). The bottom rows denote the belief
decoded from the representation of the history till timesteee text for more detailkegend: For the bottom row, the

deeper red color indicates a higher degree of belief. For the top row, the red color indicates the location of the agent.

tion study across different valuespf f0:0;0:3;0:6;0:9g.  learn options that aid exploration (Machado et al., 2017a;b;
Here, we present the results for= 0:3. Liu etal., 2017). Further, norms of a related quantity, known
as successor representations, have been shown to be useful

A suf cient statistic for any history is the ground truth state goseudo—counts (Machado et al., 2020).

at the end of that history. It can be observed in Figures
and 10 (in Appendix D) that for the histories that are endingWe discuss other related works in detail in Appendix A.
at a similar ground truth state (unknown to the agent), thé>erhaps the work most relevant to ours is by Wu et al. (2018)
proposed De-Rex method is able to provide similar reprewhich discusses how to decompose the LaplaciaR of
sentations for those histories. Additionally, the proposedo obtain the associated eigenfunctions. Similar to ours,
method is also able to provide pseudo-counts for the undetheir method can also make use of deep networks and only
lying true state even when the true state is unknown. requires access to transition samples. However, their method

. . . . is based on using aymmetricLaplacian matrix, which
In Figure 5, we provide an alternative way of assessing th?‘nay not be ideal depending on the underlying structure

quality of the learned representation for the histories. It can, the domain (for e.g., wheR is not symmetric) being
Ee oft;ser_v edth dat D((ej-_Rexhprowdes ;eplr e_sentaﬂons that CeE&ptured by the representations. Further, their method does
e eflective at decoding the true underlying states. not directly lends itself to estimating pseudo-counts for
exploration either. In Section 7 we provide an empirical
6. Related Work comparison against this method.

Recent work by Tang et al. (2022) illustrates, under ideal-
ized assumptions, how self-predictive representation (Gug :

et al., 2020; 2022; Schwarzer et al., 2020) are related % this section, we aim to empirically investigate the prop-

spectral decomposition. Alternatively, Ren et al. (2022),ias of the proposed De-Rex algorithm for large-scale

consider explicitly decomposing the transition kernel, how'domains Speci cally, we aim to answer the two main ques-

ever, their met_hod mak_es use of an estimated 'T‘O‘?'e" .ar\ﬂ)ns pertaining to representation learning and exploration.
their loss function requires access to the state distribution,

which is typically not available directly. Further, Touati Q1. Can De-Rex learn useful representations from rich
and Ollivier (2021); Lan et al. (2022) illustrate how the de-observations?

composition of long-term occupancy matrix could be useful

for representation learning but they leave the exploratior-lr 0 irrvezsgilggte thi_s questionéwe use thel D%Iizb Sgl\sl?_eime
question open. Some of these methods use a contrastive al, )envwonment.(. eattie etal., )- anis
learning loss, which might be complimentary to the pro_pamcularly useful here as it is a procedurally-generated, par-

posed non-contrastive loss (Garrido et al., 2022). Spectra“ﬁ"y obser\{abIES—D dworld_ \_Nhere properties such as %bje(_:lEh
properties of the transition matrix have also been used tg 1 aP€s, COlOTS, and posmo_ns can vary every episode. the
environments consist &0 diverse navigation and puzzle-

Empirical Results
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solving tasks, where the state observations range from lan-
guage instruction to pixel images from a rst-person view,
and rewards. The action set consists of a mix of discrete and
continuous actions corresponding to motions for moving the
agent's location, adjusting the visual angles, and controls
for using various tools available in the environment.

To make it more challenging, we consider the multi-task
setting where there is a single agent that interacts with all
the tasks at once and must learn a common representation
across all of these tasks. In our setup, themoiexplicit

task identi cationthat is given to the agent, and so the agent
must be able to deduce the task from its environment. We
consider the following algorithms for comparison. Detailed
discussions regarding implementation and hyperparameters
for these are available in Appendix C.

RL Baseline: As our base RL algorithm, we use V-
MPO (Song et al., 2019), a policy optimization method
that had achieved state-of-the-art performance across sev-
eral RL benchmarks involving both discrete and continuous
tasks. To avoid confounding factors, this baseline agent
does not have any explicit representation learning loss.

Laplacian decomposition: We compare against the work Figure 6: Per-game comparison of (a) De-Rex representa-
by Wu et al. (2018) that uses spectral graph drawing to learion vs. VMPO baseline and (b) Laplacian representation
state representations by decomposing the Laplacian assogé. VMPO baseline. We compare the nal human normal-
ated with the transition kernel. As a baseline decompositionized scores (i.e., average of the 1% of the total2 10'°
based method, we use their proposed loss as an auxiliatsaining steps). Each score is averaged over three seeds.
task with the VMPO agent.

De-Rex Representation: Similar to the baseline

decomposition-based method, we use the proposed auxiliaftions and ef cient exploration. To investigate this ability,
representation learning loss based(bh) and(15) along- We use the DMLab Hard-8 Suite (Gulcehre et al., 2019)
side the VMPO agent. For these experiments, we focus onf§at consists o8 hard exploration tasks in the DMLab envi-
on understanding the usefulness of the representations beifgnment (Beattie et al., 2016) with sparse rewards, which

learned, without any additional exploration bonuses. require the agent to solve a sequence of non-trivial sub-tasks
in the correct order to obtain the nal reward. Similar to

An empirical comparison of the algorithms for each taskpMLab-30, we make the setting more challenging by con-
is presented in Figure 6. In Appendix E we also providesidering the multi-task setup. For all the agents, we modify
aggregate and separate learning curves for each task. It c@fe reward at timestepby adding an algorithm-dependent
be observed that the baseline VMPO that does not expligyonus to encourage exploratid®? := R; + |, Bonusy;
ity employ any representation learning losses, struggleghere , is a hyper-parameter. Besides comparing against
to perform in the large-scale, rich observation setting. Inthe methods introduced before (that do not employ any ex-
comparison, the baseline method that uses decompositigiloration strategy and theBonus; = 0 everywhere), we
of the Laplacian to learn state representations does slightlyiso compare the following methods.
improve the performance. However, the proposed De-Rex
representation learning method that is designed to explicitifk@ndom Network Distillation: RND (Burda et al., 2018)
handle partial observability provides the most improvementas emerged as a strong baseline exploration method that
We found that adding the De-Rex bonus for exploration didconsists of training an observation encoder to predict a sep-
notimprove results for these tasks, as in the dense rewar@fate, xed, randomly initialized encoder of the same obser-
settings bonuses can distract more than be helpful. vation. The prediction loss is then used to comieus .

for exploration.
Q2. Can De-Rex explore complex environments with
sparse rewards? De-Rex Exploration: An important aspect of the proposed

_ _ _ _ work is that the estimates for the pseudo-count of state visi-
Solving large-scale domains require both: learning represemiations can be obtained easily. Besides using representation

8
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Figure 7: Learning curves for each task on the DM-Hard-8 suite (Gulcehre et al., 2019) in the multi-task setup. The shaded
area corresponds to the minimum and maximum across three seeds. High variance in these environmentxsatuel{o

sparse rewardge.g., only at the end of completing a sequence of complex tasks the agent is able to get any reward). Because
of this, if the agent is able to explore well enough it solves the task, or else it fails completely.

loss, we seBonus; using the norm of the state/history completely model-free and the exploration bonuses can be
representation at timestép constructed readily by computing the norms of the repre-

A irical . f1h hods | q .sentations. (b) Theory and empirical results: the proposed
n empirical comparison of these methods is presented | pproach is grounded in the fundamental framework of

Figure 7. It can be observed that the base VMPO metho VD, and shows how SVD can be used not only for repre-

fails to solve any_task as '.t lacks any explicit way to €M"sentation learning but also for exploration in challenging
courage exploration. Similarly, RND and the Laplacian

d ition (Burd L 2018 hod | environments. (c) Extensibility: Our method can not only
ecolm posng):\’]/”(_i u(rj g et ?(lyTh' ) mgt 0 Sft? nly dmanﬁg%e used with other matrices of interest but also the proposed
to solveone ard-8 task. This can be attributed to the \, ;04 re can be used as an auxiliary loss with any future

fact that the exploration bonus in RND does not include am'gaseline (deep) RL algorithm.

representation learning component which is essential in the

rich-observation setting. Whereas, the Laplacian decompd-imitations: While we took the initial steps to lay out the

sition method includes representation learning loss but haanalysis in the tabular setting, we believe an important future

no explicit procedure to encourage exploration. direction is to further our understanding by theoretically an-
. ) ) alyzing the function approximation setting as well. Further,

De-Rex prOVIdes'a single, uni ed', procedure for both rep"mvestigating how texplicitly account for rewards during

resentat_lon learning and est|mat|ng bonus_es to encoura‘i’gpresentation learning could be fruitful (using the proposed

exploration. When only representation loss is ugdahRex method as an auxiliary loss indudesplicit dependency on

Representatiors stil a_ble to solve nearlywo tgsks. When rewards as the losses from policy/value functions also shape
both the representation loss and exploration bonuses affe representation)

used,De-Rex Exploratioris able to solve nearlfour tasks.
Appendix E contains additional ablation studies on the DM-
Hard-8 tasks using different hyperparameters combination§. Acknowledgement
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Representations and Exploration for Deep Reinforcement Learning
using Singular Value Decomposition
(Supplementary Material)

A. Extended Related Work

Auxiliary Losses and Exploration Bonuses: Several prior works have analyzed properties of states features for TD
learning (Parr et al., 2007; 2008; Song et al., 2016), studied different notions of optimality (Nachum et al., 2018; Bellemare
etal., 2019; Allen et al., 2021), and the effect of auxiliary tasks on representation learning (Dabney et al., 2021; Lyle et al.,
2021; 2022a;b). Speci cally, similar to D-REX, auxiliary losses have been shown to help obtain higher expected returns
quicker by learning better representations (Jaderberg et al., 2016; Mirowski et al., 2016; Hessel et al., 2019; Gregor et al.,
2019; Guo et al., 2020; Erragabi et al., 2022). However, unlike these methods, D-REX neither requires negative sampling,
nor any target networks for representation learning nor does it require reconstruction at the raw observation or representation
level.

Auxiliary losses can also provide intrinsic motivation signals to drive exploration (Houthooft et al., 2016; Pathak et al.,
2017; Burda et al., 2018; Azar et al., 2019; Badia et al., 2020; Guo et al., 2022). Such intrinsic bonuses are also related
to pseudo-counts of state visitations (Bellemare et al., 2016; Ostrovski et al., 2017; Tang et al., 2017). However, unlike
these methods, D-REX does not require any sophisticated density estimation procedure and can directly use the norms of
the learned representations to estimate pseudo-counts. We refer the readers to the work by Weng (2020) for an exhaustive
review on various exploration strategies.

Decomposition Based Methods Following the seminal work by Mahadevan (2005); Mahadevan and Maggioni (2007)
several researchers have explored the utility of spectral representation and decompositions in decision making in MDPs
(Petrik, 2007; Wang et al., 2021; Behzadian et al., 2019), POMDPs (Hsu et al., 2012; Roy et al., 2005; Azizzadenesheli
et al., 2016; Boots et al., 2011; Grinberg et al., 2018). PAC learnability and regret guarantees have also been developed for
MDPs (Misra et al., 2020; Agarwal et al., 2020) and POMDPs (Wang et al., 2022; Kwon et al., 2021; Guo et al., 2016; Liu

et al., 2022; Zhan et al., 2022) using various rank conditions on the dynamics. Complimentary to these results, our method
is aimed at solving large-scale environments that present challenges both for representation learning and exploration.

B. Proofs

Theorem 1. If the eigenvalues @ 2 RISIISi  are real and distinct? then for anyk, the top-k eigenvectors & and
(I P ) !arethe same.

Proof. We rst show that any eigenvector & is also an eigenvector ¢f P ) 1. Subsequently, we will show that
the ordering of these eigenvectors, based on their associated eigenvalues, are also the same.
Letv 2 RIS 1 be an eigenvector & and be its associated eigenvalue, i.e.,

Pv=v:

Now it can be observed that the eigenvectordforand(l P ) !arethe same,
( P) tv= Pt v ()

Further, a® < landj j 1,

( P)tv= Vi

Let %= 1=1 ) be the eigenvalue associated wittfor the matrix(l P)l Asjj 1, and Care
monotonously related, i.e., larger values dmply larger values of °and the ordering of the top-k eigenvectors for both
P and(lI P ) !arethe same.

e consider eigenvalues to be real and distinct to simplify the choice of “top-k' eigenvalues.
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Theorem 2. A, is an unbiased and a consistent estimatobé* , i.e.,

Proof. Unbiased:
1., 1., .
E[AL]=E HX Y =E HX E[YjX] :
In the tabular setting, &@s[Y jX] is equal to the distribution of the next stafegiven interaction using from the statex,
thereforeE[Y jX]= P
E[A.]® %x>xp = E %x>x P (16)

Now observe that because of one-hot encodﬁq)g,> X is a diagonal matrix, wheré" diagonal entry consists of the
normalized visitation counts for the stateTherefore,

2 3
1 1 X
E XX =E4Z  xx7°
n n
[i:i ] j=1 fii ]
2 ' 3
1 X
= E4ﬁ 1f5j:SiASj:Si95
j=1
=E 1fS:s.g
= d(si):
ThereforeE 2X> X = D, and using (16),
E[An] = DP
Consistency:
DP ;1= DgiP iy

d(si)Pr(S°=sjS=s;; )
=Pr(S°=s;;S=s; )
1 1 X
Anii1= X7 Y= o O )
k=1
As x, andyy are one-hot encoded vectors for the st&eandS?,
1 X

Aniij1= o lisc=sinsp=sg
k=1

LetXy =1ts =sns0=5 g then we know from the strong law of large numbers,

EX Xy B E[lfskzsiASE=si gl = Pr( s= §:S=si; )
k=0
Therefore,
8iji Angy) I PI(S"= §1S= s )
=DP gy
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Theorem 3. If P P ~ andD are invertible, then for ¢ = (P P >)[S;ls],

2 s
f = : 7
Proof. First notice that,
DP =UV ~
DP P°D> =UV ~V ~U”>
=U ?U%; VIV =
=yu ~’ where, = 2:

Recall that for any matrisM with full column-rank, it's pseudo-inverse is given Y = (M>M) 1M~ such that
MYM =1.As(DP P>D”)> =DP P>D7,
(DP P*D>)Y=(DP P> D>DP P>D”) DP P”D~

=(UU “UU ~) tuu ~

(—é)(U 2u>) 1UU >

Qu 2uruu

=u u~; (17)
where (a) follows from the fact that> U = | and (b) follows from the factthdd * = U~ .
Alternatively, under the assumption ttat P> andD are invertible,
(DP P> D”>)*(DP P>D”>) '(DP P>D”)
DP P>D2P P’D 'DP P>D
D (P P*) 'D *(P P*) 'D 'DP P>D
D (P P?) D % (18)

(DP P>D>)

Combining (17) and (18),
u 'u>=D YP P?) 'D .

In the tabular settingss 2 RISI 1 correspond to the one-hot feature encoding for the stad@d the linear function
fu(xs) = U™ Xs

Hu(xs);fu(xs)i 1 =x;U U7 xs
xeD (P P 7) 'D 'xs
(g) s .

d(s)?’

where, s=(P P ~ )[S:ls], and the simpli cation in step (a) follows becausgis one-hot and is a diagonal matrix. [

Theorem 4. Gradient odeiag(b( )) is an unbiased estimator &fgag ( ( )), and gradient ot (b( )) isin general a
biased estimate daf, ( ()),i.e.,
h i
E h@l—diag b ) = @Laiag( ());

E @, P() 6@L, ( ()

where the expectation is over the randomness of the mini-batch.

16



Representations and Exploration for Deep Reinforcement Learning using Singular Value Decomposition

Proof. We re-write (8) as

()=Ef.(59,(8) ;

where the expectation is over the distribution speci ed byrilgampled transition tuples D, i.e., ( ) is the sample
average of ,(si)g,(sY)” across thex samples irD.

From (10) and (12),
h [ X
1
E @Lgag P() =E K @P( )i

X
= Ei:1 @ ( )[i;i]

@Lgiag ( (1))

where (a) follows because we are looking at the case where the sampling distribution is xed.

In the following we use a counter-example to show that the gradient for the mini-batch version of off-diagonal based loss
does not provide an unbiased estimator in general. For this counter-example, let the mini-baichkiZEherefore,

2 3
h i L X
E @, P() = E§k2 . @PO 12?
. X _h i
=« ©@E PO
i;j =1
i6]
1 X h . 2
o @k @F 1.9 ;o
|,{6—Jl
1 X h , T2
sm ) @E f 1(S)g z(so)[i;j] ,
|,=6—jl
= @L, ( ( )),

where the step (b) follows because the mini-batch size being consideleaind the step marked in rdails because for a
random variableé , in generaE[X %] 6 E[X ]°.

O

Theorem 5. Gradient@1P, () is an unbiased estimator @L, ( ()),i.e.,
h [
E @lpo () =@Lo ( ()):

Proof.
1 X 1 X
L, ():= T b( )5 sg B( g1 * ) B( i1 9 POy
i =1

i;j§:_l
{z } o AN }
) (1)
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E@0)] = o E @Oy sa By
|;{6=jl
L 1 X h i
(:)(kzk)i;j :1E @°( )y E B Dig 1
i6]
. % h i
RGN @ POy E By,
6]
L%
RCAR @ i1 O
o ' 1
-_— 1 1 X< .
-0k, Ok
i6]
— 1 .
= 2@l ( ()

where step (a) follows becaué\e( ) and B( ) are independently computed using different batches of data. Similarly, it can
be observed thd& [@(I )] = E[@(II )]. Therefore,

h i
E @b, () = E[@()]+ E[@(I)]

@Lo ( ():

C. Experimental details

We provide further details on the algorithmic and implementation details of deep RL experiments in the paper.

DM-Lab-30 environments. DM-Lab-30 is a set of visually complex maze navigation tasks (Beattie et al., 2016). The
only input the agent receives is an image of the rst-person view of the environment, a natural language instruction (in
some tasks), and the reward. Agents can provide multiple simultaneous actions to control movement (forward/back, strafe
left/right, crouch, jump), looking (up/down, left/right) and tagging (in laser tag levels with opponent bots). DM-Lab-30 has
proved challenging for model-free RL algorithms (Beattie et al., 2016; Guo et al., 2020).

DM-Hard-8 environments: DM-Hard-8 is a set of similar visually complex maze navigation tasks with sparse reward,

and is commonly used as a test bed for exploration (Guo et al., 2022). This benchmark comprises of 8 hard exploration tasks
aimed at emphasizing the challenges encountered when learning from sparse rewards in a procedurally-generated 3-D world
with partial observability, continuous control, and highly variable initial conditions. Each task requires reaching an apple in
the environment through interaction with speci ¢ objects in its environment. Only on reaching the apple provides a reward

to the agent. Being procedurally generated, properties such as object shapes, colors, and positions are different in every
episode. The agent sees only the rst-person view from its position.

Agent architecture. Since the environment is partially observable, we adopt a recurrent network architecture following
prior work such as (Beattie et al., 2016; Song et al., 2019; Guo et al., 2020). In particular, the agent uses a convolutional
neural network insid€, : O ! RK to process the image in the inpyt 2 O into latent embedding. The observation
contains (i) the force the agent's hand is currently applying as a fraction of total grip strength, a single scalar between 0 and
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Figure 8: Recall that observati@ contains the previous actigky ;. LetF;(O;) be the embedding for the observation
at timestep. Let the belief statdy = F, (F1(0o); F1(01);:::;F1(0¢)) obtained using a forward LSTM. Lét3 be a
reverse LSTM, such th&f = F3(F1(Or);F1(Or 1);:5F1(0)). Thenf | (h) 2 R¥ in (15)is de ned to bef | (h),
andg , ( 1) is de ned to beg , (K, ).

1; (ii) a boolean indicating whether the hand is currently holding an object; (iii) the distance of the agent's hand from the
main body; (iv) the last action taken by the agent; each of these are embedded using a linear projection to 20 dimensions
followed by a ReLU. (v) the previous reward obtained by the agent, passed by a signed hyperbolic transformation; (vi) a
text instruction speci ¢ to the task currently being solved, with each word embedded into 20 dimensions and processed
sequentially by an LSTM (Hochreiter and Schmidhuber, 1997) to an embedding of size 64. All of these quantities, along
with the output ofF;, are concatenated and passed through a linear layer to an embedding of size 512. AFL£STM

with the embedding size 512 processes each of these observation representations sequentially to form the recurrent history
representation. The core output of the LSTM is the bédief F,(h;) 2 R¥. Using the notation from the main paper,

we can understand the belief as a function of the histery ( 0g; ag:::0;), thanks to the recurrent nature of the agent
architecture.

Finally, we calculate value functions (k) and policy (a;jk) based on the belief using MLP heads. Further, all the
algorithms are built upon VMPO with a similar reward normalization scheme as in RND (Burda et al., 2018) and we
normalize the raw rewards by an EMA estimate of its standard deviation. See Appendix A.3 in the work by Guo et al. (2022)
for the exact procedure. For DM-Hard8 environments, rewards and bonuses are normalized separately before combining
them using y,. That s, letR; andBonus be the normalized reward and bonus, then the effective reward for tinteistep

R{ + p Bonus; where y is a hyper-parameter.

When an algorithm makes use of additional representatiorRegg, then it is combined with th&L,yss as following,
RLjoss+ WiossRe[,ss Wherewiqss is a hyper-parameter, afitLqssis the loss provided by the baseline VMPO for learning
the policy and critic.

Baseline VMPO. VMPO is a model-free RL algorithm (Song et al., 2019) that achieves state-of-the-art performance in a
number of challenging RL benchmarks. At its core, VMPO is a policy optimization algorithm. Importantly, the construction
of VMPO updates are based on a number of prior inventions in the policy optimization literature, such as trust region
optimization (Schulman et al., 2015; 2017), regression-based updates and adjusting trust regions based on primal-dual
optimizations (Abdolmaleki et al., 2018) and multi-step estimation of advantage functions (Espeholt et al., 2018). We refer
readers to (Song et al., 2019) for a complete description of the algorithm and its hyper-parameters. The original VMPO
algorithm adopts pixel-control as an auxiliary objective (Beattie et al., 2016) in the DM-Lab-30 experiments; we do not
apply such an auxiliary loss in our experiment to avoid confounding effects. Further, there is no exploration bonus. That is,
b= Wioss=0.
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De-Rex. This is the proposed method that provides a uni ed way to learn representation and also obtain pseudo counts
for exploration.De-Rex representatioonly employs the representation learning loss as an auxiliary task, and there is no
exploratory bonus, i.e.,, = 0. The representation losep,.s = L( ( )) is based orf{11) and is combined with the

VMPO baseline. For implementin@5), we base the functiorfs, andg , on forward and backward LSTMs, as illustrated

in Figure 8. We observed that de ning the representation loss as an auxiliary loss on a separate projection/transformation of
beliefly is more bene cial than directly applying the loss kapwhich is being used directly by the policy and the value
functions.

In comparisonPe-Rex Exploratioremploys both representation learning loss and the exploratory bonus. H&erthg
corresponds to the norm of the representatigih;) 2 R* as discussed in Section 5. In Tables 1 and 2 we provide more
details about the hyper-parameters.

Hyper-parametet

Value

r
b

Wioss
k

Batch Size

10.0 (Tuned in smaller experiments)
(N/A)
0.01 (Hypersweepl; 0:1; 0:01; 0:001g)
512 (Hypersweep1024 512 64g)
256

Table 1: Hyper-parameters for De-Rex Representation for DMLab30

Hyper-paramete Value
r 10.0
b 0.001 (Hypersweepl; 0:1; 0:01; 0:001g)
Wioss 0.01 (Hypersweepl; 0:1; 0:01; 0:001g)
k 64 (Hypersweep512, 256 64; 8g)
Batch Size 256

Table 2: Hyper-parameters for De-Rex Exploration for DMHard-8

Laplacian graph drawing (Wu et al., 2018) : This is the baseline decomposition method that decomposes the Laplacian
associated with the transition matrix. Letndv be state and next-state pairs, then their proposed loss is given by

1 X X 5
Ldiag = (f () f,(vi)y)
i1 j=1
1 X X Xk
Lot = 2 (F o)t Quin p)(F o(vi)if v i)
i=1 j=1 1=1
Rep(JSS = Ldiag"' rLoff

While the original formulation was de ned for MDP, wheweandv correspond to the state and the next state. However, as

we are dealing with POMDPs, we let the state be the history so far, therefore wesketandv = h® The architecture for

the functionf , is the same as the one used for De-Rex. This Laplacian baseline does not provide any means for exploration
and hence , = 0 throughout. For , we searched betwe¢i; 10]and foundL0to work the best. Other hyper-parameters

were similar to De-Rex.

Random Network Distillation (RND). RND (Burda et al., 2018) provides an exploration strategy that generates an

exploration bonus based on the prediction between the current netwiofk 2 R¥ and a randomly initialized network
,(01) 2 R¥. Note that g is randomly initialized and is not trained over time. The current netwaskirained to minimize

the squared errdr (o) = k (o) 0(ot)kg. Meanwhile| (o) is also used as an exploration bonus.
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Figure 9: This plot is analogous to Figure 2(B) and Figure 2(C) and extends the visualization technique to the POMDP
setting. We plot the representations for all possible (partial) histories in the data collepté@ft Ground truth color to

represent the underlying true stateTop-row lllustration of the learned three-dimensional representations for the histories

in the 4-rooms (POMDP) setting whepe= 0:0. To view 3D representations, we plot slices (XY, XZ, YZ) of the axes.
Bottom-row lllustration of the learned three-dimensional representations for the histories in the 4-rooms (POMDP) setting
wherep = 0:3. To view 3D representations, we plot slices (XY, XZ, YZ) of the axesgend: (Partial) histories that have

as the true underlying state at the end of their sequence of observations have their representations share the same color as the
reference color fos. Therefore, as there are multiple histories that end at a given state, for a single color of the true state
there are multiple learned representations with the same color.

D. Ablation Study for 4-Rooms POMDP Domain

In Figures 2 and 3 the representations learned and the bonuses obtained were visualized for the fully-observable setting.
In this section, we aim to further extend this qualitative assessment by performing ablations on the partially observable
setting. To restrict the focus on just the representation learning component and the bonuses constructed, we consider a
partially observable extension of the 4 rooms domains. This provides a controlled environment to test the effectiveness and
limitations of the proposed De-Rex method.

4 rooms (POMDP): In this domain, observatio®; at timet corresponds to an image of si¢&0; 30; 3) that has the

top-down view of the domain (similar to Figure 3 (B)), albeit that with probabgitiie agent's marker (red dot) is completely

hidden. Therefore, when the marker is hidden, the observataioes not provide any information about the location of

the agent, and the location needs to be inferred using the history. Naturally, a higher alodudes a higher degree of

partial observability, ang = 0 indicates full observability (the proposed De-Rex method does not assume full observability
and still uses history-dependent representations). The action set corresponds to the four directions of movement, and the
horizon length i250.

Therefore, this domain provides a controlled setup to understand the method across different degrees of partial observability.
In the following, we provide qualitative analysis of the representations and bonuses learned by our method, across different
values ofp. Data was collected using a uniform random policy.

Representations: In the fully observable case, the proposed method used a representation dimension of 2 (Figure 3).
For the partially observable setting, we found representation dimensi@enaf4 to be useful fop < 0:5andp > 0.5
respectively. In Figure 9 we illustrate the effectiveness of learning representations using the De-Rex approach. Architecture
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Figure 10: This plot is analogous to Figure 2(D) and Figure 3(D) and extends the visualization technique to the POMDP
setting. The ground truth state visitation is the same as in Figure Z@p}eft Bonuses constructed using learned
representations of the history whprs 0:0. Top-right Bonuses constructed using learned representations of the history
whenp = 0:3. Bottom-left Bonuses constructed using learned representations of the historypwh@rt. Bottom-right
Bonuses constructed using learned representations of the historypwh@rd. Legend: Brighter color indicates higher

value bonus. Colors for each of the true s&ie computed based on the average of bonuses from all (partial) histories that
haves as the true underlying state at the end of their sequence of observations.

for ourf andg function follows the one illustrated in Figure 8, where the observation are individually processed via a
conv-net, before passing it to a forward and a reverse LSTM to encode histories and futures, respectively. Outputs of these
LSTMs are then subjected to a one-layer MLP to fdrandg.

A suf cient statistic for any history is the ground truth state at the end of the history. It can be observed that for the histories
that are ending at similar ground truth state (unknown to the agent), the proposed De-Rex method is still able to provide
similar representations for those histories.

Bonuses: In Figure 10 we plot the bonuses obtained using the De-Rex procedure. It can be observed that when partial
observability is not extreme, the proposed method is able to provide pseudo-counts for the underlying true state even when
the true state is unknown. This can be attributed to the fact that De-Rex provides a joint mechanism for both learning a
representation to capture the underlying suf cient statistic, and for estimating pseudo-counts using those represetnations.

Belief Distribution:  While Figure 9 provides one way to assess the quality of the learned distributions, it can be used to
visualize representations in higher dimensions. Therefore, in Figures 11, 12, 13, and 14 we provide an alternate way to
assess the quality of the learned representations.

For these gures, we learned a classi cation model (using a single-layer neural network) that aims to classify the true
underlying state at the end of the observation sequence of a given (partial) history using the representation of that (partial)
history. This provides us with a proxy for how well can the learned representations be used as to decode beliefs over the
underlying true state.

As expected, whep = 0:0 there is no partial observability and agent learns to use (ignore) history to obtain representations
which can be used to precisely decode the belief over the ground truth location of the agent. As the degree of partial
observability increases, it can be observed that the belief distribution get more diffused as there is less certainty about the
agent's location. Nonetheless, De-Rex provides representations that can be used to decode true underlying states within
close proximity.

22



Representations and Exploration for Deep Reinforcement Learning using Singular Value Decomposition

Figure 11: Beliefs for a given trial under the POMDP setting vpith 0 :0.

Figure 12: Beliefs for a given trial under the POMDP setting vpith 0:3.

Figure 13: Beliefs for a given trial under the POMDP setting vpith 0 :6.

Figure 14: Beliefs for a given trial under the POMDP setting vdtls 0:9. Top-rows illustrate the snapshots of the
observations that were given to the agent at timestep$0; 25; 50; 75; 100, 125, 150, 175 200g. The bottom rows denote

the belief decoded from the representation of the history till timest§ee text for more detail.egend: All plots on this

page share the same legend. For the bottom rows, the deeper red color indicates a higher degree of belief. For the top row,
the red color indicates the location of the agent. Highierdicates a higher degree of partial-observability and thus more
frames have the agent missing.
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Figure 15: Human normalized scores aggregated across all the 30 tasks on DMLab30 using 3 seeds

E. More Large-Scale Results
E.1. DMLab30

We measure the performance of each task in DMLab30 environment with the human-normalized perf¢gamance
ui)=(h; uj)withl i 30, whereu; andh; are the raw score performance of random policy and humang; asthe
score obtained by the agent. A normalized score of 1 indicates that the agent performs as well as humans on the task.

In Figure 15 we plot the human normalized score aggregated across all the domains and in Figure 18 we plot the learning
curves for each of the tasks individually. It can be observed in both that when dealing with complex environments, the
baseline decomposition-based method fails to provide signi cant improvement. In comparison, the proposed De-Rex method
has the potential to perform much better.

E.2. DM-Hard-8

To better understand how much can just learning representations help with hard exploration tasks, we perform ablation
studies on the DM-Hard-8 tasks for the SVD representation and Laplacian decomposition method. For both the methods we
plot the results for different values of (a).ss and (b) dimensions of the output bf, on which the decomposition is done.

As it can be observed from the plots in Figure 16 and 17, just by using representation learning alone, D-Rex is able to
solve at most 2 tasks, and the Laplacian decomposition method can solve only one task. This illustrates the importance of
constructing good pseudo-counts to aid exploration, as evident in Figure 7 by the De-Rex Exploration method.
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Figure 16: Parameter Study: De-Rex Representation. Sensitivity on weighting the SVD loss in the represefgatjon (
and the dimension of the SVD decompositiaij (

Figure 17: Parameter Study: Lapacian Decomposition Representation. Sensitivity on weighting the decomposition loss in
the representatiom{yss ) and the dimension of the SVD decompositiai) (
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