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Abstract

Generalization in Reinforcement Learning (RL)
aims to train an agent during training that gen-
eralizes to the target environment. In this work,
we first point out that RL generalization is fun-
damentally different from the generalization in
supervised learning, and fine-tuning on the tar-
get environment is necessary for good test per-
formance. Therefore, we seek to answer the fol-
lowing question: how much can we expect pre-
training over training environments to be help-
ful for efficient and effective fine-tuning? On
one hand, we give a surprising result showing
that asymptotically, the improvement from pre-
training is at most a constant factor. On the other
hand, we show that pre-training can be indeed
helpful in the non-asymptotic regime by designing
a policy collection-elimination (PCE) algorithm
and proving a distribution-dependent regret bound
that is independent of the state-action space. We
hope our theoretical results can provide insight
towards understanding pre-training and general-
ization in RL.

1. Introduction

Reinforcement learning (RL) is concerned with sequential
decision making problems in which the agent interacts with
the environment aiming to maximize its cumulative reward.
This framework has achieved tremendous successes in var-
ious fields such as game playing (Mnih et al., 2013; Sil-
ver et al., 2017; Vinyals et al., 2019), resource manage-
ment (Mao et al., 2016), recommendation systems (Shani
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et al., 2005; Zheng et al., 2018) and online advertising (Cai
et al., 2017). However, many empirical applications of RL
algorithms are typically restricted to the single environment
setting. That is, the RL policy is learned and evaluated
in the exactly same environment. This learning paradigm
can lead to the issue of overfitting in RL (Sutton, 1995;
Farebrother et al., 2018), and may have degenerate perfor-
mance when the agent is deployed to an unseen (but similar)
environment.

The ability to generalize to test environments is important to
the success of reinforcement learning algorithms, especially
in the real applications such as autonomous driving (Shalev-
Shwartz et al., 2016; Sallab et al., 2017), robotics (Kober
et al., 2013; Kormushev et al., 2013) and health care (Yu
et al., 2021). In these real-world tasks, the environment can
be dynamic, open-ended and always changing. We hope the
agent can learn meaningful skills in the training stage and
be robust to the variation during the test stage. Furthermore,
in applications such as robotics where we have a simulator
to efficiently and safely generate unlimited data, we can
firstly train the agent in the randomized simulator models
and then generalize it to the real environment (Rusu et al.,
2017; Peng et al., 2018; Andrychowicz et al., 2020). An
RL algorithm with good generalization ability can greatly
reduce the demand of real-world data and improve test-time
performance.

Generalization in supervised learning has been widely stud-
ied for decades (Mitchell et al., 1986; Bousquet & Elisseeff,
2002; Kawaguchi et al., 2017). For a typical supervised
learning task such as classification, given a hypothesis space
‘H and a loss function /, the agent aims to find an optimal so-
lution in the average manner. That is, we hope the solution
is near-optimal compared with the optimal hypothesis h*
in expectation over the data distribution, which is formally
defined as h* = argmin, ¢y E[¢(h(X),Y)]. From this
perspective, generalization in RL is fundamentally differ-
ent. Once the agent is deployed in the test environment M
sampled from distribution D, it is expected to achieve com-
parable performance with the optimal policy in M. In other
words, we hope the learned policy can perform near-optimal
compared with the optimal value V3, in instance for the
sampled test environment M.
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Unfortunately, as discussed in many previous works (Ma-
lik et al., 2021; Ghosh et al., 2021), the instance-optimal
solution in the target environment can be statistically in-
tractable without additional assumptions. We formulate this
intractability into a lower bound (Proposition 3.2) to show
that it is impractical to directly obtain a near-optimal policy
for the test environment M* with high probability. This
motivates us to ask: in what settings can the generalization
problem in RL be tractable?

Targeting on RL generalization, the agent is often allowed
to further interact with the test environment to improve
its policy. For example, many previous results in robotics
have demonstrated that fine-tuning in the test environment
can greatly improve the test performance for sim-to-real
transfer (Rusu et al., 2017; James et al., 2019; Rajeswaran
et al., 2016). Therefore, one possible way to formulate
generalization is to allow further interaction with the target
environment during the test stage. Specifically, suppose the
agent interacts with MDP M ~ D in the test stage, and
we measure the performance of the fine-tuning algorithm A
using the expected regret in K episodes, i.e. Regy (D, A) =

Em~p {Z;ﬁil (V/C:(M) - Vf/f)} In this setting, can the

information obtained from pre-training ' help reduce the
regret suffered during the test stage?

In addition, when the test-time fine-tuning is not al-
lowed, what can we expect the pre-training to be help-
ful? As discussed above, we can no longer demand
instance-optimality in this setting, but can only step back
and pursue a near-optimal policy in expectation. Specif-
ically, our goal is to perform near-optimal in terms of
the optimal policy with maximum value in expectation,
ie. (D) = argmax, g Erm~pV{,. Here V[ is the
value function of the policy 7 in MDP M. We seek to
answer: is it possible to design a sample-efficient training
algorithm that returns a e-optimal policy 7 in expectation,

ie. Epep V/C:(D) -Vl <e?

Main contributions. In this paper, we theoretically study
RL generalization in the above two settings. We show that:

* When fine-tuning is allowed, we study the benefit of
pre-training for the test-time performance. Since all
information we can gain from training is no more than
the distribution D itself, we start with a somewhat
surprising theorem showing the limitation of this ben-
efit: there exists hard cases where, even if the agent
has exactly learned the environment distribution D in
the training stage, it cannot improve the test-time re-
gret up to a universal factor in the asymptotic setting
(K — o0). In other words, knowing the distribution D

'We call the training stage “pre-training” when interactions
with the test environment are allowed.

cannot provide more information in consideration of
the regret asymptotically. Our theorem is proved by us-
ing Radon transform and Lebesgue integral analysis to
give a global level information limit, which we believe
are novel techniques for RL communities.

e Inspired by this asymptotic hardness, we focus on
the non-asymptotic setting where K is fixed, and
study whether and how much we can reduce the re-
gret. We propose an efficient pre-training and test-time
fine-tuning algorithm called PCE (Policy Collection-
Elimination). By maintaining a minimum policy set
that generalizes well, it achieves a regret upper bound
o ( C(]D))K) in the test stage, where C(D) is a com-
plexity measure of the distribution D. This bound
removes the polynomial dependence on the cardinal-
ity of state-action space by leveraging the information
obtained from pre-training. We give a fine-grained
analysis on the value of C(ID) and show that our bound
can be significantly smaller than state-action space de-
pendent bound in many settings. We also give a lower
bound to show that this measure is a tight and bidirec-
tional control of the regret.

* When the agent cannot interact with the test envi-
ronment, we propose an efficient algorithm called
OMERM (Optimistic Model-based Empirical Risk
Minimization) to find a near-optimal policy in expecta-
tion. This algorithm is guaranteed to return a e-optimal

policy with O (1og (Nr}(mH)) /62) sampled MDP

tasks in the training stage where A/ 5(12 ) 18 the com-
plexity of the policy class. This rate matches the tradi-
tional generalization rate in many supervised learning
results (Mohri et al., 2018; Kawaguchi et al., 2017).

2. Related Works

Generalization and Multi-task RL. Many empirical works
study how to improve generalization for deep RL algo-
rithms (Packer et al., 2018; Zhang et al., 2020; Ghosh et al.,
2021). We refer readers to a recent survey (Kirk et al., 2021)
for more discussion on empirical results. Our paper is more
closely related to the recent works towards understanding
RL generalization from the theoretical perspective.Wang
et al. (2019) focused on a special class of reparameterizable
RL problems, and derive generalization bounds based on
Rademacher complexity and the PAC-Bayes bound. The
most related work is a recent paper of Malik et al. (2021),
which also provided lower bounds showing that instance-
optimal solution is statistically difficult for RL generaliza-
tion when we cannot access the sampled test environment.
Further, they proposed efficient algorithms which is guaran-
teed to return a near-optimal policy for deterministic MDPs.
However, their work is different from ours since they stud-
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ied a restricted setting under structural assumptions of the
environments, such as all MDPs share a common optimal
policy, and their algorithm requires access to a query model.
Our paper is also related to recent works studying multi-task
learning in RL (Brunskill & Li, 2013; Tirinzoni et al., 2020;
Hu et al., 2021; Zhang & Wang, 2021; Lu et al., 2021), in
which they studied how to transfer the knowledge learned
from previous tasks to new tasks. Their problem formula-
tion is different from ours since they study the multi-task
setting where the MDP is selected from a given MDP set
without probability mechanism. In addition, they typically
assume that all the tasks have similar transition dynamics or
share common representations.

Provably Efficient Exploration in RL. Recent years have
witnessed many theoretical results studying provably effi-
cient exploration in RL (Osband et al., 2013; Azar et al.,
2017; Osband & Van Roy, 2017; Jin et al., 2018; 2020b;
Wang et al., 2020; Zhang et al., 2021) with the minimax
regret for tabular MDPs with non-stationary transition be-
ing (5(\/ HSAK). These results indicate that polynomial
dependence on the whole state-action space is unavoidable
without additional assumptions. Their formulation corre-
sponds to the single-task setting where the agent only in-
teracts with a single environment aiming to maximize its
cumulative rewards without pre-training. The regret de-
fined in the fine-tuning setting coincides with the concept
of Bayesian regret in the previous literature (Osband et al.,
2013; Osband & Van Roy, 2017; O’Donoghue, 2021). The
best-known Bayesian regret for tabular RL is O(vV HSAK)
when applied to our setting (O’Donoghue, 2021).

3. Preliminary and Framework

Notations Throughout the paper, we use [N] to denote
the set {1,---, N} where N € N,. For an event &, let
I[&] be the indicator function of event &, i.e. I[€] = 1 if
and only if £ is true. For any domain €2, we use C'(€2) to
denote the continuous function on 2. We use O(-) to denote
the standard big O notation, and O(-) to denote the big O
notation with log(-) term omitted.

3.1. Episodic MDPs

An episodic MDP M is specified as a tuple
(S, A,Prg, Rp, H), where S, A are the state and
action space with cardinality S and A respectively, and H
is the steps in one episode. Ppyp, : S x A — A(S) is the
transition such that P a4 1, (s'|s, a) denotes the probability
to transit to state s’ if action a is taken in state s in step h.
Rpp : S x A A(R) is the reward function such that
R .18, a) is the distribution of reward with non-negative
mean 7, (S, a) when action a is taken in state s at step
h. In order to compare with traditional generalization, we
make the following assumption:

Assumption 3.1. The total mean reward is bounded by 1,
ie. VM € Q,Zthl T, h(Sn,an) < 1 for all trajectory
(s1,a1,- -, SH,ay) with positive probability in M; The
reward mechanism R (s, a) is 1-subgaussian, i.e.

)\2
EX~ R (s,0) [exp(A[X — Tam,0(s8,a)])] < exp <2>

forall A € R.

The total reward assumption follows the previous works
on horizon-free RL (Ren et al., 2021; Zhang et al., 2021;
Li et al., 2022) and covers the traditional setting where
ram.n(s,a) € [0,1] by scaling H, and it is more natural
in environments with sparse rewards (Vecerik et al., 2017;
Riedmiller et al., 2018). In addition, it allows us to compare
with supervised learning bound where H = 1 and the loss
is bounded by [0, 1]. The subgaussian assumption is more
common in practice and is widely used in bandits (Lattimore
& Szepesvari, 2020). It also covers traditional RL setting
where R p(s,a) € A([0, 1]), and allows us to study MDP
environment with a wider range. For the convenience of
explanation, we assume the agent always starts from the
same state s1. It is straightforward to recover the initial state
distribution p from this setting by adding an initial state sq
with transition p (Du et al., 2019; Chen et al., 2021).

Policy and Value Function. A policy 7 is set of H func-
tions where each maps a state to an action distribution, i.e.
m = {m L, : S = A(A) and 7 can be stochastic.
We denote the set of all policies described above as I1. We
define NI as the e-covering number of the policy space
IT w.rt. distance d(r!, 7%) = max,es nepm) |7 (]s) —
72 (+|s)||1. Given 7 and h € [H], we define the Q-function
QM. S X A Ry, where

Qi (5:@) = Tagn(s, @)+ Y Pagn(s'ls, @) Vi (),
s'eS

and the V-function VJ(F,L n S = Ry, where

V/(r/l,h(s)

for h < H and V{5, ,(s) = 0. We abbreviate
Vi 1(s1) as Vi, which can be interpreted as the value
when executing policy 7 in M. Following the notations
in previous works, we use P,V (s, a) as the shorthand of
> oes Pu(s'|s,a)V (s") in our analysis.

= Eanh(~|s)QﬂM,h(57 a)

3.2. RL Generalization Formulation

We mainly study the setting where all MDP instances we
face in training and testing stages are i.i.d. sampled from a
distribution D supported on a (possibly infinite) countable
set 2. For an MDP M € , we use P(M) to denote
the probability of sampling M according to distribution



On the Power of Pre-training for Generalization in RL: Provable Benefits and Hardness

. For an MDP set Q2 C Q, we similarly define P(Q) =
> meq P(M). We assume that S, A, H is shared by all
MDPs, while the transition and reward are different. When
interacting with a sampled instance M, one does not know
which instance it is, but can only identify its model through
interactions.

In the training (pre-training) stage, the agent can sample
i.i.d. MDP instances from the unknown distribution . The
overall goal is to perform well in the test stage with the
information learned in the training stage. Define the optimal
policy as

(M) = argmax Vi, 7" (D) = argmax EaopViy.
mell mell

We say a policy 7 is e-optimal in expectation, if
Epmen [V ™ - V] <e
We say a policy 7 is e-optimal in instance, if

EM~]D) [VI;(M) — V.,(T,t] <e

Without Test-time Interaction. When the interaction
with the test environment is unavailable, optimality in in-
stance can be statistically intractable, and we can only pur-
sue optimality in expectation. We formulate this difficulty
into the following proposition.

Proposition 3.2. There exists an MDP support S, such that
for any distribution D with positive p.d.f. p(r), Jeg > 0,
and for any deployed policy T,

EM*N]D) [VI/:*(M*) - V/\T;*} Z €0-

Proposition 3.2 is proved by constructing €2 as a set of MDPs
with opposed optimal action, and the complete proof can
be found in Appendix A. When 2 is discrete, there exists
hard instances where the proposition holds for ¢y > %
This implies that without test-time interactions or special
knowledge on the structure of 2 and D, it is impractical to
be near optimal in instance. This intractability arises from
the demand on instance optimal policy, which is never asked
in supervised learning.

With Test-time Interaction. To pursue the optimality in
instance, we study the problem of RL generalization with
test-time interaction. When our algorithm is allowed to
interact with the target MDP M* ~ D for K episodes in
the test stage, we want to reduce the regret, which is defined
as

Regy (D, A) £ Epq-op Regy (M*, A),
K
Reg g (M*, A) 2 3 v M) vk,
k=1

where 7y, is the policy that .4 deploys in episode k. Here
M* is unknown and unchanged during all K episodes. The
choice of Bayesian regret is more natural in generalization,
and can better evaluate the performance of an algorithm in
practice. From the standard Regret-to-PAC technique (Jin
et al., 2018; Dann et al., 2017), an algorithm with (5(\/?)
regret can be transformed to an algorithm that returns an
e-optimal policy with O(1/€?) trajectories. Therefore, we
believe regret can also be a good criterion to measure the
sample efficiency of fine-tuning algorithms in the test stage.

4. Results for the Setting with Test-time
Interaction

In this section, we study the setting where the agent is
allowed to interact with the sampled test MDP M*. When
there is no pre-training stage, the typical regret bound in
the test stage is O(v/SAHK )(Zhang et al., 2021). For
generalization in RL, we mainly care about the performance
in the test stage, and hope the agent can reduce test regret
by leveraging the information learned in the pre-training
stage. Obviously, when (2 is the set of all tabular MDPs
and the distribution ID is uniform over €2, pre-training can
do nothing on improving the test regret, since it provides
no extra information for the test stage. Therefore, we seek
a distribution-dependent improvement that is better than
traditional upper bound in most of benign settings.

4.1. Hardness in the Asymptotic Setting

We start by understanding how much information the pre-
training stage can provide at most, regardless of the test time
episode K. One natural focus is on the MDP distribution
D, which is a sufficient statistic of the possible environment
that the agent will encounter in the test stage. We strengthen
the algorithm by directly telling it the accurate distribution
D, and analyze how much this extra information can help
to improve the regret. Specifically, we ask: Is there a distri-
bution based multiplied factor C(ID) that is small when D
enjoys some benign properties (e.g. D is sharp and concen-
trated), such that when knowing ID, there exists an algorithm
that can reduce the regret by a factor of C(D) for all K?

Perhaps surprisingly, our answer towards this question is
negative for all large enough K in the asymptotic case.
As is formulated in Theorem 4.1, the importance of D is
constrained by a universal factor ¢y asymptotically. Here
co = % holds universally and does not depend on ID. This
theorem implies that no matter what distribution D is, for
sufficiently large K, any algorithm can only reduce the total
regret by at most a constant factor with the extra knowl-
edge of D, making a distribution-dependent improvement
impossible for universal K.

Theorem 4.1. There exists an MDP instance set ), a uni-
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versal constant cy = %6, and an algorithm A that only

inputs the episode K, such that for any distribution D with
positive p.d.f. p(r) € C(Q) (which A does NOT know), any
algorithm A that inputs D and the episode K,

1. Qs not degraded, i.e.,

lim Regy (D, A(D, K)) = +oc.
K—o00

2. Knowing the distribution is useless up to a constant,
ie.

lim inf Regc (D, A(A]D)’ K)) >
K=o Regy (D, A(K))

In Theorem 4.1, Point (1) avoids any trivial support 2 where
J7* that is optimal for all M € €2, in which case the distri-
bution is of course useless since A can be optimal by simply
following 7m* even it does not know ID. Note that our bounds
hold for any distribution D, which indicates that even a very
sharp distribution cannot provide useful information in the
asymptotic case where K — oo. The value of ¢y depends
on the coefficient of previous upper and lower bound, and
we conjecture that it could be arbitrarily close to 1.

We defer the complete proof to Appendix B, and briefly
sketch the intuition here. The key observation is that the
information provided in the training stage (prior) is fixed,
while the required information gradually increase as K in-
creases. When K = 1, the agent can clearly benefit from the
knowledge of D. Without this knowledge, all it can do is a
random guess since it has never interacted with M* before.
However, when K is large, the algorithm can interact with
M* many times and learn M™* more accurately, while the
prior D will become relatively less informative. As a result,
the benefits of knowing D vanishes eventually.

Theorem 4.1 lower bounds the improvement of regret by
a constant. As is commonly known, the regret bound can
be converted into a PAC-RL bound (Jin et al., 2018; Dann
et al., 2017). This implies that when §, ¢ — 0, in terms of
pursuing a e-optimal policy to 7* (M™), pre-training cannot
help reduce the sample complexity. Despite negative, we
point out that this theorem only describe the asymptotic
setting where K — oo, but it imposes no constraint when
K is fixed.

4.2. Improvement in the Non-asymptotic Setting

In the last subsection, we provide a lower bound showing
that the information obtained from the training stage can be
useless if we require an universal improvement with respect
to all episode K. However, a near-optimal regret in the
non-asymptotic and non-universal setting is also desirable
in many applications in practice. In this section, we fix the
value of K and seek to design an algorithm such that it can

leverage the pre-training information and reduce K -episode
test regret. To avoid redundant explanation for single MDP
learning, we formulate the following oracles.

Definition 4.2. (Policy learning oracle) We define
0;(M, €,10g(1/6)) as the policy learning oracle which can
return a policy 7 that is e-optimal w.r.t. MDP M with prob-
ability at least 1 — 6, i.e. V3 (s1) — V{((s1) < e. The
randomness of the policy = is due to the randomness of both
the oracle algorithm and the environment.

Definition 4.3. (Policy evaluation oracle) We define
Qe(M,,€,log(1/d)) as the policy evaluation oracle
which can return a value v that is e-close to the value
function V{7 (s1) with probability at least 1 — J, i.e. [v —
VT(s1)| < e. The randomness of the value v is due to the
randomness of both the oracle and the environment.

Both oracles can be efficiently implemented using the previ-
ous algorithms for single-task MDPs. Specifically, we can
implement the policy learning oracle using algorithms such
as UCBVI (Azar et al., 2017), LSVI-UCB (Jin et al., 2020b)
and GOLF (Jin et al., 2021) with polynomial sample com-
plexities. The policy evaluation oracle can be achieved by
the standard Monte Carlo method (Sutton & Barto, 2018).

4.2.1. ALGORITHM

There are two major difficulties in designing the algorithm.
First, what do we want to learn during the pre-training
process and how to learn it? One idea is to directly learn
the whole distribution ID, which is all that we can obtain for
the test stage. However, this requires O(|Q|?/62) samples
for a required accuracy 4, and is unacceptable when |Q] is
large or even infinite. Second, how to design the test-stage
algorithm to leverage the learned information effectively?
If we cannot effectively use the information from the pre-
training, the regret or samples required in the test stage can
be O(poly(S, A)) in the worst case.

To tackle the above difficulties, we formulate this problem
as a policy candidate collection-elimination process. Our
intuition is to find a minimum policy set that can generalize
to most MDPs sampled from D. In the pre-training stage,
we maintain a policy set that can perform well on most MDP
instances. This includes policies that are the near-optimal
policy for an MDP M with relatively large P (M), or that
can work well on different MDPs. In the test stage, we
sequentially execute policies in this set. Once we realize
that current policy is not near-optimal for M*, we eliminate
it and switch to another. This helps reduce the regret from
the cardinality of the whole state-action space to the size of
policy covering set. The pseudo code is in Algorithm 1.

Pre-training Stage. In the pre-training stage, we say a
policy-value pair (7, v) that covers an MDP M if = is
O(e)-optimal for the MDP M and v is an estimation of
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Algorithm 1 PCE (Policy Collection-Elimination)

Pre-training Stage

0: Imput: episode number K, policy learning oracle O; and policy evaluation oracle O,
0: Initialize: 6 = ¢ = 1/v/K, the number of the sampled MDPs N = log(1/6) /52

0: for phasel =1,--- do
forj=1,--- ,Ndo

fori,5=1,--- /Ndo

L e

. e ||| log(2N/4)
0: if N ] < 4 then

Sample an MDP set Q with N MDPs { M1, My, --- , My} from distribution D

Calculate 7; = O;(M}, €/2,1og(N/6)) for the MDP M

Calculate v; j = Q. (M;, 7j,€/2,1og(N?/6)) to evaluate the policy m; on the MDP M;
Call Subroutine 4 to find a set IT that covers (1 — 36)-fraction of the MDPs in Q

0: Output: the policy-value set IT = {(r;,v;;),Vj € U}
0: Double the number of the sampled MDP, i.e. N = 2N
Test Stage

0: Input: the policy-value set II from the Pre-train Stage, Episode number K

0: Initialize: the MDP set I1; = II, the phase counter l = 1, kg = 1,0 =€ = 1/\/?

0: for episode k =1,--- , K do
Calculate (7, v;) = arg max . e, Ul

P 2 22

Setkp=k+1l,andl =1+1

Execute the optimal policy 7, and receive the total reward G,

. k /2log(4K/d
lf #MZT:]CO Gk_vl‘ Z4€+ %then

Eliminate (7, v;) from the instance set fIl, denote the remaining set as fIl+1

the optimal value V3 (s1) with at most O(e) error. For a

policy-value set IT, we say the policy set covers the distribu-
tion D with probability at least 1 — O(9) if

Pra~p [3(7‘(‘,1}) e 11, (m,v) covers M| > 1 — O(3).

The basic goal in the pre-training phase is to find a policy-
value set IT with bounded cardinality that covers D with high
probability. The pre-training stage contains several phases.
In each phase, we sample N MDPs from the distribution D
and obtain an MDP set { M1, My, -+, My }. We call the
oracle Oy to calculate the near-optimal policy 7; for each
MDP M, and we calculate the value estimation v; ; for
each policy m; on MDP M; using oracle Q.. We use the
following condition to indicate whether the pair (7, v; ;)
covers the MDP M;:

Cnd(v; 5, vi4,0j,7)
= |vij —vial < el NTflvij —vj | <e].

The above condition indicates that 7; is a near-optimal
policy for M;, and v; ; is an accurate estimation of the
value Vi;  (s1). With this condition, we construct a policy-

value set IT that covers (1 — 36)-fraction of the MDPs in
the sampled MDP set by calling Subroutine 4. We output

the policy-value set once the distribution estimation error
|©2] log(2V/5)
N-|Q
sampled MDPs N to increase the accuracy of the distribu-
tion estimation otherwise. After the pre-training phase, we
can guarantee that the returned policy set can cover D with
probability at least 1 — O(4), i.e.

is less than ¢, and double the number of the

Pragen [3(m,0) € I [V (1) = Viga (s1)] < 260

[V (s1) —v| < 26} >1-0().

Fine-tuning Stage. We start with the policy-value set I
from the pre-training stage and eliminate the policy-value
pairs until we reach a (7, v) € I1 that covers the test MDP
M*. Specifically, we split all episodes into different phases.
In phase [, we maintain a set fIl that covers the real envi-
ronment M* with high probability. We select (7, v;) with
the most optimistic value v; in f[g and execute the policy
for several episodes. During execution, we also evaluate the
policy 7; on the MDP M* (i.e. V{{. ;(s1)) and maintain
the empirical estimation ﬁoﬂ Zi: ko G- Once we iden-
tify that 7; is not near-optimal for M*, we end this phase
and eliminate (7, v;) from 11,.
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4.2.2. REGRET UPPER BOUND

The efficiency of Algorithm 1 is summarized in Theo-
rem 4.4, and the proof is in Appendix C.

Theorem 4.4. The regret of Algorithm 1 is at most
Regy (D,Alg. 1) < O ( C(D)Klog2(K) +C(D)> ,

where C(D) = minp g)5q_g Q| is a complexity measure
ofDand 6 = 1/\/? In addition, with probability at least

1—0 (6log(C(D)/4)), samples required in the pre-training
c( )).

D
52

Different from the previous regret bound when the pre-
training is unavailable (Azar et al., 2017; Osband et al.,
2013; Zhang et al., 2021), this distribution-dependent upper
bound improves the dependence on S, A to a complexity
measure of D defined as C(ID). C(+) serves as a multiplied
factor, and can be small when DD enjoys benign properties
as shown below.

stage is O(

First, when the cardinality of 2 is small, i.e. |Q] < SA,
we have C(D) < |Q] and the pre-training can greatly re-
duce the instance space via representation learning or multi-
task learning (Agarwal et al., 2020; Brunskill & Li, 2013).
Specifically, the regret in the test stage is reduced from
O(WVSAHK) to O(1/|QK). To the best of our knowl-
edge, this is the first result that achieves dependence only on
M for any general distribution in RL generalization. We pro-
vide a lower bound in Appendix D to show that our test-time
regret is near-optimal except for logarithmic factors.

When || is large or even infinite, C(ID) is still bounded and
can be significantly smaller when D enjoys benign proper-
ties. In fact, in the worst case, it is not hard to find that the
dependence on C(DD) is unavoidable?, and there is no way
to expect any improvement. However, in practice where |Q|
is large, the probability will typically be concentrated on
several subset region of {2 and decay quickly outside, e.g.
when D is subgaussian or mixtures of subgaussian. Specif-
ically, if the probability of the i-th MDP p; < cje™** for
some positive constant ¢y, A, then C(D) < O(log ), which

gives the upper bound O ( Klog?(K ))

It is worthwhile to mention that our algorithm in the pre-
training stage actually finds a policy covering set, rather than
an MDP covering set, despite that the regret in Theorem 4.4
depends on the cardinality of the MDP covering set. This
dependence can possibly be improved to the cardinality of

?Consider the bandit case where there are M arms. The optimal
arm is arm ¢ in M, and DD is a uniform distribution over A/ MDPs.
C(D) = M in this case, and the M dependence is unavoidable in
this hard instance since the agent has to independently explore and
test whether each arm is the optimal arm.

the policy covering set by adding other assumptions to our
policy learning oracle, which we leave as an interesting
problem for the future research.

4.2.3. REGRET LOWER BOUND

We now provide a lower bound under the non-asymptotic
setting, showing that the proposed complexity measure C (D)
is a tight and bidirectional control of test time regret. Please
refer to Appendix D for complete proof.

Theorem 4.5. Suppose || > 2 and K > 5. For any
pre-training and fine-tuning algorithm Alg, there exists a
distribution D over the MDP class €, such that the regret in
the fine-tuning stage is at least

Regy (D, Alg) > @ (min (VCD)K, K)) .

Notice that here the bound holds for all K, and C(ID) de-
pends on K through the failure probability . This lower
bound states that no matter how many samples are collected
in the pre-training stage, the regret in the fine-tuning stage

is at least (w /C(D)K ) , which indicates that our upper
bound is near-optimal except for logarithmic factors.

5. Results for the Setting without Test-time
Interaction

In this section, we switch to the setting where test-time
interaction is not allowed, and study the benefits of pre-
training. As illustrated by Proposition 3.2, we only pursue
the optimality in expectation, which is in line with super-
vised learning. Traditional Empirical Risk Minimization
algorithm can be e-optimal with O(biiL”') samples, and
we expect this to be true in RL generalization as well. How-
ever, a policy in RL needs to sequentially interact with the
environment, which is not captured by pure ERM algorithm.
In addition, different MDPs in €2 can have distinct optimal
actions, making it hard to determine which action is better
even in expectation. To overcome these issues, we design an
algorithm called OMERM in Algorithm 2. Our algorithm is
designed for tabular MDPs with finite state-actions space.
Nevertheless, it can be extended to the non-tabular setting by
combining our ideas with previous algorithms for efficient
RL with function approximation (Jin et al., 2020a; Wang
et al., 2020).

In Algorithm 2, we first sample N tasks from the distri-
bution D as the input. The goal of this algorithm is to
find a near-optimal policy in expectation w.r.t. the task set
{M1, Mz, , Mpy}. In each episode, the algorithm es-
timates each MDP instance using history trajectories, and
calculates the optimistic value function of each instance.
Based on this, it selects the policy from II that maximizes
the average optimistic value, i.e. & S Vﬂi71(81)~ This
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Algorithm 2 OMERM (Optimistic Model-based Empirical Risk Minimization)

0: Input: target accuracy € > 0
0: Input:
C1log (N (I1,¢/(12H),d)) /€? for a constant C; > 0
K = C35?AH?log(SAH/¢)/€? for constants Cy > 0
for episode k =1,2,--- , K do

fori=1,2,--- ,Ndo

e

in M, till step k — 1, respectively

Nt k.n(s,a,8")

the sampled N MDPs denoted as {Mj, My, --- My} from distribution D, with N

0: EStimate PMiﬁkwh(S/|s’ a’) = max{l,NM.‘k,h,(S»a)}

Denote Ny, 1 n(S,a,s") and Nay, k1 (s, a) as the counter that agent encounters (s, a, s') and (s, a) at step h

for step h € [H|

Estimate RM,i,k:,h(Sv a) =

o iy r h L(SMy r h=8,aM,; r h=0)
max{l,NMi,k,;L(s,a)} for Step h e [H]

Define the UCB bonus b, k.1 (s,a) =

8Slog(BSANHK)

Initialize V/\%,k,HH(S’ a)=0,Vs,a
forh=H,H—1,---,1do

Vi ion(8) = S0 mh(als)Qhy, on(s, )

max{1,Nam; k,n(s,a)}

Calculate the optimistic policy 7, = arg max, i + vazl ‘A//(T,lll (s1).

fori=1,2,--- ,Ndo

Execute the policy 75, on MDP M; for one episode, and observe the trajectory (Sa; k.hs GM; kb rMi’k,h)le.

0
0
0
0:
0: Q?/li,k,h(sv a) = min {17 RMuk,h(Sv CL) + bMi;k?(s7 a’) + PMuk,hV/(r/li,k,hnLl(sv a)}
0
0
0
0
0

. Output: a policy selected uniformly randomly from the policy set {ﬂk}f’: 1-=0

selection objective is inspired by ERM, with the difference
that we require this estimation to be optimistic. It can be
achieved by a planning oracle when II is all stochastic maps
from (S, H) to A(A), or by gradient descent when IT is a
parameterized model. For each sampled M;, our algorithm
needs to interact with it for poly(S, A4, H, %) times, which
is a typical requirement to learn a model well.

Theorem 5.1. With probability® at least 2/3, Algorithm 2

can output a policy 7 satisfying E yp«p| Tr**(D) —V/\’;*] <e

. log N1 . . .
with O w MDP instance samples during train-

ing. The number of episodes collected for each task is
bounded by © (w)

We defer the proof of Theorem 5.1 to Appendix E. This
theorem implies that Algorithm 2 needs approximately
O(log (/\/'?T) /€2) samples to return an e-optimal policy

H

in expectation. Recall that logj\/lr% is the log-covering
number of II. When II is all stochastic maps from S, H
to A(A), it is bounded by O(HSA). When II is a pa-
rameterized model where the parameter § € R has finite
norm and 7y satisfies some smoothness condition on 6,
1og(N%) < O(d). This result matches traditional bounds

in supervised learning, and it implies that when we pur-

3This probability can be further improved to 1 — & by executing
Algorithm 2 for log(1/4) times and then returning a policy with
maximum average value. Please see Appendix E.2 for the detailed
discussion.

sue the optimal in expectation, generalization in RL enjoys
quantitatively similar upper bound to supervised learning.

6. Conclusion and Future Work

This work theoretically studies how much pre-training can
improve test performance under different generalization set-
tings. we first point out that RL generalization is fundamen-
tally different from the generalization in supervised learning,
and fine-tuning on the target environment is necessary for
good generalization. When the agent can interact with the
test environment to update the policy, we first prove that the
prior information obtained in the pre-training stage can be
theoretically useless in the asymptotic setting, and show that
in non-asymptotic setting we can reduce the test-time regret
to O(y/C(D)K) by designing an efficient learning algo-
rithm. In addition, when the agent cannot interact with the
test environment, we provide an efficient algorithm called
OMERM which returns a near-optimal policy in expectation
by interacting with O log(./\fl}(mH))/eQ) MDP instances.

€

Our work seeks a comprehensive understanding on how
much pre-training can be helpful to test performance theo-
retically, and it also provides insights on real RL generaliza-
tion application. For example, when test time interactions
are not allowed, one cannot guarantee to be near optimal
in instance. Therefore, for a task where large regret is not
tolerable, instead of designing good algorithm, it is more
important to find an environment that is close to the target
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environment and improve policies there, rather than to train
a policy in a diverse set of MDPs and hope it can generalize
to the target. In addition, for tasks where we can improve
policies on the fly, we can try to pre-train our algorithm in
advance to reduce the regret suffered. This corresponds to
the many applications where test time interactions are very
expensive, such as autonomous driving and robotics.

There are still problems remaining open. Firstly, we mainly
study the i.i.d. case where the training MDPs and test MDPs
are sampled from the same distribution. It is an interesting
problem to study the out-of-distribution generalization in RL
under certain distribution shifting. Secondly, there is room
for improving our instance dependent bound possibly by
leveraging ideas from recent Bayesian-optimal algorithms
such as Thompson sampling (Osband et al., 2013). We hope
these problems can be addressed in the future research.
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A. Omitted proof for Proposition 3.2

Assume (2 is the set of M MDP instances M7, - -- , M, where all instances consist only one identical state s; and their

horizon H = 1. In M, and state s, the reward is 1 for action a; and 0 otherwise. The optimal policy in M is therefore
: : (M)

taking action a; and V. = 1.

For any distribution D, assume the probability to sample M is p; > 0. For any deployed policy 7, assume the probability

that 7 takes action a; is g;, then

EM*N]D)V sz% < m[%/);]pz

Therefore, denote ¢g = 1 — max;e[pm) Pi > 0, we have

(M)

E g n — V] = eo.

Notice that when D is a uniform distribution, ¢y = %, which can be arbitrarily close to 1.

B. Omitted proof for Theorem 4.1

To prove the theorem, we let (2 be a subset of MDP with H = S = 1, under which it becomes a bandit problem, and it
suffices to prove the theorem in this setting. Below we first introduce the bandits notations, and give the complete proof.

B.1. Notations

To be consistent with traditional K -arm bandits problem, in this section we use a slightly different notations from the main
paper. An bandit instance can be represented as a vector r € £ C [0, 1]%, where 74, is the mean reward when arm k is pulled.
Inherited from previous MDP settings, we also assume that this reward is sampled from an 1-subgaussian distribution with
mean 7. In each episode ¢ € [T'], based on initial input and the history, an algorithm A chooses an arm a; to pull, and
obtain a reward y,, ~ D,,. Similarly, assume 7 is sampled from a distribution D supported on €2, and we want to minimize
the Bayesian regret

Regr (D, A) £ E,cp Regy(r, A), where Regp(r, A) £ E4 Z —Ta,]-

Here r* = maxy, ry, is the optimal arm. If we define ST (r, A) = ZL I[a; = k] as the r.v. of how many times .4 has
pulled arm k in T" episodes and Ay = r* — . as the sub-optimal gap, we can decompose regret

Regy(r, A) = ZAkE SE(r, A M

k=1

This identity is frequently used in the subsequent proof.

B.2. Proof

We first specify the choice of support, constant and algorlthm Without loss of generality, we set Q = [0, 1]%, which is
quite common and general in bandit tasks. Let ¢y = E’ and A be the Asymptotically Optimal UCB Algorithm deﬁned in
Algorithm 3. On the other hand, let .A be uniformly optimal, i.e. A(ID, T') = arg min 4 Reg(ID, A). To prove the theorem,
we only need to show that

i inf 2o8r (@ ADT)) )
T—oo  Regp(D, A(T))

which is the major result (point (2)). Later, we show that limr_, . Regp (D, .{(ID),A T)) = 400 in Lemma B.6, which proves
point (1) in the theorem. When T is fixed, we abbreviate A(D, T), A(T) as A, A.

A enjoys a well known instance dependent regret upper bound, which is copied below:

12
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Lemma B.1 (Theorem 8.1 in (Lattimore & Szepesvari, 2020) ). Forall r € Q,Vk € [K],

. 5  2(log(Tlog?T + 1) +y/mlog(Tlog” T + 1) + 1)
E[Sy <min{T, inf (1+ = :
(SE(r A)) < minfT, _int (1+5+ e )i

By Holder Inequality, we immediately have

AE[SF (r, A)] < min{A,T, Ay, +

uw(T)logT
A b

k

where the coefficient function

u(T) = sup —— ) [51/3 + (2log(tlog?t 4+ 1) + \/ﬂlog (tlog®t +1) + 1)1/3]
t>1 logt

being non-increasing and lim7_; o, u(T) = 2. For simplicity, we define e(T) £ 4/ "(T) logT and s(A,T) £ min{AT, A +

% log T'}. We can upper bound Regy(r, A) < ST, s(Ag, T).

Decomposition of Inq. 2 For k € [K], define QF = {r € Q : A, > T—70}, where py € (0, 3) is a universal constant
to be specified later. Further define A§ = {r € Q,r, + Ax(1 + €) < 1}. Using Eq. 1, it suffices to prove the lemma if
vk € [K],

T Jo p(r)ARE[SE (r, A)dr

£ > cp. 3
7= fo p(r)MELST (r Aldr = ¥

Fix k € [K] and € > 0 that is sufficiently small, we decompose Inq. 3 as below:

Jo p(r) AGE[ST (r, A)]dr - Jor ac P ALELST (r, A)dr ' Jax A ag P(r)s(Ag, T)dr
Jop()ARE[ST (r, A)ldr — Jar ac P(r)s(Ag, T)dr Joi p(r)s(Ax, T)dr
kaP s(Ag, T)dr Jop(r)s(Ay, T)dr
T psBeT)Arf p(r) AGE[ST (r, A)ldr

Sequentially denote the four terms in the right hand side as M; ~ My. My can be lower bounded by 1 based on the
Lemma B.1. The rest three terms is bounded by the subsequent three lemmas.

Lemma B.2. Vk € [K],
fﬂk p (AkH T)dr

lim inf > 2. 4
B T s, Tyar 20 @

Lemma B.2 lower bounds M3, saying that the influence of instance in 2 \ Q%. is negligible. The proof of this lemma needs
theory on Lebesgue Integral and Radon Transform, which will be introduced in the Section B.3.

Lemma B.3. Foranyk € [K],e € (0,1),

I kaT'ﬂA; p(r)s(Ag, T)dr 1
im =1.
T—00 fQ? p(r)s(Ay, T)dr

Lemma B.3 implies that My — 1, allowing us to focus on the integral on a calibrated smaller set Qk (N AS, in which we
can use information theory to control E[S{ (r, A)]. The following lemma is the major lemma in our proof, which use the
optimality of Ato analyze the global structure of Reg(r, A) forr € Qk (A%, and lower bound term Mj:

13
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Lemma B4. Foranye € (0,1), we have

g POMEIST(r A 1,
liminf —%£ —* > 5
T5o0 fm} A p(r)s(Ag, T)dr (1+¢€)

Combined together,

fQP(T)AkE[S/z(Tv ./Zl)]d’l" > QPO(% - ZPO)Ck

T—oo [, p(r) ARE[ST (r, A)Jdr — (1+¢€2 5)

The proof of Ing. 2 is finished by selecting py = % and letting € — 0.

Algorithm 3 A: Asymptotically UCB
0: Input = [0, 1]K , total episode T
0: forstept=1,---, K do
0: Choose arm at, and obtain reward
Set Rt = yt,St =1
forstept =K +1,---,T do
f(t) =1+tlog?(t)

Choose a; = arg max;, (1;% + 21%f(t))
k k

SetRkZRk—I-yt,Sk:Sk—l-l

S e

B.3. Proof of Lemmas

Before proving all lemmas above, we need to introduce theory on Lebesgue Integral and Radon Transform. In R¥ space
where K > 2, when a function is Riemann integrable, it is also Lebesgue integrable, and two integrals are equal. Since
we assume p(r) € C(Q), the integral always exists. Below we always consider the Lebesgue integral. For a compact
measurable set S, define £P(S) as the space of all measurable function in S with standard p-norm. Since the p.d.f of D is
continuous in compact set  and is positive, 3L, U € R*,Vr € Q,p(r) € [L,U].

Denote 7, = {r € Q : r, = max(r)}. Clearly, [, f(r)dr = 3, (g 5, f(r)dr since m('T NT;) =0T # 7T,
Here m(-) is the Lebesgue measure in R¥. If we define Py, = {r € Q,v-r =t} and v, = (e; — ex),i # k, then
Pt,v,’; N7T: = {r € T; : Ay = t}. According to Radon Transform theory, since 7; is compact and p(r) € C(T;),

Ait) 2 / p(r)dr,
Pt""li NT:

is also continuous w.r.t variable ¢ € [0, 1] for all k # i € [K]. Here the integration is perform in the corresponding Ry 1
space, i.e. the plane Ptﬁ)i’ and when mK_l(Pt% N7T:) >0, #@ﬂﬂ) € [L,U].

We further define g (t) = >, pk (t), which also belongs to C([0, 1]). The continuity of gx(t) helps derive the following
equation. For any f € L'(€2) that relies only on Ay, i.e. f(r) = f(Ay), we have

1€[K] i

- p(r)f(rz - ’I“k)df/‘
= — 7 dA _ V= dA. 6
2 GZ[;{] /[ o f(®)pr(t) 5 /[071] F(t)qe(®) ©

14
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Here the last line is because of Fubini Theorem, which states that the integral of a function can be computed by iterating
lower-dimensional integrals in any order. The factor ‘f arises because in traditional Radon Transform we require ||7y||2 = 1,
but here [|7} ]2 = |le; — exl2 = V2.

B.3.1. PROOF OF LEMMA B.2

Recall that s(A,T) = min{AT, A + % logT}, and AT < A+ % logT +» A < e(T), where e(T) is defined as
\/ YEL0eT When e(T) < T~70, Eq. 6 implies that Vr € Q.

. ka p(r)s(Ag, T)dr . pr s(Ag, TI[A > T Po]dr
lim in = lim inf
T— 00 fﬂp (Ak,T)dT T—o0 fﬂp Ak, )d?“
L. f[o 1] Qk(A) (A7T) [A > T PO]dA
= liminf —
(e RN FN DRV

To prove the lemma, it suffices to show that

f[071} qx(8)s(A, THIA < T7P0JdA 0.5 — po

lim su 7
Tone Jio a(B)s(A TIIA > T-m]dA = po ™
Define Er = {x € [0,1] : x < e(T)}, Fr = {z €[0,1] : & < T7Po}, then
S, a(D)s(A,T)dA , [ ax(A)ATAA

fim - lim (T)logT (8)

e fF"\E" Qk(A)S(A’T)dA T=oo [ \iz, We(D)(A+ LES)dA

A)AdA

< lim ! fE” Qk( ) (9)

T—oo €2(T) an\En ar(A) xdA

We have shown that WL(OL) € [L,U]. With some calculation, m(t) 2 mg_1(Py . NTi) = 1}#_(1_1. Therefore,

*I(Pt,wv,
qr(t) € m(t)(K — l)L,m(t)(kK — 1)U], and ¢ (0) = lim; g+ qx(t) > L > 0. By this continuity, for small enough
€1 > 0,361 > 0,Vt € [0,61],qx(t) € [(1 —e1)gr(0), (1 + £1)qx(0)]. As aresult,

1 Jp, a(A)AA , l—e [y AdA
lim — " T < lim — b
T—co €2(T) an\En q(A)xdA ~ 7= 2(T)(1 +e1) an\En LdA
. 1— €1 %eQ(T)
= lim — - -
T—oo e2(T)(1+&1) 5 log wTogT — PO log T
T 11— 1
= lim
T—o0 2(1 +£1) (3 —po)logT — 1log w
=0 (10)

This implies that the limitation of 8 exists and equals to 0. Similarly, define Gy = {z € [0,1] : @ < 7}, then

15
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Gr, Fr C [0, 4] for sufficiently large T'. This implies that
Jio. @(A)s(A, TIA < T7F0]dA [ ar(A)s(A, T)dA

lim sup = lim sup
T—o0 f[o,1] ar(A)s(A, T)I[A > T-o]dA T—00 f[O,l]\Fn qr(A)s(A, T)dA

JF \E ak(A) (A + M)dA
= limsup n n 10 .
T [l p, G(D)(A + £=555)dA

fF \E Qk( ) vdA
< limsup —/——=
T—o0 fG’n\Fn qk( )idA

LdA
< 1+¢e lim su IF\E A

1_51 T—o0 fG \Fy idA
1+er .. loge(T) — pglogT
= —— limsup
1—& T—>o<> pologT —log(log T)
1 + €1 2 pO
T 1-a1 po
Here the second equation comes from Inq. 10. The proof of Inq. 7 is finished by letting ¢; — 0.

B.3.2. PROOF OF LEMMA B.3
Recall that A§, is defined as {r € Q,r, + Ax(1+¢€) < 1}. Forallt € [0,1),7 # E,
P i ﬂ’ﬁﬂAe ={reP,:ri= maxr;,r e AL}
={reQ:r, =maxr;,r, —rpy =t,r €Ay}
J
={reQ:r, =maxr;,r, —rpy =1t +et <1}
J
—{reP . (Tiiri<l—etlh

This implies that

1—(1—et)® 1 1
. — R Sk
mu—1(Pr m% VAL =mi1({r € Py ﬂﬂ tri € [L—et 1]}) = {1’}(11 o.w o
K—1 -

Notice that A§, is open, 7; \ A, is compact, and (S7 () S2) \ S3 = S1((S2 \ S3). We have
e [ p(r)dr € C(T; \ AY).

For all i # k (Define O = [T 70, 1)),

. ka A7\A; P p(r)s(Ag, T)dr B )
78 Jop g PSR T)dr 75 [ s(A T)p(A)dA

1—(1—eA)E—1 _AK-1
U S 1]7( ~ dA+ [ gt S—dA

< lim = . Tt Tte?
T T—oo L fO 17AAK71dA

U fT Po, 1 ](K_IEdA+j‘[ 1 1]%dA
< lim —
e pologT (1 —T- po)
< lim U (K—1)e —|—log(1—|—e) —0

T—oo L pologT — 25 (1 —T—7o)
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Here the first equation is based on Eq.6, and the second last Inq. comes from Bernoulli inequality.

B.3.3. PROOF OF LEMMA B .4

To prove the lemma, We first reiterate an important lemma that lower bounds E[S{ (1, A)].

Lemma B.5 (Lemma 16.3 in (Lattimore & Szepesvari, 2020)). Ler r,r" €  be 2 instances that differs only in one arm
k € [K], where Ay, > 0 in r and k uniquely optimal in v'. Then for any algorithm ANT,

IIliIl{T’;c — T — Ak, Ak}

(rk—zrgy{k’g( 1

E[ST (r, A)] > ) +log T — log(Regy (1, A) + Regr (1", A) |.

For fixed € and r we set ), = 7, + (1 + Ag)e, so for r € Af,r’ € Q. On the other hand, when T-7° > ¢(T),Vr €
Q?, s(Ap, T) = A + “(T)A#. According to Lemma B.5, for all » € A¢,

T ~ 2 EAk B ~ ;o
ARE[S, (r, A)] > m [log (T) +logT — log(Regr(r, A) + Regp(r ,A))]

Define I% £ [0, N A pA(:) log Tdr < oo, and we have ¢(r) = p(T}{.A’“ is thus a p.d.f. in Q% M A5. We already know
T k g n

that for any 1-subgaussian bandit instance, the regret of UCB algorithm is bounded by 8/ KT1'logT + 3 Zle Ay <
9/ KTlogT. The optimality of A(D,T) = arg min 4 Reg, (D, A) implies that Reg (D, A) < 9/KT log T. Due to the
concavity of log(-),

/ 4(r) log(Regy(r, A) + Regp(r', A))dr

< log / 4(r)(Regy (r, A) + Regy (', A))dr

= log/ plr) (Regy(r, A) + Regp (1, A))dr — 1og/ p(r) dr
ok nag Ak ok nas Ak

< pologT + 1og/ p(r)(Regr(r, fl) + Regp (1, fl))dr — log/ p(r)dr

Qk N A Qf N A,

i q(r) ’ rony)
< pologT + log [ Regp(D, A) + ~q(r") Regp(r', A) log p(r)dr
q(r’) Q5 NA;
L VK 1
< log(w -T2tPolog T) — log/ p(r)dr.
L QM AS

Therefore, we have
S ryag P(AKELST (1, A)dr

lim inf (11)
T—o0 fﬂl%ﬂ/\i p(r)s(Ag, T)dr
2 Sopiag 52 1o (44) + 08T — lon(Res (1, ) + Regy (¢, )] ar .
> im in:
(1+e)2 T—o0 fQ’“T'ﬂAZ pA(:-) (A% +u(T) logT)dr
1 [ L. 1 p(r) - -
= 1+ lim inf — = (log Ay — log(R: R d 13
et [ Ry (los A~ los(Regr(r A) + Rer 1, A)))ar (13)
1 [ ~ ~
> 5 l—po—limsup/ ¢ () log(Reg (r, A)—&-RegT(r’,A))dr} (14)
(1462l T—oo JakNAS
1 , 1 WL+UWK 1 /
> 1—po— lims 1 T3P0 Jog T) — 1 d 15
ST B Tl R S B
11
= Az W) (16)

Here the last third line is because r > TP, r € Qk..
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B.3.4. PROOF OF PART 1 IN THEOREM 4.1

Lemma B.6. lim7 ., Regy (D, A(D, T)) = +o0.

Proof. In Lemma B.4 we already show that

L ka NAS p(T’)AkE[Sg (Tv A)]dr 1 1
lim inf ——* > 5 (5 —2po) > 0.
T oo fﬂkfﬂAZ p(r)s(Ay, T)dr (14+¢€)2°2
To prove this lemma, if suffices to show that
lim p(r)s(Ag, T)dr = +o0.
T=eeJok nag
Notice that Q% () A§ is non-decreasing in terms of 7.
T)logT
lim p(r)s(Ag, T)dr > lim Lwdr
T=ee Joknag T=oe Jak nag k
> lim Lu(T)log T'dr

: k € _
> Tlgxclx) m(wr, ﬂAk)Lu(T) logT = +oo0.

C. Omitted Details for Theorem 4.4

C.1. Subroutine for finding the cover set

This subroutine is used to find a policy-value set IT such that II covers (1 — 30)-fraction of the MDPs in the sampled MDP

set, 1.€.
SN 1[3(m, v) € 11, s.t.(m, v) covers M)
N

>1-36.

The algorithm is a greedy algorithm consisting of at most NV steps. As the beginning of the algorithm, we calculate a matrix
A, where A; ; indicates whether (7, v;) covers the MDP M. In each step ¢, we find a policy-value pair (7}, , v;,) with the
maximum cover number in the uncovered MDP set 7; 1. We update the index set U; and 7T; according to the selected index

j+. We output the policy-value set IT once the cover size Zj—:l n, > (1—36)N.

Algorithm 4 Subroutine: Policy Cover Set

0: Input: v; ; fori € [N] and j € [N]

0: Initialize: the policy index set Uy = (), the MDP index set 7o = [IV]

0: Calculate the covering matrix A € RV*Y where A; ; = Cnd(v; j, vi.i, v ;)

0: fort=1,--- ,Ndo

0: Calculate the policy index with maximum cover: j; = arg maxyj\y,_, Zz‘eﬂ LA
0 SetUy = U1 U gy, T = Ti—1\{i : A;; = 1}, the cover size n, = ZieTt,l A,

0 if The cover size Y.'._, n, > (1 — 36)N then
0: Denote U; as U, then break the loop
0: Output: the policy-value set IT = {(7;,v,;),¥j € U} =0

18
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C.2. Proof for the Pre-training Stage

During the proof, we use Q" to denote the MDP set satisfying the (1 — §)-cover condition with minimum cardinality,
ie. Q" = argminp g5, _4[€2[. As defined in Algorithm 4, we use U to denote the index set of {2, which has the same

cardinality as ). We have the following lemma for the pre-training stage.

Lemma C.1 (Pre-training algorithm). With probability at least 1 — O (5 log @), the pre-training stage algorithm returns

within log (@(C(]D)))) phases with total MDP sample complexity bounded by O (Cé?)

). The return set 11 satisfies
Nfl’rD [3(71‘,1]) ell, ’V/Chl(sl) — VL,1(31)| < 2N |V/(r,t,1(51) -l < 26] >1—60, (17)

and the size is bounded by |TI| < 2C (D) log 3.

Proof. For each phase, we first define the high-probability event in Lemma C.2. We prove the lemma in Appendix C.2.1.

Lemma C.2 (High Probability Events). For all phases, with probability at least 1 — 40, the following events hold:

L& SN 1M, € Q] - P(Q%)| < 6.

2. Vi € [N], m; is §-optimal for M;. Vi, j € [N],

vig = Vi alsn)| < 5.
3. For all index setU' C [N], we have

/\/Pt)r]m {ﬂj eU', \Viii(s1) - VX4’1(51)‘ < 2eN ‘V;\Zl(sl) — vj,j’ < 26} (18)

1 U] log 2
> % A —20— | 51280 1
SN-u] jete N— ] (19
i€[NJ\U’

According to Lemma C.2, the three events defined in Lemma C.2 hold with probability 1 — 49. As stated in Lemma C.3,
condition on the first and second events, we have /| < 2C(D) log % for each phase. We prove Lemma C.3 in Appendix C.2.2.

Note that these lemmas also hold for the last phase in which we return the policy-value set I1.

Lemma C.3. For all phases, if the first and second events in Lemma C.2 hold, then the size of candidate set U satisfies

U| < (C(D) + 1) log(1/9). (20)

Since the stopping condition is 4 / o] K)/g—(\?sé\\[ £3) — 1/ i ng(ﬁﬁ/ 9 < §and we already know [U/| < 2C(D) log %, the stopping

condition is satisfied for N > w. Based on the doubling trick, we know that the number of total phases is
bounded by log (@(C(}D))) and the sample complexity is bounded by 2N = O(C(D)/62).

Therefore, by union bound across all phases, with probability at least 1 — O(log @6 ), Lemma C.2 holds for all phases.
Using the third event on the return set I/, we know that

Pruion [Elj €U |V (s1) - V/(‘,lyl(sl)’ < 2N (V/’\}"l(sl) - v],j‘ < 26} 21
1 U|log 2N
> A j—20— | 22
>N D A VN 22)
1€[N\U

(1 -30)N — U] 36N
—_—— —20—-02>1-— —35>1—60. 23
- N-|Y = N = (23)
Therefore, the property on IT holds. O
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C.2.1. PROOF OF LEMMA C.2

Proof. To prove this lemma, we sequentially bound the failure probability for each event.

Empirical probability of Q2*. Notice that since M; ~ D, the expectation of r.v. I [M; € Q*] is exactly P(£2*). According
to the Chernoff Bound, we have

N
Z M, € Q] — P(Q¥)

< 5] < exp{—2N§?} < 6.

Therefore, the failure rate of the first event is bounded by 4.

Oracle error. For each i € [IN], the failure rate of Oy is at most < For all i, j € [IN], the failure rate of O is at most 5.
Therefore, with probability at least 1 — 25, we know that 7; is indeed 5-optimal for M;, and |v;; — V/\/ﬂ,l (s1)] < 5 for all
1,7 € [N]. This implies that the failure rate of the second event is bounded by 2.

Covering probability of Z{’. We first fix any index set &’ C [N] and define /¢ = [N] \ U’. For a policy-value pair (7, v)
and an MDP M, we define the following random variable

X, v, M) £ Cnd (0. [M, 7, £ 1og(N?/8))] v,
0. [M. 0 (M, 5. 108(V/8)) , 5 log(NV?/5)] ).
Notice that A; ; is exactly an instance of r.v. x(m;,v;, M;). For a fixed index set i’ C [N], each MDP M; with index

1 € [N]\ U’ can be regarded as an i.i.d. sample from the distribution D. According to Chernoff Bound, with probability at
least 1 — W we have

1 U log 2N
— max A; ; <Enp [max {X(7T37UJ,M)}:| + [rlog *5 (24)
el g e < e
On the other hand, we can use x to control the probability that 7; is near optimal for M. Specifically,
Exien [ (13,0} ©3)
Jeu’
~ Pr [max {3 M0} = 1 6)
Z P(M) - Pr [max {x(mj,v5, M)} = 1‘./\/1] (27)
MeQ
. I €
= > PM)-Pr[3j €U 7 =0 (M, 5, log(N/9)) (28)
MeQ
[M 7, £, log(N?/6))] ;o' = O, [M, = 5 log(N2/8)] . (29)
Cnd(v, v/, v;) = 1|M} . (30)

Similar to the analysis in the second event of Lemma C.2, with probability at least 1 — 24, for all 7 € U’, the return 7’ is
%-optimal for M, and the estimated value v and v’ in the RHS is %-close to their mean. Assume this event hold, we have

I[3j e U, Cnd(v,v’,v;) = 1]
<1 [Hj e,

ij,l(sl) — V/Q’l(sl)‘ < 2N ‘Vfa,1(31) — ij‘ < 26] .
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Therefore, we can substitute the RHS in Eqn. 25 as (where 20 is the oracle failure probability)

Eaten [mg};{xm,w,/w)}] 61)

<Y PM ( (1 - 26) (32)
MeQ

« Pr [Elj eU, |V (s1) - V;;,l(sl)‘ < 2N ‘ij,l(sl) P 26|M:| + 25) (33)

<25+ Pr [ajeu’,
M~D

Viii(s1) — VX4,1(51)‘ <2en ‘Vﬁvl(sl) B vj’j’ < 26} ' oY

Combining Eqn. 24 and Eqn. 31, by the union bound, with probability at least
N

5
/ "_ >1_ _ 9 N>
Z l|{u INLU =1} 21=D GV 216,
=1 =1
for all i/’ C [N], we have
Pr_ [Elj U, Vi (1) — Vj}lyl(sl)‘ < 2N ‘Vﬁl(sl) —vj,j‘ < 24 (35)
1 |Z/l’\log%
> Ay 20—y 218 36
> N 2 A N 7| (36)
iE€[NJ\U’

C.2.2. PROOF OF LEMMA C.3

Proof. For a certain fixed phase, we define Nay = > ;o7 I[M; = M| as the population of M in T;, and
C 2SN I[M, € ]. We have C = 3, .- Nato- Thanks to the conditional events in Lemma C.2, we have

%—P(Q*)’Sdand%zl—%.

Notice that I/ is generated by greedily selecting the best policy under current MDP remaining set 7;_1, i.e. the policy
that covers most MDP in 7;_1. On the other hand, since the second event in Lemma C.2 holds, for M; = M, we have
Cnd(vj j,v;,4,vj,;) and Cnd(vj ;,v;, i, v; ;) are true and thus A; ; = A;; = 1. Therefore, for each step ¢ and each M € Q*,
if we have M,; = M for some 7 € T;_1 , then in this round, we have

Z Az K > NM t—1-
€Ti—1
Since we choose policy 75, instead of 7; in step ¢ according to the greedy strategy, we have
ST Avi = > Avi>Nuaa (37)
€Tt iE€Tt—1

for all M € Q. The right term is 0 if M no longer exists in the remaining set, and the inequality still holds. Summing over
all M € Q*, we obtain

™ Z Gy Z N1
MGQ*
Ci <M;2 Nao — M;z* (N0 — N/\/l,t—l))
< Z Nmo — Z (NM,O—NM,t—l))
MeQr* MeQ
t . ) ‘
N T = > C— 1,
<M§2* e ;ﬂ) CUD)( ;n>
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where the last inequality is because N x4+ is monotonically decreasing in ¢ and the second last equation is because Zi:l Ny
represents the population of MDPs that are covered in the first ¢ rounds. This implies that (notice that ny = 0)

. cm (., & cm) \' -
CZ”T§<r<m+1<CZ”T>§"'§<<:<m+1) <

which gives

When ¢ > (C(ID) + 1) log §, we have

¢ A
3 A C
= > - I —— > — — > —_ — — - .
|U4e| ;:1”7 = <1 exp{ cm)+ 1}) C>(1-0)N x N2 (1-6)(1—-26)=1-30
Therefore, upon breaking, the size of U satisfies |U/| = |t;| < (C(D) + 1) log §. O

C.3. Proof of Theorem 4.4

In Lemma C.1, we prove that with probability at least 1 — O (6 log @), the policy set II returned in the pre-training stage
covers the MDPs M ~ D with probability at least 1 — 69, i.e.

A/IIDNID [H(W,v) ell, [V (s1) = Vigi(s1)] < 2en Vi i(s1) —v| < 26] >1-—60.

Note that this event happens with high probability. If this event does not happen (w.p. O (5 log @) ), the regret can still

be upper bounded by K, which leads to an additional term of K - O (6 log @) =0 (\/I? log(KC (ID)))) in the final

bound. This term is negligible compared with the dominant term in the regret. In the following analysis, we only discuss the
case where the statement in Lemma C.1 holds. We also assume that for the test MDP M™,

3, 6%) € 0, [V 1 (s1) — v;;*,l(sl)‘ <260 Vi1 (51) — ] < 2, (38)
which will happen with probability 1 — 6§ under the event defined in Lemma C.1.

We use L to denote the maximum epoch counter, which satisfies L < |fI\
Lemma C.4. (Optimism) With probability at least 1 — 0 /2, we have v; > V. 1 (s1) — 2¢,VI € [L].

Proof. To prove the lemma, we need to show that the optimal policy-value pair (7*, 0*) for M* will never be eliminated
from the set II; with high probability. Condition on the sampled M*, for a fixed episode k € [K], by Azuma’s inequality,
we have:

k
1 . 2log(4K/6)
P R — Gr — Vi > ————= | <§/(2K). 39
r k_k0+1§; k M,l(sl)f k-]fo-'—l /( ) ( )
T=Ko
By union bound over all £ € [K], we know that
k
1 . 21og(4K/4)
_ Vv > |2V ) <
Pr er[K]’k—koHZ;G’“ Vi a(s1)| = P — <4/2 (40)
T=Ko
By Ing. 38, we know that |V_f\;*,1(81) — 0*| < 4e. Therefore,
k
1 . 2log(4K/9)
Pr|d K|, |— — 0| > ———TF +4de | <6/2 41
| kel ]’k—k0+12;G’“ P2 ok ) =Y “1)
T=Ko
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By the elimination condition defined in line 6 of Algorithm 1 in the fine-tuning stage, (7*,0*) will never be eliminated from
the set II; with probability at least 1 — /2. By the definition that v; = max . yefy, Vs We have v; > 0* > V/’\",[*J(sl) — 2e.

O
Now we are ready to prove Theorem 4.4.

Proof. We use 7; to denote the starting episode of epoch I. Without loss of generality, we set 77,11 = K + 1.

By lemma C.4, we know that v; > V.. | (s1) with high probability. Under this event, we can decompose the value gap in
the following way:

k L 7iy1—1
3 (v;A*,l(sl) - Vﬂk*71(51)> 3>y (vl - Vﬂ*71(51)> 2K
k=1 =1 =7,
L mi41—1 L Ti41—1
<Y Y =G+ X 3 (G V(o) + 26K
=1 7=7, =1 7=7;
For the first term, by the elimination condition defined in line 6 of Algorithm 1 in the fine-tuning stage, we have
Ti41—1
Z (v — G-,—) < \/2(Tl+1 — 1) 1log(4K/0) + 4(7141 — Tl)E + 1.
T=T]

For the second term, by Azuma’s inequality and union bound over all episodes, with probability at least 1 — 6/2,

Tl+1—1

3 (GT - V/C{*’l(sl)) < /201131 — ) log(4K /3)

T=T]

Therefore, by Cauchy-Schwarz inequality,
k
5~ (Virealon) = Vit a(s0)) <0 (/Kiftog(ar /) + 1)

k=1

<0 (ﬂm(m) log(4K/9) log(1/3) + C(]D)) .

The last inequality is due to [II| < 2C(ID)log(1/8) by Lemma C.1.

Finally, we take expectation over all possible M*, and we get

Reg(K) < O (\/C(]D))Klog(ﬂ(/é) log(1/8) + C(]D))) . 42)

D. Omitted proof for Theorem 4.5

The proof is from an information theoretical perspective, which shares the similar idea with the lower bound proof for
bandits (e.g. Theorem 15.2 in (Lattimore & Szepesvari, 2020) and Theorem 5.1 in (Auer et al., 2002)). We first construct
the hard instance and then prove the theorem. Since the bandit problem can be regarded as an MDP with horizon 1, our hard
instance is constructed using a distribution over bandit instances. For a fixed algorithm Alg, we define (2 to be a set of M
multi-armed bandit instances. For bandit instance v; € (), there are M arms. The reward of arm j is a Guassian distribution
with unit variance and mean reward 1 + AI{i = j}. The parameter A € [0, 1/2] will be defined later. We use 1 to denote
the bandit instance where the reward of each arm is a Guassian distribution with unit variance and mean reward % We set D
to be a uniform distribution over the MDP set 2.
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We use r¥ = (rq,--- ,73) to denote the sequence of rewards received up through step k& € [K]. Note that any randomized

algorithm Alg is equivalent to an a-prior random choice from the set of all deterministic algorithms. We can formally regard
the algorithm Alg as a fixed function which maps the reward history r*~! to the action a;, in each step k. This technique is
not crucial for the proof but simplifies the notations, which has also been applied in (Auer et al., 2002).

With a slight abuse of notation we use Reg . (Vz, Alg ) to denote the regret of algorithm Alg in bandit instance v;. Therefore,
we have Regy (D, Alg) = +; ZZ 1 Regg (vi, Alg). We use P, and E,,, to denote the probability and the expectation
under the condition that the bandit instance in the test stage is v;, respectively. We use D1, (P1,P3) to denote the KL-
divergence between the probability measure P; and Py. We use T;(K) to denote the number of times arm ¢ is pulled in the
K steps.

We first provide the following lemma to upper bound the difference between expectations when measured using E,,, and
E,,.
Lemma D.1. Let f : RE — [0, K| be any function defined on the reward sequence r. Then for any action i,

KA

By, [f(r)] < By, [f(0)] + ——

Proof. We upper bound the difference E,,[f(r)] — E,,[f(r)] by calculating the expectation w.r.t. different probability
measure.

E,, [f(x)] - / ()R, (r / F (), (x
S CACE dm(r))\.

<+

Here | [ (dP,,(r) — dP,,(r))| is the TV-distance between the two probability measure P, (r) and P, (r). Note that v; and
v only differs in the expected reward of arm i. By Pinsker’s inequality and Lemma 15.1 in Lattimore & Szepesvari (2020),
we have

[ @) = )] <\ 3Drs (P

K
1
=\|3 > Puglar = ) Drr(N(0,1)N(A, 1)
k=1
A2
The lemma can be proved by combining the above two inequalities. O
Now we can prove Theorem 4.5.
Proof. By definition, we have
1 M
Regyc(D, Alg) =7 > Regy(vi, Alg) (43)
=1
=A— Z K —E,,[Ty(K))) (44)
=1
AM
=AK = > B, [T(K)] (45)
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We apply Lemma D.1 to T;(K), which is a function of the reward sequence r since the actions of the algorithm Alg are
determined by the past rewards. We have
KA

By, [T3(K)] <Eyy [T ()] + =

We sum the above inequality over all v; € €2, then we have

M M M A
DB [T(K)] <3 By [Ti(K)] + ) = VE, [G(K)]

KA
SK—FTVMK’

where the second inequality is due to the Cauchy-Schwarz inequality and the fact that
this inequality back to Inq. 43, we have

vica B [Ti(K)] = K. Plgging

K KA |K
> _ el
Regi (D, Alg) >A (K % 1 M)
Since K > 5, we know that C(DD) has the same order as M. If K < M, we know that \/C(D)K = K) We choose
A = 1/2 and know that Regy (D, Alg) > Q(K). Therefore, we have Regy (D, Alg) > Q ( ( )) If

K > M, we choose A = % Since M > 2, we can also prove that

Reg (D, Alg) > Q (min ( CDYK, K)) .

E. Omitted proof for Theorem 5.1

We define 7* = argmax ¢y Epon V7 1 (51) and #* = argmax_cp + Zi\; V4, .1(s1). For the returned policy 7, we
can decompose the value gap into the following terms:

Erm~p VJCI*’l(Sl) - V/@l’l(sﬂ} <EM~DVM 1(s1) N ZVMl 51) (46)
1L

N ;V%,l(ﬁ) — EpnVig(s1) (47)

NZVXL, 51) NZV/\/h 51) (48)

+*ZVM 1(s1) ZVM 1(81)- 49)

Note that the first and the second terms are generalization gap for a given policy, which can be upper bounded by Chernoff
bound and union bound. The third term is the value gap during the training phase. The last term is less than 0 by the
optimality of 7*.

Upper bounds on the first and the second terms We can bound these terms following the generalization technique.

Define the distance between polices d(n!, 72) £ maxges nefa) |7} (+s) — 72(-[s)||1. We construct the eg-covering set II
w.r.t. d such that

Vrell,3x e, s.t. d(m,7) < . (50)
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By Inq. 50, we have
Ve IL 37 € I, s.t. VY 1 (s1) — Vi1 (s1) < Heo. (51)

By definition of the covering number,

1:[‘ = N (I, €y, d). By Chernoff bound and union bound over the policy set II, we
have with prob. 1 — 7, for any 7w € 11,

N
1 F # 210g(2N(H,€07d)/51)
v ;thl(sl) —EmnnVigi(s1)| < \/ N . (52)
By Ing. 51 and Inq. 52, for V7 € II,
1Y 1 _
NZVX,,iyl(sl —EnmenVii(s1) ZVM“1 (s1) — Enmtan Vi1 (s1) (53)
1= z:l
NZVMl s1) NZVM s1) (54)
+ |Epman Vi (s1) — Exan Vi1 (s1)| (55)
2log(2N (11, €9, d) /&
S\/ Og( N(]V?cov )/ 1)+2H€0. (56)

We can set ¢g = 577 and 6; = 1/6. Since N = Cylog (N (II,¢/(12H),d)) /e* and 7*, 7 € II, we know that with
probability at least 5/6,

N
1 o+ o €
N ; Vit (s1) = Eames Vi (s1)| < 3, (57)
1 < €
N > Via(s1) = Emen Vi (s1)| < 3 (58)
i=1

Upper bound on the third term We have the following lemma, which is proved in the following subsections.
Lemma E.1. With probability at least 5/6, Algorithm 2 can return a policy & satisfying

1 & 1 €

-~ Vﬁ—*, S1) — == ZVﬁ 1(s1) £ <

N < M,l,l( ) N < ./\/[“1( )— 37
i=1 =1

where #* is the empirical maximizer, i.e. #* = argmax ¢y & Zfil Vi, 1(s1)-

Pluging the results in Lemma E.1, Inq. 57 and Inq. 58 back into Eq. 46, we know that with probability at least 2/3,
Er~p {V]\T/:J(Sl) - V/@u(sl)} <e

E.1. Proof of Lemma E.1

We first state the following high-probability events.

Lemma E.2. With probability at least 1 — 51, the following inequality holds for any i € [N],k € [K],h € [H],s €
S,a € A
) 25 log(SSAN HK)
_.7_1[»..,H< 59
|PatknCls, @) = Pagnlls.a)| < \/max{l Ne o)} (59)
210g(SSANHK)
, — . < 60
v (870’) TM’“}L(S,G)’ - \/max{lvNMiyk,h(sva)} ( )
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Proof. According to (Weissman et al., 2003), the L;-deviation of the true distribution and the empirical distribution over m
distinct events from n samples is bounded by

P{|[p(-) = p(-)1 > e} < (2™ — 2) exp (_”;) .

In our case where m = .S, for any fixed ¢, k, h, s, a, we have

25 log(1/6)
max{1l, Naq, kn(s,a)}

H@M“’“"( Is,a) — IP’Mhh(~|s,a)Hl < \/ ©61)

with probability at least 1 — 4.

Taking union bound over all possible i, k, h, s, a, we know that Inq. 61 holds for any 4, k, h, s, a with probability at least

1 — NKHSAS. We reach Ing. 59 by setting § = m.

For the reward estimation, we know that the reward is 1-subgaussian by definition. By Hoeffding’s inequality, we have

21og(2/0)
max{1, Na, k.n(s,a)}

R, kn(s,a) — TMi(Sﬂlyh)‘ < \/

with probability at least 1 — § for any fixed 4, k, h, s, a. Inq. 60 can be similarly proved by union bound over all possible
i,k, h,s,aand setting § = m. O

Lemma E.3. The following inequality holds with probability at least 1 — ﬁ

s
Il
—
>
Il
—

Proof. For the above two inequalities, the RHS can be regarded as the summation of Martingale differences. Therefore, the
above inequalities hold by applying Azuma’s inequality. O

We use A; to denote the events defined in the above lemmas. Now we prove the optimism of our algorithm under event A;.

Lemma E.4. Under event Ay, we have ‘A//’\T,lhk’l(sl) > Vi, 1(s1) foranyi € [N], k € [K],m € IL

Proof. We prove the lemma by induction. Suppose Q’TM&Hl(s,a) > QR4 pi1(8,a). For h € [H], if me,k,h(&a) =1,
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then we trivially have Q“M}k’h(s, a) > Q% (s, a). If CAQ’T/\,[JC,,Z(S7 a) < 1, then

Qﬁl,k,h(sa a) — QﬁM,h(Sv a)
>R, e (5,@) + b, ki (50) + Pat, ke n Vi, jonra (8:@) = T, n(5,@) = Pty Vi, g (5, @)

b, kn (85 a) — ‘RMi,k,h(Sva) - TMi,h(S,a)‘ - Hﬁ”m,k,hﬂs,a) - H”Mi,h('l&a)Hl
+ Pt n (V/(r/li,k,h+1 - V/7\T/li,h+1> (s,a)

> (5,0) 2log(8SANHK) 2510g(8SANHK)
=OMikh (S, @ max{1l, Ny, k.n(s,a)} max{l, Na, x,n(s,a)}

iy

+Patin (V/(rAi,k,h+1 - V/7\T4i,h+1) (s,a)
>Pat;,n (V/Cli,k,h-&-l - V/Cli,h-i-l) (s,a)

>0

b

where the second inequality is due to Lemma E.2 and the third inequality is derived from the definition of b4, 1 (s, a).
The last inequality is from the induction condition that (:2}/1 ki1 (8,a) > QR 11 (s,a). Therefore, for step h, we also

have Qj/l’k,h(s7 a) > Qj/w(s, a).

From the induction, we know that Q”Mk’l(s, a) > Q%1 (s,a). By definition, we have V/Cti,k,l(Sl) > Vi, 1(s1). O
Now we prove Lemma E.1.

Proof. (Proof of Lemma E.1) By Lemma E.4 and the optimality of 7y,

K N K N
SN (Va0 = Vit a(on) < 303 (it (o) = Vi a(sn) - 62)

k=11=1 k=11=1

We decompose the value difference using Bellman equation. For each episode k € [K]:

Vﬁi,k,h(sth,h) = Vit n(5Mi k)
= (Vﬁi,k,h(s/\/u,k,h) - folki,h(s/vu,k,h)) - (Qzljl,i,k,}z(sMi,k,h,aMi,k,h) - Q;I/C[hh(s/\/li,k,ha a/%:,k,h))
+ QN fon (SMu ks A, k) — QR4 4 (M ks G, kR)
< (Vﬁi,k,h(SMi,k,h) — QN kn (SMu kb a/\/l,i,k,h)) - (Vf/ﬁ,h(sMi,hh) = QN4 n(SMi khs aMi,k,h))
+ Rt o n (SMak s @M Josh) — T (SMG ek @M k) + (I@’Mi,k,h - PMi,h) V/\Zkhk,h_;,_l(s./\/li,k,haaMi,k,h)
+Patih (V/T\;Z,k,h-s—l - V/Cﬁﬁ) (8M ke hs @M k) — (Vﬂi7k7h+1(5M¢,k+l,h+1) - V/Cﬁ,h(SMmk'f‘l,h"rl))

4 bty ke h (SM ks OMG k)

+ V/(T/{ci,k,h+1(SMi7k+1;h+1) - Vﬁi,h(sMi,kH,hH)-
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Therefore,

K N

Y (Vi1 (1) = Vit 1 (s1)

1
H

M= I
V-1

e
Il
-
-
Il
-
>
Il
-

IN

ok o (SMokn) — Vﬂ;,h(SMi,k,h)) - (Qﬁi,k,h(sm,ma am,eh) = QN4 1 (SMi ks aMi,k,h)>

M-
M=
—~ —

+

Rty seon (Mo sy @M, kn) — T (SMu s a/vu,k,h))

3 Cr
Pt kn — ]P’Mi,h) VAt kn1 (SMa e,k QA k)

-
Il
—
>
Il
—

M T T
Mo 1= i
M= M-

+

bMi,k,h(SM“mh, aMi,k,h)

B
Il
—
S
Il
—
=
Il
—

n
M=
] =
M=

(P’Mi,h (V,/\T;ﬁ7k,h+1 - V/Cﬁ,h> (M kyhs OMG kb)) — (Vﬁi,k,hﬂ(skﬂ,hﬂ) - V/Cﬁ,h(sk+1,h+l)>)

l
—
<
Il
—
i
-

)= -
Eﬂ\:

M kb (SM ks GMG k) = T MG R (SM ko aMi,k,h))

k=11i=1 h=1
K N H

2.0 (PM“’“’”L B PM%’E) VXt e i1 (SMo s @A )
k=11i=1 h=1
K N H

D> baekh (M ks art o) + OV NHE log(KH)).

=~
Il
-
S
Il
—
>
Il
—

The last inequality is due to Lemma E.4 under event A;. By Lemma E.2, we have

K N H

(RM“k h(SM ks MGk, h) — T MR (SMG oy MGk, h))
1 h=1

H
> (PMi,k,h - PMmh> VS ko1 (SMa by @A b,k
h=1

n
MV
WE

K2

Il
-
Il
-

] =
M=

(RMi,k,h(sMi,k,hv am; kh) = " Mok (SM, kR a./\/li.,k,h))

=
I
—
.
I
—
>
Il

1

ok ClSMy ke hy @ keh) — P n ClSad, kb aMi,k,h)Hl

?.
Il
_
o
Il
—
>
Il
-

+
M=
M=
M=

X
<

ko h (SM kb GM, ke h)

We can upper bound Zszl Zi\; Vf;t*i,1(51) - Vﬁi,l(sl)) by the summation of b, k.n (S, k by GM; k.1 ). By defini-
tion, we have

N

Sy (Vi als0) = ViE 1(s1) < fzi\/ 2510g(8SANHK) + O(y/NHK log(KH)).

e = = =\ max{1, Nag kh (SMo kb G, kn) }

By Cauchy-Schwarz inequality, we have

3 (V/Cl (s1) — VA’}“l(sl)) <0 (N\/HZSQAK log(SAHNK) + NHSZA) .
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Since 7 is uniformly selected from the policy set {ﬁk}le. By Markov’s inequality, the following inequality holds with
probability at least 5/6,

N 1 K N
> (Vi1 (1) = Vi a(s0)) < o= Y07 (Vi (1) = Vit 1 (s1)) -

i=1 k=11i=1

With our choice of K = C35? AH? log(SAH/¢)/€?, we have

i_v: (VM 1(s1) V/(r/l1(51)) <¢/3.

E.2. High probability bound

To obtain a high probability bound with probability at least 1 — §. Our idea is to first execute Algorithm 2 independently for
O(log(1/6)) times and obtains a policy set with cardinality O(log(1/5)). We evaluate the policies in the policy set on the
sampled M MDPs, and then return the policy with the maximum empirical value. The algorithm is described in Algorithm 5

Algorithm 5§ OMERM with High Probability
0: Input: target accuracy € > 0, high probability parameter §
0: N = Cylog (N (IL,e/(12H),d) /6) /€ for a constant C; > 0
0: =1log(2/8)/log(1/6), N3 = Colog(N N;/d)/€* for a constant Cy > 0
0: Sample N tasks from the distribution D, denoted as {M;, My, -+ , My}
0: foré =1,2,--- Ny do
0: Execute Algorithm 2 with target accuracy €/2 and task set { My, Ma,--- , My}, and obtain a policy ¢
0
0
0
0

for task index i = 1,2,--- , N do
Execute m¢ on task M, for N, times, denoted the average total rewards as V¢ ;

Calculate the average value Ve = % Zfil Ve,i
: Output: the policy e~ with {* = arg maxc¢(y,) Ve =0

We have the following theorem for Algorithm 5.

Theorem E.5. With probability at least 1 — 6, Algorithm 5 can output a policy 7 satisfying Epq« wp [V/C;(D) — V]\T,t*] < ewith

oy s
O M MDP instance samples during training. The number of episodes collected for each task is bounded by

O (H2S2Alog(SAH) 1og(1/5))
€2 .
The proof follows the proof idea of Theorem 5.1, with only the difference in the bound on the empirical risk. We first prove

the following lemma.

Lemma E.6. With probability at least 1 — 62, Algorithm 5 can return a policy T¢- satisfying

ZVM 1 81 ZVW£*1 81 %,

A o .. .. . Ak 1 N T
where 7 is the empirical maximizer, i.e. T* = argmax, e 3 21 Viy, 1(51)-

Proof. By Lemma E.1, for each £ € [V1], the following inequality holds with probability at least 5/6,

1 & 1 &
NZVI/li,l(sl)_NZV/\A& 1(s1) =
=1 =1

(63)

NeliNe)
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In Algorithm 5, we evaluate the policies in the MDPs by executing the policies for /Ny times. By Hoeffding’s inequality and
the union bound over all £ € [NV1] and ¢ € [INV], with probability at least 1 — d2/2, we have

N
1 x € .
Ve — ﬁ;m1 (s1)| < V€ € [Ni],i € [N]

We denote the above event as Ao. For each ¢ € [Ny], we define 7; as the event that & S | Viiq(s1) = Ve < % By

Ing. 63, we have Pr{n;} > 5/6 under event A,. Note that the event {;}", are independent with each other. Therefore,
with probability at least 1 — (1/6)N1 = 1 — §,/2, there exists &, such that the event 7, happens. That is, there exists a
policy ¢, such that

1 %
N;Vﬁu,l (s1) = Vg, < 9

By definition, £* = arg max,c(y,) Ve. Therefore, we have + Zf\il V/@(:J (s1) — Ve < 2. Under the event of Ay, we
have the following inequality holds with probability at least 1 — d5/2,

1 & 1 &
3 2 V(s = 5 DoV a(s1) <
i=1 =1

Wl m

O

Proof. (Proof of Theorem E.5) The proof follows the proof idea of Theorem 5.1. We bound the empirical risk by Lemma E.6.
With our choice of 62 = §/3, we have with probability at least 1 — §/2,

N N
1 o 1 Tex €
N ZVMixl(sl) — N ZVAA&'LJ(S]') S g (64)

Following the proof of Theorem 5.1, we can similarly show that the following inequalities hold with probability 1 — /2,

N
Jifz;vﬁ,.,l(“) — Epe Vi (s51)] < g 65)
1L ) .
ﬁzvﬁi,l(sl) —Emn Vi 1(s1)| < 3 (66)
Combining the results in Inq. 65, Inq.66 and Inq. 64, we know that with probability at least 1 — 9,
Enep (Vi (1) = Via(s)] <
O
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