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Abstract

Al methods are used in societally important
settings, ranging from credit to employment
to housing, and it is crucial to provide fair-
ness in regard to automated decision making.
Moreover, many settings are dynamic, with
populations responding to sequential decision
policies. We introduce the study of reinforce-
ment learning (RL) with stepwise fairness con-
straints, which require group fairness at each
time step. In the case of tabular episodic RL,
we provide learning algorithms with strong
theoretical guarantees in regard to policy opti-
mality and fairness violations. Our framework
provides tools to study the impact of fairness
constraints in sequential settings and brings up
new challenges in RL.

1 INTRODUCTION

Automated decision making systems are increasingly
used in our daily lives, for example, in the context of
lending, insurance, and medical care. A challenge is
that these decision systems may demonstrate discrimina-
tion against disadvantaged groups (Dwork et al., 2012).
In order to mitigate this issue, fairness constraints have
been proposed (Hardt et al., 2016; Dwork et al., 2012),
for example looking to achieve certain statistical parity
properties. Despite the fact that fair machine learning
has been extensively studied, most of this work consid-
ers the static setting without considering the sequential
feedback effects of decisions. At the same time, algo-
rithmic decisions may lead to changes in the underlying
statistical patterns in data, through feedback loops with
society. In turn, this affects the decision making process;
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for example, the decisions of banks may lead borrowers
to react, perhaps closing credit cards and changing their
FICO scores.

When there exist sequential feedback effects, even ig-
noring one-step feedback effects can harm minority
groups (Liu et al., 2018). In response, Zhang et al.[(2020)
study a discrete-time sequential decision process, where
responses to the decisions made at each time step are ac-
companied by changes in the features and qualifications
of the population in the next time step. In particular, they
study and show the drawback of myopic optimization to-
gether with requiring fairness at each time step, i.e., step-
wise fairness constraints. Imposing stepwise fairness
is a natural way to incorporate fairness into a Markov
decision process (MDP). At the same time, it is sensi-
ble to consider fairness alongside considerations of long-
term reward. In this paper, we take the perspective of
a forward-looking decision maker, combining stepwise
fairness with optimal, sequential-decision making.

We initiate both the theoretical and experimental studies
of reinforcement learning under stepwise fairness con-
straints. Our work can be viewed as a Fair Partially Ob-
servable Markov Decision Process (F-POMDP) frame-
work to promote fair sequential decision making. Our
work also provides a computational tool for studying the
quantities of interests, especially the well-being of differ-
ent groups, in a natural sequential decision making set-
ting.

We consider an episodic setting, which models for exam-
ple economic and societal activities that exhibit season-
ality; e.g., new mortgage applicants who apply for loans
from banks more often in the spring and summer season
every year, or graduate school admission, which usually
starts in the autumn and completes around December ev-
ery year. Similar to [Liu et al.| (2018) and [Zhang et al.
(2020), we mainly consider two types of fairness no-
tions, those of demographic parity and equalized oppor-
tunity. These are illustrative of other stepwise fairness
constraints that could be adopted. We adopt a POMDP
framework that has discrete actions and a discrete state
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space and take a model-based learning approach, givingnough to understand the long-term consequences of a
practical optimization algorithms that enjoy strong theo-decision system. Jabbari et al. (2017) de ne fairness
retical guarantees in regard to policy optimality and fair- constraints to require that an algorithm never prefers one
ness violations as the number of episodes increases. Weetion over another if the long-term reward of choosing
summarize our contributions as below: the latter action is higher, whereas we consider group-
(yvise notions of fairness. Mandal and Gan (2022) adopt

trajectories of individuals to solve RL with fairness con- a welfare-based, axmmapc ap.pr.oach, and give a r'egret
bound for the Nash Social, Minimum and generalized

straints, and provide theoretical guarantees to ENSUEini Welfare. In contrast with our work, their fairness

vanishing regrets in reward and fairness violation as the
' . concepts are not group-based but rather based on the

number of episodes increases. . . .

value contributed from different agents in the system.
2. Experimentally, we implement and evaluate the rstZhang etal. (2020) also study the dynamics of population
algorithm for tabular episodic RL with stepwise fairness quali cation and algorithmic decisions under a POMDP
constraints. problem setting, but whereas they only consider myopic
policies we formulate this as a general reinforcement
learning policies.

1. Theoretically, we demonstrate how to use sample

1.1 Related Work

There is increasing interest in the study of decision mak? PRELIMINARIES
ing problems in the context of people (Hardt et al.,

2015 Shavit and Moses, 2019; Ball, 2019; Chen et al-\ye consider a binary decision setting, with training ex-
2020). Hardt et a}l. (2015) model a classi catlon_prob- amples that consist of triple(; y; #), wherex 2 X

lem as a sequential game (Stackelberg competition) beg 5 feature vecto 2 s a protected group attribute
tween two players, where the rst player has the abil-g,ch as race or gender, and the lape? f 0;1g. For

ity to commit to his strategy before the second playergimpiicity, we only consider binary sensitive attributes
responds. They characterize the equilibruim and ob- _ " ¢ . g, but our method can also be generalized to
tain near optimal computationally ef cient learning al- g4 with multiple sensitive attributes (see Appendix B).

gori_th_ms. Shavit and_Mose_s _(2019) study an aI_gorithm_icFork 2 N*, we usdk] to denote the sdtl; 2: kg
decision-maker who incentivizes people to act in certain

ways to receive a better decision. Ball (2019) studies 8ased on feature, a decision maker makes a deci-
model of predictive scoring, where there is a sender agerfiona 2 A = f0;1g (e.g., make a loan or not). We
being scored, a receiver agent who wants to predict th@lso denote an individual's state as= (x;y), and
quality of the sender, and an intermediary who observedet S = X Y . After a decision is made, a possi-

multiple, potentially mutable features of the sender.  bly group-dependent reward, which may be stochastic,
# . (e i ; i
. . ] o _ r*:(s;a) 7' R, is obtained by the decision maker. A
There is also a growing literature on algorithmic fair- -qncrete example of a reward function, with;r > 0,
ness (Liu et al., 2018; Calders et al., 2009; Kusner et al.jg

2017; Dwork et al., 2012; Burhanpurkar et al., 2021, E r.: ify=1:;a=1;
Deng et al., 2022, 2023). Liu et al. (2018), for exam- r#(s;a) = r:oify=0ia=1:
ple, characterize the delayed impact of standard fairness : 0; ifa=0.

criteria under a feedback model with a single period of

adaptation. They use a one step feedback model to CaRiere. the decision maker gains by accepting a quali-
ture the sequential dynamics of the environment. How- o individual and incurs a cost by accepting an un-
ever, these papers do not consider fairness in a mor&ua” ed individual.

general sequential decision process. There is also a

line of literature regarding the special case of fair ban- . .

dits (Joseph et al., 2016; Hashimoto et al., 2018). 2.1 Sequential Setting

In regard to fairness considerations in reinforcementOur model as a partially observable Markov decision
learning, this is also gaining recent attention (D'Amour process (POMDP) mainly follows Zhang et al. (2020),
et al., 2020; Creager et al., 2019; Wen et al., 2021; Jabbut whereas they consider a fair, myopically-optimizing
bari et al., 2017; Mandal and Gan, 2022). In particular,policy we consider long-term rewards as in typical RL
Creager et al. (2019) use causal directed acyclic graphsettings. Following Liu et al. (2018) and Zhang et al.
as a unifying framework for fairness. D'Amour et al. (2020), the decision maker is interested in the expected
(2020) use simulation to study the fairness of algorithmsreward achieved across time forrandom individual
and show that neither static nor single-step analyses idrawn from the population. Each random individual



Zhun Deng, He Sun, Zhiwei Steven Wu, Linjun Zhang, David C. Parkes

has their group membership sampled according te individual at time stefh as,

P(# = )andp = P(# = ), and interacts with the X

decision maker over multiple time steps. Ateachtime R, (p; )= ps E P (st al)]:
steph, the sampled individual with attributé has fea- #2f g

turexj = x* 2 X along with a hidden quali cation

statusyf = y* 2 f 0;1g. An example is that the feature .

x{ may be determined by the hidden quali cation status,Here,E P " [] refers to the expected value for an in-
with xf  p(jy*). We callsf = (x;yf) thestate of  dividual in group#, i.e., conditioned on the individual
the individual at timeh. The initial states? is sampled being sampled in this group. Our goal is to obtain the

from p*. policy thatsolves the following optimization problem
At each time stefh, the decision maker adopts a deci- N

sionaf based on the observed featw by following max R, ; )

a group-dependent policyf (x*), i.e. af F(xt), h=1

W_her_e FoXr (A, Qn_d ( A) is the s_et of dis- st 8h2 [H]:

tributions onA.> The decision maker receivesward ) 6w u s

r#(st:af), andr# 2 [l;u], wherel <I u<1. faircon(f ";p ";sh;@hGs=1: o)

Without loss of generality, we assumé 2 [0;1]. The ) ) )

mean of stochastic reward function is denoted By wherefaircon corresponds to a particular fairness con-

cept. We consider two fairness concepts, and discuss
After the decision is made, the individual is informed pow the approach can be extended to other concepts (see
of the decision and their quali cation statug;., , and  Section 6.2). Speci cally, we consider the following two
featuresx,, , may then undergo a stochastic transition. group fairness concepts:
We assume that this transition followstiene-invariant ) _ _ _ )
but group-dependent transition kernethich we denote (')_ RL ‘_N'th demographic parity (DR)For this case,
asp *(sf,,jst;af), wherep” : S A 71 ('s), faiconis
and ( S) is the set of distributions 08. As explained . ,
in Zhang et al. (2020), in addition to thinking about a sin- P P [a,=1]=P * [a, =1];
gle, randomly chosen individual repeatedly interacting
with the decision maker, this also models a nite popu- and at each time Std'p the decision for individuals from
lation of randomly chosen individuals, some from eachdifferent groups is statistically independent of the sensi-
group, and with all individuals in a group subject to the tive attribute.
same, group—contlngen_t de0|§|on poI|C|e§. In addmon,(ii) RL with equalized opportunity (EqOpfor this case,
we have a reward function paif; ;r ), which may be  t5ircon is
stochastic.

p P [a, =1jy, =1]= P P [ah =1jyh =1];
2.2 Fair Policies

and at each time step, the decision for a random in-
The goal of the decision maker is to ndmolicy, = dividual from each of the two different groups is statis-
( ; ),tomaximize the total, expected reward over antically independent of the sensitive attribute conditioned
episode for a random individual, while satisfying step-©on the individual being quali ed.
wise fairness constraints, i.e. imposing a certain type of

) . i . P ili
fairness constraint on states and actions at each time step. gaph cqsel? [,] refers to the probab|I.|ty ,fo,r an
individual in group#, i.e., conditioned on the individual

A random individual in group#, and with decision being sampled in this group.
policy #, follows stochastic state, action, reward o .
sequences’;a¥;r#(si at); stk r# (st at) st The gbove opt|m|_zat|on problems are feasible under
LetE ® [[;P™ [] be the expectation and probability of technical Assumption 4.1 (presented later), and we as-

a random variable de ned with respect to this stochasticsum; feasibility throughout the paper (see also Ap-
process. We denote the expected reward for a randoreNdIX C).
Remark 2.1. Since we are modelling the behavior of a

WwingZhang et al. (2020), we use group_dependemrandome drawn individual from the population, the ob-

policies so that the formulation can be more generalized. Ou}eCtiVe ShOU|d_be_ viewed as to nd a policy pair = .
technique can also be used for group-independent policies if ; ) to optimize the long-term reward of of the deci-
this is required. sion maker while ensuring fairness over the population.
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2.3 Episodic RL Protocol at each step, using a group-speci ¢ policy, leading to
a stochastic transition in the state of the individual. In
This is a learning setting, and we study an episodic seappendix D, we will further discuss how to gather data
quential decision setting where a learner repeatedly inwhen allowing individuals who opt in or out during an
teracts with an environment acro&s > 0 indepen-  epjsode. We use the counting method to obtain estimates
dent episodes. Such a scenario is natural in a numbejf the statistics of interest. For theth individual in

of practical settings, as we discussed in the introducepisodek, their status and action at time sthps de-
tion. We consider the tabular case, i.e., we assume moted a$ﬁ3ih andaﬁfL.

nite cardinality forS and A.?2 Without loss of gener-
ality, we assume that the initial state of an episode is &or# 2f ; g, letpx = (p.;p) andri =(r;r,),
xed state sy (the next state can be sampled randomly,

and statesy does not contribute to any reward or fair- X
ness considerations, see Brantley et al. (2020) for further N/ (s;a) = max 1,
detailed explanation). At epiSOdez [K ], denote pOI' t2[k 1h2[Hi2[n#]

icy pair « = ( 5 )= f( wns wn)Ohzy » whereH

is the horizon. An individual sampled from grou@

starts from stats}.,, thus, we can consider starting state pi (sYs; a) =
pair (sy.1;Sk.1) = (So; Sp) for the trajectory of different

groups (the initial state depends on the group from which

the individual is drawn). At each time stdép2 [H],

1fspy = sy = ag ;
X

#H(a-
N (sia) t2[k 1:h2[Hi2[n#]

i o ofhl = o - <Oy
S = Siay = aSih = SG

the decision maker selects an actigjy, in (Xitn ) t (s: 8) = 1 X

Here, although the policy only uses thkecomponent, it kA= NZ(s;a) 20k 1h2H]i2 (]

is convenient to write it as a function af The deci- TeU TRk

sion maker gets rewand (s}.;, ;afi;, ), and the state of r¥(s;a)1f spy, = siapy = ag:
the individual for next time step is drawn according to

Skne P F(iskn:aln)- Exploration bonus method. In RL, itis standard to in-

Remark 2.2. The policy is only based on tHeature  troduce optimism in order to encourage exploring under-
vectorx. However, we are able to accesi the training ~ €xplored states. Speci cally, fef 2f ; g, we adopt a

data. bonus term%, to add to the estimated reward function
#, such that we obtainf (s;a) = *{(s;a) + §(s; a),
3 LEARNING ALGORITHMS where theﬁﬁ‘(s; a) values assign larger values for under-

explored(s; a)'s. We specify how to choosﬁ‘;‘ in Sec-

Before we formally state our algorithms, we need to in-tion 4.1, and denote

troduce the data used to estimate the unknown quanti- R o X E SR (s ot Y-
ties such as reward function mean pair= (r ;r ) kh (5 ) = Ps [Fic (Sicn 5 @on )T
and transition probability paip . In addition, we will 2o

incorporate arexploration bonugo further modify the

estimation. For the purpose of analysis, we trgats as known con-

stants for simplicity; for example, perhaps these propor-

Data gathering and estimation. In order to analyze tions are provided by census.

the policy effect on the population, we model the behav-Practical optimization for DP. In reality, given we don't

ior of a randomly drawn individual who interacts with have access tp andr *, we need to solving a surro-
the environment acrodd steps. Here, we demonstrate gate optimization problem and hope the optimal policy
how to aggregate individuals' data for each episode and¢an have similar performance as the ideal optimal pol-
estimate guantities of interest. Speci cally, at episodeicy under certain performance criteria. In the following,
k 2 [K], for each groug#, we assumef individuals are  we provide a simple algorithm for RL with demographic
drawn, according t@ andp . Throughout the paper, parity. Itis based on optimization undgf andr{:

we assumaj 1, for each# andk. "

A decision is made independently for each individual rr;ax Rich (Px; );
K=
%In the example of credit score and loan payment in Liu N ! )
et al. (2018), the credit score is discretized and served as sit: 8h 2 [H];
here and the action spaée and quali cation status spacé . - . .
are bothf 0; 1g. P q P P Pe(ae, =1) P Pe(a, =1)j 6
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where we have « = f( ; ) : #@& = 1jx) and
PP 8x;a;h;#g: « can ensure the reachability from
any x to the decisionra = 1. Heref PP g is a se-
guence of real numbers ardy, g.n are relaxations.
Intuitively, if we set PP andé, to be decreasing and

qOpt 1 X iy
eg (k) = ﬁ P (ak;h =1 yk;h = 1)
h=1

vanishing agk increases, we would expect the above op- PP (agn =1jYp = 1) ¢
timization to approach the ideal optimization problem as
k increases. We formalize this in Section 4.1. The theoretical guarantees hold for any episode, not just

the last episode.
Practical optimization for EqOpt. For equalized op-

portunity, and similar to the case of DP, we have 4.1 Choice of Various of Quantities
X In this part, we provide a formal theoretical guarantee for
rr21a>k< Rich (ks ); the performance of our algorithms under the previously
h=1 mentioned criteria with suitably chosen quantiﬁ%gk,
sit: 8h 2 [H]; P Px(agn =1jyen = 1) f & g, andf dq gy, for each episodk.

P P(ay, =1jye, =1)j  en;

B Picn )] < Q and V functions. Two of the mostly used concepts
where we have = f( ; ): *(a = 1jx) in RL areQ andV functions. Speci cally,Q functions
track the expected reward when a learner starts from state
s 2 S. Meanwhile,V functions are the corresponding
expectedQ functions of the selected action. For a re-
ward functionr and a transition functiop, theQ andV

_ o functions are de ned as:
Algorithm.  We can solve these optimization problems

. X

through occupancy measures, and they each become dify » (s:a;h) = r(s;a) + p(sYs;a)V, P (s> h+1);
ferent kinds of quadratically constrained linear programs 028

(QCLP) (see Appendix A). Although QCLP is generally Pl h) — , P (arar -

NP-hard, many methods based on relaxations and ap- Vit (S = B (9[Q7 (siaihl:
proximations such as semi-de nite program (SDP) haveW
been extensively discussed. We use Gurobi to solve these
relaxed optimization problems.

FIPt-8x: a;h; #g: Heref 99" g, is a sequence of
real numbers anﬂd\k;h Och are relaxations. We formal-
ize this in Section 4.1.

here we seV, P (s;H +1)=0 .

Choice of ff. For fffg«, similar to Brantley et al.
(2020), we needfy g« to be valid.

De nition 4.1 (Validity). A bonuﬁ is valid for episode
kifforall (s;a)2S A andh 2 [H],

4 THEORETICAL ANALYSIS

In order to track the performance of the algorithm,
we consider the following regrets. For policy pairs X
f ok, , for reward regretin episodek, we track: re(sia)  r(s;a)+ Pk (s%s: @)
s02S
#.4 #
RI0= 27 Ry ™ Ry 0 | pisIsia) V. P (Tl B(sia)
h=1 t=1
Following the exporatiop-bonus aetting (Brantley gt al.,
2020), we seff = min 2H;2H 2MAGSAHKEZ)

Nf(sia)

where  YP® js the optimal policy pair of RL

with constraint types mentioned above and tyge

fDP;EqOptg. For simplicity, we will omit the sup- and have the following lemma.

script “type” when it is clear from the context and use | emma 4.1. With probability at least.  , for
=C 5 )

For the fairness constraints, we consider the violation for

each type of constraint in episollas the following,

s
n
& (s;a)=min  2H; 2H

2In(16SAHK?2= )0
NZ(s;a)

1 X . . -a) is vali i imulta-
CEeZ (k) = = PP (ag =1) PP (a, =1) ;the bonuég‘ﬁ(s,a) is valid for every episodk simulta

he1 neously.
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Choice of ¢, and d\k;h. Forf &:n Okn andf c'i\k;h Okh s the following theoretical guarantee. Recall for two pos-
we require them to beompatible itive sequence$a; g andfly g, we writeg; = O(ly) if

De nition 4.2 (Compatibility) The sequencten gen  1Min (&=R) <1

is compatiblefforall h2 [H];k 2 [K],jP  Px(an = Theorem 4.1. For type 2 f DP; EqOptg, with prob-

1) P P(an=1)j 6. The sequenckdich gin ability at least1 , there exists a threshold =

is compatiblefforall h2 [H];k 2 [K],jP  Px(an = o HM(sA=) 3 suchthatforalk T

. . . . n ! !

lyn=1) P Pc(an=1jyn=1)j din ‘

1P
Brie y speaking, we hope that when substitutipd’ to RE(k)= O Hk 35 HSIn(S2AH 2k3=)

pﬁ, that€. and@k;h can control the fairness constraints

violation. Let us us& to denotgSj andA to denotgA| . By Theorem 4.1, our algorithms for each of the group

Lemma 4.2. DenoteN;"™ = min s, N(s;a). For fairess notions can ensure vanishing reward regrets

anyf «gf., , with probability at leastl. ~ , we take whenk goes to in nity, which implies that the perfor-
s mance in regard to regret reward improves as the number
X 2S In(16SAHk 2= of episodes increases.
B = : ( NED G g ms P
#2t g k Fairness constraints violation. For fairness violation,

we have the following Theorem 4.2.
Theorem 4.2. For type 2 f DP; EqOptg, with prob-
Similarly, forél‘k;h,we have the following lemma. ability at least 1 , there exists a threshold =

_ 3
%‘T:A—) ,suchthatforalk T,

Then, the sequendéy., g« is compatible.

Lemma 4.3. Denotep ™" = min g, pi(y = 1js;a). O

Foranyf gk, , with probability at least.  , we take

p
r CYP%k) O Kk 3 SHIn(SZHAK3=)
X 3H BNESAC) 43 HS =
k
Gen = pat . ggfimin gmin b 2+2In(4 SAk 2= ) By Theorem 4.2, our algorithms for each of the group
9P Pk N Fmin fairness notions can ensure vanishing fairness violation
; whenk goes to in nity, which implies the performance

4 min 4In2+2In(4 SAk 2= ). . in regard to fairness violations improves as the number

it Py > N » Otherwise, we set of episodes increases.

dcn = 1. Then, the sequend@, gn is compatible.
5 EXPERIMENTS
4.2 Main Theorems
Settings. We takeH = 8 for each episode and update
In this subsection, we provide our formal theoretical gyr policy everyk = 2! episodes, where= 3;4;:::;18,
guarantees for the reward regret and fairness constraintgis update schedule helps to reduce computational cost
violation. We require technical Assumption 4.1. by reducing the number of optimization problems we
Assumption 4.1. (a). Forall(s;a;s% 2S A S need to solve while still collecting a large quantity of
there exists a universal constat > O, such that data. We choose the relaxation parameters anddicn
p#(sYs;a) Cfor#=1f; g. (b). Forall(x;a) 2 as de ned in the previous sections. After each policy
X A , there exists a universal consta@t, such that update, we use 8,000 episodes to evaluate the new pol-
#(ajx) C. icy. All con dence intervals come from repeating each
experiment ve times.
Assumption 4.1 implies irreducibility of the Markov pro-
cess and ensures feasibility of our optimization problemsEstimation and Optimization Process. We estimate
(see Appendix C). Recall that at episokle2 [K], for  transition probabilities and rewards using the counting
each group#, we haven? 1 individuals drawn for method outlined above. These estimates are used as the
each groupt. And as a concrete exempli ed choice of input for our algorithm. The optimization problems are
kand i, wetake = k 3 and , = (kHS) 1. non-convex and the detailed optimization formulations
are included in Appendix F. We use the Gurobi opti-
Reward regret. For the reward regret, for either demo- mization package (Gurobi Optimization, LLC, 2023) to
graphic parity or equalized opportunity, we can providesolve, and set the optimality-value tolerance, feasibility
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(a) DP FICO Pareto (b) DP FICO estConstr (c) DP FICO return

(d) EqOpt FICO Pareto (e) EqOpt FICO estConstr (f) EqOpt FICO return

Figure 1: FICO data result (methodDp and methodEqOpt stand for our proposed methods). 1a and 1d give the Pareto
frontier, where the x axis is the average episodic return and the y axis is the constraint violation level. The point with
the cross marker is the result for the nal episode and the text annotation provide the penalty parameters. 1b and 1c
give the constraint violation level during training. 1e and 1f give the average episodic during training.

tolerance, and solving time limit as 1e-3, 1e-6, and 300for p #(x° = j9x = jjy = w;a = v) forj%j 2 X

seconds, respectively. We use the barrier algorithm foand w;v 2 f0;1g. Then, we setp #(x%y9x;y;a)

all problems. asp *(x9x;y;a)Prco(y? = yix* = x9: More de-
tails about the data generating process are given in Ap-

FICO Data. We adapt FICO score d&téo form our  pendix F.

data generating process. The FICO score dataset con-

tains data from non-Hispanic White and Black cohortsReward function. We choose a score-dependent re-

consist off 2 X = f0;:::;4g, which represent nor- ward, conditioned on the quali cation level and decision

malized score§0; 25; 50; 75; 100y and can be viewed as  as the following:

the feature. In particular, the FICO data provides em- 8

pirical distributions for credit scores of different sensi- 2 Fxn; if yo =1;an = 1;

tive groups, _i.e.ﬁ;.cq(x#_ = }), along with an empir- o (Xn: Y ) = fxn: ifyn =0:an = 1;

ical quali cation distribution conditioned on each score > o fa =0

level Peco(Y* = yjx* = j), wherey 2 f0;1g. We ’ T =05

simulate the data generating process according to the . .
g gp g where #; % 2 (0;1). This reward function captures the

empirical distributions stated above. For the popula-_d that a decisi K . hiaher | ¢
tion dynamics, we model the intial score distribution as'deatnatadecision maker can give a higherioan amoun
P(xt = j) = Prco(x? = |), according to the empir- to a candidate with a higher credit score. As a result,
O — — 0 — y . . H
ical FICO distribution. For the initial quali cation dis- the deC|§|on maker bgne s more. yvhen a more quali-
tribution conditioned on scoré(y# = 1jxo = j) = ed candidate has a higher score; i.e., gaining a larger
Pecoly* = 1jx* = j). Then ,weo enerate the under- total repayment interest from a quali ed candidate with
Ficoly” = X% = ). 1, We ger . higher score because of making a higher loan amount.
lying group-dependent and time invariant transition ker- o .
nelp # in the following way: we rst set a distribution The deCISIO.n makgr alsp suffers a Iqrger, negat.|ve reward
' if the candidate with higher score is not quali ed, be-
3nttps://docs.responsibly.ai/notebooks/ cause a larger loan goes unpaid. In our experiment, we
demo-fico-analysis.html set 4, =0:1;, ;, =0:9 , =0:9 , =0:1 This
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difference in reward function per group further re ects a 6.1 Extension of Stepwise Fairness Notions

decision maker who may, potentially irrationally and un-

fairly, bene t or penalize through their reward function We focus on two popular common types of fairness cri-

for different groups, even for two individuals who other- teria, namely demographic parity and equalized oppor-

wise have the same scaxeand quali cationy (perhaps tunity. However, our techniques can also be extended in

the decision maker worries that the model is not equallyfuture work to additional types of fairness criteria. In par-

accurate or calibrated per group). ticular, we can consider a family of fairness constraints,
as formally introduced in Agarwal et al. (2018). They

Baselines. We use the following policies as baselines: consider constraints in the form

1. SeqUnfair: Sequentially optimal policies without fair- M (a)

: c
ness constraints (= 0).

2. PenalizedSeq: Sequentially optimal policies with anfor matrix M and vectorc, where thej -th coordinate
objective that includes a fairness penalty term, whichof is j(a) = E[g(x;y;a;#)jE;] forj 2 J, and
serves as an alternative method for our proposed optM 2 RKINI ' ¢c2 RK. Here, K = A Y f +;¢g
mization problem. In this case, our optimization objec-(+; impose positive/negative sign so as to recgyen
tive, for a particular kind of fairness constraint, is: constraints), fol¥ = f0;1g,andJ =( [fg ) f O;1g.
E; is an event de ned with respect {a; y; #) and de-
X R CVE EP(F fotst Al . notes the entire probability space. This formulation in-
max - kh (P ) (F7ipcisniangs; ) ; cludes demographic parity and equalized opportunity as
h special cases.
whereFP (f #;pf;sf;afigs; ) is the fairness penalty

and is the penalty parameter € 1;10; 10°). 6.2 Aggregated Faimess Notions

(). Demographic parity For this case, we choose oy techniques can also be extended in future work to

FP(f *:pi;shiahgs; )as adopt aggregate fairness notions that consider the entire
. _ episodic process. Speci cally, we could considggre-
P = HY — 2.
(P P(an =1) P (g, =1~ gate equalized opportunitfalso calledaggregate true

. . . ositive ratein D'Amour et al. (2020
(b). Equalized opportunity. For this case, we choose P ( )

FP(f #;pf;sf;afgs; )as

. P(yn = 1j#
- : F’(ah=11yh:1;#)PH(yh J )_ ;
PP (@ =1jyin = 1) h=1 h=1 P(Yn = 1j#)
2
P Pe(ag, =1jyen =1) which can be viewed as a weighted sum of equalized op-

portunity across steps. This should be relatively straight-
Experimental results. Figure la shows the Pareto forward to handle with our techniques.
frontier in terms of episodic total return and episodic
step-average fairness violation for demographic parityg 3 Non-episodic, In nite Horizon Markov
and Figure 1d shows the counterpart for equal oppor- Decision Processes
tunity. Figure 1b and 1c demonstrate the training dy-

namics of different algorithms for demographic parity, Another natural direction is to extend our framework to

and Figures le and 1f demonstrate the counterpart fofon-episodic in nite horizon. Taking DP as an example,
equal opportunity. Our proposed method converges to §e could consider

stable level in terms of fairness violation over the train-
ing episodes. In addition, from the con dence intervals

h . .
(the shaded area in the graph), we can see that our al- max Rn(p; );
gorithm has a much narrower con dence band than the h=1
other baseline. sit: 8h 2 [H];

"iP P (a,=1) P P (a,=1)j &:
6 DISCUSSION
This will involve using a more advanced version of con-
In this section, we discuss possible extensions of oucentration inequalities for Markov chains, and we leave
framework and future directions. this to future work.
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7 CONCLUSION ness more generalizable in classi ers trained on imbal-
anced dataarXiv preprint arXiv:2206.027922022.

In this paper, we have introduced the study of reinforce-zhun Deng, Cynthia Dwork, and Linjun Zhang. Hap-
ment learning with stepwise fairness constrains, which pymap: A generalized multicalibration method. In
are de ned to require group fairness criteria to be sat-  14th Innovations in Theoretical Computer Science
is ed at each time step. We have provided learning al-  Conference (ITCS 2023Bchloss Dagstuhl-Leibniz-
gorithms with theoretical guarantees in regard to policy zentrum fir Informatik, 2023.

optimality and fairness violations for the case of tabular
episodic RL. Our claims are well-supported by the ex-
perimental results.

Cynthia Dwork, Moritz Hardt, Toniann Pitassi, Omer-
Reingold, and Richard Zemel. Fairness through
awarenes. IrProceedings of the 3rd innovations in
theoretical computer science conferen2@l12.
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Supplementary Materials

A SOLVING OUR ALGORITHMS VIA OCCUPANCY MEASURES

We use occupation measure to reformulate the problem, so that the objective is stated in terms of occupation measures.
For episodek, we denote thd® P« (xf,, = x;yf, = y;af, = a&) as {(x;y;a;h), which we call occupancy
measures.

A.1 Demographic Parity

For episodé, the optimization problem can be reformulated as:
X

max Pz (X Y;a; h)f‘f(x;y; a)
xy;ah#
such that
X X
8h k(X y;a=1;h) cy;a=1;h) G
yix yix
# . = . = . # . = . = .
8#: x;t piy=1ia=1:h) _ 4y =0;a=1:h) this formula makes sure the policy only dependscon

2 tOcy=Liah)y , f(xy=0;ah)
0. ,0 X # (4 0. 0 X # # 0
8# x5y h KOGyhah+1) = KOs as )Ry (< yIxy; @);
a X;y;a

X
st x;y;ah 0 {(xyiah) L Fxy;ah)=1:

Xyy;a
A.2 Equal Opportunity

For episodé, the optimization problem can be reformulated as:
X

max Py (XY@ h)RE (x;y;a)
xy;ah#
such that p p
gh _pkxy=1ia=1h)  , (xy=1;a=1:h) .
! . - . . L k’h !
xa k(Xy=1;arh) ca k(Gy=1;ah)
Hlyy=1-9=1-" Hiyy=0-a=1"
8#; x;t Fk(x’y La=1ih) _ iy =0ia=1;h) this formula makes sure the policy only dependson

2 KOGy =Liah) . f(xy=0;ah)

X X
8#x%y5h K(x%ySah+1)= k(s ys ey (< yIxy;a);

a xy:a

X
8#:x;y;a;h 0 F(x;y;ah) 1 F(xy;ash) =1:

xjy;a
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B EXTENSION TO MULTIPLE SENSITIVE ATTRIBUTES

Consider multiple attribute52 = f 1; 2; ; 40, where isa setof sensitive attributes. We denote the expected
reward for a random individual at time sthgas,
X # . #
Ro(Ps )= ps E P [r *(sh;al)l:
#2

Here,E “ P #[] refers to the expected value for an individual in gratip.e., conditioned on the individual being
sampled in this group. Our goal is to obtain the policythat solves the following optimization problem:

X
max  Ru(p; )

h=1
s.t. 8h 2 [H];
faircon(f *;p *;sh;afigsr );
wherefaircon corresponds to a particular fairness concept.
(i) RL with demographic parity (DPJor this casefaircon is for any i; j 2
P'Pla) =1]=P P '[a) =1];
which means at each time sthpthe decision for individuals from different groups is statistically independent of the
sensitive attribute.
(i) RL with equalized opportunity (EqOpffor this casefaircon is for any i; ; 2
p i i[ah" =1ljy) =1]=P P j[ahj =1jy,) =1];
which means at each time stép the decision for a random individual from each of the two different groups is
statistically independent of the sensitive attribute conditioned on the individual being quali ed.

The corresponding practical optimization for DP and EqOpt can also adapted to multiple sensitive attributes similarly.

C FEASIBILITY DISCUSSIONS

Let us recall the following assumption.

Assumption C.1 (Restatement of Assumption 4.1fa). For all (s;a;s% 2 S A S , there exists a universal
constantC > 0, such thatp #(s9s;a) Cfor# = f; g. (b). Forall(x;a) 2 X A , there exists a universal
constantC, such that #(ajx) C.

For the ideal optimization, Assumption 4.1 makes sure that every step weFhaife’ (st = s;af = a)
Cminy #(ajx) for all s;aandh > 1. Thus, for DP, we can set (a = 1jx) = (a =1jx) = 1 for all x,
then, we know this policy is a feasible policy. Similarly for EQOpt, we can also taka = 1jx) = (a=1jx)=1
for all x, and this is a feasible solution given the evght= 1 is always of positive probability.

The same argument can be applied to the practical optimization for both DP and EqOpt.

D MODELLING INDIVIDUAL'S OPTING IN/OUT

Recall that in order to analyze the policy's effect on the population, we model the behavior of a randomly drawn
individual who interacts with the environment acré$ssteps. However, when we gather data from real individuals,
they may opt in opt out at a certain step and not interact with the environment throughéltstieps. Nevertheless,

we can still aggregate their data and provide estimation of quantities of interest — a representative randomly drawn
individual that interact with the environment for the full episode.
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Speci cally, at episod 2 [K], each time step 2 [H], there areny., individuals (people opt in and opt out in the
process, so therg,are different number of people at each time step). For each,greymol all those people together
and obtaimn{ = = | ni, people in total. We will use the counting method to obtain empirical measures for those

quantities, each quantity will need to sum over all tifepeople. For thé-th individual, his/her status and action at
time h is denoted asm andaﬁjL . Some people will opt out, for example th¢h individual opts out ah + 1, so there

is no status for him/her at timfe+ 1. Given that, let us de ndfsf = s;af), = a;sgy,, = gto be the indicator,
which will be 1 only Whens(') =s; al(('% = @, and that individual still hasn't opted out at tirhe+ 1 (sk h+1 EXiSts).
Similarly, if the thei-th individual has opted out at tirfe+ 1, those indicators used below concernsﬁg +1 Will be

0.

For#2f ; g letpk = (p;p) andri =(re;ry),

NZ(s;a) =max 1; sy = siagy = aSepay = 0
t2[k 1h2[H]i2[n¢]
# Ca) — 1 X G I ] . 41 — <O~
pk(SCjS,a) = 7N#(S' ) s, = siah = &Sy = SO
KA 2k ah2HTi2[n]
1
r(s;a) = ——— rf(s;a)lfs = s = a
« (s:8) N7 (s;3) (s;a)1f s, a) = ag:

t2[k 1:h2[H]i2[n#]

Our analysis carries over to this setting as long as we assume at each tirharst@pepisodes there is an individual
who will not opt out in the next time stdp+ 1.

E OMITTED PROOFS

For simplicity of notation, wemit the superscript # in most of the proofs. In addition, without loss of generality,
we assume 2 [0; 1]. This is just for proof simplicity, and our algorithms can still be applied to settings with negative
reward values. Also, for quantities de ned below suchtg8 andV, P , we will omit subscripts and superscripts
when it is clear from the text.

Recall the following concepts:

Q andV functions. Two of the most common concepts in RL &&andV functions. Speci callyQ functions track
the expected reward when a learner starts from st&t& . Meanwhile,V functions are the corresponding expected
Q functions of the selected action. For a reward functi@nd a MDP with transition functiop, Q andV functions
are de ned as:

X
QP (sah) = r(ssa)+  p(sis;a)V, P (s5h+1);
s028

Vi P (s;h) = Ea (is) [Qr;p (s;a;h)];

where we seV, P (s;H +1) =0 .

Bellman error.  For an arbitrary functiomn, for underlying objectivesn andp , theBellman errorfor p; m under
policy at stageh is denoted as:

X
B (s;a;h)= QP (s;a;h)  m (s;a)+ p (sYs;a)V,P (s>h+1) : (1)

s0

E.1 Proof of lemma4.1
n

q —_O
Lemma E.1 (Restatement of lemma 4.1)f we takeﬁ;* = min 2H;2H 2In(16 SAHK 2= )

N7 (sa) , then with probability

1 ,the bonuﬁf(s; a) is valid for allk episodes an¢ = f ; g.
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Proof. Fora xed# 2 f ; g, given thatr 2 [0; 1], we havesups,s o1 jV(S;h)j  H. For a single state-action
pair (s; @), by Hoeffding inequality, with probabilitg. ~ ©
s

X 2In(2= 9
f(s;a) re(s;a)+ p(sis;a) p (s9s;a) V(sSh+1) 2H ——=
028 Nk(s; )
Also, by the boundedness Bf andV,

X
f(s;a) r.(s;a)+ pe(sYs;a) p (sYs;a) V(s>h+1)  2H:

s02S
Further if we take © = =z, and further apply union bound on stats and actions, then the failure probability is
=(4k?) for episodek. Lastly, bounding across episodes, we have the failure probabilty is:
X
k2
i=1
Since there are two values fér again we apply union bound, then we have the nal result. O

E.2 Proof of Lemma 4.2

To prove our result, we need the following lemma.

Lemma E.2 (Simulation lemma (Kearns and Singh, 2002fpr any policy , objectivem, transition probabiltyp,
and underlying objectives ;p , it holds that

hyd i
E VP (s1;1) E VP (s;1)=E B, (sh;an:;h) :
h=1

N#mln

Lemma E.3 (Restatement of Lemma 4.2Denote =minsa NF(s; ), for anyf «gf_, , with probability at

leastl , we take

S
X 2SIn(16SAHk2=( | ))
Cn = H N +2 kHS;
#2f ; g k

then€, is compatible for alh 2 [H] andk 2 [K].

Proof. For a speci c time stefn , let us consider taking

1fagy, =1g; ifh=nh:
0; otherwise

)

Mh (Skhs@ch) = My (Skhiaen) =

And it is easy to observe that
E Vb (s1;1)= PP (agn =1):

Thus, in order to bound
jP P(agnh =1) P P (an =1)j;
it is equivalent is to bound

h [
JE Vi, P<(s1;1) E Vp, P (sul)j= E Bm,P“(sh;an;h)
h=1

P
Here, a slight ne-grained analysis suggests that }ge can replaﬁe1 to E -1 » but this change cannot change the
order of the nal bound, so for simplicity, we still use | _, .
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Now, let us analyzeB,, P« (sp;an;h) : Speci cally,

X
B, P (Sh;an;h) = pk(sYs;a) p (sYs;a) Vi, P (9 :
s02S

SinceVy, P« (s9 (we will useV for simplicity from now on) is data dependent, we need to to use a union bound
argument. Notic&/ (s) 2 [0; 1] for all s, thus, we can let to be a -net on[0; 1]°. For any xedV 2 , by similar
proof as in Lemma 4.1, we have with probability at lehst © forall k 2 [K],
s
2In(8SAk2= 9
; ; V _—
p(s9s;a)  p (sYs;a) V(s) N (5.3)

s02S

The cardinality of is(1=)S. Thus, by using union bound and let %(1=)% (we don't need to union bound over
H because we have bounded for all elements in epsilon nets), we have with probability &t legdbr allh 2 [H],
S

2SIn(8SAHK2=( )
Nk (Sh;an)

Bm, P (sn;an;h) S:

Notice our argument still valid if we setas i for episodek. Then, we have that with probability at ledst

S
X 2SIn(16SAk2=
O = 2 BN S () yp pis:
4% g mins;a N7 (s; a)

is compatible for alk 2 [K].

E.3 Proof of Lemma 4.3

Lemma E.4(Restatement of Lemma 4.3|))enotep§;mi“ =min sa Pc(y = 1js; @), Foranyf gk., , with probability
atleastl , we take r
X 3H  ZmESAC ) 43\ HS
ék;h = ‘ F
#2f . g pﬁ:min p#lif;min 4In 2+2’\Iln§;4mmSAk 2=)

r

if ppmn > Al 2+2,\"”k§ﬁmnSAk2: ) Otherwise, we sef, = 1. Thendi, is compatible for alh 2 [H] andk 2 [K ].

Proof. By Bretagnolle-Huber-Carol's inequality, we know that with probability at ldast , forall (s;a) 2S A

andk 2 [K] s

X L 4In2+2In(SAk2= )
ip(yis;a) p (yis; )] :
J2v N (s; a)

By proof as in Lemma 4.2, we know that by taking

faen =1;yknh =1g; ifh=h;
0; otherwise

3

Mh (Skh;@ch) = My (Skh;akh) =

we have for any > 0, foranya 2 A
s

2SIn(8SAk2=( )) N
Minga Nk (S; &)

P P(ach =ayen =1 P P (an = ayn =1)]j HS;
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with probability at least

On the other hand, by summing ovefor P P« (a., = a;ykn =1) P P (axnh = @Ven =1),we have

5

X
P Pyicn =1) P P (yn =1)j jP P(axn =ayn =1) P

a
S

(&h = &Ykh =1)]

2SIn(8SAk2=( ))

- +2 HS;
Ming.a Nk (S; @)

fh>1

X
P P (ykn =1) P (Ykh =1jSkh 1= S;ah 1= @P P (Sch 1= S;ah 1= @)

s;a

minp (y = 1js;a):

Sinces; can be chosen by us, so we can make sure® (yx.1 = 1) bounded away frond. Actually, even we set
Yk.1 = 0, conditioning on, automatically satisfy EqOpt constraint.

Similarly,
. X . .
P P(ykn = 1) Pc(Yich =1jskh 1= S;ach 1= @)P P (Skh 1= Sjakn 1= a)

s;a

minpe(y = 1js;a):

By Bretagnolle-Huber-Carol's inequality, with probability at ledst , forall(s;a)2S A
s

4In2 +2In(SAk2=)

ik(y =1js;a) p (y=1js;a)j Ny (5:3)

As aresult, if s

4In2+2In(SAk?=)
Ming.a Nk (S; a)

min pc(y = 1js;a) > 2
s;a

then, with probability at least
s

4In2+2In(SAk2=)
Ming.a Nk (s; @)

minp (y =1js;a) > minpc(y = 1js;a)
s;a s;a

which further leads to

P P(agn =1jykn =1) P P (an =1jyknh =1)]
jPoP(ach =1iykn =1) P P (agn =Liykn =1)j+ P P(agn =1) P P (an =1)j
Py =1js;a)p (y = 1js;a)
P P(agh =1iykh =1) P P (agh =1jykn =1)j+ P P(agn =1) P P (an =1)]

. . . . A n2+2In( SAK2= ).
Minsa Pe(y = Ljs; a)(Minsa pe(y = 1js;a)  ARE2NCSRCs))

3Hq 2SI@SAK?=( ) 4 3 Hg

minsa Ng(s;a)

. . . . N N2+ 2In( SAK 2= ). :
Minsa Pe(y = 1js;@)(Minsa p(y = 1js;a)  HE2n(Sa =)

Notice our argument still valid if we set for episodek and apply union bounds for all the events mentioned above
and# = f ; g, then, we have that with probability at ledst
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8 s
2-
5 ) aH = STk ) 43 Hs r
Nk e f p#;min S 4In2+2In(4 SAk?=).

6k;h = # “min #min " Tnzon@  SAk 2=y k N Fmn ’
§ pk pk N li;t;min
' 1; otherwise

is compatible for alk 2 [K]. O

E.4 Proof of Theorem 4.1

We rst need a lemma regarding the lower boundwifis., N7 (s; a).

Restatement of Result in Kontorovich and Ramanan (2008) We consider a simpli ed variant of Theorem 1.1 in
Kontorovich and Ramanan (2008). L&t 2 S, whereS is a nite set, andZ = (Z1;Z,;  ;Zp). We further denote
Z! =(Zi;Zi+s1; ;Zj)asarandom vector fdr6 i<j 6 n. Correspondingly, we let! = (z;z.1; ;z) be
a subsequence f¢e; ; z; 1Zn). And let
o= sup g (v Hww);
vi '2Si Lww02S; P(Zi=Yi 1w)>0; P(Zi=Vi 1w0)>0

where _ _ ' _ .

i (Vi hwiwd) = TV D(ZjZ) = vy 'w);D(Z'jZi = v tw9) ¢
HereTV is the total variational distance, ab{(Z "] I = viw) is the conditional distribution o' conditioning on
fZ} = viwg.

LetH, ben n upper triangular matrix de ned by

8 o
<1 i=]j
(Hn)ij = . i 1<]
0 ow:
Then,
KHnky = {Q§g<an;i;
where
Jni =1+ i t + in,
andJ,, =1.

Theorem E.1(Variant of Result in Kontorovich and Ramanan (2008)gtf be aL; -Lipschitz function (with respect
to the Hamming distance) @ for some constarit; > 0. Then, for anyt > 0,

t2

P(jf (Z Ef (2)j>t) 6 2ex —_—
(if (2) @2j>1) p PNLZKHKE

Lemma E.5. Under Assumption 4.1, with probability at ledst ,forallk 2 [K],(s;a)2S A ,#2f; ¢

s I
2H2In(4k2SA=)

¢ khk(H Dk 1)

N (s;a) 1 cknk(H 1k 1):

Proof. By (@) in Assumption 4.1, we know that for arfg; a), (s a9
PP (skh =(XY)iakn =8  k(@kn = aXin = X)P 7 (Skn = (6 Y)isin 1= 858 1=8) C

As  is decreasing with respect kg we must have forall kK,

#.
t

p ot ot #oatt i H# Hrott io# L AH .
PP (stharn) { (@ IXEn )P “(Sthisth 1:8h 1) C k!
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Notice each individual is independent thus,

Nk (s; a)

E(H K 1)

C «ng:
Meanwhile, the data between different episodes are independent, thus, using the notation in Kontorovich and Ramanan
(2008), we know j =0 if ji jj H. Notice total variational distance is always bounded pgo

then, by applying Theorrem E.1 about the concentration result for non-stationary Markov chain,

"2C yn(H 1)k 1)
2H?2

P(jN¢(s;a) ENi(s;a@)j "cng «(H 1)k 1)) 2exp

In other words, with probability at leagt  ©,

S |
2H2In(2= 9)
Cwnk(H 1)k 1)

Ni(s;a) 1 Cknk(H Ik 1)

Taking °= =(2SAk?), we have with probability at leagt ,forallk 2 [K],(s;a)2S A ,#2f; g
s !
2H2In(4k2SA= )

Cwn(H 1)k 1)

NZ(s;a) 1 C wnk(H 1)k 1)

Next, we will use the concept @ptimismin Brantley et al. (2020) in our proof.
De nition E.1 (Optimism) We call(pk;r«) is optimisitc if
h i h [
EV, P(s1;1) EV, P (s1;1):

Lemma E.6. If f is valid in episodé for all k simultaneously, we have
h i h i
EV, P(s1;1) EV, P (s1;1):

Proof. This proof mainly follows Brantley et al. (2020) by using induction.
Since the setting ends at episdde

Q,P(siaH+1)= Q * (s;aH+1)=0:

We assume that the inductive hypothe3js P« (s;a;h)  Q, P (s;a;h+1) (thus)V,, P<(s;h+1) V, P (s;h+
1) holds)). Then, foh,

X
Q. P (s;a;h+1)= r + pe(sYs; @)V, P (s%h+1)
s
e + p(sYs;a)V, P (s®h+1):
s02S

Meanwhile, we know, X
Q P (siah=r (sa+ psisaVy, P (sSh+1):
s02s
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Subtracting the above two formulas, we have

Q P(siah) QP (siah) (Asia)+ B(sia) 1 (sia)

+  ((sYs;@) p(sYs;a)V, P (sh+1) 0O
s02S

where the last inequality holds because of the bonuses are valid. O
Let us summarize brie y and informally: with probability 4 , we have:

1. foeh Okn are compatible;
2. fdih Okn are compatible;

3. fh}, gk are valid;

qﬁ
4. Nf(s;a) 1 ZLREESE L CamH 1)k 1)

We denote everf; as the events 1, 3, 4 hold simultaneously. We denote &gead the events 2, 3, 4 hold simultane-
ously.

Lemma E.7. When for DP casd; holds (similar for EQOpt casds, holds), and when,  C, we have

Proof. Recall X
# . #
Ry(p; )= ps E P [r *(shiap)l:

Our aim is to bound
1 X X " h #o0 # i h Fop # [
Rreg (K) = q RoP: J)Ruwp: &) =5 P EV. P (s1;1) EVE® (s1;1)
h=1 #
p h i h . . [
# Y . kP .
Letus rststudy ,p* EV, ., (s1;1) E V. %" (s1;1)
If fq‘f;h Och are valid, by optimism, we have
h # . # I h #NH I
EV,,? (sul) EV, Psii1):
k

r

As a result, we have
X # h # . # I h #.p # I X 4 h #.p# I h #.p # I
PP EV,, P (s1;1) EV T (s1;1) PP EV, T(sil) BV AT (sl
# #

Throughout the proof and proofs afterwards, let us take k 73,

If « C (equivalentlyk > (C) 2 if we take = k 73), then by compatibility off &n gin or fdich Gicn |

( ; )isafeasible solution to our algorithm, as a result
X h e ! h T RPN X h PN h Ep 7 ey
p* EV, ., (s1;1) EV. & (s1;)) p* E Vrz (s1;1) E V. %" (s1;1)
# # . .
X h i

v i ? 1
# (Sll)

r

h o, ., i
p* E v, Ph(s;;1)  E
# .
# R Pk I
P° BT (Shianih)
#



Reinforcement Learning with Stepwise Fairness Constraints

Thus,
1 X
Rreg(k)= ﬁ Rh(p ; ) R h(p ; k)
l;l(:l h #on # I h #.n # I
= o pP EV , P (sil) E VAP (s;;1)
# .
1 X h , ., i
q p’ Brg'pk (Skhiach;h)
#

By Lemma B.4 of Brantley et al. (2020), with probability 2 forany#2f ; g,
S

- 2SIn(16S?AH 2k3=) 1
B Pk (e @ - h 4H 2 \ + —:
i (Skn s akn s h) Mings.a Nk (S; @) k

2 2ca— 2 _ 3
Then, wherk %,thaﬂsk Co+ % for some constar€® we have

N (s;a) %C k(H - )k 1):

Thus, s

B, £ P (Scniakn;h)  4H2
r kih 3 Sk;h 5

4SIN(16S?AH k3= ) 1
Ck =ng(H 1)k 1) k

Thus, with probabilityl 2
S

R reg (k) 4H

4SIN(16S°AH?K%=) 1
Ck =3n(H 1)k 1) kH

O

Theorem E.2(Restatement of Theorem 4.1for type 2 f DP ; EqQOptg, with probability at leastL ~ , there exists
_ 3
athresholdT = 0  HINSA=) = ‘gychthatforalk T,

Nk

p
RYPHk)= O Hk ¥ HSIN(SZAH 2k3=)

Proof. Noticingnix 1 and the result follows immediately from Lemma E.7. O

E.5 Proof of Theorem 4.2

Recall for the fairness constraints, we consider violation for each type of constraint in ebiasdkiee following:

1 X . .
Cr?ez (k) = H PP (agp =1) P« P (ak;h =1):
h=1

and

1 X . . .
e%Opt (k) = q P P (agn =1Ven =1) PP (g =1y =1) ¢
h=1
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Theorem E.3(Restatement of Theorem 4.2for type 2 f DP ; EqQOptg, with probability at leastlL
_ 3
athresholdT = 0  HINSAZ) = ‘gychthatforalk T,

Nk

k) O k P SH In(S2HAK 3=)

Proof. Letus rst considerG3] (k). Notice

P = i)(-l kP - P -
Geg (0= PP (3 =1) PP (a;,=1)

, there exists

h=1
1 X . . 1 X . .
g PP @n =1 PrP(ag =1) + 5 PP (ag =1 PrPe(ag =1)
h=1 h=1
X .
+ a PP (g, =1 PxP(a, =1)
h=1
X &4 1X : :
e PP (agn =1) P Pe(ay, =1)
h=1
1 X . .
+ a P «P (ak;h =1) PP (ak;h =1):
h=1

Notice that switching # to ¥ doesn't change our argument in Lemma 4.2, thus with probability at least, for

k (we take i to be consistent té., ) for both# = f ; g

S

2SIN(16SAk2=( ¢ ))

- +2 (HS:
ming.a N/ (s; @) “

P ff;p ! (aﬁ;h = 1) P ﬁ;pﬁ (a#lﬁ;h = 1)

Thus, with probability at least 2

S

. X
Gey (K) 2H

2SIn(16SAk2=( | ))

- +4 (HS:
mins.a N7 (s; ) k

By taking x = 1=(kHS),
s

2SIn(16S2Ak3H=()) 4

X
P (k 2H +
Geg (K) mins.a N (s; )

=

Now, let us consider

1 X . . .
2a0Pt (k) = 0 PP (an =1VYen =1) PP (ay =1jyy, =1
h=1

Similarly, by the triangle inequality,
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1 . : .
e%om (k) = q PP (an =1yn =1 PP (a =1y =1)

h=1

1 X . . .

H PrP(ae, =1y =1) P rPe(ay =1jy, =1)
h=1

1 )tl X # . # # . # .

o PePi(al, =1y, =1) PP (af, =1ljyp, =1) :

h=1 #

Notice that switching # to # doesn't change our argument in Lemma 4.3, thus with probability atleas? , for
k (we take i to be consistent tO ),

8 s
2=
E p gH 2562 SAk T2 ) \n(32N iﬁ:m =k ) 46 kHS ) r
k e if Fmin 4In2+2In(4 SAk 2= ),
qOpt (k) # ————— | pk N Fmin ’
eg #;min #,min 41n2+2In(4 SAk 2= ) k
§ pk pk N #,min
k .
1 otherwise

Meanwhile, it also holds simultaneously that for@ja) 2S A
s

. L N 4In2+2In(4SAk2=)
ik(y =1js;a) p (y=1js;a)] Nk (5.3) :

q
. 4In2+2In(4 SAk 2=)
Thus, if4 i Ne(5a) < C, we have

r
6H 2SIn(32 SAk 2=( ) +6 (HS

#min
N k

30 (k) =
#

Recall with probability atleast ,forallk 2 [K],(s;a) 2S A ,#2f; g
s I
2H2In(4k2SA=)
Cn(H Ik 1)

C knk(H 1)(k 1):

N (s;a) 1

8H 2 In(4 k2SA= )
Then, Wherk W’

N (s;a) %c k(H - )k 1):

Thus, we have the following properties:

_, 3
« With probabilityl 3 , there exists a constant thresh@dfork CO+ % , We have

rQLan(s;a) %an(H Nk Dk ¥

As aresult, S

4S In(16S2HAK 3= )

P
Gea () M end Dk Dk =

4.
o
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 With probabilityl 3 , there exists a constant threshalf for

)
K max CO+ 8H?In(4SA=) 3_ 32In2+16In(4SA=) 3 )
Cng(H 1) ' C3(H 1)ng '
q
4SIn(32 S2ZHAK 3=) _
q0pt (1 2 Cni(H 1)(k 1)k =3 +24_k_
1P (k) =2
#
Noticingnx 1, we obtain the nal result. O

F FURTHER DETAILS ABOUT EXPERIMENTS

F.1 Additional Optimizations

For the formulation of our algorithm via occupancy measure, please refer to Appendix A. Here, we describe additional
formulations for the surrogate optimization.

F.1.1 Demographic parity penalized objective surrogate

For episodé, the optimization problem can be reformulated as:
X X X X
max T CSEH DA CREY ( «(xysah) «(xy;aih)?
X;ysa;h# hia yx yix
such that
(x;y=1;a=1;h)  JF(x;y=0;a=1;h)

#
8#,x;t B =
a if(x;y=1;a;h)x a L5y =0;5a;h)

8#,x%y%h Kx%ySah+1)= KOs ysah)pl (CyIxy; a);
a xy:a
gtxy;ah 0 (xyiah) 1 kOGysash)=1:
xy;a

F.1.2 Equal opportunity penalized objective surrogate

We make use of change of variable techniques to convert the polynomial optimization problem to a quadratic opti-
mization problems for computational purposes. For episgdiee optimization problem can be reformulated as:
X X

max e Oy ah)ff (xy;a) (Un  Vh)®
o x;y;a;h;# h
such that
X X
8h vy = k(xy =1;a=1;h) (OGy =1;a;h)
8h u, = Xy =1;a=1;h) K(y =1;a;h)
X X;a
8 t F{;‘(x;yzl;azl;h): J(xy=0;a=1;h)

. fxy=1;ah) , f(xy=0;ah)

X X
8#,x%y5h K(x%ySah+1) = KOG y; ey (Y% y; @)

a xy;a

X
gtxy;ah 0 K(xyiah) 1 kOGysah)=1:

xy,a
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F.2 Additional Results for Synthetic Data

For the population dynamics, we model the initial quali cation distributionP4¢yj = 1) and the initial feature
distribution conditioned on quali catio®* (xo = jjyo = w). For a loan setting, we can interpret a higher feature
valuei as corresponding to a better credit score. Then, we generate the underlying group-independent and time
invariant transition kerngb # in the following way: we rst set a distribution fop #(y° = w9y = w;a = v) for

wew;v 2 f0;1g. Then,wesep #(x°= jGx = jjy°= w%a= v)forj%j 2 X andw®v 2 f 0;1g. Thus we set

p *(x%yIxy;a) asp *(yJy;a) p * (xGx;y% )

Figure 2a shows the Pareto frontier in terms of episodic total return and episodic step-average fairness violation for
demographic parity, and Figure 2d shows the counterpart for equal opportunity. Figure 2b and 2c demonstrate the
training dynamics of different algorithms for demographic parity, and Figures 2e and 2f demonstrate the counterpart
for equal opportunity. Our proposed method converges to a stable level in terms of fairness violation over the training
episodes. In addition, from the con dence intervals, we see that our algorithm has a much narrower con dence band
than the baseline.

(a) DP Synthetic Pareto (b) DP Synthetic estConstr (c) DP Synthetic return

(d) EqOpt Synthetic Pareto (e) EqOpt Synthetic estConstr () EqOpt Synthetic return

Figure 2. Synthetic data result (methodDp and methodEqOpt are our proposed methods). 2a and 2d give the Pareto
frontier, where the x axis is the average episodic return and the y axis is the constraint violation level. The cross marker

gives the performance in the nal episode and the text annotations give the penalty parameters. 2b and 2c give the
constraint violation level during training. 2e and 2f give the average episodic return during training.

F.3 Detailed choice for parameters for experiments

We discuss the choice of parameters for our data generating processes.

F.3.1 Synthetic Data
We setP(xq = ijyo = 1) = 0 :2andP(xg = ijyo = 0) = 0 :2 for initial probability conditioned on the quali cation
status of the individual.

Wesetp #(yO=1jy=1;a=1)=0:6,p*(y°=1jy=1;a=0=0:4,p*(y’=1jy=0;a=1) =0:6and
p#(y’=1jy=0;a=0)=0:4.
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