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Abstract

We consider the problem of learning a target func-
tion corresponding to a deep, extensive-width,
non-linear neural network with random Gaussian
weights. We consider the asymptotic limit where
the number of samples, the input dimension and
the network width are proportionally large. We
propose a closed-form expression for the Bayes-
optimal test error, for regression and classifica-
tion tasks. We further compute closed-form ex-
pressions for the test errors of ridge regression,
kernel and random features regression. We find,
in particular, that optimally regularized ridge re-
gression, as well as kernel regression, achieve
Bayes-optimal performances, while the logistic
loss yields a near-optimal test error for classifica-
tion. We further show numerically that when the
number of samples grows faster than the dimen-
sion, ridge & kernel methods become suboptimal,
while neural networks achieve test error close to
zero from quadratically many samples.

1. Introduction

Learning with neural networks has proven to be an extraordi-
narily versatile tool to approximate (learn) non-trivial func-
tions from data. Many fundamental theoretical questions,
however, remain open. For instance, the determination, for a
given target function, of just how many training data samples
are needed in order to learn the target to a given precision?
This is tantamount to determining the minimal error that can
be achieved from a training set of a given size.

While for a generic target function and generic training
set this question is very challenging, valuable insight can
be accessed by studying simplified settings with Gaus-
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sian input data and specific target functions with known
functional forms. Of particular interest is the rich class
of functions given by random neural networks. The low-
est achievable test error is known to be obtained through
Bayesian inference of the parameters of the target function,
assuming (as we will) the distribution of the parameters
is given. The Bayes-optimal test error corresponds to the
information-theoretically minimal test error that any algo-
rithm can achieve. In the context of Gaussian data, with
target functions being single-layer random neural networks
the problem was studied as early as in (Opper & Haussler,
1991;; [Seung et al., [1992; Watkin et al., [1993; |Schwarze,
1993). More recently, (Barbier et al., 2017) provide a rig-
orous characterization of the Bayes-optimal error in the
asymptotic proportional regime, where the number of sam-
ples is proportional to the input dimension and both of them
are large with a fixed ratio «. These results were then ex-
tended in (Schwarze, [1993; |Aubin et al., 2018)) to neural
networks with one narrow hidden layer, whose width re-
mains of order one in the above limit of large dimension
and a proportional number of samples.

In practice, neural networks are trained using Empirical
Risk Minimization (ERM) methods, and it is hence also im-
portant to know whether those methods are able to achieve
the Bayes-optimal error. (Thrampoulidis et al., [2018};[Mon-
tanari et al., 2019; [Hastie et al., |2019; Me1 & Montanari,
2019; [Aubin et al.l 2020; Loureiro et al., [2021)), between
others, addressed this question for Gaussian data, providing
closed-form formulas for the ERM test error for generalized
linear models for target functions corresponding to single-
layer neural network with random weights from a number
of samples proportional to the dimension.

Here, we pursue these lines of work and study a target func-
tion given by a deep non-linear neural network with random
weights, in the limit where the layers-widths and the input
dimension are comparably large, hereafter referred to as the
extensive-width regime. We call such target function the
deep extensive-width random network. We consider Gaus-
sian input data. Our main question is the characterization of
the test error that can be achieved information-theoretically
from a given number of samples, as well as its reachability
with ERM approaches. While the assumptions of Gaussian
input data and the prescribed target function seem far from
current machine-learning practice, from a theoretical point



Bayes-optimal Learning of Deep Random Networks of Extensive-width

of view, these questions remain challenging and widely open
even in such a simplified setting (even for a single hidden
layer). It is hard to imagine that we could obtain a plausible
theory of deep learning without being able to answer such
questions first.

Main contributions For the target function corresponding
to the deep extensive-width random network and random
Gaussian input data we obtain the following results:

* We conjecture a closed-form characterization for the
asymptotic Bayes-optimal error, for regression and classifi-
cation tasks, in the proportional regime where the number
of samples n scales linearly with the input dimension d.

* A fundamental step in our derivation, of independent
interest, is the deep (Bayes) Gaussian Equivalence Property
conjecture (GEP) , which specifies the Gaussian statistics of
the output of deep networks whose weights are Gaussian, or
sampled from the Bayes posterior. We show how the GEP
follows from Bayes theory and the asymptotic concentration
of random variables in the proportional regime.

* We contrast the Bayes-optimal test error to test errors
achieved by simple ERM methods. For regression, ridge and
kernel regression are found to achieve the Bayes-optimal
mean-squared error, provided they are optimally regularized.
An explicit formula for optimal regularization is provided.
These results establish that it is impossible to learn more
than a linear estimator of the target extensive-width network
from linearly many samples. In the case of classification,
logistic and ridge classification are found to yield test errors
close (but not equal) to the Bayes error.

* We provide a numerical exploration of the regime where
the number of samples n tends to infinity faster than linearly
with the input dimension d, in which the deep (Bayes) GEPs
can no longer be employed. We show that ridge and kernel
methods then cease to be optimal, while gradient-trained
neural networks manage to almost perfectly learn the target,
evidencing the superiority of neural nets.

A repository with the code employed in the present work
can be found here.

1.1. Related works

Bayesian learning of neural networks It is well known
that Bayesian learning using networks of infinite width (i.e.
width much larger than the number of samples and the input
dimension) is equivalent to kernel regression (Neal, |1994;
Lee et al., [2018;2019; |de G. Matthews et al., 2018}; [Hron
et al., [2020). A theoretical analysis for extensive-width,
however, proved for a long time a challenging endeavor.
(Yaida, 2019; [Roberts et al., 2021} |[Zavatone-Veth et al.,
2021) computed (perturbative) first-order corrections to
the mean test error with respect to the infinite width limit,
but only accommodate a finite number of training samples.
The recent work of (Zavatone-Veth et al.| [2022; [Hanin &
Zlokapa, [2022) respectively provide an asymptotic and non-

asymptotic study of Bayesian learning, but are limited to
linear activations. (Li & Sompolinsky, [2021) and (Ariosto
et al.}2022) conjecture that in the proportional regime, i.e.
n ~ d, the estimator yielded by extensive-width networks
with ReL.U or sign activations is still given by the associated
Gaussian Process (GP) kernel, with the width only rescaling
the variance term in the test error. We note that these works
rely on a heuristic Gaussianity assumption and provide
expressions depending explicitly on the entire dataset. Here
instead we address specifically the Bayes-optimal perfor-
mance for a random network target function and Gaussian
inputs, which allows us to provide closed-form scalar for-
mulae and leverage the principled GEP to characterize the
statistics. Finally, while all the previously cited work study
the case of Bayesian regression with a square log likelihood,
the present work also covers classification settings.

Replica method in ML  The replica method has been
applied in a sizeable body of work to access asymptotic
characterizations of the test error (Bayes or ERM) in a
variety of setups (Seung et al.| |1992; Watkin et al., |1993).
While being heuristic, its predictions have been proven
rigorously in many cases, e.g. (Talagrand| [2006} Barbier
et al.,2017). This toolbox has been successfully deployed
to analyze architectures with one trainable layer, including
generalized linear models (Advani & Ganguli, [2016; Aubin
et al.} |2020; |Cui et al., [2019; Maillard et al., [2020; |[Loureiro
et al., 2021)), narrow networks with frozen readout (Aubin
et al.,2018]), random features (RF) (Gerace et al., [2020) and
kernel methods (Canatar et al.| 2020; Cui et al.| 2021} 2022)).
Recently (Zavatone- Veth et al.,[2022) studied the multiple
layers case, in the framework of linear networks. Here we
go a step further and analyze deep non-linear networks.

The proportional regime The proportional n ~ d regime
has been investigated for shallow networks in a sizeable
body of work, leveraging tools like the convex gaussian
minimax theorem (Thrampoulidis et al., 2018} /Aubin et al.,
2020; [Loureiro et al.,[2021; Montanari et al.,[2019), random
matrix theory (El Karoui, 2008; |Pennington & Worah| 2019
Louart et al., 2017) or approximate message-passing (Aubin
et al., [2018;|Gabriél [2019), in addition to the replica method.

Gaussian Equivalence The equivalence between the
asymptotic test error of simple ERM algorithms with that of
the associated problem where the data samples are replaced
by Gaussian covariates with matching population covariance
has been observed in many situations, starting with the semi-
nal work (El Karouil |2008)) on kernel matrices. In particular,
(Goldt et al.| 2021} 2022} [Montanar1 & Saeed, 2022; Hu &
Lul 2022a)) have proven a Gaussian Equivalence principle
that shows that, in the proportional regime, one can often re-
place projected data with Gaussian ones. Such equivalences
were used, for instance, in (Loureiro et al., |2021)) to char-
acterize the ERM test error in a variety of setups, in terms
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solely of the population covariances of the target/learner
networks. Concomitant works (Schroder et al., [2023; Bosch
et al., 2023) characterize the Gaussian universality of the
test error of deep learners with fixed random weights and
trainable readout.

2. Setting

We consider the problem of learning from a train set
D = {x",y"}},_;, with n independently sampled Gaus-
sian covariates x* € R? ~ AN(0,X). The covariance ¥
is assumed to admit a well-defined limiting spectral distri-
bution i as d — oo with finite non-zero first and second
moments. The labels y* are assumed to be generated by
a L-layers deep network with random weights. Denoting
& ~ N(0,A) a Gaussian additive output noise, we have

v = I =al (gieovtoe)x) €], ()

L

1
with layers ¢} (x) = oy (Wé* 'X> :
V-1

(0¢)k_, is a sequence of activation functions, which are
assumed to be odd for simplifying technical reasons. The
readout function f,(-) will be taken to be the identity func-
tion for regression, and the sign function for classification.
The width of the ¢-th layer is denoted k,, and the associated
weight matrix is W) € RFexke-1 with elements sampled
i.i.d from A(0, A,). Similarly, the readout weight vector
a, is sampled from N (0, A I, ).

1
VkL

We wish to characterize the Bayes-optimal test errors when
learning on data produced by the target function (T). We con-
sider that all the hyperparameters L, kg, g, Ay, Ag, A of
the architecture (T)) are known, but the weights a.., {W;}&_,
are not known to the learner.

Throughout Sec. [3] to @] we consider the proportional
regime: the high-dimensional asymptotic limit where
Ve, n,d, ke — oo with fixed O(1) ratios « = /4 and
~; = ke/a. The parameters L, Ay, A, A are assumed to be
O(1). The quadratic regime n ~ d* ~ k? is numerically
explored in Sec. [5] It is known that learning a target of
large width k (resp. using a network of large width) with
a finite number of samples n = Of(1) simplifies drastically
to the problem of learning a Gaussian process (resp. kernel
regression) (Neall, [1994} [Lee et al.| 2018; de G. Matthews
et al., [2018). We consider here widths {kg}t,L:l at most
comparable, and not very large compared to, the input
dimension d and the number of samples n, which makes
for a non-trivial, and much richer, learning problem.

3. Bayes-optimal Error

The Bayes-optimal error for data generated using the target
function (T) is achieved by sampling the weights a, {W},

from a posterior measure involving a neural network of
matching architecture. We thus define

a' (propr_10---0p0p1)(x), (2)

L

1
Wy - . 3
M‘X) ©)

The Bayes-optimal Mean Squared Error (MSE) is then

with layers ¢;(x) = oy <

N P)

EgB,(r)eg:ED{W;}ZL=1A,:3L*EX79 {(y— <y(x)>a,{Wg}£‘=1~]P’) }
“
where x,y should be understood as a test sample. The

Bayes-optimal classification error (defined as the probability
to wrongly classify a test sample) is given by

BO
g,class

Py [y # sign ((sign(@x))a gwoyp ~e)] - )

€ =Ep wiir, a.

In (45), the learner network is averaged over the posterior

\W/HF
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The Bayes errors {@) and (5) provide information-theoretic
lower bounds on the test error for learning the target (I)),
in the sense that no learning algorithm can reach better
performance when learning from the dataset D.

Accessing numerically the Bayes errors (@) and (5) requires
sampling an O(d?)-dimensional distribution, a difficult
task. It is on the other hand possible to theoretically de-
rive closed-form formulas using the replica method (Parisi,
1979; Mézard & Montanari, [2002) that allows characteriz-
ing the Bayes error in terms of the moments of independent
instances of ¢(x) (the eponymous replicas) drawn from the
posterior eq. (). In the replica calculation, one averages
over the randomness in the model and in order to be able
to carry out such averages in a closed form, the Gaussian
equivalence property described in the next section is crucial.

3.1. The Bayesian Gaussian Equivalence Property

A seminal step in our analytical approach is the property that
we can replace the statistics of the output ¢(x) with respect
to the randomness of the input x by Gaussian, with a co-
variance depending linearly on the covariance of the weight
matrices W;. In fact, (L1 & Sompolinsky) 2021} [Ariosto
et al.| |2022) do rely on a related Gaussianity assumption,
which (Ariosto et al., [2022) heuristically justify for L = 1
using the Breuer-Major theorem, for generic datasets. Since
in the present work, we consider the specific Bayes-optimal
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setting, we are in a position to state a more principled con-
jecture which follows from the GEP (Goldt et al.|[2020) and
the Nishimori identities (Nishimoril 2001} Ibal [1998)).

Conjecture 3.1. (Shallow Bayes GEP) Consider x a
random Gaussian vector. Then for L = 1, in the
extensive-width asymptotic limit d, ki — oo with fixed
O(1) ratio 4 = *i/a, any finite number of repli-
cas G (x; Wi, al), ..., 9% (x; Wi, a®) independently drawn
from the Bayes posterior (6) are jointly Gaussian. Further-
more, their correlation reads E,j%(x)j°(x) = a®TQi"a" /i,
where Q4% is the population covariance of the last layer
post-activations Ex 9 (x)p8 (x) " that reads

() AL LY (UL S FE)

where f@'gl) = E. 01 py and (k\V)? = K, [o1(2)?] —
rl(/ﬁgl))z, withry = Ay T /g and z ~ N(0,71).

We now explain how Conjecture is motivated. In the
proportional regime, for a = b, conditional on the matrix
W, the Gaussian Equivalence Theorem of (Goldt et al.
20215 |Hu & Lu, [2022a; Montanari & Saeed, 2022) prove
indeed that the model (2) for L = 1 shares the same second-
order post-activation statistics as the noisy linear network
J= aT(/igl)Wm/\/E + /iil)Z) (with Z a random Gaussian
variable), thus leading to the covariance . This so-called
one-dimensional central limit theorem (1dCLT) (Goldt et al.,
2021; [Hu & Lu, [2022a; Montanari & Saeed, 2022)) holds
under some strict assumptions on the weight matrix Wy,
that are satisfied in particular for random matrices with
independent entries.

In the Bayesian setting one needs to integrate over the pos-
terior distribution of the matrix W7, learned from the data.
For Conjecture @] to be valid, the conditions of the 1dCLT
must be satisfied with high probability over the learned ma-
trices, which is by no means a trivial requirement. This
is where the properties of Bayes-optimal inference come
in handy: indeed, a classic property of Bayesian learning
(often called the Nishimori property (Nishimori, 2001} [Ibal
1998} [Zdeborova & Krzakalal [2015))) is that the statistics of
weights drawn from the Bayes posterior is exactly the same
as the one of the target network weights. This is a direct
consequence of the Bayes formula (see e.g. section 1.2.3.
in (Zdeborova & Krzakala,[2015)). As a consequence, the
learned matrices are following Gaussian statistics as well
(given this is the statistics of the target ones by definition),
and thus respect the conditions of the 1dCLT.

When considering different replicas (a # b), the Nishimori
conditions ensure that one of the two replicas can be taken,
without loss of generality, to be the target weight ;. Since
W1 is learnt and therefore generically correlated with the
target weights W7, the assessment of the covariance 4 is a

challenging task. However, the results of (Aubin et al.,[2018)
suggest that W is asymptotically uncorrelated with W}
for sample complexities o < k. Since we consider here
a = O(1) < ki, this motivates the following conjecture:

Conjecture 3.2. (Non-specialization) for L = 1, in the
asymptotic limit n,d, k1 — oo with fixed O(1) ratio
v = k1 /d and oo = n/a, let W1 be sampled from the Bayes
posterior (6). Then with high probability W1 has vanishing
overlap with W7, i.e.

— max
d1<ij<ky

(Wiswy'), = O (/va). ®)
implies that the second term in the right-hand side of
is only present for @ = b. The detailed derivation of (7)) is
presented in Appendix [A]

3.2. Deep (Bayesian) Gaussian Equivalence Property
We next discuss how these results generalize to deep net-
works (L > 2). While a sizeable body of work has been
devoted to the distribution induced by the random weights
for fixed inputs (Lee et al., 2018} de G. Matthews et al.|
2018;Hanin & Zlokapal, 2022; Haninl 2022} |Yaida, |[2019),
little is known, in the deep case, for the distribution induced
by the input distribution, for fixed weights. While there is
no proof of the equivalence of the 1dCLT of (Goldt et al.,
20215 |Hu & Lul [2022b)) for L > 2, we provide, in App. [E
numerical evidence of the following conjecture:

Conjecture 3.3. The output §(x) of a deep random net-
work, conditional on its Gaussian weights {W,}E_ |, a, in
the extensive-width limit d — oo and Vl, ky — oo with fixed
ratios g = %¢/d, is asymptotically Gaussian with respect to
X.

Conjecture [3.3]thus extends the first part of [3.1]to the deep
setting. This intuitively follows from the fact that higher or-
der cumulants of the post-activations at intermediary layers
are asymptotically suppressed (as shown in (Fischer et al.|
2022)) and thus approximately Gaussian — allowing one to
iterate App.[A] further establishes a closed-form expres-
sion for the variance of j(x), which like the shallow case
is amenable to being interpreted in terms of an equivalent
noisy network. We defer the discussion of the latter to the
subsection Finally, the Nishimori property again en-
sures that conjecture [3.3|transfers to weights sampled from
the Bayes posterior (6). Defining the following recursion on

[ ¢
{retos )}y and {m10)
Te41 = D1 B on(o,m) [Uz(z)g] )

a1
K = eEwN(o,w) [zo0(2)],

-
2

r = \/]EZNN(O,W) [o0(2)?] — 70 (nﬁ“) )

with 71 = A; tr2/q, the deep version of (3.1)) and[3.2)reads:
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Conjecture 3.4. (Deep Bayes GEP) in the extensive width
asymptotic limit d — oo and V¢, ky — oo with fixed ratios
Ye="Fe/d, let §*(%), ..., §°(X) be any finite number of repli-
cas independently drawn from the Bayes posterior eq. (6).
Then ) (x), ..., J° (x) are jointly Gaussian with correlation
Ex§®(x)9°(x) = a7 Q5"a" /k,, where the population covari-

ance Q% = Eyx (9% 0 ..0%(x)) (% o .8 (x)) T is given
by
waQet wht
0 = (k “))2% + 6 ()T, . (10)

Finally, defining Q3* = Ex (4% 0...0%(x)) (¢} 0.0 (x)) "
for any a, there is no specialization, i.e. with high probabil-

ity

1

~ max (WO
dlsszkz( Lot

(W), =00/ND). (1)

5]

In (T0), Q2 = ¥. The derivation of (T0) can be found
in Appendix[A] eqs (BI) and (64). We precise that [3.4]
holds for any sequence of activations {o,}1_ | satisfying
VL, E. nr0,r) [0e(2)] = 0. This is in particular always
true for odd activations. We adopt in this work the latter
(stronger) assumption for the sake of definiteness and clarity.
An important note is that the population covariance between
post-activations at any two layers 1 < ¢,¢" < L (not just
¢ = ¢ = L) can be generically computed. Because the
post-activations result from the propagation of the Gaussian
variable x through several non-linear layers, this computa-
tion (which we detail in App. [A) is non-trivial for L > 2
and of independent interest.

3.3. Bayes-optimal errors

Conjectures [3.T]and[3.4]are used in equations (81)) of App.
for shallow networks and (I26) of App.[C|for deep networks,
allowing to characterize the Bayes error in terms of the sole
second-order statistic ¢ = Ep w; a, (Ex§*(x)7°(x))e. ¢
is known as the self overlap in the statistical physics liter-
ature. The replica computation then proceeds in a rather
standard way, provided one employs the so-called replica-
symmetry ansatz, which is always correct in Bayes-optimal
settings (see e.g. (Zdeborova & Krzakala, 2015)). One
finally reaches the following characterizations in Apps.
and

For regression, the Bayes-optimal MSE reads

L
30 AT (0l [ 20N T[ A=) e 2

{=1 {=1

with the self-overlap ¢ satisfying the equation

L 2 L
L
o I (s17) 2202 11 47

1 _ =
ng/ =1 — 2z1L du(2).
e];?eg +al]] (/@'g )> 20q T A¢
=1 =1

(13)

‘We have denoted the residual error

UN2AL+A. (14)

L-1 L
€= Z (nﬁf‘)))%a H (ngé))2Ag+(n(

lo=1 =lo+1

For classification, the Bayes-optimal error reads

BO 1 =1

g.class = — Arccos ,
i Lo D)2
Aade/J‘(Z) H (KI )AZ +€r

(15)
where the self-overlap ¢ satisfies the system of equations

€

L
GAZ T A%z2?
_ =1
¢= [ —"5——du(2)
QZAQ 1_[ Ag+1
£=1

2 eljl (mgl) ) 2

q/\ =
s B v fL )
| ae e f () e f ()
L
f dg 2e Ba fzdu) H ( (1))2Aé+6'7z£[1(*‘(1£))2q
3
(271')5 1[_1 h(k)\/ag
1—erf = -

Equivalent shallow network Remarkably, the Bayes er-
rors (I2) and (T3) are equal to the Bayes errors of a simple
single-layer target function with random weights

o0 = 1. (Y }T FVaE). o

where £ ~ N(0, 1) and 6 is a Gaussian weight vector with
independent Gaussian entries of unit variance. We have
defined the effective signal strength

L 2
p=A, H (ligz)) Ay.

(=1

We refer the reader to App. [D|for a derivation of this equiv-
alence. To gain intuition on this equivalence, observe that
the deep Bayes GEP [3.4] applied to a single replica implies
that the deep non-linear network (I)) is characterized by the
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same second-order activations statistics as a network with
noisy linear layers

—— Wi x+69N(0,1,). (17)
/—1

In turn, this deep noisy network reduces equivalently to
the shallow network (T6). Interestingly, note that while the
multilayer target () is deterministic for a given instance of
the weights, the equivalent target (T6) displays a stochastic
output noise £. This noise subsumes the effect of the higher
order terms introduced by the non-linearities, which are not
learnt in the proportional regime (Mei et al., 2021)).

Fig. [I] shows the Bayes MSE, eq. (I2), for networks with
tanh activation, with L = 1, 2 hidden layers. This is con-
trasted to the MSE achieved by an expressive neural network
(NN) with twice the target width, optimized end-to-end with
full batch gradient descent. Fig.[3| presents the same exper-
iment in the classification setting. As expected, even this
expressive learning algorithm cannot achieve a lower error
than the information-theoretic lower bounds (12), (T3).

4. ERM with Linear Methods

Egs. (12) and (T3) provide the information-theoretic min-
imal error for deep extensive-width targets (I). However,
(Barbier et al., 2017 |Aubin et al.,[2018)) evidenced that the
Bayes error is not always attainable, in practice, by known
polynomial time algorithms. In this section, we investigate
the performance of some standard ERM methods. We pro-
vide a tight asymptotic characterization of the test error of
each algorithm and show that for regression the Bayes error
is, in fact, also achievable algorithmically. We address in
succession: ridge regression, RF regression, kernel regres-
sion, logistic regression and ridge classification.

We give, for each of the considered ERM algorithms, a sharp
asymptotic characterization of the associated test error. The
fact that the deep non-linear target (T)) shares the same Bayes
error as the equivalent shallow model (T6) suggests that the
test error of ERM methods should also be identical. Apply-
ing Theorem 1 of (Loureiro et al.,|2021) on the equivalent
shallow target (T6)) thus leads to the formulas provided here.
This heuristic line of reasoning is put on a firm basis in
some settings in the concomitant work of (Schroder et al.|
2023)), where the formulas characterizing the performance
of the considered ERM methods are derived. We discuss
this further in App.[E]

4.1. Ridge regression
We first consider ridge regression, corresponding to the
minimization of the risk

Rew) =3 (= ) e, as)
Y 9 5

0.7

1 == = Bayes MSE
ridge (theory)
' —— RF (theory)
kernel (theory)
¢ ridge
§ t RF
\ kernel

0.4 4

NN

&g
e
e
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&

== = Bayes MSE
ridge (theory)
0549 * —— RF (theory)
kernel (theory)

=

&g

0.3 4

&

0.1

0 1 2 3 4 5 6 7

Figure 1. Targets (m) with L = 1 (top) and L = 2 (bottom) hidden
layers , with 01 2(2) = tanh(2x) activation, widths k1,2 = 700,
and A, = A2 = 1, A = 0, in dimension d = 500. The
Bayes-optimal MSE (T2) (dashed black) is contrasted to the replica
predictions and simulations for optimally regularized ridge regres-
sion (I9) (red), optimally regularized random features 23) with
o(z) = tanh(2z) non-linearity (blue), and optimally regularized
kernel regression (24) with o(x) = tanh(2z) non-linearity (or-
ange). Green dots represent simulations for a one (top) and two
(bottom) hidden layers neural network of width 1500, optimized
with full-batch GD, learning rate n = 8.10~ and weight decay
A = 0.1. Dashed grey lines represent the residual error €, (14).
Error bars represent one standard deviation over 30 trials.

with a £ regularization term of strength A. The associated
test error can be computed by combining the deep GEP (@)
and the theorem of (Loureiro et al.,[2021)), as

L
€ =p / wadu(z) +g—2[[wPmte. 19
=1

where m, ¢, V' are the solutions of the system of equations

V= - V:f )\jvzd,u(z)
14V L 2 3 . o
(j — O‘(l_i't‘]/*)z Ag 121;[1 Aym=z°+4z
1+ =] (A+V2)? du(z) - 20)
= St | m= A T Ao 25 du(2)
1+V m= all em o, Az

The derivation and further discussion are provided in App.[E}

Ridge regression is Bayes-optimal The optimal regular-
ization A* leading to minimal test error is shown in App.



Bayes-optimal Learning of Deep Random Networks of Extensive-width

\ == Bayes MSE

0.6 1 4 A=05

| 4 A=o01
054 A=-0.24
0.4

&

0.3
0.2
0.14

Figure 2. Arccosine kernel regression on a two-layers target of
width k1 = 700, A, = Ay = 1, A = 0, with o1 (z) = tanh(2x)
activation, in dimension d = 500. Different curves correspond to
different regularizations A = 0.5, 0.1 and the optimal \* ~ —0.24
(23). Solid lines correspond to the replica predictions (24). The
learning curve for the optimal negative regularizer \* (red) super-
imposes with the Bayes-optimal MSE (12)). Error bars represent
one standard deviation over 30 trials.

to admit the compact expression

El
o
The expression (ZI)) mirrors the result of (Sahrace-Ardakan
et al| [2022) for GP targets, see App.[E] Eq. (1)) intuitively
corresponds to requiring that the regularization \ used in

the ERM should be equal to the true noise-to-signal
ratio of the equivalent target (16).

= 21

For A = \*, the equation (20) reduces to (I2), implying
that optimally regularized ridge regression achieves the
Bayes-optimal MSE. The solution of (19), (20), (ZI)), with
the corresponding numerical simulations, is plotted in Fig.[T}
and can indeed be seen to exactly fall on the Bayes-optimal
baseline (I2). This implies that in the proportional
high-dimensional limit n ~ d, no algorithm can learn
more accurately the non-linear function (1) than optimally
regularized linear regression. This echoes the claims of
(Sahraee-Ardakan et al.,|2022)) when the target is a GP.

4.2. Random Features

Random features learning (Rahimi & Recht, 2007) was
initially introduced as a means to speed up kernel methods.
They correspond to the ERM

- 1 F-xt \? A
R(w)= “—w-0)+w2,(22)
=3 (- oo + il
where ¢ is a nonlinearity with associated GEP coefficients
©) 1,k and F € R**4 ig the random feature matrix,

assumed in the following to possess i.i.d Gaussian entries.

RF learning corresponds formally to ridge regression in
a k—dimensional space, often taken larger than the d—

dimensional input space to allow for overparametrization.
Again, we consider the proportional regime n,d, k — oo
and introduce the width/dimension ratio v = k/d. In the
following, for simplicity, we restrict ourselves to the case
of isotropic covariates ¥ = [;. Sharp asymptotics for the
test error of such models have been provided in (Mei &
Montanaril, 2019} |Gerace et al.,[2020)) for single-layer targets.
We tie those results in with (9) in the case of the deep random
target (I). The asymptotic test error is shown in App.[E]to
be given again by (19), where ¢, m satisfy

5
V=1v
=12 E"%/2
1
v (14+V) L , (23)
L [] w02
~ =1
m = Aael:‘[lAg\/’V 7V
_ 1 _ A _ AVs2
V=% - wge (-0
~ 2 ~ ~ 2 ~ 7 2
_mi4q 1 2 (M7 +q) A2 2 _ AV
1= " ,«gw( v PR )9\ T Ve
A (A0RPHD) | 2,2 o (_AEVRE
+n‘f\73( v TR )9 e
_ ommfy_ 1 (A2 A VR?
m=vig 1= (3 +2) o (53]

g(z) is the Stieljes transform of the Marchenko-Pastur
distribution with aspect ratio 4. The solution of (23) is
plotted in Fig. |1} with the regularization A being numerically
optimized over, and is observed to yield higher MSE than
the optimal (I2). Intuitively, this is because from (I6)
the target function (I)) effectively acts as a linear function
on the original space, while the RF transformation o(F")
(22) introduces a mismatch between the original basis
where the target acts and the features basis in which the
linear regression readout is carried out. This intuition is
formalized in App.[Fl This mismatch can be shown to be
benign only in the infinite overparametrization (infinite
width) v — oo limit, has discussed in the next subsection.

4.3. Kernels

In the ¥ — oo limit, RF learning (22)) becomes equivalent to
kernel regression (Neal, [1994} [Lee et al.l 2018). The saddle-
point equations characterizing the generalization error
then reduce to

2

Hi KT
V J— ] 4 By + A—Q—an
1+V L
4= A, [T Ae2ri4grt
(1+Vv)? g =—E_ .2
L (0) ()\+V/€%)2
I L* R
m= a5y m =0, [] Avin
i) +V

A complete derivation of the eqs (24) is given in App.[E]

Kernel regression is Bayes-optimal The regularization A
minimizing the test error (T9) for kernel regression (24) can
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be shown as in the ridge case to admit the simple expression

2
A= K2 <€T - ”2) . (25)
P k1
We discuss the connection of this formula with the one
provided in (Sahraee-Ardakan et al., [2022)) for GP targets
in App. Bl Again, the expression ([23) also admits a
very intuitive interpretation. An informal takeaway from
(Mei et al., 2021; |Hu & Lu, [2022b) is indeed that in the
linear n ~ d regime, kernel regression can be seen as
effectively implementing ridge regression with an implicit
{5 regularization equal to A + =2 /x2. Requiring this implicit
regularization to match the true target noise-to-signal ratio
naturally leads to (23)). The test error evaluated
at the solution of (24), at the optimal regularization (23,
is plotted in Fig.[I] and can be seen to exactly superimpose
with the Bayes-optimal baseline (12).

When the activation o of the kernel is very non-linear (as
quantified by the ratio 2 /«?) and implements too strong an
implicit regularization (Wu & Xul |2020; |Hastie et al.|, [2019)
compared to the actual target noise, the optimal regulariza-
tion (23)) can be negative. This negative ridge phenomenon
can for example be observed when learning a target 2—layer
network with tanh activation with a kernel using the more
non-linear sign activation, see Fig.[2| Note that even in such
cases where the optimal explicit regularization ) is negative,
the risk remains convex due to the implicit ¢5 regularization.

4.4. Logistic and ridge classification

This last subsection addresses ERM in the classification
setting. We consider two standard classification methods,
namely logistic regression and ridge classification. They
correspond to ERM on the risk

R :ng uuwx“) é 2 26
(w) Z(y )+ glelP oo

with £(y,2) = In(1 +e7Y%) and {(y,2) = 1/2(y — 2)?
respectively. For simplicity, we assume the noiseless A = 0
setting. An asymptotic expression for the test error of logis-
tic regression can again be reached and is detailed in App.[H]
These theoretical predictions are plotted in Fig. [3] and
contrasted to the Bayes-optimal baseline (T3). At odds with
the regression case, the learning curves of logistic regression
and ridge classification do not exactly superimpose with
the Bayes-optimal baseline but lie extremely close. Fig.[3]
shows that for a o(z) = tanh(2x) activation the difference
is of order of 10~ (for logistic regression) and 10~ (for
ridge classification). Such a gap has also been observed by
(Aubin et al.,2020) for targets without hidden layer.

5. Beyond the Proportional Regime

Section [] establishes that ridge regression and kernel re-
gression are Bayes-optimal in the linear n ~ d regime for

0.50 4 2x1073 4 == = Bayes error
/ logistic (theory)
____________ —— ridge (theory)
1N 107 4 logistic
\ ¢ ridge
0.401 S £ NN
o
“ 0.35 1
0.301
0.251
0.20 1

Figure 3. Learning curves for classification, with a three-layers
target (I) with tanh(2-) activation and width k1,2 = 700, A, =
Aj 2 =1, A =0,in dimension d = 500. The black dashed line
represents the Bayes-optimal error (I3). The theoretical learning
curves for optimally regularized logistic regression (ridge clas-
sification) are shown in red (blue), alongside the corresponding
numerical simulations. Green dots show the test error of a three
layers fully connected network trained end-to-end with full-batch
Adam, learning rate 0.003 and weight decay 0.01, after 2000
epochs. Error bars represent one standard deviation over 30 tri-
als. (inset) Zoom in on the theoretical learning curves for logistic
regression (red) and ridge classification (blue), with the Bayes-
optimal baseline subtracted. Logistic regression and ridge
classification can be seen to be very close, but not equal, to the
Bayes-optimal baseline (up to 10™* and 10~ respectively).

the target (I). These conclusions and the ones of (Sahrace:
/Ardakan et al., [2022) in the context of GP targets, and are
reminiscent on a high level of the empirical observations of
(Arora et al.,[2020) that neural networks can only marginally
outperform kernel methods for small train sets on several
benchmark real datasets. Note that the study (Lee et al.,
2020) also employs networks with comparable width to the
dataset size & dimension, and reaches similar conclusions.

In fact, the information-theoretic optimality of linear/kernel
ERM methods is essentially due to the fact that a propor-
tional number of samples n ~ d is not enough to learn fea-
tures beyond linear approximations. The conclusions drawn
in other scaling regimes are anticipated to be very different.
In particular, beyond the linear n ~ d regime, the test error
should pick up, and depend on, non-Gaussian asymptotic
corrections to the GEP (Goldt et al.,[2021), Bayes GEP[3.1]
and deep Bayes GEP[3.4] Besides, information-theoretic
intuition suggests that since the target (T)) is parametrized by
O(d?) real numbers, a quadratic number of samples n ~ d?
is needed, and sufficient, to learn it perfectly. In other
words, one expects the Bayes-optimal error to vanish in the
quadratic regime. This means in particular that kernel meth-
ods (which are known to learn at best a quadratic approx-
imation of the target in this scaling regime (Misiakiewicz,
2022} Xiao & Pennington, 2022; [Hu & Lul [2022b)), and
ridge regression (which learns a linear approximation) will
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Figure 4. MSE of regression on a ReLU (top) erf(2z) (bottom)
2—layers target of width k1 = 20, A, = A1 =1, A =0, in
dimension d = 30. Dots represent simulations for optimally regu-
larized ridge regression (orange), optimally regularized arccosine
(top), and arcsine (bottom) kernel (green). Dashed lines represent
the theoretical predictions for the MSE of the kernel in polynomial
regimes of (Hu & Lu}|2022a)). Purple dots indicate the MSE of a
2—layers fully connected neural network of width £ = 30 trained
end-to-end using Adam (purple), batch size /3 and learning rate
n = 3.10~3, over 2000 epochs. Error bars represent one standard
deviation over 10 trials. For a quadratic number of samples n ~ d>
the network learns the target perfectly (up to errors of order 10°)
while kernel regression only learns a quadratic approximation of
the target and yields MSEs larger by an order of 103. Ridge re-
gression can only learn the best linear approximation and leads to
even higher MSE.

cease to be optimal. In this section, this intuition is further
explored numerically.

Fig. [ contrasts the MSE of an Adam-optimized neural net-
work, optimally regularized ridge regression, and optimally
regularized arcosine kernel regression, in the n ~ d? regime,
for a ReLU network target with one hidden layer. For com-
pleteness, we also plot the theoretical predictions for the
test error for kernel regression derived in (Hu & Lul [2022b)).
While ridge (kernel) regression can only learn the best linear
(quadratic) approximation of the non-linear target, the neu-
ral network manages to learn the target almost perfectly (up
to an MSE of O(1075)). These results show the superiority
of neural networks over kernel methods in the quadratic

regime for the multi-layer target (I)), and complement simi-
lar superiority results (see e.g. (Ghorbani et al.,[2019;2020))
for single-layer targets.

Conclusion

We investigate the problem of learning a deep, non-linear,
extensive-width random neural network. We propose asymp-
totic expressions for the Bayes-optimal error and the test
error of linear / kernel ERM methods, for classification and
regression. The technical backbone of the derivations is
the deep Bayes GEP conjecture|3.4] and novel closed-form
formulae for second-order population statistics of network
post-activations. The conclusion is that kernel methods are
optimal in this regime. We showed, however, that the situa-
tion is drastically different in the quadratic sample regime,
and evidence the onset of feature learning leading to a van-
ishing test error for neural nets, while kernel methods can
learn only quadratic approximation and thus become subop-
timal. This marks a clear separation in the power of neural
nets with respect to kernels as soon as n ~ d>.

From a theoretical standpoint, a quantitative analysis of
the learning curve for the quadratic regime is challenging.
In particular, Gaussian universality results such as (Goldt
et al., 2021; [Hu & Lu, 2022a; Mei & Montanari, 2019),
cease to hold outside of the proportional regime and would
need to be extended. Building a theory for extensive-width
networks in these superlinear sample regimes could unveil
rich behavior and properties, and constitutes in the authors’s
point of view a crucial challenge in machine learning theory.
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A. Deep Gaussian Equivalence Principles

In this Appendix, we provide a discussion of the deep GEP [3.4] We first provide a derivation for the closed form expressions
of the population covariances of the network activations, from which (I0) can be deduced as a particular case. We then
provide strong numerical support for the 1dCLT[3.1]

A.1. Setting

In this section, we provide a reminder of the notation. Since the matrix identities are applied also in section[d] where the
learner network does not necessarily possess the same architecture as the target (), we generically study the correlations
between any pair of activations of two networks. For clarity, in this appendix, we will denote all target hyperparameters by a
star x, to distinguish them with the parameters of the learner.

We consider a L* layers target (teacher) function

1

y(w) = \/7“1 (¢hr0@L- 1009 op)(x) 27)
L* >,
where the (-th layer is
1
sile) = o | —m=Wi 28)
-1

(07)F | is a sequence of odd activation functions. The width of the (-t layer is denoted &/, and the associated weight matrix
isW; e REexFe—1 In contrast to the main text, for clarity, we use a star x superscript for all the parameters related to the
target function. Unstarred variables shall conversely refer to the learner (hereafter referred to as the student) network.

The student network is also taken to be a random network, with trainable last layer:

y(r) = \/EGT (pro@r_10---0@30p1)(x), (29)

with layers

wi(x) = oy <1Wg : x) . (30)
ke

In the main text, we consider a student network with the same architecture as the target in section [3] (L = L* and

V¢, k¢ = k}), where the Bayes errors are derived. In section 4| on the other hand, the student shall correspond to a

linear single layer (L = 0) network (for ridge regression, logistic regression and ridge classification) or a one-hidden-

layer (L = 1) network with frozen Gaussian first layer (for random features). We denote the ¢-th layer post-activation

he(x) = (peo...0p1)(x) (for student) hj(x) = (¢} o ... o p})(x) (for the teacher), and introduce the covariances

Qp = (he(2)] (), Ve = (hi (2)hi " (2))a ®pep = (hj (2)h] ())a, GD

which we shall characterize for any /. Note that we could also compute correlations of the form
(he(x)he T ()Y (B (2)R5 T (2)), for generic £ # ¢, i.e. population covariances between activations of the same network,
but at different layers. Since these matrices however never enter our main discussion, and are furthermore a straightforward
extension away from the results presented here, we choose to skip the discussion thereof for clarity purposes.

We further suppose the data x is i.i.d Gaussian
z~N(0,%), (32)

with a covariance ¥ of extensive Frobenius norm and trace, i.e. there exists constant ¢, ¢’ so that asymptotically (noting
ko = d)

1 1 1
c<gtr22:a|\2|ﬁ;<c’<oo, c< gtr2<c’<oo. (33)

13
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In terms of the limiting spectral density u, these assumptions imply that the first and second moments are finite and non
zero. Finally, all weights are assumed to be Gaussian:

W R N0, A7), W, "5 N0, A). (34)

Note that this last assumption is made for simplicity and definiteness. An exhaustive study of the most generic distribution
for the weights under which (I0) holds is a research line of independent interest, and falls out of the scope of the present
manuscript.

A.2. Closed-form formulas for second order population statistics

We now re-state the recursion relation allowing to compute the covariances (31)). Consider the sequence of variances defined
by the recurrence

rifh = ALLEYO [0 ()2, (35)
with the initial condition
ol
= A )E try. (36)
7"1(3*) physically corresponds to the average squared norm of the post-activations after layer . Then introduce the coefficients
* 1 . * * N(0,r * *
nf( ) = MOk ’ [zoé )(z)} , KA = \/IEZ (0.re) {aé )(2)2} - () < “« )) . 37

L

For the first layer (¢ = 1), these coefficient correspond to the coefficients introduced by the seminal works of (Pennington &
‘Worahl, 2019; [Louart et al.,|2017)), sometimes referred to as GET coefficients (Goldt et al.| 2020; |Gerace et al., 2020). These
coefficients also appear in the characterization of the spectrum of the conjugate kernel of random multi-layer networks in
(Fan & Wang| [2020). The layer-wise covariances €2, ¥ (3T)) are then defined by the following recursion

o Wi W,

Qo1 = KL T + K2 Ik, (38)
Wr U, Wi
Wy = H*ez e+1k*1’ 41 + H:£21k2+1’ (39)
with initialization
Qp =Ty =1X. (40)

The teacher/teacher student correlation ¢ admits the closed form expression

N WS W W)
Doy = HHKI/{T R By (41)
r=1s=1 H H /k k*
r=0 s=

Example for L = 2 For definiteness, let us provide an example for L* = 1, L = 2 (one hidden layer teacher, two hidden
layers student). The recursions (38)(@I) then translate to the compact formulas

WoW SW, T WyT WoW,
Qz = ()2 (D) = (P = o (6 (42)

o WEEWT
Uy = (k") =+ () Ty, (43)

1,2, 1x IA/I*EI/V;rVVI—r .

D10 = KKK N 44)

14
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A.3. Derivation for ), ¥

In this subsection, we detail the derivation of the recursion (T0). We first derive a preliminary results, describing the
evolution of the data covariance through propagation of a single layer, and subsequently iterate thereupon to reach (I0). Note
that because the student and teacher share the same architecture and model definition, the treatment of the teacher/teacher
covariance W and the student/student covariance 2 is identical. In the following, we therefore only discuss the student/student
covariance ).

Preliminary: propagating through one layer Consider the auxiliary single-layer problem

W) = o (\}EW . m) (45)

with z ~ A (0, X). The covariance of the post-activation h(z) reads

wlSw w w7
_1 d d
2 ('LL U) w,LTij wJTij (U)

e d d
Q= (ha(@)hy (2))e = / _ _ o (u)o(v). (46)
w, Yw; w, Yw;
det 27 (w?%w,» w:%w_,- )
2, i
Note that the random variable “’T% concentrates, as w is i.i.d Gaussian of variance A. We indeed have that
D)) A
Ewwdw:EtrEEr (47)
and (diagonalizing ¥ = UAU ") and noting that U Tw is still Gaussian with independent entries
wtw] 1 2A 2A |12 1
Vo |—— =) 2V, [(Tw?]=tuX2="""L=0(= 48
[ d ] 2;;1 (U w)i] =g d d d (48)

provided |I=[1%/a is finite. We used the fact that the variance of a 1—degree of freedom y? variable is 2. Plugging the
definition of r into the above yields, for an off-diagonal entry i # j:

w Sw
w,; Sw,

i1 T'U/2 T’U2 — 1 uv
¢ e et
Qij =/ o(u)o(v)
2my/1r2 — O (é)
1,2 2 1 2 2
e 2r” 1w, Tw; e 2% 1
= o(z 4+ - J / zo(z + O (>
(/ 2rr ( )> T d ( 2mr ( )> d
-
'y
= i} x S (49)
On the diagonal,
_1,2
e 2 2 2 2
Qi = / o(z)” = Kk + rxi. (50)
2mr
Therefore,
wIw’T
Q:ﬁ—ir—+ﬁh, (51)
where
1
K1 = *EQ/(O’T) [z0(2)] K2 = ]EJZ\[(O’T) [0(2)2] — 7 X K (52)

r

This extends the single-layer GET (Gerace et al.,[2020) to arbitrary input covariances. A similar generalization was reported
in (d’Ascoli et al., [2021)) in the special case of > which spectral density is equal to a finite sum of Dirac atoms.
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Iterating layer to layer (9) and (I0) follow by straightforward recursion from the single-layer results (52) and (Z1),
by making the strong assumption that all post-activations can be treated as Gaussian variables. This assumption is
supported, at a physics level of rigor, by the work of (Fischer et al.,[2022)), which establishes that cumulants of order > 4 are
asymptotically suppressed at least as 1/kZ. One then just needs to connect to the single-layer variance r (7).

1
Top1 = AzE tr €

1 W1 W,"
= e (st [TEWET )
= A ()P e+ ()°)
= AEY O [o(2)?]. (53)

We used

ke—1
1 WgQg_lng} 1 P R
—tr = N — (U W, W,U) ..
ke { ke—1 ko1 ; ! ke( e Wel),,

ke—1

1

=A
ks

trQy_1 =1y (54)

Finally, one must check that the assumption on ¥ that |13 /d, t>/a = O(1) carries over to 2. Because WX W T is positive
semi definite it is straightforward that

2

> k2> 0. (55)
F

wwT
B R

1
k

The upper bound can be established using the triangle inequality and the submultiplicativity of the Frobenius norm, as

2 2

|| ;WwEw?’™ 1| ;WwEw?’ 5
- T < = rer
k 1 d + KZ* k P = k K‘l d » + K‘*
2 IR 18]
e
<kKZ 4 < oo (56)
We used that ||W||%/dk = 1 almost surely asymptotically. Moving on to the trace,
Lyp[eWEW! | op] ey i T [sW W] (57)
EoYd SR T T R ‘
Bounding
K1 T K1 - T 21 2
/
ogﬁﬁ[zw W]:ﬁ;wi Yw; = kf - Tr{} < sic (58)

where the last bound holds asymptotically almost surely. As discussed in the main text, this derivation carries over to the
case where W is sampled from the Bayes posterior (3), with the Nishimori identities (Nishimoril 2001} [Iba, [T998) ensuring
its statistics are Gaussian.

A.4. Derivation sketch for ®

This subsection deals with the cross-covariance ®, which is needed to connect with the results of (Loureiro et al., 2021)) to
compute closed-form sharp asymptotics for the test error of linear ERM procedures. We first derive two preliminary results,
corresponding to propagations through single layers, and conclude by constructing the straightforward recursion.
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Two Gaussians propagating through two layers Consider two jointly Gaussian variables u € R?, v € R*
v P
(u,mNN( A Q) (59)

each independently propagated through a non-linear layer

h*(u) = o, (chziw* u> h(v) =0 (\}gwm) (60)

The weights W, € RF+*4 and W € R¥*¢ have independently sampled Gaussian entries, with respective variance A, and
A. The i, j—th element of the cross-covariance ®" can be expressed as

w:TZ’wi* wITZqu -t
1 d, \@*d T
2 (J) y) wi*T Sw; w Sw; Yy

h * € dv.d 4
Bl = (b @l () = [ 0. (@) (). (o)
w;Twa w;Tij
det 27 *f* 4d*dv
w; ij w; ij
Vdid d

As before, the random variables w; " Sw} /a, and w; Zw;/d concentrate around their mean value

A A
T*Ed—:tr\ll, r=2

tr Q. (62)

Plugging these definitions into the above:

T ) /6217-22 ) + 1 wi dw; eI ) /ezlrz )] +0 1
— — 0, (2 o(z — 20, (2 zo(z -
\2mr, or ror  \/d,d V2rr, 2r d

wr T dw
_ * % [ J , 63
K1K] Td (63)
yielding
W, oW T
P ¥ , 64
R1kq 4.d (64)
with
L N L N0
k1 = —E%7 [z0(2)] k1 = —E) O™ [zo,(2)]. (65)
r Tx
One Gaussian propagating through one layer Consider two jointly Gaussian variables u € R, v € R¢
v 9
(u,v) NJ\f( T Q > (66)
with only v being propagated through a non linear layer
o) = (= -0) (©7)
V)=0| —F&—= v ).
Vk
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The entries W € R**4 are independently sampled from a Gaussian distribution with variance A. The 4, j—th element of
the cross-covariance ® between h(v) and u can be expressed as

0. Piw;
1 k} X
-1 (I y) D w; uJﬁ/Z;uU <y>
e vk k
¥l = (wihy () = [ oty (68)
Uy \1/%]
det 27 Sy w] Dy
VE k
Again, the random variable w; Tw; /k concentrate around its mean value
A
r=—trQ. (69)
k
Plugging this definition into the above:
T o) ) S ey

=K1 X — (70)
yielding
P = Ky (I)\Ij; (71
with
w1 = TEYOD) [2o(2)]. 72

r

Iterating Iterating L times under Gaussianity assumptions on the post-activations yields the cross-covariance between
the last layer post-activations of the teacher and the input of a linear ERM (in the present work, ridge regression/classification,
and logistic regression), which can in turn be plugged into (Loureiro et al.l 2021) to access sharp error asymptotics. The
exact expressions for the covariances ¥, ® and (2 used are detailed on a case-per-case basis in Appendix [E]and [H]

Applying and then L — 1 times yields the cross covariance between the last layer post-activations of the teacher
and the random features in the framework of random features regression. This extends the results of (Gerace et al., [2020) to
a multilayer target function.

This result carries over to the case where W, W, are sampled from the Bayes posterior (or, because of the Nishimori identites
(Nishimori, 2001} [Iba, |1998)), when W, is a the target weight), assuming non-specialization The latter ensures that the
term w} " ®w; /\/dd, stay of order 1/v/d for all 4, j.

A.5. Numerical evidence of the closed-form recursions

We close the discussion on the closed-form formulae for the population covariances by providing numerical evidence of
their validity. Figures[5] [6|and[7] show the first 10 rows and columns of the numerically estimated population covariance
QemP-estimated from the sample covariance of N = 105 Gaussian samples z, and the closed-form formula , for a
rectangular network in dimension d = 500 and tanh/sign/erf activations. These covariances concern the activations at layers
¢ =4and ¢ = 7. In all these plots, for clarity, a matrix ¢,ll;, was substracted, with

-1 2 L 9 ¢ 9
ty = Z (l{i()) H (fﬂ{) Ay + (Kf)Q —|—/zdu(z) H (/ﬁ‘io) Ago. (73)
=1 =041 0=
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Figure 5. First 10 rows of the population covariance matrix of activations at layers ¢ = 4 (left) and £ = 7(right), for a random network
with tanh activation and architecture V¢, v, = 1, in dimension d = 500.Top: numerically computed population covariance ;"""
estimated from N = 10° samples. Bottom: theoretical §2,, computed from the closed-form formula (T0).

t¢ is the theoretical average value of tr /4. The visual agreement between the numerically estimated ;""" and the theoreti-
cal Qy is very good, with small relative distances [127™" — Q|7 /||| |2, & 0.005 for tanh, ||Q7™" — Q% /||jQ°™> (|2, ~ 0.008
for sign, and 197" — Q¢|I%/||Qe=P- |12, & 0.004 for erf.

A.6. Numerical test of the 1dCLT

We provide numerical evidence of the 1dCLT namely that the output §(x) of a deep random Gaussian network is
Gaussian. Note that from the closed-form formula (T0), the theoretical variance of the output reads

L—1 L N2 L
q= Z (Hi)Z H (K‘i]) Ap + (&5)2 + /zd,u(z) H (H€)2Ag. (74)
=1 =t+1 =1

The empirical histograms of the scaled output #(2)/,/g of networks with L = 3 and L = 9 hidden layers are plotted in Fig.[9]
(for tanh activation) and Fig.[§] (for sign activation). In all cases, the widths are taken equal to the input dimension d. Several
sizes d are plotted. As supplementary confirmation, quantile-quantile (QQ) plots are also included. Fig.[I0] further shows,
for a depth L = 3 network with tanh activation, that the higher order cumulants of the output distribution is asymptotically
suppressed.. These numerical simulation provide compelling evidence that as d — oo the distribution of %(=)/,/G converges
to a normal distribution.

A.7. Towards rigorous proofs

It would be desirable to rigorously prove the conjectured formulae discussed in this paper. There are a few difficulties that
we discuss now briefly.

Concerning the single layer conjecture 3.1 Shallow Bayes GEP), a full theorem can probably be within reach of current
techniques with, however, one difficulty, summarized in conjecture[3.2] Indeed, the Gaussian equivalence theorem applied
to two neural nets with weights W; and W5 implies that both of them are effectively linear so that, in terms of second-order
statistics, o(Wyz) ~ k("W X + kM Z; and o (Whz) = £V Wo X + k1 Z,, with Z; , Gaussian-distributed. When W,
and Ws are independent, so are Z; and Z>. However, when W and W, are correlated then Z; and Z> becomes correlated
Gaussians as well, thus complicating the rigorous analysis. As noted in the main text, the work of shows
that this is not expected to happens, but a rigorous control remains so far elusive, and is left for future work.

The deep conjecture requires significantly more work, as an additional difficulty arises. While conjecture [3.4] should also
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emp emp
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a
Figure 6. First 10 rows of the population covariance matrix of activations at layers ¢ = 4 (left) and £ = 7(right), for a random network with
sign activation and architecture V¢, v, = 1, in dimension d = 500.Top: numerically computed population covariance ;""" estimated

from N = 10° samples. Bottom: theoretical {2, computed from the closed-form formula (T0). Due to the nature of the sign activation,
the finite size effects are slightly stronger than for the tanh activation (Fig[5).
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Figure 7. First 10 rows of the population covariance matrix of activations at layers ¢ = 4 (left) and ¢ = 7(right), for a random network
with erf activation and architecture V¢, ~, = 1, in dimension d = 500.Top: numerically computed population covariance ;™" estimated
from N = 10° samples. Bottom: theoretical {2, computed from the closed-form formula (T0).
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Figure 8. We study the rescaled output 9(#)/,/gof a random Gaussian network, L = 3 (top) and L = 9 (bottom) hidden layers, sign
activations, and widths k1 = ... = kr = d. From left to right, the dimension d is varied from d = 10 to d ~ 1000. (top) Histogram of
the output. The red line represents a normal distribution. (bottom) Quantile-Quantile plot. The x axis represent the theoretical quantiles of
a normal distribution Qs (o,1), while the empirical quantiles are plotted on the y axis.
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Figure 9. We study the output 9(#)/\/7 of a random Gaussian network, L = 3 (top) and L = 9 (bottom) hidden layers, tanh activations,
and widths k1 = ... = k1 = d. From left to right, the dimension d is varied from d = 10 to d ~ 1000. (top) Histogram of the output.
The red line represents a normal distribution. (bottom) Quantile-Quantile plot. The x axis represent the theoretical quantiles of a normal
distribution @ r(o,1), while the empirical quantiles are plotted on the y axis.
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Figure 10. Order 4,6, 8 of the output 9(*)/,/g of a random Gaussian network of depth L = 3 with tanh activations, and widths
ki = .. = ki = d. The cumulants were evaluated from N = 5.10* samples, for one realization of the weights. Note that
because of the fact that the activation is odd, all odd cumulants are vanishing.

be amenable to a rigorous treatment similar to the one of conjecture 3.1} we are still lacking a control of a deep GET as
expressed in (T0). While much progress has been attained on the topic, giving very strong indication for its validity (see
e.g. (Fan & Wang, 2020; Schroder et al.| 2023; [Bosch et al.,2023))) this is still an open problem mathematically.

B. Replica computation for shallow networks

This appendix provides a detailed derivation of the asymptotic formula for the test error of the Bayes optimal MSE using the
replica method (Parisil [1979; [Zdeborova & Krzakala, 2015} |Gabrié, |2019). The replica method has been leveraged in a
very large body of works (Seung et al., 1992} Watkin et al.l [1993} Talagrand, 2006} Barbier et al.,|2017; |Advani & Ganguli,
2016} |Aubin et al., [2020; |Cui et al., [2019; Maillard et al., [2020; Loureiro et al., 2021; |Aubin et al., 2018; |Gerace et al., [2020;
Canatar et al., 20205 |Cui et al.| 2021} 2022} [Zavatone-Veth et al., |2022) to access exact asymptotic characterizations of
accuracy metrics in simple learning tasks, for both Bayesian learning and ERM.

In this appendix, we consider the case of a two-layer target

1 1
Mo ou : 70'1—0-* (W:.’I,‘M))
Yy t ( ‘k’* \/Zi

and study Bayesian learning using a two-layer network

§(x) = %aja (&W%ﬂ) .

Note that the large part of the computation is detailed for the generic case where the student architecture is not required to
match that of the target, i.e. k # k.. We denote by P, the Gaussian measure of variance A, corresponding to the Gaussian
additive channel (T). Similarly, we adopt the notation P, (+) (resp. Py (-)) for the Gaussian distribution of variance A, (resp.
A,). In the last sections, we specialize to the Bayes optimal setting o = o, and k = k, to derive the Bayes-optimal MSE
(I2). The general case with deep target and student is discussed in Appendix [C|

The exact computation of the Bayes posterior measure (6) is generically intractable. However, it is possible to compute the
associated free energy

f = *Ea*,{W;}ED InZ

where Z is the partition function associated to the measure (@), i.e.
7 = /da / dW P,,(W)P,(a)Pous (y"|g(z*)). (75)

23



Bayes-optimal Learning of Deep Random Networks of Extensive-width

We introduced the priors
P,(W) x e‘fw“W@”%, P,(a) x e_ﬁ”a”z, (76)
and the posteriors
Pou(ylg) oc =25 =0 (77

The computation of the free energy yields asymptotic characterizations of the overlaps

W |? 2 Twhyw,
qw:EH<a W> ) qa:]E ’ ) m’w:E<a>—*a*a
Vikd vk VEk,d

which fully describe the asymptotic average test error. In order to compute the free energy, the replica trick (Parisi,[1979;
1983)

a

s—1
InZ = limZ

s—0 S

can be employed.

B.1. Replica trick

The replicated partition function reads

p=1

/HdW“daaP ) ( )E{Iu}ﬂf H Out( |ra U*(\FW*I“)> H | I out(’l/“|\/za o*(ﬁwuw“)>.

*

(78)
The expectation with respect to the train set in the energetic part can be carried out as:
* = H E/\*,{/\a}gzl /dypgut(yp\*) H Pout(yAa)] . (79)
w a=1

‘We have introduced the local fields

1 1 1 1
A\ = ——a o, (Ww“) ) Ao = —=a, o, <Wax“) . (80)
Vs Vd NG Vd

B.2. GET-linearization of the hidden layer

The shallow Bayes GEP (3.1I) implies that these s + 1 fields are jointly Gaussian and have statistics

AaNp) = k3L al WoSWT ay + Sapk? tag ap
AaAe) = K16 Fzag W SW, a, , (81)
A = k12 La WEW a, + k322 a] a.

o~ o~

where

1 N0 TE)

K1 = Tr? z ZG(Z)] K,‘f = AL TZZ ]EZ [ZO'(Z)]
Ay~ d
f ) (82)
Tr 3 N 0’ Ti12
Koy = Ejz\[(O’AyJ[ e wi =\l E. ( o d> [0(2)?] — K3A, BE

see (9).
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We introduce the order parameters:

1 1
TWLEW, ap mY = —a W,SW, a, qop = 5abEaIab (83)

1 1
Puw = T a] W,BW . a, Pa = Eaja* (84)

qab_kd a

Introducing Diracs in their Fourier transform form to enforce those definitions, the replicated partition function reads

— X mgmg + Z (Gap9aytdabqas)
o<

/quubdqabHdm e

a<b esd¥y

s Gy WaSW,l ay, a a.a b i o T Wasw, ay
[T iWadaaPatWayPatages ™ 7 M
a=1
esdWqy
1T [Ex. 0ye, / dy P, (y1As) HPom ylAa) (85)
j2 a=1
E.=;d\Ily

B.3. Entropic potential

We first compute the entropic potential ¥,,,.

s Z qur Qg WGZWI;Tab+ Z qal "';rab +Z MW “IWGEW:“*
W — / [ éWadao Py (W) Pa(aa)es=" a<h @ (86)
a=1

i, J% (ag Wa)(ax Tw})

s d s %a “’a)(ab wp) 5
> o5da +3-0jmMa <
_ / H dagPy(as)e a<b H / H dw, P (wa)eagb @ VEE 87)
a=1

Jj=1

(a) ()

We have used the fact that the prior P,,(-), being Gaussian, factorizes over the d columns {w; }9_, of the first layer weights
W, W*. Also, ¥ has been without loss of generality supposed to be diagonal, i.e. ¥ = diag(oy,...,04). Note that all
the final expression hold for generic ¥, and that one can carry out the computation in full detail without this shortcut by
introducing ¥ = Udiag(o7, ...,04)U " and U— rotating W, W*. Defining

T
a, Wq

Na = \/E

(88)

A—1
and remembering P, (w) = e~ %

wTw it follows that the variables {7, }3_, are jointly Gaussian with statistics

{<77a> =0 . (89)

<77a77b> = 6ab z(:;al .

It then follows that

Tw
05 ¥ dymamoto; —eeh 2 Matla
e osb (90)

A
o
S~—
I
w
IS8
]
s
D
|
IS
.
3
QN

ay Tw* 2 A—1 ~ -1
%032-< \/FJ> mT [diag( - >—UjX(2Is)@Qwi| m—flndet[l —ojdlag< >(2I )@Qw] o1
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B.4. Replica-symmetric ansatz

Since the integral for Z° involves exponentials with arguments of order d, Laplace method suggests that the integral
concentrates over the maximizer of the exponent ¥; + ¥,, + ¥, Since explicitly carrying out the optimization over the
order parameters ¢, ¢, , M4y, is hard, we look for solutions of the form

- Tw . A
dap = dab <_2 - Qw) + Quw (92)
. Ta
ng = _6ab? (93)
MY = 1y, (94)
and
q;ﬂb = 5ab(rw - Qw) + Quw 95)
ng = 6abTa (96)
My = My. o7

This ansatz is standardly known as the replica symmetric ansatz. For convenience, we further define the variances

Vw =Tw — quw, Va:rtw Vw :’Fw"'_quv Va:'ﬁa- (98)

B.5. RS free energy

Entropy potential We first recall as a preliminary statement two linear algebra results for matrices of the form (04(r —
9) + @1<absst

R A (e = ) T )e

r—q)?+sqr—q) (r—q)?*+sq(r—q) 2+ sq(r —q)

and

det(0ap(r — q) + @)5y = (r+ (s — 1)g)(r — q)** (100)

These identities can be leveraged to simplify the two terms in as

Al .17 1
ThT [dlag( ;ﬂ ) —0j X (2[5) @Qw:| m= U‘?SmQW (101)
aa 0 Vuw 7}:
and
AL A @ o~ +Gw
In det [Is —ajdiag( w )(213) @Qw} — sln (Ar_lvwaj +1> —s%. (102)
aa w Uij+ Tj
Thus
= 52 W u.]za* Wy o .
d SE Ty ——— | —SIndet | T2V, 54Ty [+5 Tr | —w= —
Vst Bw_r [Aw } ViS4 Bw g
[[)=e S st St (103)
j=1
Computing now the (a) term
S dae RS e-mta|  hw(ie
(@ =] /Hia1 SE L S| _ () (104)
i _ 2w
j=1 a=1 Aa—l
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The entropic potential thus reads

d 1%
U, = —ln H = —7ln <1 + A“1> (105)

N2 2 WS asa] W,

My k 1 Ta quE
+ x — — Indet VX + 1, —|——Tr _—
2d VS +2uly, | 2d [Awl d} 2 VA0 YRS
(106)
where for readability we redefined Va — Va /7.
Trace terms It is straightforward to obtain
L. . Y (a .
U, = §(rwrw + Guwqw) + §(ra7"a) — 1Ty My (107)

Loss potential The loss potential is identical to (Loureiro et al.,[2021), provided the relevant overlap are plugged in:

v, = [ D¢ [ayz. ( it <>) 101 Z¢ (yo/FTme 2V 40272 (108)
KT qw

with
Zi(y,w, V) = EY@VIPIX (y|z). (109)

B.6. Finite temperature free energy

The free energy thus reads

1, 5 . v,
f = eXtAr . 7(VwVw + quw - CjwVw) - lVaVa + MMy + 1 In{1+ 1
VarsGuw s Vas Vo sduo o, Va2 2 2 AW
T T
. BT Vo o
E., w, Tr + —lndet —g Vi + 14
2d V Y+ w I 2d Ay
— a/Dﬁ/dyZ* ,,Mé K32 puwtri®pa— %) anz(y,\/N?qw&meerana).

(110)
In the next section, we specialize this expression to the Bayes optimal setting, for regression. Appendix [H| provides in
parallel the specialization for the Bayes optimal classification case.
B.7. Bayes-Optimal setting

For the linear readout f, = id and Gaussian additive noise considered in the regression case, Z(y,w, V') admits a compact
expression

Z(y,w,V) / (”;5)2—i(y—af)2 — ;e—é&f{y\)ﬁ) (111)
’ V 27rV\/ 27rA 2r(A4V) .
B.8. Nishimori identities
Since we consider the Bayes optimal case, the Nishimori identities hold, yielding
AvA, R
Ta = Pa = Aa7 Tw = Pw = Taw = 0 (112)
Ga,w = Ma,w, (ja,w = ma,uﬁ (113)
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causing the free energy to simplify to

ApD@EE? + G

1 1 1 a
[ = extr [qwdw — —Tr + —Indet [ApALGwE + Ig] + ) In (A + K2 (pw — qu) + &ipa)]

Quwdw | 2 2d GuX + x5 1a 2d
(114)
ie.
1 1. 1 R «Q 2 2
f= ((Iex;gr 4wl = 5dwPu + 24 Indet [AyAnGw® + I4] + ) In (A + Kk1(pw — qu) + H*pa) (115)

B.9. Bayes-optimal saddle points

The extremization in (TI3) can be carried out by imposing that the gradient with respect to each optimization parameter be
vanishing, yielding

~ al{?

quw = A+W2(pw*Qw)+’izpa (116)
— 17y A2 AZG, 5 :

ECI el [ PR N

The equation can be recovered by plugging the first line into the second, and remembering that the excess prediction
error can be evaluated as

€g — A= H%(pw - qw) + Hipa' (117)

Indeed, the Bayes optimal estimator is given by the averaged output of the student network over the posterior measure (6)

()

and the corresponding test error reads

1 1 1 1 2
€g = Ea*,W*,DEm,é (\/EQIU <dW*$) + V A§ — 7]{:CLTU (\/gWIE> >>
1 1 1 T
— EDEa“W*EaIEx [o (dW*x> o \/aW*;v> ax

1
+ EDEa* W % <aTEm

1 LN
ol —=Wzx|o| —=W'x a

d d a,al ,\W,Wp
a'> +A

1
= 2EpEa, w7 <aI]Ez

1
= EpEa, w, ECLIE:E {ﬁ%

1
+ EpEa, w,— <aTIE:,3 |:/€1] a'>
k d a,a’,W,W’%dIP’

-
- 2EDEQ*7W*% <aIEm [nfw*zdw} a’> +A

= Kipw + K2pa + K1qw — 263M0y + A = K3 (pw — qu) + K2 Pa- (118)

In going from the second line to the third, we used the covariance identities (I0).
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C. Replica computation for deep networks
C.1. Generalization to multi-layer nets

In this section we generalize the discussion of Appendix [B|to deep networks with L > 2 hidden layers. We use the same
notations as the main text (I)(Z). To treat simultaneously regression and classification, it is useful to introduce generic
notations for the priors

P, (W) oceiﬁellwe“%, P,(a) oce_ﬁ”a”rz, (119)
and the posteriors
Pt (y]g) oc e™ 25 0=0)" (120)
for regression. In Appendix [H] for classification, the output channel will be
i dge= 25 o
P9l x| S50 (4 % sgn(i + ). (121)

With a slight abuse of notations, we omit for readability the layer index ¢ in the prior P,,, with the correct variance A, of the
Gaussian distribution being implied by the argument W, thereof. Besides, we keep the notation P,, also for the marginal
distribution of the rows of the weight matrices.

C.2. Tower of order parameters

Replicated partition function By the same token, we employ the replica trick, and write the replicated multi-layer
partition function as

s L n n s
Z° = / [T ITaws Pu(Wi)da® Pu(a®) Egyny, / T P w192 ) TT 1T Pous (915° (2")) - (122)
p=1

a=1/¢=1 p=1la=1

Carrying out the expectation with respect to the train set D :

o= T {Ex i, /dyPout(yIA*) 11 Pout(yAa)] : (123)
2 a=1
We have introduced the local fields
1 1
A = al (5. o@h, jo--0@kowt)(x), Ay = a’ (% op? o0--00ow?)(z). 124
N TR (¢rv 0 Pivn @5 0 ¢1) (x) N (R 5 0 ¢f)(z) (124)
L L

¢} denotes the a—th replica of the /—th layer, i.e.

Vke—1

Local fields statistics The second order statistics are given by an application of the deep Bayes GEP (3.4) as

1 L
aq (H We“) b <H WebT> ay
2 (=L (=1

1
pi(z) = 0y (W; : x) (125)

o) =TT (<)

L
(=1 I1 ke
(=0
fo+1 L
L—1 L aaT ( [I Wea) X II WebT ap T
2 2 =L (=0o+1 2a,a
(€o) (0) 0 (L) o ab
+ b Z(H) 11 (,@1) . +(K* ) L a29)
fo=1 (=lo+1 I1 ke

L=Ly
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and

1 L*
L L* ag <H Wea> b (H Wz”) x
N =L =1
(AaAs) = H nﬁ“ H ng) 7 7 .
=1 =1 I Ve T] Ve
£=0

£=0
By the same token the teacher variance reads
1 L*
o 2 a*T (511 Wé*) . EH1 Wi ) e
2y _ *(£) =L =
o) =TT (%) ;

Il K

! L -
. o (A we)s( 11w ) .
)2 2 =L t=lo+1 n ( *(L))Q a,

Ky
*
k7.

L*
= = *
lo=1 0=0y+1 H k@
=Ly

These statistics warrant the introduction of the order parameters m,,, {(qeL) ab}szlv q%, { peL* } ZL;l’ Pa 88

T L a L *T
a, ( IT w; )Z W, a,
=L =1
Mg = L T N
[T Vke [T Ve
£=0 £=0
£y L £y L*
aj< W;)E( II W;’T>ab . af( H*W,})E( II W;T>a*
(qL) —_ £=L £=Lg pL —_ =L £=Lg
1/ab IEI & ‘o Iﬁ P
t=tg—1 ¢ =tg-1 "
Lo L a, ay
o eHLW’?)E(f@ W5T>ab Pa = T,
I = y=¢
Ve > 2, (qf) p = Oab i 2
[T ke
(=tp—1
a, ap
qab 6ab i

(127)

(128)

(129)

Note that qeL0 s corresponds to the overlap between the products of weights from layer ¢, (included) to layer L (included, i.e.

the last layer before readout), with similar intuition holding for the plﬁ: S.

C.3. Replica Symmetry

Similarly to the two-layers case, we assume replica symmetry. The order parameters are taken of the form

~L 72{1 ~L ~L
(ql)abzéab _7_(]1 +4q7,
) iy
\4 > 27 (qz )ab = _5ab77
a Tq
[ _5ab5a
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while the non-hatted overlap read

(af),, = 0as (rf —af’) +af", (134)
Ve>2, (qf),, = Oabri (135)
Qap = OabTas (136)
Mg = M. (137)

(138)

C.4. Multilayer Loss potential

The computation of the loss potential ¥,, follows rather tightly the one detailed in (Loureiro et al.,|2021) and leads to

2

L (o) L~ O, N GRG.

A O LY /()2 L1, L* (O 2 2 (H B H B

y—/Df/dyZ* Y, 7 = =1 511:[('{1“)) P1L+ 2 K*(ZO) 71_[ ("”"1(2)) P£0*+1+<’”~I(L*)> Pa— ¢ 1L %)
EI( (z)) =1 Lo=1 £=£g+1 ZEI(KI ) ok

L 2 L 2 L—1 L
O\2 1 )2y, L (to) 0 2
Xang<y, I (0 ot [ () v S50 1 (40) () ) (139)

C.5. Layer-wise entropy

The computation of the entropy potential ¥,, follows the same lines as for the two-layer case, see Appendix [B| In practice,
one has to first integrate the first layer, then the middle layers and the readout. For clarity purposes, we decompose ¥, into
the following series of terms

L
Uy =10, 7, a) + > Ve(PE, qf ) + WalFa) (140)
£=2
and proceed to evaluate each sequentially.
First layer We focus on £ = 1 first:
L L
1T wlag ) x(wlT {1 wla, wiT i wlag, X(wl—r 11 qu*)
d s ;baj(qf)ab< =2 2, ( =2 ° >+%: ajm =2 L * Z:
ot = T [ T aviptue” B Bt v
j=1 a=1
(141)
Introducing the local fields
1T H Wfaa
Mo = ‘72, (142)
H Ve
=1
which inherit from P, (-) the statistics
L
(92) ug
<77anb> :5ab A_l ) (143)
1

it follows that

2 2
ax T H*Wy* (wi); Al . -1 A—l R
d %0]2. B— L [diag( Ll )70']‘X(215)®Qf:| mf—lndet[l 7a]d1ag(7>(21 )@Qf}
L " (‘?2 (‘12 )aa

)aa

(144)
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Finally,

qu,Z + mQZQ L=L* — =1
v, =iy A 1 lndet{ 3 VL2+I] (145)
1= 5 N — - 35 — 1 d
z T By a5
2

Middle layers We know provide the derivation for £ > 2 (middle layers). The corresponding potential reads

T+ % .T L a
ag, I Wy [T Wiaa
(AL) (=L o=t
q
£ )aa L

5 a [ ke
et — / [T awe Po(Wg)e =0 (146)
a=1

=] / dwe et (147)
a=1
Introducing the local fields
L
w' [ Weag
o= — (148)
IT vk
=ty
it follows that
L 4L
_ Ty T
xpe:_WQl In <1+£A+1f>. (149)
¢
Readout The readout layer entropy can be computed as in the two layer case yielding
foa:_%Lln (1+ Ar“1>, (150)
see Appendix
Summary: multilayer entropic potential Assembling these results, the total entropic action reads
alsim2n2=L* Wil aval 0 wi
N YL 1 (1 Ta ) i Ye—1 (1 TZLJrlTAZL 1 T ' FLH* K}
w=——n|{l+-—7]— — n|{1+—= + -1 =L
2 AY) &2 Al d VILMAT;;
1 ¥ oL
—ﬁlndet A_1V1 DN (151)
1
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C.6. Finite T multilayer free energy

Finally, the complete free energy at finite temperature reads

YL .
f= extr - *(V1 Vit +V at —ar Vi) — = E Ve 1FETE — 2T
ql 7‘11 7V VlLvm m {T}/ J}/ }77’a Ta 2 2
A L 7
+ mm + Jr In(1+ 31
2 AL
WETa*aI T WZ(
it 2+’ﬁl222 L=L* =
L L AL L*
Ye-1 Ter"y 1 M, 5
—&—E In{1+——F]—-5Tr = +—lndet VlE—i—Id
p—t 2 A, d vine = 2d Al
RGN0 e (ﬁ w0 Ln 3O m )2
r{ fFOm e . * . . 1
o[ Dg a0 BB e B () w0 () e (120 o
[l’[ (ﬁge))quL (=1 Lg=1 0=0+1 eU1(ﬁ<1 )) o
=1 -
2 AN 2 L1 L 2 5
X InZy(y, IT (m(la) k& Tl (n(li)) vi+ ni ) I1 (ng)) TZLOJrlJr(Hf) ro |- (152)
=1 (=1 Lo=1 1=0o+1

C.7. Bayes-Optimal setting

Nishimori identities For matching teacher/student the Nishimori identities guarantee that

L
L _ rL— ol = A, A, x (tE)oe
{?2_’7 ve, {6 = 00 = AallAex (5F) (153)
aw=m ik =0.
The Bayes-Optimal free energy accordingly simplifies to
1. 1, |e+e2a0 fia, 1 Lo
f :e;(griqq 3 Tr ﬁ + % Indet A, H AeGE + 1,
Aq 1‘[ Ay (=1
—a | D¢ dyz y I (M) ¢, ﬁ( O) v 'S w0 T (w0) 0k (525)
A\ 1 = e=foi1 1 o+1 * a
V2,6 T (n®@)2 e S o) 0)? 2
et Ze o () 0 f (4000 5, 1 () () s
For a linear readout, and a noisy teacher channel with Gaussian additive noise of variance A (I):
1. 1 iS+§252A, f[ Ay 1 L ~
f :e;fgriqq — 3 Tr . iefl + % Indet | A, H AgX + 1,
Ag 1'[ Ay =1
2
¢ ¢ ¢ 2
71n <A+ 11 ( ( )> ) + Z k) H ( 5)) pE o+ (kD) p,,,) (155)
lo=1 =lo+1
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C.8. Bayes-Optimal Saddle point equations

The saddle-point equations corresponding to the extremization (T53) read

fi ()

1= e, . ESERCINR )21 Ly2
A+£1:[1<K1 ) (pl 7‘1)4’[271 i [794_1(,{1 ) p20+1+(ﬁ*) Pa
f 0 =40 (156)
= 1] Af
1 (=1
q = %4 TI' -
1462 IT A

=1

The Bayes optimal MSE can be computed along the same lines as the two-layers case. Recall that 7 (z) and hr(x)
designate the post activations at the last layer for an input , respectively for the teacher (I)) and student 2)) networks. The

Bayes optimal estimator is then (a " hz (z))/+/kr, where the expectation is carried out over the Bayes posterior measure ().
The MSE then reads

1 . 1 2
€g = E'D,a*,{WZ}gEﬂf,g (\/EthL(I) + g - <\/EaThL(I)>)

:ED,CL*,{WE}[ {’m [ [h*L(I)h*T(m)}aHrk <TEI[hL(I)h/L(:E)T} >

ii,a, 27 (o Eafh z<m>h2<x>]a>} +A

a,{Wg},a’ {W}

_ ! ﬁ( (e> - ﬁ Wi
DR P VR )
- L L T L N
S (%) (1 2
502—31( ) (= e0+1 e:le_o[+1 ke z:le_o[H ko1

L

T
1 O\ T = Wz—r - Wé—r /

=+ 7]ED,(1*,{W*} < Iil a by a
kr £ re é:l_Il < ) g Kke—1 g v Ee_1 a{Webia! W yoisdp

_2k1LEDa*7{W e <£_1_[1( ) (z_l_{ %) E(H \/2%>a> +A
ﬁ( (Q) Z( %)) ﬁ (”V))Qﬂhﬁ(ﬁf)%a (157)

Replacing the p} order parameters by their definitions, one finally reaches

Buves A — H( m) ( (/Zdu >HAzq> N Z( (m) A, H ( (z>) (ng)QAa

Lo=1 L=flo+1

which is equation (12).

D. Equivalent shallow network

In this appendix, we show that the shallow network (I6)

) = 1, (\[\G[T +\/55> (158)

possesses the same Bayes free energy as the deep network (T)), implying in particular that they are characterized by the same
Bayes error. Again, let us defined the notations

Py, (w) x e~z llwll? (159)
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and the posterior

Pl (yl2) "2 85y — fu(z +€))

d§
e
\ 2TTE,

(160)

. We will again resort to the replica trick. While this exact replica computation has not, to the authors’ knowledge, been
detailed in previous work, it is nevertheless very standard and close to existing studies, e.g. (Barbier et al., 2017} |Loureiro

et al.| 2021). For these reasons, we shall frequently point to related computations and be concise.

The replicated partition function reads

a=1
Define the overlap matrix

w;r Yy, 0T Tw,
ab — Mg =
dab d d

and the associated Dirac conjugates {{qs}, {7724 }, the partition function becomes
/ H dqabdqab H dmadma ash dS\PeradS\Py
a<b
where we introduced the entropic potential U,
> Gabw, Zwb+2 el Sw,

e« | lanrteomran
a=1

and the loss potential ¥,

et = E{Aa,u/ Pl (ylw) H o (Y1 Aa)

where the local fields {\, }, 1 are Gaussian with statistics

<N’2> = 17 <:u)‘a> = Mg, <)\a)\b> = {qab-

We assume the replica symmetric ansatz with the Nishimori identities

mqe =4q
ma :(j
(jab = d(l - 6ab)

The computation of ¥, is standard and leads to (see e.g. (Loureiro et al.,2021))

:/Df/dyzl <y’\/a£’p/zdﬂ(z)—q> In 2’ (y,\/éép/zdu(z)—Q)

with

2 (yw, V) = ENCVIEL (ylr) = / DaDES(y — fu(v/art + Vi +w))

T

_ / DaDE(y — [ (VAE+/V 6 — Az +w))

= Zf(y>wav+67" - A)

35

)

ot HTJJ" S L w,
/H dwa wa deP H Ey“ Th /dy Pout \/a H Pout Y ‘W

(161)

(162)

(163)

(164)

(165)

(166)

(167)
(168)
(169)
(170)

171)

(172)
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Z, (109) has been introduced in Appendix [C] As for the entropic potential, introducing the Hubbard Stratonovitch field 7,
and using the notation D for integrands with normal distributions,

s = / DDy

- / DODne 3 mdet(1+d5)+5 (Va2 2 ntpa£0) T (14pd=) ™" (Va2 2 ntpis6)

S

3 1
/dw L e—%’w‘rw-&-p(}QTEw-&-\/pquEin

2m)2

— e 3 S Indet(14pgx) dz e—%zT(deH—pQ(sz)*lz-ﬁ—%zT(1+pd2)7lz
Vdet 27 (pgs + p2¢2%2)
_ 6—5 Indet(1+pGS)—3 In det[]I—s(pqE—i—pz(sz)(1+pq2)71] ) (173)
Finally
1 . 1 oy —
¥, =51 det(1 + pgx) — 3 Tr[(pgS + p°G°S2) (1 + pg=) ] (174)

Putting everything together
2 2\ 2
1|2 e (s () 0t
2
2d T ATIAL ()
¢ ¢

va [ ¢ [z (v vies [zaue) o) mz (i [ - q)

GE+A, H £g*5?

1+ A JTA] (,#))2@2

L L

1
= extr — — —ldt
f= e;fqr qq+2dne

——Tr S —
2d — vz 42

10 ) _
—|—Oz/D§/dyZ< (z)) ¢, 1—[( <e>)2(r{z_q)+er_A> In Z, (y 1;[(4“)%5,1;[("“?))z(rlL—q)"‘ET_A)

1
=extr — - —ldt
e;;’qr qq+2dne

1+ A, [T Awgx
4

1 1 1 GE+A, l;[ Aggs?
= extr — =q — Indet |1+ A, Ay | - —Tr| ——-————
extr = 54g + 5 ndet | 1+ Ay [[ A2 ) — 55T I S——
¢ n(n“))
L ¢ ! n
)2 )2 S 00)) 2 L 0 2
+a/Dg/dyz <y (=) ae d1(=7) Cf = £ () 80 1 (w7) a0H(=2) Aa>
©)2 )2 2l (e0))2 L ©)2 2
In Z, <y 1;{(,#) q&l;[(,{ge) (Tffq)nozj:l(,i*o ) Aa l:;[)[+1(nl£) At (k) Aa) (175)

which is exactly the Bayes free energy (154) for the multi-layer target. The expressions of the Bayes MSE and classification
errors for the single layer network are known (Loureiro et al., 2021) and exactly recover the expressions and (E])

E. ERM : the shallow case

In this appendix, we contrast the Bayes optimal MSE for regression obtained in Appendix [B]and[C|to the test error
achieved by linear ERM methods. Are successively described ridge regression, and random features regression (Rahimi &
Recht,|2007)), alongside its infinite width limit, kernel regression. Sharp asymptotics for the test error of those ERM methods
can be accessed by combining the multi-layer linearization (I0) (see also Appendix [A)) with the results of (Loureiro et al.|
2021).

We start by reviewing the results of (Loureiro et al., 2021). They consider learning from the dataset {v*, y*}"_,, where

pn= 1
v € RP represent the student features, assuming that the labels are generated from a generalized linear model as

yll« = f* <1a;|—h2/1«>
kr
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with h}" € R¥-. Finally, suppose that h}", v* are jointly Gaussian

(&) (oa al)

The trains set can be learnt resorting to ERM with loss function g(+)

o= argnin Y (3, 2) + Sl
w = argmin gy, + —||lw
w o VP 2

with the test error being measured as

R ~T
st (15 0 (7))

for some metric g and estimator function f . Finally, the proportional limit p, k7, n — oo with finite ratios « := n/p,y :=
kL /p. Then the theorem of (Loureiro et al.,[2021) states that

&0 = By (9070, £.)]

()05 7))

The self-overlap q and the magnetization m are two scalar values characterized as the solutions of a system of scalar
saddle-point equations, depending only on 2, @, the loss function g and the output channel f,. (Loureiro et al., 2021}
provide detailed examples of these saddle-point equations for standard loss functions, which we do not replicate here for
conciseness.

where

This provide a very versatile framework to evaluate the sharp asymptotics of the test error of linear ERM methods, provided
one crucially assumes that the student features v and the last layer post-activations h7 are jointly Gaussian. Such Gaussian
equivalence results are known to hold rigorously for a variety of settings (Mei & Montanari, 2019; Hu & Lu, 2022a);
(Loureiro et al., 2021} |Cui et al.| 2021;[2022) have also provided heuristic and numerical evidence of this equivalence holding
for more intricate set-ups. The results of the present manuscript fit in this last line of works, and establishes heuristically and
numerically that the equivalence holds for the presently considered multilayer network targets, and linear ERM methods. A
rigorous proof thereof falls beyond the scope of the present paper.

Assuming the Gaussian equivalence, the test error of ERM methods on the target (1) can be accessed by evaluating the
covariances ¥, (), ® using the result (see also Appendix for a detailed discussion and derivation), and inject these
expressions in the saddle-point equations of (Loureiro et al.,[2021). In the following, we sequentially detail the final saddle
point equations for ridge regression, random features regression, and kernel regression.

Linear regression The sharp asymptotics for the test error in (Loureiro et al., [2021) can be applied, leveraging the
characterization ([E]) for the covariances. This straightforwardly yields, in the notations of (Loureiro et al.,|2021):

p =K pw + K32 pa + A,
Q=3
b = VALALRTE,

with the corresponding saddle-point equations reading

> i z

V=uy | "= fdﬂ(z)gfgf"% -

. 22k 2 patq—26 M A B WAt s

§= o pelt q=[du(z) wﬁéz;q (176)
~ X ~ 2

m= 1t m = AaAwmfdu(z)m

The generalization error is
€g = K12pw + K22pa + q — 26Tm (177)
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Random Features Denoting F' € R**? the RF matrix, which we will take (0, Af), and denoting

1 N (0,85 T2
Try

Ar=g

the GET coefficients associated to the RF non linearity o(-) (9), the covariances read (T0) (see Appendix [A)

20(2)] s = \/Eév (0852 1 (2)2) — w2, 122 (178)

K1 = d

p = K12 pw + K2 pa + A,
O =rIEEEL 42

— ./ * F T
= AaAw/ilﬁlzﬁ.
From which it follows, leveraging the asymptotic results of (Loureiro et al., 2021)),
V 1 2 FZ]F +I‘€ Ik
V= 1jv 7d Mk*‘v("@2 ESEL 4121y,
& a R putri’pata—2rim+A g = L Ty |2 Aqum%?—”?“( PERET 42 1) +a(RFEFT 462 1) (179)
LR R 74 (D+V (63 EEF T k2 10))?
3, — 1y 2T
m = 2 ER2el
VAT _— fA WA

/\Ik+V(H2 FZFT +r21)

The error is the same as for ridge regression (I77). In the case where ¥ = I; (which we assume from now on), F¥.F T and
FY2FT ajointly diagonalizable and introducing the spectral density p(s) of FF T /d:

V= [ dp(s)5

4\;:

<>

= Y AV (k2s+K2)
A~ a Kl 2puwtrZpatq—2rTm+A _ Do Ay r2s(k2s+r2)+d(rTs+r2)?
1= 5 a+v)? q = [dp(s) OV (2 54n2))2 : (180)
* o 5

=\ m = ﬁAaAwmfdﬂ(S)#M

Introducing the Stieljes transform

1
z)= [ dp(s 181
o) = [ dolo) . (181)
Then the saddle point equations can be expressed as
)\+V
. o V= % - V;\m%g V}»@K
V=1v _omhd 1 (2004 | g2,0) o (L AV
A a H’l‘zpu,—i-fc:zpa—s—q—Qn{m\/AQAw-&-A 7= V2 ZV?' v 9 A VK2
qa=75 H(*ljvp Y <,\(m +D) 4 2 2) g _ MVk2
A~ ~ AL
= 4/ AGAW\/’VI-I‘,-?/ V 1% V,{l
m = \/>m |: 1 (A + /432) ( AV K2 )j|
kI \V «)9 VK2 ’

Kernels We know consider the infinite width limit v — oo limit of (T80), corresponding to GP kernel regression. For
Gaussian projection, p(-) is Marcenko-Pastur, and reads

1
p(s) = (1 — 7) o(s) + v(s) (182)
where \/
1 (s =8 (VY= +1)° - )
V(S) = 7271Af 5 ]lAf(\/’Vfl)QSSSAf(\/’TﬁFl)Q' (183)
The measure v(-) simplifies in the v — oo limit. For any test function A(-):
o? (y+2y/7+1)
d —A —-1)?)(A 1)2 —
/du(z)h(x) _ / €L \/(aj f(\ﬁ ) )( f(\ﬁ+ ) x)h(l‘)
2nyAy x
o2(y—2,~+1)
1
2 h(yA 2. /7A A 1
By € A o S L ”)+O(> (184)
T v+ 2\/'7:E 0 \ﬁ

—1
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meaning
1 1
p(s) = (1— 7) 5(5)+;5(5—7Af). (185)
The saddle point equation become approximately
A a _ 1 K2 1 KIYA f+r2
V= 11‘/ Vo= (1 ’Y) >\+V(Ki) Y )H-V(re%’yAf—‘rnz)
~_ a B pwtkipatq—26im4A —(1_1 gri +1 Ao Dy’ KIYAf (K]YAf+62)+G(kIyA s +12)3
(=57 e q ) vz T AV (r27y Ay +r2))2
E K15 o A1 KIYAf
m flerV mo= ﬁAaAwm’Y A+V(H%7Af+ry§) ’
(186)
Rescaling
V.GV, g T < /A (187)
The equations (I86) reduce to
- _ K RIAf
V= Vo =Xt avda
a HIQp,w+n:2pa+q—2m’{m+A o AaAwmQH%A?+QW%A; (188)
=« (ERE ¢ = (VRIS :
= g m = AgAy A

F. Optimality of kernel ERM on shallow targets

In this appendix, we demonstrate that optimally regularized ridge regression and kernel regression achieve the Bayes optimal
MSE, and provide a derivation of the explicit formulas for the oprimal regularizations (ZT)) and (23). Note that this extends
the very closely related results of (Sahraee-Ardakan et al., 2022), which were derived for a GP target, corresponding to the
infinite width limit of (I). In fact, and can be heuristically derived by evaluating the formulas of (Sahrace-Ardakan
et al.,[2022)) on the equivalent linear teacher @])

F.1. Ridge ERM achieves Bayes optimal error

We first show that optimally regularized ridge regression achieves the Bayes optimal MSE (12)). As a side result, the formula
(21)) is obtained.

Optimal regularization for ridge Combining (I77) and (I76), one can derive a self-consistent equation for €,:

KA WAL V223 4G22 —2k2 A A AV 22 =262 A A V223 1 12A 4 A A2 24 K2 A W A V223 41262 A A AV 22

€g = K2pa+ /dﬂ(Z)

(Mg +V2)?

A= 2A A A2z + a2

=" Kpa +/du<z)fil _wET o2 (189)
()\Id + 2)2
Requiring €, to be minimal with respect to A (equivalently, A):
2630, A\ 2630y ANz + 222
O:/d (o) 21w Badz 2R AwBNEF G2 (190)
(Mg + 2)? Mg+ 2)3
—/d (2)272 X 2620, A (X— Eg) (191)
: (A + 2)3 1w ak?A,A,

It follows the relation )

Vv
= Y & (192)

ari2A oDy KALAL(I+ V)
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Explicit characterization of the optimal regularization We now proceed to show (2I). Rewrite (I92) as

€g = aRTALALN, (193)
where we remind the auxilary variable A\ = \/V. Replacing €4 in (I89) for A, one reaches
-1 (R2A, + A Az
A=— *7+/d Z)= (194)
o ( ApAyk? g ))\Id + z)
On the other hand, the saddle point equatlons for V, V (T76) can be rewritten as

z
= 195
))\Id+z> (199

Multiplying by A on both sides:

-5 (1%
A= é <A+/d,u(z)~ Az ) (196)

Mg+ z

Identifying (194) and (196) yield
K20 + A
N= ¢ — 197
AyAgr?’ (197)

which is (ZI) for L = 1 hidden layer.

Connection to (Sahraee-Ardakan et al.,|2022) In the two layer case, this result interestingly corresponds to the optimal
regularization given by Theorem 4.1 in (Sahraee-Ardakan et al.,[2022)), provided it is applied to the GP corresponding to the
infinite-width limit of the target. Following (Sahraee-Ardakan et al.| 2022, the optimal regularization for ridge regression
over such a GP reads

Ao @
C2
which translating into our notations with
Ccy = Au,Aanf co = Aani o2 =A (198)
leads back to A 1A
K +
A= 20 199
Ay Agk3 (199)

Equivalence Ridge/Bayes Finally, we show that ridge regression, regularized with (21)), achieves the Bayes optimal
MSE (12). We will show to this end that —k%q,, = ¢ — 2k1m, taking inspiration from (TT6) to define G, = ar?/e, =
(VA,A,) /). In the following, X is understood as the ridge optimal regularization (ZT)).

q—2k1m 1 AMAGH%‘A/QZS + Gz — QAAwAaHszz — 2AwAan%f/2z3
_azgam L )

k1 k1 (Mg + Vz)?
_ i/ ( )%6922 + AwAaK;%fﬂz?’
K (Mg + V2)?
_ i e )V/\AwAa;% + ApA k27223
51 ()\Id + ‘A/'Z)2
B i e )V/\AwAali%ZQ + AwAa/i%VQZ?’
’431 (Mg + VZ)2
52
quw?
— [ du(z)—Tw=
/ ,u(Z) Id + AwAa(jwz
aK?2?
= [dp(z) ——2—— 200
/ nlz) €g + ApAgariz (200)

which corresponds to the equation (T16). Renaming ¢, := —4 — 2x1m/,:2 allows to recover the two-layer Bayes MSE.
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F.2. Kernels achieve Bayes optimal error

This subsection similarly addresses the case of kernels.

Optimal regularization for RF kernel ERM Combining (I77) and (I88), one can as in the ridge case derive a self-
consistent equation for the generalization error:

Ay AQHIZ)?—&-A“,AQRI%Q%A? V4+2A,, Aam’l‘Q)\an Ar—AyA, I{Iz.‘{?A? V4 %H%A?EQ —QAU,AQK,;‘z)\Vﬁ,l Ay

€g— A =KZp, +

(A + VK2Af)?
=2 ALA K*25\2 + Li‘A?pég
_v 5:200, w—a 1 : 5 o (201)
A+ KlAf)
Requiring ?;5“\’ = 0 leads to
3 3 3 KiA%e 3 €gK
o 280AurA + 28, AR REA LA — 28, Aur?A - pfls %QAwaAan{?A — oy o0
= ~ = 2k} =
A+ Kk2Af)3 (A + KIAf)3
The optimal regularization thus reads
\ VeghiAy _ Y (203)

AL AL R AARPE(L+ V)

Explicit characterization for the optimal regularization One is now in position to derive (23). Combining (201)) and
(203), the optimal X for kernel regression is the solution on the A variable of the system of equations

)\ = \A/eg/-cfAf

AwAaom;z
252 "%A?‘g
- *2 BuwBah" N b —5— 204
EQ_A—’_K’* pa+ (5\+K2Af)2 ( )
2 2
1 _ 1 R KiAy
Vo o« (1+ X T AVEZAf

Introducing the variable A=) / V, and plugging the first line into the second, this simplifies to

€g = aiAzfA“ %)\
Y Aflirf 1 %2 A An;zj\
A= Aori’a (m* +2AA“;\+ Z\+~§Af> . (205)
Y1 2 KiQyf
A=1 (4o
Substracting the third line from the second yields an expression for \:
Asrt ( 2, A ) 2
S | K+ — | = A+ kL (206)
Ayk3? A,

In other words, the optimal regularization is explicitly given by

A2+ A K2 )

_ 2 _
A= KA ( STALA. T WA (207)

Alternative argument using (Sahraee-Ardakan et al.,[2022) Theorem 2.1 of (Sahraee-Ardakan et al.| 2022) shows that
regularizing a kernel method with A\gp yields the same test error as ridge regression with regularization \,., provided these
two regularization are related as

Agp = €2 X Ap — o, (208)
i.e. in our notations
Aap = AjkT x Ay — K2, (209)
Taking A, to be the optimal regularizer for ridge regression derived in the previous subsection, this leads to
92A, + A A2+ A K2
A = A 2 (K*) a o 2: 2A‘ a vy . * 210
ar =S < A2 ) TR RPALA, KA, 10
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Equivalence kernel/BO We now show the optimally regularized error achieves the Bayes optimal MSE (12)). More
precisely, we show ¢, = —(q — 2ktm) /K12

_g—2sfm 1 A“’AGKTQ"%A?VQ + “?Afc%eg — 20, Ak RIA SV — QAwAa,q%ﬁlA?m
"t &y A+ VA2
S N K/4 2 A
 AwA(ATEIVZ 4 26 ALAV) — ;;A?f Yeg
B ()\ + VlilAf)2

*2
el T - OV P
1+ 4,428 1+ AvAade

€g

which is exactly the update for g,, (I16).

@211)

F.3. A short RMT argument for finite width RF

We provide in this subsection a short argument, at a physics level of rigor, that RF cannot achieve Bayes optimality away
from the infinite width (kernel) limit, for simplicity in the isotropic ¥ = I; case. Remember that, in the framework of
(Loureiro et al.| 2021), the covariance between the student features is ) = ff% FFT /d+ mz I,,, while the average effective
cross-covariance between teacher and student features can be taken as ® = ;x5 F | /v/d. The labels are generated from the
target features (last layer post-activation), and not from the student features, rendering the setting slightly intricate. However,
under the assumption that the student features and teacher post-activations are jointly Gaussian, (Clarté et al., [2022) provide
an equivalent model where the labels are generated directly from the student features. Introduce the effective teacher

0=0"20"a* (212)
and the effective noise variance
Aol -15T *\2 KYs *\2 K2 K2
A:gTr[‘I’*‘I’Q @' ] = (r) [17/d0(5)M = (K1) 1*7+7,¥9 )| (213)

where g(-) is the Stieljes transform of the Marcenko Pastur law. Note that A = O(1) even in the v — oo limit. Then
random feature regression on a two-layer target is equivalent to the ERM problem

1 - .
~ —0Tu+ VAN(0,1),
y~ 50 (0,1)

2
R(w) = Z % (y” - \;ﬁw—ru”> + %w—rw, u~N(0,Q). (214)
p=1

Absorbing the €2 dependence into the weights, this problem is further equivalent to

1 V
Y~ ﬁa;rq)u + \/ZN(O, 1),
. 1 « 1+ N\ Av
Rw) =353 (- JoTw) + HreTe e us Vo) @1y

Note that when a, ~ N(0, 1), then ®"a, ~ N(0,® " ®/~). As discussed in the main text, ERM using a linear model and
a square loss, as implied by (213), is equivalent to conducting Bayesian inference, with prior A over the additive noise and
prior 1/xyAQ2 over the weights. Note that this prior matches the ground truth covariance if and only if I\, @7 ®/y = 1/xyAQ.
This requires at least the spectra to match, i.e

ﬁs ec (nzFFT/d) o<is ec (HQFFT/d)—i—lii (216)

~ p 1 A p 1 Y

which can only be verified asymptotically as v — oo, when the spectrum has a finite fraction 1/~ of O(v) eigenvalues and
(v — 1)/~ of zero eigenvalues, i.e. in the infinite width (kernel) limit. This implies that doing finite width RF regression
is equivalent to doing Bayes inference with mismatched prior over the effective weights, and that therefore the test error
achieved by RF regression cannot be Bayes optimal. This is numerically obersved in Fig.[T} where the test error of RF is
bounded away from the Bayes MSE baseline (T2)).
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G. ERM : the deep case

In this section, we extend the discussion of Appendix [E]and [ to the general multi-layer case.

G.1. Ridge regression

Similarly to the two-layer case, these results leverage the asymptotics of (Loureiro et al., [2021)), using, in their notations,

L* L—1 L* 2
— *(€) L* *(£Lo) () L* L*
= K + Ko K +( Ky +A,
p = () e 2 e T (40) e (2) e
Q=3
1 L
5 *(£
d=A2 ] A2k
(=1

V= 1JL%V L L L V= [ du(z) )\Id"l‘Vz
(i) ot 4 2 s T (58) ol (557) pata=2 I 51 Ometa A T1 Aci?28+422
5 =t Lo=1 r=0p+1 =1 —fd 1
q=« a+vye q piz A4+V2)2
L*
Il mi([‘)a 22
=S m = A, H Agrn [ dp(z) SV
Q217)
The generalization error is in the multilayer case
L* L*—1 L* L*
69:H(Kle> oL+ Zm(éo H ( ;(Z)) p¢0+1+(“£) Pa+q— 21_[111 m+ A. (218)
=1 Lo=1 t=to+1 =1
Optimal regularization for ridge Combining (20) and (I9), a self-consistent equation for €, can be reached:
Lo/ )2 L .
[N I1 (/{1 ) Ao TT AeA?z + <222
¢ = et /d )= a—— 219
g 1(2) (Ma+ 2)2 (219)
Requiring €, to be minimal with respect to A (equivalently, A):
L ()2 L .
2H( ) Ao 1] Aok QH(ml) Ao TT AgR2z + 222
0—/du =1 =1 g i=1 = (220)
(/\Id—|-2) ()\Id —‘y—Z)g
L ) L ) .
=/du()M H( ) AuJT A | A —2— @21)
(Ma+2)3 P ot T (Hga) A,
=1
It follows the relation R
\ = Veg _ ‘ . (222)
L ()2 L L ()2
o1 (x7) Aa 1A (14 V)AL TT (1) A
=1 =1 =1

One is now in position to derive the optimal regularization (21I).

Rewrite (222)) as
L
Y| (&)2 A,
=1
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where we remind the auxilary variable A = A / V. Replacing €4 in 219) for ), one reaches

5oL R / du(x)—>— | . (223)

On the other hand, the saddle point equations for V, V/ can be rewritten as

1 1 1 z
—=—|14+= /d Z)= > 224
v a< 7 @2
Multiplying by A on both sides:
< 1 Az
A=— )\—i-/d Z)= . 225
5 ( 1(2) %7 +Z> (225)
Identifying (223) and (223) yield
€r
A= T 5 (226)
AT (A7) A
(=1

which is 2I).

Equivalence Ridge/BO We now show that under the optimal regularization (21)), the saddle point equations for ridge
regression (20) reduce to (T3). It then straightforwardly follow that ridge regression achieves the Bayes optimal MSE. In the
following, A is understood as the ridge optimal regularization (21)). Define

to connect with (I3). Then
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S . Lo 0)? o . o
q—21[ xky'm 22+ Au T1 (“1 ) Ay (V2Z‘3 + —2\V2? — 2V223>
=1 =1

A kL (N + V2

, r 2
) e + A, el:[1 (mga) A V223
= — [ du(z) ——

K1 ()\Id + VZ)2

L A A~

VA + V223
=A, HAg/d,u(z)iA
P (Mg + Vz)2

L A A

VAz2 + V3223

=A, H Ag/d,u(z)iA
=1 Mg+ V2)?

52
qz
= / dp(z) I
I;+ A, H quAZ

=1
(0% ll_l (ligz))222

= / dpu(2) =

L L 2
egla + Aq 21:11 Ao 21:11 (f@'g@) z

(227)
which is exactly the Bayes Optimal equation (T3).
G.2. Random nets / features
The linearization (1_1;0]) further detailed in Appendix E], translate in the framework of (Loureiro et al.| 2021)) into
N N =S VO TS S AN AR L\ 2
p_zl;ll(ﬁ’l ) . +zoz=1n* ’ /z=£)[+1(ﬁl ) p[0+1+(n* ) Path,
T
0= kI k2
L L .
Q= [Aq [T Aer1 ] ki OpEL
“ s (=1 ! vd
yielding the saddle point equations
V= v
L* L L1, L* x « LY e
I (51 ) ot 4 S w2 T (6?) plgsat (x7) pata=2 IT s} Omta
~ _ a =1 Lo=1 L=Lp+1 =1 (228)
=5 (V)2
L*
s
m T 1rv

2 2
— _ RYSHRY
V= fdp(S)A—i—V(n%s-‘rnE)
i
Aq TT Api®sis(nistrl)+q(m]s+r7)?

= fdp(s) = AV (52s+k2))2 (229)

2
K1S

L*
m=\/7Aq 1H1 Aot [ dp(s) i
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G.3. GP kernels

By generalizing the 2-layer equations to the multi-layer case,

2 2
N _ K% KiAf
V= 1+V X . Vo=3+ AVEIA;
*(£) (00 L ©\2 L* L*)2 LY @ L*

RO S H (R0 ok () a2 O A T Al ad+aniag

= = =1
q - aTv)2 q (,\+V~2Af)

T1 RI(Z) Ky 2A

b — o i=L m =0, [[ Aen—32=—

m=Qa— vy H AVKZAf

(230)

Optimal regularization for RF kernel ERM Combining (T77) and (I88)), one can as in the ridge case derive a self-
consistent equation for the generalization error:

L 2 L . L 2 2 _
Aulgl(mgl")) ApAZ+A, ZEI(N(IK)) Agrd A?V+2Aa 1—[( (/)) AZAVNIAf—Aa[EI(N(Iﬂ)) Agrt AfV+V7N‘1LAf g—20q 1—[( (i)) ApAVR1AY

€g—A=¢+— =
! (A + VKIAy)2
L 2 ~ KAAZe
S R
=" e + — (231)
(A+ KiAf)?
Oeg
- = 0leads to
L 2 - - - AA2 L 2 ~ K
28 T (+7) A0 (X2 + 263803 - 232) — 252515 A TT (57) AA - it
(=1 2 (=1
0= = = 2Kr7A = . (232)
(A + K20, S Gy
The optimal regularization thus reads
VegriA A
\ = Legﬁl f - _ . 6!]’ﬁ2 f ) (233)
ol TT (7)) A0 A TT (1) A+ V)
=1 =1
The optimal A is therefore the solution on the \ variable of the system of equations
_ Vegn?Af
L
al, H (H(z))QAg
a0 fi (w7) a2 2502 (234)
g =6t (A+K3A5)2
1_1 (1+ﬁ+7"}“ )
\% a A AMVEIA;
Introducing the variable A=A / V, and plugging the first line into the second, this simplifies to
Aa H Ae H (s “>)
€g =0 Af e
© 5
Ao Ami 1 HM : (235)
A, 1£I (nﬁz))QAe o\ A+RTA
Y K Af)\
A= (/\ + k2 + ™ ZAf)
Substracting the third line from the second yields an expression for A:
A 2
15 € = A+ K2. (236)

i (47)'
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In other words the optimal regularization is explicitly given by

A= k2A; e L (237)
/ L 2 K2A -
A, ) A 1=
(%)

corresponding to ([25).

Equivalence GP kernel/BO  Under optimal regularization (25)) the saddle-point equations for the Bayes-optimal MSE can
be recovered:

L
_ (0) L 2 N - L 2 N L 2 N
_q QZI;IIM m o 1 A, 21;[1(,#)) ApriAZV24R3A2 2 e, an, 21;[1(,#)) Aps2AVA—2A, 21;[1(;#)) AgrinZy?
ﬁ (ng))Q 1 (ng)>2 (A4 VE1Af)2
=1 =1
L ~ ~ K/4A2 V
Aa AZ(A?FE%Vz + 2K%A‘f}\v) - Llifzgfg
(=1 T1 (n§2)>
— _ £=1
()\ + V/QlAf)2
B 0)?
Lo J () L 0%
A, T A== Ag T Aeer IT (51
= =1 oy = = = = (238)
BT s fie o)
A el:ll A= ot ael;ll “ el:[1 "
which recovers (T16).

H. Classification

H.1. Bayes-optimal error for classification

In this section, we treat the case of classification, corresponding to a sign readout f, (z) = sign(z) in (I). Since the finite
temperature free energy of Appendix [Clis derived under no assumption over the output channel, it is amenable to being
readily specialized to the present setting. The output partition function reads

Z(y,w,V) = % ll — erf (2(‘;J-§-A)>

The saddle point equations can be massaged into the compact form

: (239)

L
GAZ T] AZ2?
_ =1
g=[—F—
(}ZAG H Ap+1
=1

q:

A [ zdu(z)

~
| Re|l{Reml}

Aq [ zdp(z)

H
ISy
o
[\
)
~

l—erf

&(Aa J zdu(=)

The interested reader is referred to (Cui et al.,[2019)) for a full derivation in a closely related case.
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H.2. Bayes optimal classification error

We detail here the derivation of the Bayes misclassification error (I3). The Bayes optimal estimator for a test input x is
(Opper & Haussler, [1991))

sign [(sign (aThe(2))), 1y,,e] (240)

where hp,(z) is the post-activation of the student network and IP is the Bayes posterior

2
1 _uaH?_ZHWgHF n
2Aq T2 I

P(a, {We}) = e B ] Eeunion 5 (5" — sign(3(a) + )]

Then

1 . 1
1—¢e;=Epa, (w;},E© {\/Eal—hz(x) X <51gn <\/EaThL(x)> >}

= EDﬂ“{WZ}EEw/dvdf/e*wﬁ@ { a, b (z) x v} ew<51gn

1
vk
~ o —100 1 T = (Z’O)k : 1 T g
= ED,a*,{We*}ng/dvdve C) L/Ea* hi(x) x v} Z o\ sisn \/Ea hr(zx)

k=0

A —ivD - 0 i 1 * : 1 g
= /dvdve Z %EQCIED,Q*,{W[}Z@ L/Ea*ThL(x) X v] <51gn (\/EaThL(:Z?)>> . (241)

k=0

The computation of the bracketed average can be carried out using the replica trick, observing

n

: 1 T : s—1 4 ~
<s1gn( N hL(x))>=ED,a*,{W;}egg%Z / daP,( HszP (Wo) T Poue (" 5(2*))sign (§(x))

p=1
S n S
oy [ TTaputo) T TTws 2ov) T TT B 02102 sien 31 0)
a=1 a=1 ¢ p=1a=1
(242)
where ¢! is the first replica of the student (2)), with weights a®, {W}. It follows that
1
<sign (WaThL($)>> =Epa, (Wi e / H H da® P,(a®) H H Hdwgap i)
L a=1a=1 a=la=1 ¢
n k

T 1] sien (3**(2)) H Pout (919 (2*)), (243)

p=1a=1 a=1

with the power k effectively introducing a second level of replication.

1 1 i
EoEa. (w1, © | —=a] b} (x) x i Th
@ | el hite) 1 <Slg“ (7 L(”))>
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(a)

(244)
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Following the discussion in Appendix B] (see also Sectionlin the main text), and under the assumption that §'(z), y(z)
may be as a first approximation treated as Gaussian variables, it follows from the linearization (T0) that §'®(x), y(z) can be
replaced inside the expectation E,, in (a) by their equivalent linear models,

oy L7 Z ‘ )y Wi o !

Ylin (J?) T \/761’1(1 [ £L + (/HL K1 \/m fﬁ—l + |:| \/m x
e L (L) o (e-1) @) Wg . -

inl®) 3= [ Wt Z (H W) Gt (I_I W) :

where 52/ “ ~ N(0, I,) are independently sampled Gaussian noise vectors. Note that the replication procedure leading to
the introduction of the second replication level, indexed by «, means that the £ are also mutually independent. Finally, one
can write

+ VA (245)

k

(@) = Ba geoyaer)e | ] sien (315 (2) O X yiin(@)). (246)
a=1
The full equation for the test error is then
N —ivD = (Zﬁ)k . N k
1= =Ep (e fesyoe | dvdoe ™" 1O iin(2) X V| Ep o, qw;y, (sign (§iin(2)))" - (247)
k=0

(b)

We henceforth focus on computing (b). Resuming the replica computation,

= [ TTTL o rutae) TT T] TT s poovie

a=1a=1 a=1la=1 ¢
H Hslgn (@) Ep g, (w; 1, H H Pout (y" 9825 (). (248)
p=1a=1 a=1a=1
Define the local fields
a 1 T ca
Zy = ——a ,
a \/E 1aSL
R Wi
2§ = ——aq, : 15 V2<(<L
Vi <e'1:[L Ve 1
1
1 T Wzla
2{ = a x, (249)
P, (H i
so that

glll(g —HiL) a+z (-1) H () a+HH(1’) a (250)

Enforcing the definitions of the local fields using the Fourier representation of Dirac peaks, (b) becomes

k L
b) = / [T degrazpe== (H dz?dé?e_z?2?> dzgdzge a5 / H H da®* P, (a H H HdWE‘“P )
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k
- - ~la Aaa
1T 11 sien (482 (2)) Ep.a. qwe . H HPout Y| (1) (251)
p=1a=1 a=1a=1
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The computation for the trace and energy potentials ¥ ,, follows the same steps as detailed in Appendix@, leading to the
same contributions to the multi-layer free energy. On the other hand, the entropy potential ¥, is changed, as it now includes
the second line. As in Appendix [C] we decompose ¥,, in input, hidden, and readout layer contributions and detail the
derivation for each.

Input layer . We detail the computation of the entropy contribution at the input layer ¥4, where the tilde distinguishes the
Z dependent potential from the one computed in Appendix |C l Note crucially that in particular Uy has a part which is not
proportional to the first replica index s, and therefore contributes non-vanishingly in the s — 0 limit.

L L
L (w},I A, W‘f”aaa) ) (wéﬁT &y Wfﬁabﬁ)
93 (ql )aa,ba

d aa;bﬂ b x
:Il/lllldwaaP e )€ B PAN
=1

a=1a=1

L
( i H Wmam> ((wbj [HQWfa*) 2 la
= 2 1 T Y 1 1
+32 27 —=aio | I 5= |wia 5%
= 1 " /5 Yl % la/gti
% L =L £—1
VRV BN o
=1 =1 £

+> o5m

X e (252)

Again, we assume replica symmetry with respect to the double replica, which together with the Nishimori conditions imply
(47) o g = SadOaxpd (253)

together with 77 = ¢. As in Appendix |C] introduce the local fields

_ (=2
Naa = L ’ (254)
[1 Ve
=1
with statistics
L
<naanbﬁ> - 5ab§aﬁA1p2 . (255)
Therefore
d ~L ~ * S0 1
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(256)
where we introduced a Hubbard-Stratonovitch field 7 in the last line and took the s — 0 limit.
Hidden layers In this paragraph, we turn to the middle layers ¢ > 2.
At o fi Whaeao )T ela fi Wamia o
= S wlawea =}y O | — 2 ——— | 42z — 2 i
d ac 0 ac 11 \/H ac 0 11 M \/klo—l
— d = L=2q 257
= Wan€ - (257)
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Introducing the local field
L
wt—zra H W{faaaoc
foa 1= 2t @s8)
II vk
=g
(259)

with the statistics
<77aa 77b[1’> = 5ab5(x6 AZU pﬁ)-i-l ;

this becomes
d 1z (570—1)j
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Readout layer By the same token, the new readout layer entropy potential reads
a2
= 3 Xd: Ap Xk: ()2 (EkLL)j
e\I’a —e j=1 a=1 (261)

End of the computation Finally, putting all the pieces together, the computation of (b) follows as
s ()} > €03
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We introduced the shorthands
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We introduced

) L1 L 2 L 5
A, = (K&L)) Ag + Z (/@Sf_l) H mﬁ’”) Avpfiq + H (Hg£)> Aq. (265)
(=2 v=¢ =1
This concludes the computation of (b). Returning to the computation of the classification error:
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The average squared label can be computed as

(266)
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where we used the fact that the scalar products in the first line all concentrate asymptotically, leveraging the assumption on
3. The teacher/student correlation term can be computed as
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where we used the definition of * and the self-averaging of the scalar product in going from the first to the second line.
Finally, the averaged squared student output is
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Putting these contributions together, one finally reaches
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(270)
which is (T3).

H.3. ERM

In full similarity to the regression case discussed in Appendix [E] sharp asymptotics of the classification error can be obtained
by leveraging the covariance formulae (T0) in the framework of (Loureiro et al/,[2021), using in their notations

L-1
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0=

1 1 (@
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We recall that we consider, for classification, the noiseless case A = 0. The test error is given by

L
(£)
) m zl;ll Ky
€4 = — arccos , 271)

n L
(B 0 ) st

with p and g being given by a risk-dependent system of equations. We examine in succession ridge classification and logistic
regression.

Ridge classification The saddle point equations which need to be solved in order to access the asymptotic limit of the test
error for ridge classification then read
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(272)
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Logistic regression By the same token, introducing following (Loureiro et al.,[2021)) the auxiliary functions

Z(y,w,V) = % <1 +erf (\j’%))

and f(y,w, V) defined as the solution of

. Yy
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Using the abuse of notations
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the corresponding saddle point equations read
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