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Abstract

We study neural network loss landscapes through
the lens of mode connectivity, the observation
that minimizers of neural networks retrieved via
training on a dataset are connected via simple
paths of low loss. Specifically, we ask the follow-
ing question: are minimizers that rely on differ-
ent mechanisms for making their predictions con-
nected via simple paths of low loss? We provide
a definition of mechanistic similarity as shared
invariances to input transformations and demon-
strate that lack of linear connectivity between two
models implies they use dissimilar mechanisms
for making their predictions. Relevant to prac-
tice, this result helps us demonstrate that naive
fine-tuning on a downstream dataset can fail to
alter a model’s mechanisms, e.g., fine-tuning can
fail to eliminate a model’s reliance on spurious
attributes. Our analysis also motivates a method
for targeted alteration of a model’s mechanisms,
named connectivity-based fine-tuning (CBFT),
which we analyze using several synthetic datasets
for the task of reducing a model’s reliance on spu-
rious attributes. Code is available at: https:
//github.com/EkdeepSLubana/MMC.

1. Introduction

Loss landscapes of modern deep neural networks (DNNs)
have been shown to contain infinitely many global minimiz-
ers that are equally reachable via standard gradient-based
optimization techniques (Kawaguchi, 2016; Du et al., 2018b;
2019; Arora et al., 2018; Nguyen & Hein, 2017; 2018). Re-
cent work finds intriguing geometrical constraints relating
these minimizers (Simsek et al., 2021; Freeman & Bruna,
2016; Nguyen et al., 2018; Nguyen, 2019; Kuditipudi et al.,
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Figure 1. Mechanistic Lens on Mode connectivity. = Con-
sider two sets of parameters that minimize loss using background
OBackeround and object shape fshape as the input attributes for
prediction, respectively. Are such mechanistically dissimilar min-
imizers connected via paths of low loss in the landscape? Does
the dissimilarity of these mechanisms affect the simplicity of their
connectivity paths? Can we exploit this connectivity to switch
between minimizers that use our desired mechanisms?

2019; Nguyen et al., 2021), showing them to be connected
via a single, continuous manifold that emerges as a result
of overparameterization. The existence of such connected
sets of solutions has been heavily corroborated in literature
on mode connectivity (Garipov et al., 2018; Draxler et al.,
2018; Frankle et al., 2020; Entezari et al., 2021; Ainsworth
et al., 2022), which, quite surprisingly, shows that the paths
connecting global minimizers obtained via standard training
pipelines are relatively simple (e.g., linear or quadratic). In
parallel, several papers recently demonstrated that different
models trained on a task can perform radically differently
at test time (D’ Amour et al., 2020; Hermann & Lampinen,
2020; Hendrycks et al., 2021). This behavior can be par-
tially ascribed to models learning to utilize rather dissimilar
attributes of an input for making their predictions (Hermann
et al., 2020; Islam et al., 2021; Scimeca et al., 2021; Taori
et al., 2020). For example, in most vision datasets, back-
grounds are correlated with object categories—a sampling
bias (Beery et al., 2018; Xiao et al., 2020). Consequently,
a model can infer the correct label of an object by learning
mechanisms to identify either its background or its shape;
however, only models that rely on shape are likely to gen-
eralize robustly (Geirhos et al., 2018; 2020; Ritter et al.,
2017). Thus, despite models of both types being equally
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performant on a given dataset, the exact mechanisms theypaths, and training strategies.

use for making their predictions disallows for us to consider. Exploiting lack of linear connectivity to ef ciently alter
them equally useful. a model's mechanisms §6). Based on our analysis,
we propose a metho@onnectivity-Based Fine-Tuning
(CBFT), that exploits lack of linear connectivity between
mechanistically dissimilar models to induce models that
differ in speci c prediction mechanismg&g). Extensive

This work: We argue prior literature analyzing connectivity
properties in DNN loss landscapes has ignored the in uence
of the exact mechanisms a model implements for perform-
ing a task (see Fig. 1). In fact, due to inherent tendencies ) ! X
in the training pipelines of modern DNNs towards learning €XPeriments on synthetic datasets show CBFT is more
simple functions (Nakkiran et al., 2019; Valle-Perez et al., €ffective than recent methods (Kirichenko et al., 2022a;b;
2018; Rahaman et al., 2019; Shah et al., 2020; Mangalam Kumar etal., 2022) at reducing a model's tendency to rely
& Prabhu, 2019), minimizers identi ed via training on the N SPurious attributes for making its predictions.
same dataset often exhib_it s_imi_lar piases (Shah et aI.,_ 2029; preliminaries: Mode Connectivity
Nanda et al., 2022). Sudmilarity in the models' predic-
tion mechanisms may in uence the identi ability of simple Intuitively, mode connectivity along a path implies moving
connectivity patterns in the loss landscape, such as the on@ong that path does not witnelsarriers in error or loss.
observed in prior work. Importantly, it has remained uncleatWe formalize this below, in line with prior work (Frankle
if mechanistically dissimilamodels, e.g., ones that rely on et al., 2020; Garipov et al., 2018; Draxler et al., 2018; En-
background and ones that rely on shape, exhibit connectivityezari et al., 2021; Benton et al., 2021; Pittorino et al., 2022).
at all. Beyond a better scienti ¢ understanding of DNN loss Consider a neural netwofk: R"  RY! [K]that takes
landscapes, knowledge of such geometric properties relating-dimensional inputg 2 X~ R", has parameters2 R,
mechanistically dissimilar minimizers can possibly lead toand produces an outplifx; ) 2 [K ], where[K ] denotes
practical insights for designing post-hoc, sample-ef cientthe sef 1;2;:::;K g. We say “induces the modelf (:; ).
ne-tuning strategies that allow switching to minimizers that A model's loss on a datast2 X  [K] for set of parame-
follow our desired predictions mechanisms. Motivated byters is denoted using (f (D; )); is called a minimizer
questions above, we make the following contributions. ~ of the loss on that datasetlif(f (D; )) < , where is
« De ning a notion of mechanistic similarity(§3). We = Some small scalar. Note that we primarily focus on mini-
characterize mechanistic similarity of two models via Mizers obtained using SGD. We denote a continuous path
systematic interventions on the data-generating proces3gtween two sets of parameteis , as 1 ,(t), where
claiming similarity if the models arevariantto the same ~ :t .(0)= 1and ,, ,(1)= .
set of interventions. Our de nition is motivated to account De nition 1. (Mode Connectivity. Minimizers ;; » cor-
for the speci c attributes of an input (e.g., shape vs. backresponding to a datas& are called mode connected along
ground) a model relies on for making predictions. Whenthe path ,, ,(t) if moving along the path never yields
analyzed in the context spuriousattributes, our de ni-  barriers. Formally,8t 2 [0;1], L(f (D; ,1 ,(1)))
tion leads to a characterization of DNN loss landscapes L(f (D; o))+ (1 t) L(f(D; 1)).

that is relevant to challenges of robustness (D'’Amourags mentioned i1, prior work shows mode connectivity

etal., 2020; Teney et al., 2022; Jacobsen et al., 2018). g exhibited in modern DNNs' loss landscapes along rather
+ Characterizing connectivity properties of mechanisti-  simple paths. We focus on the following two families:

cally (dis)similar models §5). Our analysis shows that () Linear: ,, ,(t)=(1 t) ;+t, and

if two models lack linear connectivity in the landscape | . . _ 5 5 .

(up to architectural symmetries), they must be mechanistd) Quadratic: .1 () =1 )% 1 +2t( 1) 12+ 17 2

cally dissimilar, that is, existence of loss barriers on the | the above, 1, denotes a set of parameters that is explicitly
linear path between two models implies they have learnegptimized to identify a quadratic path connectingand »;
different invariances (see Fig. 4, 5). Our results especially,otaply, then, quadratic paths are a function of the data used

hold implications for nave ne-tuning of a pretrained  for jdentifying them (see App. C.1 for further discussion).
network, which often yields models linearly connected _ _ )
with the original pretraining solution (Neyshabur et al. Entezari et al. (2021) recently hypothesized that accounting

2020). Speci cally, if a model has learned to rely on spu-fOr permutation symmetryof DNN architectures (Hecht-
rious attributes during pretraining, our results imply mereNiélsen, 1990) in fact leads to observance of linear connec-
ne-tuning on some “clean” dataset may not improve its tvity between any two linearlylisconnectedninimizers

ropustness. We augment these rst steps towards a mgcl - *Note that DNNs exhibit several architectural symmetries and
anistic characterization of loss landscapes with extensiva more general statement would account for all such symmetries,
empirical veri cation over a broad variety of settings, as done by (Pittorino et al., 2022). However, symmetries beyond

including different datasets, architectures, Connectivit)Perm“ta,ti,O”S are unlikely to plfiy a'critical role in analysis of mode
connectivity of SGD based minimizers (see App. D for details).
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obtained using SGD; Entezari et al. (2021); Singh & Jaggi
(2020); Ainsworth et al. (2022) extensively probe and cor-
roborate this claim empirically. To demonstrate the robust-
ness of our results, we also assess whether accounting for
permutation symmetry leads to linear connectivity between
mechanistically dissimilar models. Speci cally, we follow
the “activation matching” algorithm used by Ainsworth et al.
(2022) and call these pathinear (permuted)

3. De ning Mechanistic Similarity

To analyze whether models that rely on different mecha-

nisms for making their predictions exhibit mode connectivFigure 2.Mechanistic Similarity: We de ne mechanistic similar-

ity, we must rst de ne a notion of mechanistic similarity ity of two models based on how they respond to unit interventions

between two models. For this purpose, we argue two modelgn the data-generating process, i.e., interventions on speci ¢ di-

are mechanistically similar if they utilize the same attributesmensions of the latent vectar e.g.,A1 (shape) and\, (back-

of an input to make their predictions (e.g., shape or backgroun_d) in the gure. Here, yellow circles repregent the prediction

ground). This can be assessed by transforming an input g @ 9iven model (column) on a counterfactual image (row). Mod-

alter some attribute of interest and thereafter checking if th Is whose predictions are invariant to .th.e same set of interventions
. . . .. (denoted ; 2) are termed mechanistically similar.

two models under consideration make the same prediction

on these transformed inputs. By using transformations that

embOdy task-relevant VUlnerab”itieS, this de nition can be Broad]y, unit interventions describe Systema’[ic manipu_

made practically well-motivated. For example, by choosingjations of the latent space of a generative process, while

background randomization as an input transformation, weounterfactuals describe mapping of these manipulations to

can assess whether two models rely on the (often) spuriouse observable data space. Note that due to independence

attribute of background to make their predictions (Fig. 1). of latent dimensions, our de nition of unit interventions

To formalize the intuition above, we describe a generativée@Sily composes and can model other notions of interven-
model of data that can represent input transformations iions (Sclblkopf etal., 2021; Peters et al., 2017). Combined
a general manner. Speci cally, we follow prior literature with counterfactuals_, unit |ntervent|ons_ are f[hus suf cient to
on disentanglement (Locatello et al., 2019; 2020; Greseld'0del any general input transformations in a formal man-
et al., 2020; 2021; Von Kgelgen et al., 2021) and Indepen- "€ and can be. l_Jsed to characterize the input attributes a
dent Component Analysis (ICA) (Hyvarinen & Morioka, NEWOrk is sensitive to, as shown next.

2016; 2017; Khemakhem et al., 2020; 2021), and assumPe nition 3. (Invariance.) We sayf (;; ) is invari-

that there is a latent spaZe R™, with z sampled froma ant to unit interventiomA; if counterfactuals generated
factorizable distribution (z) = ~, P(z), suchthateach by A; do not increase its loss, i.el (f(D; )) =

z uniquely maps to samples in the dataset via a generativé 7, L(f (E(D;A;); )).

processG @ Z ! X Kl ie,(xy) = &2). If G,  Pproposition 1. (Exhaustiveness of Unit Interventionslf

Gy de ne the components o producingx andy, the (.. ) js invariant to unit intervention\; andA | , it must
uniqueness of amounts to assuming invertibility @ (), pe invariant to their composition. Further, lack of invariance
denoted a3, " : X ! Z . Using the notations above, 15 A; or A; precludes invariance to their composition.

we can model input transformations as counterfactuals gen- . .
erated via systematic interventions on the data-generating'€ 2P0Ve statement shows that studying a model's response

process, similar to Besserve et al. (2018a;b). to individual unit interventions is suf cient to characterize

. . . which attributes of the data a model is using for making pre-
De n!thn 2. (U_n|t Interventlons and Counterfactuals.) dictions: if a model is invariant to a set of unit interventions,
A unit interventionA;" : Z; Z ; ! Z ; on the data-

. . . . . it must be invariant to their composition too; similarly, lack
generating proces§ is the alteration of thé!" dimension b Y

of a latent vectoz by setting it to a prede ned scalar. 2 of invariance to a unit intervention is suf cient to preclude
) y 9 P : invariance to all counterfactuals produced by the composi-
Zi. Meanwhile, a counterfactual procegs. X Z

Mo tion of that intervention and a set of invariant interventions.
Z ;! X transforms a sampl& by changing its

corresponding latent vectar = G, 1(x) via a set of unit This result thus helps us circumvent the need for assessing
P 9 = & a model's sensitivity to all possible combinations of inter-

interventions® := A ; 'g; and mapping it back to the  yentions to fully characterize it. We are now ready to de ne

inputspace, i.eE(GA) = G A ,m A PG ) o _ _
corresponding to all latent dimensions newtbe mentioned in
"We slightly abuse notation and assume that unit interventiong®: if a dimension is unmentioned, then its value is unmodi ed.

3
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Figure 3. Data-Generating Process (left) We augment the natural laterfts, g of a data-generating process with a set of synthetic
latentsf zsg. The attributes induced in the input by these synthetic latents are cald=dConditioning (grey, dotted line) the value of a
synthetic latent on the target labg){we can induce correlation between its corresponding cue and the desired model output. If the cue is
made easily separable, a DNN will preferentially learn mechanisms to use the cue for making its predictions (Shah et al., 2020) (see also
training curves in App. B)Synthetic Datasets (right).Following the protocol above, we embed synthetic cues in three existing datasets:

(1) CIFAR-10 with3 3 box cues whose locations depend on the target label; (2) CIFAR-10BwitB box cues colored according to

the rst digit of the object label, and located according to the second digit; and (3) Dominoes (Shah et al., 2020), where CIFAR-10 images
are concatenated with Fashion-MNIST images of the same class. We analyze counterfactual datasets that involve removingpthe cue (
Cu@, keeping it v/ cug, randomizing it Rand. cug or randomizing the natural image (denofeand. image These counterfactuals

help us ascertain the extent to which a model's prediction relies on natural vs. spurious attributes.

mechanistic similarity. to all points in dataseb, where intervention assignments
De nition 4. (Mechanistic Similarity.) Consider a set i &€ chosen uniformly from the respective range of values
of unit interventions® := fA ;g, wherei 2 [m]. For Zi- Then, 1 and  are called mechanistically connected

parameters , denote the subset of interventions that, )  along the path ,, (1) if, for all counterfactual datasets,
is invariant to asl () A Thenf (1) andf (;; ) are they are minimizers that exhibit mode connectivity.

called mechanistically similarif ( 1) = 1 ( 2). Essentially, if two minimizers exhibit mechanistic connec-

Fig. 2 illustrates mechanistic similarity in an intuitive man- tivity, then there exists a path such that moving along it
ner. Formally, given a set of independent transformationgloes not yield increase in loss on the counterfactual dataset
(instantiated by use of unit interventions), we say two moddescribed by any pre-de ned intervention; that is, all points
els are mechanistically similar if they exhibit invariance to ©n the path induce mechanistically similar models. Mean-
the same set of interventions. Our de nition shares motivawhile, if two minimizers induce mechanistically dissimilar
tion with the idea oprediction mismatchwhich involves as- Models, moving along any path between them will neces-
sessing the number of distinct examples two models producgarily involve a change in the mechanisms used for making
different predictions on, and has been used in prior workeredictions. If this change yields increase in loss on an
to analyze properties such as calibration and catastrophigtermediate point on the path between two minimizers,
interference (Hooker et al., 2019; Mania et al., 2019; Tonevdhen it is harmful for the distribution shift described by the
et al., 2018; Maini et al., 2022). In contrast, mechanisticcorresponding intervention. Mechanistic connectivity is de-
similarity is based on assessment of the number of distincf€d to succinctly capture this behavior and characterize
interventions on the data-generating process to which twée connectivities of mechanistically (dis)similar models.
models are simultaneously invariant. This makes mechgy e, for 4 Mechanistic Evaluation

nistic similarity more appropriate for problems involving
distribution shifts and robustness, where modeling the dataefore proceeding further, we discuss how we construct
generating process is of crucial importance (Kaur et al.mechanistically dissimilar models and assess mechanistic
2022). We next extend the de nition of mode connectivity connectivity between them. This allows us to interleave our
to account for mechanistic similarity of two models. formal results with experimental veri cation and demon-
De nition 5. (Mechanistic Connectivity.)Consider two  strate the validity of our claims in context.

minimizers ; and , of lossL(f (D; )) on a dataseD.

LetE(D) := fE(D;A;" z )™, denote a set of counter- Designing mechanistically dissimilar models. To design
factual datasets designed by applying unit interventidns models that use different mechanisms for making predic-

4



Mechanistic Mode Connectivity

Figure 4.Non-Linear Mode Connectivity of Mechanistically Dissimilar Models. We train ResNet-18 models on our synthetic CIFAR-

10 datasets with and without box-cues (denotednd nc, respectively). We evaluate quadratic and linear connectivity paths; quadratic
paths identi ed using both data with and w/o cues are analyzed. Line colors denote proportion of the training data with synthetic cues.
Plot titles denote evaluation data (see Fig. 3), including data where either the cue is present (w/ Cue), absent (w/o Cue), randomized (Rand.
Cue), or the underlying image is randomized (Rand. Image). As shaw!yjelds the same performance upon randomization of the

cue, while the performance o decreases substantially; i.e., the two minimizers induce mechanistically dissimilar models. We see: (i)
guadratic paths can be easily identi ed to mode connect mechanistically dissimilar models; (ii) linear paths cannot be identi ed, even
after permutations; and (iii) mechanistic connectivity is unfounded. See App. G for similar results on other settings and loss curves.

tions, we design easily manipulable synthetic datasets thatials via unit interventions. To that end, we highlight that
contain multiple viable discriminative attributes. Specif-the data-generating process de ned above is easy to unit-
ically, our data-generating process is illustrated in Fig. 3ntervene on. Speci cally, since the natural attributes and
and involves augmenting the natural generative process witthe synthetically embedded cue are controlled by indepen-
synthetic latent variables that are conditioned on the tadent latents, the following counterfactual datasets can be
get label. We refer to the attributes induced in the inputgenerated via valid unit intereventions: \{ijj Cue identity

by such latents asues By intentionally designing cues intervention that does not alter the cue; (ijo Cue re-

that are easily separable, we can exploitglmplicity bias  moves the cue from the image; (iRand. Cuerandomizes

of modern DNNs and force our models to preferentiallythe cue to break its correlation with the target label (e.g.,
utilize these cues over natural attributes for making theiuniformly changing location of the box in the CIFAR-10
predictions (Shah et al., 2020). Training curves for differentwith box cue dataset); and (i®and. Imagerandomizes the
models are shown in App. B and clearly demonstrate thamatural attributes by altering the underlying image, while
the process above yields mechanistically dissimilar modelkeeping the cue intact (e.g., replacing plane with cat). These
models trained with high correlation between cue and targetounterfactuals are especially interesting since they allow
label rely only on the cue for making predictions, showingus to assess how much a model relies on natural attributes
invariance to natural attributes; models trained without cuegound in the source image vs. our synthetically embedded,
are invariant to them. Importantly, such low-complexity spurious cues for making its predictions (see Fig. 3).

cues can be viewed as stand-ins for spurious or shortcut

attributes that are commonplace in realistic settings (Beerp. Mechanistic Analysis of Mode Connectivity

et al., 2018; Geirhos et al., 2020), allowing us to determin
whether minimizers that induce models reliant on spuriou
VS. non-spurious attributes are connected in the landscap

SNe now demonstrate how mechanistic similarity of two
émodels affects their connectivity patterns in the landscape.
We start with the following proposition, which is implied by
Generating counterfactuals for analyzing mechanistic ~ the results of Nguyen (2019); Simsek et al. (2021), and
connectivity. A primary need for our mechanistic analysis Shows mechanistically dissimilar models can indeed be
of mode connectivity is the ability to generate counterfacmode connected.

5
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(a) VGG. (b) ResNet18.

Figure 5.Analyzing Pre-trained vs. Fine-Tuned Models: Lack of Linear Connectivity implies Mechanistic Dissimilarity. We train

VGG-13 and ResNet-18 models on our synthetic CIFAR-10 dataset with box-cues and perfggnmeduning on data without cues

for 100 epochs using different initial learning rates (LR) and a step-decay schedule. Corresponding models aredaemdte¢t line

colors denote proportion of dataset with synthetic cues; titles denote evaluation datasets, similar to Fig. 4. We plot test accuracy as a

function of location on the linear paths (after permutation). Using a large learning rate or enforcing perfect correlation between the cue

and label induces loss barriers along the linear path, i.e., linear mode connectivity does not hold. Simultaneously, the models respond

differently to counterfactuals, i.e, they are mechanistically dissimilar and not connected. For a small/medium learning rate, we notice
rT remains linear mode connectivity on data with cues. Simultaneously, we see the corresponding models responding similarly on

counterfactuals and are mechanistically similar. See App. H for similar results on other datasets, models, and loss curves.

Proposition 2. (Mode Connectivity under Mechanistic Conjecture 1. (Lack of Linear Connectivity implies Mech-
Dissimilarity.) Assume 1; , are minimizers of the loss on anistic Dissimilarity.) If two minimizers ; and , of the

a dataseD and induce mechanistically dissimilar models.lossL (f (D; )) on a dataseD cannot be linear mode con-
Given suf cient overparameterization, there exists a continnected (up to architectural symmetries), their induced mod-
uous path along which the minimizers are mode connecteelsf (:; 1);f (:; 2) must be mechanistically dissimilar.

That is, even if two minimizers of loss on a dataBehduce |, App. F, we show the claim above holds true for a 1-

models that rely on completely distinct mechanisthere  higgen Jayer model on a simpli ed data-generating process
necessarily exists a continuous path along which the tWengpired by our setup. Here, we show extensive empirical
minimizers exhibit mode connectivity. evidence of its validity in more complex settings. In particu-
Note, however, the claim above does not yet address the sirar, we follow the experimental protocol of Neyshabur et al.
plicity of these connectivity paths, which is empirically ob- (2020), who demonstrate that a pretrained model exhibits
served to be surprisingly high for minimizers retrieved from linear mode connectivity on the original pretraining dataset
the same dataset. To investigate whether this property aldwefore and after ne-tuning on another target dataset. We
holds for mechanistically dissimilar models, we train VGG-thus train VGG-13 and ResNet-18 models on our synthetic
13 and ResNet-18 models on the synthetic datasets describddtasets with (partially) predictive cues and then ne-tune
in 84. We analyze accuracy on counterfactual datasets (se¢hem on data without cues. Results on CIFAR-10 with box
Fig. 3) along quadratic and linear paths (see Eq. 2), ineues are shown in Fig. 5; App. H has additional results. We
cluding quadratic paths identi ed using data with/without see thatvhen linear mode connectivity does not hold, the
cues, linear paths, and linear (permuted) paths. Results fone-tuned models behave differently on counterfactpiads,
ResNet-18 are shown in Fig. 4 and remaining are deferred tare mechanistically dissimilar to the pretrained model. For
App. G. Interestingly, we nd minimizers that induce mech- example, the models before and after ne-tuning using a
anistically dissimilar models can be mode connected vidarge learning rate do not exhibit linear mode connectivity;
fairly simple paths as wellwve see we can identify quadratic, correspondingly, the ne-tuned models exhibit clear invari-
but not linear, mode connectivity paths for two mechanistiance to cue attributes, while the pretrained models do not.
cally dissimilar modelsin fact, we conjecture that lack of Similarly, under perfect correlation between labels and cue
linear connectivity between two models is intricately relatedattributes, ne-tuned models are not linear mode connected
to their mechanistic similarity. with their pretrained counterparts, and exhibit different be-
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Table 1.Evaluating CBFT. We train ResNet-18 models on our synthetic CIFAR-10, CIFAR-100, and Dominoes dataset with different
proportions of samples with cue features and ne-tune them using 2500 “clean” samples from a dataset without any cues. Test accuracies
(%) on counterfactual test datasets with No Cue (NC), with Cue (C), Randomized Cue (RC), and Randomized Image (RI) are reported
(mean of three seeds). We compare our method, Connectivity-Based Fine-Tuning (CBFT), with several baselines: Fine-tuning with a
medium/small learning rate (Fls), LLR (Kirichenko et al., 2022b), and LPFT (Kumar et al., 2022)denotes invariance is desirable,
i.e., accuracy should be similar to that on N@ indicate higher/lower accuracy is desirable; best results are in bold. We generally see
that all baselines yield large degradations in the absence of cues, and even achieve very high accuracy when the underlying image is
randomized. Meanwhile, CBFT is able to break reliance on cues, inducing representations that are completely invariant to their presence.

| 60% Cue data | 70% Cue data | 80% Cue data | 90% Cue data

C10|NC Cc RC RF|NC Cc RC RF|NC C RC RF|NC C RC RF

FTm 75.7 984 236 834 758 986 27.7 786 71.3 97.7 376 63.6] 67.2 954 49.6 46.6
FTs | 75.8 98.7 175 90.1 749 988 163 911 699 984 157 909 647 979 153 90.7
LLR | 716 951 363 57.1 709 958 299 658 651 818 27.0 532 593 70.7 246 407
LPFT | 706 88.1 21.0 70.1 696 873 187 723 644 638 188 48.Q 59.7 56.6 198 378
CBFT | 741 715 734 875 732 69.2 723 860 700 700 695 968 679 725 681 13.1

Cc-100| NC© C RC RIf [NC C RC RIF [NC C RC RIf |[NC C RC Rl

FTn | 444 992 128 853 40.3 99.6 123 89.8 336 99.0 114 90§ 252 792 979 579
FTs 431 996 103 93.6 38.2 99.7 105 957 325 99.6 104 97.0 245 394 487 309
LLR | 355 99.2 121 89.0 315 986 11.3 89.4 253 96.7 106 894 189 751 9.1 587
LPFT | 351 932 103 823 31.1 90.2 989 7853 256 89.6 9.70 808 18.7 286 442 196
CBFT | 427 65.0 36.4 14.6 385 66.7 347 212 346 693 23.0 279 285 729 232 46.0

Dom. | NC' C RC RIF | NC' C RC RIF | NC' C RC RIF | NC' C RC RI

FTm | 774 96.8 438 56.1 76.6 96.6 427 587 741 957 417 613/ 688 951 400 575
FTs 76.4 969 375 624 768 96,6 325 66.9 73.2 964 308 67.7 673 952 312 656
LLR | 746 944 398 53.0 739 932 363 547 708 848 331 46.4 633 770 312 39.0
LPFT | 732 925 380 518 727 880 348 509 694 348 331 39.1 612 608 312 26.6
CBFT| 720 649 675 99| 715 700 59.2 121 708 69.7 659 119 672 68.7 615 149

havior on counterfactuals (even for small initial learning
rates). We note this latter, speci c instance of success in
altering the pretrained model's mechanisms via ne-tuning
is a result of the model being rendered entirely invariant
to natural attributes during pretraining (see App. B); con-
sequently, the model lacks any transferable mechanisms
for the target data distribution and hence the mechanisms
necessarily have to change to t the new dataset.

A practical takeaway of our results above is thave ne-

. . . Izigure 6.Clues for altering a model's mechanisms.Given a
tuning can fail to alter the mechanisms learned by a model,.¥ .~~~ . )
discriminative attributeC, the loss landscape along the linear path

during pretraining. While large learning rates can help ,n0cting a model invariant to the attributa ) versus a model
overcome this limitation, they are likely to heavily distort 4t relies on the attribute £ ) generally shows (i) a loss barrier

features learned during pretraining (Kumar et al., 2022)a1ong the path and (ji) invariance at the endpoint corresponding to
rendering pretraining obsolete and the sample complexityyc ,i.e.,L( nc ;Dnc ) = L( ne ;De).

of ne-tuning similar to that of training from scratch (He

et al., 2019). This indicates that for ne-tuning to be useful,

pretraining must be performed with care to ensure desirbale

mechanisms relevant to downstream tasks are learned. Want to reduce the model's reliance on. In the next section,
incorrect mechanisms, such as ones that rely on spurioy¥e perform a thorough counterfactual evaluation on our
attributes, are learned, mere ne-tuning on some “cleansynthetic datasets to assess if such methods can actually
dataset will be insuf cient to alter the model's behavior, alter a model's behavior.

as hinted at by results in few recent works (Lovering et al., ) ) )

2021; Mireshghallah et al., 2022; Min et al., 2022; Panigrahi®- Altering a Model's Mechanisms Ef ciently

etal., 2023). Intriguingly, this latter strategy of ne-tuning |p, this section, our goal is to show that our newfound un-

on a clean dataset forms the basis of several recent memoa%rstanding of DNN loss landscapes from a mechanistic
on improving DNNSs' robustness (Kirichenko et al., 2022b;a;perspecﬁve (see Fig. 6) can be used to devise a sample-

Kumar et al., 2022; Rosenfeld et al., 2022): such methodgs cient strategy that allows targeted altering of a model's

ne-tune some/all layers of a pretrained model om@imal  echanisms. We primarily see the results below as further
dataset that is known to not contain the spurious attribute Weorrohoration of our analysis in §5.

7



Mechanistic Mode Connectivity

Linear | Nonlinear| Linear| Nonlinear andD¢. Overall,Lg helps CBFT nd a set of parameters
Mode | Mode | Mech.| Mech. that does not exhibit linear connectivity tg, while L,
Mech. Similar 3 3 3 3 helps CBFT pick a solution that is (approximately) invariant
Mech. Dissimilarl 7 3 7 7 to attributeC. We emphasize that since the cross entropy

loss can be made arbitrarily large, using the hyperparameter
Table 2.Summarizing our Findings. 3, 7 respectively indicate g is important. We also note that using class-average repre-
whether there always exist paths along which mechanisticallsentations to learn (approximately) invariant representations
(dis)similar models identi ed using gradient-based optimization has the advantage of not requiring access to simultaneous
can exhibit the type of connectivity speci ed in the column title. pairs of samples in different environments, i.e., ones with

denotes there are exceptional, but primarily theoretical, casegng without the spurious attributes (Li et al., 2018; Sun &
where the connectivity de nition can hold (see App. F). Saenko, 2016) ’ ’

61 C vitv-Based Fine-Tuning (CBET Evaluating CBFT: We empirically validate the effective-
" onnet;'uwty- ased Fine- ur!m'g ( = )_ ] ness of CBFT by using our synthetic datasets f&has a

As de ned in our work, mechanistic dissimilarity corre- henchmark. We compare CBFT againsiveane-tuning,
sponds to lack of shared_lnvarlances. _O_ur result§sn Last-Layer Re-Training (LLR) (Kirichenko et al., 2022b;a),
demonstrate that lack of linear connectivity between twogng Linear Probe plus Fine-Tuning (LPFT) (Kumar et al.,
models implies they will be mechanistically dissimil&r.  2022) (see App. B.2 for implementation details). Results are
valid strategy for altering a model's mechanisms then inyeported in Tab. 1. We see that while the baselines perform
volves moving the model to a region in the landscape thaje|| on clean datathey do not yield desired behavior on
does not exhibit linear connectivity to the current minimizer cqnterfactual dataset=.g., they achieve high accuracy
Of course, we speci cally want the unshared invariance toeyen if we randomize the image, indicating that they are
correspond to ignoring of the spurious attribute (denotegngre sensitive to the cue. In contrast, we see that beyond
C) that we desire to reduce the model's reliance on. Fojyst performing well on clean data, CBFT models show the
this purpose, we follow prior works and assume access 10 gesired behaviors: sensitivity to randomization of the image
minimaldataseDyc that doesiot contain the attribut€.  and invariance to spurious attributes. These results suggest
Note that this setting is not similar to the often used setug-gpT successfully alters a model's mechanisms and pro-
in domain adaptation, where the original training datase{;iges further corroboration to the claim that lack of linear
(denotedD¢ here) and the novel datasBuc, are assumed  connectivity implies mechanistic dissimilarity between two

to be pairs of images in different environments. models (see Conj. 1). We also provide detailed ablations
In the following, we us®' to denote the subset of examples for CBFT in App. E and nd both lossed,g andL,, are
in dataseD belonging to thé! class in & -class classi- important for getting the desired results: the barrier loss

cation problem, | _(t) to denote the linear path between helps induce a mechanistically dissimilar model, while the
a set of parametérsand the pretraining solutiore, and invariance loss helps select the mechanisms we desire.

fr (x; ) to denote the model's representation for an input

at the penultimate layer. L&t 1, denote the Truncated Gaus- 7. Related Work

Slan D|str|but!on with mean/std @5 that is constrained  \1q4e connectivity. Existence of a single, continuous
to the rangdg0; 1]. Our method, Connectivity-Based Fine- yanitold connecting global minimizers was rst identi ed

Tuning (CBFT), involves minimizing the following loss: theoretically by Freeman & Bruna (2016); Nguyen (2019)
and empirically discovered in concurrent works under the
title of “mode connectivity” by Garipov et al. (2018) and

= i . V)i Draxler et al. (2018). A geometrical characterization of this
be = )Et Vo 8 bocelf(Dei v o():y)] and2 (1) manifold was E)rovid)ed b%/ Simsek et al. (2021), who showed

- . . . the manifold isprimarily composed of af ne subspaces.
Li= Baan g (106 ) Branp (fr (%) Connectivity prcF))pertiesyof neuF;aI networks have bepen used
for designing and analyzing algorithms for several prac-
HereL cg denotes the cross-entropy loss and promotes learic@lly relevant applications, such as ensembling (Benton
ing of correct labels on the minimal datagic, while Lg, et al., 2021; Izmailov (?t al., 2018; Wortsman et al., 2021_;
L, instantiate the two principles discussed in Fig.L6; 2022a), network pruning (Frankle et al., 2020; Entezari
denotes a “barrier loss” that randomly samples a point of¢t -, 2021), optimization (Kaddour et al., 2022), adversar-
the linear path between ¢ and maximizes the loss at this ial robustne_ss (Zhao et al., 2020), and multi-task/continual
point up to an upper bounds (= 1 in all our experiments) learning (Mirzadeh et al., 2020; Lubana et al., 2021). During

andL, denotes an invariance loss that promotes reducing'€ course of this work, we became aware of the contempo-
the distance between class-average representatiobgon 'ary work by Juneja et al. (2022). Therein, the authors use

1
Legrr = Lee(f (Dnes )iy) + Le+ KLIthere

k=1
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NLP datasets designed by McCoy et al. (2019) to performiearned during pretraining; and (iv) nding linearly discon-
an empirical analysis similar to ours, nding that models nected regions in the landscape enables sample-ef cient
that lack linear connectivity show different generalizationalteration of a model's mechanisms.

behaviors, relying on different attributes of an input to make .
Future work can involve use of counterfactual generators

their predictions. Our work further formalizes this result: based on modern generative models (Thiagarajan et al.,

we show lack of linear connectivity implies mechanistic dis- ) .
similarity. The results by Juneja et al. thus provide further2021) to extend our synthetic data experiments and cor-

corroboration for our claims on a different modalit roborate our claims in naturalistic settings. We also be-
Y- lieve our analysis can be useful to reason about bene ts

and limitations of recent averaging-based ensembling meth-
Fine-tuning and Model Editing.  Fine-tuning is a well-  ods (Wortsman et al., 2022b;a; Rame et al., 2022; Arpit et al.,
established practice in deep learning. The most basic nez022). Speci cally, note that our claims do not preclude
tuning method is to treat the pretrained model as an initialpossible linear connectivity of mechanistically dissimilar
ization, and continue training with new data. A variant is to models: in fact, any two solutions of the linear system of
train only a subset of parameters, such as the nal classi caequations/ = Wx can be interpolated regardless of their
tion layer (Kirichenko et al., 2022b;a), possibly ne-tuning prediction mechanisms (hence th& Tab. 2). However,
the entire model after that (Kumar et al., 2022; Rosenfelchs we show in App. F in a simpli ed setup, these different
et al., 2022). A related application to ne-tuning, model mechanisms should be of similar “complexity” to enable
editing has become quite popular recently and approachaear connectivity (e.g., mechanisms corresponding to lin-
for the same generally aim to make a targeted change to@arly separable attributes). In the context of our ne-tuning
model's factual knowledge (Mitchell et al., 2022; Santurkarresults, this implies rige ne-tuning can work well on a tar-
et al., 2021; Sinitsin et al., 2020). For instance, Sinitsinget distribution only if the desired mechanism is of similar
etal. (2020) give the example of correcting a model's precomplexity to the mechanism for identifying the spurious
diction error on a particular example without changing itsattribute (which would possibly imply it nds a spurious at-
predictions on other examples. Prior work on model edittribute again); otherwise, a loss barrier must be surmounted
ing aims to make changes that are “local” in input spacefor successful learning on the target distribution. This sug-
e.g., only affecting the model's “understanding” of who the gests that pretraining should aim to promote learning of a
current prime minister of the UK is. CBFT shares this moti-variety of expressive prediction mechanisms, which can be
vation of “targeted” alteration of a model; however, insteadchallenging in practice (D'Amour et al., 2020).
of altering the model's factual knowledge, the overarching
goal of CBFT is to make changes to the speci c rules orA
mechanisms the model implements to make its predictions
(see Dasgupta et al. (2022) for a discussion on distinctiogve thank Anna Golubeva and Vasudev Shyam for several
between rule vs. exemplar / factual inference strategiesyseful discussions during the course of this project. We
Speci cally, CBFT aims to make a model invariant to fea-also thank Yamini Bansal, Nikunj Saunshi, Puja Trivedi,
tures that it was not already invariant to (or vice versa)|ju Ziyin, Cindy Wu, Robert Kirk, Bruno Kacper, Tegan
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Depending on the mechanisms they learn for making their, ' P
predictions, neural networks trained on a speci ¢ data distri-Authors Contributions

bution can nonetheless differ vastly in their behavior wheneS| |ed the section on mechanistic similarity, re ning it
evaluated on other distributions. This realization promptedyith HT and DK. ESL, DK, and HT discussed relating
us to perform a mechanistic characterization of connectivitymechanistic similarity with mode connectivity, kickstarting
properties in the loss landscape of neural networks. Outhe project. ESL and DK motivated studying ne-tuning
proposed notion ofmechanistic similaritynstantiates the  from the lens of mechanisms and mode-connectivity. ESL,
idea as shared invariances, and helps extend the prior notigryB, DK, and HT conceived the experimental setup; ESL
of mode connectivity to account for mechanistic similarity.and EJB co-led implementation/evaluation. ESL wrote the
Our analysis reveals several surprising ndings (see Tab. 2)yrimary draft; ESL, EJB, and HT conceived and designed
(i) mechanistically dissimilar minimizers can be mode conthe gures, with inputs from DK; and ESL, HT, DK, and
nected via relatively simple, but non-linear, paths; (i) linearRPD re ned the paper together. ESL led the theoretical

mode connectivity of two minimizers is intricately related analysis; ESL and HT re ned it together, with inputs from
to the mechanistic similarity of their induced models; (iii) DK and RPD.

nave ne-tuning can fail to eliminate spurious attributes
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Appendix
A. Detailed Related Work

Mode connectivity. Existence of a single, continuous manifold connecting global minimizers was rstidenti ed theoretically

by Freeman & Bruna (2016); Nguyen (2019) and empirically discovered in concurrent works under the title of “mode
connectivity” by Garipov et al. (2018) and Draxler et al. (2018). A geometrical characterization of this manifold was provided
by Simsek et al. (2021), who showed the manifolgiisnarily composed of af ne subspaces. Connectivity properties

of neural networks have been used for designing and analyzing algorithms for several practically relevant applications,
such as ensembling (Benton et al., 2021; Izmailov et al., 2018; Wortsman et al., 2021; 2022a), network pruning (Frankle
et al., 2020; Entezari et al., 2021), optimization (Kaddour et al., 2022), adversarial robustness (Zhao et al., 2020), and
multi-task/continual learning (Mirzadeh et al., 2020; Lubana et al., 2021). During the course of this work, we became aware
of the contemporary empirical paper by Juneja et al. (2022), who investigate whether minimizers connected via linear paths
follow similar “decision rules”. Their analysis focuses on NLP tasks and does not involve modeling the data-generating
process or counterfactual evaluation; their results can be regarded as use of an alternative strategy to further verify our
claims on a different modality.

Fine-tuning. Fine-tuning is a well-established practice in deep learning. The most basic ne-tuning method is to treat the
pretrained model as an initialization, and continue training with new data. A variant is to train only a subset of parameters,
such as the nal classi cation layer (Kirichenko et al., 2022b;a), possibly ne-tuning the entire model after that (Kumar
et al., 2022; Rosenfeld et al., 2022).

Model editing. A related application to ne-tuning, model editing has become quite popular recently and approaches for
the same generally aim to make a targeted change to a model's factual knowledge (Mitchell et al., 2022; Santurkar et al.,
2021; Sinitsin et al., 2020). For instance, Sinitsin et al. (2020) give the example of correcting a model's prediction error on a
particular example without changing its predictions on other examples. Prior work on model editing aims to make changes
that are “local” in input space, e.g., only affecting the model's “understanding” of who the current prime minister of the
UK is. CBFT shares this motivation of “targeted” alteration of a model; however, instead of altering the model's factual
knowledge, the overarching goal of CBFT is to make changes to the speci c rules or mechanisms the model implements to
make its predictions (see Dasgupta et al. (2022) for a discussion on distinction between rule vs. exemplar / factual inference
strategies). Speci cally, CBFT aims to make a model invariant to features that it was not already invariant to (or vice versa),
without changing any of its other learned invariances. This difference in goals make model editing approaches inappropriate
for our setup.

Use of synthetic datasetsOur data-generation pipeline was in uenced by several past works that use synthetic datasets
for better understanding topics such as transfer learning (Dittadi et al., 2020), domain generalization (Wiles et al., 2021,
Van Steenkiste et al., 2019; Arjovsky et al., 2019), disentanglement (Higgins et al., 2017; Klindt et al., 2020), self/semi
supervised learning (Vonigelgen et al., 2021; Trivedi et al., 2022a;b; Locatello et al., 2020), and inductive biases of neural
networks (Hermann et al., 2020; Hermann & Lampinen, 2020; Ritter et al., 2017).

B. Training Details and Datasets

When training from scratch (e.g., in Fig. 4), we train models using SGD for 100 epochs with a batch-size of 256, momentum
of 0.9, and weight decay df0 “. Learning rate starts at 0.1 and is dropped by a factaait the 48" and 8¢ epochs. No

data augmentations are used. When ne-tuning to assess linear connectivity in Fig. 5, we train models for a further 100
epochs on data without cues using different initial learning rates, but the same step-decay schedule (decay factor of 0.1 at
decay epochs 40 and 80). For details on training and evaluation of models in Tab. 1, please refer to App. B.2.

B.1. Dataset Visualizations and Training Curves

When using synthetic datasets, if a proportiarf samples is to be assigned the cue feature, we use theYasamples

of all classes to assign them the respective cues. We do not store the samples beforehand; instead, we use manually
designed PyTorch data-loaders that allow for easy manipulation of samples in an online manner, enabling straightforward
counterfactual evaluations. While the dataset construction was discussed in Figg8 amdprovide several visualizations

of randomly sampled datapoints from different classes and their counterfactuals in Fig. 7 (CIFAR-10 with box cue), Fig. 8
(CIFAR-100 with box/color cue), and Fig. 9 (Dominoes: CIFAR-10 with concatenated FashionMNIST image cue). Learning
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curves with train/test accuracies for VGG / ResNet-18 models trained on different proportions of samples with cue features
for these datasets are reported in Figs. 10a and 11a (CIFAR-10 with box cue), Fig. 10b, 11b (CIFAR-100 with box/color
cue), and Fig. 10c, 11c (Dominoes). We note that our data-generation pipeline was heavily in uenced by several past
works that use synthetic datasets for better understanding topics such as transfer learning (Dittadi et al., 2020), domain
generalization (Wiles et al., 2021; Van Steenkiste et al., 2019; Arjovsky et al., 2019), disentanglement (Higgins et al., 2017;
Klindt et al., 2020), self/lsemi supervised learning (Voiigelgen et al., 2021; Trivedi et al., 2022a;b; Locatello et al., 2020),

and inductive biases of neural networks (Hermann et al., 2020; Hermann & Lampinen, 2020; Ritter et al., 2017).

Figure 7.CIFAR-10 with Box cue.

Figure 8.CIFAR-100 with Box/Color cue.
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Figure 9.Dominoes: CIFAR-10 with their corresponding ID image from Fashion-MNIST as the cue.

(a) CIFAR-10 with box cues, wherein the box's location is a function of the target label.

(b) CIFAR-100 with box cues, wherein the box's location and color are a function of the target label.

(c) Dominoes, wherein Fashion-MNIST images are appended to CIFAR-10 images and act as the spurious cues.

Figure 10.Learning curves for VGG-13 models.
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(a) CIFAR-10 with box cues, wherein the box's location is a function of the target label.

(b) CIFAR-100 with box cues, wherein the box's location and color are a function of the target label.

(c) Dominoes, wherein Fashion-MNIST images are appended to CIFAR-10 images and act as the spurious cues.

Figure 11.Learning curves for ResNet-18 models.

B.2. Training details for Tab. 1

We train models using SGD on the synthetic data with cue features (47500 samples), reserving remaining 2,500 training
samples as “clean” data. We emphasize that since the underlying images (i.e., ones without cues) are independent in the
two sets, this setup is different from domain generalization methods that use simultaneous pairs of images in different
environments to learn invariant representations.

Depending on the method, the ne-tuning setup involves different hyperparameters. For consistency, we follow Kirichenko
et al. (2022b) and Kumar et al. (2022) in using a cosine schedule for ne-tuning on clean data.

Na've Fine-Tuning. We use different initial learning rates, including mediudro@) and small 0:001). For a large learning

rate, we note that while ne-tuning on a minimal set induces good invariance properties, the performance on the original,
without cue data (called NC in tables) is often rather poor (hence we omit those results to save space). This behavior is
expected since use of a large learning rate renders the ne-tuning pipeline essentially equivalent to training from scratch,
degrading its sample ef ciency (He et al., 2019; Kumar et al., 2022).

LLRT (Kirichenko et al., 2022b). We freeze the model parameters at their current state, remove the nal linear layer, and
replace it with a randomly initialized one. The layer is ne-tuned on clean data for 100 epochs with a cosine decay schedule
that starts at a LR of 30.

LPFT (Kumar et al., 2022). First, we follow the protocol above for LLRT to produce a new linear layer. Thereafter, the
entire model is ne-tuned on clean data for 20 epochs with initial learning ratéaf 0:001, and0:0001 The best
retrieved results on validation data are reported.

CBFT. We run CBFT for 20 epochs, using an initial learning rat®:6fL with a cosine decay schedule (similar to the
baselines). The method turns out to be fairly robust to the exact valugs ak x it to 1 for all experiments without any

explicit tuning therefore. We use a truncated Gaussian distribution center at 0.5 because this helps induce a loss barrier at
the center of the linear path between the parameters we are trying to identify and the original, pretraining ones. Truncation
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is necessary so that only interpolations between the parameters is used.

We also note that since training will yield gradients for the model that has paramaeters(t), we need to explicitly
compute the gradients forby using the following relationship for some general objective fundtion

FLC cO)=(r )T ol =@ Y Ll ()

Thus, one need only compute gradient of an objective with respect tq (t) and multiply that by a factor af t to

retrieve the gradient of the objective with respect taThis step has to be carried out explicitly and hence we have to
break the optimization process of CBFT into two steps (see Eq. 1), executing alternating minimization for the barrier and
invariance losses.

C. Quadratic Connectivity Paths and Matching Permutations
C.1. Quadratic Paths

The qudaratic path is de ned as follows.
gL = 2t ) +@ 9?2 @)

The set of parameters, can be thought of as the vertex of a parabola that helps anchor the curve. To identify this set of
parameters, we follow Garipov et al. (2018) and train points uniformly sampled from the quadratic path to achieve zero loss
on a given dataséd, i.e.,

12 = argmin Exop w2p0:(L(F (X5 11 ,y0)): 3)

Consequently, note that a quadratic path necessarily depends on the dataset used for its identi cation and it is not mandatory
that it generalize across datasets/distributions. This is precisely what we see in our results in Fig. 4, where we are able to
identify quadratic mode connectivty between two sets of parameters on a given dataset, but those paths do not generalize to
counterfactual datasets.

C.2. Finding Permutations for Linear Connectivity

Given two minimizers ;; », identifying the linear path between them involves merely interpolating the parameters. Entezari
et al. (2021); Ainsworth et al. (2022); Singh & Jaggi (2020) hypothesize that minimizers discovered using SGD can always
be linearly mode connected up to permutations of neurons that align the two models in their activations or weights. That is,
there generally exists a permutatiorthat connects ( 1) with 5 in the sense of Def. 1. To empirically analyze this claim

in our work, we identify by maximizing the similarity of activations produced by model with parameteasd »:

=argminjif (x; (1)) (X 2)i: 4)

Given that solving the problem above is NP-Hard (Entezari et al., 2021; Ainsworth et al., 2022; Singh & Jaggi, 2020), we
follow the “activation matching” algorithm proposed by Ainsworth et al. (2022) and solve the above problem greedily by
computing representations at each layer of the two models, nding a permutation that matches the representations maximally,
and then repeating the process for the next layer. To this end, we use inputs with a batch-size of 512 and run the matching
process over the entire original datasets (i.e., ones without cues). We note that we did conduct minimal experiments on
nding permutations using data with cues, instead of without, but never found any noticeable differences in the results.
Hence, we decided to use the original data without cues throughout our experiments for nding linear paths. Intuitively, we
suspect the exact choice of dataset does not matter for our experimental setup because we analyze pairs of models which
include one model that is invariant to the cue and one that is not. Since the invariant models produce the same representations
on data with / without cues, the target for permutation matching remains the same.

C.3. Why plot accuracy curves instead of loss ones for mechanistic evaluation of mode connectivity

Due to its differentiability, we focus on loss as our measure of interest for all formal analysis. However, since loss can
increase without bound, visualizing loss curves become dif cult for our setup that involves evaluation on counterfactual
datasets, wherein the discriminative attributes are entirely removed (see Fig. 3). We thus follow Frankle et al. (2020) and
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Table 3.Ablating CBFT. We train ResNet-18 models on our synthetic CIFAR-10, CIFAR-100, and Dominoes dataset with different
proportions of samples with cue features and ne-tune them using 2500 “clean” samples from a dataset without any cues. Test accuracies
(%) on counterfactual test datasets with No Cue (NC), with Cue (C), Randomized Cue (RC), and Randomized Image (RI) are reported.
We compare Connectivity-Based Fine-Tuning (CBFT) with two of its ablations (see App. B): (rier, for which the barrier inducing

loss is removed from the training process and (i) ., for which the invariance loss is removed.denotes invariance is desirable, i.e.,
accuracy should be similar to that on NG# indicate higher/lower accuracy is desirable; best results are in bold. For discussion, please
see App. E. |

60% Cue data | 70% Cue data | 80% Cue data | 90% Cue data

C10 |[NC Cc RC RF|NC € RC RF|NC C RC RF|NC C RC RF
CBFT | 741 715 734 875 732 692 723 8.GOJ 700 700 69.5 9.68 67.9 725 681 13.1

L barier | 75.8 93 69.3 24.4| 759 90 721 186| 716 89.9 663 235 678 896 651 205

L i 734 694 688 143 729 652 713 826 69.3 648 681 9.72 658 64.8 65 10.3

C100 |[NC Cc RC RF|NC Cc RC RF|NC C RC RF|NC C RC RF
CBFT | 427 650 364 14.6| 385 667 34.7 21.1 346 69.3 230 279|285 729 232 46.0

L parier | 447 99.8 175 816/ 40.2 999 13.7 889 346 999 113 951 265 99.1 135 822
L v 43.2 59.4 365 125 357 64.2 26 259 341 702 235 36.7| 247 69.2 159 456

Dom. |[NC" € RC RF|NC Cc RC RFfF|NC Cc RC Rf|NC C RC RF

CBFT 720 649 675 99| 715 700 592 121
L barier | 77.1 949 63.2 32.7| 774 942 658 29.2
L v 742 404 418 6.93| 746 282 249 106

70.8 69.7 659 11.9| 67.2 687 615 14.9
745 933 635 301 671 919 555 329
713 201 222 6.92| 66 21.2 209 6.26

use accuracy curves for conveying experimental results in the main paper, since accuracy remains bounded within the
range 0—100% and can hence be visualized on a singular plot. We stress however we do provide loss curves as well in this
appendix; see App. G, H.

D. A Note on Difference Between Permutation and other Architectural Symmetries in the context
of mode connectivity

Note the notion of invariances discussed in this paper is rooted in the data-generating processdiseliss symmetry
transformations of the data that are learned by the model during the optimization prét@ssver, similar to permutation
symmetry, neural network architectures are known to exhibit several other architectural symmetries (i.e., symmetries that
are not learned, but enforced by design of the architecture) (Kunin et al., 2021). Such architectural symmetries induce
several minimizers that will necessarily be mechanistically similar. For example, resale symmetry, which involves scaling
the weights of a given layer by a positive constant and another layer's by the inverse of that constant. This operation yields a
different set of parameters that produce the same predictions, hence leading to mechanistically similar minimizers. Such
architectural symmetries have an intriguing interplay with gradient-based optimizers (e.g., SGD) (Kunin et al., 2021; Wan
et al., 2020; Roburin et al., 2022) analogous to Noether's theorem (Tanaka & Kunin, 2021), leading to implicit regularization
behavior that yields minimizers with speci ¢ properties (e.g., rescale symmetry leads to minimizers with balanced layer-wise
norms in the presence of weight decay (Du et al., 2018a; Kunin et al., 2021)). Correspondingly, even though in nite
minimizers can be created by, e.g., rescaling layers of a model, only a minuscule fraction of these minimizers are actually
reachable via gradient-based optimization. As we note in the preliminaries, we focus on minimizers retrieved using SGD.
Thus, such equivalent classes of minimizers induced by other architectural symmetries are not a focus of this paper, as
they are not identi able via standard training pipelines and have to be synthetically induced by use of the corresponding
architectural symmetry's operator. This is in contrast with permutation symmetry of neural networks, which does induce
equivalent minimizers that are all reachable via the same training pipeline. For example, consider a model trained using
some gradient-based optimizer. Permuting the neurons of such a model at initialization and running the same training
pipeline will yield a different solution that relates to the original one via the exact same permutation of neurons. Since
we randomly initialize models, both the original and the permuted initializations are equally probable, and hence both
minimizers are equally likely to be identi ed using the same training pipeline.

E. Ablation Experiments on CBFT

To analyze the role played by the two loss functions involved in the alternating minimization steps of Connectivity-Based
Fine-Tuning (CBFT) (se86, Eq. 1), we present an ablation study as follows. We analyze two variants of CBET: fi)rier ,
for which the barrier inducing logs;y .j 1 L ce(f (Dc; 1+ (1));y)j has been removed from the training process, and

20



Mechanistic Mode Connectivity

Table 4.Training from scratch on minimal clean data. We train ResNet-18 models on the 2500 “clean” samples used in Tab. 1 from the
original CIFAR-10, CIFAR-100, and Dominoes datasets. Test accuracies (%) on counterfactual test datasets with No Cue (NC), with Cue
(C), Randomized Cue (RC), and Randomized Image (RI) are reportddnotes invariance is desirable, i.e., accuracy should be similar

to that on NC;" /# indicate higher/lower accuracy is desirable.

INCC ¢ RC RI

C-10 | 475 47.4 475 9.69
C-100| 16.5 16.4 16.4 1.19
Dom. | 485 31 31 10.8

=} 2
(i) L ., for which the invariance loss Ezl ExzDé(fr(x; ) Ewp hc(f'(*; ) has been removed. Results

are shown in Tab. 3. We nd that without the barrier loss, the trained model is unable to break its reliance on spurious
cues, even though it generally achieves the best performance on data without cues (NC in table). Meanwhile, without the
invariance loss, the trained model indeed loses sensitivity to spurious cues and shows poor performance when the underlying
image is randomized, as we desire. However, in few instances the model can become anti-correlated with the spurious
cue (e.g., see results on Dominoes). This is expected since the barrier loss's goal is to move the model to a region in the
landscape that follows different mechanisms (with respect to the pre-trained model) by inducing a loss barrier; without the
invariance loss, the model can learn to induce this barrier by merely becoming anti-correlated with the spurious cue. The
invariance loss helps prevent this pitfall, selecting a mechanistically dissimilar region in the landscape that is uncorrelated,
instead of being anti-correlated with the spurious cue. Overall, these results provide further corroboration to our claims in
8§6: preventing linear connectivity helps induce mechanistic dissimilarity and an invariance penalty helps select the exact
mechanisms we want the models to diffeGwerall, this ablation study help us infer that while the two losses involved in
CBFT have their individual bene ts, it is only when they are combined that they give the best results.

E.1. Comparison with Training from Scratch

We compare CBFT against training from scratch on the minimal clean dataset that we assume access to during the training
process for all baselines and CBFT in Tab. 1. Speci cally, we train ResNet-18 models for 100 epochs using an initial
learning rate of 0.1 and a cosine decay schedule. Results are reported in Tab. 4 and we see training from scratch signi cantly
underperforms all baselines and CBFT. This is expected since our setup assumes accessminimiyl elean dataset for
inducing invariance to spurious attributes. Since training from scratch is not a sample ef cient strategy, it cannot perform
well in this setting. We also highlight that using as initialization a model pretrained on an unclean dataset, i.e., one that
contains spurious attributes, will make this overall process equalie mee-tuning on the clean dataset; we already provide
results for n&ve ne-tuning in Tab. 1.

F. Deferred Proofs
F.1. Exhaustiveness of Unit Interventions

Proposition 1. (Exhaustiveness of Unit Interventionslf f (:; ) is invariant to unit intervention#; andA;, it must be
invariant to their composition; conversely, lack of invariance to eitheror A; precludes invariance to their composition.

Proof. Assume the set of parameterinduces a model that exhibits invariance to the interventipnindependently,
consider another interventioA;. Then,f (E(x;fA;Ajg); ) = f(G Ai A; Gy'(x) ) = f(G A;

G HEMXGA))); ) = F(E(E(GA;)A); ) = F(E(XA;); ), where the last equality happens due to the assumed
invariance ofA;. Now, if exhibits invariance té\; as well, we havé (E(x;fA i;Aj9); )= f(E(X;A}); )= f(x; ),

i.e., the model induced byis invariant to the composition &; andA;. Meanwhile, if is invariantA; but not toA;,

we havef (E(x;fA i;A;0); )= f(E(X;A;); )6 f(x; ), i.e, inducesamodel that lack invariance to the simultaneous
operation (i.e., composition) &; andA; .

Note that the derivation above did not rely on the fact that the interventions are “unit” in the sense that they act on
independent dimensions. However, if one considers general interventions that can act on multiple dimensions of the latent
space simultaneously, then a given intervention can undo the effects of another. For example, assume a model is not
invariant to unit interventions on a dimension that rotates an object, but are invariant to unit interventions on all other latent
dimensions. Then, if two general interventions involve operation on this latent dimension, they can make an object rotate
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by equal and opposite angles, while changing some other dimensions of the latent state that the model is invariant to. In
this case, the interventions end up undoing each other's effect, and the overall state change does not yield any in uence on
the model output. By assuming unit interventions that enforce transformations on speci ¢ dimensions, we circumvent this
failure mode. O

F.2. Mode Connectivity of Mechanistically Dissimilar Models

We rst repeat the following result from prior work (paraphrased per our notations and setup).
Lemma 1. (Simsek et al., 2021)Consider arL -layer networkf (:; ), whose activation function satises (0) 6 0,

the minimum number of neurons needed in layleisL for achieving zero error (cross-entropy or mean-square error) on
a dataseD and call a network overparameterized if for all layérst contains number of neuroms > r | . Then, under
overparameterization, there always exists a continuous, zero-loss path that connects two minimizers.

The result above involves showing permutation symmetry of neural networks yields a single continuous manifold of zero loss,
and then proving all parameters that yield zero-loss lie on this manifold. We highlight the amount of overparameterization
needed for the claim's validity is rather mild, i.e., just one additional neuron per layer. Also note that while the proof
makes assumptions on the analyticity of the activation function used, this constraint is only mandatory for ease of
theoretical analysis. Moreover, continuous approximations to ReLU exist which satisfy these assumptions. For example,
(X) = softpudX) +  sigmoid (4X), where sorpiudX) = IN(L + exp( X)) and sigmoid(X) = =t+exp(  x). Similar result was
also shown by Nguyen (2019), who demonstrates networks with a pyramidal structure, i.e., networks for which the width of
any given layer is less than or equal to its preceding layers.

Our claim on mode connectivity of mechanistically dissimilar models now follows as a corollary.

Proposition 2. (Mode Connectivity of Mechanistically Dissimilar ModelsAssume 1; , are minimizers of the loss on a
datasetD and induce mechanistically dissimilar models. Given suf cient overparameterization, there exists a continuous
path along which the minimizers are mode connected.

Proof. By de nition, L(f (D; ))=0 for 2 ;; ». Since the distribution of data plays no role in the proof of Lemma 1,

the result must hold for two minimizers that rely on entirely disparate mechanisms (e.g., background vs. shape) for achieving
zero-loss on a datasBt The claim then directly follows as a corollary of Lemma 1, assuming the model is overparameterized

in the sense de ned there and the loss is either cross-entropy or mean-square error. O

F.3. Lack of Linear Connectivity and Mechanistic Dissimilarity

Conjecture 1. (Lack of Linear Connectivity implies Mechanistic Dissimilaritylf two minimizers ; and , of the loss
L (f (D; )) on adataseD cannot be linear mode-connected (up to permutations of neurons), their corresponding models
f(:; 1);f(:; 2) must be mechanistically dissimilar.

As we show next, the conjecture above can be proven in a simpli ed setting.

Model Setup: We consider a binary classi cation task on a datddet fx;;yigM,, wherex; 2 R?,y 2 Y = f0; 1g,

andM is the number of samples. The model is a 1-hidden layer, fully connected network de ned as fol{ana!/) =

+17 (WTx). Here W 2 RP N denotes the hidden layer witth neurons1 2 RN i an all ones vector, and:) is the

ReLU activation function. The model is trained to minimize a log$ (D; W)) = Mi i'vll I (y;; f (Xi; W)), wherel(:;)

denotes a sample-wise loss function whose global minimizer yigldsf (x;; W) for all x; 2 D . This property is satis ed

by several loss functions, e.g., mean-square error, L-1 loss, etc. We assume the models are overparamterized such that all
minimizers are global and interpolating, i.e., they achieve zero loss (Kawaguchi, 2016; Kawaguchi & Kaelbling, 2020;
Nguyen et al., 2018; Nguyen & Mondelli, 2020; Arora et al., 2019). This impli®¥ ifis a minimizer8i 2 [M];yi =

f(xi; W)= 21T (WTx).

We next describe the data-generating process that we will focus on in the following discussion.

Data-Generating ProcessWe consider a data-generating process with multiple predictive attributes of different complexity,
inspired by the one proposed by Shah et al. (2020).

Consider a non-negative even inte¢ler De ne the setsSo(K ) andS; (K ) that respectively include odd and even integers
between %; %]. We usesign(:) to denote the sign function, which outputsf x > 0,0if x = 0,and 1if x < O.
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Unif(S) denotes a uniform distribution over the §tWe de ne a randomized procesg , such thask (0)  Unif(Sp(K)),
sk (1)  Unif(S1(K)). Correspondingly, given a margin hyperparamet2r[0; 0:5], we de ne the randomized function
Tk (2): f0;1g! R as follows.

8 p_
3 % (z sign(z)); where  Unif([0;2 ]); if K =0;
Tk (2) := 5 Klg% (sk @+ ); where  Unif([ ; 1); IfK 1;jsx (2)j €& %; (5)

: K—zp%(sK (2) sign(z)); where  Unif([0; ]); if K 1;jsk (2)j = %:

Note thatTk (z) produces a zero-mean output with variatee. The margin allows us to draw in nite samples from

the function. More importantlyT (z) is invertible, i.e., given its output, we can infer Correspondingly, if de nes the

target label, inverting the attributd8'x (z) will allow us to solve a classi cation task de ned on this attribute. However, this
inversion process requires inferencekofpiece-wise linear splines to model the optimal decision boundaries (see Fig. 12).
The scalaK can thus can be considered a measure of the complexity of the attribute, inline with prior work on simplicity
bias in neural networks (Nakkiran et al., 2019; Shah et al., 2020; Valle-Perez et al., 2018; Scimeca et al., 2021; Hu et al.,
2020). For example, iK = 0, the attribute is linearly separable and of least complexity. This notion of complexity is
particularly natural for studying neural networks with ReLU activations because each neuron in such a model represents a
spline function and several such neurons can approximate complex decision boundaries by representing them with such
piece-wise spline functions (Balestriero et al., 2018; Balestriero & Baraniuk, 2018; Balestriero, 2017; Wang et al., 2018).

The overall data-generating proce€XZ) transforms then-
dimensional random variable from the latent space; z

z, 2 f 0;1g" to produce samples with attributes of different com-
plexitiesTk , (z1); Tk ,(22);:::; Tk, (zn) and append®  n noisy
attributes, sampled from a symmetric, zero-mean distrib0fivith
variance%; e.g., the Gaussian distributidw (O; P D) or uniform

distributionU 3p; 3D . Correspondingly, generation of a

sample(x;y) can be represented as follows:

(%y) = G(Z) = [T, (1) Tr,(Z2); 05 Tk (2n): 13 230105 0l
(6)

where ; V foralli 2f1;2;:::;D ng. Inthe above, the target

labely is assumed to be generated by the func@f) = Ty il(:),

which inverts the attribut&g , (z;) that is assumed to de ne the label.

Nfotf algzml t?;;[ another attr:jb.mel’ St-EW,» (Z.' ) wil ?Ifodbe.fé_ed_ll?:.ve Figure 12 K-Complex Outputs. We illustrate the output

.0 _e_ abetl gcorrespon Ing 1a erz},, IS (_:orre ated witle; . IS range of randomized functiofk (z) (Eq. 5) forKk =0

is similar to puttmg gcorrelatg«:ueattnbute in the.data, as was don@op) andK = 4 (bottom). Note the input 2 f 0: 1g

in our experiments in the main paper. Thus, while the process ak@&§yn grey, red respectively) deterministically controls
is relatively simpli ed, it is a valid abstraction of our empirical setupe output values. Thus, ¥ = z, the outpufTk () is
from 84, Fig. 3. In the following, we will consider perfectly predictiveerfectly predictive of the target label. However, inverting
attributes, i.e., we do not assume partial correlation. this function requires inference &f piece-wise linear

. S . splines to model the optimal decision boundaries (shown
We next de ne the notion of aactivation patterrandmatching of two o qotted lines). Increasing the valuekofmakes the

models in their activation patternsn the following, n denotes the ia5k consequently harder.
permutation group of ordéd over the sef1;2;:::;Ng (Bronstein
etal., 2021).

De nition 6. (Activation Pattern.)The activation pattern of a mod&(:; W) on inputx is de ned as the vector (W x)
whose elements are indicator variables denoting whethejfhieidden neuron is activated for input i.e., YW Tx)[j] =
1 Wij >0.

Note that (WTx)= (WTx) (WTx), where denotes the element-wise product, {f) is the ReLU function.

De nition 7. (Matching in Activation Patterns.)Consider a datasdd and two model$ (:; W1) andf (:; W,). We call
the modelsnatching in activation patterren dataseD if there exists a permutation2  that rearranges neurons of
f (:; W,) to matchf (:; W1)'s activation patterns, i.e., AW/ x) = % (W,)"x) forallx 2D.

Next, we establish the relationship between two models' activation patterns and linear mode connectivity.
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Lemma 2. (Alignment Constraint for Linear Mode Connectivity.)If minimizersW and W exhibit linear mode
connectivity on datas@, then the models(:;; W );f (:; W ) are matching in activation patterns on the dataset. That is,
forallx 2D, we have qWTx) = qWTx).
Proof. Note that linear mode connectivity is a translation invariance property of the loss in the parameter space. Since we
assume interpolating minimizers, this invariance extends to model predictions. Consequently, the derivative of the model
prediction along the linear pathy + w (t) = W({) = W +t(W W ) is zero; that is,@@tf (x;W(t)) = 0. This
implies,

@

@tlT WnTx)= W)W  w)'x=0: ()
Substitutingt = 1 in Eq. 7, we get,
W) TWTx)= IW™)TWT™x)=1T( qWT™x)  WTx)= 1" (WTx): (8)
This implies,
(AWTx) W) T (WTx)=0: 9)

Next, we de ne the following vector.

1 L, if Wix> 0andWTx O0; (10)
(- ) 0; otherwise

De ne the vectorl; | in a similar manner. Then, it is easy to see that
IWTx)  W'™x)y=1,, , 1 .y (11)
Substituting the above relationship in Eq. 9 gives
10, yWTx)=11  (WTx): (12)

Note that in the above equation, the left-hand side is a sum of positive reals, while the right-hand side is a sum of negative
reals. That is, the equality cannot hold unless both are equal to zero o2dM. This impliesl. , =1 ,,=0.

That is, there is no neuron in modd(;; W ) that is active while the corresponding index neuroh(nW ) is inactive.
Consequently, for linear mode connectivity to hold, the neurons at the same index in the two models should activate/inactivate
together for any given sample, hence producing the same set of activation patterns. This completes the proof.[]

Corollary 1. Small Wasserstein-1 distance between activation patterns of two models implies they can be linear mode
connected.

The activation pattern of a model for a given sample is a vector of binary variables. Thus, the difference between two activa-
tion patterns AW T x) and (W T x) can be computed by simply comparing their megija™ q(WTx) 1T (WTx)j,

which is in fact the Wasserstein-1 distance between two Bernoulli distributions for whiclj1™ (W T x)j. This value

p can be regarded as the probability a neuron in the model is activated. Correspondingly, when the Wasserstein-1 distance
between two activation patterns is low, we can expect that there exists a permutation of neurons that allows the two models
to be linear mode connected. The W-1 distance can thus be regarded as a proxy for assessing whether two models can be
linear mode connected. Further, we highlight that even though this result is derived for a speci ¢ model architecture, it

is actually quite general: any two models with zero W-1 distance must be linear mode connectable (up to permutations)
because their activation patterns will necessarily be the same.

Remark 1. (Lemma 2 highlights why neurons must be permuted for linear mode connectivithg lemma above shows

that if two models produce the same activation patterns, the models are “effectively linear” with respect to each other.
This enables linear interpolation of the two models without increasing error. We also highlight that if two models produce
activation patterns that are a permutation of each other (e.g., this can happen if their initializations were permutations of
each other), then un-permuting them will make the models linear mode connected. Thus, Lemma 2 is inherently a neuronal
alignment constraint and can be regarded as a precise condition under which the conjecture by Entezari et al. (2021) holds.
Even though the result above was shown for a two-layer model, it is easy to see that a more general statement is true: if two
minimizers induce models that produce the same activation patterns, then there exists a permutation of neurons under which
the two models can be linear mode connected.
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Table 5.lllustrating Simplicity Bias. We train models on a dataset with predictive attributes of complexities 0 and 4. Column titles
indicate which attributes were allowed to remain predictive during training, i.e., were not randomized via interventioks: ..,

implies only the linearly separable attribute is predictive in the training data. Rows report difference in loss on a tedD datadeth

contains attributes of complexity, and another test datagek , which contains attributes of complexiky.. Results are computed

up to 4 digits of precision and averaged over 3 seeds. We see models trained on data with both predictive attributes behave similarly to
models trained oK = 0 attribute only; that is, they are invariant to the more complex attribute for wkich4 .

Complexity of Train Attribute | Ky=0 \ K,=4 | Ki1=0:4
Complexity of Test Attribute | K2 =0 |K2=4 |K2;=0 |K;=4 |K;=0 |K;=4
JL(F(Dk, ;W) L (F(Dk,;W))j| 00 | 2279 | 2631 | 00 | 00 | 1884

Next, we rephrase the result on simplicity bias of neural networks by Shah et al. (2020); Valle-Perez et al. (2018); Nakkiran
et al. (2019); Scimeca et al. (2021) using the notations de ned in this paper.

Lemma 3. (Simplicity Bias.) Assume a data-generating proc&sproducem perfectly predictive attributes with respective

m :=argmin[K ]. If W is a minimizer identi ed using gradient descent on a dataset that contains 11D samples retrieved
from G, then the corresponding mode(:; W) will be invariant to unit interventions on all but the latents of the simplest
predictive attribute, i.ell (W)= fA; :i 6 mg.

Thus, even if a dataset contains multiple predictive attributes, minimizers identi ed using gradient descent induce models
that only utilize the simplest attributes for making their predictions.

Now consider a setting where two models make their predictions using different simplest predictive attributes from a dataset
containing multiple predictive attributes. Then, if two such models rely on attributes of different complexities, we can be
certain they produce different activation patterns.

Lemma 4. (Disparate Complexity of Mechanisms Disallows Matching in Activation§onsider an IID sampled dataset
D. from a data-generating process that produces predictive attriblites:); Tk (:), where, without loss of generality,
K >K . LetW denote a minimizer of the losqf (D. ;W)) and assume its induced model reliesTan (:) for
making its predictions; similarly de n&/ . Then, there exists no permutatior?2 y such thaff (:;; W ) andf (:; (W ))
are matching in activation patterns dh.

Proof. The claim follows via contradiction. Assume a permutatioaxists such that the two models are matching in
activation patterns oB . . Denote the weights of thd' neuron inW viaW'. ThenW'; (W )' are the weights of the
neurons matched via. Since using the attribufgc (:) for predicting the label corresponds to inferencléf piece-wise
spline functions, the probability tH& neuron with weight&V' will be activated for an 11D sampled input from the
data-generating processg‘%. However, sinc&k 6 K , the neuron with weights(W )' does not activate with the
same probability. That is, there exist samples for wiWh is activated, but (W ) is not. This contradicts our assumption
that there exists a permutation that allows matching in activation patterns for the two models. O

Combining the results above, we have the following theorem.

Theorem 1. (Disparity in Simplest Attributes Precludes MatchingLonsider a datasdd that contains multiple predictive
attributes. Assume two minimizers of the l1bg$ (D; W)) induce mechanistically dissimilar models that identify attributes

of different complexity to make their predictions. Then, their exists no permutations of neurons for which the models exhibit
linear mode connectivity.

Proof. The result follows directly from the application of Lemmas 2, 3, 4. Speci cally, Lemma 2 shows matching in
activation patterns is required for two models to exhibit linear mode connectivity (up to permutations). Lemma 3 shows
one need only analyze mechanistic dissimilarity with respect to the simplest attributes to compare the activation patterns
between two models. Lemma 4 shows if two models use attributes of different complexity to make their predictions, they
cannot match in activation patterns. O

Let us now revisit Conjecture 1 for our simpli ed setup. In Theorem 1, we have shown models with dissimilar mechanisms
of different complexity must also produce different activation patterns. Correspondingly, via Lemma 2, we have these
models cannot be linear mode connected. This veri es our claim for the simpli ed setup for a 1-hidden layer model if the
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@) (b)

Figure 13.Lack of Linear Connectivity implies Mechanistic Dissimilarity. Plot titles denote Wasserstein-1 distance between the two
models whose linear mode connectivity is being assessed. We see that models which have learned mechanisms to identify attributes of
different complexity have a large Wasserstein-1 distance between their activation patterns; consequently, they cannot be linear mode
connected, even after permutation of neurons. Meanwhile, models reliant on the same mechanisms have a small Wasserstein distance
and can indeed be linear mode connected. For examplg, and « -0 .4 learn the same mechanisms due to simplicity bias and can

be linearly connected (see Tab. 5), but they do not exhibit linear connectivity with; meanwhile, x =4 and 2 -, can be linearly

connected. Note however the latter case of more complexKi.e.4 attribute required permutations to match the neurons for linear
connectivity, while the former case of linearly separable attribute did not. This behavior emerges due to the fact that all neurons learn to
bealways activdor theK = 0 predictive attribute—see Soudry et al. (2018); Shah et al. (2020) for proof.

learned mechanisms are of different complexity. However, it remains possible that two mechanistically dissimilar models
learn mechanisms to identify attributes that diféerent but have thesame complexityproducing similar activation patterns

and hence exhibiting linear connectivity. This possibility, though viable in theory, is practically not feasible. For example, if

a dataseD; contains multiple attributes of similar complexity that allow minimizers retrieved fbgnto perform well on it,

then given SGD (and related algorithms) force neural networks to converge to max-margin solutions, we see that minimizers
retrieved via training o, will have already learned mechanisms to idenéfiyattributes of same complexifpoudry

et al., 2018; Lyu & Li, 2019; Gunasekar et al., 2018; Nacson et al., 2019). In that case,Mis¢oatreate a minimizer

that learns a different mechanism is practically moot, since we will already learn the relevant mechani&m frseif.
Combined with Theorem 1, this argument completes the result.

F.4. Empirical Veri cation

lllustrating Simplicity Bias: See Tab. 5. Speci cally, we train models using SGD for our assunfedV) architecture,

using 512 neurons in the hidden layer. We sample 50000, 128-dimensional inputs from the data-generating process discussed
in Eq. 6 withK =0 andK =4 complex predictive attributes present in the dataset. We analyze three training scenarios: (i)
when onlyK = 0 attribute is allowed to be predictive and tke= 4 attribute is randomized via interventions; (ii) when

only K =4 attribute is allowed to be predictive and tlie= 0 attribute is randomized via interventions; and (iiij) when both
attributes are allowed to be predictive. Evaluation involves assessing invariance of the trained model to the two predictive
attributes by computing loss on a test dataset that contains both predictive attributes and a counterfactual variant of the
dataset for which either (& = 0 or (b) K = 4 complexity attributes have been randomized via interventions. If loss
remains the same, the model is invariant to interventions on the attribute of that complexity, thus implying the model has
not learned a mechanism to identify that attribute. Results are shown in Tab. 5. We see intervenirlg enGhegtribute

yields an increase in loss in scenarios (i), (iii), indicating those models have learned a mechanism to identify that attribute.
Meanwhile, intervening on thié = 4 attribute yields an increase in loss only in scenario (ii), indicating the models trained
from the other two scenarios are invariant to khe= 4 complex attribute. While this is expected for scenario (i), the fact

that this behavior emerges for the scenario (iii), where both predictive attributes can be used for training, is a consequence of
simplicity bias of SGD.

Lack of Linear Connectivity implies Mechanistic Dissimilarity. See Fig. 13. We train models on 50000 samples drawn

from the data-generating process discussed in Eq. 5, allowing two predictive attributes of coniplexttyandK = 4.

Models are also trained on counterfactual variants of this dataset, where one of the predictive attributes has been randomized
via interventions. For examplek - .4 denotes a minimizer trained on data with both attributes, whilgy denotes a
minimizer identifed via training on the counterfactual dataset that contains only thé predictive attribute; noted

denotes use of a different initialization seed. Subsequently, we assess linear mode connectivity (before and after permutation)
of models by using an evaluation dataset of 10000 samples similar to the base training dataset, Ke= BoamdK =4

predictive attributes are allowed. We see that models which have learned mechanisms to identify attributes of different
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complexity have a large Wasserstein-1 distance between their activation patterns; consequently, they cannot be linear mode
connected, even after permutation of neurons. Meanwhile, models reliant on the same mechanisms have a small Wasserstein
distance and can indeed be linear mode connected. For exammpleand « -4 learn the same mechanisms due to
simplicity bias and can be linearly connected (see Tab. 5), but they do not exhibit linear connectivity withmeanwhile,

k=4 and 2 _, can be linearly connected. Note however the latter case of more compleK, 4, attribute required
permutations to match the neurons for linear connectivity, while the former case of linearly separable attribute did not. This
behavior emerges due to the fact that all neurons learn &vieeys activdfor theK = 0 predictive attribute—see Soudry
et al. (2018); Shah et al. (2020) for proof.

G. Further Results: Non-Linear Connectivity of Mechanistically Dissimilar Minimizers

We train VGG-13 and ResNet-18 models on our synthetic CIFAR-10 / CIFAR-100 / Dominoes datasets with cues (see
Figs. 7, 8, and 9) and the original datasets themselves. Parameters of the corresponding models are denbigd We

identify connectivity paths along pairs of parameters, speci cally evaluating quadratic paths identi ed using data without
cues (denoted Quadratic w/o Cues), quadratic path identi ed using data with cue (denoted Quadratic w/ Cue), linear path
(denoted Linear), and linear path after permutinpgo maximally match nc's activations (denoted Linear Permuted). In the
following, plot titles denote evaluation dataset, including datasets where either the cue is present (denoted w/ Cue), absent
(denoted w/o Cue), randomized (denoted Rand. Cue), or the underlying image is randomized but the cue remains the same
(denoted Rand. Image). Line colors denote the proportion of dataset that has synthetic cues.

Our results show the minimziegc yields the same performance upon randomization of the cue, while the performance of

¢ degrades substantially—i.e., the two modes are mechanistically dissimilar due to lack of shared invariances (see Def. 4).
Nonetheless, we can identify quadratic (but not linear) paths that mode-connect these mechanistically dissimilar minimizers,
hence corroborating Prop. 2 across several datasets and model architectures, stemhiugjstically dissimilar modes can
also be mode connected via relatively simple paths as Wellvever, different points on the connectivity paths respond
differently to counterfactuals, indicatidgck of mechanistic connectivity
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(a) Test Accuracy.

(b) Train Accuracy.

(c) Test Loss.

(d) Train Loss.

Figure 14VGG-13 on CIFAR-10 with Box Cue. We plot test/train accuracy/loss curves along different connectivity paths and see
thorough corroboration of our claims in the main text: Mechanistically dissimilar minimizers can be connected via nonlinear paths on a
given dataset, but behave different on counterfactuals, indicating lack of mechanistic connectivity.
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(a) Test Accuracy.

(b) Train Accuracy.

(c) Test Loss.

(d) Train Loss.

Figure 15.ResNet-18 on CIFAR-10 with Box Cue We plot test/train accuracy/loss curves along different connectivity paths and see
thorough corroboration of our claims in the main text: Mechanistically dissimilar minimizers can be connected via nonlinear paths on a
given dataset, but behave different on counterfactuals, indicating lack of mechanistic connectivity.
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(a) Test Accuracy.

(b) Train Accuracy.

(c) Test Loss.

(d) Train Loss.

Figure 16.VGG-13 on CIFAR-100 with Box/Color Cue. We plot test/train accuracy/loss curves along different connectivity paths and
see thorough corroboration of our claims in the main text: Mechanistically dissimilar minimizers can be connected via nonlinear paths on
a given dataset, but behave different on counterfactuals, indicating lack of mechanistic connectivity.
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(a) Test Accuracy.

(b) Train Accuracy.

(c) Test Loss.

(d) Train Loss.

Figure 17 ResNet-18 on CIFAR-100 with Box/Color Cue We plot test/train accuracy/loss curves along different connectivity paths and
see thorough corroboration of our claims in the main text: Mechanistically dissimilar minimizers can be connected via nonlinear paths on
a given dataset, but behave different on counterfactuals, indicating lack of mechanistic connectivity.
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