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Abstract

The central objective function of a variational au-
toencoder (VAE) is its variational lower bound
(the ELBO). Here we show that for standard (i.e.,
Gaussian) VAEs the ELBO converges to a value
given by the sum of three entropies: the (neg-
ative) entropy of the prior distribution, the ex-
pected (negative) entropy of the observable dis-
tribution, and the average entropy of the varia-
tional distributions (the latter is already part of
the ELBO). Our derived analytical results are ex-
act and apply for small as well as for intricate
deep networks for encoder and decoder. Further-
more, they apply for finitely and infinitely many
data points and at any stationary point (includ-
ing local maxima and saddle points). The result
implies that the ELBO can for standard VAEs
often be computed in closed-form at stationary
points while the original ELBO requires numer-
ical approximations of integrals. As a main con-
tribution, we provide the proof that the ELBO
for VAEs is at stationary points equal to entropy
sums. Numerical experiments then show that the
obtained analytical results are sufficiently precise
also in those vicinities of stationary points that
are reached in practice. Furthermore, we discuss
how the novel entropy form of the ELBO can be
used to analyze and understand learning behav-
ior. More generally, we believe that our contri-
butions can be useful for future theoretical and
practical studies on VAE learning as they provide
novel information on those points in parameters
space that optimization of VAEs converges to.
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1 INTRODUCTION

Variational autoencoders (VAEs; Kingma and Welling,
2014; Rezende et al., 2014) have emerged as a popular
choice for probabilistic generative modeling, a sub-field of
unsupervised (deep) learning. VAEs are in their most com-
mon form defined as latent variable models that learn rep-
resentations of the data x ∼ p(x), with x ∈ RD, in a usu-
ally low(er) dimensional latent space z ∈ RH . In contrast
to conventional autoencoders, the mappings between data
and latent space are stochastic. The (by far) most common
choice for prior distribution p(z), encoder qΦ(z|x) and de-
coder pΘ(x|z) are Gaussian distributions, where deep neu-
ral networks (DNNs) are used to define Gaussian means
and (optionally) covariances. Ideally, maximum likelihood
estimation of model parameters Θ would be deployed with

pΘ(x) =

∫
p(z)pΘ(x|z)dz (1)

approximating the target data distribution p(x). However,
since the likelihood in Eqn. (1) is not tractable for complex
decoder distributions, the evidence lower bound (ELBO) is
optimized instead. The ELBO is also known as variational
lower bound or variational free energy (Neal and Hinton,
1998).

Given a set of N data points x(n), n ∈ {1, . . . , N}, the
ELBO in dependence of encoder and decoder parameters
(i.e., Φ and Θ, respectively) is given by

F(Φ,Θ) =

Srec(Φ,Θ)︷ ︸︸ ︷
1

N

∑
n

∫
qΦ(z |x(n)) log

(
pΘ(x

(n) | z)
)
dz

− 1

N

∑
n

DKL

(
qΦ(z |x(n)) ∥ p(z)

)
︸ ︷︷ ︸

Sreg(Φ,Θ)

,

(2)
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where DKL

(
q(z) ∥ p(z)

)
denotes the Kullback-Leibler di-

vergence between two distributions q and p. The first
ELBO term, Srec(Φ,Θ), is usually referred to as recon-
struction score and the second Sreg(Φ,Θ) as regularization
score (Kingma et al., 2019). For all encoder parameters Φ
and decoder parameters Θ the ELBO is smaller or equal to
the log-likelihood L(Θ) = 1

N

∑
n log

(
pΘ(x

(n))
)
.

While the ELBO has proven to be an exceptionally suc-
cessful learning objective, it is, like the log-likelihood it-
self, usually not analytically tractable for VAEs (and nei-
ther for many other models). The intractability of the
bound for VAEs stems from Srec(Φ,Θ) in Eqn. (2): Be-
cause of (potentially very intricate) DNN non-linearities of
standard VAEs, the integrals cannot be solved analytically.
A central research challenge for training VAEs is there-
fore the development of efficient methods to approximate
intractable integrals of the ELBO. Indeed, the suggestion
of efficient methods to estimate gradients of Eqn. (2) us-
ing sampling and reparametrization (Kingma and Welling,
2014; Rezende et al., 2014) has played the key role in the
establishment of the field of VAE research.

Because of the potentially complex DNNs deployed in
VAEs few exact theoretical results may be expected espe-
cially in realistic settings, i.e., for real and finite data sets
and convergence to local optima or saddle points. There-
fore maybe unexpectedly, we here provide an exact analyt-
ical result for all standard VAEs. Concretely, we show that
at convergence the ELBO is given by a sum of the entropies
of those distributions defining a VAE. In order to make our
contribution more precise let us properly define a vanilla
Gaussian VAE, which we here term VAE–1.
Definition 1 (VAE–1; VAE with component-wise equiv-
alent decoder variances). Consider a VAE with standard
normal prior

p(z) = N (z;0, I) ,

and Gaussian encoder and decoder given by

qΦ(z|x) = N
(
z;�Φ(x), TΦ(x)

)
,

pΘ(x|z) = N (x;�Θ(z), σ
2I) .

Let the encoder covariance TΦ(x) be diagonal and let en-
coder mean �Φ(x), covariance TΦ(x), and decoder mean
�Θ(z) be parameterized by DNNs, i.e.,

�Φ(x) = DNNν(x;V ) ,

TΦ(x) = diag
(
τ21 (x), . . . , τ

2
H(x)

)
,

�Θ(z) = DNNµ(z;W )

(3)

with
(
τ21 (x), . . . , τ

2
H(x)

)T
= DNNτ (x;T ). We term a

VAE of this form VAE–1. By Θ = (W,σ2) we denote the
set of all parameters of the decoder, and by Φ = (V, T )
all parameters of the encoder. We hereby assume that the
respective parameter sets W,V , and T include all weight
matrices and biases of the DNNs.

The results we will derive are exploiting properties of the
ELBO (Eqn. (2)) at stationary points, i.e., of those points in
parameter space where the ELBO reaches an extremum (lo-
cal or global optima) or a saddle point. As a consequence,
the presented results are applicable, e.g., for gradient-based
optimization techniques. Throughout the paper, we refer
with ‘at convergence’ to the stationary points but we re-
mark that VAE parameters will in practice only reach the
vicinity of these points (due to finite learning rates and
stochasticity; we elaborate on this in Appendix D).

For VAE–1 as defined above, the final result is sufficiently
concise to be stated here initially (before we discuss its
derivation, related work, and more general VAEs later on):
At all stationary points of the ELBO (Eqn. (2)) we have

F(Φ,Θ) =
1

N

N∑
n=1

H[qΦ(z|x(n))]

−H[p(z)]−H[pΘ(x | z)]

(4)

where H[p(·)] denotes the entropy of a distribution p(·).
That is, the ELBO is, at convergence, given by the en-
tropies of encoder, prior, and decoder distribution. Us-
ing the closed-form expressions for Gaussian entropies, the
ELBO is consequently closed-form and solely depends on
the variance parameters of encoder and decoder:

F(Φ,Θ) =
1

2N

N∑
n=1

H∑
h=1

log
(
2πeτ2h(x

(n); Φ)
)

− H

2
log(2πe)− D

2
log(2πeσ2) .

(5)

No other parameters are required to compute the bound,
and in particular no knowledge about (or passes through)
the decoder DNN is needed. Considering Eqn. (5), we also
remark that the expression does not contain any approxima-
tions of any integrals. Using just the data and the learned
parameters, the ELBO can at convergence be computed ex-
actly. We stress that the closed-form expression (Eqn. (5))
does not replace the original bound as a learning objective
(i.e., it can not be used analogously to Eqn. (2) for parame-
ter optimization). Importantly, however, Eqn. (4) (and later
discussed generalizations) implies that during learning the
ELBO converges to a sum of three entropies.

2 RELATED WORK

In order to understand and improve learning algorithms,
points in parameter space representing (potentially locally)
optimal solutions are of high interest. For VAEs there
are several lines of work in this respect which investi-
gate ELBO optimization (Hoffman and Johnson, 2016;
Mescheder et al., 2017; Dai et al., 2018; Lucas et al., 2019;
Shekhovtsov et al., 2022). Work by Dai et al. (2018) and
Lucas et al. (2019), for instance, highlight the connections
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of linear (Gaussian) VAEs to (robust) principal component
analysis (PCA; Tipping and Bishop, 1999; Xu et al., 2010;
Candès et al., 2011; Holtzman et al., 2020) and the cru-
cial role of covariances of encoder and decoder, respec-
tively, that help to circumvent undesirable maxima in the
optimization landscape of VAEs. Dai et al. (2018) de-
rived meaningful insights on optima of the ELBO based
on tractable special cases. In addition, Lucas et al. (2019)
link spurious local maxima to posterior collapse and de-
rive a measure to quantify this phenomenon. Shekhovtsov
et al. (2022) study the approximation gap between likeli-
hood and ELBO for exponential family VAEs, and demon-
strate that ELBO-based learning is subject to an inductive
bias towards the (rather restricted) consistent set.

The here reported results, in contrast, closely relate the
ELBO objective of VAEs to entropies. The relation be-
tween the integrals of the ELBO and entropies has been of
interest previously (Lücke and Henniges, 2012). However,
the main results of that previous work have used (A) the
limit case of in�nitely many data points, (B) assumed a
perfect match of variational and full posterior distributions,
and (C) required convergence to global optima. The work
also discussed relaxations of these relatively unrealistic as-
sumptions (Lücke and Henniges, 2012, Sec. 6). But those
relaxations made use of properties of sparse coding like
models trained using expectation maximization. While be-
ing related, the previous results are, therefore, not applica-
ble to the training of VAEs. Furthermore, work in parallel
to this study considers elementary generative models with
distributions in the exponential family (Lücke, 2022) but no
deep models such as VAEs are treated. We will later make
use of that work for more complex VAEs in which DNNs
also parameterize decoder variances. Results of (Lücke,
2022) in principle also allow treatments of still less conven-
tional VAEs, e.g., VAEs de�ned using distributions such as
Gamma, Bernoulli, continuous Bernoulli, Beta or Categor-
ical distributions. However, for each distribution or com-
bination of distributions, a parameterization condition has
to be veri�ed analytically. Appendix B shows the veri�ca-
tion for the most complex Gaussian VAEs treated here. In
this context the Appendix also provides a brief discussion
of the conditions for non-Gaussian distributions. While the
result of Eqn. (5) is generalizable, VAEs with �xed decoder
variances are straight-forward examples for VAEs not con-
verging to entropy sums. But we remark that learning� 2 is
usually bene�cial (Lucas et al., 2019; Rybkin et al., 2021).

Finally, a related but different line of research discusses
how other learning objectives for deep models can be de-
�ned that are closed-form by de�nition. Examples are con-
tributions by Kingma and Dhariwal (2018) or Oord et al.
(2016). In contrast, we here investigate the standard (in
general intractable) learning objective of VAEs and show
its analytical tractability at convergence.

3 THE ELBO AT CONVERGENCE

For the derivation of our main results we require a more
explicit, yet standard form of the decoder DNN:

Assumption 1. The network� � (z) = DNN � (z; W) is
a composition of linear mappings followed by point-wise
non-linear functions. Concretely,� � (z) is given by

W L S
�
W L � 1S(� � � S(W 0z + b0) � � � ) + bL � 1�

+ bL ;

whereW l denotes the weight matrix of layerl andb l de-
notes its bias terms. The point-wise non-linearitiesS(�)
can (but do not have to) differ from layer to layer.

Throughout this paper we presume Assumption 1 to be ful-
�lled. We do not assume any speci�c architecture for the
encoder networksDNN � andDNN � .

3.1 A Reparameterized VAE

Before we derive the result for VAE–1 presented in
Eqn. (4), let us consider a different VAE which can be re-
garded as a reparametrization of VAE–1 and which we refer
to asVAE–2.

De�nition 2 (VAE–2, VAE with component-wise equiv-
alent decoder variancesand learnable prior covariance).
Consider a VAE with a parameterized prior

p� (~z) = N (~z; 0; A) ;

and Gaussian encoder and decoder given by

q� (~zjx) = N
�
~z; ~� � (x); ~T� (x)

�
;

p� (x j ~z) = N (x; ~� � (~z); � 2I )

where ~� � (x) and ~T� (x) are parametrized analogously
to VAE–1 (Def. 1). In contrast to VAE–1, the prior's
covariance matrix is now given by the diagonal matrix
A = diag

�
� 2

1; : : : ; � 2
H

�
. Furthermore, we assume for the

decoder DNN,~� � (~z), that the columns of the weight ma-
trix ~W 0 are of unit length, i.e, for~W 0 = ( ~W 0

1; : : : ; ~W 0
H )

we demand

8h 2 f 1; : : : ; H g :
� ~W 0

h

� T ~W 0
h = 1 : (6)

We refer to such a VAE as VAE–2.

We will later see that VAE–2 can indeed parametrize the
same distributions as VAE–1. The advantage of VAE–2
compared to VAE–1 is that it is of a form for which the
variance parameters of its prior distribution can be learned
(which will be exploited below).

The stationary points are those points in parameter space
for which the derivatives w.r.t. all parameters (parameters
� and� ) vanish. In particular, this implies for VAE–2:

d
d� 2 F (� ; �) = 0 and

d
d� 2

h
F (� ; �) = 0 8h : (7)
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The derivatives w.r.t. the DNN parametersW; V , and T
are also zero at stationary points (for the parameters~W 0

a derivative with Lagrange multipliers is zero). However,
we will only use Eqn. (7) in the sequel. We can now pro-
ceed to proof the following theorem:

Theorem 1. Given a VAE–2 as in Def. 2 that satis�es As-
sumption 1. At all stationary points the ELBOF (� ; �) of
VAE–2 is then equal to

1
N

NX

n =1

H[q� (~zjx (n ) )] � H [p� (~z)] � H [p� (x j ~z)]

=
1
N

NX

n =1

1
2

log
�

det(2�e ~T� (x (n ) )
�

�
1
2

log
�

det(2�eA )
�

�
D
2

log
�
2�e� 2�

:

(8)

Proof. We can rewrite the standard formulation of the
ELBO (Eqn. (2)) to consist of three terms:

F (� ; �) = F1(� ; �) + F2(� ; �) + F3(�) ; with

F1(� ; �) =
1
N

X

n

Z
q(n )

� (z) log
�
p� (z)

�
dz ;

F2(� ; �) =
1
N

X

n

Z
q(n )

� (z) log
�
p� (x (n ) j z)

�
dz ;

F3(�) = �
1
N

X

n

Z
q(n )

� (z) log
�
q(n )

� (z)
�
dz ;

where we dropped the `tilde' forz in the proof.

First considerF2(� ; �) and observe that the logarithm
of the prefactor inp� (x j z) evaluates to� D

2 log(2�� 2),
thus resembles the entropy of the Gaussian distribution (up
to a constant factor). Hence, we can re-expressF2(� ; �)
as follows:

1
N

X

n

 

�
1

2� 2

Z
q(n )

� (z) kx (n ) � � � (z)k2dz

�
D
2

log
�
2�� 2�

�
D
2

+
D
2

!

=
D
2

 

1 �
1

ND� 2

X

n

Z
q(n )

� (z) kx (n ) � � � (z)k2dz

!

�
D
2

log(2�e� 2) ; (9)

where the last term is now the negative entropy of a Gaus-
sian (whereè' is Euler's number).

At stationary points it applies that d
d� 2 F (� ; �) = 0 .

Only F2(� ; �) depends on � 2, which implies
d

d� 2 F2(� ; �) = 0 . In virtue of Eqn. (9), the deriva-
tive has a speci�c structure given by:

0 =
d

d� 2 F2(� ; �)

=
D
2

� 1
ND� 4

X

n

Z
q(n )

� (z)kx (n ) � � � (z)k2dz
�

�
D

2� 2

= �
D

2� 2

�
1 �

1
ND� 2

X

n

Z
q(n )

� (z)kx (n ) � � � (z)k2dz
�
:

As D
2� 2 is greater zero, it follows that:

1 �
1

ND� 2

X

n

Z
q(n )

� (z)kx (n ) � � � (z)k2dz = 0 :

We recognize the integral to be the �rst term of Eqn. (9),
i.e., the term not depending on the Gaussian entropy. We
can thus conclude that at stationary points ofF (� ; �) it
applies that

F2(� ; �) = �
D
2

log
�
2�e� 2�

= �H [p� (x j z)] : (10)

Next we consider the termF1(� ; �) of the ELBO. Anal-
ogous toF2(� ; �) , we observe that the logarithm of the
prefactor is similar to the entropy of a Gaussian (this time
with diagonal covariance) and we rewriteF1(� ; �) as

1
N

X

n

�
�

X

h

1
2� 2

h

Z
q(n )

� (z)z2
h dz �

1
2

X

h

log
�
2�� 2

h

��
=

1
2

X

h

�
1�

1
N� 2

h

X

n

Z
q(n )

� (z)z2
h dz

�
�

1
2

X

h

log
�
2�e� 2

h

�
;

(11)
where the last term is the negative entropy of the prior. At
stationary points Eqn. (7) applies, and we obtain:

0 =
d

d� 2
h

F1(� ; �)

=
1
2

X

h0

� hh 0

N� 4
h

X

n

Z
q(n )

� (z)z2
h0dz �

1
2

X

h0

� hh 0

� 2
h

= �
1

2� 2
h

�
1 �

1
N� 2

h

X

n

Z
q(n )

� (z)z2
h dz

�
:

As 1
2� 2

h
is greater zero, it follows that for eachh:

1 �
1

N� 2
h

X

n

Z
q(n )

� (z)(zh )2dz = 0 :

The �rst sum overh in Eqn. (11) is consequently zero, and
we obtain at convergence:

F1(� ; �) = �
1
2

log
�

det(2�eA )
�

= �H [p� (z)]: (12)

The termF3(�) is directly given as the average entropy of
the variational distribution. Taken together, we thus obtain
the claim.

3.2 Convergence to Sums of Entropies

We can now provide a result for the ELBO of the standard
VAE given by Def. 1 (VAE–1) by translating the result of
Theorem 1 for VAE–2 back to the original parameteriza-
tion.
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Theorem 2. Given a VAE–1 as in Def. 1 that satis�es
Assumption 1. Then at all stationary points the ELBO,
F (� ; �) , of VAE–1 is equal to

1
N

NX

n =1

H[q� (zjx (n ) )] � H [p� (z)] � H [p� (x j z)] (13)

=
1

2N

NX

n =1

HX

h=1

log
�
� 2

h (x (n ) ; �)
�

�
D
2

log
�
2�e� 2�

:

(14)
Proof. Let us start by showing that VAE–1 and VAE–2 in-
deed parametrize the same distributions. Following As-
sumption 1 the initial mapping ofDNN � is linear with
weight matrixW 0 for VAE–1 or ~W 0 for VAE–2. With
~W 0 =

� ~W 0
1; : : : ; ~W 0

H

�
andA as in Def. 2 we can now set

W 0 = ~W 0A
1
2 =

�
� 1

~W 0
1; : : : ; � H

~W 0
H

�
: (15)

Note that the column vectors of~W 0 are constrained to
unit length (see Def. 2). Thus,

� ~W 0A
1
2
�

parameterize the
same space of matrices asW 0. The �rst linear operation of
DNN � now becomes:

W 0z + b0 =
X

h

~W 0
h � h zh + b0 : (16)

Considering the term� h zh , we can now generate
~zh � N (~zh ; 0; � 2

h ) instead ofzh � N (zh ; 0; 1). We recog-
nize that VAE–1 in this way takes on the form of VAE–2.
Hence, when the parameters of VAE–1 represent a station-
ary point, the parameters withW 0 replaced byA and ~W 0

also represent a stationary point.

We thus conclude that Theorem 1 applies. The decoder
variance� 2 remains unchanged andA could be obtained
from the column vectors ofW 0. However, it is left to ex-
press~T� (x) in terms ofT� (x). Let us drop subscript and
argument of~T for readability. Then~T is the covariance
matrix of a Gaussian distribution de�ned in the space of
~z. In virtue of Eqn. (16) the random variablez is given by
z = A � 1

2 ~z. Consequently, if~z is Gaussian distributed with
covariance~T , thenz is Gaussian distributed with covari-
anceT = A � 1

2 ~T
�
A � 1

2
� T

. As all matrices are diagonal,
we get ~T = AT . Inserting into Eqn. (8) we observe the
�rst term to cancel with part of the last term:

F (� ; �) = �
1
2

log
�

det(2�eA )
�

�
D
2

log
�
2�e� 2�

+
1
N

X

n

1
2

log
�

det(2�eA T� (x (n ) )
�

= �
H
2

log(2�e ) �
D
2

log
�
2�e� 2�

+
1
N

X

n

1
2

log
�

det(2�e T� (x (n ) )
� (17)

= �
D
2

log
�
2�e� 2�

+
1

2N

X

n

log
�
det(T� (x (n ) )

�
:

The middle equation we recognize as the sum of three en-
tropies in Eqn. (13), which proofs the claim. The last equa-
tion explicitly expresses the entropies (after further sim-
pli�cation) using the variance parameters of VAE–1. For
Eqn. (13) we moved the last term in Eqn. (17) to the front
to match the order of terms to the order of processing in
VAEs.

There are a number of implications and remarks if consid-
ering Theorem 2: As already pointed out in the introduc-
tion, no approximations of any integrals (nor any other ap-
proximations) are required. The computation of the bound
is consequently very straight-forward and ef�cient in prac-
tice. More importantly, however, is the observation that
learning of VAEs (as given by VAE–1) necessarily con-
verges to sums of entropies. As a consequence, the value
of the bound only depends on a subset of VAE parame-
ters at convergence: the variances of encoder and decoder.
In particular, the entropies (and therefore the ELBO value
at convergence) do not depend on the DNNs for Gaussian
means.

Linear VAEs Standard VAEs as studied above exhibit
complex learning behavior such that theoretical insights are
notoriously dif�cult to obtain. To better understand salient
challenges of VAE training such as mode collapse, a natural
approach is to �rst try to gain insights using as elementary
as possible models. For VAEs, the most elementary such
model is presumably represented by a linear VAE (also
compare Rumelhart et al., 1985; Baldi and Hornik, 1989;
Dai et al., 2018; Kunin et al., 2019; Lucas et al., 2019), i.e.,
a VAE with decoder and encoder given, respectively, by:

p� (z) = N (z; 0; I ); p� (x j z) = N (x; W z + � 0; � 2I );
(18)

q(n )
� (z) = N (z; V (x (n ) � � 0); T ); (19)

with weight matrices W and V , and covariance
T = diag

�
� 2

1 ; : : : ; � 2
H

�
. The linear VAE is a special case

of VAE–1, with linear DNNs instead of the usual deep non-
linear versions. Therefore, we can conclude the following:

Corollary 1. Consider the linear VAE de�ned by
Eqns.(18) and (19). At all stationary points of its ELBO
(Eqn.(2)) it applies that:

F (� ; �) =
1
2

X

h

log
�
� 2

h

�
�

D
2

log
�
2�e� 2�

: (20)

Proof. For the proof of Theorem 2 we only required the
reparametrization of the �rst linear mapping of the decoder
DNN (cf. Assumption 1). Theorem 2 thus also applies for
the linear VAE as a special case of VAE–1 (we elaborate
in Appendix A). Inserting the matrixT of Eqn. (19) into
Eqn. (14) proves the claim asT is independent ofn.
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Corollary 1 further highlights that the variance parame-
ters determine the bound at convergence. As it is known
that linear VAEs can recover the exact maximum likeli-
hood (Dai et al., 2018; Lucas et al., 2019), we can even
conclude that the bound given in Eqn. (20) is tight at con-
vergence. We use this result in Section 4 and elaborate in
Appendix A.

3.3 More General Gaussian VAEs

VAE–1 represents the presumably most common form
of VAEs. However, generalizations which use a DNN
to learn more complex decoder covariances alongside a
DNN for decoder means represent a possible generaliza-
tion (Rezende et al., 2014; Dorta et al., 2018, etc). To
also include VAEs with DNNs fordecodervariances, we
have to extend our analysis as we, so far, considered co-
variance� 2I . As relatively straight-forward generalization,
we therefore consider the following VAE:

De�nition 3 (VAE–3; VAE with latent dependent diagonal
decoder covariance). Consider a VAE with distributions

p(z) = N (z; 0; I ) ;

q� (zjx) = N
�
z; � � (x); T� (x)

�
;

p� (x jz) = N (x; � � (z); � � (z)
�

;

where � � and T� are de�ned and parametrized
analogously to VAE–1 (Def. 1). Also� � (z) =
DNN � (z; W ) is de�ned as for VAE–1 (i.e., according
to Assumption 1). However, in contrast to VAE–1,
the decoder covariance is now a diagonal matrix
� � (z) = diag

�
� 2

1(z; �) ; : : : ; � 2
D (z; �)

�
with elements

depending on the latent codez, implemented as

�
� 2

1(z; �) ; : : : ; � 2
D (z; �)

� T
= DNN � (z; M ) ; (21)

whereDNN � (z; M ) is a standard DNN of the form:

M L 0
S

�
M L 0� 1S(� � � S(M 0z + c0) � � � ) + cL 0� 1�

+ cL 0
;

whereM l denotes the weight matrix of layerl and cl de-
notes its bias terms.DNN � (z; M ) is of the same form
asDNN � (z; W ) but can have a different architecture and
different non-linearitiesS(�). Furthermore, we demand
DNN � (z; M ) to always output positive values to avoid sin-
gularities. Both decoder DNNs we require to have at least
one hidden layer, and we require that they are parameter-
ized by two different sets of parameters,W andM , respec-
tively. We refer to such a VAE as VAE–3.

Because of thez-depending variances, it is obvious that
Theorem 2 can not apply. Furthermore, the proof of The-
orem 2 explicitly used that� 2 does not depend onz, so
the proof forz-dependent variances can not be a straight-
forward generalization. It is still possible, however, to de-
rive expressions for the bound in terms of entropies:

Theorem 3. Consider a VAE–3 as in Def. 3. At all station-
ary points the ELBO of VAE–3 is then given by

F (� ; �) =
1
N

NX

n =1

H[q� (zjx (n ) )] � H [p� (z)]

�
1
N

NX

n =1

Eq( n )
�

�
H [p� (x j z)]

	
(22)

=
1

2N

NX

n =1

HX

h=1

log
�
� 2

h (x (n ) ; �)
�

�
D
2

log
�
2�e

�

�
1

2N

NX

n =1

DX

d=1

Eq( n )
�

�
log

�
� 2

d(z; �)
�	

:

Proof Sketch.The proof of Theorem 3 is considerably
more intricate than those of Theorem 1 and Theorem 2. The
main challenge is the integral overlog(p� (x (n ) j z)) (com-
pare termF2(� ; �) in the proof of Theorem 1). A general-
ization is, however, possible again by a reformulation of the
integral in terms of the entropy ofp� (x (n ) j z). We present
the full proof in Appendix B which is itself based on par-
allel work (Lücke, 2022) that also considers non-Gaussian
distributions for elementary (non-deep) generative models.
While the proof for VAE–3 shares with the proofs of Theo-
rems 1 and 2 the use of a reparameterized VAE and rewrit-
ing of ELBO terms using entropies, it requires signi�cantly
more elaborate derivations (including details especially of
the decoder DNN for the variances).

Considering Theorem 3, observe that the �nal result is con-
cise and its application to a given VAE is straight-forward
(while the proof is long and technical).

Also observe that Theorem 3 is indeed a generalization of
Theorem 2: if we replace� 2

d(z; �) by a scalar� 2, then we
drop back to Eqn. (14). As was the case for Theorem 2,
the result of Theorem 3 applies for commonly encountered
conditions. Foridealizedconditions, convergence to sums
of entropies as in Theorem 3 can be shown relatively easily
(see, e.g., Lücke and Henniges, 2012). However, idealized
would in this context mean that four unrealistic conditions
have to be ful�lled: (1) the data have to be distributed ac-
cording to the used generative model; (2) the data set has to
be in�nitely large; (3) the variational distributions have to
be equal to the posterior; and (4) learning has to converge
to a global optimum. In contrast, Theorem 3 states the con-
vergence to sums of entropies for realistic conditions: for
any (reasonable) �nite or in�nite data sets, for any station-
ary point, and for any variational distributions.

4 VERIFICATION AND
ENTROPY-BASED ANALYSIS

The results of Theorems 2 and 3 and Corollary 1 are the
key theoretical contributions of this work. Still, we here
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Figure 1:Veri�cation of the entropy results on VAE models of increasing complexity on different data sets.Top plots:Absolute values
of the given bounds per data point of single runs. In (a) the ELBO is essentially equal to the log-likelihood (zoom in to see). In (c) both
quantities are displayed for three different seeds.Bottom plots:Median and interquartile range of the relative difference between the
ELBO and the sum of three entropies over multiple runs (10 for (a) and (b),100 for (c)). See Fig. 5 for further architectures and data
sets, and Appendix D for details on the experiments.

study the results numerically1, which will be instructive
also about their potential practical relevance. First, we in-
vestigate how well the results apply in those vicinities of
stationary points that are reached when VAEs are optimized
in practice. Then, we discuss entropy-based perspectives
on VAE learning: We investigate entropy-based forms of
reconstruction and regularization terms and the analysis of
posterior collapse with help of entropies. Moreover, we
discuss improved ELBO estimation as well as fast model
selection for linear VAEs based on the results presented in
Section 3.

Veri�cation Fig. 1 (and 5 in Appendix D) show numer-
ical experiments for linear VAEs, and for the non-linear
VAE–1 as well as VAE–3 applied to different data sets
ranging from PCA data, over high-energy physics data
(SUSY, Baldi et al., 2014) to the image data sets MNIST
(LeCun et al., 1998) and CelebA (Liu et al., 2015). We
used VAEs with simple as well as relatively complex net-
work architectures. Details about the experimental setup
are given in Appendix D. In all experiments, we observed a
close correspondence of the original form of the ELBO and
the sum of entropies also in vicinities of stationary points
that are reached in practice. Deviations between original
ELBO values and three entropy expressions were essen-
tially all due to stochasticity in ELBO computations (we
elaborate in Appendix D.6).

Entropy-Based Analysis of VAE Learning The results
presented in Theorems 2 and 3 show that central �gures
in VAE optimization can be expressed solely based on
entropies. For instance, reconstruction and regularization
score (cf. Eqn. (2)) are at stationary points given by

Sreg (� ; �) =
1
N

X

n

H[q� (zjx (n ) )] � H [p� (z)] ;

Srec (�) = � H [p� (x (n ) j z)]

(23)

1Code is available at github.com/Learning-with-Entropies.

where for VAE–3 the entropyH[p� (x (n ) j z)] is replaced
by the expected entropy (compare Theorem 3). VAE op-
timization with the ELBO can therefore be re-interpreted
by recalling that differential entropies characterize the vol-
ume of the typical set, the effective volume of a dis-
tribution (Cover and Thomas, 2006): Maximizing the
ELBO ultimately corresponds to minimizing the volume
of the decoder's typical set, resembled byH[p� (x (n ) j z),
and the difference between the volume of the typi-
cal sets of prior and encoder distributions, captured in
H [p� (z)] � 1

N

P
n H[q� (zjx (n ) )] (see Appendix C.1 for

the full discussion). In Appendix C we also present an
additional discussion of the optimization landscape based
on the entropy results. In the following we make use
of the entropy expressions to show how the decoder en-
tropy H[p� (x (n ) j z)] enables improved ELBO estima-
tions and model selection, and how the encoder entropy
1
N

P
n H[q� (zjx (n ) )] naturally provides an analysis tool

for posterior collapse.

ELBO Estimation By using Theorem 2 it is possible to
signi�cantly simplify ELBO estimation for the wide-spread
VAE–1 (Def. 1). To estimate the ELBO after convergence,
we can by knowing Eqn. (14) simply use the values of the
model parameters after training. Furthermore, merely the
variance parameters are required.

No integrals have to be solved for ELBO estimation, while
conventional estimation would require a numerical approx-
imation of the integrals for the reconstruction termSrec (�)
in Eqn. (2). Estimations based on the original ELBO, e.g.,
by using Monte-Carlo approximation of integrals, is of
course possible and can be suf�ciently precise. However,
such estimations are stochastic, require additional hyper-
parameters (e.g., number of samples/data points or some
smoothing parameter) and can be computationally costly.
Hence, one way of interpreting the result is that the prob-
lem of solving the integral of Eqn. (2) has already been
solved by training the VAE, so it does not have to be solved
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again for the estimation of the ELBO value.2 Also regard-
ing the second term,Sreg (� ; �) , which is already given
in closed-form for the original ELBO, Eqn. (14) provides
a simpli�ed analytical expression (and no analytical solu-
tions of the integral are required).

The accuracy of ELBO estimation using Theorem 2 can
be quanti�ed. In Fig. 2 (and Fig. 6 in Appendix D.2) we
compare ELBO estimation using the model parameters for
the entropies to the conventional and direct solution of the
ELBO integrals using mini-batches.

Figure 2: ELBO Estimation for the VAE–1 model on CelebA.
(a) ELBO and the sum of the three entropies during training. The
close-up reveals that the ELBO of mini-batches �uctuates around
the sum of entropies. (b) Direct approximation of ELBO and three
entropies for the trained model with different sample sizes, re-
peated 10 times. Note, that the standard deviation is depicted on
logarithmic scale.

Model Selection for Linear VAEs In practice and for
large data sets, PCA is often used as the �rst processing
to reduce data dimensionality. Streaming PCA algorithms
have found applications in `big data' domains where stor-
ing the full dataset is prohibitively expensive, e.g., high en-
ergy physics (Guglielmo et al., 2021) and online neural data
analysis (Wu et al., 2017, 2018; Migenda et al., 2021). Here
we demonstrate a straight-forward application of the three
entropies result to online model selection in the case of lin-
ear VAEs applied to streaming data. Linear VAEs effec-
tively perform probabilistic PCA (e.g. Lucas et al., 2019).

For our experiments, we trained three linear VAEs of differ-
ent complexity on non-stationary streaming data (see Ap-
pendix A for details). To perform model selection for such
data, a very common approach is to compute the Bayesian
Information Criterion (BIC) (Schwarz, 1978), which re-
quires an estimate of the likelihood at current model param-
eters and for different models. For linear VAEs the ELBO
can itself be used as likelihood estimation (also see Ap-
pendix A). Different ways to estimate the ELBO are con-
ceivable. For instance, (1) the presumably most common
one would use the standard stochastic estimation of the

2We remark that all our results apply for convergence based
on the training data. The resulting ELBO values that can be esti-
mated are instructive about the optimization process. The results
do not directly transfer to validation or test sets (other data) unless
the relevant parameters are retrained.

ELBO itself (using the reparameterization trick and data
batches), (2) one could use the closed-form expression de-
rived by Lucas et al. (2019, their App. C) and data batches,
or (3) the ELBO could be estimated based on the closed-
form analytical solution by Tipping and Bishop (1999).
Notably all these three alternatives require the data and are
computationally demanding.3 Using the result derived in
this contribution, in particular Corollary 1, we are provided
with a novel alternative to estimate the likelihood. Im-
portantly, and in contrast to all previous approaches, this
alternative does not require the data nor does it involve
any costly computations (see Corollary 1). Instead, we
are merely using the variance parametersf � 2

h g and� 2 for
Eqn. (20). Of course, the linear VAE still has to be trained
using a method of choice, which in a streaming setting can
simply be standard stochastic VAE training. But any addi-
tional cost to estimate the ELBO itself is negligible know-
ing Corollary 1.

In Fig. 3(a) we compare three conventionally trained lin-
ear VAEs based on BIC scores computed using stochas-
tic ELBO estimation and using Corollary 1 for ELBO es-
timation, respectively. The BIC score based on stochastic
ELBO estimation has a high variance due to the noise in the
used data batches. While both estimations allow for model
selection, the entropy-based BIC score is inherently less
noisy while reliably tracking the dimensionality informa-
tion in the data stream. The experiments provide evidence
for the entropy-based approach to allow for reliable, low
variance model selection of VAEs in streaming settings,
with almost no additional computation cost. More details
are given in Appendix A.

Figure 3: (a) Streaming VAE application. Three linear VAEs
trained on streaming data with changing dimensionality. BIC
score based on online ELBO estimate (transparent plots) is very
noisy. The three entropies BIC score (smooth solid plots) is a
estimator depending only on the model parameters. Notice, that
it clearly allows for easier and more stable model selection (the
lower the BIC score, the better the model).(b) Posterior collapse
monitoring for VAE–1 on SUSY. Latent variables are collapsed if
1
N

P N
n =1 H [q� (zh jx ( n ) )] > 1 (Eqn. (24)). See Appendixes C.2

and D for details on posterior collapse and experimental set-up.

3Alternative (1) requires potentially many samples, alterna-
tive (2) involves a series of matrix multiplications, and alternative
(3) the computation of the data covariance matrix and eigenvalue
computations.
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Entropy-based Analysis of Posterior Collapse. Poste-
rior collapse is an empirically observed phenomenon: a
subset of VAE latent variables ceases to participate in en-
coding and decoding and instead assume a high variance
(He et al., 2018; Dieng et al., 2019). High encoder variance
in turn means that the corresponding latents favor the opti-
mization of the regularization score over the reconstruction
score. We remark that posterior collapse is not an issueper
se, but needs to be carefully monitored such that – for the
data set with (unknown) intrinsic dimensionality at hand
– a reasonable amount of latent distributions are pruned
out. Lucas et al. (2019) point out that “despite a large vol-
ume of work studying posterior collapse, it has not been
measured [or even de�ned] in a consistent way” and pro-
posed a measurement for posterior collapse based on the
KL-divergence. However, this requires two threshold val-
ues to be hand-set and is quitead hoc(see Eqn. (71) and
the accompanying discussion). Considering the above dis-
cussed entropy-based measures in Eqn. (23), posterior col-
lapse can be de�ned much more naturally. Starting with the
assumption of uncorrelated Gaussians for VAE encoder and
prior, we can use the entropy-based regularization score
Sreg (� ; �) and elementary properties of entropies to de-
rive a criterion for posterior collapse (we elaborate in Ap-
pendix C.2). Concretely, we will consider a latent distribu-
tion q� (zh jx (n ) ) as collapsed if for� > 0

1
N

NX

n =1

H[q� (zh jx (n ) )] > H [p(zh )] � � : (24)

That is, a latent variable is collapsed if it is nearly as widely
dispersed as its corresponding prior variable (and in turn
provides no reliable information about the input). Note that
we do not need to monitor the encoder means (as opposed
to Lucas et al., 2019), the variance parameters suf�ce to
detect posterior collapse. Fig. 3(b) visualize this de�nition
in practice for VAE–1 throughout the optimization process
with the thresholdH [p(z)] � � set to one. The full experi-
ments are presented in Appendix D.3 (Fig. 7).

5 DISCUSSION

Stationary points of learning objectives are of central im-
portance for our understanding of learning algorithms.
Their properties are consequently frequently studied in the
literature. Many such theoretical results are obtained for
elementary models (Yedidia et al., 2001; Opper and Saad,
2001), under idealized conditions (Lücke and Henniges,
2012), or for linear boundary cases (Dai et al., 2018; Lu-
cas et al., 2019). Idealizations and/or boundary cases are
especially relevant for deep generative models, for which
general and exact theoretical results are notoriously dif�-
cult to obtain. Here we studied VAEs, which are one of the
most popular deep generative models. Even though VAEs
range among the currently most intricate models because

of the DNNs they are based on, we can here report an exact
and novel theoretical result: at all stationary points the VAE
learning objective (the ELBO) becomes equal to a sum of
three entropies. Theorems 2 and 3 report these concise re-
sults, which imply that the ELBO value at stationary points
is determined exclusively by the entropies of those distri-
butions de�ning a VAE. For the most common standard
VAEs, the result notably provides closed-form expressions
for the ELBO at stationary points. Importantly, only very
mild assumptions have to apply for the involved DNNs: We
here essentially excluded weight-sharing between DNNs,
and decoder DNNs required linear output units if also de-
coder covariances are set by DNNs. Furthermore, the de-
rived results apply under realistic conditions, and we have
numerically veri�ed that the derived entropy-form of the
ELBO has very high accuracy also in those vicinities of sta-
tionary points reached in practice. The reported results con-
sequently go beyond being of purely theoretical relevance,
i.e., the derived expressions can directly be used in practice
for any task that requires the estimation of the ELBO itself.
To give an intuition, we discussed (theoretically and nu-
merically) tasks such as ELBO estimation, model selection
for streaming data, or the analysis of posterior collapse. We
do stress, however, that the main contribution remains the
theoretical result itself: the ELBOs of the most common
VAEs converge to entropy sums.

Future work will be based on the observation that only sub-
sets of parameters have to be at stationary points, which can
allow for purely entropy-based learning objectives to opti-
mize, e.g., encoder DNNs. Also the investigation of VAEs
with less standard prior distributions as well as the inves-
tigation of stacked VAEs or other deep generative models
(e.g., Bond-Taylor et al., 2022) represent natural future re-
search directions.
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A LINEAR VAES AND STREAMING APPLICATIONS

For the proof of Corollary 1 note that for the linear DNN of the decoder (i.e., for the matrix multiplication) of Eqn. (18)
the same reparametrization is possible as was used for VAE–1 (i.e., using~W with constraint columns instead ofW in
Eqn. (18)). Furthermore, no conditions were imposed on the encoder DNN for Theorem 2, and the used properties of the
stationary points (Eqn. (7)) are the same for the linear VAE as for the VAEs above. Theorem 2 consequently applies for
the linear VAE as a special case of VAE–1.

The result of Corollary 1 then highlights some properties of the variational bound at convergence. First, note that the
variational bound at the stationary points can be computed ef�ciently and solely based on the variance parameters� 2 and
� 2

h . For linear VAEs, the bound is even independent of the data points, i.e., just theH + 1 variance parameters determine
its value. In addition to this simpli�cation, the linear VAE has a further property that makes it interesting from a theoretical
perspective. Linear VAEs can be used to recover the maximum likelihood solution (compare Dai et al., 2018; Lucas
et al., 2019) of probabilistic PCA (p-PCA). Lucas et al. (2019), for instance, showed that no stable stationary points of the
variational lower bound exist other than the global maximum. Training of the linear VAE will thus always converge to
the global maximum of the lower bound. Second, they showed that the linear encoder is �exible enough to �nally recover
full posteriors exactly, which makes the variational lower bound tight at convergence. As the decoder is identical to the
generative model of p-PCA (Tipping and Bishop, 1999), the linear VAE thus converges to recover the optimal p-PCA
likelihood. According to Corollary 1 it thus applies that after convergence of the linear VAE, Eqn. (20) is equal to the
p-PCA log-likelihood.

We can combine those earlier results (e.g., Tipping and Bishop, 1999; Lucas et al., 2019) with Corollary 1 and obtain the
following.

Corollary 2. Consider the linear VAE de�ned by Eqns.(18) and (19) with decoder parameters� = ( � 2; W; � 0). Then
after convergence, the parameters(� 2; W; � 0) represent the maximum likelihood solution for p-PCA, and the value of the
log-likelihoodL (�) is given by:

L (�) =
1
2

X

h

log
�
� 2

h

�
�

D
2

log
�
2�e� 2�

; (25)

where� 2
h are the learned variances of the VAE encoder.

Proof. As Eqn. (20) applies for all stationary points, it also applies for the global maximum of the variational lower bound.
At the global maximum, the variational bound is equal to the p-PCA log-likelihood (e.g., Lucas et al., 2019), which proves
the claim. �

Other than for standard non-linear VAEs, the existence of a closed-form result is itself not surprising for the linear VAE. The
linearities make analytic solutions of the integrals of the variational bound possible. Indeed, we can instead of Eqn. (25)
simply use the well-known closed-form solution of the p-PCA likelihood (Tipping and Bishop, 1999):

L (�) = �
D
2

log(2� ) �
1
2

log
�

det(C)
�

�
1
2

Tr ( C � 1S); (26)

whereC = WW T + � 2I and where S =
1
N

X

n

(x (n ) � � )(x (n ) � � )T

is the data covariance matrix. At convergence, we thus have two alternatives to compute the log-likelihood: Eqn. (26) and
Eqn. (25). The two expressions differ, however. While both are closed-form, the well-known p-PCA likelihood (Eqn. (26))
requires the data in the form of the data covariance matrixS. And even neglecting the computational effort to computeS,
the computation of (Eqn. (26)) is much more expensive than computing (25): ForL (�) the inverse and the determinant of
theD � D matrixC have to be computed. In contrast, for the computation ofF (� ; �) in Eqn. (25) no such computations
nor data is required (although we require a linear VAE that has suf�ciently converged). The derived result of Eqn. (25)
can therefore be of theoretical and practical relevance especially considering the exceptionally widespread use of PCA in
Machine Learning, Statistics and beyond.

Streaming Applications One concrete practical example is PCA applied to streaming data, which is an increasingly
common setting especially in recent years, see e.g., Allen-Zhu and Li (2017) for an overview and Chou and Wang (2020)
for a recent example.. In such a setting the application of a linear VAE is straight-forward, and it can be operated as
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alternative or in parallel to other PCA algorithms. For streaming data (as for other data) the value of the likelihood itself
can be of high interest, e.g., to monitor the �t to the data or for the selection of PCA dimensions. In this context, Eqn. (25)
provides an exceedingly easy way to compute the log-likelihood value. Also if the streamed data changes, the parameters
of the linear VAE will change and Eqn. (25) can be used to track the changes of the likelihood without any effort. No data
has to be kept in memory and no costly computations are required.

For the purposes of this paper, our �rst numerical experiments use the linear VAE (Appendix D). The result can then directly
be compared to the well known closed-form log-likelihood (Eqn. (26)) as well as to sampling based approximations of the
variational lower bound. Appendix D also shows empirically that the derived three entropy expressions match the lower
bound with high accuracy also in vicinity of stationary points that are reached in practice.

For our experiments with streaming VAEs, we construct an arti�cial dataset that comprises three chunks of data of di-
mensionalityD = 10. Each chunk is limited to have different intrinsic dimensionalityHdata 2 f 2; 4; 6g by setting the
remaining Gaussian covariance matrix eigenvalues to zero. We feed this dataset into three separate linear VAEs with latent
space dimensionalityH of 2, 4, and 6 by providing small batches of 10 data points each in order to simulate the streaming
training regime.

To compute the BIC for modelM we used the following equation (Wit et al., 2012):

BIC(M ) = � 2 l̂ (X ) + P log(N ); (27)

wherêl (X ) is the maximum log-likelihood of the dataX , N is the number of data points, andP is the number of parameters
which have only point estimation (maximum likelihoodor maximum a posteriori). In our experiment with linear VAEsP
is equal to the number of elements in the generative matrix plus one for the observation noise variance:P = HD + 1 . As
learning the posterior distribution for a subset of the parameters (in our case it is posterior overz) for VAEs yields a lower
bound of the log-likelihood, effectively integrating them out, we exclude the latent pointsz and the amortized encoder
from the set of point-estimated parameters.

In the numerical experiment for training we used 100 (reparameterized) random samples for each data point to estimate
the ELBO and the gradient. Each batch of 10 data points was used to run only one step of ADAM optimization over the
parameters. We set the learning rate to 0.002, which we found to be a good trade-off between the speed of convergence
and the update noise for such a simple linear model.

B PROOF OF THEOREM 3

The proof of Theorem 3 which applies for general VAE decoders of VAE–3 of Def. 3 follows a similar intuition as the
proofs of Theorems 1 and 2. In many aspects it is, however, signi�cantly more intricate. An important element shared by
the more general proof and the proofs for VAE–1 is a reparameterization of the original VAE model by using part of the
DNN weights of the decoder to parameterize the prior distribution.

Before we reparameterize, let us reconsider the DNNs of the VAE-3 decoder which are given by:

� � (z) = � (z; W) and (28)

� � (z) = diag
�
~� 1(z; M ); : : : ; ~� D (z; M )

�
and ~� (z; M ) =

�
~� 1(z; M ); : : : ; ~� D (z; M )

� T
: (29)

The expressions make explicit that the two DNNs depend on two different sets of parameters (W andM , respectively).
Furthermore, let us reiterate the DNNs themselves which are, in more detail, given as follows:

� (z; W) = DNN � (z; W ) = W L S(W L � 1S(� � � S(W 0z + b0) � � � + bL � 1) + bL ; (30)

~� (z; M ) = DNN � (z; M ) = M L S(M L � 1S(� � � S(M 0z + c0) � � � + cL � 1) + cL ; (31)

whereW l andb l are the weight matrices and biases ofDNN � (z; W ), and whereM l andcl are the weight matrices and
biases ofDNN � (z; M ). DNN � (z; W ) andDNN � (z; M ) canhave different numbers of layers (in the main text we used
L andL 0 for maximal layer indices). To simplify notation for the proof, we dropped the distinction (we just useL for
both DNNs), and mainlyDNN � (z; M ) will be of interest.W andM we take to contain all weight matrices and biases
for their corresponding DNN. Both DNNs have a linear output layer and point-wise non-linearitiesS(�), and each of these
two properties is a standard assumption for DNNs (compare, e.g., Yarotsky, 2017; Arora et al., 2018). The non-linearities
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alsocandiffer between the DNNs, and they can be different from layer to layer. For the variance DNN we assume that
learning does not result in degeneracies at stationary points, i.e., we assume that~� d(z; �) is never equal to zero in order
to avoid singularities. In practice, variances equal zero mean perfect data reconstruction, so our assumption at stationary
points only excludes rather arti�cial conditions.

After reiterating the DNNs in more detail, the �rst step of the proof is now a reparameterization of VAE–3 along the same
lines as done for VAE–1 in Section 3.1, i.e., we consider the following auxiliary VAE model:

pA (~z) = N (~z; 0; A) ; (32)

q� (~zjx) = N
�
~z; ~� � (x); ~T� (x)

�
; (33)

p� (x j~z) = N (x; ~� � (~z); ~� � (~z)
�

; (34)

where decoder mean~� � (~z) = DNN ~� (~z; W ) and decoder covariance~� � (z) = DNN ~� (~z; M ) are the same as the DNNs
for VAE–3 in Eqns. (30) and (31) with the exception that their �rst weights (W 0 andM 0) now have their column vectors
constrained to unit norm. The prior distribution is now parameterized by the diagonal matrixA = diag (~� 1; : : : ; ~� H ). For
A we used with~� h instead of(� h )2 an abbreviation analogous to the one for the observable variances (and we assume
~� h > 0 for all h).

With the same argumentation as given in Section 3, the reparameterized VAE does parameterize the same model as VAE–3
of Def. 3. As preparation for the proof steps below, we abbreviate the decoder DNN for the variances (Eqn. (31)) as
follows:

~� d(~z; �) =
�
DNN ~� (~z; M )

�
d =

X

j

M L
dj ' j (~z; M ) + cL

d ; (35)

where' j (~z; �) is simply the remainder of the DNN after the lowest weights are removed (i.e.,' j (~z; �) is the output of
unit j in layerL � 1). We demanded in Def. 3 that the network has at least one hidden layer, i.e.,L � 1, which ensures that
the weightsM L andM 0 represent two different weight matrices (andcL andc0 two different bias vectors). The constraint
onM 0 (i.e., that it has unit length columns) does therefore not effectM L .

Using the parameterization in Eqns. (32) and (34) we could now in principle prove Theorem 3 explicitly. However, for our
purposes it is more convenient to make use of a recent generalization of the proof of Theorem 2 which includes also non-
Gaussian distributions (see Lücke, 2022). We note that the work by Lücke (2022) is work in parallel to this contribution,
and that it does not treat VAEs nor other DNN-based models. We will, however, show in the following how the VAE–3
model can be shown to satisfy the conditions for which the general result applies.

The general result (see Lücke, 2022, Theorem 1) applies for any generative model with one set of latents and one set
of observables, where latent and observable distributions are both exponential family distributions (with constant base
measure). If the link between latents and observables then ful�lls a speci�c parameterization condition then we can
conclude a convergence to entropy sums. The crucial property of VAE–3 is that the link is given by the decoder DNNs of
Eqns. (30) and (31). The task in the following will be to use the reparameterized version of VAE–3 in Equations (32) to
(34), and to then show that the conditions for the general theorem (Lücke, 2022, Theorem 1) are ful�lled.

The conditions for the theorem are formulated for the exponential family parameterization of a generative model's distri-
butions. An exponential form of the VAE in Equations (32) to (34) can be given as follows. First, the Gaussian prior can
be rewritten as:

pA (~z) = N (~z; 0; A) = h(~z) exp
�
� (A)T T (~z) � A (� (A))

�
= p� (A ) (~z) (36)

where T (~z) = ~z � ~z; � h (A) = �
1

2~� h
and h(~z) = (2 � ) � H

2 ; A
�
� (A)

�
=

1
2

X

h

log(~� h ); (37)

with � denoting point-wise multiplication, and with� (A) denoting the natural parameters of the prior. The exponential
family form of the observable distribution is more intricate because it contains the DNNs and it has a non-zero mean. An
exponential family parameterization can be given as follows:

p� (x j~z) = N (x; ~� � (~z); ~� � (~z)
�

= h(x) exp
�

� (~z; �) T T (x) � A
�
� (~z; �)

� �
= p� (~z;�) (x) (38)

where T (x) =
�

x
x � x

�
; � (~z; �) =

 
� (~z; W ) � s(~z; M )

� 1
2 s(~z; M )

!

; with s(~z; M ) =

0

B
@

1
~� 1 (~z;M )

...
1

~� D (~z;M )

1

C
A ; (39)
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and h(x) = (2 � ) � D
2 ; A

�
� (~z; �)

�
=

1
2

X

d

� �
� d(~z; W )

� 2

~� d(~z; M )
+ log

�
~� d(~z; M )

� �
: (40)

The reformulation of the VAE in terms of an exponential family parameterization (and withh(~z) andh(x) being constant
base measures) is a �rst prerequisite for the result in (Lücke, 2022) to be applicable. The crucial property that is needed
for the theorem to apply now concerns the natural parameter vectors� (A) and� (~z; �) , where the second is de�ned by
potentially intricate and large DNNs. The condition for the �rst function,� (A), is relatively easy to show. We do require
that for any vectorv 2 RH applies that:

I T
(A ) v = 0 ) � T

(A ) v = 0 ; where
�
I T

(A )

�
hh 0 = @

@~� h
� h0(A) (41)

is the (transposed) Jacobian of� (A). Using Eqn. (37) for� h0(A), we getI T
(A ) = 1

2 diag(~� � 2
1 ; : : : ; ~� � 2

H ), i.e., I T
(A ) is a

squared and diagonal matrix with positive entries on the diagonal. Condition (41) is consequently almost trivially ful�lled
as the �rst equation impliesv = 0 which implies� T

(A ) v = 0 .

The corresponding condition for the function� (~z; �) is the for our purposes crucial part because this function (de�ned by
Eqn. (39)) links the latents to the observables using the decoder DNNs. For the link� (~z; �) , it will turn out to be easier if
we show a more general result for VAEs than stated by Theorem 3. Concretely, it will be easier to proof that equality to
entropy sums holds also if only a subset of the parameters� have converged to a stationary point. We denote this subset
by � which we take to contain all weights and biases of the output layer of the variance network, i.e.,M L andcL (see
Appendix B). We take� to contain all these weights and biases arranged in one long column vector with scalar entries. All
other parameters we take as being �xed (but they can have arbitrary values).

For the link function� (~z;�) , we now have to show (see Lücke, 2022, Def. C) that the following speci�c condition is true:

For any functiong : RH ! R2D from the latents to the space of natural parameters� of the observable distribution it has
to hold that

Z
J T

(~z;� ) g(~z) d~z = 0 )
Z

� T
(~z;�) g(~z) d~z = 0 ; (42)

whereJ T
(~z;� ) denotes the (transposed) Jacobian of� (~z;�) constructed only using the subset� , i.e.,

J T
(~z; � ) =

�
@

@� � 1(~z; �) ; : : : ; @
@� � 2D (~z; �)

�
: (43)

Some intuition on how the general proof then works is the following. Similar to the proof of Theorem 1, we rewrite the
different terms of the ELBO, Eqn. (2), in terms of entropies. ForF2(� ; � ) this results (in exponential family notation) in
the following expression:

F2(� ; �) = �
1
N

X

n

Eq( n )
�

�
H [ p� (~z;�) (x)]

	
�

Z
� T

(~z; �) g(~z) d~z (44)

whereg(~z) is a function whose concrete properties are not relevant for the proof. At stationary points of the parameters�
we can show that

R
J T

(~z;� ) g(~z) d~z = 0 applies for the same functiong(~z). So if condition (42) holds, then the integral in
expression (44) vanishes, andF2(� ; �) becomes equal to an (expected) entropy. For more details see (Lücke, 2022).

To show that condition (42) holds in our case, we now writeg(~z) =

 
gA (~z)

gB (~z)

!

, i.e., we take the function to consist of

two functionsgA (~z) andgB (~z) mapping toRD . Now using the de�nition of� (~z;�) in Equation (39), we obtain:

0 =
Z

J T
(~z;� ) g(~z) d~z (45)

) 0 =
Z � @

@�

�
� (~z; W ) � s(~z; M )

� T
; �

1
2

@
@�

�
s(~z; M )

� T
�

 
gA (~z)

gB (~z)

!

d~z (46)

) 0 =
Z � DX

d=1

� d(~z; W )
� @

@�
sd(~z; M )

�
gA

d (~z) �
1
2

DX

d=1

� @
@�

sd(~z; M )
�

gB
d (~z)

�
d~z : (47)
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As we took� to contain all weightsM L
dj of the output layer ofDNN ~� (~z; M ) and the corresponding biasescL

d , we conclude
that Eqn. (47) implies that

for all d andj :
Z DX

d0=1

�
� d0(~z; W )

� @ sd0(~z; M )
@ML

dj

�
gA

d0(~z) �
1
2

� @ sd0(~z; M )
@ML

dj

�
gB

d0(~z)
�

d~z = 0 ; (48)

and for alld:
Z DX

d0=1

�
� d0(~z; W )

� @ sd0(~z; M )
@cLd

�
gA

d0(~z) �
1
2

� @ sd0(~z; M )
@cLd

�
gB

d0(~z)
�

d~z = 0 ; (49)

We now evaluate the derivatives using the de�nition ofs(~z; M ) in Eqn. (39) and by inserting expression (35) for~� d0(~z; � ).
We obtain:

@ sd0(~z; M )
@ML

dj

=
@

@ML
dj

� 1
~� d(~z; M )

�
= � � dd0

' j (z; M )
�
~� d0(~z; M )

� 2 ; (50)

and
@ sd0(~z; M )

@cLd
=

@
@cLd

� 1
~� d0(~z; M )

�
= � � dd0

1
�
~� d(~z; M )

� 2 : (51)

By inserting the derivatives into expressions (48) and (49), we obtain:

for all d andj :
Z �

� d(~z; W )
' j (z; M )

�
~� d(~z; M )

� 2 gA
d (~z) �

1
2

' j (z; M )
�
~� d(~z; M )

� 2 gB
d (~z)

�
d~z = 0 ; (52)

and for alld:
Z �

� d(~z; W )
1

�
~� d(~z; M )

� 2 gA
d (~z) �

1
2

1
�
~� d(~z; M )

� 2 gB
d (~z)

�
d~z = 0 : (53)

We now multiply expression (52) byW L
dj and then sum overj to obtain:

For all d:
X

j

W L
dj

Z �
� d(~z; W )

' j (z; M )
�
~� d(~z; M )

� 2 gA
d (~z) �

1
2

' j (z; M )
�
~� d(~z; M )

� 2 gB
d (~z)

�
d~z = 0 ; (54)

) For all d:
Z �

� d(~z; W )

P
j W L

dj ' j (z; M )
�
~� d(~z; M )

� 2 gA
d (~z) �

1
2

P
j W L

dj ' j (z; M )
�
~� d(~z; M )

� 2 gB
d (~z)

�
d~z = 0 : (55)

Expression (53) we multiply bycL
d to obtain:

For all d:
Z �

� d(~z; W )
cL

d�
~� d(~z; M )

� 2 gA
d (~z) �

1
2

cL
d�

~� d(~z; M )
� 2 gB

d (~z)
�

d~z = 0 : (56)

By adding equations (55) and (56) we can conclude:

For all d:
Z �

� d(~z; W )

P
j W L

dj ' j (z; M ) + cL
d

�
~� d(~z; M )

� 2 gA
d (~z) �

1
2

P
j W L

dj ' j (z; M ) + cL
d

�
~� d(~z; M )

� 2 gB
d (~z)

�
d~z = 0 (57)

) For all d:
Z �

� d(~z; W )
~� d(~z; M )

�
~� d(~z; M )

� 2 gA
d (~z) �

1
2

~� d(~z; M )
�
~� d(~z; M )

� 2 gB
d (~z)

�
d~z = 0 (58)

) For all d:
Z �

� d(~z; W )
1

~� d(~z; M )
gA

d (~z) �
1
2

1
~� d(~z; M )

gB
d (~z)

�
d~z = 0 : (59)

By summing expression (59) overd we �nally obtain:

X

d

Z �
� d(~z; W )

1
~� d(~z; M )

gA
d (~z) �

1
2

1
~� d(~z; M )

gB
d (~z)

�
d~z = 0 (60)

)
Z � X

d

� d(~z; W ) sd(~z; M ) gA
d (~z) �

1
2

X

d

sd(~z; M ) gB
d0(~z)

�
d~z = 0 (61)

)
Z � �

� (~z; W ) � s(~z; M )
� T

gA (~z) �
1
2

�
s(~z; M )

� T
gB

d (~z)
�

d~z = 0 (62)
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)
Z  

� (~z; W ) � s(~z; M )

� 1
2 s(~z; M )

! T  
gA (~z)

gB (~z)

!

d~z = 0 (63)

)
Z

� T
(~z;�) g(~z) d~z = 0 ; (64)

where for the last step we have used the de�nition of� (~z;�) in Eqn. (39).

To summarize, we have for the VAE derived from expression (45) the expression (64), i.e., we have shown that for the VAE
generative model condition (42) holds.

For a generative model that satis�es the parameterization conditions (41) and (42) it holds at all stationary points (Theo-
rem 1, Lücke, 2022) that

F (� ; �) =
1
N

NX

n =1

H[q� (~zjx (n ) )] � H [pA (~z)] �
1
N

NX

n =1

Eq( n )
�

�
H [p� (x j ~z)]

	
: (65)

The result notably applies even though we only used that derivatives w.r.t.A and w.r.t.� vanish where� only contains the
output layer parameters of the decoder networkDNN ~� (~z; M ), see Eqn. (35). In other words, we only required

8h :
@

@~� h
F (� ; �) = 0 ; 8d; j :

@
@ML

dj

F (� ; �) = 0 ; and 8d :
@

@cLd
F (� ; �) = 0 (66)

to show equality of the ELBO to expression (65). Additional information about vanishing derivatives for the remaining
parameters is not required. Remaining parameters can therefore take on any value (including values that correspond to
stationary points, of course). Hence, we can conclude that at all stationary points applies:

F (� ; �) =
1
N

NX

n =1

H[q� (~zjx (n ) )] � H [pA (~z)] �
1
N

NX

n =1

Eq( n )
�

�
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(67)

As the last step, we transform the result back to the original VAE–3 parameterization, which we do along the same lines
as was done in the proof of Theorem 2. Concretely, we again express~T� (x) in terms ofT� (x). We drop subscript and
argument of~T for readability, and note again that~T is the covariance matrix of a Gaussian distribution de�ned in the space
of ~z. The random variablez depends according to the reparameterization Eqn. (32) on~z via z = A � 1

2 ~z. Consequently, if
~z is Gaussian distributed with covariance~T , thenz is Gaussian distributed with covarianceT = A � 1

2 ~T
�
A � 1

2
� T

. As all
matrices are diagonal, we get~T = AT . Inserting into Eqn. (65) we observe the �rst term to cancel with part of the last
term:
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; (68)

which proofs the claim of Theorem 3. �

As a comment on the proof: at �rst it may not sound intuitive that we can only consider stationary points of the
subset� instead of all parameters. Do note, though, that the stationary point condition serves to show that the integral
of expression (44) vanishes. The integrand contains all model parameters� within the natural parameters� T

(~z;�) . If we
now just use a subset of parameters to construct the Jacobian of the left-hand-side expression of Eqn. (42), then such a
subset is suf�cient as long as we can conclude the right-hand-side of Eqn. (42). This is again in analogy to the explicit
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proof of Theorem 1 where the subset of parameters to show thatF2(� ; �) becomes equal to an entropy is just consisting
of the single parameter� 2. In our case, we required all weights and biases of the output layer ofDNN � (z; M ) as subset
(but none of the DNN's other parameters). Choosing a smaller subset would not have been suf�cient. Already using �xed
biasescL would break the proof (unless all biases are �xed to zero). Larger subsets� would just have made the proof
more intricate without changing the �nal results.

Author Contributions:We remark that Theorem 1 to Theorem 3 were hypothesized by JL who provided the �rst versions
of the proofs with signi�cant contributions by SD.

C ENTROPY-BASED ANALYSIS OF VAE OPTIMIZATION

C.1 Differential Entropies and Typical Sets

At all stationary points the ELBO decomposes into three entropies which implies that all model parameters determine
the ELBO value through the same mathematical object: entropy. This novel observation give rise to an entropy-based
interpretation of VAE optimization.

Let us brie�y recall a potential interpretation of (differential) entropies in terms of the typical set (e.g., MacKay, 2003;
Cover and Thomas, 2006). Consider sequences of i.i.d. samples from a continuous probability distributionp(x) overX .
The typical set of this distributionp(x) in dependence ofN 2 N and� > 0 is then de�ned as

A (N )
� =

n
(x1; : : : ; xN ) 2 X N :

�
�
� �

1
N

log(p(x1; : : : ; xN ) � H [p(x)]
�
�
� � �

o
: (69)

Recall that we haveP
�
A (N )

�
�

> 1 � � for large enoughN , i.e., most sequences that occur in practice will belong to the
typical set with high probability. Moreover, the entropy of a distribution can be related to the volume of the typical set:

(1 � � )2N (H [p(x )] � � ) � Vol(A (N )
� ) � 2N (H [p(x )]+ � ) : (70)

The second inequality holds for allN , and the �rst for suf�ciently largeN (Cover and Thomas, 2006, Theorem 8.2.2).
Thus, the volume of the typical setA (N )

� is characterized by the differential entropy (besides the growth in sequence
lengthN ). Considering the entropies of discrete random variables the volume of the typical set translates to its cardinality.
To conclude, continuous random variables with small entropy are “con�ned to a small effective volume”, while random
variables with high entropy are “widely dispersed”(Cover and Thomas, 2006).

With this interpretation in mind, Theorems 2 and 3 allow to re-interpret VAE learning. First, recall that ELBO maximization
can be expressed in terms of reconstruction scoreSrec and regularization scoreSreg , i.e.,F = Srec + Sreg (see Eqn. (2)).
We are confronted with two con�icting goals here as withSreg too large, i.e.,DKL

�
q� (zjx) k p(z)

�
close to zero, no

successful reconstruction (highSrec ) can be expected. Given Theorems 2 and 3 we can now expressed both scores based
on entropies as in Eqn. (23)

Sreg (� ; �) =
1
N

X

n

H[q� (zjx (n ) )] � H [p� (z)] ;

Srec (�) = � H [p� (x (n ) j z)]

in which the entropyH[p� (x (n ) j z)] is replaced by the expected entropy in the case of VAE–3.

Optimization of the decoder therefore seeks todecreaseits entropyH[p� (x jz)] (or its expectation in case of VAE–3),
which corresponds to reducing the volume of the typical set, the effective volume of the decoding distribution in data space
X . As discussed in Section 4 the decoder entropy naturally resembles the reconstruction performance of the model (see
also Eqn. (76) that makes this relationship explicit). Thus, a small volume of the decoder's typical set corresponds to a low
reconstruction error/uncertainty (or equivalently a high reconstruction scoreSrec (�) ).

On the other hand, the average encoder entropy1
N

P
n H[q� (zjx (n ) )] is maximized. Hence, the (logarithm of the) volume

of the typical set in latent spaceZ should be increased. Intuitively, this corresponds to a larger variety in the encod-
ing distribution (per data samplex (n ) ). Note that the prior entropyH[p(z)] represents an upper bound on the average
encoder entropy. Accordingly, the regularization scoreSreg (� ; �) captures (and minimizes) the difference between the
(log-)volumes of typical sets of prior and encoder distribution. With too widely dispersed latent representationsz, i.e.,
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when 1
N

P
n H[q� (zjx (n ) )] is too close toH [p� (z)], no successful reconstruction can be demanded. Overall, VAE opti-

mization translates to increase of encoder and decrease of decoder entropy, which in turn re�ect the increase or decrease
of the volumes of the corresponding typical sets. And notably, central �gures for monitoring VAEs are easily accessible
solely based on entropies (and even more reliably as their conventional counter-parts, as demonstrated in Section 4).

C.2 Posterior Collapse

Theorems 2 and 3 represent by themselves theoretical results. Section 4 discussed some practical applicability in terms of
entropy-based de�nitions for regularization and reconstruction scores as well as for posterior collapse. We here �rst derive
and elaborate on the criterion (Eqn. (24)) used in Section 4 to measure the percentage of collapsed latents in practice. The
accompanying experimental results are depicted in Fig. 7 in Appendix D.3. Our entropy-based results can, however, also
be used to further study VAE optimization theoretically. Below we, therefore, secondly discuss optimization and turning
points for learning that can be described using entropies, and we will �nally come back to posterior collapse from this
theoretical perspective.

Quantifying posterior collapse has been of interest previously (see, e.g., Bowman et al. (2016); He et al. (2018); Dieng et al.
(2019)). The contribution by Lucas et al. (2019) concretely and systematically investigates the effect and its dependence
on �xed decoder variance� 2. The paper �rst argues for a quanti�cation of posterior collapse in terms of percentage of
collapsed latents, and then introduces an(�; � )-measure based on the KL-divergence (Lucas et al., 2019, p. 7) between
encoder and prior distribution (for individual latentsh). Values of the two thresholds� and� are hand-set, and a latent
dimensionsh is de�ned to be collapsed whenever

Px � pdata

h
DKL

�
qenc

� (zh jx ) k pprior
� (zh )

�
< �

i
� 1 � � : (71)

The measure is then used as a core VAE analysis tool monitoring individual latents or the fraction of collapsed latent
dimensions.

Based on the convergence to entropies results, an alternative measure for posterior collapse offers itself if we consider the
entropy-based regularization measureSreg (� ; �) of Eqn. (23). Posterior collapsed latents increase the regularization score
while they usually have negligible effects on the reconstruction score. Because of the entropy-based formulation of the
regularization score, it is now very straight-forward to break down the score into a sum over latents. Using the conventional
assumption of Gaussian encoder and prior distributions both with diagonal covariance matrices, we obtain:
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As Sreg (� ; �) becomes equal to the conventional regularization measure

Sconv
reg (� ; �) = �

1
N

X

n

DKL
�
q(n )

� (z) k p� (z)
�

(73)

at stationary points,Sreg (� ; �) can at stationary points never be positive. It can, furthermore, be shown for VAE–1 that
also each summand of Eqn. (72) (i.e., the regularization score per latenth) can never be positive at stationary points (we
discuss further below). In turn, this means that there is a clearly de�ned highest possible value the encoder entropy (per
latent variableh) can converge to, concretely

1
N

NX

n =1

H[q� (zh jx (n ) )] �
1
2

log(2�e ) � 1:42 : (74)
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Values of the encoder entropy close to the prior entropy (for standard normal prior dimensions a value of1:42) can conse-
quently be used to identify posterior collapsed latents, which motivates the de�nition presented in Eqn. (24).

Notably, we do not claim that no other sensible measures for posterior collapse can be de�ned. For instance, the measure
(Eqn. (71)) represents a perfectly valid de�nition. Also the decomposition into sums over latents can be done using the
original KL-divergence4. We would argue, however, that the previous measure (Eqn. (71)) is more ad hoc and requires two
hand-set parameters� and� for the threshold. The measure (Eqn. (24)) may consequently be perceived as more natural,
and may be a better starting point to de�ne similar measures also for non-Gaussian VAEs or VAEs with learnable priors.
Furthermore, the entropy-based de�nitions may be perceived as being easier to use, and the derivation (Eqn. (72)) may
serve as an example.

We like to remark that wedo notrequire the conditions of Theorems 2 and 3 to be ful�lled in order to apply the entropy-
based criterion given in Eqn. (24). In fact, the de�nition is largely independent of the decoder architecture. In particular,
the entropy-based measurement of posterior collapse is also valid and meaningful when the decoder (co-)variance is �xed,
e.g., to� = 1 in case of VAE–1, as commonly done in practice. See also the accompanying experiments in Appendix D.3
where we include this scenario (Fig. 7(c)).

Importantly, the entropy-based measures (e.g., for ELBO, regularization or reconstruction) are more than just reformula-
tions of the conventional de�nitions. There are qualitative differences. The regularization score does, for instance, only
depend on the encoder variances: it contains neither dependencies on decoder parameters (the priors only formally depend
on � ) nor does it depend on the encoder means. The latter is in contrast to the KL-divergence, which does contain the
encoder means (for example the measure in Lucas et al. (2019) given in Eqn. (71)). Similarly (and more drastically), the
entropy-based reconstruction score for VAE–1 exclusively depends on one single decoder parameter, the decoder variance.
In contrast, the conventionally de�ned decoder variance does depend on decoder and encoder parameters. In turn, this
means that at stationary points dependencies on all parameters except of the decoder variance necessarily have to vanish
for the conventional reconstruction score.

For completeness, the treatment of VAEs of type VAE–3 would be different but similar. For instance, the reconstruction
score would (based on Theorem 3) now be de�ned as:

Srec (�) = �
1
N

NX

n =1

Eq( n )
�

�
H [p� (x j z)]

	
; (75)

and consequently depends on encoder and decoder parameters. The de�nition of the regularization score remains un-
changed, however.

C.3 Optimization landscape

To elaborate on an application of the results for the theoretical analysis of VAE optimization, consider �rst VAEs of type
VAE–1 (Def. 1). For such VAEs the closed-form bound of Theorem 2 applies at all stationary points. The result was
notably derived using properties of two types of variance parameters: decoder variance and prior variance. Importantly,
the prior variance is in the usual parametrization of VAEs not part of the prior but part of the decoder DNN, i.e., the� h are
part of the �rst DNN layer (see VAE–2 for an explicit encoding with prior variance). While Eqn. (14) of Theorem 2 does
by itself not describe an optimization landscape, we can recover a description of an optimization landscape if we insert
solutions for� 2

h for � 2 into Eqn. (14). Solutions for� h and� 2 are given by the following explicit functions:

� 2
h =

1
N

NX

n =1

Z
q� (zjx (n ) ) z2

h dz ; � 2 =
1

DN

NX

n =1

Z
q� (zjx (n ) ) kx (n ) � � � (z)k2 dz; (76)

and the� 2
h expression further simpli�es for diagonal covariances. After the solutions for� h and � 2 are inserted into

Eqn. (14), the resulting expression describes the optimization landscape within submanifolds of the parameter space (Fig. 4
shows an illustration). The description of the optimization landscape within submanifolds can be used to study the opti-
mization landscape of the whole parameter space. Using this view, we further below relate back to the above discussed
posterior collapse.

Similar approaches can be used for more general VAEs but an analysis necessarily becomes more intricate, e.g., because
of the dependence of decoder variances on the latents for VAEs of type VAE–3 (but note the similar properties for� h ).

4This is how one can show that encoder entropy of an individual latent is upper-bounded by1
2 log(2�e ).
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Figure 4: Visualization of the variational lower bound and its relation to the three entropies expression. The �gure shows a two
dimensional visualization with the following axes: the x-axis represents the hyperplane of variance parameters� 2

1 to � 2
H together with

decoder variance� 2 . We assume a VAE of type VAE–1 for the �gure. The� 2
1 to � 2

H we take to be implicitly de�ned by the decoder
weights (compare VAE–2). The dotted black line represents a submanifold in which the parameters of the x-axis have converged.
Within the submanifold, the variational lower bound is equal to a sum of three entropies (Theorem 2). In the illustrated example, the
submanifold connects a stationary point without posterior collapse to a stationary point with (partial) posterior collapse. Depending on
the location on the manifold, learning is dominated by the change in the reconstruction scoreSrec (�) (green arrow) or dominated by the
change in the regularization scoreSreg (� ; �) (red arrow), with qualitatively different outcomes. As both scores can be de�ned based
on entropies (see Eqn. (23)), changes of the scores directly translate to changes in entropies such that the optimization landscapes can
be characterized using changes in entropies. Let us denote byj� H [pdec

� ]j the absolute change of the decoder entropy, while we denote
by j� �H [qenc

� ]j the absolute average change of the encoder entropy, i.e.,�H [qenc
� ] = 1

N

P
n H [qenc

� (zjx ( n ) )]. If we start at the high local
optimum and traverse the submanifold from left to right then the reconstruction scoreSrec (�) decreases while the regularization score
Sreg (� ; �) will tend to increase (to a lesser extent). Translated to entropies, we have within the submanifold between high maximum
and saddle pointj� �H [qenc

� ]j < j� H [pdec
� ]j, and ELBO optimization would favor reconstruction improvements. At the saddle point (the

turning point), the changes of the entropies become equal. To the right of the turning point, learning is dominated by the regularization
term, which means that the change in encoder entropy is dominantj� �H [qenc

� ]j > j� H [pdec
� ]j. ELBO optimization in this part of the

manifold would result in (partial) posterior collapse.j� �H [qenc
� ]j = j� H [pdec

� ]j At the local optimum with (partly) collapsed posterior,
the encoder entropy,�H h [qenc

� ], of a collapsed latenth will be equal to the prior entropy.

C.4 Theoretical Analysis of Posterior Collapse

To which extend posterior collapse is problematic (e.g., neglecting large parts of the models capacity) or not harmful (or
even bene�cial) is still discussed in the community (see, e.g., Asperti, 2020). It is important for our study to observe
that the “mathematical mechanism of this phenomenon is not well understood” (as, e.g., stated by Lucas et al., 2019).
Hence, the phenomenon requires additional analysis and this is where the contribution of the presented entropy perspective
(provided by Theorems 2 and 3) can also go beyond the practical aspects of the introduced entropy-based measures.
Concretely, the theorems allow a contribution to the questionwhysome latent variables sometimes cease to participate in
encoding/decoding and instead do assume a high variance.

Considering Theorem 2 and the entropy-based measures for regularization score and reconstruction score, we can investi-
gate the optimization of the boundF (� ; �) a bit more systematically. The bound is �nally given by the sum of the two
scores:

F (� ; �) = Sreg (� ; �) + Srec (�) (77)

By changing the parameters, there are essentially two ways to obtain a higher bound: (1) One can increase the reconstruc-
tion scoreSrec (�) without too much decreasing the regularization scoreSreg (� ; �) . (2) One can (visa versa) obtain a large
bound with an increased regularization scoreSreg (� ; �) as long as the reconstruction score is not decrease too much.
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The considerations may (at �rst sight) only serve for comparisons of ELBO values at different stationary points. However,
if we combine the expression (77) with our discussion of the optimization landscape above, we can furthermore obtain
information about a continuous change of the bound within the above discussed submanifold of parameter space. By
inserting5 the expressions (76) into (Eqn. (77)), we obtain a description of the optimization landscape within a submanifold
in parameter space (see dotted line of Fig. 4), i.e., within the submanifold the three entropy expression becomes identical to
the original bound. The submanifold in the �gure connects an optimum without posterior collapsed latents to an optimum
with (partial) posterior collapse. When traversing from one optimum to the other along the submanifold, a saddle point
will be reached. On the one side of the saddle point, gradient learning does increase the reconstruction scoreSrec (�) (as is
usually desired for representation learning; green arrow in Fig. 4); on the other side of the saddle point, the regularization
scoreSreg (� ; �) is increased (the posterior of the latent starts to collapse; red arrow in Fig. 4). Regularization increase of
a single latent directly corresponds to that latent's increase to high entropy, removing the latent's in�uence on decoding is
then a plausible consequence. Otherwise, the increasingly high entropy would increase the decoder entropy and, therefore,
would negatively effect the bound.

The discussion of optimization landscapes adds a further example for the utility of entropy-based descriptions. In this case,
changes of entropies� H naturally characterize saddle points in the optimization landscape (see Fig. 4).

D EXPERIMENTAL SET-UP AND RESULTS

We here provide further details on the numerical experiments of Section 4. An example implementation can be found at
the end of this section (Appendix D.7). The code to reproduce the experiments is available at github.com/Learning-with-
Entropies.

This section is organized as follows. In Appendix D.1 we elaborate on the veri�cation of the main result itself, invoking
Linear VAE, VAE–1 and VAE–3 (i.e., Figs. 1 and 5). We continue with two proposed applications of the entropy results
for non-linear VAEs: The entropy-based estimation of the ELBO in Appendix D.2 and the results of the entropy-based
posterior collapse analysis in Appendix D.3. We then provide details on the experimental setup including the data sets
considered as well as the used network architectures in Appendixes D.4 and D.5. Lastly, we provide further insight on the
stochasticity and small remaining gaps between ELBO and the sum of entropies in Appendix D.6.

D.1 Veri�cation (Figs. 1 and 5)

Linear VAEs The linear VAE given by Eqns. (18) and (19) allows for the most direct investigation of the result of
Theorem 2. It has the advantage that we know the optimal solution in this case: it is given by the well-known maximum
likelihood solution of p-PCA (Tipping and Bishop, 1999; Roweis, 1998). For the experiments we therefore �rst generate
data according to the p-PCA generative model (details in Appendix D.5). In Fig. 1(a), top plot, we then compare the
three entropies of Eqn. (20) with the standard lower bound (Eqn. (2)), estimated by sampling, and the known exact log-
likelihood solution (Appendix A, Eqn. (25)) for the same set of data points. For veri�cation purposes, we additionally
show the ground-truth log-likelihood for the generative parameters, as well as the model log-likelihood on held-out data.

Following the proof of Theorem 2, the lower bound (Eqn. (2)) and the three entropies (Eqn. (20)) only have to be identical
at stationary points of the variance parameters. This suggests that e.g., for �xed� 2 we can not expect the lower bound to
converge to the three entropies. This is shown by the dashed lines in Fig. 1(a), top plot, which shows two examples with
� 2 �xed to two sub-optimal values.

Standard VAEs We demonstrate the validity of the theoretical result on MNIST, CelebA and SUSY using VAE–1 (see
Fig. 1 in the paper itself and Fig. 5 for the latter two). For veri�cation of Theorem 3, we also show experiments with
VAE–3 in Fig. 1(c), where we used the same PCA data as for the linear VAE but introduced an additional non-linear
transformation on the data, projecting it onto a ring-like structure in theD-dimensional space (details in Appendix D.5).
Since no ground-truth log-likelihood is available for these models, we only show the standard lower bound (2), estimated
by sampling, and compare it to the three entropies (14) and (22), respectively. More details and visualizations are provided
at the end of this section. Additionally, we considered more practically relevant and large data sets, namely SUSY and
CelebA.

5A VAE–1 can be regarded as being reparameterized as VAE–2 (see Theorem 2). In the conventional VAE–1 form, the converged
� h can be taken as implicit in the decoder weights.
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Figure 5:Additional (veri�cation) experiments on arti�cial manifold data, SUSY and CelebA with VAE–1 models. Depicted are the
lower bound (ELBO), the lower bound on held-out-test data and the sum of entropies. The lower plot depicts the relative difference
with an exponential moving average in dark blue. We remark the the ELBO �uctuates around the three entropies expression. See
Appendix D.4 for further details.

Experimental Results: Veri�cation As can be observed, the sampled lower bound converges towards the sum of three
entropies when the variance parameters are converging towards stationary points (which usually happens within the �rst
epochs). In Fig. 1(a), top, we also see that both the lower bound and the three entropies converge to the log-likelihood
(with the tight lower bound mostly invisible under the log-likelihood) and recover the ground-truth well. Regarding Fig. 5,
we used the held out computation of the lower-bound to ensure the absence of over-�tting.

Notably, the gap between lower bound and three entropies might become small even before all parameters converged,
as seen, e.g., in Fig. 1(c), since only the gradients of the variances have to vanish for the results to hold. Consequently,
we observe high approximation qualities also distant from convergence points including, e.g., at saddle points or saddle
surfaces, which commonly occur for DNN optimization.

The bottom plots in Fig. 1 show the absolute difference between the sampled lower bound and the three entropies relative
to the �nal sampled lower bound (in percent). Shown is the median over 10 runs for Fig. 1(a) and (b) and over 100 runs
for Fig. 1(c) with the interquartile range as shaded area, i.e., 50% of the deviations fall within this area. At convergence,
the difference between lower bound and three entropies consistently approaches zero. Remaining gaps we can account
primarily to �uctuations caused by �nite learning rates, batch sizes and numbers of samples. E.g., for VAE–3,� d(z; �)
has to be approximated via sampling, and we con�rmed that the small gap of<0:5%in Fig. 1(c), bottom, is in the order of
magnitude of the sampling noise of� d(z; �) , which makes the three entropies �uctuate around the lower bound (see also
Fig. 10).

There are some subtleties to pay attention to in the case of practical experiments for VAE–3. We have assumed non-
degenerated values for the decoder varianceDNN � (z; M ) (Eqn. (21)) at stationary points, for instance. However, during
learning and due to stochasticity and �nite learning rates, close to zero or negative values for~� d(z; �) can and do sometimes
occur during learning. To explicitly exclude such degeneracies in transient behavior, non-negativity can be ensured using
constraints. In practice, we, for instance, used ReLU units with a small offset for the output layer or softplus activation.
For our numerical results near stationary points, we then made sure that the activation functions of observables do operate
in a linear regime after learning has converged, which is then again consistent with the conditions assumed for the variance
DNNs (Eqn. (21)). Concretely, we measured in experiments the percentage of variance DNN output units where enforcing
non-negativity remained necessary. When the variance DNNs converged to stationary points, the percentage of non-linear
units converged to zero.

Experimental Details of Fig. 1 Regarding these experiments we used a batch size of 2000, learning rates of10� 3 and
100 samples (with the exception of Fig. 9(b) and (c), as stated). These values were roughly chosen to give results with little
�uctuations in the sampled lower bound and three entropies within reasonable time. The encoder and decoder DNNs for
VAE–1 and VAE–3 were built with two hidden layers of 50 hidden units each and ReLU activations.

D.2 Entropy-based ELBO estimation

While the veri�cation experiments discussed in the former section (regarding Fig. 1) focus on demonstrating the theoret-
ical result itself, thereby trying to reduce the noise-level (see also Appendix D.6), Fig. 5 demonstrates a more practical
perspective as outlined in Section 4: For the prominent VAE–1 the lower bound �uctuates around the sum of entropies
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after convergence. Thus, a �rst handy utility is straight-forward entropy-based computation of ELBO values, which are
routinely used to monitor and compare models on the training set.

That is, our theoretical results allow for usinganalyticalexpressions (Theorem 2) instead of numerical approximations of
the analytical integrals of the original objective (Eqn. (2)). Please also see the discussion in Section 4 in the main paper.
In our experiments, we observed convergence of the variance parameters after several epochs (depending on architecture,
data set and learning rate), and thus to the point at which the conditions for obtaining our closed-form expression are
(approximately) ful�lled. To demonstrate the advantage of the sum of entropies, we compared it to the naïve approximation
of the ELBO for different number of samples (Figs. 2 and 6) using Monte-Carlo sampling. The three entropies expression
can provide very precise estimates of the training-ELBO with very few samples already.

Figure 6:ELBO Estimation for VAE–1 models on (a) arti�cial manifold data set and (b) SUSY data set. Approximation of ELBO and
sum of entropies for the fully trained model with different sample sizes, repeated 10 times. Mean of the estimates with 10k samples
is visualized as a dotted horizontal line. Considering the three entropies expression, the variance in the estimates is barely visible in
the scatter plot (upper plot). Note, that the standard deviation (lower plot) is displayed on logarithmic scale. See Section 4 for the
accompanying discussion and Appendix D.4 for details on the experimental setup.

We remark that this effect is slightly stronger for high-dimensional data. Also note that the decoder entropy of a trained
VAE–1 model is a property of the model and not data-dependent. It follows that the decoder entropy clearly should not be
confused with a reconstruction measure on unseen data.

D.3 Entropy-based Posterior Collapse Detection.

As outlined in the main part of this paper, the entropy perspective paves the way to elegantly de�ne and analyze posterior
collapse based on entropies. The criterion, given in Eqn. (24), states that a latent variablezh is � -collapsed, if the encoder
entropy matches the corresponding prior entropy too closely, i.e.,1

N

P N
n =1 H[q� (zh jx (n ) )] > H [p(zh )] � � . For the

derivation and additional discussion see Appendix C.3. The results are presented in Fig. 7 to which we here add the
experiment-speci�c details.Arti�cial Data. We usedH = 20 latents while the true dimensionality of the arti�cial
manifold data set is9. Thus,8 non-collapsed latent dimensions are reasonable.SUSY.Again, we have knowledge of the
manifold dimensionality on which the data is concentrated. In this case it is8 as all remaining features are functions of the
�rst 8 features. In the considered experiment the intrinsic dimensionality of the data can be successfully recovered.CelebA.
The manifold hypothesis seems to be valid for this data set as well, however we cannot determine the dimensionality of
the data manifold. Notably, we do not observe posterior collapse for the full VAE–1 which we relate to the dimension-
depending scaling of encoder/prior entropy (or equivalently the KL divergence, which scale with latent dimensionH ) and
decoder entropy (scaling with data dimensionD). Clearly, this is an instance of under-regularization. In contrast, when
restricting� 2 = 1 we observe severe posterior collapse (Fig. 7(c)). This relates to the observation that �xing� 2 to some
sub-optimal value is related to the re-balancing issue of KL divergence and reconstruction term (which is also addressed by
Higgins et al. (2017)). Here, enforcing� 2 = 1 increases the weight of the KL-divergenceSreg (relative to reconstruction
scoreSrec ) such that many latent variables are pruned out. As noted in the main text, posterior collapse is not an issueper
sebut needs to be investigated carefully with respect to the (assumed) intrinsic dimensionality of the data in order not to
over- or under-regularize. For further discussion see Section 4 and for details of the experimental set-up the Appendix D.4.

An interesting �nding from these experiments is that the relative dimensionality (D vs. H ) contributes in preventing
posterior collapse in VAE optimization (provided that, in particular, the decoder variance is learnable). WithD � H as on
CelebA we did not �nd a single collapsed latent variable (D = 642 � 3 = 12; 288vs. H = 128). We plan to investigate
these �ndings in future.
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Figure 7: Posterior collapseanalysis for VAE–1 models on different data sets based on the entropy criterion (Eqn. (24)). For the
threshold we used1N

P
n H [q� (zh jx ( n ) )] > 1. Top plots:Average encoder entropies1N

P
n H [q� (zh jx ( n ) )] over the course of training

with upper boundH [p(zh )] � 1:42 and threshold of one.Middle plots: Number of non-collapsed latent dimensions over the course
of training based on the entropy criterion.Bottom plots:Average encoder entropies of the fully trained model per latent in descending
order. Collapsed latent dimensions are colored in red. Note that in (c) we consider a VAE–1 with�xed decoder variance which in turn
leads to posterior collapse. Encoder entropies are calculated on ten batches for the trained models. See Section 4 and Appendix C.2 for
details on posterior collapse and further discussion and Appendix D for the experimental set-up.

D.4 Experimental Set-up and Implementation Details

Figure 8: Additional Posterior Collapse experiment with
VAE–1 on the SUSY data set. We altered the latent dimen-
sion, here toH = 13 , and observed reliable recovery of the
intrinsic data dimensionality across different random seeds.

We here provide the speci�cations of the considered experi-
ments on SUSY, CelebA and arti�cial manifold data.

Experiments on CelebA (VAE–1) In order to demonstrate
the theoretical result on a more complex architecture we used
the publicly available VAE–1 implementation of Subramanian
(2020) that involves convolutional layers and batch normaliza-
tion. As this implementation (like many other) use a �xed de-
coder variance� 2 (and then rely on rescaling the KL-Term in
the ELBO), the only architectural change we made is to turn� 2

into a learnable parameter which we then train end-to-end with
the rest of the model. For the experiments on posterior collapse
(Fig. 7) we trained another model with �xed decoder variance
� 2 = 1 and simple linear KL-annealing schedule from� = 0 :1
to � = 1 :0 over the �rst 15 epochs. We resized the data set such
that the data dimension amounts toD = 64 � 64� 3 = 12; 288
and set the latent dimension toH = 128. We used a batch size of256, a train-test-split of60%=40%, and optimized for50
epochs with ADAM (using default learning rate of10� 3). We employed data augmentation using random horizontal �ips.

Experiments on SUSY (VAE–1) SUSY is a machine learning data set from the �eld of high-energy physics and consists
of 5 million measurements of processes that potentially produce super-symmetric particles (Baldi et al., 2014). We decided
to include experiments on this real-world dataset to illustrate the phenomenon of posterior collapse: Despite having data
dimensionalityD = 18, only the �rst 8 features are measurements of kinetic properties, while the remaining10 are
functions of the �rst8 features.6 Thus, we have knowledge about the dimensionality of the manifold on which the data is
located and can therefore assess posterior collapse on a solid basis.7

6For further description see the corresponding websitehttps://archive.ics.uci.edu/ml/datasets/SUSY and Baldi
et al. (2014).

7On usual high-dimensional data sets (thinking of image data sets like CIFAR or CelebA) we cannot discern the dimensionality of
the manifold on which the data is concentrated.
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We used a VAE of type VAE–1 implemented as a simple two-layer perceptron with128and24hidden neurons and Leaky
ReLU as activation function for the encoder and in reversed order for the decoder. We useH = 12 latent dimensions and
optimized with ADAM with the standard initial learning rate of10� 3 for (at least)150epochs with a batch size of1024.
We reduced the data set size to 2.5 million samples, used a train-test-split of50%=50% and scaled the features to range
[0; 1] before training.

In order to learn a proper embedding in the latent space �rst (and avoid over-regularization in early training stages) we
initialized ln( � 2

init) = � 9. This small value puts high weight on reducing the reconstruction term �rst. During training� 2

becomes optimal which restores the balance between regularization and reconstruction. We found this simple trick helpful
to avoid widespread posterior collapse in the �rst few epochs for this data set.

Experiments on arti�cial manifold data set (VAE–1) Besides the real world data sets described above we want to test
our ideas regarding posterior collapse on a data set where we have explicit control over the intrinsic dimensionality of
the data. For this reason we created aD = 100 dimensional data set for which we can control the dimensionality of the
lower-dimensional manifold on which the data is concentrated (just as in the case of SUSY). In the experiments presented
here we usek = 9 dimensions which we initialized with Gaussian noise. The remaining dimensions are then created
using non-linear functions applied to (a subset) of the �rstk dimensions. For the experiments presented here, we simply
applied the cosine function to a random linear combination of a pair of the �rstk dimensions (squared). E.g., dimension
p 2 [10; 100]is simply (element-wise)xp = cos(x2

r + x2
s) for r; s randomly drawn among the �rstk = 9 dimensions (with

replacement). We added small Gaussian noise to this manifold and resized all features back to range[0; 1].

The experiments are conducted on50:000samples from this data set with a split of50%training set and50%test set. We
set the latent dimension toH = 20. Again we used simple two-layer perceptrons with128and40 hidden neurons with
Leaky ReLU for the encoder, and in reversed order for the decoder. For the same reason as in the SUSY experiments, we
initialized ln( � 2

init) = � 9. Again, we used ADAM with the standard initial learning rate of10� 3 and a batch size of512.

D.5 Generation of Arti�cial PCA Data Sets and Learning Visualizations

We generated the PCA data set according to the following generative model of probabilistic PCA:

p(z) = N (z; 0; I ) (78)

p(x j z) = N (x; Wgen:z + � gen: ; � 2
gen: I ): (79)

The generative parametersWgen: and � gen: were drawn randomly from uniform distributions between 0 and 1 in each
dimension for each new run.� gen: was always set to0:1. We usedH = 2 as latent dimension andD = 10 as output
dimension and generated 10.000 new training and testing data points for each experiment.

For the PCA-ring data sets, we introduced an additional non-linear transformationx0 = g(x) with

p(z) = N (z; 0; I ) (80)

p(x j z) = N (x; Wgen:z; � 2
gen: I ) (81)

x0 = � gen: +
x
10

+
x
jx j

(82)

projecting the data onto a ring-like structure inD-dimensional space (see, e.g., Doersch, 2016).

Fig. 10(c), on the last page, shows a PCA projection of the training data set, visualizations of thez� andx-space during
training of VAE–3 as well as plots of the lower bound and the three entropies. Figs. 10(a) and (b) show the same plots
for the linear VAE and VAE–1 on the PCA and MNIST data set, respectively. As expected, we see a slight over�tting
of the linear VAE to the PCA training data, with the training log-likelihood converging to a value slightly above of the
ground-truth. However, even with early stopping at around 700 iterations (see third segment of Fig. 10(a), we see that the
three entropies already compute the lower bound very well.

D.6 Noise in Three Entropies and ELBO

The optimization of VAEs is stochastic due to �nite learning rates, �nite batch sizes and approximations of integrals
over z using sampling. A stationary point is consequently never fully converged to. Instead the parameters will �nally
stochastically �uctuate around a stationary point. In Fig. 1(c) we have (for VAE–3) numerically quanti�ed the relative
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