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Abstract

We study the connection between multicalibra-
tion and boosting for squared error regression.
First we prove a useful characterization of multi-
calibration in terms of a “swap regret” like con-
dition on squared error. Using this characteri-
zation, we give an exceedingly simple algorithm
that can be analyzed both as a boosting algorithm
for regression and as a multicalibration algorithm
for a class H that makes use only of a standard
squared error regression oracle for . We give a
weak learning assumption on H that ensures con-
vergence to Bayes optimality without the need
to make any realizability assumptions — giving
us an agnostic boosting algorithm for regression.
We then show that our weak learning assumption
on H is both necessary and sufficient for multi-
calibration with respect to H to imply Bayes opti-
mality. We also show that if H satisfies our weak
learning condition relative to another class C then
multicalibration with respect to H implies multi-
calibration with respect to C. Finally we investi-
gate the empirical performance of our algorithm
experimentally using an open source implemen-
tation that we make available on GitHub [

1. Introduction

We revisit the problem of boosting for regression, and de-
velop a new agnostic regression boosting algorithm via a
connection to multicalibration. In doing so, we shed addi-
tional light on multicalibration, a recent learning objective
that has emerged from the algorithmic fairness literature
(Hébert-Johnson et al.| 2018)). In particular, we character-
ize multicalibration in terms of a “swap-regret” like con-
dition, and use it to answer the question “what property
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must a collection of functions H have so that multicali-
bration with respect to H implies Bayes optimality?”, giv-
ing a complete answer to problem asked by (Burhanpurkar
et all 2021). Using our swap-regret characterization, we
derive an especially simple algorithm for learning a mul-
ticalibrated predictor for a class of functions H by reduc-
tion to a standard squared-error regression algorithm for H.
The same algorithm can also be analyzed as a boosting al-
gorithm for squared error regression that makes calls to a
weak learner for squared error regression on subsets of the
original data distribution without the need to relabel exam-
ples (in contrast to Gradient Boosting as well as existing
multicalibration algorithms). This lets us specify a weak
learning condition that is sufficient for convergence to the
Bayes optimal predictor (even if the Bayes optimal predic-
tor does not have zero error), avoiding the kinds of realiz-
ability assumptions that are implicit in analyses of boosting
algorithms that converge to zero error. We conclude that
ensuring multicalibration with respect to H corresponds to
boosting for squared error regression in which H forms the
set of weak learners. Finally we define a weak learning
condition for H relative to a constrained class of functions
C (rather than with respect to the Bayes optimal predictor).
We show that multicalibration with respect to H implies
multicalibration with respect to C if H satisfies the weak
learning condition with respect to C, which in turn implies
accuracy at least that of the best function in C.

Multicalibration Consider a distribution D € AZ
defined over a domain Z = X x R of feature vectors
r € X paired with real valued labels y. Informally,
a regression function f : X — R is calibrated if for
every v in the range of f, B, ~p[ylf(z) = v] = v.
In other words, f(x) must be an unbiased estimator of
y, even conditional on the value of its own prediction.
Calibration on its own is a weak condition, because
it only asks for f to be unbiased on average over all
points z such that f(z) = v. For example, the constant
predictor that predicts f(z) = E(q,y)~p|[y] is calibrated.
Thus calibration does not imply accuracy—a calibrated
predictor need not make predictions with lower squared
error than the best constant predictor. Calibration also
does not imply that f is equally representative of the
label distribution on different subsets of the feature space
X. For example, given a subset of the feature space
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G < X, even if f is calibrated, it may be that f is not
calibrated on the conditional distribution conditional on
x € G—it might be e.g. that E[y|f(z) = v,x € G] » v,
and E[y|f(z) = v,x ¢ G] « v. To correct this last
deficiency, (Hébert-Johnson et al., 2018) defined multi-
calibration, which is a condition parameterized by a subset
of groups G < X each defined by an indicator function
h : X — {0,1} in some class H. It asks (informally) that
for each such h € H, and for each v in the range of f, that
E[i(z)(y — v)|f(x) = v] = 0. Since h is a binary indica-
tor function for some set G, this is equivalent to asking for
calibration not just marginally over D, but simultaneously
for calibration over D conditional on z € G. (Kim et al.l
2019) and (Gopalan et al., [2022) generalize multicalibra-
tion beyond group indicator functions to arbitrary real
valued functions h : X — R. Intuitively, as 7 becomes a
richer and richer set of functions, multicalibration becomes
an increasingly stringent condition. But if A consists of
the indicator functions for e.g. even a very large number
of randomly selected subsets G < X, then the constant
predictor f(z) = E(z,)~p[y] will still be approximately
multicalibrated with respect to H. What property of H
ensures that multicalibration with respect to  implies that
f is a Bayes optimal regression function? This question
was recently asked by (Burhanpurkar et al., 2021) — and
we provide a necessary and sufficient condition.

Boosting for Regression Boosting refers broadly to
a collection of learning techniques that reduce the problem
of “strong learning” (informally, finding an error optimal
model) to a series of “weak learning” tasks (informally,
finding a model that has only a small improvement over
a trivial model)—See (Schapire and Freund, 2013) for a
textbook treatment. The vast majority of theoretical work
on boosting studies the problem of binary classification, in
which a weak learner is a learner that obtains classification
error bounded below 1/2. Several recent papers (Kim
et al., |2019; |Gopalan et al., 2022) have made connections
between algorithms for guaranteeing multicalibration and
boosting algorithms for binary classification.

In this paper, we show a direct connection between mul-
ticalibration and the much less well-studied problem of
boosting for squared error regression (Friedman, 2001
Duffy and Helmbold, 2002). There is not a single estab-
lished notion for what constitutes a weak learner in the
regression setting ((Duffy and Helmbold, 2002) introduce
several different notions), and unlike boosting algorithms
for classification problems which often work by calling a
weak learner on a reweighting of the data distribution, ex-
isting algorithms for boosting for regression typically re-
sort to calling a learning algorithm on relabelled examples.
We give a boosting algorithm for regression that only re-
quires calling a squared error regression learning algorithm

on subsets of examples from the original distribution (with-
out relabelling), which lets us formulate a weak learning
condition that is sufficient to converge to the Bayes opti-
mal predictor, without making the kinds of realizability as-
sumptions implicit in the analysis of boosting algorithms
that assume one can drive error to zero.

1.1. Our Results

We focus on classes of real valued functions H that are
closed under affine transformations — i.e. classes such
that if f(x) € H, then for any pair of constants a,b € R,
(af(x) + b) € H as well. Many natural classes of models
satisfy this condition already (e.g. linear and polynomial
functions and regression trees), and any neural network ar-
chitecture that does not already satisfy this condition can
be made to satisfy it by adding two additional parameters
(a and b) while maintaining differentiability. Thus we view
closure under affine transformations to be a weak assump-
tion that is enforceable if necessary.

First in Section [3] we prove the following characterization
for multicalibration over H, for any class H that is closed
under affine transformations. Informally, we show that a
model f is multicalibrated with respect to  if and only if;
for every v in the range of f:

[(f(2)=9)?| f(x) =]

(z,y)~D

[(h(z) = )| f(z) = v].

<min E
heH (z,y)~D

(See Theorem 3.2]for the formal statement). This is a “swap
regret”-like condition (as in (Foster and Vohral |1999) and
(Blum and Mansour, 20035)), that states that f must have
lower squared error than any model h € H, even condi-
tional on its own prediction. Using this characterization,
in Section ] we give an exceedingly simple algorithm for
learning a multicalibrated predictor over H given a squared
error regression oracle for . The algorithm simply re-
peats the following over ¢ rounds until convergence, main-
taining a model f : X — {0,1/m,2/m,...,1} with a
discrete range with support over multiples of 1/m for some
discretization factor m:

1. For each level setv € {0,1/m,2/m, ... 1}, run are-
gression algorithm to find the h! € # that minimizes
squared error on the distribution D|( f;—1(z) = v), the
distribution conditional on f;_1(x) = v.

2. Replace each level set v of f;_1(z) with h (z) to pro-
duce a new model f;, and round its output to the dis-
crete range {0, 1/m,2/m, ... 1}

Each iteration decreases the squared error of f;, ensuring
convergence, and our characterization of multicalibration
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ensures that we are multicalibrated with respecHt@t  in parameters(Appendix A). (Burhanpurkar et al., 2021)
convergence. Compared to existing multicalibration algo-rst asked the question “when does multicalibration with
rithms (e.g. the split and merge algorithm 6f (Gopalanrespect toH imply accuracy”, and gave a suf cient con-
et al|,[2022)), our algorithm is exceptionally simple anddition: whenH contains (re nements of) the levelsets of
makes use of a standard squared-error regression oracle tve Bayes optimal regression function, together with tech-
subsets of the original distribution, rather than using a clasniques for attempting to nd these. This can be viewed
si cation oracle or requiring example relabelling. as a “strong learning” assumption, in contrast to our weak

We can also view the same algorithm as a boosting aIgol—earnlng assumption o .

rithm for squared error regression. Suppébdor equiv-  Several other papers use regression as a tool to obtain
alently our weak learning algorithm) satis es the follow- calibration like guarantees of various sorts. (Foster and
ing weak learning assumption: informally, that on any re-Kakade, 2006) give an algorithm that gives a “smooth”
striction of D on which the Bayes optimal predictor is non- variant of multicalibration over a nite class of functions
constant, there should be somé H that obtains squared H in an online setting by solving a least-squares linear re-
error better than that of the best constant predictor. Thegression problem using the set of functi¢tnB H as a basis
our algorithm converges to the Bayes optimal predictor— i.e. at every round, they solve|d | dimensional linear

In Sectio{ ¢ we give uniform convergence bounds whichregression problem. In addition to being de ned only for
guarantee that the algorithm's accuracy and multicalibra-nite classesH, this does not give an oracle-ef cient algo-
tion guarantees generalize out of sample, with sample sizeghm: rather than solving regression problems dvethey
that are linear in the pseudodimensiortbf solve |H|-dimensional linear regression problems, which
has a polynomial dependence Bin(and obtains calibra-

We then show in Sectidi 5 that in a strong sense this is thﬁon error bounds that also scale polynomially with).

“right” weak learning assumption: Multicalibration with
respect toH implies Bayes optimality if and only iH (Gopalan et al., 2023a) de ne a weaker condition than mul-
satis es this weak learning condition. This gives a com-ticalibration — calibrated multiaccuracy — and show that
plete answer to the question of when multicalibration im-predictors that are calibrated and multiaccurate with re-
plies Bayes optimality. spect to an appropriate class of functions are also good loss

. . : ..__minimizers. They also show how to obtain calibrated mul-
In AppendiX{ B, we generalize our weak learning condition_ . . X .

. . . . tiaccuracy with a regression based algorithm. However, in
to a weak learning condition relative to a constrained class

: : . contrast to multicalibration, in order for calibrated multi-
of functionsC (rather than relative to the Bayes optimal : I S
. . . accurate predictors to be competitive loss minimizers for a
predictor), and show that il satis es the weak learning

condition relative toC, then multicalibration with respect large class of loss functions with respect to a benchmark

to H implies multicalibration with respect tG, and hence classH, they must be multiaccurate not just with respect

error that is competitive with the best modelan to H, but_ with respect to the levelsets Bff. In general
the learning problem over the levelsetstbfcan be much

We give a fast, parallelizable implementation of our al- harder than the learning problem ow¢ritself. For exam-
gorithm and in Sectiof]7 demonstrate its convergence tele, if H is the class of linear functions, then learning over
Bayes optimality on two-dimensional datasets useful for vi-H corresponds to linear regression, which has an ef cient
sualization, as well as evaluate the accuracy and calibratioftlosed form) solution. However the levelsetdbfre (in-
guarantees of our algorithm on real Census derived data utersections of) linear threshold functions, for which learn-

ing the Folktables package (Ding et al., 2021). ing is computationally hard. One motivation for (Gopalan
et al., 2023a)'s work is the fact that only relying on regres-
1.2. Additional Related Work sion makes algorithms easier to implement (as regression

problems have differentiable loss even when they don't

Calibration as i\ statistical objective dates back at leasfia e ef cient closed-form solutions). This motivation also
to (Dawid, |1982). [(Foster and Vohra, 1999) showed &;5h64rs in the contextual bandits literature, where recent
tlght.connecnon between marginal callbratl_on and mter_na{NorkS have provided reductions to regression oracles de-
(equivalently swap) regret. We extend this characterizagpje the fact that algorithms reducing to classi cation ora-
tion to multicalibration. Multicalibration was introduced g already existed (Foster and Rakhlin, 2020; Foster et al.
by (Heb_e_rt-.Johnson etal., 2_018), and variants of the 0f_'9|2018)_ Our reduction to a regression rather than classi ca-
nal de nition have been studied by a number of works (Kim joy gracle follow the spirit of (Gopalan et al., 2023a), but

etal., 2019; Jung et al., 2021; Gopalan et al., 2022; Kimy;ith the stronger guarantee of multicalibration rather than
etal., 2022; Roth, 2022). We use thevariant of multical- calibrated multiaccuracy.
ibration studied in (Roth, 2022)—but this de nition implies

all of the other variants of multicalibration up to a changeBoosting for binary classi cation was introduced by
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(Schapire, 1990) and has since become a major topic afed functionsH. We use an, notion of multicalibration
both theoretical and empirical study — see (Schapire anés used in (Roth, 2022). This notion has natural relation-
Freund, 2013) for a textbook overview. Both (Kim et al., ships to the'; and™g notions of multicalibration used by
2019) and (Gopalan et al., 2022) have drawn connece.g. (Hébert-Johnson et al., 2018; Gopalan et al., 2022).
tions between algorithms for multicalibration and boost-See appendix A for more details.

ing for binary classi cation. In particular, (Gopalan et al., peg nition 2.1 (Multicalibration). Fix a distributionD P
2022) draw direct connections between their split-and- 7 5494 a modef : X N r O 1sthat maps onto a count-

merge multicalibration algorithm and agnostic boosting al-3p1e subset of its range. Lét be an arbitrary collection
gorithms of (Kalai, 2004; Kanade and Kalai, 2009; Kalai 5¢ reg] valued functiong : X N R. We say thaf is -

et al., 2008). approximately multicalibrated with respect B andH if

Boosting for squared error regression is much less welfor everyh PH:
studied. (Freund and Schapire, 1997) give a variant of
Adaboost (Adaboost.R) that reduces regression examplé%zp‘; h; Dq
to in nite sets of classi cation examples, and requires a

base regressor that optimizes a non-standard loss function.
(Friedman, 2001) introduced the popular gradient boost-

ing method, which for squared error regression corresponds

to iteratively tting the residuals of the current model and We say that is -approximately calibrated if:
then applying an additive update, but did not give a theo-
retical analysis. (Duffy and Helmbold, 2002) give a theo-
retical analysis of several different boosting algorithms for
squared error regression under several different weak learn-
ing assumptions. Their weak learning assumptions imply px;y'% Drpy vaf g vs =
convergence of their algorithms @eerror, which implicitly

makes a very strong realizability assumption. Our weakf 0, then we simply say that a modehmulticalibrated
learning assumption implies convergence to the Bayes oper calibrated We will sometimes refer ti,@f; Dgas the
timal model without realizability assumptions — thus our mean squared calibration error of a model

results can be viewed as giving an agnostic boosting algo- ) ) ) ) o
fithm for regression. We will characterize the relationship between multicalibra-

tion and Bayes optimality.

De nition 2.2 (Bayes Optimal Predictar)Letf : X N
r0; 1s We say that is the Bayes optimal predictor fd»
We study prediction tasks over a domain X Y. if:

HereX represents thieaturedomain andyY represents the )

label domain. We focus on the bounded regression setting px;yE Y f mads o e Y f xads
whereY r 0; 1s (the scaling tarQ; 1sis arbitrary). We

write D P Z to denote a distribution over labelled exam- The Bayes Optimal predictor satises: f xq
ples,Dx to denote the induced marginal distribution over Ep,1yq p ry|x* xs: We say that a functiofi : X N
features, and writ® D" to denote a dataset consisting r0; 1sis -approximately Bayes optimal if

of n labelled examples sampled i.i.d. fraln We will be

interested in the squared error of a motielith respect E Dfp/ f xqds = E Dfp/ f mads

to distributionD, Epcyq oy f xqds We abuse no- peya peya
tation and identify datasef3 tp Xi1;y1G:::;PXn;Ynqu
with the empirical distribution over the examples they con-

tain, and so we can write the empisical squared error ove
1

D: asEpyq oty fmads & 1 .pi fpaad. o L )
When taking expectations over a distribution that is clear3. A Characterization of Multicalibration
from context, we will frequently suppress notation indicat-

ing the relevant distribution for readability.

Pr rfmxq vs
VPR pf qpx, D
2

E rhxqy vagfmxq vs =
pyq D

Koif; Dg Prorfpq vs
VPR pf qpx,y
2

2. Preliminaries

Throughout this paper, we will denote the Bayes optimal
Predictor ad

In this section we give a simple “swap-regret” like charac-
terization of multicalibration for any class of functiohs
We write Rpf g to denote the range of a functidn and  that is closed under af ne transformations:

whenRpf gis nite, usem to denote the cardinality of itS  pg pition 3.1, A class of functiond is closed under

range:m | Rpf gl We are interested in nding models ¢ o transformations if for evera:b P R, if hpxq PH
that aremulticalibratedwith respect to a class of real val- thenhlxq: ahpq bPH.
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As already discussed, closure under af ne transformatiorDe nition 4.1 (Roundf ;mg). LetF be the family of all

is a mild assumption: it is already satis ed by many classedunctionsf : X N R. LetRound: F N N F

of functionsH like linear and polynomial functions and be a function such thaRoungf ; mq outputs fjxq
decision trees, and can be enforced for neural network amrg min,py(ms|f Xq  V|.

chitectures when it is not already satis ed by adding two

additional parameters andb without affecting our ability ~ Unlike other algorithms for multicalibration which make
to optimize over the class. use of agnostic learningoracles for binary classica-
tion, our algorithm makes use of an algorithm for solving

The rst direction of our characterization states thaf if squared-error regression problems aier

fails the multicalibration condition for some P H, then
there is some other! P H that improves ovef interms  De nition 4.2. Ay is a squared error regression ora-

of squared errorwhen restricted to a level set 6f The cle for a class of real valued functiond if for every
second direction states the oppositef i calibrated (but D P Z, AypDqoutputs a functiorh P H such that

not necessarily multicalibrated), and if there is some leveh Parg minpipy Epcy q o roh'Xq  yo's

set off on whichh improves ovelf in terms of squared

error, then in fact must fail the multicalibration condition For example, ifH is the set of all linear functions, then
for h. An equivalent characterization was independentlyAn Simply solves a linear regression problem (which has
shown by (Gopalan et al., 2023b). a closed form solution). Algorithm 1 (LSBod¥trepeats

the following operation until it no longer decreases overall
squared error: it runs squared error regression on each of
the level-sets of ;, and then replaces those levelsets with
the solutions to the regression problems, and rounds the
output torl{ms.

Theorem 3.2. SupposéH is closed under af ne transfor-
mation. Fix a modef : X N R and a levelsev P R q
of f . Then:

1. If there exists ah PH such that:
We will now analyze the algorithm rst as a multicalibra-
Erhpxay vafxq vs¥ tion algorithm, and then as a boosting algorithm. For sim-
plicity, in this section we will analyze the algorithm as if
it is given direct access to the distributién In practice,
the algorithm will be run on the empirical distribution over
a dataseD D", and the multicalibration guarantees
y : proven in this section will hold for this empirical distri-
Erhxd?|f xq  vs bution. In Appendix C we prove generalization theorems,
which allow us to translate our in-sample error and multi-
2. Iff is calibrated and there exists danPH suchthat  calibration guarantees over to out-of-sample guarantees
overD.

for i O, then there exists an' PH such that:

Erpf xq  yof p h'xq  yflf kg vs

2

Erf gy phxq yflfmg vs¥
4.1. Analysis as a Multicalibration Algorithm

then:
Erhpeay  vaf g vs ¥ - Theorem 4.3. Fix any distributionD P Z, any model
f : X Nro0;1s any 1, any class of real valued func-
See Appendix B for the proof. tionsH that is closed under af ne transformations, and a
squared error regression oracky for H. For any bound
B i Olet:

4. An Algorithm (For Multicalibration And
Regression Boosting) He t hPH :maxhxd o Bu
xPX

We now give a single algorithm, and then show how to ana-

lyze it both as an algorithm for obtaining a multicalibrated be the set of functions it with squared magnitude
predictorf , and as a boosting algorithm for squared errorpounded byB. Then LSBoogt; ;A 4 ;D;Bq(Algorithm
regression. We give generalization bounds for the algoq) halts after at mosT & 2B many iterations and outputs
rithm in Appendix C. amodelft 1 suchthaft ;is -approximately multical-

Letm P N be a discretization term, and let{ms : ibrated with respect t® andH .

t0; ;:::; ™1; 1u denote the set of points ird; s that See A dix B for th ¢

are multiples ofl{m. We will learn a modet whose range ee Appendix & for the proot.

is ri{ms which we will enforce byoundingits outputs to 3LSBoost can be taken to stand for either “Level Set Boost" or
this range as necessary using the following operation:  “Least Squares Boost”, at the reader's discretion.
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Algorithm 1 LSBoost(; ;A 4;D;B) mizes over. Since we have de ned a squared error regres-
Letm 2B, sion oracleAy as exactly optimizing the squared error over
Letfo Roungf;mgery Epyq offoXxq ygs  SOme clas$i, we will state our weak learning assumption
err; 8 andt O. as an assumption on the representation ability{efbut
while perr, 1 errq ¥ 55 do this is not important for our analysis here. To prove The-

for eachv P i{msdo orem 4.5_We cou_ld equally well assume tiAay returns a
LetD! ! D|pfyxq vg hypothesm.that improves over a constant predlctor when-
Letht 1 AypD! g ever one exists, without assuming thadptimizes squared

end for error over all ofH.

Let: De nition 4.4 (Weak Learning Assumption)Fix a dis-

. tribution D P Z and a class of functions$l. Let

fi 1mxq irfyxq  vs hl ‘pq f ™q Ey pmgrysdenote the true conditional label ex-
vPri{ms pectation conditional orx. We say thaH satis es the -
weak learningcondition relative taD if for everyS , X
ft 1 Roungft 1;mq withPry p, rXx PSsj O, if:
Letery 1 Epmyq oMt 1Xq ycPsandt t 1. Ergf mxq yof|x PSs rcnPiFrg Erpc yof|x PSs
end while ]

Output fy 1. then there exists an PH such that:

Erphpxq  ydf|x PSs ijQErpc yof|x PSs
C

4.2. Analysis as a Boosting Algorithm When 0 we simply say thatl satis es the weak learn-

. ) ing condition relative td.
We now analyze the same algorithm (Algorithm 1) as a

boosting algorithm designed to boost a “weak learning” al-Observe why our weak learning assumption is “weak”:
gorithm Ay to a strong learning algorithm. Often in the the Bayes optimal predictdr may improve arbitrarily
boosting literature, a “strong learning” algorithm is one over the best constant predictor on someSét terms of
that can obtain accuracy arbitrarily close to perfect, whichsquared error, but in this case we only requiréHothat it

is only possible under strong realizability assumptions. Ininclude a hypothesis that improves by somehich might
this paper, by “strong learning”, we mean that Algorithm 1 be very small.

should output a model that is close to Bayes optimal, Whicrbince the

is a goal we can enunciate for any distributibnwithout . . .
' - . .guirements o on sets for which pxqimproves over a
needing to make realizability assumptions. (Observe that i .
constant predictor by less than the best we can hope to

the Bayes optimal predictor has zero error, then our mean: . . ; .
. . . prove under this assumption isapproximate Bayes opti-
ing of strong learning corresponds to the standard meanm%

o ality, which is what we do next.
so our analysis is only more general). ] oo
Theorem 4.5. Fix any distributionD P Z, any modef :

a weak learning algorithm should return a hypothesis thaly that satis es the -weak learning condition relative to

ever doing so is possible. We take “trivial” predictions to be andB  1{ (or any pair such that {B 2),
those of the bestonstantredictor as measured by squared Then LSBoogt; ;A 1 ;D;Bqhalts after at mosT o 2

2

error — i.e. the squared error obtained by simply returningmany iterations and outputs a mode! 1 such thatft ;
the label mean. A “weak learning” algorithm for us canjs 2 -approximately Bayes optimal over.

be run on any restriction of the data distributibnto a

subsetS ,, X, and must return a hypothesis with squared _y% DVP‘T 1Xq  y¢'s B px'yE Drp‘ xq yds 2
error slightly better than the squared error of the best con- ’

stant prediction, whenever the Bayes optimal predittor Wheref xq Epcyq prysis the function that minimizes
has squared error slightly better than a constant predictogguared error oveD.

on restnc.tlons for which the Bayes qpt.lmal predictor alsoSee Appendix B for the proof.

does not improve over constant prediction, our weak learn-
ing algorithm is not required to do better either.

-weak learning condition does not make any re-

L . _ . 5. When Multicalibration Implies Accuracy
Traditionally, “weak learning” assumptions do not distin-

guish between the optimization ability of the algorithm andWe analyzed the same algorithm (Algorithm 1) as both an
the representation ability of the hypothesis class it opti-algorithm for obtaining multicalibration with respectlib,

6
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and, whenH satis ed the weak learning condition given condition relative toC and D if for everyS € X with
in De nition 4.4, as a boosting algorithm that convergesPry p, rx PSsi 0, if:
to the Bayes optimal model. In this section we show that

this is no coincidence: multicalibration with respectHo
implies Bayes optimality if and only ifl satis es the weak
learning condition from De nition 4.4,

First we de ne what we mean when we say that multical-

ibration with respect té¢d implies Bayes optimality. Note
that the Bayes optimal model pxqis multicalibrated with

min Erpepxq yof | xPSs Erpys yqd |xPSs
C
whereys  Ery | x P Ss, then there exists PH such that

Erphpxq  yof | x PSs
When

Erys Yo | x PSs

0 we simply say thatl satis es the weak learn-

respect to any set of functions, so it is not enough to requiréng condition relative taCandD.

that thereexistBayes optimal functionk that are multical-
ibrated with respect tél. Instead, we have to require tha
everyfunction that is multicalibrated with respect kb is
Bayes optimal:

De nition 5.1. Fix a distributionD P Z. We say that
multicalibration with respect tél implies Bayes optimality
overD if for everyf : X N R that is multicalibrated with
respect tadD andH, we have:

E g yef's

E rf xq yd's
pxy q pxyq D

Wheref Xq E, pxgysis the function that has mini-
mum squared error over the set of all functions.

Recall that when the weak learning parameten De -

nition 4.4 is set td), we simply call it the “weak learning
condition” relative toD. We rst state and prove our char-
acterization for the exact case when 0, because it leads

+ We will show that if a predictof is multicalibrated with

respect tdd, andH satis es the weak learning assumption
with respect taC, then in fact:

1. f is multicalibrated with respect G, and

2. f has squared error at most that of the minimum error
predictor inC.

In fact, (Gopalan et al., 2022) show thaffifis multicali-
brated with respect t@, then it is anomnipredictorfor C,
which implies thaf has loss no more than the best func-
tion cxq PC, where loss can be measured with respect to
any Lipschitz convex loss function (not just squared error).
Thus our results imply that to obtain an omnipredictor for
C, itis suf cient to be multicalibrated with respect to a class
H that satis es our weak learning assumption with respect
toC.

to an exceptionally simple statement. We subsequently exfheorem 6.2. Fix a distributionD P Z and two classes

tend this characterization to relate approximate Bayes opti-
mality and approximate multicalibration under quantitative

weakenings of the weak learning condition.
Theorem 5.2. Fix a distributionD P Z. LetH be a

of functionsH andCthat are closed under af ne transfor-
mations. Then if : X N r 0; 1sis multicalibrated with
respect toD andH, and ifH satis es the weak learning
condition relative toC and D, then in factf is multicali-

class of functions that is closed under af ne transforma-yrated with respect t® andCas well. Furthermore,

tion. Multicalibration with respect téd implies Bayes op-
timality overD if and only ifH satis es the weak learning
condition relative tdD.

See Appendix B for proof. We additionally derive a rela- See Appendix B for proof.

E rfmxq ygdsemin E
pGyq D cPC pxiy q

TP yfs

For the corresponding rela-

tionship between approximate multicalibration and approxtionship between approximate multicalibration and approx-

imate Bayes optimality in Appendix D.

6. Weak Learners with Respect to
Constrained Classes

Thus far we have studied function class¢ghat satisfy a

imate loss minimization, see Appendix E.

7. Empirical Evaluation

In this section, we study Algorithm 1 empirically via an
ef cient, open-source Python implementation of our algo-

weak learning condition with respect to the Bayes optimalfithm on both synthetic and real regression problems.

predictorf But we can also study function clasdds

An important feature of Algorithm 1 which distinguishes

that satisfy a weak learning condition de ned with respectj; rom traditional boosting algorithms is the ability to par-

to another constrained class of real valued functions.
De nition 6.1 (Weak Learning Assumption Relative ).

allelize not only during inference, but also during training.
Let f; be the model maintained by Algorithm 1 at round

Fix a distributionD P Z and two classes of functions with m level sets. Given a data skt, f; creates a parti-

H and C. We say thaH satis es the -weak learning

tion of X de ned by X! bt x|fixq  viu. Since the
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Figure 1. The update process at roungith m level sets
during training.

X; are disjoint, each cah! * Ay pX! gcan be made

the round count increases, the number of hon-empty level
sets increases until each level set is lled, at which point
the updates become more granular. The termination round
titted " nal round' occurs atT 199 and paints an ap-
proximate map oCq. The image titled “out of sample' is
the map produced on a set of one million points randomly
drawn outside of the training sample, and shows that Algo-
rithm 1 is in fact an approximation of the Bayes Optimal
Co. In Appendix F.2, Figure 8 plots the same kind of pro-
gression as Figure 4, but with a more complicated under-
lying function C; using a variety of weak learner classes.
We are able to learn this more complex surface out of sam-
ple with all base classes except for linear regression, which
results in a noisy out-of-sample plot.

on a separate worker followed by a merge and round op-

eration to obtairfy ; andf; ; respectively, as shown in

Figure 1. A parallel inference pass at roundorks nearly
identically, but uses the historical weak learnkfs* ob-
tained from training and applies them to each X¢t 1

We compare the training times of Algorithm 1 with scikit-
learn's Gradient Boosting regressor (Pedregosa et al., 2011)
in Appendix F.

From Theorem 5.2, we know that multicalibration with re-
spect to a hypothesis clabls satisfying our weak learning
condition implies Bayes optimality. To visualize the fast
convergence of our algorithm to Bayes optimality, we cre-
ate two synthetic datasets; each dataset contains one mil-
lion samples with two features. We de ne the label of these
points using two function<Cy andC; (pictured in Figure

2), with differing complexity and attempt to learn the un-

derlying function with Algorithm 1.

Figure 2: Cp mapsxi;x2 P r 2;2sto four cylindri-
cal cones symmetric about the origi&; mapsxj;x, P
r 1;1sto a hilly terrain from a more complex function.

Figure 3: Comparison of Algorithm 1 (LS) and Gradient
Boosting (GB), both using depth 1 regression trees. * indi-
cates termination round of Algorithm 1.

We evaluate the empirical performance of Algorithm 1 on
US Census data compiled using the Python folktables pack-
age (Ding et al., 2021). In this dataset, the feature space
consists of demographic information about individuals, and

In Figure 4, we show an example of Algorithm 1 learning the labels correspond to the individual's annual income.
Co using a discretization of ve-hundred level sets and aWe cap income at $100,000 and then rescale all labels into
weak learner hypothesis class of depth one decision trees); 1s On an 80/20% train-test split with 500,000 total
Each image in gure 4 corresponds to the map produced bygamples, we compare the performance of Algorithm 1 with
Algorithm 1 at the round listed in the top of the image. As Gradient Boosting with two performance metrics: mean

8
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Figure 4: Evolution of Algorithm 1 learninG,.
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A. Relationships between Multicalibration De nitions

Note that multicalibration with respect to function classes is strictly more general than notions of multicalibration with
respect to a class of (potentially sensitive) groups. When the fundtiprgghave binary range, we can view them as
indicator functions for some subset of the data don®i® X, in which case multicalibration corresponds to asking for
calibration conditional on membership in these subSet#\llowing the functionsh to have real valued range is only a
more general condition. Our notion of approximate multicalibration takes a weighted average over the levef Hats
predictorf , weighted by the probability thdtpxq v. This is necessary for any kind of out of sample generalization
statement — otherwise we could not even necessarily measure calibration error from a nite sample.

Other work on multicalibration use related measures of multicalibration that we think gfaasg variants, that we can
write as

Kipf;h; Dqg ’ Pr rfixq vs E rhxqy vqfmxg vs
vPRpf g™ 4 P pyq D

and

Kgpf;h; Dg max Pr rfxq vs E rhxqy vafmxqg vs :
VPRpf qpxiy g D pcyq D

These notions are related to each other:
a__
Kopf;h; Dgr Ky h; Dga  Kopf;h; DgandKg f; h; Dg = Kypf;h; Dg & mKg of; h; Dg(Roth, 2022).

B. Proofs

Theorem 3.2. SupposéH is closed under af ne transformation. Fix a model: X N R and a levelsev P Rf qof f .
Then:

1. If there exists aln PH such that:
Erhpxqy vafmxq vs¥ ;

for i 0,then there exists am' PH such that:

Erfxq yof p h'xq  yqlf kg vs

2

¥ :
Erhx?|f xq  vs

2. Iff is calibrated and there exists dnP H such that

Erfpxq yof phmxg ydlfxq vs¥ ;

then:

Erhpxay  vaf g vs ¥ -

Proof. We prove each direction in turn.
Lemma B.1. Fix a modelf : X N R. Suppose for someP Rif gthere is arh PH such that:

Erhpxqy  vafpxq  vs ¥

Leth! v  hpxqgfor Then:

Erhpx?[f pxq vs®

2

Erhx¢?|f xq  vs

Erfxq yof p hixg yqflf xq  vs ¥

11
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Proof. We calculate:

Erdxq yof ph'mg yqlfxq vs Erv yo pv  hmxg yflfxg vs
EV 2vy y* pv  hmxad
2yov hxaq y*lfpxq  vs
Eryhmqg 2vhmxg “hx|fxq vs
Er2hmxqy vg *hxf|f kg vs
¥ 2 2Erhxdf|f ;xq  vs
2

Erhx?|f xq  vs

Where the last line follows from the de nition of. O

The rst direction of Theorem 3.2 follows from Lemma B.1, and the observation that $ince closed under af ne
transformations, the functiom de ned in the statement of Lemma B.1 iskh. Now for the second direction. Note that
we prove a more general statement in this lemma, showing that for aSy gdhere exists ath that has squared error
better than the best constant predigtgrfor that set, theferhpxqy ysq |x PSs ¥ {2. The result claimed in part 2 of
Theorem 3.2 follows as a corollary. For any calibratede havev  Ery | f pxq vs and so for each level set bf f is
the best constant predictor on that set.

Lemma B.2. Fix a modelf : X N R. Suppose for son® € X there is arh PH such that:
Eys Yo phxg yfIx PSs¥ ;

whereys  Ery | x PSs Then it must be that:

Erhxqy ysgk PSs ¥ 5

Proof. We calculate:

E rhxgy ysagk PSs E rhpxoy|x PSs ys E rhpxgk PSs
piyq D qb piyaq D

2 E rhpxogy|x PSs 2ys E rhpxgk PSs
pyq D pcyq D

NI NI B
<

2 E rhpxogy|x PSs 2ys E rhpxgk PSs
pyq D pcyq D

E rpxg ysqf|x PSs
pxyq D

E r2hpxqy hmxe?  y3|x PSs
piyq D

E r2hxay hxd®  2ysy Y3[x PSs
pxyq D

E rys YF phxg y¢|x PSs
pxiyq D

NIk NP NI

¥ —
2

where the 3rd to last line follows from adding and subtractiég O

12
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Theorem 4.3. Fix any distributionD P Z, any modef : X N r 0;1s any 1, any class of real valued functiots
that is closed under af ne transformations, and a squared error regression ofggléor H. For any bound j O let:

Hg t hPH :maxhmxd a Bu
X PX

be the set of functions ih with squared magnitude bounded By Then LSBoogt; ;A 4 ;D;Bq(Algorithm 1) halts
after at mosfT & 2B many iterations and outputs a model 1 such thatf+ 1 is -approximately multicalibrated with
respect tadD andHg .

Remark B.3. Note the form of this theorem — we do not promise multicalibration at approximation paraméieall

of H, but only forHg — i.e. those functions iH satisfying a bound on their squared value. This is necessary, kirise
closed under af ne transformations. To see this, note thathiixqy vgs ¥ , then it must be thetrc hpxqy vgs ¥

¢ . Sincenxq chpqis also inH by assumption, approximate multicalibration bounds must always also be paired
with a bound on the norm of the functions for which we promise those bounds.

Proof. Sincef takes values in0; 1sandy P 10;1s we have ey & 1, and by de nition eri ¥ O for all T. By
construction, if the algorithm has not halted at rointdmust be that efre er; 1 55, and so the algorithm must halt
after at most & 2B many iterations to avoid a contradiction.

It remains to show that when the algorithm halts at rolindhe modelf + ; that it outputs is -approximately multi-
calibrated with respect tb andHg . We will show that if this is not the case, thenerg  erf j which will be a
contradiction to the halting criterion of the algorithm.

2B

Suppose thatt 1.is not -approximately multicalibrated with respectBbandHg. This means there must be some
2
h PHg such that: vprifms PTpxy offr 1Xd VS Epcyq orhXqy vafr 1Xq vs ' j

For eachv P ri{msdene Procyq offr 1Xq VS Epyq pfhxay vafr 1pxq vs > So we have
vPri{ms v

Applying the 1st part of Theorem 3.2 we learn that for eacthere must be sontg, PH such that:

Ergfr ixq yo phyxq yflfr 1xq vs
1 v

Erhxcf|fr 1Xq Vs Prypeyq offr 1Xq vs
1 v

B Procyq offt 1Xq Vs

where the last inequality follows from the fact theP Hg Now we can compute:

E _mroaxg yF¢ pfimxg yds

Xy q
Pr rfr yxq vs E rfr axq yof pfimxg yqflfr imxq vs
vPrl{mspx'yq b pcya D
Pr rfr yxq vs E rpfr uxq yof phymxq yflfr ixq s
vPrl{mspx'yq D pcyq D
¥  Prorfroxq vs E 1Pt axg yf phyxg yflfr ixq Vs
vPrl{mst'yq = pcya D
¥ ’ v
vPri{ms
Y

Here the third line follows from the de nition dfy and the fourth line follows from the fabt, PH and thah! minimizes
squared error o®] amongstalh PH.

13
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Finally we calculate:

err 1 errr
E i yf pfrmxg yds

pxiy q
E rfr ixq y¢ pfixg yofs E rpfimxq yof pfrpxg yos
px;yq D pxyq D
i 5 E rfimxg yod pfrxq yofs
px;yq D
, 1
! B m
¥ B

where the last equality follows from the fact that¥ 28

The 2nd inequality follows from the fact that for every pairy g

~ 1
Arma yf pfrpxg yd¥
To see this we consider two cases. Spde10; 1s, if fTpxq j lorfTmq O0thenthe Round operation decreases squared
errorand we havgTxq yo p frmxg yof ¥ 0. Inthe remaining case we hakepxq P 0; 1sand frmxg frmq
issuchthat |@ -i. Inthis case we can compute:

2m
Frxqg yof pfrxa yof  pfrixqg y¢ pfrxq yd
2 fmxg yq 7
¥ 2 | 2
1
m

O

Theorem 4.5. Fix any distributionD P Z, any modef : X Nr0;1s any i O, any class of real valued functioihs
that satis es the -weak learning condition relative tD, and a squared error regression oradd, for H. Let and
B 1 (orany pair such that {B 2). Then LSBoogt; ;A 4 ;D;Bqhalts after at mosT & -2 many iterations
and outputs a modél 1 suchthaff + ; is2 -approximately Bayes optimal ovBr.

E rfr 1xq yofse E rpf xq yds 2
pxyq D pxyq D

wheref Xq Epyq prysis the function that minimizes squared error oer

Proof. At each round before the algorithm halts, we have by construction thatererr, 1 55, and since the squared
error off ¢ is at mostl, and squared error is non-negative, we must fHawe 28 2.

Now suppose the algorithm halts at rouficand outputd + ;. It must be that efr | errr 3 72 Suppose also that
fr 1isnot2 -approximately Bayes optimal:

E rofr ixq yof pf g ydsi 2
pxyq D

We can write this condition as:

Prifr apxg vs  E rfroama yo pfoxa yqlfr axg vsi 2

vPri{ms PGy q

De ne the set:

StvPr{ms: E Drp‘T xq yof pf mq ydlfr ixq vs¥ u
Py q

14
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to denote the set of valuesin the range of 1 1 such that conditional ohy 1xq v, ft i is atleast -sub-optimal.
Since we have botly P 10;1sandfr 1pxq P 0;1s for everyv we must have thargf+ 1pxq yo¢ pf mq
yE|f+ 1xq vs & 1. Therefore we can bound:

2 T Prifr gxg vs  E it ixq yof pf g yflfr ixg s
vPri{ms piya D
a Pr rx PSs pl Pr rx PSsq
piyq D piyq D

Solving we learn that:

Pr rx PSs¥ 2

¥ 2
pyq D q

Now observe that by the fact thelt is assumed to satisfy theweak learning assumption with respectioat the nal
roundT of the algorithm, for every P S we have thah! satis es:

E rfr axq yof phimg yeflfr ixq vs¥
Py o D

Leteffr  Exyq pfPTXq yoPsTherefore we have:

err 1 efrr | Prorfr axq vs E rfr ixq yo¢ phyxg ydlfr ixq vs
vPrl{mst;yq D pyaq D
¥ Pr rfy 1xqPSs
pxyq D
¥ 2

2
We recall thaferrr  errr| 2@ {m - and so we can conclude that

2

err 1 erg ¥ >

which contradicts the fact that the algorithm halted at rolindompleting the proof. O

Theorem 5.2. Fix a distributionD P Z. LetH be a class of functions that is closed under af ne transformation.
Multicalibration with respect tdH implies Bayes optimality oved if and only ifH satis es the weak learning condition
relative toD.

Proof. To avoid measurability issues we assume that mddabve a countable range (which is true in particular whenever
X is countable) — but this assumption can be avoided with more care.

First we show that iH satis es the weak learner condition relativeldg then multicalibration with respect td implies
Bayes optimality oveD. Suppose not. Then there exists a funcfiatihat is multicalibrated with respect i andH, but
is such that:

E mixq yfsi E rf mq yds
pcyd D pcy d D
By linearity of expectation we have:

Prfxq vs E rfmxg yo pf g yqlfxg vsj 0
VPR q pxiyq D

In particular there must be someP Rpf qwith Pry p, rf pxg  vs j Osuch that:

E rixqg yqflfxg vsi E rgf g yflfxg vs
px;yq D pxyq D
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LetS t x:fpxqg vu Observe thatiH is closed under af ne transformation, the constant functignq 1isinH,
and hence multicalibration with respectHioimplies calibration. Sincé is calibrated, we know that:

E rov yd|xPSs min E e yof|x PSs
pxyq D CPR pxyq D

Thus by the weak learning assumption there must exist $oRE such that:

Erv yo phxg yd|x PSs Erpfpxq yof phxg ydlfmxg vsi O

By Theorem 3.2, there must therefore exist sdthB H such that:

E rhixqy vafmxq vsi O
pxyq D

implying thatf is not multicalibrated with respect tb andH, a contradiction.

In the reverse direction, we show that for adythat doesot satisfy the weak learning condition with respectpthen
multicalibration with respect tbl andD does not imply Bayes optimality ov&. In particular, we exhibit a functioh
such thaf is multicalibrated with respect td andD, but such that:

E rfmxq yffsi E rf xq yefs
px;yq D px;yq D

SinceH does not satisfy the weak learning assumption @ethere must exist some sg&t, X with Prrx PSs j 0such
that

E rf ™q yd|xPSs min E rx y¢f|x PSs
pxyq D CPR pcyq D
but for everyh PH:
E rmhxqg yFIxPSs¥min E rc ydf|x PSs
pxyq D cPR pxyq D

LetcpSQ  Epyq plYIX PSs We de nef xqas follows:

#
f X RS
f g Xq
cSqg xPS
We can calculate that:
E rfmxg yes
piyq D
Pr x PSs E rppSq ydf|xPSs  Pr rxRSs E rf mq yof|x RSs
piGyq D piyq D pyq D pyq D
i Pr xPSs E rf mq yf|xPSs Pr rxRSs E rgf mxq yd|x RSs
pxyq D pyq D pxyaq D pxyq D
E rmf mxq yes
myq D

In other wordsf is not Bayes optimal. So if we can demonstrate thet multicalibrated with respect td andD we are
done. Suppose otherwise. Then there exists doél and somes P Rpf gsuch that

E rhxaqy vafmg vsi O
pyq D

By Theorem 3.2, there exists somEP H such that:

E mhixq yflfxg vs E rfmxq yoflf kg vs
pxyq D pxyq D
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We rst observe that it must be that cpSq If this were not the case, by de nition &f we would have that:

E rmh'xq yflfmxqg vs  E rf xq yoflfxg vs
pxyq D px;yq D

which would contradict the Bayes optimality ©f . Having established that cpSqwe can calculate:

EDrphlrxq yfIf kg cpSgs

Xy g
Pr rx PSs E rph'xq yof|x PSs
pxyq D pxyq D
Pr rx RS;fmq cpSgs E rphlxq yof|x RS;fpxq cpSgs
piyq D piyq D
¥ Pr x PSs E rph'xq ydf|x PSs
pydq D pxyq D

Pr rxRS;fxq ciSqgs E rpfmxg yq|x RS;fxq  cpSqs
pxyq D pyq D

where in the last inequality we have used the fact that by de nifigmg f pxqgforall x RS, and so is pointwise Bayes
optimal for allx RS.

Hence the only way we can ha#yy q prph’xq YF|f xq  cpSas Exyq o Xq  y&If pxq  cpSgsis if:

E rh'xq yqf[xPSs  E rpepSq yq|x PSs
pxiyq D pxyq D

But this contradicts our assumption thtviolates the weak learning condition & which completes the proof.
O

Theorem 6.2. Fix a distributionD P Z and two classes of functiom$ and Cthat are closed under af ne transforma-
tions. Then if : X N r 0; 1sis multicalibrated with respect t® andH, and ifH satis es the weak learning condition
relative toCandD, then in factf is multicalibrated with respect tb andCas well. Furthermore,

E rmfmxg yfsemin E rpxg yos
pyq D cPC px;yq D

Proof. We prove the theorem in two lemmas as follows.

Lemma B.4. Fix a distributionD P Z and two classes of functiohkandCthat are closed under af ne transformations.
Then iff : X Nr 0; 1sis multicalibrated with respect tD andH, and ifH satis es the weak learning condition relative
to CandD, then in factf is multicalibrated with respect tB andCas well.

Proof. We assume for simplicity thdt has a countable range (which is without loss of generality e.g. whebevsr
countable). Suppose for contradiction thas not multicalibrated with respect t@andD. In this case there must be some

¢ P Csuch that: ,

Prif xq vs E rexqy vagfmg vs O
VPR g payq D

SinceC is closed under af ne transformations (and so botand c¢ are inC), there must be some P C and some
v PR qwith Prrf ixq  vs | Osuch that:

E rc'xqy vgfmxg vsi O
pxyq D

Therefore, by the rst part of Theorem 3.2, there must be sofrfe Csuch that:

E mxq yflfxg vs E v yqlfpxg vs
pxyaq D pcy a D
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SinceH is closed under af ne transformations, the functigxkg 1 is in H and so multicalibration with respect tb
implies calibration. Thuy  ys, forS, t x : fxq vu. Therefore, the fact that satis es the weak learning
condition relative taCandD implies that there must be sorhé® H such that:

E rmhxq yflfxg vs E rpv ydflf g vs
pxyq D pxyq D

Finally, the second part of Theorem 3.2 implies that:

E rhpxay vafmxg vsj O
px;yq D

which is a violation of our assumption thfatis multicalibrated with respect td andD, a contradiction. O

Lemma B.5. Fix a distributionD P Z and two classes of functiofs andC. Then iff : X N r 0; 1sis calibrated and
multicalibrated with respect t® andH, and ifH satis es the weak learning condition relative @andD, then:

E rmfmxg yfsamin E rpxg yos
PGy q D CPC pxyq D

Proof. We assume for simplicity thdt has a countable range (which is without loss of generality e.g. whedevsr
countable). Suppose for contradiction that there is soRR€ such that:

E roxq y¢fs E rfmxg yefs
pxyq D pxyq D

Then there must be someP Rpf gwith Prrf pxq  vs j Oand:

E rmexq yflfxg vs  E rv o yqlfxg s

pcyq D pyq D

Sincef is calibratedy ys, forS, t x:fpxgq vu. Therefore, the fact thad satis es the weak learning condition
relative toCandD implies that there must be sorhé®H such that:

E mhxg yqlfxg vs E rv yqlfxg vs
pxyq D pyq D

Finally, the second part of Theorem 3.2 implies that:

E rhxqy vafmpxg vsi O
pcyq D

which is a violation of our assumption thfatis multicalibrated with respect td andD, a contradiction. O

C. Generalization Bounds

Our analysis of Algorithm 1 assumed direct access to the data distridbtidn practice, we will run the algorithm on

the empirical distribution over a samplemfointsD  D". In this section, we show that when we do this, so long as

is suf ciently large, both our squared error and our multicalibration guarantees carry over from the empirical distribution
overD to the distributiorD from whichD was sampled. Most generalization bounds for multicalibration algorithms (e.qg.
(Hébert-Johnson et al., 2018; Jung et al., 2021; 2022; Shabat et al., 2020)) are either stated and proven for nité, classes
or are proven for algorithms that do not operate as empirical risk minimization algorithms, but instead gain access to a fresh
sample of data from the distribution at each iteration, or are proven for hypotheses classes that are xed independently of
the algorithm. We have a different challenge: Like (Hébert-Johnson et al., 2018; Jung et al., 2021) we study an iterative
algorithm whose nal hypothesis class is not xed up front, but implicitly de ned as a functiod oBut we wish to study

the algorithms as they are used—as empirical risk minimization algorithms—so we do not want our analysis to depend on
using a fresh sample of data at each iteration. And unlike the analysis in (Jung et al., 2022} fraentinuously large

(since it is closed under af ne transformations), so we cannot rely on bounds that deptylldh Instead we give a

uniform convergence analysis that depends on the pseudo-dimension of our class of weakHearners
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De nition C.1. Pseudodimension[(Pollard, 2012)] Lét be a class of functions frokd to R. We say that a se$
PX1;:: 5 Xm Yo ymg PX™  R™ is pseudo-shattered Wy if for any goy;:::;bng P 0; U™ there existsh P H
suchthat@ hpxiqi y @ b 1 The pseudodimension Bff; denotedPdimaH qis the largest integem for whichH
pseudo-shatters some &0f cardinalitym.

Although hypotheses iH are continuously valued, Algorithm 1 outputs functions that have nite ratfias, and so we
can view them as multi-class classi cation functions. Our analysis will proceed by studying the generalization properties
of these multiclass functions, which we will characterize using Natarajan dimension:

De nition C.2 (Shattering for multiclass functionsINatafajan, 1989; Shalev-Shwartz and Ben-David, 2014) Asgt
X is shattered by if there exists two functiorfsy; f1 : C N r kssuch that

1. Foreveryx PC;foxq fiXq
2. ForeveryB , C there exists a functioh PH such that

@ PB;hxg fomxgand@ PC B;hxq  fipxqg

De nition C.3 (Natarajan dimension)Natarajan, 1989; Shalev-Shwartz and Ben-David, 2014) The Natarajan dimension
of H, denoted\NdimpH g is the maximal size of a shattered €21, X.

We can then rely the following standard uniform convergence bound for multiclass classi cation. This statement is slightly
modi ed from the result in Shalev-Schwartz and Ben-David to account for our use of squared error. The result still holds
on account of the fact that the Cherhoff bound only relies on the loss function being bounded, and ours is indeed bounded
between 0 and 1.

Theorem C.4 (Multiclass uniform convergence)Shalev-Shwartz and Ben-David, 2014) Let j 0 and letH be a
class of functioné : X N r 1{kssuch that the Natarajan dimensiondfisd. LetD P pX r 0;1sgbe an arbitrary
distribution and leD  tp X1;y1G:::;Xn;YnAYx ;y;q o D€ @ sample af points fromD. Then for

dlogkqg logpl{ q

wp '

O

Pr max E rpy hmxads E ry hmads ¥ s o :
hPH pyq D payq D

Our strategy will be to bound the Natarajan dimension of the class of models that can be output by Algorithm 1 in terms of
the pseudodimension of the underlying weak learner, then apply the above uniform convergence result. To do so, we will
rst use the following lemma, which bounds the Natarajan dimension of functions that can be described as post-processings
of binary valued-functions from a class of bounded VC-dimension.

Lemma C.5. (Shalev-Shwartz and Ben-David, 2014) Suppose we hhirary classi ers from binary clas$l i, and a
ruler : t0;1u N r ksthat determines a multiclass label according to the predictions of thimary classi ers. De ne the
hypothesis class corresponding to this rule as

H t rphipqiiishopag phg;iiishg P plong u

Then, ifd  VCdimpH ,inG
NdimpHqg = 3'd logpdg

Recall that the VC-dimension of a binary classi er is de ned as follows:

De nition C.6 (VC-dimension) (Vapnik and Chervonenkis, 1971) liétbe a class of binary classiers : X Nt 0; 1u.
LetS t Xxp;:i:i;xmuandlet ypSq tp hpiG:::;hpxmag: h PHu , t 0; 1u™. We say thaSB is shattered b\ if

HPSg t 0;1u™. The Vapnik-Chervonenkis (VC) dimensiorHgfdenoted VCdimH g is the cardinality of the largest
setS shattered byH .

Lemma C.7. LetHyqostbe the class of models output by LSBpihstA  ; ; B g(Algorithm 1) for any input distribution
D and letd be the pseudodimension of its input weak learner dthss

Ndim pHpoosl @ 2498 { c’dlog B{ ¢’d :
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Proof. Let m be de ned (as in LSBoogt; ;A y;D;B0 to be2B{ . Because our models are always rounded to the
nearest value iml{ms, we can think of the moddl; generated in every round of the algorithm multiclass classi cation
problems ovem classes. We will show that our nal model can be written as a decision rule that maps the outputs of some
Boolean classi ers tol{ms, and that these Boolean classi ers have VC dimension that is bounded by the pseudodimension
of the weak learner class. Then, we will apply Lemma C.5 to get an upper bound on the Natarajan dimension of the class
of models in terms of, B , and the pseudodimension of the input weak learner ¢lass

Consider the initial round of the algorithm. We can convert our (rounded) initial regréggora series ofn Boolean
thresholdinggy, which return 1 wherigpxq ¥ v:

#
0 1 iffoxq¥v;.

0 otherwise.

Thesem Boolean thresholdings can then be mapped back to the original predictionl§wes using a decision rule
r :t0; 1u™ N r 1{mswhich picks the largest of the thresholds that evaluates to 1, and assigns that index to the prediction:

r oPtgy W prafmsAXd argiFm?%(si lrogyxq 1s

Note that since our initial predictdp was already rounded to take values1fims the largest such thaf gpxq ¥ v will
be exactlyf gpxq sorg is exactly equivalent tho. Similarly, at roundt 1 of LSBoostf; ;A ;D;Bg we will show
that the modef; ; can be written as a decision rule 1 overm pt 1gn? binary classi ersg, where

#
¢ 1 ifhixg¥i 1{p2mqg
! 0 otherwise. '

Here, the thresholds measure halfway between each level $€tpeashas yet to be rounded to the nearest level set. We
can write a decision rule that maps these thresholds to classi cationsves

re 1 rotgh tUypgms ™9 1rrgxg vsarg max_ i irg,, 'xq  1s ;
vPri{ms

Now, we need to show that this decision rule evaluated at rousckquivalent tdf;. We proceed inductively. For our
base case, we have already argued that our initial decisiomgigesquivalent to the classi efry. Now, say that we have
decision rule; over binary classi erg) that is equivalent to modél. Then, we can write

Ne 1 rt;tg\t/;ilu;vPrl{ms Xq ’ lrrixq vsarg.max i 1rg\t/;i1p(q 1s ;
vPri{ms 1Pri{ms
1rfyxq vsarg max i 1rg\‘,.i1p<q 1s
iPri{ms ’
vPri{ms
1rfyxq vsarg max i 1rh! 'mq¥i 1{p2mgs
iPri{ms
vPri{ms
1rfyxq  vsRounghy *pxqq
vPri{ms
ft 1Xqg

where the second line comes from the inductive hypothesis and the second to last line's equality comes from the fact that
the largest such thah!, ‘mxq 1{p2mq ¥ i will be the exact rounded prediction b§ *pxqg

Now, we need to show that at round 1, the decision rule is a decision rule over p t  1gm? binary classi ers. Note
that our initial decision ruleo hasm m 0 m? binary classi ers. Say that at rouridve have a decision rulg over
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m tm? classi ers. In the following round, we builth? new Boolean classi ersy ;i forv;i P ri{ms So, atround 1
we havem tm2 m? m pt 1gm? classi ers total.

From Theorem 4.3, we know that Algorithm 1 halts after at nffost 2B{ rounds, at which point it outputs model ;.
So, we can rewritét ; as a decision ruler ; composed ofatmosh p T 1gn? Tm? Boolean models. Plugging
in our bound forT and de nition ofm, this gives us a decision rutg 1 composed of at most2& 3 Boolean classi ers.

Let G be the class of Boolean threshold functions ddei.e. functionsy : X Nt 0; 1usuch that

#
1 hxqg¥i

L

for someh PH andi PR. Say that the VC-dimension @is d. Then, applying lemma C.5, it follows that

3 3
NdimpH poosd @ 3 G dlog Gl dt

3
20 B dlog B q

Now, it remains to show that we can bound the VC-dimension of these thresholding functions by the pseudodimension
of the weak learner cladd. Note thatG as we have de ned it above is a richer hypothesis class than the actual class of
thresholding functions used in the above analysis, because it can threshold at any Valathier than being restricted
torl{ms Thus, its VC dimension can only be greater than the VC dimension of the class of threshold functiods over
restricted tal{ms and hence an upper bound on the VC dimensio@ wf terms of the pseudodimensionldfwill also

be an upper bound on the VC dimension of the restricted class of threshold functions.

Let d be the pseudodimension Hf, and say thatl  d. By the de nition of VC-dimensiont0; 1u¢ ! must be shattered

i PRsuchthahpxiqj ii b landsuchthah 1f hpx;qj i. Butthis means that; 18 ! is pseudo-shattered
by H; and thus the pseudodimensionkéfis notd. Thus, it cannot be the case tltht d%; and hencel' @ d, i.e. the
VC dimension ofG is bounded above by the pseudodimensiotiof Plugging this bound into the above bound on the
Natarajan dimension gives us that

NdimpH poos @ 24 B dtlog B dt

1124E dlog Gl d

Now, we can state the following uniform convergence theorem for our nal model.

Theorem C.8(Squared Error Generalization for Algorithm 1Det ; ; ;B | 0. LetHpqostbe the class of models that
can be output by LSBogkt ;A 4 ; ; Bq(Algorithm 1) for any input distributiod and letd be the pseudodimension of
its input weak learner clasl. LetD tp X1;Y1G:::;Xn;Yn0QUx, .y q 0 D€ @ sample of points drawn i.i.d. fronD.
Then if

o

dBSlog’pdB{ q logpl{ q
32 2
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Pr  max E rpy hmxads E ry hxgds ¥ s o
hPH boost px;y q D px;yq D

Proof. This follows directly from Theorem C.4 and the bound on the Natarajan dimension in Lemma C.7. O

We also would like to know that our multicalibration guarantees are generalizable. Rather than doing a bespoke analysis
here, we can rely on the connection that we have established between failure of multicalibration and ability to improve
squared error and argue that if the nal hypothesis output by the algorithm was not multicalibrated with high probability
then it would be possible to improve its squared error out-of-sample. Thus, by our previous generalization result for squared
error, it would be possible to improve the squared error in-sample as well, giving us a contradiction.

Theorem C.9 (Multicalibration generalization guaranteelet ; ; ;B j 0 and consider the modélk 1 output by
LSBoogff; ;A 4;D;B gfor some sampl® of n points drawn i.i.d. from distributio® such that

dB®log’pdB{ g logpl{ g
o 32 2

Thenif o 2z, with probability greater than or equal tb 2 it follows thatfy ; is2 -approximately multicalibrated
with respect to the distributioB.

Proof. LetD tp X1;Y1G:::;Xn;YndYx . q p- CoOnsider the moddl ; output by
LSBoostf; ;A 4 ;D;B g and recall that within the run of the algorithm there was also a mibdele ned in the nal
round. Say that modék 1 is not2 -approximately multicalibrated with respectiizs and the true distributio®.

Since the algorithm running on the sample halted, it must have been that the model in the nal round improved in squared
error by less than {p2B gwhen measured with respect to the saniple

E rfr 1 yfs E rmfr ydsap {2Bg

pyq D pyaq D

Consider what happens if we run the algorithm again, but Wjth; as its initial model and now with the underlying
distribution as input rather than the samplengfoints. Letf + be the model found in the rst round of running this process
LSBoospft 1; ;A p;D;Bg Sinceft pisnot2 approximately multicalibrated with respect@oandH g , then by an
identical argument as in the proof of Theorem 4.3, it it must be that a single round of the algorithm improves the squared
error onD by atleast {B. Thus,Epcyq ot 1 YPS Epmyq o'+ y&si {B.

We know from our previous convergence bound, Theorem C.8, that with probability; | Epy q orpf+  yofs
Epxyq o1 yd&s| . So,fi mustwith high probability also improve on the sample

5 E rfr 1 yofs E rpfi  yofs

pxyq D pxyq D

E roft 1 yofs E rgfi  yofs (with probability¥ 1 )
pxyq D pxyq D

E rmfr 1 yfs E rpfd yefs 2 (with probability¥ 1 2)
pxyq D pxyaq D
B 2

where the last line comes from the fact that the errofofon D cannot be less than the errorfof on D, or else the
regression oracle would have found it. Now we have a contradiction: since we have sgt,

B 2B ‘B
g:
So, it must follow thaf+ 1 is, with probabilityl 2 ,2  approximately multicalibrated. O
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D. The Relationship Between Approximate Multicalibration and Approximate Bayes
Optimality

We now turn our attention to deriving a relationship between approximate multicalibration and approximate Bayes op-
timality. To do so, we'll introduce an even weaker weak learning condition that has one additional paranh@aer
bounding the mass of sefsthat we can condition on while still requiring the weak learning condition to hold. We remark
that Algorithm 1 can be analyzed as a boosting algorithm under this weaker weak learning assumption as well, with only
minor modi cations in the analysis.

De nition D.1 (p; ¢gweak learning condition)Fix a distributionD P Z and letH be a class of arbitrary real-valued
functions. We say that satis es thep; ¢weak learning conditiofior D if the following holds. For every s& , X
such thatry p, X PSsi if

E rpf yf | x PSs E rys yd|xPSs ;
pxyq D pxyq D

whereys  Epxyq plY | X PSs then there exists PH such that

E rhxq yod | xPSs E rys yod|xPSs
pcyq D pyaq D

We may now prove our theorem showing that approximate multicalibration with respect to &l dlagdies approximate
Bayes optimality if and only iH satis es thep; gweak learning condition. We recall Remark B.3, which notes that
we must restrict approximate multicalibration to a bounded subsdt, @fs we will assume thad is closed under af ne
transformation.

Theorem D.2. Fix any distributionD P Z, any modef : X N r 0;1s and any class of real valued functioHsthat is
closed under af ne transformation. Let:

H; t hPH :maxhme o 1u
xPX

be the set of functions iH upper-bounded b onX. Letm | Rgfq, i O,and = %. Then ifH satis es the
p; {maweak learning condition anfl is -approximately multicalibrated with respectitt; on D, thenf has squared

error
E g yfs @ E o yefs 3:

Py g Py g

Conversely, iH does not satisfy thp; {maweak learning condition, there exists a moflel X N r 0;1sthatis -
approximately multicalibrated with respect kb; on D, for , and is perfectly calibrated ob, butf has squared
error

E rfmxq yofs¥ E rf yfs  A{m:
pxyq D pxyq D

Proof. We begin by arguing that-approximate multicalibration with respect kb; on D implies approximate Bayes
optimality whenH satis es thep; {magweak learning condition. Suppose not, and there exists a funttitvat is
-multicalibrated with respect td 1, but

E i yfs E rfmxq yds 3:
pxyq D py q D

Then there must exist someP Rf gsuch thaPry,., 4 prf xq vsj {mand

E mf  yd|fxg vs E rgmq yd|fmxg vs 2:
pxyq D pxyq D

We observe that sinckl is closed under af ne transformation, the constant functiqgmq lisinH, and so -
approximate multicalibration with respectltt, implies -approximate calibration as well. Thus by de nition,

2

Prif xq vs E rv y|fxg vs =©o
pyq D
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Lettingy, Ery | fxq vs our lower-bound thaPrrf xq vs i {m gives us thapy y, @ m{ =& 2 2
We now use this upper-bound on calibration error in conjuction with our lower-bound on distance from Bayes optimality

to show that the squared error of the constant predigtonust also be far from Bayes optimal.

E mf xq yof|fxg vs E rfmxq yof|fxg vs 2
D pcyq D

pxy q
E ™ Y Y YFlfxg vs 2
pyq D
E v YF|fxg vs pv wod 2
pxyq D
E v yoFf|fmxg vs
px;yq D

Thep; {magweak learning condition then guarantees that there exists bdPté¢ such that

E mh yflfxqg vs E rmy yd|fpxg vs
pxyq D pxyq D

By Lemma B.2, the fact thdt improves on the squared lossygfby an additive factor, on the set ok such that p;xq v,
implies thaterhpxqy yvq|fpxg vsj {2. Becausd is -approximately calibrated oD, we can use the existence
of such arh to witness a failure of multicalibration:

Erhpy vq|fpxq vs
Erfhxay yv v valfmxg vs
Erhpxay walfmxg vs Erhpxayy vglfpxg vs

i {2 1w Vvl
i {4
Then
2 3
Prrf h f T —
rrmq vs px;yFE Df Xay vqglfpxg vs 16m

° . Therefore

contradicting our assumption thatis -approximately multicalibrated with respect kb, for o

approximate multicalibration with respectlb, must imply thaff is approximately Bayes optimal.
It remains to show the other direction, thatapproximate multicalibration with respect to a classimplies approximate
Bayes optimality only ifH satis es thep; {mqgweak learning condition. If this claim were not true for the stated
parameters, then there must exist a cldssuch that every predictdr that:

e is -approximately multicalibrated with respecthy

« is perfectly calibrated oD

* has range with cardinalitfRpf g m

also has squared error withirf{m of Bayes optimal, buH does not satisfy the weak learning condition. We will show
that no such class exists by de ning, for any classnot satisfying the weak learning condition, a predidtothat is
-approximately multicalibrated with respect to that class, but has squared error that is not ®fthinf Bayes optimal.

Recall that if a clas$l does not satisfy thp; {magweak learning condition, then there must be someSgesuch that
Prrx PSysi  {m, there does not exist anP H such that

E mh yf|xPSys E rys, YL IXPSys ;
px;yq D px;yq D

but for the Bayes optimal predictor, it holds that its squared loss satis es

E rpf yof | X PSys E s, YF|xPSys ;
pyq D pyq D
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whereys,  Ery | X P Sy s For some hypothesis claBsnot satisfying the weak learning condition, and associated set
Sh ., letfy be de ned as follows: #
f g xRSy

f :
HIXq Ysu X PSy:

Note that, becaush, is constant orSy , there must be someP Rif gsuch that the level s&, t x PX :fxgq wvu
containsSy . To see thafy is -approximately multicalibrated with respecthty, we rst consider the contribution to
multicalibration error from the level sets not containtg. For allh PH andv PRpf gsuch thav  ys,, ,

E rhxqy fumxaqlfumxg vs E rhpxay f maqlfupxg vs
pxyq D px;yq D

E E rhxay|fuxq vs E rhxd xq|fupxg vs
X Dxy Dypxq X Dy

E E rhxoy|fuxqg vs E E rhpxoy|fupg vs
x Dxy Dymxq x Dxy Dymxq

0:

For the level seB, for whichSy ,, S,, we know from the argument above that the elemanf® S, zSy contribute
nothing to the multicalibration error, d§gxq f pgon these elements. So,

E rhxqy fumaqlfmxgq vs Pr rxPSys E rhpxqy Vs, g[xPSys
pyq D x Dx pxy q D

Pr rx RSys E rhpxqy f pxgq[x PS,zSys
Dx PGy d D

X

Pr xPSys E rhpxqy Vys,q|XPSys
x Dx payq D

Therefore iff y is not -approximately multicaliprated with respectty onD, it must be the case that there exists some
h PH; suchthaErhpxqy Vs, g |X PSusi . Then by Theorem 3.2, there must exist'e® H such that

E Ms, YF ph'xq yof|[xPSusi

pxyq D

But Sy was de ned to be a subset of for which no suchh?! exists and for whictPrrx P Sys i {m. This would
contradict our assumption that does not satisfy the; {mqgweak learning condition oD, and thereford y is -
approximately multicalibrated with respectiiy onD.

It remains to prove thdty is far from Bayes optimal.

E rfumxq yods Pr rxPSys E rpys, YF|XPSys PrrxRSys E rf g yd | X RSys
pcyq D x Dx pcyq D pxyq D

¥ PrrxPSys E rf  yof|xPSys
x Dx pxiy oD

Prrx RSys E rf g yof | x RSys
piyaq D

E rf  yofs Pr rx PSys
pcyq D x Dx

¥ E g yfs  Hm:
pxyq D

E. Approximate Multicalibration and Loss Minimization for Constrained Classes

In this section we prove approximate versions of the exact statements from Section 6, showing that approximate multicali-
bration with respect to a class implies approximate multicalibration with respect@GavhenH satis es a weak learning
condition relative taC. To do so, we need a re ned version of one direction of Theorem 3.2 that shows udsthétriesses

a failure of multicalibration with respect to sorheP H, then there is another functidrt PH that can be used to improve

onf's squared erronvhile controlling the nornof h?,
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Lemma E.1. Supposé is closed under af ne transformation. Fix a model: X N r 0;1s a levelsev P Rpf g and a
boundB j 0. Then if there exists am P H such thatmax,px hpx¢? @ B and

Erhpxqy  vafpxq vs¥

?_
for ¥ 0, then there exists an' PH such thatmax,px h'xd? @ p1  —B¢f and:

2
Ergf xq yof p h'xq ycf|f xq vs¥ 5

Proof. Lethlxq v h mgwhere R g Vs 85 in Theorem 3.2. Becaubpx is uniformly bounded by
onX, it follows thatErhpxcfs @ B, and we have already shown in the proof of Theorem 3.2 that this implies

2

Erfpq yd phixq ydlf kg vs¥

It only remains to bounthax,px h'xd?. We begin by lower-boundingrhpxcf | f pxq  vsin terms of .

2o Erhpxqy v |fxg vs
o Erfhxallly  val [fxg  vs’
o Erlhxq| [f kg vs
o Erhxdf | fxq  vs

where the last inequality follows from Jensen's inequality applied to the convex furigiian  x2.

O

We will also need a parameterized version of our weak learning condition. Recalling Remark B.3, for approximate multi-
calibration to be meaningful with respect to a class that is closed under af ne transformation, we must specify a bounded
subset of that class with respect to which a predictor is approximately multicalibrated. Then to show that approximate mul-
ticalibration with respect to one potentially unbounded class implies approximate multicalibration with respect to another,
we will need to specify the subsets of each class with respect to which a predictor is claimed to be approximately multical-
ibrated. This motivates a parameterization of our previous weak learning condition relative to @ dfsisswvill need to
assume that whenever there iB ebounded function irC that improves over the best constant predictor on a restriction of

D, there also exists B-bounded function itd that improves on the restriction as well.

De nition E.2 (B-Bounded Weak Learning Assumption Relativedp Fix a distributionD P Z and two classes of
functionsH andC. Fix aboundB | 0and letHg andG denote the sets

Hg t hPH :maxhmxde a Bu
xPX

and
G t cPC:maxexd @ Bu
xPX

respectively. We say that satis es theB -bounded -bounded weak learningondition relative toC and D if for every
S, X withPry p, IXxPSsj O if:

min E rpexq yof | x PSs E rys yod|xPSs
cPCs pcyq D payd D

whereys  Ery | X PSs then there exists PHpg such that

E rhxq yod |[xPSs E rys Yy |xPSs
pxyaq D pyq D
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Theorem E.3. Fix a distributionD B’ A and two classes of functiom$ and C that are closed under af ne transforma-
tions. Fix ¢;B j O.LetB! p1 %qz and a5 - Fix afunctionf : X N r 0; 1sthat maps into a countable subset

3
ofitsrange,andlem | RFql n 5w, and ﬁBZQ.Then if

+ H satis es theB “bounded -weak learning condition relative t6 andD
e f is y-approximately multicalibrated with respectandHg:

« f is -approximately calibrated oD,
thenf is c-approximately multicalibrated with respectiband G .

Proof. Suppose not and there exists somrfeGs such that

2

Pr rfxq vs E rexqy vglfmxg vs | ¢
vPRpqu Dx poya D

Then there must exist someP Rf gsuch thaPrrf ;xq  vsj 5% and

E rexqy vglfxg vsi {2
pxyq D

BecauseC s closed under af ne transformationS; is closed under negation, so there must also exist SBiR&; such
that

a
EDrclrany valfmg vsi {2

Xy g
Then Lemma B.1 shows that there is%aP Cp1 b g Gs: such that
C
E vy fmad py mad|fmxg vs¥ =  2:
pyq D 2B

Becausd is -calibrated orD, by de nition we have

2
Pr rfpxq vs E rv y|fmxg vs
x Dy pcyd D
Lettingy, Ery | fxg vs ourlower-bound thaPrrf xq vs i S gives us thapv Yo OF zl 162
So, because is close toy,, we can show the squared errorfomust be close to the squared errowfon this level set.

E rny fxad|fmxg vs E my w w fmxad|fxg vs
pxyq D pxy q D

E iy W& 2 wayy vqlfmxg vs py, Ve
pxyq D

E y wWoFlfmxa vs py, v
px;yq D

E ry W& |fmxg vs
px;yq D

Then, because the squared errocobn this level set is much less than the squared errér, @fe nd that ¢ must also
have squared error less than thayef

E y W py &mad|fmxg vsi E rpy fxad py cmxad|fmxq vs
px;yq D pxyq D

¥ 2
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We assumedt satis es theB “-bounded -weak learning condition relative 10, so this gives us a functidm P Hg: such
that

E rmy W py hxad|fmxg vsi
pxyq D

Then Lemma B.1 shows that
Erhxay walfmxg vsi {2

Soh witnesses a failure of multicalibration 6f since it follows that

Erhxay valfmxg vs Erhxgy walfmxg vs Erhpxayy v |fxg vs

i {2 Blle v
Bl
¥ 2 gm
{4
and so
2 c 2
Pr rf h f i i
. Ef)xf Xq Vs px;y% Df xay vqlfmxg vs 3om | 1
contradicting y -approximate multicalibration df onHg: andD. O

In (Gopalan et al., 2022), Gopalan, Kalai, Reingold, Sharan, and Wieder show that any predictor that is approximately
multicalibrated for a claskl and distributionD can be ef ciently post-processed to approximately minimize any convex,
Lipschitz loss function relative to the class The theorem we have just proved can now be used to extend their result to
approximate loss minimization over any other cl&sso long a#H satis es theB -bounded -weak learning assumption
relative toC. Intuitively, this follows from the fact that if is approximately multicalibrated with respectibon D,

it is also approximately multicalibrated with respectGoHowever, the notion of approximate multicalibration adopted

in (Gopalan et al., 2022) differs from the one in this work. So, to formalize our intuition above, we will rst state the
covariance-based de nition of approximate multicalibration appearing in (Gopalan et al., 2022) and prove a lemma relating
it to our own. We note that, going forward, we will restrict ourselves to distributidieserX t O;1u, as in this case the

two de nitions of approximate multicalibration are straightforwardly connected.

De nition E.4 (Approximate Covariance Multicalibration (Gopalan et al., 2028jx a distributionD overX t 0;1u
and a functionf : X N r 0; 1sthat maps onto a countable subset of its range, denBgicdy LetH be an arbitrary
collection of real valued functionis : X N R. Thenf is -approximately covariance multicalibratedth respect tcH

onD if

Pr fxq vs Erhmxg hyay yqlfpxg vse ;
VPRpf g« X

whereh, Erhxq|fxq vsandy, Ery|fmxg vs
Lemma E.5. Fix a distributionD overX t 0;luand a class of functions ok, H. LetHg denote the subset

Hg t hPH :maxhxd o Bu
xPX

Fix a functionf : X N r 0; 1sthat maps onto a coyntable subset of its range, dengéd; Then iff is -approximately
multicalibrated with respect tblg onD, thenf isp ~pl B ggapproximately covariance multicalibrated. That is, for
allh PHg,f satises

?_ ?_
Prif xqg vs Erphxqg hyqy wqlfpxkg vs e pl Bg
VPRpf g
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Proof.
Prrfxq vs Erphpxq  hvay  wal|fmxg vs
VPRpf g
Prrf xq vs Erhpxay |[fxq vs yhy
VPRpf q
Prif xq vs Erhpxoy |fxq vs vhy, vhy, yhy
VvPRpf g
Prif xqg vs Erhpxqy vql|fpxkg vs hypr  wq
VPRpf q
o Prifpxq vs |Erhxqy vglfmxg vs| hypr  yg
VPRpf g
? ?_ .
a B Prifpxq vs v wi
5 ?LPRFM
s pl Bg
a
where the second inequality follows from the fact thats @ Erx2sand the boundnaxcpx hpx? @ B. O

We now recall a theorem of (Gopalan et al., 2022), showing that approximate covariance multicalibration with respect to a
classH implies approximate loss minimization relativeHiq for convex, Lipschitz losses.

Theorem E.6. Fix a distributionD overX t 0;1luand a class of real-valued functions #n H. Fix a functionf : X N
rO; 1sthat maps onto a countable subset of its range, denBfgd} LetL be a class of functions ar0; lu R that are
convex and.-Lipschitz in their second argument.fifis -approximately covariance multicalibrated with respecttg
onD, then for every PL there exists an ef cient post-processing functiorsuch that

E rp;kpmxaggsemin E  rpy;hpags 2L
pGyq D hPHE pyq D
Corollary E.7. Fix a distributionD overX t 0;1uand two classes of real-valued functionsXrthat are closed under

af ne transformation,H and C. Fix a functionf : X N r 0; 1sthat maps onto a countable subset of its range, denoted
Rpf g LetL bggp class of functions dif; 1u - R that are convex antl-Lipschitz in their second argument. Fix;B i O.
P 3

LetB! p1 Lfand 5. let 4 mmsw,and ﬁ;ﬁ. Then if

+ H satis es theB ~bounded -weak learning condition relative t6 andD
e f is y-approximately multicalibrated with respectbandHg:

e f is -approximately calibrated oD,

then for every P L there exists an ef cient post-processing functiorsuch that
?_

?
E rpskgmxaqgsemin E rp;oxags 2L cpl  Bg
pxyq D cPCs pxyq D

Proof. We have from Theorem E.3 that given the assymed conglitfoms|l be c-approximately multicalibrated with
respect tcGz onD. It follows from Lemma E.5 that is ~ ~cpl B grapproximately covariance multicalibrated with
respect tadGs on D. The result of (Gopalan et al., 2022) then gives us that for &lL, there exists an ef cient post-
processing functiok: such that
? ?_
E rpskpmxaggsemin @ E rpioxqgs 2L cpl Bg
pxyq D cPCs px;yq D
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F. Additional Experimental Details

In this section we provide further details from Section 7 regarding the empirical evaluation of Algorithm 1.

F.1. Prediction on Census Data

In the evaluation of Algorithm 1 on US Census data from the folktables package (Ding et al., 2021), the exact features
included are:

feature description
AGEP age
cow class of worker
SCHL education level
MAR marital status
OCCP occupation
POBP place of birth
RELP relationship
WKHP | work hours per week
SEX binary sex
RAC1P race

Table 1: Features included in income prediction task.

DT(D) DT(2) DT(3)
#Weak Leamers—s——Gp~ | Fasters] LS | GB | Faster? LS | GB | Fasier?
50 level sets
100 911 | 11.97] X | 586 ] 2301 | X | 688 | 3292 | X
300 18.70| 35.81 | X |14.90| 69.17 | X | 1564 102.14| X
500 27.00| 5819 | X |2174|11565| X | 2477 169.90| X
1000 46.73| 116.49| X | 4292| 231.74| X | 46.38]336.89| X
100 level sets
100 718 [ 11.97] X | 529 ] 2301 | X | 506 ] 3292 | X
300 1308| 3581 | X |1355| 69.17 | X | 14.72| 10214| X
500 21.20| 5819 | X |1957| 11565 X | 2179| 169.90| X
1000 41.99| 116.49| X | 3626 231.74| X | 40.92| 336.89| X
300 level sets
100 587 | 1197 X | 918 | 2301 | X | 654 | 3292 X
300 1321 3581 | X |17.46| 69.17 | X | 11.13| 102.14| X
500 19.05| 5819 | X |2220| 11565 X | 19.64| 169.90| X
1000 32.80| 116.49| X | 36.61|231.74| X | 2712 336.89| X

Table 2: Time (in seconds) comparison of Algorithm 1 (LS) with fty level sets and Gradient Boosting to train certain
numbers of estimators for various weak learner classes.

In Table 2, we compare the time taken to traimnveak learners with Algorithm 1 and with scikit-learn's version of Gra-

dient Boosting on our census data. Recall that our algorithm trains multiple weak learners per round of boosting, and
so comparing the two algorithms for a xed number of calls to the weak learner is distinct from comparing them for a
xed number of rounds. Because models output by Algorithm 1 may be more complex than those produced by Gradient
Boosting run for the same number of rounds, we use number of weak learners trained as a proxy for model complexity,
and compare the two algorithms holding this measure xed. We see the trend for Gradient Boosting is linear with respect
to number of weak learners, whereas Algorithm 1 does not follow the same linear pattern upfront. This is due to not being
able to fully leverage parallelization of training weak learners in early stages of boosting. At each round, Algorithm 1 calls
the weak learner on every large enough level set of the current model, and it is these independent calls that can be easily
parallelized. However, in the early rounds of boosting the model may be relatively simple, and so many level sets may be
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sparsely populated. As the model becomes more expressive over subsequent rounds, the weak learner will be invoked on
more sets per round, allowing us to fully utilize parallelizability.

Figure 5: MSE and MSCE comparison of Algorithm 1 (LS) and Gradient Boosting (GB) on linear regression and decision
trees of varying depths. * indicates termination round of LS and occurs, from top to bottdm, &tl; 23; 39; 20.
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In Figure 5] we measure MSE and MSCE for Algorithm [T] and Gradient Boosting over rounds of training on our census
data. Again, we note that one round of Algorithm [I] is not equivalent to one round of Gradient Boosting, but intend
to demonstrate error comparisons and rates of convergence. For the linear regression plots, Gradient Boosting does not
reduce either error since combinations of linear models are also linear. As the complexity of the underlying model class
increases, Gradient Boosting surpasses Algorithm [I|in terms of MSE, though it does not minimize calibration error.

To further show the advantages of parallel training, in Figure[6|we plot the training performance over time for both Gradient
Boosting and Algorithm Tjusing various weak learners.

Training Performance over Time with Depth 1 Decision Trees Training Performance over Time with Depth 2 Decision Trees

—— Gradient Boosting — Gradient Boosting
0.05 LS (50 level sets) LS (50 level sets)
—— LS (100 level sets) —— LS (100 level sets)
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Figure 6: MSE as a function of training time for Algorithm (LS) and Gradient Boosting (GB) on decision trees of varying
depth.

We notice that Algorithm [T} like most machine learning algorithms, is prone to overfitting when allowed. Future per-
formance hueristics we intend to investigate include validating updates, complexity penalties, and weighted mixtures of
updates.

32



	Introduction
	Our Results
	Additional Related Work

	Preliminaries
	A Characterization of Multicalibration
	An Algorithm (For Multicalibration And Regression Boosting)
	Analysis as a Multicalibration Algorithm
	Analysis as a Boosting Algorithm

	When Multicalibration Implies Accuracy
	Weak Learners with Respect to Constrained Classes
	Empirical Evaluation
	Relationships between Multicalibration Definitions
	Proofs
	Generalization Bounds
	The Relationship Between Approximate Multicalibration and Approximate Bayes Optimality
	Approximate Multicalibration and Loss Minimization for Constrained Classes
	Additional Experimental Details
	Prediction on Census Data
	Prediction on Synthetic Data


