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Abstract

Kernel two-sample testing provides a powerful
framework for distinguishing any pair of distri-
butions based on n sample points. However, ex-
isting kernel tests either run in n? time or sac-
rifice undue power to improve runtime. To ad-
dress these shortcomings, we introduce Com-
press Then Test (CTT), a new framework for
high-powered kernel testing based on sample
compression. CTT cheaply approximates an ex-
pensive test by compressing each n point sam-
ple into a small but provably high-fidelity core-
set. For standard kernels and subexponential
distributions, CTT inherits the statistical behav-
ior of a quadratic-time test—recovering the same
optimal detection boundary—while running in
near-linear time. We couple these advances with
cheaper permutation testing, justified by new
power analyses; improved time-vs.-quality guar-
antees for low-rank approximation; and a fast
aggregation procedure for identifying especially
discriminating kernels. In our experiments with
real and simulated data, CTT and its extensions
provide 20-200x speed-ups over state-of-the-art
approximate MMD tests with no loss of power.

1 Introduction

Kernel two-sample tests based on the maximum mean dis-
crepancy (MMD, Gretton et al., 2012a) can distinguish any
pair of distributions given only a sufficiently large sample
from each. However, standard MMD tests have prohibitive
running times that scale quadratically in the sample size
n. Gretton et al. (2012a); Zaremba et al. (2013); Yamada
et al. (2019); Schrab et al. (2022) introduced faster approx-
imate MMD tests based on subsampling, but each suffers
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from a fundamental time-quality trade-off barrier: for any
pair of distributions, quadratic time is required to match the
discrimination power of a standard MMD test (see Prop. 2).
Our first contribution is a new subsampling approach called
Compress Then Test (CTT) that accelerates testing by first
compressing each sample. In Sec. 3, we prove that this
approach pierces the aforementioned barrier, matching the
quality of quadratic-time tests in near-linear time for subex-
ponential distributions. Along the way, we develop refined
analyses of permutation tests, establishing their discrimi-
nating power even when permutations are restricted to pre-
serve group structure and relatively few (e.g., 39) permu-
tations are employed. In our experiments with both real
and synthetic data, the CTT time-quality trade-off curves
dominate those of state-of-the-art subsampling approaches,
providing 200 speed-ups.

Zhao and Meng (2015) introduced an alternative, low-rank
approach to fast approximate MMD testing that replaces
the target kernel with a ©(nr) time approximation based
on r random Fourier features (RFFs, Rahimi and Recht,
2008). This method often performs well in practice, but the
guarantees of Rahimi and Recht (2008); Zhao and Meng
(2015); Sutherland and Schneider (2015); Sriperumbudur
and Szab6 (2015) require ©2(n?) random features and hence
Q(n?) time to match the power of a standard MMD test.
By compressing before performing low-rank approxima-
tion, our second contribution, Low-Rank CTT (LR-CTT),
allows a user to harness any effective low-rank approxima-
tion without sacrificing the improved time-quality guaran-
tees of CTT. In our experiments, this hybrid test offers the
best performance of all, outpacing both the CTT and RFF
tests.

Finally, in the spirit of Schrab et al. (2021), we develop Ag-
gregated CTT (ACTT) tests that improve power by rapidly
identifying the most discriminating kernel in a collection
of candidates. In our experiments, ACTT offers 100-200x
speed-ups over the state-of-the-art efficient aggregated tests
of Schrab et al. (2022).
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2 Kernel Two-sample Testing

As a standing assumption, suppose that we observe Xm, ,
(Xi)iZq and Yn , (¥j)j;, two independent sequences of
datapoints drawn i.i.d. from unknown probability measures
P and Q respectively. In two-sample testing, our goal is
to decide whether the null hypothesis Hy : P = Q or the
alternative hypothesis H; : P # Q is correct. A test A
is a binary function of Xy, and Yy, such that the null hy-
pothesis H, is rejected if and only if A(Xm, Yn) = 1. The
size or Type I error of the test is the probability that the
null hypothesis is rejected when it is true, i.e., the proba-
bility Pr[A(Xm, Yn) = 1] when P = Q. A test is said to
have level « € (0, 1) if its Type I error is bounded by « for
all probability distributions, i.e., supp_q Pr[A(Xm, Yn) =
1] < «. The Type II error of a test for a specific choice of
P # Q is the probability that the null hypothesis is ac-
cepted, i.e., Pr[A(Xm, Yn) = 0]. For a given level o, our
aim is to build a test with Type II error as small as pos-
sible for alternatives Q that are not too similar to P. If
Pr[A(Xm, Yn) = 0] = 3, we say that the test has power
1 — B against the alternative Q.

Kernel two-sample tests are popular because they can
distinguish any pair of distributions given sufficiently
large samples and a characteristic kernel K (Gretton
et al., 2012a). A characteristic kernel is any positive-
definite function K(z, y) (Steinwart and Christmann, 2008,
Def. 4.15) satisfying Ex pk(X,z) # Ev ok(Y,z) for
some x whenever P # Q. Common examples include
Gaussian, Matérn, B-spline, inverse multiquadric (IMQ),
sech, and Wendland’s compactly supported kernels on RY
(Dwivedi and Mackey, 2021). Kernel two-sample tests take
the form A(Xm,Yn) =1[T(Xm,Yn) >t ] where the test
statistic T'(Xm,Yn) is an estimate of the squared maximum
mean discrepancy (MMD) between P and Q,

2 0 0
MMDE(P, Q) + B, ia KX, X +E o K(V.Y?)

—2Ex pwy oK(X,Y),

and t is athreshold chosen to ensure that the test has either
finite-sample or asymptotic level a.

Quadratic-time or complete MMD tests The standard
MMD test statistics defined in Gretton et al. (2012a) each
require ©(m? + n?) kernel evaluations and hence compu-
tation that grows quadratically in the sample sizes. For ex-
ample, Gretton et al. (2012a, Sec. 4.1) defines the squared
sample MMD test statistic,

P
MMD&()Xm,Yn) L Wg(xi,xio)

P
+# 1 j;j° nk(YLYjO)_% :n:l P:l k(XI’Y])

Gretton et al. (2012a, Lem. 6) also presents two unbiased

estimators of MMDZ (P, Q) as test statistics:

p
1 ieid m K(XiXo)

MMDZ(Xm,Yn) »

m(m_1) P
it pK(YiXj0) 20 TR k(XY
+ e 1>(P’ i) L L ()
ie=i n NOXEXGYilYj
MMDZ, (Xn,Yn) , —1= n(rf o 3 )

where h(fE, Ioa Y, yo):k(xﬂ $0)+k(y7 yo)ik(xa yo)ik(xoa y)
The estimator (2) differs from the estimator (1) as it omits
the diagonal cross-terms and is defined only when m = n.

Block MMD tests To improve computational cost
through subsampling, Zaremba et al. (2013) introduced
block MMD tests, or B-tests for short, that average % inde-
pendent instances of the quadratic estimator (2), each with
sample size B, i.e.,

2 B P% .
MMDg (xnaYn) » HP i=1"h (XmYn) with ©)
iB
1 (Xn, Yn) 5 ﬁ _;;k:(i B+ 1jek NG, X Y5, Vi)

Consequently, the statistic COﬁputation takes time O (nB).
Moreover, when g — oo, ﬁMMD28 has a Gaussian
limit under the null that can be estimated to set ¢ . Pre-
viously, Gretton et al. (2012a, Sec. 6) studied a particular

instantiation of this test with B =2.

Incomplete MMD tests Yamada et al. (2019) introduced
an alternative O(¢) time subsampling approximation based
onchompIete MMD test statistics, MMDZ_(Xn, Yn)

(i:j)2o N(Xi, Xj,Yi,Yj), with D a collection of ¢ or-
dered index pairs. Yamada et al. (2019) sampled pairs
uniformly with replacement and set ¢ using the Gaussian
limit of v//MMD?2_ as ¢ — oo. Schrab et al. (2022) in-

stead used deterministically pre-selected index pairs and a
wild bootstrap setting of ¢ described below.

Low-rank RFF tests Zhao and Meng (2015) proposed a
complementary speed-up for MMD testing based on a low-
rank MMD approximation of the form

MMD3, (Xm,Yn) » 4)
P P 2
% Elq)r(xi)_% in:1q>l’(yi) 9

where @ maps each sample point to an r-dimensional fea-
ture vector. Specifically, Zhao and Meng chose r RFFs to
unbiasedly estimate MMDZ in ©((m + n)r) time.

Permutation tests For any of the aforementioned test
statistics, one can alternatively set ¢ using the following
permutation approach to obtain a test with non-asymptotic
level o (Romano and Wolf, 2005; Fromont et al., 2012).
Let U be the concatenation of X, and Y. For each per-
mutation o of the indices {1,...,m + n}, define the per-
muted samples X, = (U i))%1,Yn = (U (mi))j=1
and the permuted statisticas 7', T(X Y,,)- Sample B
uniformly random permutations (o1,)2_; to obtain the val-
ues Ty , T ® and sort them in increasing order (T{p))§_;.
Finally, sett = T(d(l )(B+1)e)-
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Wild bootstrap tests Similarly, when m = n, the follow-
ing wild bootstrap approach employed by Fromont et al.
(2012) yields a non-asymptotic level o by exchangeabil-
ity and Romano and Wolf (2005, Lem. 1). For each vec-
tor e € {£1}", define ' , T'(X,,Y,) where Xp, Y
are constructed from X, and Yy, by swapping Xj and Yj if
¢i = —1. Sample B i.i.d. vectors (e,)E_, uniformly from
{£1}", compute the values T, , T °, and finally set ¢ as
in the permutation approach.

3 Compress Then Test

This section introduces Compress Then Test (CTT), a new
framework for testing with sample compression. CTT re-
lies on a new test statistic, CORESETMMD, that we de-
scribe and analyze in Sec. 3.1. Sec. 3.2 then provides an
analysis of the complete CTT procedure detailed in Alg. 1.

Algorithm 1: Compress Then Test, Actr

Input: Samples (Xm, Yn), # coresets S, compression level g,
kernels (k; k%), failure prob. , # replicates B, level

Partition X, into Sm = - equal-sized bins (X('))

m-+n
Partition Yp, into Sp = equal-sized bins (Y('))

m+n

// 1dentify coreset of size 29 ™= for each bin

KT-CoMPRESS(XS%; 0; ki K'; )
end
fori=1;:::;sndo
| P KT—COMPRESS(Y,(q');g;k; K’ )
end

// Compute CORESETMMD test statistic
Mg+1  MMDx(Rm; ¥n) for 6))
RKm = CoNcAT((RE)Sm) and  n = ConcaT((¥S)5n,
// Simulate null by randomly permuting the S coresets B times
forb=1;:::;Bdo

R Q%) PERMUTECORESETS(Xm; ¥n;S)

My MMDy (Rin; ¥7)
end
// Threshold test statistic
R position of Mg+1 in an increasing ordering of (M

with ties broken uniformly at random

if R>b =d(1 )(B+1)ethen return 1 //rejectnull

elseif R <b then return 0 /l accept null
else return 1 withprob.p =b 1 )(B + 1) orelse 0

)B+1

3.1 MMD compression with CORESETMMD

At the heart of our testing strategy lies CORESETMMD (5),
a new, inexpensive estimate for MMDy (P, Q) that builds
atop the KT-COMPRESS algorithm, a strategy introduced
by Shetty et al. (2022, Ex. 4) to compress a given point se-
quence (see App. A for background on KT-COMPRESS).
Given a coreset count s, a target compression level ¢, and
an auxiliary kernel function k' used by KT-COMPRESS,

CORESETMMD partitions each input sample into bins of
size mS*”, compresses each bin into a smaller coreset of
points using KT-COMPRESS, concatenates the coresets to
formctjle compresseddpproximations Xm and Yy, of size
g _s g s
29m 5 and 290 =

putes the MMD estimate MMDk(Xm, \?n).

and finally com-

As we show in App. B, this strategy offers the following
strong approximation error guarantees, expressed in terms
of the KT-COMPRESS error inflation factor Ri.ko/29.

Lemma 1 (Quality of CORESETMMD). The CORESET-
MMD estimate (5) satisfies'

| MMDy(Xm, Yn) —=MMDy (Xm, Yn)| (6)
Ry ;kO(Xn;‘;%; 9) Ry ;kO(an;‘%; ;9)
= 20 m + 297 n )

with probability at least 1—4§ conditional on (X, Yr), and

| MMDx(P, Q)—MMDKOZm,\?n)l @)

R 0( 9) | Ry kO(Q e kkk kkk
k ik '5 ng En En
< n m

n )

q
with probability at least 136 for ¢ , 2+ 2log(2).

Remark 1 (Beyond i.i.d. data). Our proof shows that the
guarantee (6) holds more generally for any point sequences
(Xm, Yn) generated independently of the randomness in
CORESETMMD.

Remark 2 (Beyond KT-COMPRESS). CORESETMMD
and CTT are compatible with any compression scheme. In
particular, when an alternative compression algorithm is
used in place of KT-COMPRESS in Alg. 1, the conclusions
of Lem. 1 and Thm. 1 can be straightforwardly generalized
to accommodate the quality guarantees of that alternative.

The first guarantee of Lem. 1 bounds the compression
error introduced by substituting the compressed points
(Xm,Yn) for (Xm, Yn), while the second accounts also
for the @(p% + 19%) random fluctuations of the quadratic-
time statistic MMDy(Xm, Yn) around the population es-
timand MMDy(P, Q) (Gretton et al., 2012a). In either
case, we find that CORESETMMD offers an order O(P%—i—

1@% approximation—the same order as the quadratic-time

MMDy (Xm, Yn) estimate—up to the inflation factor (1+
Ri.ke/29).

The value Rk.ko(P,m, d,g) depends on the choice of the
auxiliary kernel k! and the tail decay of P (see App. B.1 for
details).> Two standard choices for K’ are the target kernel
K itself (Dwivedi and Mackep/, 2022) or a square-root ker-
nel k. satisfying K(z,y) = Kyt (z, 2)Kt (y, 2)dz. As de-
tailed in Dwivedi and Mackey (2021), convenient square-
root (or square-root dominating) kernels are available for a

'Unless otherwise specified, all of our results refer to an arbi-
trary setting of an algorithm’s input arguments.

The related value Ry «0(Xm;m; ;9)is Rexo(;m;
plied to the empirical distribution over Xm.

;9) ap-
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Tails of P Choice ofk? Ri.ko(P;m; ; 9) Test name MMD separation Runtime
Compact Compadt (log )2 cTT 4p7Rk wo(Bmi; 9) m * 49mlogm
(ours, Thm. 1) 297 m
Subexponential Analytik (log ™)>3* Complete MMD m m?2
aes (Gretton et al., 2012a)
Subexponential Subexponenti?l ¢y, (log ™)z Block MMD N
(Bm) 13 Bm

H iled H il my 2 | ma S (Zaremba et al., 2013)
- - - - ==)2 )2
eavy-talle eavy-tal edk ( ) (Og )z Inco D. MD

(Yamada et al., 2019)

~ 1
)

Table 1: Error in ation due to compression. We report
the scaling ofRy .o in Lem. 1 up to constants depending Table 2: DetectableMMD( P; Q) separation vs. runtime
ond under various assumptions kAand tt]g tail decay of for complete and approximate MMD tests. For subexpo-
P (see App. B.5 for the proof). He,. , loglog™. nential (P; Q), CTT can detectn z MMD separation in
near-linear time, while the complete, block, and incomplete

variety of popular kernels including Gaussian, Etat, B- tests require quadratic time. See Sec. 3.2 for more detalils.

spline, inverse multiquadric (IMQ), sech, and Wendland's

compactly supportel. CORESETMMD test statistic described in Sec. 3.1 but then

Tab. 1 summarizes hoRy .o(P; m; ; g) varies withk®and ~ reuses the coresets to carry out a special form of the per-

P. For example, whe®, Q, andk® = k,; are compactly mutation test. Rather than permuting ml+ n points as
supportedRy .xo(P; m; ; g) = O((log ™)?) and hence the in the standard permutation tests of Sec. 2, CTT keeps each
compression error (6) of Lem. 1 becomes coreset intact and only permutes the order ofstleeresets

(0g )7 . (og 2)? ) ) when setting the test threshold.

O%Pmt 2Pa) = e+ #7); The advantages of coreset reuse are threefold. First, the
wheng = log,(! (log?(™-"))). More generally, the compression step can be.carried out just once, irrespective
CORESETMMD compression error is asymptotically neg- of the number _of permutations employed._Sg_cond, the same
ligible relative to the usual error oMMD k(Xm:Yn) kernel evaluations used to compute the initial test statistic
wheneverg = log,(! (Re.xo(P;m _ n; ; ). For ex- (5) can be reused to compute every permute?:R_F:s_EF
ample, ifP, Q, andk® = k. have have subexponen- MMD. Indeed, when forming the initial test statistic, it suf-

tial tails then, for some constant> 0, the choiceg ces to store thes? suf cient statistics

clog, log(m _ n) yields o(pi-+ p) compression error. ~ ., P _

By Tab. 1, the same result holds whieh= k is analytic. & T pmjzn; 22200202200 k(z:z) for
Together, these results cover all of the aforementioned pop- QW 200y (%%) e RSn) 9@ e ))
ular kernels.

We next turn our attention to the running time obge-  Since each permuteddRESETMMD can be written as
SETMMD. By Shetty et al. (2022, Ex. 4), the runtime 2 0b . Ob P
of each KT-Q)MPRES$X$,'1);g; k;k% ) call is dominated MMD k(km;qn) = Q=
by O(49 ™22 (log,(™:™)  @)) kernel evaluations. Since
MMD  (Xm; Y1) can be computed using(49s(m + n))
kernel evaluations onc®,, and¥,, are available, the total
runtime of CRESETMD is

1 2jI[i sm] ] sml
sl ela gy g

Hence, the total running time of CTT is simply the running
time (8) of a single ©RESETMMD call plus O(s?B) arith-
metic operations.

m+n .

O(4%(m + n)(s+log4(5™)  9): (8) Finally, by keeping each coreset intact, CTT ensures that
Notably, this runtime i©((m + n)logS™ (m + n)), near-  €very coreset permutatiotRt,; ¥7) accurately approx-
linear in m + n, wheneves = O(log,(m + n)) andg imates an analogous full-sample permutation that keeps
clog, log(m + n), as in the subexponential and compact-€ach of the(X{))’r, and (Y{’)5z; bins intact and only
support settings previously considered. permutes the order of thebins. One of the main contri-

butions of this work is showing that such restricted permu-

3.2 Compress Then Test tation procedures provide high power even wkeés set to

a small value. However, before turning to power, we next
We are now prepared to discuss our complete CTT proshow that CTT has a size exactly equal to the nominal level
cedure de ned in Alg. 1. CTT begins by computing the for all sample sizes and all data distributidhs



Carles Domingo-Enrich, Raaz Dwivedi, Lester Mackey

Proposition 1 (Finite-sample exactness of CTTor any  required to guarantee power greater than the level. Sec-

distribution P, Compress Then Test (Alg. 1) has size (Typeond, we show that to obtain a powerful permutation test,

| error) exactly equal to the nominal level i.e., one need not permute ali + n datapoints; rather, it suf-
ces to permutes bins where the numbercan be chosen

Prl cri(Xm;Yn)=1]= independentlypf the sample sizes.

whenever P= Q:
Remark 3 (Exchangeability) Our proof in App. C does Inthe end, Thm. 1|mpl_|es that CTTW|th_a s_maI.I numb_er of

; A coresets and permutations can detect distributional discrep-
not require datapoint independence and rather holds " 1 : .

" : ancies of order=—the same detection threshold enjoyed

under the weaker condition that the point sequence m
by the quadratic-time MMD tests (Gretton et al., 2012b,
Thm. 13)—-up to the in ation factofl + Ry .x0=29). Since
Rk .k0=2% = o(1) wheneverg = log,(! (Rk ko)) and the
N runtime of CTT is dominated by a singlecRESETMMD
Our proof of Prop. 1, based on exchangeability, parallelsomputation, by setting®, g, ands as discussed in Sec. 3.1,
the size-no-larger-than-level proofs of Schrab et al. (2021)CTT can recover the quadratic-time detection threshold in
Albert et al. (2022) but includes a more detailed treatmenhear-linear O((m + n) Iogffl (m + n)) time for subex-
of the caseR = b to ensure the exactness of the Type | ponential (P; Q) and subquadratic time for heavy-tailed
error, as in Hoeffding (1952). (P; Q) with > 2d moments.

We now provide a complementary upper bound on theOur next result shows that such runtime improvemeats
Type Il error of CTT (or equivalently, a lower bound on its not be achieved by the state-of-the-art block and incom-
power) under suitable assumptions on the MMD separatioplete MMD tests of Sec. 2, as each requires quadratic time
betweerP andQ. (,e,B = ( m)or® = ( m?) to match the ordep

Theorem 1(Power of CTT) Suppose Compress Then Testdetection threshold of a complete MMD test.

i.e., the null distribution of this point sequence is invariant
under permutation.

(Alg. 1) is run withm n, level , replication count
B 1 1, coreset counspy 2 log(2e) for

E(Z‘)W and~, 5—. ThenCTT has power
Pl crr(Xm;Yn)=1] 1

whenevec®MMD  (P; Q):p log(1= ) is greater than

Kkky Ric .k 0(P; 3 7555 30)* Ric 10(Qi 3 75557 19)

20"=zos m 295 m

for c®a universal constant and as de ned in Lem. 1.

Remark 4 (Valid parameter values)The CTT compres-

sion levelg is an integer inf 0; : : : ; log, (™" )g—a larger

Proposition 2 (Power upper bounds for complete, block,
and incomplete MMD tests)For any nominal level 2

(0; 1) and target Type Il error 2 (0;1), there exists a
constantc. such that the following power upper bounds
hold for all sample sizems.

(a) Asymptotic complete tes®r[ ydXm;Ym) = 1] <
1 ifMMD(P,Q) $—.

m
(b) Asymptotic block tesPr[ g(Xm;Ym)=1]<1 if
MMD(P;Q) (griyr=s andB; 11

(c) Asymptotic incomplete tesr[ inc(Xm;Ym)=1] <
1 ifMMD(P;Q) <i,and—! c>0.

value provides more power but increases runtime. The fail-

ure probability and level take arbitrary values irfO; 1),
while the coreset cours  m + n and replicate counB
are positive integers.

The proof of Prop. 2 in App. E uses the asymptotic distribu-
tion of each statistic under the null and alternative hypothe-

ses (as derived by Gretton et al., 2007, 2009; Zaremba et al.,

2013; Yamada et al., 2019) to upper bound the power (and

The proof r?f Thm. 1b|n A]:p_p.dD cor;ltalng several n'gvel " hence lower bound the Type Il error) of each test. More-
guments that may be of independent interest.  FIrst, USgy o the proof reveals that these detectaddD( P; Q)
ing novel techniques based on order statistics, we sho

1 . : ‘geparation rates are tight. For example, there also exists a
thatB = 1 permutations suf ce to obtain a powerful

. _ constant® >c. suchthaPr[ o (Xm;Ym)=1] >
permutation test. Our arguments can be strmghtforwardl;_(L wheheverMMD( PQ) @ = m. Tab.2 summa-

adapted to strengthen the analogous results for the com: .
plete (Schrab et al., 2021, Thm. 5) and incomplete (Schragzes the trade-off between detectable MMD separation and

et al., 2022, Thm. 5.2) permutation tests. Compared Wm{]unUme for the complete and approximate MMD tests and

theB  3(log(®)+ (1 )) requirement of Schrab et al.
(2021, 2022), our requirement eliminates all dependencén particular, the time-power trade-off of CTT improves
on the target powet and improves the dependence signi cantly under the favorable settings of Tab. 1 (e.g., for
by a quadratic factor. Put in practical terms, by Thm. 1,compactP or subexponentigP and analytidk in lower di-

B  19permutations suf ce for powerful permutation test- mensions). While the improvements need not be as large
ing at level = 0:05while B 2613were previously for heavier-tailed distributions, less smooth kernels, and

ighlights the improved trade-off offered by CTT.
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higher dimensions, even the worst-case trade-offs of CTTagorithm 2: Low-Rank CTT,

/ ' ade-otls o LR-CTT
are no worsg than prior methods' &g .xo(P;m; ; g) = Input: SamplesXm , Yn), coreset size facta, compression
O 2972m=* |og(l) by Dwivedi and Mackey (2021, level g, kernels k; k9, feature map ., failure prob. , #

. . N ; . permutation bins, # replicated, level
Rem. 2). That is, for arbitrary distributions, dimensions,

. . _ 4932 . : (i) \Sm;r
and kernels, a user can comfortably use CTT as a dropPartitionXm into sm; = ) F:zm equal-sized bingXm’); =
. . . . . . Snr
in replacement for the block and incomplete tests, as wéartitionY, intosn, = 22" equal-sized bingY{’);";
should expect no worse power-time trade-off curves. Thay/ Identify coreset of sizé: for each bin

said, there is some overhead associated with compressiofoy i =1;:::;smy do _
so a user may nd the block and incomplete tests to be\ K& KT-ComprEsEXH ;g k; k% )
faster for small sample sizes. end
fori=1;:::;shy do
. | 90 KT-CompresgYY);g;k;K% )

4 CTT Extensions end "

) ) ] /l Compute LR-@RESETMMD test statistic
In this section, we develop two extensions of CTT: rst, M., MMD , (%m;¥n) for 9)

a fast and poyverf_ul way to exploit an accurate low-rank n = CONCAT(RY)S™ ) and¥y = Concat((94))n
kernel approximation and, second, a fast and powerful ag/-/ Simul b doml ) 8 i
gregation procedure for identifying a particularly discrimi- ¢~ 'k;n:”fF?_r_'L,’B y randomy permutingcoresetss times
nating kernel from amongst a collection of candidates. & Qb) PERMUTECORESETERm: ¥n:5)
m n m n,
Mp MMD (i ¥7)
4.1 Low-Rank CTT end

. Il Threshold test statistic
Our rst extension, called Low-Rank CTT (Alg. 2), allows g position ofMg.; in an increasing ordering ¢M )2

the user to exploit an accurate low-rank kernel approxima- with ties broken uniformly at random

tion without sacri cing the provable time-power trade-off if R>b = d1 )(B+1)ethen return 1 // rejectnull
improvements of CTT. Speci cally, we considgr nr)-  elseifR<b then retum 0 Il accept null
time low-rank MMD , approximations of the form (4) ©!s€ reum lwithprobp =b (1  )(B+1) orelse0

r

with  selected so that the approximation error

2 . — H . > H
K Yn) = SUPy 2, [ v, KOGY) ()7 ¢ (V)] Speci cally, to form a low-rank © RESE™MMD test statis-
is small. For example, Sriperumbudur and Szp015, tic (9), Low-Rank CTT (LR-CTT, Alg. 2) divides each
Thm. 1) show that , (Xm;Yn) = O(r ¥™) and sample intosy, orsp, equal-sized bins, forms a coreset
. 2 i 2 ) . 60)  for each bin using KT-©MPRESswith kernelg(k; k9, and
heznce thafj MMDk(Xmi_\;n) - MMD =, (Xm:Yn)j computes the low-rank approximatitdMD . using only
4%, (Xm;Yn) = O(r ") with high probability when o ocatenated coreset poifts and ¢, Then, just
r_consists ofr random Fourier feature_s antb; Q) . asin Alg. 1, LR-CTT selects an appropriate test statistic
are compactly supported. = However, since computingy, eshoiq albeit now manually partitioni@m ; ) into
MMD ., (Xm: Yn) requires (( m* ‘) feature evalua- g oreqet hins and permuting those bins. Al told, the LR-
thﬂS,lthIS anqu&s require¢ m°) time to match the or-  ~r1 intime is dominated bP(49(m+ n)(logs(Z) @)
der p= detection threshold of a complete MMD test. Our | o evaluationsO(49(m + n)a) feature evgluations,
following result, proved in App. F, shows that appropriateando(szB) arithmetic operations. Importantly, wherr
compression prior to low-rank approximation yields COM-5(log r), thelogarithmicdependence on the rankneans
parable power guarantees in ji@&@4%(m + n)logr) time. that, by Thm. 2, LR-CTT can recover the ordelﬁ de-
Theorem 2 (LR-CTT exactness and powerl.ow-Rank tection threshold of a complete MMD test ivear-linear
CTT (Alg. 2) has size exactly equal to the levefor all  time for subexponentiglP; Q) and subquadratic time for
P. If the replication counB L 1, the permutation heavy-tailed P; Q) with > 2d moments, even when the
bin counts  ™M*" 32 |og(2e) for (; ~) asin Thm. 1,and approximationerror , has slow (e.g., order *=%) decay.

m  n, thenLR-CTT has power

PI’[ LR—CTT(Xm ; Yn) = 1] 1 4.2 Aggregated CTT

when, for a universal constantandc denedinLem. 1, Each of the tests considered so far assumes that a suitable
o P e kernelk has been pre-selected by the user. However, be-
C'MMD(P;Q)= log(1=) 2c,,, —5—+ cause the discriminating power of a kernel varies with the
Ric k0P s gy 19)* Rk 0(Qi s gy 19)

m pair of distributions under consideration, it can be challeng-
. 5P = + ,(Rm:¥): ingto identify a single suitable kernel a priori. As a result, a
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variety of strategies have been introduced for automaticallporever, withm n,
selecting discriminating kernels for MMD tests (see, €.9.B; (max , w Z)Lg(|og(§)+ 1 )),B.
Gretton et al., 2012b; Sutherland et al., 2017; Liu et al"and Bs
2020; Kubler et al., 2020). We highlight in particular the

2 (0;1), and replicate counts
% log(2),
log,(£min , w 1), ACTT has power

aggregated MMD testsf Schrab et al. (2021) which com- Prl actrXm;Yn)=1] 1 (12)
bine complete MMD tests with varying kernels into a sin-

gle test with power comparable to the best individual testwWhenever there exists a2 satisfying

Since these complete aggregated tests run in quadratic time, q _

Schrab et al. (2022) recently introduced incomplete aggre-  MMDy (P;Q) & log(L) "ase(22)  (12)

gated tests that trade off computation time and power ex-
actly as in the single-kernel setting (see Tab. 2). ands, % log(28), where

In Alg. 6 of App. G, we extend our Compress Then TestC’iS & universal constant, and
framework to form a more ef cient aggregated test that

we call Aggregated CTT (ACTT). Like past aggregated "acs( ), 2c <<
tests, Alg. 6 takes as inpany indexed collection of ker-
nels(k ) » and accg’nmodates nonnegative importance
weights(w ) » with . W 1 re ecting prior be- p
liefs about the suitability of each kernel. Like Alg. 1, ACTT forc asinlLem.land , 2 j j(1+log(j j)) .
then proceeds to partitioX,, andY, into bins and to

forrr_]_a coreset for each bin using a parallel collection ofg Experiments

auxiliary KT-ComprEsskernels(k®) », scaled so that

A : )
supjk(z;2)j = 1. However, instead of forming & sepa- \yg now present seven experiments that illustrate the im-
rate coreset for each candidate kernel, as one might if ONGroved power-runtime trade-offs of CTT, LR-CTT, and
were running a CTT test separately for each ACTT  AcTT gyer state-of-the-art approximate MMD tests. In all
saves additional computation by formmq;a single Coreseéxperiments we use a Gaussihe k. =0:05.m=n=
pgr_bw usmgothe combination keméls= ~ , k and 4o g5 - 35 ang = 1. We report average rejection rates
k®= k”. These shared corefsets are;]Esed t0 COMpUtSyer 400independent replications of each experiment with
a CORESETMD test Stat'_St',CM or eachk , By PEr- 9506 Wilson (1927) con dence intervals. See App. H for
muted WRESEMMD statistics to estimate the null dis- 5 itional details and github.com/microsoft/goodpoints for

t“b‘%“‘?” for eaghk , and B? permuted ©RESEMMD open-source Python code recreating all experiments.
statistics to estimate the size of the aggregated test. Fi-

nally, exactly as in Schrab et al. (2021, Alg. 1), ACTT CTT experiments We evaluate CTT in two settings with
selects a suitable rejection threshold for each test statistidie kernel bandwidth set using the popular median heuristic
M and rejects the null whenever at least dhe exceeds (Chaudhuri et al., 2017). In theABSSIAN setting,P and
its threshold. The total cost of ACTT is at mgstj times ~ Q arel0-dimensional Gaussians with identity covariances;
that of single-kernel CTT (wittB = B;) plus the cost the means have Euclidean dista@a@l2under the alterna-
of O(j j(B1logB; + B,Bj3)) arithmetic operations due to tive andO under the null. The EMNIST setting is similar
sorting and selecting thresholds. to the one considered byiller et al. (2020); Schrab et al.

, . (2021), where? andQ denote distributions on downsam-
Thm'. 3, proved in App. G, shows that ACTT islid, pled7 7 images of the EMNIST dataset (Cohen et al.,
Le., it has Type | error for all sample sizes and 5417)_an extension of the MNIST dataset (LeCun et al.,
generating distributions, and that its power is compara g ) that also includes letters. Under the alternative hy-

1
w b B 1) =2
e (g )" B,

Kk k0(Pigh-is )+ Ry xo(Qigh-ii 9)

29" m

R
+C mzax

ble to that of the begt -CTT test run with compression
levelg log,j j. Moreover, by Thm. 1, eack -CTT
test has power comparable to a complkte test when
g=1log,(j j! (Rk :ke)). Therefore, by setting® g, and
s as discussed in Sec. 3.1, ACTT withj = O(1) can

recover the detection threshold of the best quadratic-tim

k test innear-linear O((m + n)IogZ+l (m + n)) time

for subexponentiglP; Q) and subquadratic time for heavy-
tailed(P; Q) with > 2d moments.

Theorem 3(ACTT validity and power) For any distribu-
tion P, ACTT (Alg. 6) has non-asymptotic leve] i.e.,
Prl actt(Xm;Yn)=1]

wheneveP = Q: (10)

pothesis,P denotes &@-mixture of uniform distributions
based on parity of digits and letters with weight 0.49 (resp.
0.51) for even (resp. odd) parity, whi@ puts equal weight
0.5 on both parities. Under the null hypothesis, we consider
P = Q = equally weighted mixture. We plot the test power
fesults versus runtime in Fig. 1 withABSSIAN setting on

top and EMNIST setting on the bottom.

Fig. 1 (left) shows that in both settings, the CTT time-
power trade-off curve uniformly dominates those of the
state-of-the-art subsampling approximations of Sec. 2:
the wild bootstrap block (W-Block) and incomplete (W-
Incomp.) tests and the asymptotic block (A-Block | and II)
incomplete (A-Incomp.) tests. In particular, the CTT test
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Figure 1: Time-power trade-off curvesin the GaussiaN and EMNIST experimental settings comparihgft) CTT to
ve state-of-the-art approximate MMD tests based on subsampling réglot LR-CTT to the state-of-the-art low-rank
MMD test based on random Fourier features (RFF).

with g =3 achieves the same power as the wild bootstragsider the bandwidth set= 2! 00; :é for k (x;y) =
quadratic-time tests (W-block witB =4° and W-Incomp. gk x ¥ki=2 *) \here o denotes the median heuristic
with ™ = (“ng)“) while providing a200 speed-up. While bandwidth, and uniform weights = 1= j. We plot the
CTT and the wild bootstrap tests are guaranteed to haveesults in Fig. 2 and observe that ACTT provides a uniform
Type | error controlled by (Fig. 3 in App. H), the asymp- gain in the power-runtime curve over the aggregated WB
totic tests violate their level constraint for lar§eor * as  incomplete test—400 to 200 -speed up.

the asymptotic approximation is poor for such settings. AsW

. ) ) e perform the same comparison with the same con gu-
a result, Fig. 1 displays only those points that respect th?ations on the HsGs experiment, a variation of the setting
level constraint in the power plots. For consistency, we '

4B = 39 licates for all th totic test considered by Liu et al. (2020), which took the data from
useds = 9 replicates for all the non-asymptotic tests. Baldi et al. (2014). While the original dataset has samples

LR-CTT experiments In the same settings, Fig. 1 with 27 covariates belonging to two different classes (0 and
(right) compares CTT, the state-of-the-art low-rank RFF1), Liu et al. (2020) considers only four covariates of those,
test of Sec. 2, and LR-CTT with RFF, anda = and we only use the rst two of the four. We consider
r=(492'> 4 1) We useB = 39 permutations to set the two settings for the alternative distribution: one in which
threshold for each test. We nd that CTT and RFF produceP is sampled from the class 0 afdlis sampled from the
comparable trade-off curves despite their distinct and comelass 1 (HGGs: Fig. 2,middlg and a more challenging one
plementary approximation strategies and that the combineih which P is sampled from the class 0 adlis sampled
LR-CTT testwithg 2 consistently yields the best perfor- from each class with equal probability (&GS MIXTURE:
mance, withb—20 speed-ups over CTT or RFF alone. Fig. 2,bottorm). We observe 400 to200 -speed up over

. the aggregated WB incomplete test.
ACTT experiments We compare our ACTT procedure ggreg P

in two different settings with the aggregated wild bootstrap

incomplete test (W-Incomp.) of Schrab et al. (2022). For6 Connections and Conclusions

the BLOBS experiment of Gretton et al. (2012b, Fig. 1),

and Sutherland et al. (2017, Fig. 4, and Q are two-  This paper introduced CTT, a new framework for kernel

dimensionalB 3 grids of Gaussian mixture components testing with compression; LR-CTT, a test that combines
with a grid spacing ofL0. Each mixture component has low-rank approximation and compression for added scal-
identity covariance i, while for Q the ratio of eigenval-  ability; and ACTT, a fast and powerful procedure for ag-

ues for their covariance matrix iswith diagonal entries gregating kernel tests. While we have shown that CTT,
set to 1; the null hypothesis corresponds to1. We con-  LR-CTT, and ACTT offer better power-time trade-offs than
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