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Abstract

The recent literature on online learning to rank
(LTR) has established the utility of prior knowl-
edge to Bayesian ranking bandit algorithms.
However, a major limitation of existing work is
the requirement for the prior used by the algo-
rithm to match the true prior. In this paper, we
propose and analyze adaptive algorithms that ad-
dress this issue and additionally extend these re-
sults to the linear and generalized linear mod-
els. We also consider scalar relevance feedback
on top of click feedback. Moreover, we demon-
strate the efficacy of our algorithms using both
synthetic and real-world experiments.

1 INTRODUCTION

Learning to rank (LTR) is the problem of ranking a set of
items such that the resulting ranked list maximizes a utility
function such as user satisfaction. This could be the rank-
ing of search results for information retrieval (Liu et al.,
2009), ranking the items in a recommendation system to
increase user satisfaction (Karatzoglou et al., 2013; Falk,
2019), or ranking the ads in an ad placement system to en-
hance user engagement (Tagami et al., 2013).

In offline LTR, it is assumed that the ground truth utility of
the lists has been provided and the goal is to learn a scor-
ing function which can be used to rank the items (Zamani
et al., 2017; Mitra and Craswell, 2017; Shen et al., 2018;
Meng et al., 2020). In this setting, it is implicitly assumed
that user behavior is time-invariant, however, in many real-
world problems user preferences can change dynamically.

To address this issue, online LTR algorithms adaptively
learn from user feedback. Various online learning al-
gorithms have been designed for different user feedback
models including the cascade model (Kveton et al., 2015;
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Zhong et al., 2021), the position-based model (Lagrée et al.,
2016; Ermis et al., 2020a), as well as algorithms designed
for multiple user models (Zoghi et al., 2017; Lattimore
et al., 2018; Li et al., 2020). In this paper, we mainly fo-
cus on cascading bandits and defer extensions to other click
models to future work.

Despite being adaptive, online LTR algorithms often suffer
from the cold-start problem. More specifically, in the ab-
sence of any prior knowledge, the algorithm has to explore
aggressively before it can start exploiting the information
that it has learned about the users and items. The cost of
this initial phase of exploration often renders online LTR
algorithms impractical: this cost is particularly egregious in
the ranking setting because of the large action space. One
natural remedy for this problem is to infuse prior knowl-
edge into the online LTR algorithm, which is the approach
adopted by Kveton et al. (2022).

A major limitation of the algorithms and theoretical results
in Kveton et al. (2022) is the assumption that the prior
knowledge used by the algorithm does not deviate from the
true prior. This assumption holds only in the most contrived
of situations: for instance, for any time-varying data distri-
bution, the prior obtained from previous observations can-
not be a perfect prior for the future. This paper addresses
this shortcoming by devising and analyzing algorithms that
can make the most out of imperfect priors by adapting to
online data.

More specifically, our contributions are as follows:

• In Section 3, we propose highly adaptive Gaussian
Thompson Sampling (TS) algorithms for LTR in non-
contextual and contextual settings. We consider the
non-contextual setting in Section 3.1, the linear model
in Section 3.2, and the generalized linear model
(GLM) in Section 3.3.

• Our linear model in Section 3.2 handles scalar rele-
vance feedback, generalizing our framework beyond
click (binary) feedback.

• We derive Bayes regret bounds for our algorithms
in Theorems 1 to 4. In the non-contextual setting,
our bound is near-optimal. In the contextual settings,
these bounds are the first Bayesian bounds in the liter-
ature to the best of our knowledge.
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• We conduct both synthetic and real-world experiments
in Section 5. The synthetic experiments demonstrate
that even though our algorithms start with an imper-
fect prior (e.g., flat), they quickly adapt to the envi-
ronment and achieve competitive results compared to
existing approaches. In particular, in the presence of
prior misspecification, the performance of our algo-
rithms does not deteriorate as severely as existing on-
line LTR algorithms which use prior information. We
conduct our real-world experiments on publicly avail-
able learning to rank datasets to test the efficacy of our
algorithms in more realistic settings.

2 SETTING

We use the notation [T ] := {1; · · · ; T} for any integer T .
For any vector or set v, let v(i) be its i’th element.

We consider an online LTR problem where L is the set
of items to choose from, with size L. The agent inter-
acts with the environment, such as users in a recommender
system, over T rounds. At round t ∈ [T ], the agent dis-
plays a ranked list At of K � L items to the user, i.e.,
At ∈ �K(L), where �K(L) is the set of all tuples of K
distinct items out of L. The reward feedback depends on
the attractiveness of items recommended to the user. We
denote by Yi;t the attractiveness of item i ∈ L at round
t, which is an independent Bernoulli random variable with
mean �i;t, i.e. Yi;t ∼ Bern(�i;t).

Let Yt := YAt;t := (YAt(k);t)
K
k=1 be the vector of attrac-

tion indicators (feedback) at round t, and its corresponding
reward be R(YAt;t). In the cascade model (CM) we as-
sume the user examines the first position in At with prob-
ability 1. If position k ∈ [K] is examined and the item
at that position is attractive, i.e., YAt(k);t = 1, the user
clicks on it and does not examine the rest. If the user
does not click on the item at position k, they examine the
next position, k + 1. In this model, the reward at round t
is 1 if there is any attractive item in At and 0 otherwise:
R(YA;t) = 1 −

�QK
k=1(1− YAt(k);t)

�
. Due to the inde-

pendence of the attractiveness of items the expected reward
is

rA;t := E[R(YA;t)] = 1−
KY
k=1

(1− �A(k);t) : (1)

We set kt = min{k ∈ [K] : YAt(k);t = 1} to be the click
position, and use the convention min ∅ = K. That is if the
user does not click on any of the items then kt = K. Then
Oi;t =

Pkt

k=1 1(i = At(k)) is the indicator of item i being
examined (observed) at round t. The set of rounds where
item i is observed by round t is Ti;t := {s ≤ t : i ∈ As; i ≤
ks}, with size Ti;t := |Ti;t|.

Let A�t = arg maxA2�k(L) rA;t be the best ordered list
(best action) at round t. Then the frequentist regret at round

t is Rt := rA�
t
− rAt , and the cumulative (frequentist) re-

gret for horizon T is R(T ) := E[
PT
t=1Rt]. We define

the Bayes regret as the expectation of the frequentist regret
over the problem instances of the attractiveness probabili-
ties �:

BR(T ) := E[R(T )] = E

� TX
t=1

Et[Rt]
�
;

where Et[·] := E[·|Ht] is the conditional expectation given
Ht, the trajectory of clicks and actions up to but not includ-
ing round t. The second equality above holds by the tower
rule.

3 THOMPSON SAMPLING FOR LTR

In this section, we develop TS algorithms for LTR under
various parameterizations, including the non-contextual
setting as in Section 2, and also its extension to linear
and generalized linear contextual bandits in Sections 3.2
and 3.3. We assume the prior is such that � ∼ P0(�),
where � is the prior parameter. We denote the posterior at
round t with Pt(�̂t), where �̂t is the posterior estimate of �
givenHt.

3.1 Gaussian Thompson Sampling

In this section, we propose an adaptive Gaussian TS al-
gorithm for the LTR problem under the cascade model.
Agrawal and Goyal (2013) showed that Gaussian TS per-
forms very well when applied to bandits with a bounded
distribution. Inspired by this observation, we propose a
Gaussian TS algorithm for our LTR problems which has
Bernoulli (so bounded) rewards, i.e., implicitly assume a
Gaussian feedback while it is Bernoulli. See Gaussian TS
paragraph of Section 4 for further details.

The pseudo-code of our algorithm is in Algorithm 1. We
begin with a Gaussian prior P0(�) = N (�0; �0), with
mean �0 and standard deviation �0 (Line 1). The poste-
rior updates are as follows (Line 3):

Yi;t | �i ∼ N (�i; �
2) (Likelihood)

�i;t ∼ Pi;t(�i|Ht) = N (�̂i;t; �̂
2
i;t) (Posterior) ; (2)

where by Murphy (2007, Eqs 20 and 24)

�̂i;t =
�Pt

‘=1 Yi;‘Oi;t

�2 + �0

�2
0

�
�̂2
i;t and �̂2

i;t =
�

1
�2

0
+

Ti;t

�2

��1

Note that the posterior at round t+ 1 matches the one com-
puted in Eq. (2) in a Gaussian TS (see Murphy (2007) for
detail). We compare this to Beta TS (Kveton et al., 2022)
in Appendix A.1, where we highlight its advantages over
the Beta TS.

At round t, our algorithm computes the posterior based on
Ht as given in Eq. (2). Next, it acquires a sample from the
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Algorithm 1 TS for LTR

1: Initialize: H1 = ∅ and set prior P0 := N (�0; �0)
2: for t = 1; : : : ; T do
3: Compute posterior Pi;t(�i|Ht) based on Eq. (2)
4: Sample ~�i;t ∼ Pi;t(�|Ht) for all i ∈ L # Posterior

sample
5: At ∈ arg max A�L

jAj=K

P
i2A ~�i;t # Recommend the

top posterior samples
6: Observe Yt and letHt+1 ← Ht ∪ {(At; Yt)}
7: end for

posterior distribution for each item and recommends the
items corresponding to the top K samples (Lines 4 and 5).
Finally, it updatesHt+1 by including the action and reward
pair (Line 6).

We analyze this algorithm with the default prior N (0; 1).
In Section 5.1, we show empirically that the effect of this
prior vanishes quickly. However, in a Bernoulli environ-
ment like our non-contextual model N (0; 0:252) might be
more favorable given that Bernoulli random variables are
0:25-subgaussian.

Algorithm 1 Analysis: We follow a similar line of rea-
soning as Bubeck and Liu (2013, Theorem 1) for Gaussian
TS Bayes regret. The challenge is to apply that result to the
cascading bandits. We overcome this using a results about
the cascade model shown in Kveton et al. (2022, Lemma
7), which boundsRt with

P
k2At

rA�
t (k);t − rk;t.

Theorem 1 (Gaussian TS). The Bayes regret of Algo-
rithm 1 with prior N (0; 1) satisfies

BR(T ) ≤ 22K
√
LT :

The proof is in Appendix A. Compared to the result of Kve-
ton et al. (2022), it appears that we need to pay a O(

√
K)

price for not knowing the prior. If we use the true prior
we can shave off this extra term by using exact confidence
bounds as used in Kveton et al. (2022). In terms of L and
T , this bound is of optimal order since they match the lower
bound for Gaussian TS (Agrawal and Goyal, 2013). In ad-
dition, the constants are much smaller compared to the fre-
quentist bounds of Zhong et al. (2021) (see Section 4). Re-
cently, Vial et al. (2022) proved a matching lower bound of

(
√
LT ), which shows that our algorithm achieves near-

optimal regret bound.

In the next two sections, we deal with the contextual set-
ting. In this setting, we use a feature vector xi;t ∈ Xt ⊂ Rd
for each item i at round t, where Xt is the set of fea-
ture vectors for the items to be ranked at round t. For in-
stance, in an information retrieval system, this vector en-
codes user, query, and item information. We use the nota-
tion xt := (xi;t)i2L for the array of feature vectors in the
list.

3.2 Linear Contextual LTR

In this setting, we assume that the reward generated for
each item is governed by a linear function. This setting
is relevant to applications where the feedback (Y ) is not
binary (not Bernoulli clicks) but a real number such as the
amount of time the user spent on a page or their level of
satisfaction with the page, etc. We continue to assume a
cascade user model in the sense that the user scans down
the list and either generates no reward on any item in the
list or generates independent rewards for some items and
then abandons the list at one item.

The reward at round t for action A is the sum of item level
rewards of the observed items, i.e.,

R(YA;t) =

KX
k=1

OA(k);tYA(k);t :

Recall from Section 2 that Oi;t is the independent ran-
dom variable that indicates whether item i was observed at
round t. By independence we have rA;t =

PK
k=1 rA(k);t.

Note that this reward is the same as the reward in the case
of the cascade model if Y is binary since the right-hand
side of Eq. (1) is 0 when no item in the list is clicked and 1
when there is a click. Also, in the cascade model there is at
most one click.

We begin by laying out our assumptions in this setting.
Assumption 1 (Reward). If we have Oi;t = 1, then the
feedback for item t is Yi;t = x>i;t� + �t, where � is
the unknown parameter of the problem and �t is �2-sub-
Gaussian. Thus, ri;t = x>i;t� is the mean reward (feedback)
of item i at round t given feature xi;t.
Assumption 2 (Features). We assume ‖xi;t‖ ≤ 1 for all
i; t, and that the set of feature vectors X ⊂ Rd is compact.1

Assumption 3 (Parameters). We assume ‖�‖ ≤ S for some
S ∈ R+.

Algorithm 2 contains the pseudo-code of our lin-
ear TS algorithm. In Algorithm 2 we have used

�t(�t) := �2
q

2 log (�+t)d=2��d=2

�t
+
√
�S, where �t =

�=2max(1;dlog(t)e) and � = 1
T (log T+2) . This algorithm is

similar to Algorithm 1, with the main difference being the
calculation of the posterior sample. In particular, we use
regularized least-squares estimate of � (Line 5) and sam-
ple ~�t from the posterior (Line 6). Then, we generalize the
posterior sample for item i with x>i;t~�t in Line 7.

Algorithm 2 Analysis: We derive the first Bayesian re-
gret analysis for linear TS for cascading bandits. Our in-
novation lies in providing a Bayes regret by converting the
frequentist analysis in prior work on linear TS (Abeille and
Lazaric, 2017) to the cascade model and bound the Bayes
regret.

1We use ‖ · ‖ to denote the ‘2 norm.
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Algorithm 2 Linear TS for LTR

1: Input: The regularization parameter� 2 R+ , S
2: Initialize: V1  �I d, �r 1  0
3: for t = 1 ; : : : ; T do
4: Receive the current contextx t

5: Let �̂ t = V � 1
t �r t . # Compute the posterior param-

eter
6: Sample~� t � N (�̂ t ; � 2

t (� t )V � 1
t ) # Posterior sam-

ple
7: RecommendA t 2 arg max A �L

jA j= K

P
i 2 A x>

i;t
~� t #

Recommend the top posterior samples
8: ObserveYt

9: Vt +1  Vt +
P

i 2 A t
Oi;t x i;t x>

i;t
10: �r t +1  �r t +

P
i 2 A t

Oi;t x i;t YA t ( i ) ;t

11: end for

Theorem 2 (Algorithm 2 Regret). Under Assumptions 1
to 3, the Bayes regret of Algorithm 2 isBR(T) =

~O
�

d3=2K
p

T
�

, where ~O hides logarithmic terms.

Note that compared to Theorem 1, the dependence onL is
replaced with ad dependence.2 Compared to frequentist
upper bound in Vial et al. (2022), i.e.,~O(

p
Td(d + K )) ,

our regret bound is order-wise sub-optimal, but it does
not include huge constants like theirs. To the best of our
knowledge, no lower bound is known for cascading ban-
dits in the linear case. We prove Theorem 2 in Appendix B
starting with a decomposition that separates the posterior
sample error and the estimation error. Then, we bound
each term using ellipsoidal high probability bounds from
Abbasi-Yadkori et al. (2011); Abeille and Lazaric (2017).

3.3 Generalized Linear Contextual LTR

In a click model, it is natural to consider the clicks as
Bernoulli random variables as in Section 2. In this section,
we employ ageneralized linear model(e.g.logisticmodel)
to model the Bernoulli attractiveness random variables in a
contextual setting.

We model the attractiveness asYi;t � Bern(� (x>
i;t � ))

where � (x) is the so-calledlink function, e.g.,� (x) =
1=(1+exp( � x)) is the Sigmoid function. The reward func-
tions, R andr , are de�ned the same as in Eq. (1) where
� is replaced with� (x> � ), which is the probability of at-
tractiveness for itemi at roundt. We have the following
assumption on the reward noise.

Assumption 4(Reward). We assume that ifOi;t = 1 then
the feedback for itemt is Yi;t = � (x>

i;t � ) + � t , where� t is
� 2-sub-Gaussian.

The pseudo-code of our algorithm for this setting is in Al-

2TheO operator does not hide anyT term.

Algorithm 3 GLM TS for LTR

1: Input: The regularization parameter� 2 R+ , S, and
K

2: Initialize: V1  �I d.
3: for t = 1 ; : : : ; T do
4: Receive the current contextx t .
5: Solve Eq. (3) for�̂ t # Compute the posterior pa-

rameter
6: Sample~� t � N (�̂ t ; � 2

t (� t )V � 1
t =� 2) # Laplace

posterior sample
7: A t 2 arg max a�L

jaj= K

P
i 2 a x>

i;t
~� t # Recommend

the top posterior samples
8: ObserveYt

9: Vt +1  Vt +
P

i 2 A t
Oi;t � (�̂ >

t x i;t )
�
1 �

� (�̂ >
t x i;t )

�
x i;t x>

i;t
10: end for

gorithm 3. We de�ne� := inf � 2 � ;x 2X _� (x> � ) where
_� (z) = @�(z)

@z . The general structure of the algorithm is
the same as before. Therefore, we discuss only the new
parts. At roundt, we estimate� (Line 5) by solving the
following equation

tX

s=1

KX

k=1

Ok;t

�
YA s (k ) ;s � � (x>

A s (k ) ;s �̂ t )
�

xA s (k ) ;s = 0 ;

(3)
for �̂ t , using aiteratively reweighted least square(IRLS)
oracle (Green, 1984). Next, we sample from the Laplace
approximation of the posterior (Bishop and Nasrabadi,
2006, Chapter 4.5.1) in Line 6. We provide an alterna-
tive algorithm in Appendix D which takes single Newton
steps (Gentile and Orabona, 2012) and therefore it is more
computationally attractive compared to using IRLS.

Algorithm 3 Analysis: We add the following assumption
on the properties of� , and derive a regret bound indepen-
dent ofL as follows.

Assumption 5 (Link Function). The link function,� :
R 7! R, is continuously differentiable, Lipschitz with con-
stant` and� > 0.

For example,̀ = 1=4 for the Sigmoid function, and� de-
pends onsup� 2 � ;x 2X x> � , which by Assumptions 2 and 3
is at mostS.

Theorem 3(Algorithm 3 Regret). The Bayes regret of Al-
gorithm 3 under Assumptions 2 to 4 satis�es

BR(T) � K
`
�

�
� t (� 0) + 
 t (� 0)d

�
r

2Tdlog(1 +
T
�

)

+ K
2
 t (� 0)
0:1�

r
8T
�

log
4
�

with probability at least1 � � where � 0 = �
4T . Here


 t (� ) = � t (� )
p

cdlog(c0d=� ) with c; c0 constants such
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that P
�

kYi;t � x>
i;t � k �

p
cdlog(c0d=� )

�
� 1 � � . We

also show by choosing a proper� and 
 the regret is

~O
�

K `
� � 2d

p
Td

�
.

We prove this in Appendix C, using an extension of the
linear TS regret bounds and the de�nition of� and `.
To the best of our knowledge, there is no prior work on
cascading bandits with comparable Bayes regret bound.
Santara et al. (2022) developed an algorithm for a rout-
ing problem in a cascading bandit setting. Their regret

bound isO
�

d log(1+ T)
q

Te2S (K + d log(1 + KdT
� )

�
=

~O
�
dTeS

p
T(K + d)

�
for � 2 (0; 1=e] with probability

1 � � . This is better than our bound by a factor of
p

K ,
but it has an exponential dependence onS which could be
as bad as1=� (see Remark 1 in Santara et al. (2022)).

In prior works on GLM bandits,1=� usually appears in the
regret bounds. However, depending onX , this term could
be arbitrarily large. As such, it is desirable if our regret
analysis does not contain� . We employ an information-
theoretic approach as in Neu et al. (2022) to derive the fol-
lowing result for our LTR setting. We de�ne a new infor-
mation ratio and bound it for each item in the recommenda-
tion list, which readily gives an upper bound on the Bayes
regret of our algorithm. We focus on the Sigmoid function
for the simplicity of the proofs.

Theorem 4 (Algorithm 3 Regret without� ). If Assump-
tions 2 to 4 hold and� is the Sigmoid function, then the
Bayes regret of Algorithm 3 satis�es

BR(T) � K
p

2L(d log(2ST + 1) + 1) = ~O(K
p

dLT )

Our information-theoretic proof of this result is outlined in
Appendix C.1. We note that the dependence onL is not
desirable in a contextual setting, but this bound is based on
the state-of-the-art results for GLM bandits as it avoids� .

4 RELATED WORK

Cascading bandits: The cascade click model was intro-
duced in Richardson et al. (2007); Craswell et al. (2008)
and applied to online LTR in Kveton et al. (2015). Zhong
et al. (2021) proposedTS-Cascade for non-contextual
cascading bandits which is a semi-Thompson sampling
(TS) algorithm (dependent posterior samples used) with
Gaussian updates which start with an uninformative Gaus-
sian prior (�at prior). They present a frequentist regret up-
per bound for this algorithm, however, their regret bound
includes a huge constant (Lemma 4.3 and the last equation
in Section 4 therein). Our Algorithm 1 improves on their
algorithm by applying an exact TS Gaussain update. Our
analysis also improves the regret bound, although it is a
Bayes regret.

Gaussian TS: Agrawal and Goyal (2013) showed the
problem-independent regret bound of Gaussian TS for a
[0; 1] rewardK -armed bandit problem isO(

p
KT logK )

for T > K . Bubeck and Liu (2013) used re�ned con�-
dence bounds and improved this bound by removing the
logK factor. Abeille and Lazaric (2017) revisited linear
TS for contextual bandits under the frequentist setting. In
a related work, Liu et al. (2022) quanti�ed the amount of
miss-speci�cation in Gaussian TS applied to Bernoulli ban-
dits. LTR click models usually assume Bernoulli click ran-
dom variables which is[0; 1]-bounded. Similarly, we intro-
duce a Gaussian TS for our LTR problem. We propose Al-
gorithm 2 and the �rst Bayesian regret analysis for Linear
TS in the cascading model. Zhong et al. (2021) proposed
LinTS-Cascade for linear cascade model and showed
O(minf

p
d;

p
logLgKd

p
T(log T)3=2) frequentist regret

where the constant is(1+ � )(1+8
p

�e 7=(2 � 2 ) ) which could
be very large. Faury et al. (2020) proposed the state-of-
the-art UCB algorithm for logistic bandits which achieves
O(

p
�Td logT) regret bound. This result improves on the

classic result of Filippi et al. (2010) removing a
p

� factor.
Depending onX , this number could be arbitrarily large.
Neu et al. (2022) provide a regret bound for TS over logis-
tic bandits which is~O(

p
dLT ) for L arms. This bound isp

L worse than the above but it is� free which makes it
viable in that sense.

Related algorithms: The state-of-the-art prior works
comparable to our work include (i) prior-free online
LTR algorithms likeCascadeKL-UCB , CascadeUCB1
from Kveton et al. (2015), andTopRank (Lattimore
et al., 2018), (ii) the only prior-based adaptive algorithms,
BayesUCB andTS (Kveton et al., 2022), and �nally, (3)
non-adaptive prior-based algorithms where the items are
ranked according to their maximum-a-posteriori (MAP) at-
traction probabilities estimated from the same prior as in
BayesUCB andTS, such asEnsemble in (Kveton et al.,
2022).

CascadeLinUCB is a variant of the LinUCB algorithm
applied to the linear cascade bandits setting by (Zong et al.,
2016). Note thatCascadeLinTS from that paper is al-
most the same as ourLinTS-LTR , except the calculation
of the variance of posterior. However, they do not have an
analysis for this algorithm. In the linear setting, however,
the state-of-the-art isCascadeWOFUL(Vial et al., 2022)
which uses Bernstein and Chernoff con�dence bounds to
develop a variance-aware algorithm.LinTS-Cascade
(Zhong et al., 2021) is again similar to ourLinTS-LTR
but with different variance calculations and it only has fre-
quentist analysis with huge constants.

There are several other click models considered in the ban-
dit literature. Recently, Ermis et al. (2020b) proposed a lin-
ear UCB and a linear TS algorithm for theposition based
click model (PBM). They, however, do not analyze the re-
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gret of these algorithms.

GLM bandits: Several recent works study GLM and
especially logistic bandits. Dong et al. (2019) ana-
lyzed the performance of TS for logistic bandits using an
information-theoretic approach which results in a regret
bound without� in it but with other potentially large con-
stants. Neu et al. (2022) improved on this and proposed
a regret bound free of large constants. In Theorem 4 we
take a similar approach to this. Dumitrascu et al. (2018)
proposed an improvement over the Laplace estimate of
the posterior for logistic TS but did not bound its regret.
Several other recent works including Faury et al. (2020);
Abeille et al. (2021); Faury et al. (2022) study UCB and
optimism in face of uncertainty (OFU) based algorithms
which we could further consider for future work.

Of�ine initialization: Considering the cold-start issues,
we can learn the prior information from the historical data
and use it in near-optimal algorithms like in Kveton et al.
(2022). The Web30K experiment in Kveton et al. (2022)
practically does this.

5 EXPERIMENTS

In this section, we aim at evaluating our algorithms empir-
ically and compare them to prior work. The goal is to val-
idate the theory in practice using synthetic and real-world
data. In particular, we are trying to answer the following
research questions;

1. How does our non-contextual algorithm Algorithm 1
compare to prior work on non-contextual LTR? We
investigate this in Fig. 1.

2. How does prior initialization and misspeci�cation af-
fect our non-contextual algorithm? Fig. 2 and further
experiments of Figs. 8, 15 and 16 in Appendix F an-
swer this.

3. For a linear or logistic reward model, how does Algo-
rithms 2 and 3 compare to prior work in terms of re-
gret? We conduct the corresponding experiments for
the linear and logistic model in Figs. 3 and 4, respec-
tively. Figs. 9 and 10 experiments in Appendix F ex-
plore this further.

4. How would our algorithms perform if the theoretical
assumptions are violated? We explore this using two
datasets in Figs. 5 and 6. Further experiments Figs. 11
to 14 are in Appendix F.

The default setting for our synthetic experiments isL = 30,
K = 3 , T = 10000, S = 1 , and� = 1=104. Our prelim-
inary analysis shows that the few hyper-parameters (�; S )
of our algorithms do not change the behavior much and

thus we did not include a tuning study. This is also in line
with the regret bounds which show the effect of the hyper-
parameters is negligible. We compare the cumulative regret
of the algorithms over 100 simulation replications. In the
synthetic experiments, each replication is a new instance
sampled from a �xed prior.

Our Algorithm 1 is shown asGTS, Algorithm 2 as
LinTS-LTR , and Algorithm 3 with Sigmoid link function
asLogTS-LTR . Here,GTS-Pmean is GTSwith a prior
mean initialized to the mean of the of�ine data (instead of
N (0; 1) uninformative prior).GTS-P uses both the mean
and variance of the of�ine data for the prior initialization.

5.1 Synthetic Experiment: Non-contextual Setting

In the non-contextual setting, our baselines areTS (shown
as TS-Beta to emphasis beta updates versus Gaussian)
andBayesUCB (shown asBayesUCB-Beta ) from Kve-
ton et al. (2022) which are the state-of-the-art and shown
to outperform the other algorithms. These algorithms use
the exact prior so we call themprior-informedalgorithms.
The rest of the algorithms here which do not use the
prior are calledprior-agnostic. For instance, we include
TS-Cascade which is the closest algorithm toGTS in
the literature from Zhong et al. (2021) and uses dependent
posterior samples in a semi-TS algorithm (see Section 4).

For the non-contextual setting, in Fig. 1 (and Figs. 8, 15
and 16 in Appendix F), we let(� 1;i ; � 2;i ) be the Beta prior
distribution parameters (used byTS andBayesUCB). We
let � 2;i = 10 and sample� 1;i from [10] uniformly at ran-
dom, for all itemsi . We sample(� 1;i )L

i =1 for 20 times, and
for each one sample the attraction probability of items as
� i � Beta(� 1;i ; � 2;i ) 20 times. Each algorithm is simulated
on these 400 bandit instances. This procedure generates at-
traction probabilities between 0.09 and 0.5, so no item is
overly attractive.

Fig. 1 shows the cumulative regret for all the algorithms
on a cascade model. We can observe thatGTScompetes
closely with TS-Beta and BayesUCB-Beta , despite
not having access to the true prior. Also,TS-Cascade
seems to underperform signi�cantly. We conjecture this
could be due to its dependent posterior samples which
could pollute its posterior statistics (not MAP estimates).
In Fig. 8 of Appendix F we removedTS-Cascade to
zoom in on the difference betweenGTS's. GTS-Pmean
and GTS-P correct GTS at the beginning as they start
with a better prior mean, the gain, however, is not signif-
icant which shows our TS algorithms are highly adaptive.
Figs. 15 and 16 in Appendix F con�rm this observation
further. Also,GTS-P shows slightly worse performance
which seems to highlight a drawback of initializing a Gaus-
sian TS with a beta prior.

In Fig. 2, the true prior isBeta(1; 10) but the prior fed
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Figure 1: Synthetic non-contextual set-
ting.

Figure 2: Synthetic non-contextual set-
ting with prior misspeci�cation.

Figure 3: Linear setting experiment.

Figure 4: Logistic setting experiment.Figure 5: Web30k experiment with
K = 10.

Figure 6: Istella experiment withK =
10.

to the algorithms is Beta(1 + c;10 � c), with c 2 [0; 8].
Therefore, whenc > 0, the prior is misspeci�ed. We plot
the �nal cumulative regret of the algorithms atT = 1000.
This �gure illustrates that our algorithm3 is robust against
the prior misspeci�cation, while the performance of prior-
dependant algorithms degrades, as expected.

5.2 Synthetic Experiment: Linear Setting

In the linear setting, the state-of-the-art baseline algo-
rithm is CascadeWOFUL(Vial et al., 2022), labeled as
C-WOFUL, which deploys a Bernstein UCB algorithm
and adapts to the variance of the rewards. We removed
BayesUCB-Beta in some experiments as it has almost
the same performance asTS-Beta .

In this section, we sample� 2 [0; 1]d andx i;t 2 [0; 1]d

from a uniform distribution and normalize them to unit
norm. This aligns with the experimental setup of the lin-
ear LTR algorithm in prior work (Zhong et al., 2021; Vial
et al., 2022).

Fig. 3 demonstrate the cumulative regret of the state-of-
the-art linear algorithm and ourLinTS-LTR . It shows that
our algorithm andLinTS-Cascade (Zhong et al., 2021)
outperform the prior work. Fig. 9 in Appendix F sepa-
rates the underperforming algorithms and illustrates that
LinTS-Cascade andLinTS-LTR outperform all oth-
ers includingGTS, showcasing the bene�t of including the
contextual information.

3GTS-Pmeanor GTSboth perform similarly here so we only
keepGTS-Pmean

5.3 Synthetic Experiment: Logistic Setting

For the logistic setting, as far as we know there are no com-
parable prior works for the cascade model. We include
CascadeLinUCB (shown asC-LinUCB ) for complete-
ness in the experiments, although it is empirically shown to
underperformCascadeWOFUL. In this section, we sam-
ple � and x i in the same way as in Section 5.2, but set
� i = � (� > x i ). We set� 2;i = 10 and� 1;i = 10� i =(1 � � i )
so the mean of Beta prior of itemi is � i .

We show the cumulative regret of our algorithms in Fig. 4,
where our algorithm's superior performance is highlighted.
A zoomed-in version of this in Fig. 10 in Appendix F shows
LogTS-LTR outperforms other algorithms (including the
prior-informed ones). Moreover, even when considering
only the �rst 1000 steps,LogTS-LTR still outperforms the
rest, showing that it is highly adaptive.

5.4 Real-world Experiments

In this section, we �rst experiment with the Microsoft
Learning to RankWeb30K dataset4 (Qin and Liu, 2013),
which contains� 18000 training and� 6000 test queries,
with an average ofL = 120 documents per query. Each
query and document pair has 136 features which we nor-
malize and take as the context. We follow the setting
in Kveton et al. (2022). In particular, priors are gener-
ated from this dataset by trainingM = 10 state-of-the-
art deep-learning LTR model (Qin et al., 2021), each on

4https://www.microsoft.com/en-us/
research/project/mslr/
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