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Abstract

In large scale machine learning, random sampling
is a popular way to approximate datasets by a
small representative subset of examples. In partic-
ular, sensitivity sampling is an intensely studied
technique which provides provable guarantees on
the quality of approximation, while reducing the
number of examples to the product of the VC
dimension d and the fotal sensitivity G in remark-
ably general settings. However, guarantees going
beyond this general bound of &d are known in
perhaps only one setting, for {5 subspace embed-
dings, despite intense study of sensitivity sam-
pling in prior work. In this work, we show the
first bounds for sensitivity sampling for £, sub-
space embeddings for p # 2 that improve over the
general Gd bound, achieving a bound of roughly
G2/Pforl < p < 2and G22/P for 2 < p < 0.
For 1 < p < 2, we show that this bound is
tight, in the sense that there exist matrices for
which &2/P samples is necessary. Furthermore,
our techniques yield further new results in the
study of sampling algorithms, showing that the
root leverage score sampling algorithm achieves
a bound of roughly d for 1 < p < 2, and that
a combination of leverage score and sensitivity
sampling achieves an improved bound of roughly
d?/P&2=4/P for 2 < p < oco. Our sensitivity sam-
pling results yield the best known sample com-
plexity for a wide class of structured matrices that
have small £, sensitivity.

1. Introduction

In typical large scale machine learning problems, one en-
counters a dataset represented by an n x d matrix A, con-
sisting of d features and a large number n > d of training
examples. While an extremely large n can cause various
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data analytic tasks to be intractable, it is often the case that
not all n training examples are necessary, and random sam-
pling can effectively reduce the number of training examples
while approximately preserving the information necessary
for downstream prediction tasks.

Uniform sampling is perhaps the simplest instance of this
idea that is often used in practice. However, uniform sam-
pling can lead to significant information loss when there are
a small number of important training examples that must
be kept under sampling. Thus, recent work, both in theory
(Langberg & Schulman, [2010; [Feldman & Langberg, [2011)
and in practice (Katharopoulos & Fleuret, 2017; Johnson
& Guestrinl, [2018)), has focused on importance sampling
methods that sample more important examples with higher
probability.

In this work, we focus on the use of importance sampling
techniques for approximating objective functions for em-
pirical risk minimization problems. Consider an objective
function f : X — R>( of the form of a sum along the
coordinates, i.e.,

f@zZM&

where X is some domain set and f; : X — Rx( are
non-negative loss functions for i € [n] = {1,2,...,n}.
Then, we seek algorithms that sample a subset S C [n] and
weights w; for ¢ € S such that, with high probability, the
function
Fx) = S wifi(x)
=
satisfies

f)=Q0xe)f(x) D

for every x € X,

for some accuracy parameter 0 < € < 1. We will also refer
to the ¢ parameter as the sampling error. Note then that
if |S| < n, then f can be used as a surrogate objective
function in downstream applications that can be processed
much more efficiently than f itself.

Sensitivity Sampling. The sensitivity sampling frame-
work, introduced by (Langberg & Schulman, 2010; |Feld;
man & Langberg| |2011)), provides one method of achieving



Sharper Bounds for ¢, Sensitivity Sampling

guarantees of the form of (I)). In this framework, one first
compute sensitivity scores of each coordinate i € [n]:

fi(x)
;'L=1 fi(x)

Then, each i € [n] is independently sampled with probabil-
ity p; proportional to o;, and the sampled row is assigned
a weight of 1/p;. It is easy to see that this preserves the
objective function f(x) in expectation for every x € X. Fur-
thermore, it can be shown that sampling O(s*QGd) TOWS
provides a (1 + ¢)-factor approximation to the objective
function (Braverman et al.l [2016; [Feldman et al.l [2020),
where & = Y7 | o; is known as the roral sensitivity and d
is the VC dimension of an associated set system.

o; = sup
xeX

Sampling Algorithms for ¢, Linear Regression. We
now turn to sampling algorithms for ¢, linear regression,
which is the main problem of study of this work. Consider
an input matrix A € R™*¢ with n rows a; € R%, a label
vector b € R”, and 1 < p < co. We then seek to minimize

n

7 = 3 lfanx) - byl” = [|Ax — b2

i=1

Note that this problem is in the form of an empirical
risk minimization problem as discussed previously, with
fi(x) = |{a;,x) — b;|” and X = R<. Furthermore, in the
case of £, regression, we may use the scale invariance of
the £, norm to fold the weights w; into the objective f;, so
we can write the sampling procedure as a diagonal map:
Definition 1.1 (¢, Sampling Matrix). Let1 < p < oco. A
random diagonal matrix S € R™*" is a random £,, sampling
matrix with sampling probabilities {q; }?_, if for each ¢ €
[n], the ith diagonal entry is independently set to be

g _ 1/¢}/?  with probability g;
. 0 otherwise

Our goal then is to compute probabilities {p; }1_; such that
the associated £, random sampling matrix S satisfies

forevery x € RY, [[Ax —b|) = (1+¢)|SAx — Sb|?

Note that we may in fact also assume that b = 0, since we
can append b to be one of the columns of A. Thus, our
problem is to compute probabilities {p; }!_, satisfying

forevery x € RY, [|[SAx|]? = (1 +¢)|Ax|?, (2)
which is known as an ¢, subspace embedding of A..

'While computing sensitivity scores exactly is often inefficient,

efficiently computable approximations exist and suffice in many

cases.
2We define the fraction to be 0 when the denominator is 0.

We introduce the following notation for sensitivity sampling
when specifically applied to £, subspace embeddings:

Definition 1.2 (¢, sensitivities). Let A € R™*% and p > 1.
Then, for each i € [n], we define the ith ¢, sensitivity to be

) Ax|(7)|P
o?(A) = sup M3
xER? Ax#£0 ||AX||p

and the total {,, sensitivity to be SP(A) =" | o (A).

Note that the calculation of ¢, sensitivities can be formulated
as an £, regression problem, and can be computed efficiently
using recent developments in algorithms for £, regression.
Indeed, it is easy to see that

1
ol (A)

(2

= min
[Ax](i)=1

| Ax][5,

which can be efficiently approximated to high precision in
nearly matrix multiplication time (Adil et al.| 2019ab; |Adil
& Sachdeval 2020).

For p = 2, the ¢, sensitivities are exactly equal to the
leverage scores.

Definition 1.3 (Leverage scores). Let A € R"*. Then,
for each i € [n], we define the ith leverage score to be
Ti(A) = a?(A).

For ¢,, subspace embeddings, it is known that the total sen-
sitivity is at most d for p < 2 and at most d?/2 for p > 2,
where d is the dimension. Thus, sensitivity sampling applies
in this setting, and has indeed been successfully applied in
prior work (Braverman et al., [2020; [2021). There are also
other sampling schemes, based on Lewis weights, which we
discuss more below.

For p = 2, which corresponds to the standard least squares
regression problem, it has long been known that sensitivity
sampling, known as leverage score sampling in this case,
yields ¢ subspace embeddings (2)) with nearly optimal sam-
ple complexity OIEI O(e2d) (Mahoneyl 2011). However, it
is also known that the total sensitivity & is exactly d in this
setting, and the dimension is also d. Thus, in the natural
setting of /5 subspace embeddings, the bound of &d = d?
for sensitivity sampling is quadratically loose in the analysis.
However, to the best of our knowledge, no bound which
improves over the general bound of Gd specifically for sen-
sitivity sampling is known in any other setting. We thus
arrive at the central question of our work:

Question 1.4.
How many samples are necessary for sensitivity sampling
to output an £, subspace embedding [2))?

3We write [Ax](i) for the ith entry of the vector Ax € R™.
*We write O(f) to denote f poly log f.
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1.1. Our Contributions

In this work, we make progress towards resolving Ques-
tion[I.4]by obtaining the first bounds for sensitivity sampling
that go beyond the general &d bound:

Theorem 1.5 (Informal Restatement of Theorem and
Theorem[D.4). Let 1 < p < oo andlet A € R %, Leta >
0 and let ¢; = min{1,1/n + o¥(A)/a} fori € [n]. Then,
there is an o such that the random £,, sampling matrix S with
sampling probabilities {q;}_, satisfies @) and samples at
most m rows with probability at least 1 — 1/ poly(n), with

SP(A)2/P
(52) poly logn 1<p<?2
= GP(A)22/p
= polylogn 2<p< oo

Sample Complexity Bounds for £, Sensitivity Sampling

Figure 1. Dependence on d for sensitivity sampling when
GP(A) = d*V?/? (ie., worst-case). The y axis indicates the
exponent on d in the sample complexity. The red line indicates
prior bounds, blue indicates our results.

For 1 < p < 2, we show that our bound of Theorem|I.5]is in
fact tight, in the sense that there exist matrices such that, up
to logarithmic factors, G”(A)?/P samples are necessary to
obtain ¢, subspace embeddings. We show this by showing
that random matrices have a total sensitivity of at most
G&P(A) = O(dP/?), which implies the claim since d rows
are necessary to even maintain the rank.

Theorem 1.6. Letr 1 < p < 2. Letn = d°® pe
large enough, and let A be a random n X d standard

Gaussian matrix. Then, with probability at least 2/3,
GP(A) < O(dlogd)P/?.

Furthermore, we show the first bounds showing that the total
£, sensitivity cannot be any smaller than the construction in
Theorem[I.6] up to logarithmic factors:

Theorem 1.7. Let A € R and 1 < p < oo. Then,

d/2 p>2

GP(A) >
( )_{dp/2/2 p <2

Comparison to /, Lewis Weight Sampling. We now
compare our results to the well-known £, Lewis weight sam-
pling technique, which yields nearly optimal bounds for
¢, subspace embeddings for matrices with worst-case total
¢, sensitivity (Cohen & Peng, 2015} Woodruff & Yasuda),
2023). More specifically, it is known that the total £, sen-
sitivity is at most d for p < 2 and at most d?/? for p > 2
for all matrices A € R"*9, and ¢, Lewis weight sampling
provides a way to reduce the number of rows to at most
roughly d'V®/2) rows for all matrices A:

Theorem 1.8 (¢, Lewis weight sampling). Let A € R™*¢
andp > 0. Let S be a random £, sampling matrix with
sampling probabilities {q; }}'_, proportional to the £, Lewis
weights. Then, S samples O(e~2d"V(?/2) (log d)? log(d /<))
rows and satisfies (2).

In particular, ¢, Lewis weight sampling yields better sam-
pling complexity bounds than our Theorem [I.5|when p < 2
or when the £, total sensitivity GP(A) is close to dP/2. How-
ever, our results on ¢, sensitivity sampling have a number
of advantages over the existing £, Lewis weight sampling
results. First, Lewis weight sampling, to the best of our
knowledge, is not known to admit bounds better than dr/?
for matrices with very small total sensitivity GP(A) < dP/?
for p > 2. Thus, for matrices with substantially smaller to-
tal sensitivity, £, sensitivity sampling yields far improved
bounds. We illustrate a number of such applications below.
Second, sensitivity sampling generalizes to sampling prob-
lems beyond /,, subspace embeddings and has been applied
to subspace embeddings for general M -estimators and Or-
licz norms (Clarkson & Woodruff], 2015a:b; [Tukan et al.,
2020; Musco et al., 2022)), logistic regression (Munteanu
et al.,|2018)) and other generalized linear models (Munteanu
et al., 2022), as well as general shape fitting problems in-
cluding clustering and subspace approximation (Huang &
Vishnoi, |2020) and projective clustering (Varadarajan &
X1a0, 2012). Thus, our techniques may be useful for im-
proving the analyses of a broad range of sampling problems.

Other Sampling Algorithms. In addition to £, sensitivity
sampling, our techniques yield other new results on sam-
pling algorithms for £, subspace embeddings.

Our next result is a new analysis of root leverage score sam-
pling, which is a popular method for efficiently computing
upper bounds to sensitivity scores for loss functions of at
most quadratic growth, including £, losses for 1 < p < 2,
the Huber loss, and the logistic loss (Clarkson & Woodruff,
2015b; Munteanu et al., 2018}; |Ghadiri et al., [2021)). In this
technique, the p; are set proportionally to the square root
of the {5 leverage scores (Definition [I.3). While the sum of
the root leverage scores can be as large as v/nd, this sam-
pling procedure can be recursively applied for O(loglog n)

SWe write a V b to denote the maximum of @ and b.
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iterations to reduce the sample complexity to poly(d).

As with sensitivity sampling, the only previously known
analyses of root leverage score sampling proceed by a naive
union bound, which can only reduce the number of samples
to d?, which is loose by a d factor. Our techniques for
analyzing sensitivity sampling can be modified to show that
root leverage score sampling in fact leads to a nearly optimal
number of samples:

Theorem 1.9 (Informal Restatement of Theorem and
Theorem D.8). Ler 1 < p < 2 and let A € R™*% Let
o > 0 and let p; = min{1,7;(A)?/?/a} for i € [n]. Then,
there is an o such that the random £,, sampling matrix S with
sampling probabilities {p; }7_, satisfies @) and samples at
most m rows with probability at least 1 — 1/ poly(n), with

nl—p/2qp/2

m = ———5—— polylogn.
€

Recursively applying this result gives a matrix S satisfying
@) with ar most m rows, for

d
m= poly log n.

Our analysis of root leverage score sampling provides a
promising direction towards resolving the problem of de-
signing nearly optimal sampling algorithms for preserving
subspaces under the Huber loss, which has been raised as an
important question on sampling algorithms in a number of
works (Adil & Sachdeval 20205 |Ghadiri et al., 2021; [Musco
et al.| 2022)) for its applications in Huber regression and fast
algorithms for £, regression. Here, the best known upper
bound is a sampling algorithm reducing the number of rows
to roughlyﬂ d4=2V2 » 1172 whereas d is conjectured to
be possible (Musco et al., 2022). Root leverage scores are
known to upper bound the sensitivities for the Huber loss
(Clarkson & Woodruff], 2015agb; (Ghadiri et al.| [2021)), so
our Theorem [I.9]suggests that root leverage score sampling
may yield a sampling algorithm reducing the number of
samples to d for the Huber loss as well.

We additionally show that by incorporating ¢> leverage
scores into £, sensitivity sampling, we can obtain sampling
guarantees that further improve over the guarantee of Theo-
rem[I.5]for p > 2. We note that our proof of this result uses
a recursive “flattening and sampling” scheme for this result,
rather than a direct sampling result as in our earlier results.

Theorem 1.10 (Informal Restatement of Theorem |D.10).

Let 2 < p < oo and let A € R™ % Then, there is an
efficient algorithm which computes a matrix S € R™*"

satisfying @), for
d?/P&P(A)I—2/p
)

®A polylogarithmic dependence on n is necessary and sufficient
here, but we omit this from our discussion for simplicity.

m = poly log n.

Although Theorem [I.10]does not specifically use sensitivity
sampling, to the best of our knowledge, it is the best known
sampling result for ¢, subspace embeddings with small Z,,
total sensitivity &7 (A).

Applications. We now show several examples in struc-
tured regression problems in which our new sensitivity sam-
pling results give the best known sample complexity results
for £, subspace embeddings for p > 2. We start by pre-
senting a couple of lemmas which show that certain natural
classes of matrices have total £,, sensitivity < d?/.

The first result is a lemma extracted from a result of (Meyer
et al.} 2022) bounding the total ¢, sensitivity for a sparse
perturbation of low rank matrices:

Lemma 1.11 (Sensitivity Bounds for Low Rank + Sparse
Matrices (Meyer et al., 2022)). Let A = K+S € R"*? for
a rank k matrix K and an S with at most s nonzero entries
perrow. Let 1 < p < co. Then, GP(A) < d*(k + s)P.

We provide a self-contained proof in Appendix

In a second example, we show that “concatenated Vander-
monde” matrices, which were studied in, e.g., (Avron et al.,
2013)), also have small total ¢, sensitivity. These matrices
naturally arise as the result of applying a polynomial feature
map to a matrix.

Definition 1.12 (Vandermonde matrix). Given a vector a €
R", the degree ¢ Vandermonde matrix V4(a) € R"*(a+1)
is defined entrywise as V4(a); ; = a forj = 0,1,...,¢.

Definition 1.13 (Polynomial feature map). Given a matrix
A € R™ ¥ and an integer g, we define the matrix V9(A) €
R™*k(a+1) to be the horizontal concatenation of the Vander-
monde matrices VI(Aep), VI(Aey),...,VIi(Aeg).

We show the following result, proven in Appendix

Lemma 1.14 (Sensitivity Bounds for Matrices Under Poly-
nomial Feature Maps). Let A € R"** and let q be an
integer. Let 1 < p < oo. Then, GP(VI(A)) < (pg + 1)*.

This generalizes a result of (Meyer et al.| [2022), which
bounds the ¢, sensitivities of a single Vandermonde matrix.

In the low-sensitivity matrices of Lemma [[.T1] and
Lemma (1.14] it is in fact possible to apply Lewis weight
sampling to obtain sampling bounds that match these sen-
sitivity bounds, by using the tensoring trick (Meyer et al.
2022). However, when a tiny amount of noise is added
to these matrices, then algebraic tricks such as tensoring
break down, and the sensitivity bounds derived from Lewis
weights increase substantially to d?/2 for p > 2. On the
other hand, sensitivity sampling itself is robust with respect
to the addition of noise, as it depends only on norms rather
than brittle quantities such as rank. Indeed, we have the
following fact, which we prove in Appendix [A.4}
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Lemma 1.15. Let A € R"*? pe a rank d matrix with mini-
mum singular value oin. Let E € R™*4 pe an arbitrary
perturbation matrix with

Omin

1B, < Ini+1/p
Then, &7(A + E) < 2P(SP(A) + 1).

Thus, for small perturbations of structured matrices with
small ¢, sensitivity as specified by Lemma Theo-
rem|[I.5]and Theorem[I.10] give the tightest known bounds
on the sample complexity for £,, subspace embeddings. Such
perturbations may arise due to roundoff error or finite pre-
cision on a computer, and no prior bounds beating Lewis
weight sampling or the naive &d bound for sensitivity sam-
pling were known for the applications above.

1.2. Other Related Work

The problem of designing sampling algorithms for £,, sub-
space embeddings has a long and rich history, dating back to
works in the functional analysis literature and culminating
in the Lewis weight sampling result (Lewis, |1978; |Schecht{
man), |1987} Bourgain et al. 1989 Talagrand, |1990; |[Ledoux
& Talagrand, |1991} [Talagrand, |1995; |Schechtman & Zvav-
1tchl, 2001). More recently, the theoretical computer science
community has studied this problem for its applications to
¢, linear regression and other empirical risk minimization
problems. The early works of (Clarkson, 2005} [Dasgupta
et al., 2009) obtained sampling algorithms for ¢, regression
based on sensitivity score upper bounds given by various
constructions of £, well-conditioned bases for A. The the-
ory of Lewis weight sampling was brought to the theoretical
computer science literature by (Cohen & Peng, 2015)), and
has been improved both in the computation of the weights
(Lee, [2016; [Fazel et al., |2022; Jambulapati et al., [ 2022) and
sampling guarantees (Woodruff & Yasuda, 2022;2023).

2. Sampling Error Bounds

We now give a more detailed discussion of our techniques
and results. While our discussion in this section will present
most of the major ideas necessary to prove our new results,
all of the full proofs will be deferred to the appendix due to
space considerations.

2.1. Prior Approaches

We start by describing the standard proof of the O (e ~2&d)
sample complexity bound for sensitivity sampling (Schecht/
man, |1987)). Using Bernstein bounds, it can be shown that
sampling O(e72& log %) rows preserves the £, norm of
a fixed vector Ax up to a (1 & ¢) factor with probability
at least 1 — 6. One can then consider an e-net N, which
is a set of size roughly 1/&? such that any £, unit vector

Ax is e-close to some Ax’ € N. By a union bound, the
norm preservation guarantee holds simultaneously for every
Ax’ € N with constant probability, if we set § = ¢?. Now
for an arbitrary £, unit vector Ax, the norm preservation
guarantee holds for an e-close point Ax’ € N, which im-
plies the norm preservation guarantee for Ax itself by a
standard argument. Finally, scale invariance ensures that the
same conclusion holds for all vectors Ax, rather than just
unit vectors.

To improve over this argument, the £, Lewis weight sam-
pling technique was developed in a line of work from the
functional analysis literature (Lewisl (1978} Bourgain et al.,
1989; Talagrand, [1990; Ledoux & Talagrand, [1991; Taf
lagrand, [1995), which incorporates chaining arguments.
Chaining arguments are a way of improving e-net argu-
ments by using a sequence of e-nets at different “scales”,
rather than using a single scale of €, and using tighter bounds
for net constructions (i.e., smaller cardinality nets) at larger
scales (see, e.g., (Nelson, [2016)) for a survey of chaining
applications in computer science).

We now delve into a discussion of the overall strategy to-
wards bounding the sampling error of our £, sampling re-
sults, which is a random variable A depending on S given
by

A= sup

ISAx|? —1]. 3)
I Ax],=1

Note that if A < ¢, then [|[SAx||} = (1 + ¢)||Ax|]) for

every x € R?. In our discussions in this section, we will
focus on bounding A in expectation, although our full proofs
in the appendix will bound higher moments of A to obtain
high probability bounds.

2.2. Generalized Chaining Bounds for /, Subspace
Embeddings

Our main technical lemma towards bounding (3) is a gen-
eralization of the chaining argument framework for Lewis
weight sampling, which bounds the sampling error of ¢,
sampling algorithms by the leverage scores and £, sensitiv-
ities of the sampled matrix SA, rather than by the Lewis
weights of SA.

First, we introduce our sampling bounds obtained by gen-
eralizing the chaining arguments of (Bourgain et al.| |1989;
Ledoux & Talagrand,|[1991). In this result, we obtain the fol-
lowing bound on a certain Rademacher process, which can
be interpreted as the sampling error of a uniform sampling
process, as we describe in Section@

Lemma 2.1 (Rademacher Process Bound, Simplified). Let
AecR™andl <p < oco. Let 7 > 7;(A) and o >
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o?(A) for every i € [n]. Let

FE =
s~{i1}” HAxH =1

ZEZZ|AX

Then,

E< 0(7'1/2)(10gn)3/2 p<2
~ o2 (on)/2 1P (logn)?/? p>2

This result follows from a Gaussianization argument
(Lemma [D.T)), followed by an application of Dudley’s en-
tropy integral theorem (Theorem|[C.2), and then bounding
the entropy integral in Lemma [C.6|and Lemma|[C.7]

As we discuss in Section [2.4] Lemma [2.1] will be a key
ingredient in bounding the sampling error in our sensitivity
sampling analysis.

2.3. Leverage Score and Sensitivity Bounds

In our final argument, Lemma [2.1] will be applied with
the matrix A set to be (a modified version of) the sampled
matrix SA. Thus, we require a bound on the leverage scores
and sensitivities 7 and o of SA. In fact, ¢ is naturally
bounded by the £, sensitivity sampling algorithm: indeed, if
we a priori assume that [SAx||? > (1/2)[|Ax||; for every

x € RY, then 0¥ (SA) is at most

AP _,

1[[AX]()° _ 207(A)
||SAXHZ T Ax#0Di

IAx][; —  pi

sup
SAx#0

4
which is at most 2« if p; > o (A)/«. While this is only
an informal argument, this intuition can be formalized, as
we discuss later in this section.

Next, we require a bound on the leverage scores 7 of SA,
which is more challenging, as sensitivity sampling does
not directly bound this quantity. To address this problem,
we show how to bound the leverage scores of an arbitrary
matrix by the £, sensitivities of the matrix. In particular, we
show that for ¢ > p, the largest ¢, sensitivity bounds the
largest /,, sensitivity.

Lemma 2.2 (Monotonicity of Max ¢, Sensitivity). Let ¢ >
p > 0andy € R". Then,

Iyl5 _ vl
P — q °
Iyll; — [yl

We also use an “approximate converse” of the above result:

Lemma 2.3 (Reverse Monotonicity of Max ¢, Sensitivity).

Letq>p>0andy € R". Then,

a/p
Iyl - <|y||i;> -
q9 — p .
Iyl = \ Tyl

While these lemmas only apply to the max £,, sensitivity and
are quite loose when the max £, sensitivity can be arbitrary,
we use the crucial fact that the ¢, sensitivities of SA are
essentially “flat”, that is, the maximum ¢, sensitivity will be
within a small factor of the average ¢, sensitivity S”(A) /n.
Thus, Lemma [2.2] and Lemma [2.3] allow us to bound the
leverage scores by the £, sensitivities for p > 2 and p < 2,
respectively. This idea also allows us to prove Theorem|[1.7]

2.4. Gaussianization Reduction for Sampling
Algorithms

In the works of (Bourgain et al.| |1989; |Ledoux & Talagrand),
1991)), a version of Lemmatailored to £, Lewis weight
sampling is used as a part of a recursive sampling algorithm,
where the Rademacher process represents the sampling error
of a process that samples each row i € [n] with probability
1/2 and scales the result by 2. Indeed, if S;,; takes the value
0 or 2!/7 with probability 1/2 each and [|Ax||} = 1, then
(S7; — 1) is a Rademacher variable and

n

ISAx|? — 1= (7, -
i=1
and thus Lemma[2.T|bounds (3). While this only reduces the
number of rows by a factor of 2, this process can be applied
recursively for O(logn) rounds to reduce the number of
rows to poly(d).

DI[Ax](0)]",

However, we instead primarily use Lemma[2.T]in a reduction
based on (Cohen & Peng|, 2015) for an algorithm with one
round of sampling. In this reduction, we bound the sampling
error (3) by introducing an independent copy S’ of S and
estimate

A<E sup

ISAx][;
|l Ax],=1

Because S and S’ are identically distributed, multiplying
each coordinate ¢ € [n] by a Rademacher variable €; ~
{+£1} does not change the distribution. Then by applying
the triangle inequality, it follows that

254 [SAx](

which closely resembles Lemma

A <2
E~{i1}" HAxH =1

(&)

At this point, for each fixing of S, we wish to apply
Lemma 2.1 with A replaced by SA, with sensitivities
bounded using the idea of {@). However, we cannot a priori
assume that [SAx||y > (1/2)||Ax|[}. To fix this, the idea
of (Cohen & Peng, 2015) is to mtroduce an auxiliary sub-
space embedding S’ such that S’ A also has £, sensitivities
bounded by a, and does satisfy ||S'Ax||) = ©(1)||Ax]|?

for every x € R? Then, we can apply the result of
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Lemma[2.1]to the concatenated matrix

A= SA )
S’A

It can then be shown that the quantity &£ bounded in
Lemma [2.T]indeed bounds the quantity in (3), and further-
more, we can fix the argument of (@) by bounding
[SAx](i)]" _ 1[AX](0)" _ O(a7(A))

7

sup =~ =~
Ax#0 Di HS'AXH§ y2

axzo A

Importantly, we only need to use the existence of S’ for the
analysis and thus S’ can be constructed in any way, rather
than just by sensitivity sampling.

2.5. Construction of Auxiliary /, Subspace Embeddings

We now delve into further detail about the other key piece
of our analysis, which is the construction of auxiliary £,
subspace embeddings S’ which are compatible with the
reduction argument in Section [2.4]

2.5.1. SENSITIVITY SAMPLING, p < 2

For our sensitivity sampling result for p < 2 in Theorem|[I.3]
we aim to sample roughly m = £~2&P(A)?/P rows. We
first briefly sketch the intuition behind this bound. If we
sample each row ¢ € [n] with probability roughly o (A)/«
for an oversampling parameter o > 0, then we expect the
¢, sensitivities of SA to be bounded by a according to
the informal reasoning of (@). We then wish to bound the
sampling error using Lemma [2.1] which, combined with
the bound on the leverage scores using the sensitivities in
Lemma/2.3| gives a bound of

< a?/Pm2/P=1 — agp(A))Wpfl

by using that m is 6P (A)/« in expectation. Since we want
this to be at most €2, we set a = £2/GP(A)?/P~1, which
gives a bound of m = £~ 2GP(A)?/P as claimed.

Now coming back to the formal argument using the aux-
iliary ¢, subspace embedding S’, we wish to construct a
subspace embedding S’ that preserves ¢, norms of Ax up
to a constant factor, but also has £, sensitivities at most o,
since this is the bound that SA will satisfy. To construct
this S’, we proceed by first using Lewis weight sampling
(Theorem|1.8)) to construct a ©(1)-approximate £,, subspace
sampling with O(d) rows. Importantly, we show that this
sampling procedure can only increase the total £,, sensitivity
by a constant factor (see Lemma [A.T). We then apply a
flattening procedure (see Lemma , which yields an £,
isometry with at most &GP (A )/« rows such that the sensitiv-
ity of each row is bounded by «. Furthermore, because the
number of rows &P(A) /« of this auxiliary subspace embed-
ding S’ is at most the bound m that we seek, we can apply

the same reasoning as before using Lemma [2.3]to bound the
leverage scores of S’ A to recover the same bound as that
for SA. Thus, we obtain our desired construction of the
auxiliary ¢, subspace embedding, allowing the reduction
argument as described in Section [2.4]to go through.

2.5.2. SENSITIVITY SAMPLING, p > 2

For our result on sensitivity sampling when p > 2, the in-
tuition and reasoning roughly follows the case of p < 2.
However, we must be more careful with the construction
of the auxiliary £, subspace embedding, since we can-
not use Lewis weight sampling to construct it; this is be-
cause the sample complexity of O(dp/ 2) for Lewis weight
sampling is larger than our sample complexity bound of
m = £ 26&P(A)?~2/P that we aim for. Thus, in order
to obtain our auxiliary £, subspace embedding, we must
essentially achieve the same results that we claim in The-
orem [I.3] using an alternate construction that does not
directly use one-shot sensitivity sampling. For this, we
instead revisit the recursive sampling process mentioned
earlier in Section which originates from the functional
analysis literature. Here, we first flatten our input matrix us-
ing LemmalA.4|to a matrix with at most (4/3)n rows and £,
sensitivities at most O(&P(A) /n), and then use Lemma 2.1]
directly as the sampling error bound for a uniform sampling
algorithm which samples each row with probability 1/2.
Note then that overall, we retain (4/3)(1/2)n = (2/3)n
rows altogether in expectation after this result, and further-
more, we have a sampling error of at most €. Then, because
we sample only a constant fraction of rows after each ap-
plication of the procedure, it can be shown that recursively
applying this result for O(log n) iterations accumulates a
total sampling error of O(e log n), while reducing the num-
ber of rows down to e ~2&”(A)?~2/P, which matches the
number of rows that we claim for sensitivity sampling in
Theorem By rescaling e by an O(log n) factor, we can
obtain a total error of £ while only losing polylogarithmic
factors in n. This is carried out in Lemma[D.3] Thus, we
may again carry out the reduction argument as described in
Section 2.4

2.5.3. ROOT LEVERAGE SCORE SAMPLING, p < 2

For our root leverage score sampling theorem Theorem|1.9]
we take a conceptually different approach for obtaining the
leverage score bound required in Lemma[2.1] For sensitiv-
ity sampling, our idea was to bound the leverage scores by
relating them to the £,, sensitivities, which were controlled
by the sensitivity sampling process. For root leverage score
sampling, however, the idea is that by sampling by the root
leverage scores, we directly control the leverage scores of
the sampled matrix SA, rather than the sensitivity scores. In-
deed, one can show that if the sampling probabilities p; sat-
isty p; > 7;(A)P/%/a, and if [|[SAx|; > (1/2)]| Ax]|3 for
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every x € R, then the leverage scores of SA are bounded
by

[SAx](i)[* 1 lAX@)F _ Ti(A)
SAx#0 ||SAx|2 Ax0 p2P ||Ax|[; T T pP
(6)

which is at most 2a2/P. However, it is not clear that
[SAx||3 > (1/2)||Ax]|5 should hold at all, since S is only
a subspace embedding for £, and not £. For this intuition
to go through, we require an auxiliary ¢, subspace embed-
ding that preserves both ¢, norms and ¢, norms, with flat ¢,
leverage scores.

To make this argument work, we crucially use the fact that
the bound in Lemma [2.T]does not depend polynomially on
the number of rows of the input matrix. Thus, we can afford
to construct S’ A to have many rows, as long as its leverage
scores are controlled. Thus, in Lemma [D.3} we take the
approach of constructing an ¢, isometry of A by splitting
every row a; into k copies of a;/ k'/? where we will set
k = 1/«. Note then that after splitting, every row contains
at most a 1/k fraction of the ¢5 mass, so the ¢5 leverage
scores are all at most « (in fact, all £, sensitivities for any ¢
are at most o). Furthermore, crucially, the /5 norm will be
preserved up to a factor of a*/?~1/4, Then altogether, we
can fix (6) and instead bound

[SAx|@)f _, 1 [[Ax](i))
T axo pl/P /P Ax3

sax£0 || A’x|3

which is at most 2c;, where A’ is the concatenation of SA
and S’ A.. These ideas lead to our Theorem [L.9]

2.5.4. LEVERAGE SCORE + SENSITIVITY SAMPLING,
p>2

Finally, for our Theorem [I.T0} we take essentially the same
approach as the recursive form of our sensitivity sampling
result for p > 2 in Theorem [I.5] except that we improve
our flattening approach by flattening leverage scores as well,
which is formalized in Lemma[D.9} Note that when we only
flatten ¢, sensitivities using Lemmal|A.4} then the resulting
bound on the leverage scores is just roughly the average
¢, sensitivity, which is G”(A)/n. We show that by also
flattening the leverage scores, we can improve this bound to

<d)2/p<6p(A))12/p.

Because GP(A) is always at least d/2 for p > 2 due to our
Theorem|I.7] this is always better than the previous bound of
&P(A)/n, which ultimately leads to our improved sampling
algorithm Theorem [I.10]

We note that we do not obtain a corresponding one-shot sam-
pling algorithm, where the main difficulty is in constructing

an auxiliary £, subspace embedding that has few rows, flat
leverage scores, does not increase £p norms, and does not
decrease ¢ norms. Nonetheless, the recursive sampling
procedure still leads to an efficient algorithm.

3. Conclusion and Future Directions

Our work introduces a new analysis for sensitivity sam-
pling for £, subspace embeddings, which breaks a pre-
vious general sampling barrier of O(¢ 2&P(A)d) sam-
ples via a simple union bound argument, to obtain an im-
proved bound of O(s~2&P(A)?/7) samples for p < 2 and
O(e72&P(A)2~2/P) samples for p > 2. We also present
other novel results for sampling algorithms for £, subspace
embeddings based on our techniques, showing that the
popular root leverage score sampling algorithm yields a
bound of O(e=*/Pd) for p < 2, as well as an improved
O(e2d?/?&P(A)?~*/P) bound for p > 2 using a recursive
sampling algorithm that combines ¢, sensitivity flattening
with leverage score flattening. Our improved analyses of
sensitivity sampling as well as our novel leverage score
and sensitivity flattening algorithm give the best known
sampling guarantees for a number of structured regression
problems with small arbitrary noise.

We conclude with several open questions. Perhaps the most
natural is to completely resolve Question [I.4]by characteriz-
ing the sample complexity of sensitivity sampling. We con-
jecture that a sample complexity of O(e~2(&P(A) + d)) is
possible for £,, subspace embeddings, and perhaps for more
broad settings where sensitivity sampling applies as well.
Furthermore, for p > 2, we believe it is of interest to obtain
this bound even without the use of sensitivity sampling via
other methods. Finally, we raise the question of obtaining
sampling algorithms for subspace embeddings for the Huber
loss with nearly optimal sample complexity, for which our
results may be useful.
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A. Properties of /, Sensitivities
A.1. Monotonicity of Max ¢,, Sensitivity

We first provide proofs of Lemma[2.2]and Lemma [2.3] The results are similar to results used in (Braverman et al.| 2020}
Musco et al.,2022). In particular, it generalizes Lemma 4.6 of (Braverman et al., 2020) and is a simplification of a specific
instance of Lemma C.3 of (Musco et al., [2022).

Proof of Lemma We have that

n n
Iyl =D _ly@1" < Iylle” D_ly@F = Iyl llylp,
i=1 i=1

SO

[ 'S 4
p = 5 = T
Iyl ~ ylg/Ivl? Iyl
O
Proof of Lemma[2.3] Since |ly|, < [ly||,n"/?~*/4, we have that
q/p
Iyll5 MOIS Iyld [ lyl a/p-1
Iyl = Tolg- = = Tyl -wiore ~ Iyl ) ™
Yllq Ylip Ylip Yllp
O

A.2. Total Sensitivity

We now derive bounds on the total £, sensitivity.

A.2.1. SAMPLING PRESERVES TOTAL SENSITIVITY

Lemma A.1 (Sampling Preserves Total Sensitivity). Let A € R"*% and 1 < p < oo. Let S be a random {,, sampling
matrix such that with probability at least 3/4,

ISAx]|, = (1 £ 1/2)||Ax|,

simultaneously for every x € R%. Then, with probability at least 1/2,

S Ao [SAx|[;

1
Pr{G"(SA) < 86"(A)} > -
Proof. We have that
n SA p n A Y2 Ax D n Ax p
=2 p IS 3 s, E s S st on(a) s ol
Tsaxzo |AX]P [SAx|] T &0 saxvo [SAX|?

=1 i=1 1

We are guaranteed that

Hk\w

| Al
Pr{ sup <25 >

saxz0 |SAx[) ~

On the other hand, we have that

B|Y sziiaﬂA)] =Y EIS! Jol(A) = & (A)
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so by Markov’s inequality,

=~ w

Pr{Zsm P(A) <467 (A >}>

By a union bound,
Pr{GP(SA) < 86P(A)} >

DN | =

We also prove a high probability and high accuracy version of Lemmal[A.T]

Lemma A.2 (Sensitivity Sampling Preserves Total Sensitivity: High Probability and Accuracy). Let A € R™*? and
1<p<oo Let0 <e,0 < 1. Let S be a random {,, sampling matrix such that with probability at least 1 — 6,

[SAx], = (1+e)]Ax],
simultaneously for every x € R®. Furthermore, suppose that
) 2gp
7i <M= i il S (?)
qi 3log 5
for every i € [n]. Then, with probability at least 1 — 20,

Pr{GP(SA) = (1+0(¢))8P(A)} > 1 — 2.

Proof. The proof follows Lemma|[A.T] Just as in Lemma[A.T] we have that

|AX|"
SA < SP -
Z i (A) s ISAx]]?

Similarly,
|- AxI]7
A) > inf
'8 ZS’ i SAx;ﬁO [SAx|[>

Furthermore, since o;/q; < M, SY .a?(A)/M is a random variable bounded by 1, with

’LZ ’L

=~ 57,07(A)

Z’L ’L

E
M

(
M T g2

=1

Thus by Chernoff bounds, we have that

Pr{ZS“ ot (lis)Gp(A)} >1-4.
We conclude by a union bound as in Lemma O

A.2.2. TOTAL SENSITIVITY LOWER BOUNDS

We start with the classical result that the total {5 sensitivity is exactly d:
Lemma A.3. Let A € R"*¢ and let U € R"*? be an orthnormal basis for the column space of A. Then,

Ti(A) = ] U3
and

S ri(A) =|U|7 =d.
=1
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Proof. We have that

Ax]|(1)|? Ux|(i)? Ux|(1)]? 2
ra) = s IAXOE_ 0 OO, IOOE ey
xeRe,Ax#£0 || AX||3 xeR?,Ux#0 || UX||5 xeRdxz0  [|1X]|3

We now use Lemma[A.3together with Lemma[2.2]and Lemma[2.3|to derive lower bounds on &7 (A).

By using a simple argument based on “splitting rows” (see, e.g., (Ledoux & Talagrand, |1991} |Cohen & Peng| 2015} |Chen &
Derezinski, [2021; [Musco et al.,[2022)), it is possible to assume without loss of generality that the maximum ¢,, sensitivity is
related to the average /£, sensitivity, up to a factor of 2:

Lemma A.4 (¢, Sensitivity Flattening). Let A € R"*% and 1 < p < cc. Let C > 1. Then, there exists a A’ € R™*< for
m = (1+1/C)n such that || Ax||, = ||Ax||,, for everyx € R, &P(A) = &P(A’), and of, (A') < C&P(A)/n for every
i’ € [m].

Proof of Lemma[A-4) Suppose that for any row a; € R? of A fori € [n] with o¥(A) > C&P(A)/n, we replace the row
with k := [a?(A)/(C&P(A)/n)] copies of a;/k'/P to form a new matrix A’. Then, we add at most

ai(A) ol(A) GPA) n
2 [CGP(A)/J 1S ) GenA)n - A = T

i:0?(A)>6P(A)/n i:0?(A)>6P(A)/n

rows. Furthermore, we clearly have that || Ax||, = ||A’x||, for every x € R<, and also for any row i’ € [m] that comes
from row 4 € [n] in the original matrix,

(AN _ COM(A)/n |AX) _ CSP(A)
A7 = oT(A) JAX] T

?

Finally, it is also clear that the sum of the sensitivities is also preserved, since the sum of the sensitivities of the &k copies of
each row ¢ € [n] in the original matrix is o (A). O

We can now prove Theorem|l.7

Proof of Theorem Let A’ € R?"*4 be the matrix given by Lemma|A.4|applied with C' = 1. Then for p > 2, we have
by Lemma [2.2] that

d n n 26p A
- < malxa?(A’) < malxaf(A’) < 267(A)
n 1= 1= n

and for p < 2, we have by Lemma 2.3 that

n n 2/ 26P(A 2/p
< maxa?(A/) < (maxaf(A')) an/P—l < <(‘5(>) n?/P_

=1 =1 - n

- 22/PGP(A)/P

n

d
n

which yield the claimed results. O

A.2.3. RANDOM MATRICES HAVE SMALL TOTAL SENSITIVITY

We show that the above lower bounds can be tight, up to logarithmic factors. We will use Dvoretzky’s theorem, which can
be found in, e.g., Fact 15 in (Sohler & Woodruff} 2018}

Theorem A.5 (Dvoretzky’s Theorem). Let 1 < p < 2. Letn = (d/e)°P) be sufficiently large, and let A be a suitably
scaled random n x d Gaussian matrix. Then, with probability at least 99/100, we have for every x € R that

[Ax], = (1 =) [[x[],-
This gives a proof of Theorem 1.6}

14
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Proof of Theorem[1.6] By applying Theoremwith € = 1/2, we have that ||Ax||g = O(n)||x||5 with probability at least

99/100. Note also that
m§f<||ejA\|2 < O(y/dlogn) = O(y/dlogd)

which also happens with probability at least 99/100. By a union bound, both events happen with probability at least 98/100.

Now for any x € R? with unit £, norm, we have that
. p p
[AX](D)" < [lef A|l; - IxI[5 = [Je] Al; < O(dlogd)?/>.
Thus,

GP(A) < n-max sup [[AX](0)] < n-max sup M

TTAx? = O(dlog d)P/?.
=1 =1 (A =1 xf,m1 O(n)

A.3. Structured Matrices with Small Sensitivity, p > 2

Proof of Lemma Let 7 be an integer such that 2" < p < 2"+, Then, for each i € [n], we may write

k s
a; =k;+s; = E Qi Vi + § Bijei;
i=1 i=1

where v; € R? for j € [k]. Then, the tensor product a?QT of a; with itself 2" times can be written as a linear combination
of tensor products y; ® - - - ® yar, where each y, for ¢ € [2"] is one of {v1,V2,..., VL, €, €,,...,€; }. Thus, a®" lies
in the span of at most (k + 5)%’ vectors, for a fixed choice of ;,, €;,, . .., €;,. Since there are at most d* possible choices
of the sparsity pattern, every 3?27 for i € [n] lies in the span of at most d’ := d*(k + s)>" vectors. That is, if A®?" is the
Khatri-Rao 2"th power of A, then A®2" {5 a rank d’ matrix. Then, we have that

A = ([AXIOF )2 = ({2, )7 )7/ = |(af? x*2") v/

o) . .
[Ax](i)” (A5 %2 )(0) [ 1A% %))
sup HApr = Su ®2r - @2" p/2r = - ®2r p/27‘
Ax£0 » AxA0 [|A®2TXE2T|| 5, A®x20  [|A®2 x| 15,
that is, the £, />~ sensitivities of A®2" upper bound the ¢, sensitivities of A. Since p/2" < 2, the total £,, /5 sensitivity of
A®?" is bounded by its rank, which is d’. O

Proof of Lemma[I.14] Let r be an integer such that 2" < p < 27!, Fix some x € R¥(a+1) Now consider the vector (a,x),
where a is a k(g 4+ 1)-dimensional vector of monomials of degree 0 through ¢ of the indeterminate variables a1, as, . . ., ax,
that is,
a=(l,a1,a,...,a{, 1l,as,a3,...,ad, ..., l,axaqj,...,a}).

Then, (a,x) is a degree ¢ polynomial in the indeterminates ay, as, . . ., a; with coefficients specified by x, so (a, x>2r is
a polynomial in the indeterminates a1, aq, . . ., a, such that every monomial term is at most degree 2" ¢ in each variable.
Note that there are at most k variables, so there can be at most (2”q + 1)* possible monomials, by choosing the degree of
each of the monomials. Let x’ denote the coefficients of this polynomial in the monomial basis, for a given set of original
coefficients x.

Now consider the matrix V9(A). Then, for a fixed x € RF(@+1) [V(A)x](i)?" is the evaluation of (a, X>2T at the ith
row a; of A for the indeterminates a1, az, . .., ax, so it can be written as the linear combination of at most (27q + 1)’“
monomials evaluated at a;, with coefficients x’. Thus, [V9(A)x](i)?" = A’x’ for some A’ with rank at most (2"q + 1)*.

Finally, note that
. N2 r . 2"
VA6 = ([Va(Aa)x]@)* )72 = |[a] @)
Thus, the total £, sensitivity of V?(A) is bounded by the total £, 5. sensitivity of A’, which is at most (2"¢q + 1)¥ <
(pq + ). 0
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A.4. Total /,, Sensitivity Under Perturbations
Proof of Lemma For any x € R?, we have that
(A +E)x|, = |Ax], £ [[Ex]],
= [|Ax]|, + v/n|Ex]|,

oo
= [|Ax|, £ —= x|

NG
Omin 1
=||A +
A, + 77—
1
= |l Ax|l, + 5[ Ax],
= (1 £1/2)[Ax|,

[ Ax]|,

SO
(A+EX@OF 0 [AXOP s [EXIOF AP |, [EXP
IA+Ex[; —  [(A+E)x|; IA+B)x|y ~ " Ax]; [ Ax]];
The first term is clearly bounded by 2Po¥ (A) for any x. On the other hand, the second term is bounded by
Ny p p
P HEX](Z)|p < 9P ||EXHP < 2pnp/2 ||EXH§ P o-ﬁlin ”XHIQ) P 1 HAXHIQ) ¥4 ||AX||P _ 2
[Ax]l; — lAx[p ~ IAx[; =~ nr/2H U JAx|] T ar2H JAX]p T nf|Ax[E

Thus, the total sensitivity is bounded by

QPZn:o-?(A) + % — 27(SP(A) + 1).

B. Entropy Estimates

In this section, we collect our results on estimates on various metric entropies, which are needed for our chaining arguments.
Our results here are based on similar results given by (Bourgain et al.,[1989). However, we modify their arguments to only
depend on leverage scores and ¢, sensitivities, rather than using Lewis weights (Lewis|, 1978} Bourgain et al., [1989).

B.1. Preliminaries

We first recall general definitions from convex geometry that are relevant to this section.

Definition B.1 (dx-balls). Let dx be a metric on R%. Then, for x € R? and ¢ > 0, we define the dx-ball of radius ¢
By(x,t) tobe
Bx(x,t) = {x e R*: dx(x,x) < t}.

Definition B.2 (Covering numbers and metric entropy). Let K, T C R be two convex bodies. Then, the covering number
E(K,T) is defined as

k
E(K,T) = min{k eEN: x| K C | Jxi+ T)}.
i=1

If dx is a metric and ¢ > 0 a radius, then E (K, dx,t) is defined as
E(K,dx,t) = E(K,Bx(0,t))
(see Definition[B.1). The metric entropy is the logarithm of the covering number.

Next, we introduce some notation that is specific to our setting of £, subspace embeddings.
Definition B.3. For a matrix A € R"*? and p > 1, we define the ball

BP(A) = {Ax €R™: ||Ax], < 1}.

We simply write BP? if A is clear from context.
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B.2. Dual Sudakov Minoration

One powerful tool for bounding covering numbers for covers of the Euclidean ball is the dual Sudakov minoration theorem,
which bounds covering numbers in terms of the so-called Levy mean:

Definition B.4 (Levy mean). Let ||-||  be a norm. Then, the Levy mean of ||-||  is defined to be

Ege/\/(o,ld) HgHX

My = .
Egeno1) 8l

Bounds on the Levy mean imply bounds for covering the Euclidean ball by ||-|| -balls via the following result:

Theorem B.5 (Dual Sudakov minoration, Proposition 4.2 of (Bourgain et al., [1989)). Let ||-|| be a norm, and let B C R?
denote the Euclidean ball in d dimensions. Then,

M2
log E(B, ||| x,t) < O(d)tTX

B.3. Entropy Estimates for p > 2

We now use the preceding results to obtain the entropy estimates necessary to prove our main result for p > 2. We start by
bounding the Levy mean for the norm defined by x — || Ax/||, for some matrix A.

Lemma B.6. Let ¢ > 2 and let A € R"*4. Let T > max?leeiTAH;. Then,

E |Ag|, <n'i/q T.
gNN(O,Id)H glly < q

Proof. We have for every i € [n] that

a/2p (9t
O

since [Ag](4) is distributed as a Gaussian random variable. Then by Jensen’s inequality and linearity of expectation,

o] AJl3 < g -9/

1/q

1/q
E ||Ag|, < E |Ag|? :(.q/2.q/2)
B g|q(M(o,Id)|| gq) 0 gt s

S AN

By combining the above calculation with Theorem B.5] we obtain the following:

Corollary B.7. Let 2 < q < oo and let A € R"*? be orthonormal. Let T > maxj , ||elTAH§ Then,

n2/aq .t

IOgE(BQ,Bq,t) SO(l) t2

Proof. For A orthonormal, B2 (A) = B2 is isometric to the Euclidean ball in d dimensions, and thus Theorem [B.5
applies. O

We also get a similar result for ¢ = co, by applying Corollarywith g = O(logn).
Corollary B.8. Let A € R"*4 pe orthonormal. Let T > max!__, He:AHi Then,

o logn) -1
log E(B2, B ,t)gO(l)%

Proof. This follows from the fact that for y € R",

Iylloo < llyll, < 2"yl = Oyl
for ¢ = O(logn). O

17
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B.4. Entropy Estimates for p < 2
By interpolation, we can improve the bound in Corollary [B.7] which is needed for our results for p < 2:

Lemma B.9. Let2 < r < oo and let A € R™*% pe orthonormal. Let 7 > max;._; He?AHi Let 1 <t < poly(d). Then,

1

s T
log E(B?, B",t) < O(1) O (r — logd+1ogn)7

Proof. Letq > r,and let 0 < 0 < 1 satisfy

1_1—9+9
r 2 q

Then by Holder’s inequality, we have for any y € R”™ that

n 1r n (1=0)/2 / 6/a
lyll, = (Zly(i)lr(le)ly(mw) < (ZIY(%’)F) (ZIY(i)Iq> = lIylly~lly g
i=1 i=1 i=1

Then for any y,y’ € B2, we have

1-60 4 6
ly =¥'ll, < ly =¥l "y =¥'ll, < 2lly = ¥ll,

SO

log E(B%, B",1) < 2 pa_(1/2)1/° n*iq.
BE(B.B.1) < log E(B, B, (1/2)") < 00 5l
by Corollary [B.7} Now, we have
222575 _g-2 2
0 i-1 qg r—2
so by taking ¢ = O(-Z log d + logn), we have that n?/? = O(1) and (¢/2)"/¢ = ©(1)(t/2)?"/("=2), so we conclude as
claimed. O

Using Lemma[B.9] we obtain the following analogue of Corollary [B.7)for p < 2.
Lemma B.10. Let 1 < p < 2 and let A € R™*¢ be orthonormal. Let T > maxj._; ||elTA||; Then,

1 (logd
log E(BP, B®,t) < O(1)tfp (;fp + ]0gn>7’.

Proof. In order to bound a covering of B? by B>, we first cover BP by B2, and then use Corollary to cover B2 by B>.

We will first bound E(B?, B2, t) using Lemma For each k > 0, let £, C BP be a maximal subset of B? such that for
each distinct y,y’ € &, |ly — ¥'||, > 8%¢, with & := {0} for 8¥+1¢ > nl/P~1/4 Note then that

|Ex| > E(BP, B2, 8%t).
By averaging, for each k, there exists y(¥) € &, such that if
Fo={vea ly—y®l <s+1f,

then

& B(BB8h

Fil >
[Pl 2 E(Br, B2,85+1t) = E(Br, B?,8k+1t)

We now use this observation to construct an ,,-packing of B2, where p’ is the Holder conjugate of p. Let

1
Gr = {Sk—i-lt(y -y"):ye fk}~

18
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Then, G, C B? and G, C B? - 2/8%*t, and ||y — y’||2 > 1/8 for every distinct y, y’ € Gx. Then by Holder’s inequality,
1 2 4
@ <ly- Yl <lly=vylly-¥1, < gy — y'll,
solly —=y'll,, >2- 8%=2¢. Thus, Gy, is an £,s-packing of B2, so
log E(B?, B” ,8"2t) > log|Gi| = log| Fi| > log E(BP, B?,8"t) — log E(BP, B2,8"1¢). (7
Summing over k gives

log B(BP, B> t) = > log E(B”, B, 8"t) — log E(B”, B*,8* 1)

k>0
<> log E(B*, B” 8" 21) U]
k>0
1 P
<O0(1) O (p’ — log d + log n)r Lemma [B.9]and Corollary B.§]
=o(1 . P logd+1
=0( )(t/2)2p/(2*1’) . 5 ogd+logn |7

where we take p’/(p’ — 2) = 1 for p’ = cc. Using this and Corollary [B.8] we now bound

log E(B?, B>, t) < log E(B?, B>, \) + log E(B* B>, t/)\)
(logn) -7

(t/A)?

1 p
<0(1) O <2 — logd + logn)T +0(1)

for any A € [1,¢]. We choose A satisfying
1 _ (22
(\/2)2/(2=p) — 2 7

which gives
2p/(2—p)

(A/2)%/(2=P) — (t2) 72/ = P

so we obtain a bound of

1 1
O(l)ﬂg(2 plogd+logn)7.

C. Bounding a Gaussian Process
Using our estimates from Appendix [B] we study estimates on the Gaussian process given by
X:y= Y gly(@)P, yeB(A)
i=1
for g ~ N(0,1,), and in particular, tail bounds and moment bounds on the quantity

sup |X(y)|= sup
yEBP(A) | Ax]|, <1

> eillAx](0)

i=1

As we show later, this Gaussian process bounds the error of the sensitivity sampling estimate. Our techniques here are based
on similar results obtained by (Ledoux & Talagrand, [1991).

The main tool is Dudley’s tail inequality for Gaussian processes:
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Theorem C.1 (Theorem 8.1.6, (Vershynin, 2018)). Let (X (t))icr be a Gaussian process with pseudo-metric dx (s, t) =

1X(5) — X(0)l, = v/E(X(s) — X(0))2 and let
diam(7T') := sup{dx(s,t) : s,t € T}

Then, there is a constant C = O(1) such that for every z > 0,

Pr{supXt > C{/ Vieg E(T,dx,u) du+ z - diam(T)} } < 2exp(_z2)
0

teT

The expectation bound version of the theorem will also be useful:

Theorem C.2 (Theorem 8.1.3, (Vershynin, 2018)). Let (X (t))icr be a Gaussian process with pseudo-metric dx (s, t) ==
| X (s) — X(t)]l, = VE(X(s) — X(t))2 Then, there is a constant C' = O(1) such that

Esup X; SC’/ Vieg E(T, dx,u) du.
0

teT

C.1. Bounds on d x

We first bound dx as well as the d x -diameter of BP(A).
Lemma C.3. Let 1 < p < oo and let A € R"*?. Define the pseudo-metric

B . o\ 1/2
dx(y.y)=| B ; gily(@)” - ; gily' (i)
Let 0 > max]. g 0% (A). Then, for anyy,y’ € By(A),
2/ p<2

2ly -y’
dx(y,y’) S{ | |

2p- 2 ly =yl p>2

Proof. Note first that by expanding out the square and noting that E[g;g;| = 1(i = j), we have

n

1/2
dx(y,y') = (Z(IY(Z')IP - Iy’(i)lp)2>

i=1

For p < 2, we bound this as

=1
n
<2y =yl DIy @) + Iy (@)
i=1
<Ay —y'll%-

For p > 2, we have by convexity that
[y @) = Iy (D) < ply () =y @)y @)~ + |y @)
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and that ||y||, < o/?, so we have

n

dx(y,y')? =Y (Iy@OF —1y'(0)I")?

i=1

<p? Zb’(i) =Y OP(y@OF " +ly' @)

n
2 . — . —
<20°|ly —y'I5 DIy (P2 + Iy’ ()2
i=1

n
— 2 . .
< 2p” max{|ly|l . [y loc }* 2y = ¥'lloc D _[y ()" + |y ()"
=1

_ 2
< 4p*c' Py —y'|Io,

O

Lemma C.4. Let 1 < p < coandlet A € R"*%. Let 0 > max?_, o (A). Then, the diameter of BP(A) with respect to
dx is bounded by

4.02 p<2
dp-ol/? p>2

diam(BP(A)) < {

Proof. Forany y € BP(A), we have that |ly||_, < ¢!/, so combining the triangle inequality and Lemmayields the
result. O

C.2. Computing the Entropy Integral

We may now evaluate the entropy integral required in Theorem [C.1] We use the following calculus lemma:
Lemma C.5. Let 0 < \ < 1. Then,

Mo VT VT
/0 logz dt = A\/log(1/\) + T erfc(y/log(1/A)) < )\( log(1/A) + 2)

Proof. We calculate

A F 0
log — dt = 2/ 22 exp(—2?) dx x = +/log(1/t)
/0 t \/1og(1/X)

= —/ x - —2zxexp(—z?) dx
log(1/X)

24| > 2 . .
= —| xexp(—x — exp(—x*) dx integration by parts
( p( )’ TITEE / E— p(—=7) ) g yp

1 [ 1
=A logA—&—\gEerfc( log)\>

Lemma C.6 (Entropy integral bound for p < 2). Let 1 < p < 2 and let A € R™? be orthonormal. Let T >
max}"_; HejAHj and let 0 > max}_, o¥(A). Then,

o0 log d 12 g
/ Vg E(BP,dx, t) dt < O(r'/?) (2 + logn> log —
0 -p T
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1/2

Proof. Note that it suffices to integrate the entropy integral to diam(BP(A)) rather than co, which is at most 40*/# for

p < 2 and 4pot/? for p > 2 by Lemma
By Lemma|[C.3] we have that

log B(B”, dx,t) < log E(BP, 2|[|"/* ) = log E(B”, B>, (t/2)*/7)

For small radii less than A for a parameter A to be chosen, we use a standard volume argument, which shows that

log E(B?, B®,t) < O(d) log %

(0]
A A n A 1
/\/logE(BP,BOO,t)dt:/ ,/dlog;dtg)n/dlognJr\/g/ 1/1og¥dt
0 0 0

1
S)\\/dlognJr\/g(M/log)\Jrﬁ/\) Lemma[C3)]

2
< O(A),/dlogg

On the other hand, for large radii larger than A, we use the bounds of Lemma|B.10} which gives

N

log BB, 5%, (1/2)*7) < 01)

logd
2-p

+ log n) T

so the entropy integral gives a bound of

log d L2 papat/? log d 12 0 ypot/?
1 1 —dt =0(1 I 1 .
O( )[(2—p+ ogn>r} /A ; O( ){<2—p+ ogn)ﬂ 0g —

We choose A = +/7/d, which yields the claimed conclusion. O

An analogous result and proof holds for p > 2.

Lemma C.7 (Entropy integral bound for p > 2). Let 2 < p < oo and let A € R™*? be orthonormal. Let T >
max}"_; He;'—AHz and let 0 > max}_, 0¥ (A). Then,

o'} 2
/ Viog E(BP,dx, t) dt < O(pr'/?) - (on)/?~Y/P(logn)/? - log pdo
o T

Proof. The proof is similar to the case of p < 2. We again introduce a parameter A. For radii below A, the bound is the
same as Lemma[C.6] For radii above \, we use Lemma[C.3]to bound

log E(BP,dx,t) <log E(BP,2p-o'/?7VP ||| __,t) <log E(B?, B*,t/2p - a'/?71/?)

Then by Corollary

log E(B?, B®,t/2p - c"/>~1/?) < log E(B* B>, t/2p - (on)"/>"1/7)
(logn) -7

<O0’)—5

(on)t72/P

so the entropy integral gives a bound of

diam(B? (A)) | pol/?
O(pr/?) - (on) /2 1/P(logn)/? - / n dt < O(pr*/?) - (on)Y*YP(logn)*/? - log —
A
Choosing A = \/7/d yields the claimed conclusion. O
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C.3. Moment Bounds

Finally, using our tail bound from combining Theorem [C.T| with the entropy bounds of Appendix [C.2]and Lemma[C.4] we
obtain the following moment bounds:

Lemma C.8. Let A € R"*% and 1 < p < co. Let 7 > max?_; 7;(A) and let 0 > max?_, o (A). Let

> sillAX](0)

i=1

A:= sup

|Ax], <1

Let & = [[° \/log E(BP(A),dx,u) duand D = diam(BP(A)). Then,

gNN]%)O’In)HAV] < (26)'(£/D) + O(VID)!

Proof. By Theorem|C.1] we have for T = B?(A) that

Pr{A > C{/ Vieg E(T,dx,u) du+ z - diam(T)} } < 2exp(—2?%)
0
for a constant C' = O(1). Then,

E[(A/D)!] = z/ooo 2 Pr{A > 2D} dz

< (26/D)H + z/ 2 Pr{A > 2D} dz
28/D

< (26/D) ! + z/ 2 Pr{A > €+ (2/2)D} dz
28/D

< (28/D)" + QZ/ Zlexp(—2%/4) dz
0

< (QE/D)Z—H + O(l)l/Z

SO

E[A!] < (26)Y(&/D) + O(VID)'.

D. Sampling Guarantees

We first reduce our proof of sampling guarantees to the problem of bounding a Gaussian process:
Lemma D.1 (Reduction to Gaussian processes). Let A € R"*% and 1 < p < cc. Let S be a random £, sampling matrix
(Definition[I.1)). Then,

l

> eillSAX|()”

€S

)

l
E sup ’||SApr - 1‘ <(@2n)?E E sup
S |lax|,=1 b S g~N(0.In) || Ax||, =1

where S C [n] is the set of rows with sampling probability ¢; < 1.

Proof. By a standard symmetrization argument (Cohen & Peng, [2015; (Chen & Derezinskil 2021)), we have that
l

&il[SAX](D)["| ,

’ 1
E sup [[SAx|) 1) <2'E  sup
S j|ax|,=1 S.e ||ax|,<1

i€S
where e ~ {£1}" are independent Rademacher variables. In turn, the right hand side is bounded by
l

oM x/2)?2 E  sup
S:g || Ax]|,<1

> eillSAx] (i)

i€S

via a Rademacher-Gaussian comparison theorem (see, e.g., Equation 4.8 of (Ledoux & Talagrand, [1991)). O
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D.1. Sensitivity Sampling, p < 2

Our first result is a sensitivity sampling guarantee for p < 2.

Theorem D.2 (Sensitivity Sampling for p < 2). Let A € R"*? and 1 < p < 2. Let S be a random £y, sampling matrix with
sampling probabilities ¢; = min{1,1/n + o (A)/a} for an oversampling parameter « set to

1 P(A)%/Pr—1 log d 11
— = SHA {O(l logn)?/P~1 <205p + log oEgn> (log d)? + l}

a e?
GP(A)%/P1 11
= T poly 10g n, 10g g, ﬂ

for

1 1 d
l= O(log(s + loglogn + log 5 +log€).

Then, with probability at least 1 — 6, simultaneously for all x € R,
p_ P
ISAx|, = (1 +¢)[|Ax],.
Furthermore, with probability at least 1 — 0, S samples

GP(A)?/P 1 1
7( ) poly [ logn,log -, log
g2 ) 2—p

rows.

Proof. Our approach is to bound

l
E sup \|\SAX||L1]
S || Ax||,=1 P

for a large even integer [. Using Lemma|D. 1| we first bound

l

!
E sup ‘ SAx p—l‘ <@2n)?E E sup
S Jlax|,=1 | Iy ) S g~N(O0.In) || Ax| =1

> eillSAx] (i)

i€S

where S = {i € [n] : ¢; < 1}. For simplicity of presentation, we assume S = [n], which will not affect our proof.

By Theorem|[1.8] there exists a matrix A’ € R™*? with m; = O(d(log d)®) such that
[Ax|[} = (1+1/2)[|Ax]}

for all x € R%. Furthermore, because A’ in Theorem is constructed by random sampling, Lemma shows that
GP(A’) < 8GP(A) (note that we only need existence of this matrix). We then construct a matrix A” € R™2*¢ with
ma = O(a™16P(A) + d(logd)?) = O(a~!&P(A)) such that

o= m%lx o?(A") < a,
1=

GP(A’) = GP(A"), and ||A’x]|, = |A"x]|, for all x € R? by viewing A’ as an (m; + o '&P(A)) x d matrix with all
zeros except for the first m; rows and then applying Lemmal[A.4]

A/l/ — A‘”
SA

be the (ms + ng) x d matrix formed by the vertical concatenation of A” with SA, where ng is the number of rows sampled
by S.

Now let
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Sharper Bounds for ¢, Sensitivity Sampling

Sensitivity Bounds for A’’.  'We will first bound the ¢,, sensitivities of A”’. For any row ¢ corresponding to a row of A",
the £, sensitivities are already bounded by «, and furthermore, ¢, sensitivities can clearly only decrease with row additions.
For any row ¢ corresponding to a row of SA that is sampled with probability ¢; < 1, we have that
N}z [P [P P
[SAx](@)[" _ , [[SAX]()F" _ 1 [[Ax](0)] o;(A)

<22

= < < = 2.
[A"x(|p [Ax|[; a |Ax|} i

Thus, we have that o (A"”") < 2« for every row i of A"

With a bound on the ¢, sensitivities of A" in hand, we may then convert this into a bound on the leverage scores of A"’
using Lemma[2.3] which gives
7= mréxri(A”') < (2a)2/p(m2 + ns)2/p*1

1=1

where ng is the number of nonzero entries of S.

Moment Bounds on the Sampling Error. 'We now fix a choice of S, and define

Fs:= sup ||SAx|} —
lAx||,=1

Note that the event that ng is at least
Ninresh == O(Ilogn) E[ng] = O(llogn)a 'GP (A),

occurs with probability at most poly(n)~! by Chernoff bounds over the randomness of S, and

1+Z ] (n+1)%,

and thus this event contributes at most poly(n)~' to the moment bound E F. Thus, we focus on bounding E F conditioned
on ng < Nihresh. Define

ma+ng
Gs= sup | > glA”x]0)
HA'”x”p:l i=1

for g ~ N (0, L, +ng)- Then,
A%, < (1+2+ Fs)||Ax|f}

SO

ma+ngs L

Y sllAx](@)

i=1

F{ <2' sup
[l Ax|l,=1

ma-+ng ! (8)

Y allA"x)@)"

i=1

<2(1+2+Fs)"  sup
1A, =1

<2271 (3" + F§)Gh.

We then take expectations on both sides with respect to g ~ A (0, I;,, + g ), and bound the right hand side using Lernma
which gives

G < (2 )5—1—0(\/7))

g~/\/’(0,Im2 +ng )

where & is the entropy integral and D = 40'/? is the diameter by Lemma We have by Lemmathat

do

1 d 1/2
o8 +10g(mz+ns)) log —

< 0(#”)(2

log d 12 g
< O(aP(my 4 ng)'/P~1/2) <2 ’ + log(mg + ns)> log—
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Thus, conditioned on ng < Nihresh, We have that

l

+O(Viva).

- logd 1/2
Gl <0 Vit (e 1 res logd
g~N (0,1, 4ng) S = [ (a T hresh ) 9 _ D + log Nthresh og

Note that

al/rpl/r=1/2 _ ol logn)l/p—l/Qal/p(a—16p(A))1/p—1/2 =0l logn)1/p—1/2a1/26p(A)1/p—1/2’

thresh
which shows that

GL <éls

E
gNN(Ovlmg +"S)
due to our choice of « and .

Now if we take conditional expectations on both sides of (8)) conditioned on the event F that ng < nthresh, then we have
E[FL | F] < 22713 4 E[FS | F))els < (3 + E[FL | F)(4e)'6

which means

126)48
i < ( < l
E[F§ | Fl <+ e S 2(12¢)'6
for (4¢)!6 < 1/2. We thus have
l
1] < (12e)'0 < l —1
E[Fg] < T (495 = 2(12¢)"6 + poly(n)

altogether. Finally, we have by a Markov bound that

1

FL < 2(12)! + 5

poly(n)! < 3(12¢)!
with probability at least 1 — §, which means that
Fs <312 = 36¢

with probability at least 1 — §. Rescaling ¢ by constant factors yields the claimed result. O

D.2. Sensitivity Sampling, p > 2

For p > 2, we first need a construction of a matrix with a small number of rows and small sensitivity. While this construction
can be made to be a randomized algorithm succeeding with high probability, it uses a sophisticated recursive sampling
strategy. While this is necessary for our results later in Theorem [D.10} such a complicated algorithm may be undesirable.
In Theorem [D.4] we use this result to show that a more direct one-shot sensitivity sampling can in fact achieve a similar
guarantee.

Lemma D.3 (Recursive Sensitivity Sampling). Let A € R"*% and 2 < p < oco. Let 0 < & < 1. Then, there exists a matrix
A’ € Rm™*4 for
GP(A)22/p d
m = 0(?) A 1o () 10g 22
5 5
such that
IAx[l; = (1 +¢)[|Ax]]}

for everyx € R% and GP(A’) < (14 O(e))&P(A).

Proof. Let A’ € R™*4 be the flattened isometric matrix given by Lemmawith C = 4, where m < (5/4)n. Then for
all ¢ € [m], we have that
SP(A)

P(A)) < 4
ol(A") <47 =
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Now consider the random sampling matrix S with sampling probabilities ¢; = 1/2. Note then that sampling with probability
g; = 1/2 and scaling by 1/¢; = 2 corresponds to muliplying by the random variable €; + 1, where €; is a Rademacher
variable. Thus,

n

> (e + DIAXO) — [[AX](0)]

i=1

Zsl Ax

sup

E sup ‘HSAXHP 1‘ sup
8 Al =1

S jarx|,=1 € Jax|,=1

By Lemma[D.T]and Theorem|C.2} this is bounded by

- 2d
1)/ V1og B(T, dx,u) du < O(pr'/2) - (on) /2P (log n)'/2 - log 22
0 T

where 7 is an upper bound on the leverage scores of A’ and o is an upper bound on the ¢, sensitivities of A’. By Lemma
we have that 7 < o, and furthermore, we can take 0 = 5GP(A’) /m. Thus, the resulting bound on the expected sampling
error is at most

GP(A) /P

N

so with probability at least 99/100, the same bound holds up to a factor of 100. Furthermore, S samples m /2 < (5/8)n
rows in expectation, so by Markov’s inequality, it samples at most (3/2)m/2 < (15/16)n rows with probability at least
1/3. We also have that

ca = O(p) (logn)/2 log(pd)

ol (A)

?

qi

PlA!
=20"(A") < 1()%
m

so by Lemma[A.2] we have that

Pr{S7(SA") = (1 0(ea)S"(A)} = 1.

By a union bound, SA’ samples at most (15/16)n rows, has sampling error at most &,,, and has ¢,, total sensitivity at most
(14 O(ea))6P(A) with probability at least 1/3 — 1/100 — 1/100 > 0. Thus, such an instantiation of SA’ exists.

We now recursively apply our reasoning, by repeatedly applying the flattening and sampling operation. Note that each time
we repeat this procedure, the number of rows goes down by a factor of 15/16, while the total sensitivity and total sampling
error accumulates. Let A; denote the matrix obtained after [ recursive applications of this procedure and let n; denote the
number of rows of A;. Then,

&P (A1) M7
Vi

> (1-0(ea,))O(p)

A, = O(p) (log ny41)"/? log(pd)

GP(A;)1-1/p
SMA) " logis1) /2 og(pd)

\/ﬁl-i-l
16 GP(A,) /P
24\ - O(EAZ))O(p)T(IOgm)I/Q log(pd)
> 101
=100 M

as long as €4, is less than some absolute constant. Thus, the sum of the € 5, are dominated by the last €4, , up to a constant
factor. Now let L be the smallest integer [ such that eo, < ¢. Then, we have that

6"(AL) < (1+0(¢))6"(A)

and thus
AL} = (1£0(e))||Ax|];

for every x € R?. Furthermore, n;, satisfies

GP(A)-1/p
Vg,

27
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or
SP(A)2—2/p d
ny = O(pg)% log(pd)* log p?

O

Theorem D.4 (Sensitivity Sampling for p > 2). Let A € R"*? and 2 < p < oco. Let S be a random £, sampling matrix
with sampling probabilities q; = min{1,1/n + % (A)/a} for an oversampling parameter . set to

1 {1
= = 0(p")&"(A)' /7 (1 log n)'~*/7 log(pd) log —=—

+O(p?)l

for

1 GP(A
l:O(log(S+loglogn+logp+log i )>

Then, with probability at least 1 — 8, simultaneously for all x € R?,
p_ P
ISAx[, = (1 £ )] Ax]},.
Furthermore, with probability at least 1 — 0, S samples

GP(A)2~2/p 1
% poly <log n,log <, p)
€ 1)

rows.

Proof. Our approach is to bound

l
E sup \|\SAX||L1]
S || Ax||,=1 P

for a large even integer /. Using Lemma|D.I] we first bound

l

!
E sup ‘ SAx p—l‘ <@2n)?E E sup
S |lax],=1 | Iy (e g~N(0.1n) || Ax|| =1

> eillSAx] (i)

i€S

where S = {i € [n] : ¢; < 1}. For simplicity of presentation, we assume .S = [n], which will not affect our proof.

By Lemma|D.3} there exists a matrix A’ € R"*? with m; = O(&>~%/? log(pd)?) such that
I |lP — p
[AX][}, = (14 1/2)[|Ax]];

for all x € R%, and &P(A’) < O(1)&P(A). Then for my = O(m; + SP(A)a~1), let A” € R™2*4 be the matrix given
by Lemmasuch that o} (A") < «a for every i € [my] and [|A"x]|, = ||A’x|, for every x € R?. Now let

AI// — A”
SA

be the (ms + ng) x d matrix formed by the vertical concatenation of A” with SA, where ng is the number of rows sampled
by S.

Sensitivity Bounds for A’’.  'We will first bound the ¢, sensitivities of A”’. For any row ¢ corresponding to a row of A",
the ¢, sensitivities are already bounded by «, and furthermore, ¢, sensitivities can only decrease with row additions. For any
row 7 corresponding to a row of SA that is sampled with probability ¢; < 1, we have that

SAX@P _ [SAXIG)P _ISAXIOP _,
R A P =

By Lemma[2.2] this immediately implies that the ¢, sensitivities, or the leverage scores, are also bounded by 2.
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Moment Bounds on Sampling Error. We now fix a choice of S, and define

Fs:= sup |[|SAx|; 1
llAax|l,=1

Note that the event that ng is at least
Nthresh = O(l IOg n) E[nS] = O(l IOg n)a_IGP(A)7

occurs with probability at most poly(n)~! by Chernoff bounds over the randomness of S, and

l
n
1
1+Zq] < (n+1)%,
i=1 1t

and thus this event contributes at most poly(n) ! to the moment bound E F. Thus, we focus on bounding E F conditioned
on ns < Nihresh. Now define

Fl <

ma+ngs

Y sillA”x)@)

i=1

Gs:= sup
lA7x|,=1

for g ~ N(0,1,,,4ng)- Then,
A%l < (1+2+ Fs)||Ax]l)

SO

ma+ns !

> eillA"x)@)

i=1

Fé < 2! sup
[lAx|,=1

mo+ng ! (9)

S slA )

=1

<2i(1+2+Fs)! sup
A7, =1

<2271(3' 4+ F§)Gs.

We then take expectations on both sides with respect to g ~ AN(0, L., + g )> and bound the right hand side using Lemma
which gives

Gk < (25)1% +O(VID)

gNN(O7Im2 +ng )

where £ is the entropy integral and D = 4po'/? is the diameter by Lemma We have by Lemma that

2
£ < O(pr'2) - (o(ma + ns)) /27 (log(ms + ng))/2 - log 22

< O(pa'’?) - (a(ma + ns)) >~/ (log(ma + ng))/? - log(pd).

Thus, conditioned on ng < Ninhresh, W€ have that

l
VoG5 < 000! )(ams + munwes) /2P (108 (ms + ) Tog(pd) | +O(Vipva)'
g~ slmo+ng

l
< [0a Pl 0g i) Tog(pd) | + O(Vipva)'

Note that

1= 2P = O(llogn) /2Pl =P (0T 6P (A) AP = O(Ilog n) /2 Pal 2P (A) /21,

o thresh

which shows that
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due to our choice of « and .
Now if we take conditional expectations on both sides of (9) conditioned on the event F that ng < n¢hresh, then we have
E[FL | F] < 22713+ E[FL | F))els < (3 + E[FY | F])(4e)'6

which means

12¢)1§
E[F} < 1290 gy
[S|]:]—17(4€)16—( 5)6
for (4¢)'6 < 1/2. We thus have
BirL < 1290 o015 4 poly(n)!
SI= T T (geyis = SV 0T POV

altogether. Finally, we have by a Markov bound that
FL <2(12¢) + %poly(n)l < 3(12¢)!
with probability at least 1 — §, which means that
Fs < 3-12¢ = 36¢

with probability at least 1 — §. Rescaling € by constant factors yields the claimed result. O

D.3. Root Leverage Score Sampling, p < 2

We start with a flattening lemma, which shows how to obtain an ¢, isometry that simultaneously flatten all £, sensitivities.

Lemma D.5 (Flattening All Sensitivities). Let 1 < p < oo and A € R"*%. Let 0 < a < 1. Then, there exists A’ € R™*¢
form = O(na™1) such that

ol(A) < a
for every i € [m]and 1 < q < oc. Furthermore, for any 1 < q < oo and x € R%, we have that |Ax[, =
Oa!/1=1/1) | Ax,

Proof. Let k :== [1/a/]. Then, we construct A’ € R™*¢ for m = nk by replacing the ith row a; of A for every i € [n]
with k copies of a/k*/?. Then, for every row j € [m] that is a copy of row i € [n], we have that

<

o?(A) = sup AXOF (VAo _1_

1
————— su -
J axvo IAXT = Ao k- |- VrAX]()]7

as desired. The second conclusion holds since
A% = k- k™97 || Ax|| = k'~7/7|| Ax]|2.
O

Theorem D.6 (Root Leverage Score Sampling). Let A € R"*? and let1 < p < 2. Let0 < £,0 < 1. Let S be a random (,,
sampling matrix with sampling probabilities q; = min{1, 7;(A)?/2/a} for an oversampling parameter « set to

1 logd 1
—= O(e7?)(log d)* (20§p + logn + log 5)

Then, with probability at least 1 — 6, simultaneously for all x € R4,
ISAx][, = (1 +e)[Ax]].
Furthermore, with probability at least 1 — 0, S samples
n'=p/2qr/? 11
T pOly <10g n, log 5, 2—p)

rows.
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Proof. Our approach is to bound

l
E sup ‘HSAXHP— 1‘
S | ax||,=1 g

for a large even integer [. Using Lemma|D. I} we first bound

Z g |[SAx]|(

i€S

l
E sup ‘HSAXHL 1‘ < 2m)?E sup
S || Ax],=1 P S g~N<01n>quu -1

where S = {i € [n] : ¢; < 1}. For simplicity of presentation, we assume .S = [n], which will not affect our proof.

By Lemma there exists a matrix A’ € R™*4 with m; = (n/a) such that ||[A’x||, = ||Ax]|, and [|[A'x|s =
O(al/P~1/2)[[Ax||y for all x € RY, and 7;(A) = 0(A) < aand 07 (A) < aforall i € [n]. Now let

A// — A/
SA

be the (m; + ng) x d matrix formed by the vertical concatenation of A’ with SA, where ng is the number of rows sampled
by S.

Leverage Score Bounds for A”. We will first bound the leverage scores (or 5 sensitivities) of A”. For any row ¢
corresponding to a row of A’, the ¢, sensitivities are already bounded by «, and furthermore, /5 sensitivities can clearly
only decrease with row additions. For any row ¢ corresponding to a row of SA that is sampled with probability ¢; < 1, we
have that

[SAX]() _ [SAX]()* _  |[SAX|()[’

1 AP (A
IA7x|l; ~ A, O(a/rl)||Ax|; T ¢

P ®(a2/p_1)||AX||§ - @(OZZ/pfl)q?/P

IA

= O(a).

Thus, we have that 7;(A”) = a2(A”") < O(a) for every row i of A”. By monotonicity of max sensitivity Lemma[2.2] we
also have that o (A) < O(«).

Moment Bounds on the Sampling Error. 'We now fix a choice of S, and define

Fs= sup ]||SAX||§ - 1]

llAx]l,=1
ma+ns
Gs= sup | Y  gillA"x]()]"
||A”XH1D=1 i=1

for g ~ N(0,1,,,1ng)- Then,
A x|l < (1+2+ Fs)|| Ax]|}

SO
mi+ns

Y sllAX]O)F

i=1

Fé < 2! sup
lAx]|,=1

mi+ns

Y sllA"x]@)

i=1

! (10)
<2/(1+2+Fs)! sup
A7, =1

< 22713 + F§)Gs.

We then take expectations on both sides with respect to g ~ N (0, L,,,, 4+ ). and bound the right hand side using Lemma|C.8|
which gives

G < (2 )54—0(\/7))

E
g~N(O,Im2 +ng )
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where & is the entropy integral and D = 40''/2 < 4a!/? is the diameter by Lemma|C.4] We have by Lemma|C.6] that

log d 12 g
E< 0(71/2) (2]) + log(my + ns)) log -

logd 1/2
< O(at/?) (Qi) + logn> log d

By our choice of « and [, we have

Gk < €lo.
gNN(OyIWL2+nS)

Now if we take conditional expectations on both sides of (I0), then we have
E[F§] < 2271 (3" + E[Fg])e's < (3" + E[F§]) (4e)'s

which means

E[F}] < 1(_12(‘1);;(5 < 2(12¢)'$

for (4¢)!6 < 1/2. Finally, we have by a Markov bound that F§ < 2(12¢)! with probability at least 1 — &, which means that
Fg < 2-12¢ = 24¢ with probability at least 1 — §. Rescaling € by constant factors yields the claimed sampling error bound.

Note that the expected number of rows sampled is at most

/2
1 1 n p 1
- (A2 < Zplop/2 J(A = —pl-p/24p/2
O‘;T() s-m ;T() "

by Holder’s inequality. This implies the bound on number of sampled rows by Chernoff bounds. O

Finally, we show that by recursively applying Theorem we can reduce the number of rows to roughly d/e*/?. To bound
the size, we need to solve a recursion for an upper bound on the number of rows. This is given by the following:

Lemma D.7 (Lemma 6.12, (Musco et al., 2022)). Suppose (a;)32,, satisfies the recurrence a;11 = Aa; + b for some b > 0
and X € (0,1). Then,
1

a; = m(b —M(b—(1-Nap)).

This gives the following

Theorem D.8 (Recursive Root Leverage Score Sampling). Let A € R % andlet1 < p < 2. Let0 < ,6 < 1. Let S
be the result of recursively applying Theorem [D.6| with failure probability §/©(loglogn) and accuracy /O (loglogn)
recursively until the number of rows is at most

_ 4 ly | 1 1 11 !
m—MPOY ogn, Oggv Ongp

Then, with probability at least 1 — 6, simultaneously for all x € R4,

ISAx; = (1 +&)[|Ax[[;.

Proof. We apply Theorem [D.6 with failure probability 6/6 (log log ) and accuracy £/©(log log n) recursively for at most
R = O(log log n) rounds, until the number of rows is at most the claimed bound. By a union bound, we succeed at achieving
£/O(loglog n) sampling error and sampling bound on all R rounds, that is, for any number of rows m, we reduce the

number of rows to at most
ml—p/2qp/2 <

oly | lo nloli
=2 poly g»g5a2_p~
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We then apply the recurrence lemma Lemma on the logarithm of the above bound, so A = (1 — p/2) and

dr/? 11
b= 10g(€2 poly (log n,log 5 2;17))

Then, after i = O(log log n) iterations, our log row count upper bound is
2

a; =logm; = —

p

(b—(1—=p/2)"(b— (p/2)1ogn)) < %(H (1-p/2)"(p/2)logn) < =(b+1)

hSERY

or

dv/? 11\ 11
m; < 0(52 poly (logn, log 5 2p>) = poly (1og n,log 5 2]3)

D.4. Leverage Score + ¢, Sensitivity Sampling, p > 2

We start with a flattening lemma for p > 2, which shows how to slightly flatten leverage scores while preserving £, norms,
and with only a small blow up in the number of rows.

Lemma D.9 (Flattening /¢, Sensitivities and Leverage Scores). Let A € R™ % and let 2 < p < oo. Let C > 1. Then, there
exists A’ € R™*? for m < (1+1/C)n such that |Ax|, = |[A'x||, and |A'x||, > ||Ax||, for every x € R? and satisfies

max o (A’) < maxo?(A)

i€[m] i€[n]
masx 7 (A') < (Cd/n)?" max 7 (A) 27
elm e|lm

GP(A) = B7(A)

Proof. The idea roughly follows Lemmal[A.4] except that we split rows that have large leverage score, rather than rows that
have large ¢,, sensitivity. For each i € [n], let k; = [7;(A)/(Cd/n)]. Then for each i € [n] such that k; > 1, we replace
ith row a; of A by k; copies of a;/k'/P. Clearly, we have that ||A’ x|, = [[Ax][, for every x € R<. Furthermore, the
number of rows added is at most

7i(A) Ti(A) _ d _n
2. {Cd/nwlg D Cd/n — Cd/n~ C’

T (A)>Cd/n T (A)>Cd/n

Next, note that for every x € R?,

k[ iax )] > ax 2

since k; > 1, so we have that || A’x||, > ||Ax]||,. Then, for any row j € [m] that is a copy of row i € [n] of A, we have that

AP | ECIAOP  (Cdfn)

T»(A/) = sup ——5— < < Ti(A) = (Cd/n>2/pTi(A)1—2/p.
’ axzo [AXZ T axzo  |Ax|? NN
Finally, it is clear that the £, sensitivities can only decrease and that the total £, sensitivity is preserved. O

Now using Lemma|[D.9] we first obtain a construction of a small £,, approximate isometry in a way analogous to Lemma [D.3]

Theorem D.10 (Recursive Leverage Score + £, Sensitivity Sampling). Let A € R"*? and 2 < p < co. Let 0 < £,6 < 1.
Then, there exists an efficient algorithm producing a matrix S € R™*" for

d2/PGSP(A)2—4/p A d
m:O(p2)6£2)<log %) 1ogp—.

such that
P _ p
[SAx[[, = (1 £e)[|Ax]],

for everyx € R% and GP(A’) < (14 O(e))&P(A).
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Proof. Our proof is almost identical to Lemma [D.3] but we will use high probability versions of the results, as we will
directly use the recursive sampling procedure algorithmically. A similar algorithmic recursive sampling procedure is
considered in (Musco et al| 2022). We first replace A’ in Lemma|D.3| with the matrix formed by first applying LemmalA.4]
with C' = 4, and then applying Lemma|D.9|with C' = 4. The resulting A’ has at most (5/4)%n = (25/16)n rows, preserves
£, norms and £, total sensitivity, and has

or(a) < o) A
2/p P 1-2/p 2/p@Ep 1-2/p an
Ti(A') < O(D(Z) (6 éA)> — 0(1)%

We then again consider sampling half of the rows of A’ via an ¢, sampling matrix S with ¢; = 1/2. By Lemma[D.1]and
Theorem |C. 1} we then have that

2d
Pr{ sup ‘||SA'X||§ - 1‘ < O(pr/?) - (on) /27 1/P(logn)t/? - log P99 | ypot/2. z} > 1 — 2exp(z?)
IAx], =1 T

where 7 is an upper bound on the leverage scores of A’ and o is an upper bound on the ¢,, sensitivities of A’. These are
bounded by (TT)), and thus applying these bounds and setting z = O(log(n/J)) gives

d'/P&P(AN1 2/ logn )
Pr sup ‘SA/Xp—l < O(p (logn1/2~logpd + log ) >1—-— .
{llA’xlp—l I I (p) Jn (logn) (pd) 5 oly Toan

By a union bound, the same bound holds for the first O(log n) recursive calls to our recursive sampling algorithm, up to a
different poly log n factor in the denominator of the failure rate bound. Furthermore, by Chernoff bounds, we have that the
number ng of rows sampled by S

1 1 25 é
P <(25/32)(5/4)n < 0.98n} > 1 — — = =—n|>1- —
r{ns < (25/32)(5/4)n n = eXp( 316 32”) =" polylogn
aslongasn > Clog % for a sufficiently large constant C'. By a union bound, the same bound also holds for the first O (log n)
recursive calls to our sampling algorithm. In this case, our sampling process terminates in at most O(log n) rounds, so both

the bound on ng and the sampling error bound hold for all O(log n) rounds.

We now apply the same reasoning as Lemma [D.3|to bound the total sampling error. Let A; denote the n; x d sampled
matrix after [ rounds of the recursive sampling procedure, and let

dV/P&P(Ay) 2/ 1 log 1y
— /2.
ea, = O(p) 7 ((log ny) log(pd) + log 5 )

Then,

dV/rPsP(A 1-2/p logn
eany = 0(p) TS B T )2 log(pd) + log BT
Vi 0

dl/pGP(Al)l—Q/p
Vi

1 d'/P&P(Ay) 2P
>0/ (1 —
> gga(t - OeaNowm =
101

>
= 100 M

> (1-0(ea,))O(p)

]
ognii1)"/? log(pd) + log —S ot
1 1/21 d 1 g6l+1

<(log nl)1/2 log(pd) + log 10%;”)

so the sum of the €5, are dominated by the last € 4,, up to a constant factor. Now let L be the smallest integer ! such that
ea, < ¢. Then, we have that
G7(AL) < (1+0(e))6"(A)
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and thus
AL} = (1£0(e)) || Ax|]}

for every x € R?. Furthermore, ny, satisfies

)dl/pgp(A)lﬂ/p

1
e =0 — - <<lognL>1/2 log(pd) + log Og“)
L

)
or

d2/P&P(A)2—4/p d\ > d
ny = O(p2) ( ) ( b ) p

2 log 5 log et
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