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Abstract
Two main families of node feature augmentation
schemes have been explored for enhancing GNNs:
random features and spectral positional encoding.
Surprisingly, however, there is still no clear un-
derstanding of the relation between these two aug-
mentation schemes. Here we propose a novel fam-
ily of positional encoding schemes which draws
a link between the above two approaches and im-
proves over both. The new approach, named Ran-
dom Feature Propagation (RFP), is inspired by the
power iteration method and its generalizations. It
concatenates several intermediate steps of an iter-
ative algorithm for computing the dominant eigen-
vectors of a propagation matrix, starting from ran-
dom node features. Notably, these propagation
steps are based on graph-dependent propagation
operators that can be either predefined or learned.
We explore the theoretical and empirical benefits
of RFP. First, we provide theoretical justifications
for using random features, for incorporating early
propagation steps, and for using multiple random
initializations. Then, we empirically demonstrate
that RFP significantly outperforms both spectral
PE and random features in multiple node classifi-
cation and graph classification benchmarks.

1. Introduction
GNN architectures such as Message-Passing Neural Net-
works (MPNNs) became very popular for learning with
graph-structured data, but they suffer from various limita-
tions. Primarily, they were shown to have limited expres-
siveness, which hurts their performance in practice (Morris
et al., 2019; Xu et al., 2019; Morris et al., 2021; Zhang
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et al., 2021). Many approaches have been proposed to alle-
viate these limitations, including two prominent directions
that are based on augmenting the input node features of a
given graph, namely, random and spectral features. The first
approach builds on random node features (RNF) (Abboud
et al., 2020; Sato et al., 2021), and was shown to improve
the expressiveness of MPNNs by increasing their capability
to disambiguate nodes. Unfortunately, even though RNF
theoretically add expressiveness, they do not consistently
improve performance on real-world datasets (Bevilacqua
et al., 2022). A second approach to alleviate the expressiv-
ity limitation suggests enhancing input node features with
spectral PE often derived from a partial eigendecomposi-
tion of the graph-Laplacian matrix (Dwivedi & Bresson,
2021; Kreuzer et al., 2021; Wang et al., 2022; Lim et al.,
2023; Rampasek et al., 2022). These methods have demon-
strated an improvement on graph classification benchmarks
compared to using only the raw input node features.

Our approach. This work is based on the observation
that iterative matrix eigenproblem solvers provide a natural
link between random node features and existing spectral
PE methods. Prominent examples of these iterative algo-
rithms include the well-known power method and its gener-
alizations, such as subspace iteration methods (Saad, 2011).
Specifically, these eigensolvers take random vectors and
transform them into eigenvectors by performing a series of
propagation and normalization steps. Importantly, when
the input matrix represents either the graph adjacency or
the Laplacian matrix, the output of these algorithms is the
spectral PE mentioned above.

In this paper, we propose a family of PE schemes for graph
learning, which we call Random Feature Propagation (RFP),
designed to improve over RNF and eigendecomposition-
based PE schemes while retaining the advantages of both
approaches. Given a graph with n nodes, an n× n propaga-
tion matrix (e.g., the adjacency matrix), and a normalization
function (e.g., ℓ2 normalization or orthonormalization), the
RFP PE is defined as a concatenation of multiple successive
propagation-and-normalization steps, starting from random
node features. We refer to the output of this process as the
RFP trajectory. As we show in Section 3.1, this approach
can be interpreted as an interpolation between the RNF and
the spectral PE strategies outlined above. Therefore, RFP
provides GNNs with features ranging from pure RNF to
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Figure 1. An overview of our Random Feature Propagation (RFP).
We start from k-dimensional random node features and perform
a series of propagation and normalization steps according to a
predefined or learned propagation operator. We then use the whole
trajectory as node PE. As a result of this process, the network has
access to features ranging from pure random features to features
that approximate the dominant k eigenvectors of the propagation
operator. We also suggest methods for learning the propagation
operator and for processing multiple trajectories.

approximations of the dominant eigenvectors of the propa-
gation operator. Figure 1 illustrate this concept. We show
empirically and theoretically that RFP combines the bene-
fits of both approaches. In particular, we demonstrate that
feeding the GNN with the RFP trajectory is more effective
than feeding it with RNF and/or the eigenvectors only.

A key component of our framework is the propagation op-
erator. We propose two types of propagation operators: the
first kind is a pre-defined operator, such as the adjacency or
Laplacian matrices. The second kind of operators are learn-
able, data-dependent, propagation operators that are learned
jointly with the GNN in an end-to-end manner according to
the downstream task. Learning the operator is performed by
incorporating an attention mechanism that outputs scores
for pairs of nodes. In contrast to standard propagation opera-
tors, the learned one can model additional node interactions,
including long-range pairwise dependencies.

We demonstrate that RFP can be used successfully with stan-
dard GNNs such as GIN (Xu et al., 2019) and GCN (Kipf
& Welling, 2017). Furthermore, we propose using multiple
RFP trajectories as PE and processing them with a permuta-
tion equivariant architecture called DSS-GNN, which was
recently suggested (Bevilacqua et al., 2022) for other pur-
poses. The combination of multiple RFP trajectories with
DSS-GNN further improves the performance.

We present several theoretical results to support the main
choices made in our framework. As a first result, we show
that early stages in the RFP trajectory are useful: we prove
that MPNNs can use these early-stage features in order to
extract structural information, such as the number of trian-
gles in the graph. Our second result provides theoretical

support for starting the propagation steps from random fea-
tures rather than the original node features, as suggested in
recent works (Frasca et al., 2020; Huang et al., 2022). In
particular, we show that unlike in these previous works, our
trajectories converge almost surely to any chosen number
of dominant eigenvectors of the propagation operator. As
a result, we are able to apply our method to graphs whose
input feature matrices have low rank or dimensionality, such
as featureless graphs. Third, our framework trivially inherits
the strong approximation properties of networks that use
random node features as input (Abboud et al., 2020).

Our comprehensive experimental study explores the effects
of the propagation and normalization operators, and the
number of steps in the RFP trajectory, on both node-level
and graph-level tasks. The results indicate that RFP im-
proves the performance of MPNNs, with or without spectral
and random encoding as well as other recent methods.

Contributions. The contributions of this work are as fol-
lows: (1) We develop RFP — a novel PE scheme that com-
bines the benefits of RNF and spectral PE, based on iterative
propagation and normalization of random features; (2) We
describe a method for learning the propagation operator
rather than using a predefined one; (3) We present a theoreti-
cal analysis of our PE, giving insight into the design choices
we have made ; and (4) We evaluate RFP in a series of node
and graph classification tasks demonstrating its benefit.

2. Related Work
Random node features. Random initializations are widely
used in stochastic approximation algorithms such as matrix
trace estimation (Hutchinson, 1989) and subgraph counting
(Avron, 2010). In the context of GNNs, random input fea-
tures were used to improve the expressiveness of MPNNs
(Dasoulas et al., 2019; Puny et al., 2020; Abboud et al.,
2020; Sato et al., 2021). In particular, Puny et al. (2020);
Abboud et al. (2020), proved a universal approximation theo-
rem (with high probability) for GNNs that use random node
features. While theoretically powerful, such a strategy did
not yield consistently improved performance on real-world
datasets (see Bevilacqua et al. (2022) and Section 5).

Spectral positional encoding. Embedding nodes using the
eigendecomposition of graph operators is a classical tech-
nique in data analysis, see e.g., Belkin & Niyogi (2003);
Coifman & Lafon (2006). As these embeddings contain
valuable information, recent work has proposed using them
as PE to overcome the limitations of MPNNs (Dwivedi et al.,
2020) and as inputs to transformers when applied to graph
data (Dwivedi & Bresson, 2021). Popular instances of these
methods suggest using the graph Laplacian eigenvectors as
initial node features (Dwivedi et al., 2020; Dwivedi & Bres-
son, 2021), but several improvements have been recently
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proposed (Kreuzer et al., 2021; Wang et al., 2022; Lim et al.,
2023; Rampasek et al., 2022; Maskey et al., 2022). These
methods use eigenvectors as PE, while we demonstrate that
using the trajectory towards computing these eigenvectors,
including the initial RNF, yields better performance, and
has favorable theoretical properties.

Successive application of propagation operators. The
concept of utilizing node features that underwent several ap-
plications of graph operators has been proposed and studied
in previous papers (Zhou et al., 2003; Wang & Leskovec,
2020). Differently from our procedure, the output of the
propagation steps for these methods is solely determined
by the input graph connectivity and partially known node
labels, and involves no consideration of input or random
node features. The combination of original input node fea-
tures and propagation steps has been explored in Klicpera
et al. (2018); Wu et al. (2019); Frasca et al. (2020); Huang
et al. (2021). However, these works have different moti-
vations, propose substantially different architectures, and
do not make use of random node features. Another recent
paper (Dwivedi et al., 2022) suggests using learnable layers
in order to enhance positional encoding based on the powers
of random walk matrices.

Closely related to our work is a very recent work by Huang
et al. (2022) that adds a matrix inversion-based normal-
ization step after each propagation step, resulting in a
propagation-normalization procedure similar to ours. The
authors show that when the node feature matrix has full
rank, their iterative process converges to the dominant k
eigenvectors of the used operator, where k is the number of
initial node features, and present an accuracy improvement
over previous approaches. Their approach, however, relies
on the original raw input node features. In contrast, our
approach advocates the use of RNF, different normalization
schemes, and several algorithmic enhancements like learn-
ing the propagation operator. In Section 4 we prove why
starting from random features is a better choice than the
original node features in some cases. In Section 5 we show
that our approach achieves better results in practice.

3. Method
The following section describes the proposed method. We
begin with a brief overview of the approach before dis-
cussing its main components in more detail.

Notation. An undirected graph is defined by the tuple
G = (V, E) where V is a set of n vertices and E is a set
of m edges. Let us denote by fi ∈ Rc the feature vector
of the i-th node of G with c channels. Also, we denote
the adjacency matrix by A, the diagonal degree matrix by
D, and the corresponding ones with added self-loops by
Ã and D̃, respectively. The graph Laplacian (with self-

loops considered) is given by L̃ = D̃ − Ã. Lastly, we
denote the symmetrically normalized adjacency matrix by
Â = D̃− 1

2 ÃD̃− 1
2 and the symmetrically normalized graph

Laplacian by L̂ = D̃− 1
2 L̃D̃− 1

2 .

3.1. Overview of the framework

Our method is illustrated in Figure 1: we begin by sam-
pling multiple vectors from a random distribution. Once the
vectors have been generated, they are processed iteratively
by alternating propagation and normalization steps. As a
final step, we concatenate all the intermediate results of the
process above and feed the result into a GNN as PE. The
pseudocode of our method can be found in Appendix D.

Main components. At the core of our method, there are four
main components. (1) The first component is the type of
RNF used by our method. Two distributions are considered:
Standard normal and Rademacher distributions1. Other
distributions may also be suitable.

(2) Our second component is the propagation operator,
which governs the information flow between nodes. A
propagation operator is denoted by a matrix S ∈ Rn×n
and can be either predefined or learned. (3) The third
component of our method is the normalization function
N : Rn×k → Rn×k, which returns a normalized represen-
tation of the current node features. The normalization may
take the form of a simple ℓ2 normalization of the propagated
RNF or a more complex orthonormalization process.

(4) The fourth and last component is the architecture used
to process the proposed PE. MPNNs or graph transform-
ers are natural choices. In addition, we propose a method
for processing multiple input trajectories using an equivari-
ant DSS-GNN architecture (Bevilacqua et al., 2022) which
incorporates set symmetries.

Detailed workflow. In order to compute our PE, we sample
the random features r ∈ Rn×k from some joint probability
distribution D and perform P of the following iterations:

a(0) = r

â(p) = Sa(p−1)

a(p) =

{
N(â(p)), if mod(p, w) = 0

â(p), otherwise
. (1)

Here, S is the propagation operator. N is the normalization
function mentioned above, and w is a positive integer hyper-
parameter that controls the frequency of normalization steps.

We define a feature trajectory t as the concatenation of
the initial random features r and the P steps defined in

1A Rademacher random variable has a probability of 0.5 to get
the value 1 or −1.
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Equation (1):

t = r⊕ a(1) ⊕ . . .⊕ a(P ) ∈ Rn×k(P+1), (2)

where ⊕ denotes channel-wise concatenation. As discussed
in detail in the previous work section, a similar propagation
and normalization scheme, starting from the original node
features, and using a different normalization function, was
recently suggested in Huang et al. (2022).

In order to enrich our PE, it may be helpful to use several tra-
jectory inputs that originate from different random samples
ri. In that case, t represents the set of these trajectories:

t = {t1, . . . , tB}, (3)

with tb = rb ⊕ a
(1)
b ⊕ . . .⊕ a

(P )
b ∈ Rn×k(P+1).

We concatenate and embed our PE t, and input node features
f in ∈ Rn×cin

, using a linear layer Kembed followed by an
optional non-linear activation σ, as follows:

f (0) = σ(Kembed(f
in ⊕ t)). (4)

We regard f (0) as the initial node embeddings obtained by
our method. We then utilize several GNN layers to further
process those initial node embeddings.

3.2. Propagation operators

The propagation operator S in (1) determines the flow of in-
formation between nodes in a graph and is represented as a
matrix S ∈ Rn×n. The choice of this operator directly con-
trols the resulting PE. We consider two types of propagation
operators: (1) Predefined propagation operators based on
the input graph connectivity, such as the adjacency matrix or
graph Laplacian; and (2) Learned propagation operators that
are generated based on the input graph using a parametric
model. We now discuss these two types of operators.

Predefined propagation operators. We consider two pop-
ular predefined operators: the symmetrically normalized
adjacency matrix with added self-loop Â (which is widely
used in GNNs to propagate features, see e.g. Kipf & Welling
(2017); Wu et al. (2019); Chen et al. (2020a)) and the analo-
gous symmetrically normalized Laplacian matrix L̂. When
used with RFP, we will see that these operators give access
to the eigenvectors of the graph operator. Other predefined
propagation operators can also be considered.

Learnable propagation operator.

We additionally propose to learn the propagation operator.
The advantages of using learnable operators are twofold.
First, propagation by fixed operators may not produce suit-
able features for the learning task at hand, so it may be
beneficial to tune the propagation operator to the particular
learning task. Second, our learnable operators can capture

Figure 2. Workflow when using a learnable propagation operator.
To obtain the propagation operator, we start from the original
node features, process them with a GNN and apply an attention
mechanism. We then use the resulting operator Slearn to generate
our PE by applying it to random features.

pairwise node interactions that are difficult to model using
our previously proposed local operators. To learn the oper-
ator, we utilize several GNN layers applied to the original
node features, followed by a multi-head self-attention mech-
anism (Vaswani et al., 2017) which computes a score for
each pair of nodes in the graph (see Figure 2). While the
predefined operators that we (and previous works) consid-
ered are local, the learnable operator, as we formulate it,
is capable of capturing long-distance structural similarities.
The reason for this is that the GNN layers before the at-
tention mechanism encode the local neighborhood (both
connectivity and node features) around each node, allowing
the attention to measure the degree of similarity between
those neighborhoods. Due to this, our learnable operator
can easily connect two nodes that are very far apart in the
graph but have similar local structures. Details about the
learning procedure are in Appendix B.

3.3. Normalization function

A second key component of our RFP framework, is the nor-
malization function. From a practical standpoint, a normal-
ization step helps to control the magnitude of the features,
which may grow exponentially with the number of iterations,
depending on the propagation operator S. Furthermore, as
we discuss below, the choice of the normalization function
has a significant effect on the feature trajectory t and its
properties. In this paper, we consider two normalization
functions: a simple channel-wise ℓ2 normalization, and a
more sophisticated orthonormalization described below.

ℓ2 normalization. The first normalization we consider is a
simple channel-wise ℓ2 feature normalization, defined as:

Nℓ2(â(p)) =
â(p)

∥â(p)∥2
. (5)
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This normalization function is applied independently to each
channel of the propagated node features, as described in
Equation (1). Note that using this kind of normalization
in tandem with the propagation steps, mimics the Power
method iteration (Saad, 2011), a simple and popular algo-
rithm for computing the dominant eigenvalue and eigenvec-
tor of a given diagonalizable matrix S ∈ Rn×n. The connec-
tion between our propagation and normalization schemes
to the power iteration method sheds light on the feature
trajectory we use as PE: given a diagonalizable propaga-
tion operator S with some random node features r ∈ Rn×k,
when w = 1, the p-th iteration described in Equation (1) is
exactly the p-th power method iteration. This implies that
in the limit, i.e., P → ∞, under mild assumptions2, all the
channels, i.e., columns of a(P ) ∈ Rn×k, will converge (up
to sign) to the leading eigenvector of S.

Orthonormalization. The second normalization method
we consider is the joint, channel-wise orthonormalization
of the node features. Given node features â(p) ∈ Rn×k
at some trajectory iteration p, the proposed normalizing
function reads:

NQR(â(p)) = a(p) , (6)

where a(p) ∈ Rn×k is such that a(p)
⊤
a(p) = Ik and the

columns of a(p) span the column space of â(p). In prac-
tice, several algorithms can realize Equation (6). We use
PyTorch’s built-in QR decomposition that implements the
Householder orthogonalization scheme. Normalization ac-
cording to Equation (6) offers a key difference compared
to the ℓ2 normalization from Equation (5): in the former,
the iterations described in Equation (1) take the name of
Subspace Iteration Method (Saad, 2011), a generalization
of the power iteration method for computing several dom-
inant eigenvectors simultaneously. In Section 4, we show
that starting with RNF drawn from a continuous distribu-
tion, this process almost surely converges to the dominant k
eigenvectors of the propagation operator S.

3.4. Architectures

We propose to couple our RFP PE with two kinds of architec-
tures. The first is a standard MPNN or transformer that con-
sumes the initial embedding features f (0) from Equation (4),
and then performs several message-passing/attention lay-
ers based on some backbone layer such as GCN (Kipf &
Welling, 2017), GraphConv (Morris et al., 2019), GIN (Xu
et al., 2019) or GraphGPS (Rampasek et al., 2022).

As we show in Section 4, there are benefits to process-
ing several trajectories. For example, one advantage of
using multiple trajectories is that they allow GNNs to eas-
ily implement a substructure counting algorithm. However,

2e.g. if S has a simple spectrum and the initialization has a
non-zero projection on the dominant eigenvector.

Figure 3. A single layer of our proposed DSS-GNN architecture
for processing multiple trajectories in parallel. Kembed and GNN 1
are shared across all B trajectories.

processing several trajectories with the GNNs described
above is not trivial. One way would be to concatenate them
along the feature dimension and apply a standard MPNN
as mentioned above. Unfortunately, it is unclear in what
order these trajectories should be concatenated: they repre-
sent propagations originating from independently sampled
random vectors with no canonical order. As a more effec-
tive approach to the problem, we suggest incorporating set
symmetries by utilizing the DSS-GNN architecture (Maron
et al., 2020; Bevilacqua et al., 2022), an architecture that
was designed to process unordered sets of graphs.

Given multiple trajectories {t1, . . . , tB}, tb ∈ Rn×k(P+1),
we first apply an embedding function Kembed : Rk(P+1) →
Rd to each trajectory tb independently, and then reshape
these embeddings into a B × n × d tensor F. These ten-
sors can be viewed as a collection of B graphs containing
node features based on the above B trajectories and with
the same connectivity as the original graph. Thus, we can
process them using the DSS-GNN architecture, which up-
dates the representations of all the nodes for all B graphs
simultaneously by using layers of the following form

L(F)b = GNN1(fb) + GNN2

(
B∑
b=1

fb

)
.

GNN1,GNN2 are any GNNs, and fb and L(F)b refer re-
spectively to the given and the obtained features of the b-th
graph in the set. Figure 3 illustrates the DSS-GNN layer. In
graph-level tasks, after several such layers, a readout func-
tion is applied to each graph independently, followed by a
Deepsets architecture (Zaheer et al., 2017) applied to the
outputs. In node-level tasks, the B dimension in the output
tensor is aggregated in a permutation-invariant manner.
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4. Theoretical Analysis
In this section, we explain the main design choices taken in
the development of our RFP framework. Specifically, we
elaborate on the following points: (1) The importance of
using multiple random initializations; (2) The significance
of incorporating early propagation iterations in our RFP
PE; and (3) The benefits of using random node features as
a starting point for the trajectories over using the original
node features.

All results are proved in Appendix C, which also includes
an analysis of the time complexity of our approach.

4.1. Expressiveness

Triangle counting. The ability to count triangles is a funda-
mental skill of interest for a graph learning model. On the
theoretical side, triangles are the simplest substructures stan-
dard MPNNs provably cannot count (Chen et al., 2020b);
more practically, interesting triangular structures emerge in
chemistry, e.g. cyclopropane and its derivatives, and social
networks, e.g. locally clustered communities. Interestingly,
and differently than standard GNNs, our approach is natu-
rally suited for this kind of tasks: it can, in fact, implement
the TRACETRIANGLER algorithm (Avron, 2010), a random-
ized algorithm for the estimation of triangle counts:

Proposition 4.1. Let Gn be the class of all finite, simple,
undirected graphs with n vertices. There exists a choice
of hyperparameters H, and weights W , such that our al-
gorithm (ref. Algorithm 1), equipped with either a DSS-
GNN (Bevilacqua et al., 2022) or GraphConv (Morris et al.,
2019) downstream architecture, exactly implements the
TRACETRIANGLER algorithm by Avron (2010) over Gn.

These results may not appear surprising, in light of our RFP
framework utilizing random node features, which are known
to increase the expressiveness of MPNNs. However, the im-
portance of Proposition 4.1 lies in showing how the most es-
sential component of our approach, namely the propagation
of random node features, unlocks specific computational
abilities: as we detail in Corollary C.6 (Appendix C.1), our
method can compute an approximation of triangle counting
without resorting to expensive matrix multiplications.

Proposition 4.1 and its proof shed light on two other im-
portant aspects of our approach. The first one relates
to the information enclosed in early propagation steps:
TRACETRIANGLER can be implemented by considering
only a(1),a(2), i.e., the features generated by the first two
applications of the propagation operator. This suggests that
meaningful patterns can already be extracted from initial
propagation steps, before reaching eigenvector convergence.
These early features, however, are not directly accessible
by methods that employ, e.g. eigenvector-based PEs, as in
Dwivedi et al. (2020). The second aspect is related to the

fact that our method utilizes multiple trajectories originating
from different random starting positions. While this charac-
teristic is essential to implement TRACETRIANGLER, more
generally, it induces a natural alignment with randomized
Monte Carlo algorithms and it may also contribute to en-
hanced performance in certain settings (see Section 5).

Other substructure features. Proposition 4.1 and Corol-
lary C.6 can easily be extended so that RFP can approximate
the computation of any trace(SP ), with S a generic (sym-
metric) operator and P ∈ N any integer power, opening
up the possibility to extract more sophisticated structural
features. For example, it is known that trace(AP ) counts
the number of closed walks of length P and is related to the
number of P -cycles cP (Perepechko & Voropaev, 2012). A
notable case corresponds to that of quadrangles, for which
the closed form equation c4 = 1/8

(
trace(A4)+trace(A2)−

2
∑
v deg2(v)

)
is due to Harary & Manvel (1971).

Universal approximation. In addition to the results above,
it is worth noting that our RFP framework can easily default
to the RNI method introduced by Sato et al. (2021) and
subsequently analyzed in its expressiveness by Abboud et al.
(2020) and Puny et al. (2020). The latter work derives (ϵ, δ)
universal approximation properties, which can be shown to
be inherited by our RFP algorithm under the same assump-
tions. We formalize this result in Appendix C.2.

4.2. Comparison of random and initial input features

While our RFP focuses on the propagation and normaliza-
tion steps of random node features, the same procedure can
instead be applied to the initial, input node features, when-
ever those are available (Frasca et al., 2020; Huang et al.,
2022). The convergence of the propagation-normalization
iterations will then depend on the initial node feature ma-
trix. In particular, in Huang et al. (2022), given initial node
features X ∈ Rn×k, X must be of full rank in order to
guarantee convergence to the k dominant eigenvectors of
the propagation operator. This highlights two limitations
caused by choosing the initial features as the starting point
for the propagation-normalization iterations: (1) Conver-
gence to the dominant eigenvectors is only guaranteed if the
matrix of initial node features is of full rank, an assumption
that might not always be met; (2) If convergence is reached,
the number of dominant eigenvectors is exactly the number
of initial input features, and thus cannot be customized to
the task at hand. These limitations hinder the use of their
method when learning graphs with no features or with low
dimensional features, which often appear in graph classi-
fication tasks. On the contrary, the usage of random node
features allows decoupling the number of eigenvectors to
be obtained at convergence from the number of given ini-
tial features. We formalize that property in the following
proposition, which we prove in Appendix C.3.
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Proposition 4.2. For any k ≤ n, let X = [X1, . . . , Xk] ∈
Rn×k be a concatenation of continuous i.i.d random vari-
ables, Xi ∈ Rn with probability density function f . Let
S ∈ Rn×n be a graph operator, and denote by λ1, . . . , λk
the k dominant eigenvalues of S in decreasing order of mag-
nitude. Assume S to be symmetric and that |λi| > |λi+1|,
1 ≤ i ≤ k. Then, the Subspace Iteration algorithm, and
hence the iteration of our RFP PE scheme, converges (up to
sign) to the k-dominant eigenvectors of S.

5. Experiments
We conduct a comprehensive set of experiments to answer
four main questions: (1) Does RFP outperform its natural
baselines, namely RNF and spectral PE? (2) Is there a bene-
fit to using one of our proposed architectures over the other?
(3) How do different operators compare? Specifically, does
the learnable operator improve performance? (4) How do
different normalization schemes compare? Full details on
experiments as well as additional results are in Appendix A.

Baselines. RFP is compared with a number of popular and
recent methods. Specifically, we focus on the comparison
of RNF (Abboud et al., 2020), and Laplacian PE (Dwivedi
et al., 2020). When using Laplacian eigenvectors only as a
baseline (denoted by L̂ EIGVECS†) we use the eigenvectors
corresponding to the smallest eigenvalues, as it is standard in
the literature (Dwivedi et al., 2020). For other baselines that
involve PE based on other operators, we use the eigenvectors
corresponding to the largest eigenvalues, to be consistent
with the power method and RFP and allow easy comparison.

5.1. Graph-level tasks

Real World Data. We consider both the OGBG-MOLHIV
(Hu* et al., 2020) and the ZINC-12k (500k budget) (Ster-
ling & Irwin, 2015; Gómez-Bombarelli et al., 2018; Dwivedi
et al., 2020) molecular datasets, where the tasks consist of
predicting whether an input molecule inhibits HIV replica-
tion in the former, and the value of the constrained solubility
in the latter. As a natural baseline, here, we also consider
RWPE (Dwivedi et al., 2022) that utilizes powers of the
random walk operator as positional encoding. In all base-
lines and RFP variants, we use GINE (Hu et al., 2020) as
a backbone GNN, that extends GIN (Xu et al., 2019) by
considering both node and edge features. Results are re-
ported in Table 1. We observe that: (1) RFP significantly
outperforms the natural baselines, such as Laplacian (L̂)
and adjacency matrix (Â) based PE, as well as RNF and
their combination; (2) The RFP - DSS variant is consistently
proven to be beneficial with respect to the GNN version; (3)
Learning the propagation operator Slearn (which we couple
with a DSS architecture) further yields better results. Over-
all, our RFP method can outperform a variety of methods,
including provably expressive GNNs such as Corso et al.

Table 1. ZINC-12k and OGBG-MOLHIV datasets. Backbone is
GINE for all baselines and RFP variants. † denotes eigenvectors
corresponding to eigenvalues in ascending order of magnitude.
The top three models are highlighted by First, Second, Third.

Method ZINC-12K OGBG-MOLHIV
MAE ↓ ROC-AUC(%) ↑

Standard GNNs
GCN 0.321 ± 0.009 76.06 ± 0.97
GIN 0.163 ± 0.004 75.58 ± 1.40
PNA 0.133 ± 0.011 79.05 ± 1.32
DGN – 79.70 ± 0.97

Domain-aware
HIMP – 78.80 ± 0.82
GSN 0.101 ± 0.010 80.39 ± 0.90
CIN 0.079 ± 0.006 80.94 ± 0.57

Natural baselines
L̂ EIGVECS † 0.1557 ± 0.012 77.88 ± 1.82
Â EIGVECS 0.1501 ± 0.018 78.13 ± 1.61
L̂, Â EIGVECS 0.1434 ± 0.015 78.30 ± 1.47
RNF 0.1621 ± 0.014 75.98 ± 1.63
RNF & L̂, Â EIGVECS 0.1408 ± 0.020 78.96 ± 1.33
RWPE 0.1279 ± 0.005 78.62 ± 1.13

RFP (ours)
RFP - ℓ2 - L̂, Â 0.1368 ± 0.010 77.91 ± 1.43
RFP - QR - L̂, Â 0.1152 ± 0.006 79.83 ± 1.16
RFP - QR - L̂, Â,Slearn 0.1143 ± 0.008 79.94 ± 1.51
RFP - QR - L̂, Â -DSS 0.1117 ± 0.009 80.53 ± 1.04
RFP - QR - L̂, Â,Slearn -DSS 0.1106 ± 0.012 80.58 ± 1.21

(2020); Beaini et al. (2021), as well as HIMP (Fey et al.,
2020) and GSN (Bouritsas et al., 2022), that explicitly use
domain-specific knowledge (and being outperformed only
by CIN (Bodnar et al., 2021)). In Appendix A.4 we show
that further improvements can be obtained by combining
our RFP with domain-aware structural encoding methods.

Synthetic Data. To validate our theoretical analysis on
substructure counts, we conduct experiments on popular
datasets (Chen et al., 2020b; Corso et al., 2020). Coher-
ently with our theoretical claims, the results (deferred to
Appendix A) show: (1) RFP attains larger expressiveness
than standard MPNNs; (2) early propagation steps and the
inclusion of multiple trajectories result in a lower test error.

5.2. Node-level tasks

To further highlight the benefits of RFP, we consider node-
level tasks. We report results on 9 datasets consisting of
both homophilic graphs (Cora (McCallum et al., 2000),
Citeseer (Sen et al., 2008), and Pubmed (Namata et al.,
2012)) and heterophilic graphs (Squirrel, Film, and Cham.
(Rozemberczki et al., 2021), and Cornell, Texas, and Wis-
consin (Pei et al., 2020)) 3. In all datasets, we use the

3The definition of homophilic and heterophilic datasets can be
found in Pei et al. (2020).
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Table 2. Node classification accuracy (%) ↑. * denotes the best result out of several variants. An MLP backbone is used for Cornell, Texas,
and Wisconsin, and a GCN backbone for the rest of the datasets. The top three models are highlighted by First, Second, Third.

Method Squirrel Film Cham. Corn. Texas Wisc. Citeseer Pubmed Cora
Homophily 0.22 0.22 0.23 0.30 0.11 0.21 0.74 0.80 0.81

Standard baselines
MLP 28.77 36.41 46.24 80.89 80.81 83.88 74.16 87.05 75.59
GCN 23.96 26.86 28.18 52.70 52.16 48.92 73.68 88.13 85.77

Node classification designated architectures
WRGAT 48.85 36.53 65.24 81.62 83.62 86.98 76.81 88.52 88.20
GGCN 55.17 37.81 71.14 85.68 84.86 86.86 77.14 89.15 87.95
H2GCN 36.48 35.70 60.11 82.70 84.86 87.65 77.11 89.49 87.87
GPRGNN 31.61 34.63 46.58 80.27 78.38 82.94 77.13 87.54 87.95
G2-GCN 46.48 37.09 55.83 86.49 84.86 87.06 – – –
G2-GraphSAGE 64.26 37.14 71.40 86.22 87.57 87.84 – – –

Natural baselines
L̂ 64 EIGVECS 35.85 34.06 50.87 74.10 74.03 78.17 74.42 88.17 86.31
Â 64 EIGVECS 35.15 34.05 51.44 75.40 72.97 77.25 75.01 88.41 86.37
Â ALL EIGVECS 34.78 34.32 50.99 72.70 73.24 80.18 73.89 88.03 85.91
RNF 34.40 35.34 51.20 78.90 80.03 81.93 73.70 88.61 85.43
RNF & 64 Â EIGVECS 44.89 34.68 58.21 79.46 78.37 82.25 75.29 88.96 85.67

Propagation-based PE
SGC 37.07 – 55.11 75.68 75.68 75.29 73.39 – 84.89
SIGN 40.97 – 60.11 76.76 75.14 78.43 73.27 – 83.92
PowerEmbed* 53.53 – 64.98 78.30 79.19 78.43 73.27 – 85.03
NFP - QR - Â 46.85 27.72 61.25 65.40 78.23 62.97 73.89 88.86 85.93

RFP (ours)
RFP - ℓ2 - Â 48.89 35.11 62.13 82.13 81.18 81.66 75.59 88.62 87.10
RFP - QR - Â 54.28 36.87 65.98 85.13 84.74 86.08 76.48 90.01 87.99
RFP - QR - Â -DSS 54.78 36.93 66.16 85.69 85.10 86.35 76.92 90.00 88.09
RFP - QR - L̂, Â,Slearn - DSS 54.97 37.12 66.81 86.74 87.13 87.05 76.53 89.96 87.99

standard 10 splits from Pei et al. (2020). The results are pre-
sented in Table 2, which reveals several interesting findings.
First, our RFP - QR variants consistently improve the base-
lines GCN and MLP. Furthermore, it offers higher accuracy
than the natural baselines RNF and Laplacian PE, in many
cases by a large margin. Interestingly, we also find that
using operator (e.g., Â) eigenvectors as PE performs worse
than the MLP baseline on Cornell, Texas, and Wisconsin
datasets. RFP also consistently outperforms propagation-
based PEs such as SGC (Wu et al., 2019), SIGN (Frasca
et al., 2020), PowerEmbed (Huang et al., 2022), as well as
Node Feature Propagation (NFP), a variant of our approach
employing our propagation normalization mechanism to
the original input node features rather than random node
features. This observation shows that the choice of using
random node features as a starting point to our trajectory
is not only justified theoretically but also provides better
results in practice. Lastly, we see that our RFP is in line
with, or better than, recent methods that are node classifica-
tion designated, such as H2GCN (Zhu et al., 2020), GGCN
(Yan et al., 2021) and GPRGNN (Chien et al., 2021). On
most datasets, our RFP also offers similar performance to

the recent G2 (Rusch et al., 2022); larger gaps are observed
on Squirrel and Cham., where, however, their superior per-
formance seems to be mostly driven by a different choice
of the GNN layer (GraphSAGE). We note that our RFP can
also be applied to large datasets, as opposed to the exact
computation of the eigenvectors that is required in other
PE methods. Thus, in Appendix A.3, we report the results
obtained with our RFP on the large ogbn-arxiv dataset as
well as the required computational resources.

5.3. Ablation study

We conduct an ablation study to investigate the effect of
the number of propagation-normalization steps P as well as
the number of chosen eigenvectors k. We report our results
in Appendix A.4. In general, we found that increasing the
number of steps and eigenvectors resulted in better scores.

5.4. Discussion

We have experimented with RFP on node-level and graph-
level tasks. RFP consistently outperforms its natural base-
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lines, in some cases by a wide margin. These results demon-
strate the effectiveness of the main choices we made when
designing our approach, including the fact that the full tra-
jectory is informative and significant, and that starting the
propagation from RNF is more effective than using initial
features. Importantly, we also found orthonormalization
(NQR) to consistently outperform ℓ2 normalization (Nℓ2 ) in
all tasks.

In general, our method obtains competitive results on both
node and graph tasks, while being outperformed only by
domain-specific architectures (in the case of molecules) or
architectures that are tailored for a specific task (in the case
of node classification).

6. Conclusion
Our paper introduces RFP, a new family of PEs for graph
learning, which combines two existing techniques, RNF
and spectral PE, and has demonstrated favorable theoretical
properties as well as better practical performance over these
and even recent, task-specific techniques. We believe this
work opens interesting future research directions, includ-
ing exploring new operators and normalizations, designing
novel parametric models for learning operators, and apply-
ing RFP for link prediction.
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Table 3. Graph Counting dataset MAE ↓. Backbone is GIN for all baselines and RFP variants. † denotes eigenvectors corresponding to
eigenvalues in ascending order of magnitude. The top three models are highlighted by First, Second, Third.

Method Triangle Tailed-tri Star Cyc4

Standard models
GCN 0.4186 0.3248 0.1798 0.2822
GIN 0.3569 0.2373 0.0224 0.2185
PNA 0.3532 0.2648 0.1278 0.2430
PPGN 0.0089 0.0096 0.0148 0.0090

Subgraph GNNs
GNN-AK 0.0934 0.0751 0.0168 0.0726
GNN-AK-CTX 0.0885 0.0696 0.0162 0.0668
GNN-AK+ 0.0123 0.0112 0.0150 0.0126
DSS-GNN (EGO+) 0.0450 0.0393 0.0129 0.0550
SUN (EGO+) 0.0079 0.0080 0.0064 0.0105

Natural baselines
L̂ EIGVECS † 0.1681 0.1728 0.0168 0.1572
Â EIGVECS 0.1904 0.1714 0.0140 0.1533
L̂, Â EIGVECS 0.1694 0.1680 0.0121 0.1506
RNF 0.1775 0.1807 0.0189 0.1516
RNF & L̂, Â EIGVECS 0.1512 0.1503 0.0120 0.1497

RFP (ours)
RFP - ℓ2 - L̂, Â - GINE 0.1521 0.1573 0.0177 0.1439
RFP - QR - L̂, Â - GINE 0.0923 0.0826 0.0118 0.0991
RFP - QR - L̂, Â - GINE-DSS 0.0820 0.0764 0.0072 0.0715

A. Experimental Results
A.1. Experimental settings

Our code is implemented using PyTorch (Paszke et al., 2019) and PyTorch-Geometric (Fey & Lenssen, 2019), and all our
experiments are run on Nvidia RTX3090 GPUs with 24GB of memory.

Natural baselines. RFP is compared with a number of popular and recent methods. In particular, we focus on the
comparison of RNF (Abboud et al., 2020), Laplacian PE (Dwivedi et al., 2020) and PowerEmbed (Huang et al., 2022)
which is arguably the closest approach to RFP. Additionally, we introduce further baselines based on our RFP method, such
as including both the RFP and eigenvectors of the propagation operators without a complete RFP trajectory in order to
demonstrate the importance of considering the complete trajectory. For the baseline case of Laplacian eigenvectors only
(denoted by L̂ EIGVECS†) we use the eigenvectors corresponding to the smallest eigenvalues, in order to be consistent
with the literature (Dwivedi et al., 2020). In the rest of the experiments that involve any other operator PE, we use the
eigenvectors corresponding to the largest eigenvalues, to be consistent with the power method and our RFP.

Hyperparameters. We now list the hyperparameters in our experiments. We denote the learning rate by lr, weight decay
by wd, and dropout probability by drop. The number of layers is denoted by L and the number of hidden channels by c.
Besides those standard hyperparameters, our RFP requires two main hyperparameters: the number of propagations P , and
the number of eigenvectors to be estimated k. In the case of DSS variants, we also choose the number of trajectories B.
The hyperparameters values were determined using a grid search, and the considered values for those hyperparameters
are reported in the following: lr ∈ {1e − 4, 1e − 3, 1e − 2, 1e − 1}, wd ∈ {0, 1e − 6, 1e − 5, 1e − 4, 1e − 3}, drop ∈
{0, 0.5}, L ∈ {2, 4, 8, 16}, c ∈ {64, 128, 256}, P ∈ {2, 4, 8, 16, 32}, k ∈ {4, 8, 16, 32, 64}, B ∈ {5, 10}. Additional
parameters, such as the number of epochs, the stopping criteria, and the evaluation procedure are as prescribed by the
corresponding dataset (see e.g. Pei et al. (2020) and Frasca et al. (2022) for the node- and graph-level tasks, respectively).
In the ZINC-12k dataset, we further make sure to remain within the prescribed 500k parameter budget. Finally, unless
otherwise specified, we use a standard normal distribution to draw the initial random node features.
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Table 4. Ablation study on the effect of the chosen number of eigenvectors k in RFP with fixed number of propagations P = 16 on
ZINC-12k and OGBG-MOLHIV datasets.

Method k ZINC-12K OGBG-MOLHIV
MAE ↓ ROC-AUC (%) ↑

GINE Backbone
RFP - ℓ2 - L̂, Ã 64 0.1368 ± 0.010 77.91 ± 1.43
RFP - QR - L̂, Â 4 0.1305 ± 0.007 78.26 ± 1.51
RFP - QR - L̂, Â 8 0.1223 ± 0.009 79.43 ± 1.37
RFP - QR - L̂, Â 16 0.1152 ± 0.006 79.83 ± 1.16
RFP - QR - L̂, Â,Slearn 16 0.1143 ± 0.008 80.29 ± 1.01
RFP - QR - L̂, Â - DSS 16 0.1117 ± 0.009 80.53 ± 1.04
RFP - QR - L̂, Â,Slearn - DSS 16 0.1106 ± 0.012 80.58 ± 1.21

GraphGPS Backbone
RFP - ℓ2 - L̂, Â 64 0.1322 ± 0.014 77.98 ± 1.57

RFP - QR - L̂, Â 16 0.1100 ± 0.005 79.95 ± 1.41

Combining RFP with domain-aware PE
RFP+GSN - QR - L̂, Â 16 0.0734 ± 0.007 80.07 ± 1.19

Table 5. Ablation study on the effect of the chosen number of eigenvectors k in RFP with fixed number of propagations P = 16 on the
Graph Counting dataset test MAE ↓. GIN is used as backbone.

Method k Triangle Tailed-tri Star Cyc4

RFPℓ2 16 0.1521 0.1573 0.0177 0.1439
RFP - QR - L̂, Â 4 0.1322 0.01289 0.0126 0.1401
RFP - QR - L̂, Â 8 0.1231 0.1143 0.0119 0.1170
RFP - QR - L̂, Â 16 0.0923 0.0826 0.0118 0.0991
RFP - QR - L̂, Â - DSS 16 0.0820 0.0764 0.0072 0.0715

A.2. Additional experiments: the synthetic Graph Counting dataset

Besides real-world datasets which are presented in the main text, we also experiment with a synthetic dataset that is typically
used for assessing the expressiveness of GNN (Chen et al., 2020b; Corso et al., 2020). The objective is to count the number
of sub-structures present in a graph, such as triangles or cycles of length 4. To be aligned with our theoretical results in
Section 4 and Appendix C, we use the Rademacher distribution to draw random node features to be used in our RFP. In our
experiments, we found similar performance when using normally distributed random node features. Furthermore, we also
used the Rademacher distribution for all the other baselines besides the RNF, where we consider a normal distribution to be
consistent with RNI (Abboud et al., 2020). We follow the experimental settings proposed in Zhao et al. (2022), and we
minimize the mean absolute error (MAE) of the prediction. As baseline methods we consider several GNNs such as GIN
(Xu et al., 2019), PPGN (Maron et al., 2019), PNA (Corso et al., 2020), GCN (Kipf & Welling, 2017), GNN-AK (Zhao et al.,
2022), SUN (Frasca et al., 2022). We report the obtained MAE in Table 3, where we see that our RFP approach improves on
the natural baselines, such as RNF and PE. Also, note that here, PowerEmbed (Huang et al., 2022), which performs several
propagation and normalization steps, cannot be directly compared with RFP because of their reliance on input node feature
rather than random node features, which are completely absent in this dataset.

A.3. Node classification on a large graph

We evaluate RFP on the ogbg-arxiv dataset (Hu et al., 2020), which contains 169,343 nodes and 1,166,243 edges, and report
the result in Table 7. It was straightforward to train RFP on that dataset using a GCN backbone with P=16 propagation steps
and k=64 eigenvectors. A feed-forward pass takes 61.44 milliseconds on an RTX-3090 Nvidia GPU. We also note, that
while using our RFP requires more computations, when not learning the propagation operator (as in the experiment reported
in Table 7), our RFP does not incur significant memory overhead because it does not require performing backpropagation
through the RFP layers, besides the initial embedding layer between the actual inputs node embedding and the RFP
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Table 6. Node classification accuracy (%) ↑ on homophilic and heterophilic datasets.

Method OP k (vecs) # props Squirrel Film Cham. Corn. Texas Wisc. Cora Cite Pub
Homophily – – – 0.22 0.22 0.23 0.30 0.11 0.21 0.81 0.74 0.80

EIGVEC-PE L̂ 64 – 35.85 34.06 50.87 74.10 74.03 78.17 86.31 74.42 88.17
EIGVEC-PE Â (TopAbs) 64 – 35.15 34.05 51.44 75.40 72.97 77.25 86.37 75.01 88.41
EIGVEC-PE ALL – |V| – 34.78 34.32 50.99 72.70 73.24 80.18 85.91 73.89 88.03

RNF – 64 0 34.40 35.34 51.20 78.90 80.03 81.93 85.43 73.70 88.61
RNF – |V| 0 34.36 34.74 53.28 79.30 80.00 81.97 84.56 72.29 88.51
RNF & Â EIGVECS Â 64 – 44.89 34.68 58.21 79.46 78.37 82.25 85.67 75.29 88.96

NFP - QR Â 64 16 46.85 27.72 61.25 65.40 78.23 62.97 73.89 88.86 85.93

RFP - ℓ2 L̂ 1 16 48.89 35.11 62.13 82.13 81.18 81.66 87.10 75.59 88.62

RFP - QR Â |V| 16 54.23 36.61 64.77 85.07 85.41 86.27 85.68 75.16 89.00

RFP - QR Â 64 2 53.87 36.40 64.50 83.78 82.70 83.13 86.26 75.22 88.68
RFP - QR Â 64 4 54.11 36.44 65.16 84.59 83.78 84.90 86.67 75.37 88.76
RFP - QR Â 64 8 54.34 36.56 65.83 84.86 84.05 85.88 87.35 75.94 89.95
RFP - QR Â 64 16 54.28 36.87 65.98 85.13 84.32 86.08 87.99 76.40 90.01
RFP - QR Â 64 32 54.25 36.92 65.80 85.04 84.59 85.88 87.81 76.43 90.03

RFP - QR Â 4 16 51.96 35.88 64.01 83.24 82.70 82.16 86.93 76.11 89.66
RFP - QR Â 8 16 52.72 35.92 64.63 83.78 83.51 82.43 87.32 76.27 89.93
RFP - QR Â 16 16 53.87 36.51 65.11 84.59 83.78 82.97 87.65 76.39 90.00
RFP - QR Â 32 16 54.33 36.42 65.66 84.86 84.74 84.05 87.84 76.48 89.97
RFP - QR Â 64 16 54.28 36.87 65.98 85.13 84.32 86.08 87.99 76.40 90.01
RFP - QR Â 128 16 54.40 36.70 65.90 85.07 84.59 86.12 87.96 76.42 89.83

RFP - QR L̂, Â,Slearn 64/32 16/8 54.56 36.95 66.34 86.40 86.72 86.88 87.92 76.41 89.63

RFP - QR - DSS Â 64/32 16/8 54.78 36.93 66.16 85.69 85.10 86.35 88.09 76.92 90.00
RFP - QR - DSS L̂, Â,Slearn 64/32 16/8 54.97 37.12 66.81 86.74 87.13 87.05 87.99 76.53 89.96

Table 7. The obtained node classification accuracy(%) on ogbn-arxiv. The exact computation of the Laplacian L̂ eigenvectors required
several hours and therefore the result is not available.

GCN RNF + GCN GCN + L̂ EIGVECS † GCN + RFP (Ours)

71.08 70.91 N/A 71.97

embedded trajectory, as shown in Equation (4) in our paper. More precisely, a 2-layer GCN requires 7635 MB while our
RFP combined with a 2-layer GCN backbone requires 9268 MB of memory.

From Table 7, we can see that:

(1) Adding plain random node features (RNF) to GCN on the large ogbg-arxiv dataset leads to slightly inferior results
compared to the baseline of GCN.

(2) Computing the Laplacian eigenvectors as positional encoding (PE) is not practical for large graphs, because the positional
encoding computation required several hours to complete on ogbg-arxiv.

(3) Combining GCN with our random feature propagation (RFP) mechanism improves the accuracy by 0.89%. We therefore
deem that our RFP is also beneficial for large graphs for two reasons. First, it can be applied to large graphs, whereas using
the exact Laplacian eigenvectors may not be practical, due to the computational overhead, and second, we found our RFP to
empirically improve the baseline results.

A.4. Ablation study

Influence of the number of eigenvectors k. An important hyperparameter of our RFP is the number of eigenvectors to
estimate, k. Table 4 shows the results on ZINC-12k and OGBG-MOLHIV datasets for different values of k. We further
show the impact of k on the synthetic Graph Counting dataset in Table 5, and on the node classification datasets in Table 6.
As can be seen in the tables, up to a typical threshold value of 16 and 64 on graph-level and node-level tasks, respectively,
there is a significant benefit in the estimation of more eigenvectors. In the node classification datasets, which contain large
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graphs, we also consider the case where all eigenvectors are estimated, where we do not see considerably better or worse
performances.

Influence of the number of propagations P . We study the impact of the hyperparameter P , i.e., the number of propagation
we take in our RFP. In Table 6 we show the node classification accuracy on several datasets for different values of P . We see
that as a general rule of thumb, more propagations increase accuracy. This is in line with our interpretation of the RFP as
the trajectory of generalized power methods. More specifically, more propagations are equivalent to more power method
iterations, leading to more accurate eigenvector estimations of the considered graph operator Â, L̂, or Slearn. Also, we
compare our RFP that propagates random features with a natural baseline of propagating the input node features, dubbed as
NFP (node feature propagation). We see that our RFP offers superior results, further highlighting the importance of random
node features.

Additional studies. We propose two additional settings to our RFP. (1) In addition to utilizing GINE as a backbone in our
graph-level experiments, we also consider a combined transformer and GINE backbone, based on the GraphGPS architecture
proposed by Rampasek et al. (2022). To understand the impact of the architectural change only, unlike in Rampasek et al.
(2022), we do not use structural encodings, but rather only our RFP positional encodings. (2) We consider the combination
of our RFP with a domain-aware structural encoding method, namely, GSN (Bouritsas et al., 2022). We report the obtained
results on ZINC-12K and OGBG-MOLHIV, Table 4, where we can see the following: (1) compared to using GINE as
a backbone only, we obtain slightly better results with GraphGPS. For example, using GraphGPS with RFP - ℓ2 - L̂, Â
reduces the test MAE on ZINC-12K from 0.1368 to 0.1322. (2) The improved results offered by combining RFP with GSN
indicate that there is a synergy between the two methods. That is, the combination of both methods yields improved results
that are closer to current state-of-the-art methods.

B. Learnable Propagation Operator
To implement our learnable propagation operator, we utilize a multi-head self-attention mechanism (Vaswani et al., 2017),
denoted by MHA. The MHA computes h scores for each pair of nodes (i, j) ∈ V × V . As an input to the MHA, we
use a concatenation of the input node features f in and the output of an MPNN applied to these input features, namely
f = f in⊕MPNN(f in). In practice, we found that using a single GCN (Kipf & Welling, 2017) layer as the MPNN component
works well. We then obtain the pairwise attention scores by:

MHA(fi, fj) = [α1
ij, . . . , α

H
ij ] (7)

where fi denotes the i-th row of f . We then define the propagation operator as the average of these scores, i.e. Slearn
ij =

1
H

∑H
h=1 α

h
ij . We then use the learnable operator Slearn in order to generate our trajectory. This is illustrated in Figure 2.

In our experiments, we found that the learnable operator may learn to encode different sparsity patterns (i.e., node interaction
patterns), ranging from learning to choose a global node (that is connected to all of the nodes in the graph), to reducing
neighborhood connectivity and enhancing self-loop weights. The former can be interpreted as learning to mimic the virtual
global node approach, which is a well-known augmentation technique in GNNs (Bouritsas et al., 2022). Additionally, for
fixed propagation operators, we have analyzed the information encoded in the trajectory in Section 4, and showed, that
among other things, the trajectory to the eigenvectors provides us access to traces of powers of the propagation operators,
which can be used to count relevant substructures such as cycles.

In the case of the learnable propagation operator, the trajectory provides at least two types of information:

(1) In a similar vein to the discussion in Section 4, the trajectory provides us information about the traces of powers of the
learnable propagation operator. These traces can be interpreted as structural information that can be extracted from the new
connectivity. It is possible, for example, to interpret the trace of the k-th power of the learnable operator as the probability
that a random walk with k steps returns to the starting point. This provides structural information about a different, but still
natural connectivity defined on the input graph compared to the original connectivity.

(2) Another possibly useful information that can be obtained from the trajectory of the learnable operator is the computation
of features that describe the newly learnt connectivity and may provide useful hints for the downstream GNN. As shown
Section 5, the learnable operator consistently improves or offers on-par performance compared with using RFP with
pre-defined operators, mostly obtaining the former, that is, improving performance.
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C. Theoretical Results
C.1. Triangle counting

It is well known that the number of triangles in a graph G with adjacency matrix A is computed as c3 = Trace(A3)
6 (Harary

& Manvel, 1971), that is, it is a sixth of the trace of the cubed adjacency matrix. As the trace of a matrix corresponds to the
sum of its eigenvalues, the number of triangles can be estimated directly from an estimate of the cubed eigenvalues of the
adjacency matrix A. Our propagation scheme can, in principle, approximate these quantities by choosing operator S = A3

and by letting the algorithm reach convergence. However, Avron (2010) argues that a significantly more efficient estimation
of triangle counts in undirected graphs is constructed via Monte Carlo simulation, that is by running the following averaging
operation:

η(G) =
1

M

M∑
i=1

Ti (8)

Ti = (y⊤
i Ayi)/6 (9)

yi = Ari (10)

where ri is a n× 1 vector with i.i.d. entries sampled from distribution D. The author studies the impact of D on the error
bound of the randomized algorithm, with particular emphasis on the cases where D is either a standard normal N (0, 1) or a
discrete Rademacher.

For the latter choice, as we report in Proposition 4.1, we show that our framework can exactly implement the above
randomized algorithm and, therefore, inherit the approximation error bounds derived by Avron (2010).

Proof of Proposition 4.1. As for H, let S = A, P ≥ 2, w ≥ 3, B = M,k = 1 (P,w,B, k ∈ N) and r ∈ {−1,+1}n×1

have its entries sampled independently from a Rademacher distribution. Let ri refer to the initial starting point for
trajectory tb, b = 1, . . . , B. In output from our propagation procedure we have the set of trajectories {t1, . . . , tb, . . . , tB},
where, for any b, tb = a

(0)
b ⊕ a

(1)
b ⊕ · · · ⊕ a

(P )
b . These are gathered, along with initial node features, into the matrix

x(0) = (
⊕B

b=1 ti)⊕ x, obtained by stacking together the trajectories from the propagation phase, as well as the initial node
features x.

Importantly we note that, for any b, ub = a
(0)
b ⊕ a

(1)
b ⊕ a

(2)
b = rb ⊕ Arb ⊕ A2rb in view of our specific choice of

propagation operator and hyperparameter w. The concatenation of vectors ub’s, i.e.
⊕B

b=1 ub will constitute the input of the
downstream GNN architecture; the initial embedding layer f (0) acts so extract these sub-trajectories from x(0) (by discard
all the other information originally contained therein). To this aim, it is sufficient to consider a linear embedding layer, that
is, f (0) ≡ Kembed. This last weight matrix is constructed as Kembed = K ⊕ 02B,din , with K a block diagonal matrix of
dimension 2B × BP . Each of the B blocks in K is a 2× P matrix J whose only non-zero entries are those at first row
and second column and second row and third column (which are one-valued). Effectively, each submatrix J has the role of
‘selecting’ only the values corresponding to the first and second propagation steps.

We now move to describe the downstream architecture. We start from the case where it is implemented as a (maximally
expressive) message-passing architecture in the form proposed by Morris et al. (2019), that is as a stacking of T layers
updating node representations as:

x(t+1)
v = σ

(
W

(t)
1 x(t)

v +
∑
w∼v

W
(t)
2 x(t)

w + b(t)
)

(11)

where σ is a ReLU non-linearity. The stacking is then followed by sum-readout aggregation operator and a final Multi Layer
Perceptron (MLP) ψ computing a graph level output:

y = ψ
(∑

v

x(T )
v

)
(12)

The yet-to-describe architecture is able to start from
⊕B

b=1 ub, i.e. the output of f (0), and complete the computation of
the value of interest, i.e. c3(G) = 1

6M

∑M
b=1(y

⊤
b Ayb), with yb = Arb. We rewrite term y⊤

b Ayb as: y⊤
b · (Ayb) =
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(Arb) · (AArb) = (Arb) · (A2rb), that is, the dot product between, respectively, the second and third term of the b-th
trajectory. Effectively, this product evaluates to

∑
v(zb)v , zb = (Arb)⊙ (A2rb), so that the expression is reformulated as:

c3(G) =
1

6M

∑M
b=1(y

⊤
b Ayb) =

1
6M

∑M
b=1

∑
v(zb)v , zb = (Arb)⊙ (A2rb).

We first show that terms zb’s can be computed by a stacking of layers of the form in Equation (11); then, that the remaining
computation can be performed by the readout module described in Equation (12).

Although element-wise products are not natively supported by feed-forward neural networks, it would be possible to
approximate them in view of the universal approximation theorem (Cybenko, 1989; Hornik et al., 1989). However, in our
case, we require our model to only memorize the products between a finite number of operands, due to the discrete, finite
nature of the Rademacher distribution that generates initial random features. In other words, we can exactly implement the
calculation of zb’s thanks to the memorization theorem due to Yun et al. (2019):

Theorem C.1 (Theorem 3.1 from Yun et al. (2019)). Consider any dataset {(xi, yi)}Ni=1 such that all xi’s are distinct
and all yi ∈ [−1,+1]dy . Let fθ be a 3-layer ReLU-like MLP model, where d1, d2 refer to the dimensionality of its hidden
representations. If fθ satisfies 4⌊d1/4⌋⌊d2/(4dy)⌋ ≥ N , then there exist parameters θ such that yi = fθ(xi) for all i ∈ [N ].

The above theorem states the existence of a (small) ReLU-like network that can perfectly fit a given finite, well-formed
dataset. ReLU-like networks are MLPs whose non-linearities are in the form σR(x) = s+x for x ≥ 0, s−x for x < 0.
Family σR(·) includes the standard ReLU activation. Theorem C.1 can also be extended to the case where targets yi’s have
their entries not necessarily constrained in the range [−1,+1]:

Proposition C.2 (Proposition 14 from Frasca et al. (2022)). Consider any dataset D = {(xi, yi)}Ni=1 such that all xi’s
∈ Rdx are distinct and all yi ∈ Rdy . There exists a 3-layer ReLU-like MLP f (D) such that yi = f (D)(xi) for all i ∈ [N ].

The memorization theorems are, in fact, applicable in our context: this is fundamentally due to the fact that random inits
r’s come from a probability distribution with finite support, and the set of all possible adjacency matrices associated with
n-nodes graphs is finite, so that there only exists a finite number of possible (2-step) propagation trajectories. In specific,
consider the set of 2-dimensional vectors X =

{
[(Ar)i, (A

2r)i] | i ∈ {1, . . . , n},A ∈ {0, 1}n×n, r ∈ {−1,+1}n
}

. This

set is finite as its elements are vectors whose entries can only assume a finite set of values. This is because [(Ar)i, (A
2r)i] =

[Ai,:r,A
2
i,:r], where r is from the finite {−1,+1}n and Ai,:,A

2
i,: are rows from operators A,A2 which are in a finite number

due to A being in the finite {0, 1}n×n. Now, let dataset D be constructed as D =
{
(x, y) |x = [xa, xb] ∈ X , y = xa · xb

}
.

Dataset D ‘lists’ all possible pairwise multiplications that need to be calculated by our network in the computation of terms
(Ar)⊙ (A2r) above. D satisfies the hypotheses of Proposition C.2, which guarantees the existence of 3-layer ReLU-like
MLP f (D) memorizing it.

Because of this, there also exists a 3-layer ReLU MLP f which, applied on the vectorized set of sub-trajectories
⊕B

b=1 ub,
outputs the pairwise multiplications of the two channels in each of the ub’s, i.e.

(
(Ax1)⊙ (A2x1)

)
⊕ · · · ⊕

(
(AxB)⊙

(A2xB)
)
. Let

(
W (i)

)3
i=1

be f ’s weight parameters; each weight matrix W (i) has a block diagonal structure with B blocks,
where each block exactly corresponds to matrix W (i,D) in f (D). As for bias terms they are obtained concatenating, B times,
the bias terms of f (D). The MLP f is trivially implemented by 3 message-passing layers in the form of Equation (11): it
suffices to let W (t)

1 =W (t),W
(t)
2 = 0, for t = 1, 2, 3 and the biases b(t) coincide the ones of f .

In output from these message-passing steps is
⊕B

b=1 zb. Here, we neglect the presence of the ReLU non-linearity in the last
of these layers. This is legit assumption, as the effect of such activation can easily be nullified by properly choosing the
weights in the preceding and subsequent linear transformations4.

The computation of the dot product, for each sample b, is completed by the sum-readout operation in Equation (12), which
effectively outputs vector

⊕B
b=1(6Tb). Lastly, ψ can easily and exactly implement the averaging operation 1

6M

∑M
b=1 6Tb,

completing the computation of c3: it only requires one dense layer with 1×B weight matrix Wψ = 1
6B 1⃗⊤B .

In the case of a DSS-GNN architecture (Bevilacqua et al., 2022), a bag of B subgraphs is formed. Subgraph b retains the
same connectivity and initial node features of the input graph, but the latter ones are augmented with the trajectory resulting
from the b-th random initialization. In other words, Ab = A, while xb,(0) = tb ⊕ x. Each xb,(0) is embedded by the same

4Function f(x) = R · σ(E · x), defined on Rd, computes the identity function for E = [Id| − Id], R = Id ⊕ Id, σ being the ReLU
non-linearity and [·|·] representing vertical concatenation.
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f (0) layer, and then processed by DSS-GNN layers, which, equipped with maximally expressive graph convolutional layers
in the form of Equation (11), read as:

xk,(t+1)
v = σ

(
W 1

1,tx
k,(t)
v +W 1

2,t

∑
w∼v

xk,(t)w +W 2
1,t

B∑
b=1

xb,(t)v +W 2
2,t

∑
w∼v

B∑
b=1

xb,(t)w

)
(13)

In DSS-GNN, a stacking of layers in the form of Equation (13), is followed by a subgraph readout operation:

xk = ρ
(∑

v

xk,(T )
v

)
(14)

and a final, global, readout layer:

y = ψ
( B∑
b=1

xb
)

(15)

This architecture can implement the triangle counting algorithm. First, we consider the same f (0) embedding layer we
illustrated for the GNN architecture above. Then, a stacking of 3 DSS-GNN layers computes the element-wise product
(Arb) ⊙ (A2rb), for each b = 1, . . . , B. Indeed, it is sufficient to let W 1

1,t = W (t,D), all remaining weight matrices
W 1

2,t,W
2
1,t,W

2
2,t = 0, with t = 1, 2, 3 and all biases match those of f (D). Similar considerations w.r.t. the last ReLU

activation as the ones above apply here.

The sum aggregation in Equation (14) completes the computation of the dot-product producing a scalar value for each
subgraph. When ρ is a single linear layer with 1× 1 weight matrix Wρ = [ 16 ], the subgraph readout operation on subgraph b
outputs value Tb.

Finally, the readout operation in Equation (15) computes the averaging 1
B

∑B
b=1 Tb, where, again ψ is a single linear layer

with a 1× 1 weight matrix Wψ = [ 1B ].

An interesting aspect of the above proof is that the discussed constructions do not leverage any message-passing operation.
Strictly speaking, the only architectural requirements to implement the desired dot products are: (i) a shared MLP
applied to all node features in parallel, and (ii) a readout operation followed by a dense layer. Because of this, when
starting from the same inputs, even a DeepSets model (Zaheer et al., 2017) would, in principle, be able to implement the
TRACETRIANGLER algorithm. This observation further confirms how meaningful structural patterns can easily be extracted
from early propagation steps; in practice, downstream message-passing operations can then further refine this information
into higher-level features.

As we will see next, the direct consequence of Proposition 4.1 is that, as for the TRACETRIANGLER algorithm, our method
can (ϵ, δ)-approximate the triangle counting function. This result is directly adapted from (Avron, 2010), and relies on the
ability to implement the Hutchinson trace estimator:

Definition C.3. An Hutchinson trace estimator for a symmetric matrix C ∈ Rn×n is:

HM (C) =
1

M

M∑
i=1

z⊤i Czi (16)

where zi’s are independent vectors in Rn whose entries are i.i.d. Rademacher random variables.

The Hutchinson estimator has been analyzed in (Avron & Toledo, 2011; Avron, 2010), where the authors prove the following

Lemma C.4 (Lemma 5 in (Avron, 2010)). Let C a symmetric matrix with non-zero trace. For M ≥
6ϵ−2ρ(C)2 ln(2rank(C)/δ), the Hutchinson estimator HM (C) is an (ϵ, δ) approximator of trace(C), that is:

Pr
(
|HM (C)− trace(C)| ≤ ϵ · trace(C)

)
≥ (1− δ) (17)

where, for a symmetric matrix C ∈ Rn×n, ρ(C) =
∑n

i=1 |λi|
trace(C) , and λi refers to the i-th eigenvalue of C.

The following proposition relates the ability of our RFP algorithm to implement TRACETRIANGLER and that of computing
a specific Hutchinson estimator:
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Proposition C.5. Let A be the adjacency matrix associated with graph G ∈ Gn. There exists a choice of hyperparameters
H, and weights W , such that our RFP algorithm (ref. 1), equipped with either a DSS-GNN (Bevilacqua et al., 2022)
or GraphConv (Morris et al., 2019) downstream architecture, computes the quantity 1

6Hb(A
3), i.e., one sixth of the

Hutchinson’s estimator for trace(A3).

Proof. From Proposition 4.1 our approach can implement TRACETRIANGLER, that is, it outputs, for graph G, the value
η(G). At the same time, η(G) can be rewritten as: η(G) = 1

B

∑B
b=1 Tb = 1

B

∑B
b=1

y⊤
b Ayb

6 = 1
6

1
B

∑B
b=1 y

⊤
b Ayb =

1
6

1
B

∑B
b=1(x

⊤
b A

T )A(Axb). As A is symmetric, we have: η(G) = 1
6

1
B

∑B
b=1 x

⊤
b (AAA)xb =

1
6HB(A

3).

From the above proposition we immediately derive the following

Corollary C.6. Let δ > 0 a failure probability and ϵ > 0 a relative error. There exists a choice of hyperparameters H with
B ≥ 6ϵ−2ρ(A3)2 ln(2rank(A3)/δ) and a choice of weights W such that, for a graph G ∈ Gn associated with adjacency
matrix A, the output yG of our RFP algorithm (ref. 1) is a (ϵ, δ) approximation of c3(G), i.e. the number of triangles of G:

Pr
(
|yG − c3(G)| ≤ ϵ · c3(G)

)
≥ (1− δ). (18)

Proof of Corollary C.6. A3 is a symmetric matrix, since G is undirected and A is, thus, a symmetric matrix. From
Proposition C.5, with C = A3, with have:

Pr
(
|HB(A

3)− trace(A3)| ≤ ϵ · trace(A3)
)
≥ (1− δ) (19)

with B ≥ 6ϵ−2ρ(A3)2 ln(2rank(A3)/δ). The event associated with expression (i) |HB(A
3)− trace(A3)| ≤ ϵ · trace(A3)

is the same associated with expression (ii) |yG − c3(G)| ≤ ϵ · c3(G), this proving the corollary. This is because we can
rewrite (i) as |6 · yG − trace(A3)| ≤ ϵ · trace(A3), from which we obtain (ii) by multiplying both sides by the positive
constant 1/6: |yG − 1

6 trace(A3)| ≤ ϵ · 1
6 trace(A3), and by recalling that c3(G) =

trace(A3)
6 .

C.2. Universal approximation

Abboud et al. (2020) and Puny et al. (2020) study the expressive power of the RNI model proposed by Sato et al. (2021).
The model essentially applies a message-passing neural network on an input graph where node attributes are augmented
with random features, acting as ‘identifiers’:

yG = g
(
A, f in ⊕ r

)
(20)

where g is an MPNN and f in ⊕ r is the horizontal concatenation of the initial node attribute matrix x and the random feature
matrix r. Despite slightly different technical assumptions and details, both the two works show that this architecture is an
(ϵ, δ) universal approximator of functions on graphs. In this paper we take as reference the work by Puny et al. (2020), and
build upon their result to derive Proposition C.7:

Proposition C.7. Let Ωn be a compact set of graphs on n vertices and f be a continuous target function defined thereon.
Then, if random node features are sampled from a continuous, bounded distribution with zero mean and finite variance c, for
all ϵ, δ > 0, then there exists a choice of hyperparameters H, and weights W , such that:

∀G ∈ Ωn : Pr
(
|f(G)− yG| ≤ ϵ

)
≥ 1− δ (21)

where yG is the output of our algorithm on G for the considered choice of H,W .

Proof of Proposition C.7. The proposition immediately follows by showing a choice of hyperparameters and weights which
makes our algorithm satisfy the premises of Puny et al. (2020, Proposition 1), which can then be invoked to guarantee
the (ϵ, δ) universal approximation properties of our approach. As per our hypothesis, random features r are sampled
from a continuous, bounded distribution; thus it is only left to show how algorithm can default to the RNI architecure in
Equation (20). For any P ≥ 0, it is sufficient to choose B = 1 to let the algorithm operate in a single trajectory regime,
and construct module f (0) in Equation (4) such that f (0) = σ(Kembed(f

in ⊕ t)) = f in ⊕ r (recall that the output of f (0) is
subsequently processed by a downstream MPNN). This construction of f (0) is possible by properly choosing weights Kembed
and by setting non-linearity σ to be the identity function.

20



Graph Positional Encoding via Random Feature Propagation

What would constitute a distribution D satisfying the hypotheses of Proposition C.7 (and (Puny et al., 2020, Proposition
1))? A valid choice is represented, for example, by the uniform distribution U[−1,1], which is indeed zero-meaned, has
variance 1/3, is continuous, and bounded. The Rademacher distribution discussed above is, on the other hand, discrete. The
reason why this may be problematic, from a theoretical standpoint, is that it can assign two nodes the same random features
with non-zero probability. This may prevent the readout layer of the MPNN from unambiguously reconstructing the graph
topology at hand, a step required in showing universal approximation. We remark that, in any case, the probability of a
collision of initial Rademacher random features quickly decreases with the dimensionality of r and that, for Rademacher
variables, specific expressiveness results can be proved nonetheless (see Appendix C.1).

C.3. Convergence to the operator eigenvectors

Lemma C.8. Let Xi ∈ Rn, 1 ≤ i ≤ k be continuous i.i.d. random variables with a continuous joint probability density
function f : Rn×k → R+. Denote their concatenation as X = [X1, . . . , Xk] ∈ Rn×k. Let Q = [q1, . . . , qk] ∈ Rn×k be
the matrix obtained by concatenating k arbitrary orthonormal vectors. Then Pr

(
rank(QQ⊤X) = k

)
= 1.

Proof. We show that the complement event, namely {rank(QQ⊤X) < k} has zero probability. Let Y = QQ⊤X , then
rank(Y) < k if and only if rank(Y⊤Y) < k, which happens if and only if det(Y⊤Y) = 0. Therefore we need to
show that the probability of the event {det(Y⊤Y) = 0} is zero. Denote g(Y) = det(Y⊤Y), then g is a polynomial
and we are interested in the probability of its zero-level set. But the zero-level set of a non-zero polynomial has zero
Lebesgue measure. In our case, g is not the constant zero function since g(Q) = 1. The result follows from the fact that
Pr (g(Y) = 0) =

∫
g−1({0}) f(x)dx = 0, where the integral is zero since we integrate over a zero measure set.

Proof of Proposition 4.2. We prove the proposition by showing we meet the assumptions of Saad (2011, Theorem 5.1).
Although the theorem shows convergence to the Schur vectors [q1, . . . , qk] associated with λ1, . . . , λk, we note that for
symmetric matrices they coincide with the k orthogonal eigenvectors.

We only need to show that rank(Pi[X1, . . . , Xi]) = i, 1 ≤ i ≤ k where Pi is the spectral projector associated with
eigenvalues λ1, . . . , λi. Since the eigenvalues are distinct by assumption, implying they are also simple, and the operator
is symmetric (left and right eigenvectors coincide), the spectral projector can be written in terms of the corresponding
eigenvectors as as Pi =

∑i
j=1 qjq

⊤
j , where we assume w.l.o.g. that qj has unitary norm. Equivalently, we can write

Pi = QiQ
⊤
i where Qi = [q1, . . . , qi]. Therefore we need to show that rank(QiQ

⊤
i [X1, . . . , Xi]) = i, 1 ≤ i ≤ k . This

happens with probability 1 according to Lemma C.8.

C.4. Computational complexity

If n,m refer to, respectively, the number of nodes and of edges of the input graph, the forward pass complexity of our
method amounts to T (n,m) = T1(n,m) + T2(n,m) + T3(n,m), where T1 is the complexity of sampling random node
features, T2 that of their propagation, and T3 the complexity of the downstream GNN model. When k ·B initial random
features are sampled from a discrete distribution (such as a Rademacher one), then each node can be initialized in constant
time via the Alias method (Walker, 1974), so that T1(n,m) = O(kBn). T2 accounts for two relevant operations, i.e. a
normalization and a propagation, so that T2(n,m) = O

(
P · (k2Bn+ kBn2)

)
, where k2Bn is the complexity of the QR

normalization step (Saad, 2011) and kBn2 that of the propagation one. This last can be reduced to kBm in the case of a
fixed operator from a sparse graph. Lastly, the complexity of the downstream GNN is, generally, C(n,m) = O(L · dm) for
d-dimensional hidden representations and L convolutional layers; O(L · dHn2) in the case a Transformer architecture with
H heads. When working on a large-scale, sparse graph such that parameters P,L, k,B, d can be considered small constants,
the propagation and message-passing operations constitute the dominant factors in the computational complexity, which
remains asymptotically linear in the number of edges.

D. Algorithm
In this section we present the pseudocode of our RFP framework. In particular, in Algorithm 1 we consider the case of a
single trajectory (i.e. B = 1), coupled with a GNN architecture. Notably, the pseudocode can be easily extended to handle
multiple trajectories B > 1, by simply repeating the propagation-normalization steps B times to obtain multiple trajectories
{t1, . . . , tB}, tb ∈ Rn×k(P+1). This set of trajectories can then be either concatenated and fed to the GNN, or processed
with a DSS-GNN architecture, as explained in Section 3.4.
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Algorithm 1 A feed-forward pass with a single RFP trajectory and a GNN backbone.

Input: Probability distribution D, adjacency matrix A ∈ Rn×n, input node features f in ∈ Rn×cin
, propagation operator

(predefined or learnable) S ∈ Rn×n, normalization function N : Rn×k → Rn×k, frequency of the normalization w ≥ 1,
number of propagation steps P ≥ 1, a learnable embedding layer Kembed and a GNN model GNNW with learnable
parameters W .

Initialize r ∈ Rn×k as r ∼ D.
a(0) = r
for p = 1 to P do
â(p) = Sa(p−1)

if mod(p, w) = 0 then
a(p) = N(â(p))

else
a(p) = â(p)

end if
end for
t = r⊕ a(1) ⊕ . . .⊕ a(P )

f (0) = σ(Kembed(f
in ⊕ t))

return GNNW(f (0))
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