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Abstract

Kernel two-sample testing provides a powerful
framework for distinguishing any pair of distri-
butions based on n sample points. However, ex-
isting kernel tests either run in n2 time or sac-
rifice undue power to improve runtime. To ad-
dress these shortcomings, we introduce Com-
press Then Test (CTT), a new framework for
high-powered kernel testing based on sample
compression. CTT cheaply approximates an ex-
pensive test by compressing each n point sam-
ple into a small but provably high-fidelity core-
set. For standard kernels and subexponential
distributions, CTT inherits the statistical behav-
ior of a quadratic-time test—recovering the same
optimal detection boundary—while running in
near-linear time. We couple these advances with
cheaper permutation testing, justified by new
power analyses; improved time-vs.-quality guar-
antees for low-rank approximation; and a fast
aggregation procedure for identifying especially
discriminating kernels. In our experiments with
real and simulated data, CTT and its extensions
provide 20–200x speed-ups over state-of-the-art
approximate MMD tests with no loss of power.

1 Introduction

Kernel two-sample tests based on the maximum mean dis-
crepancy (MMD, Gretton et al., 2012a) can distinguish any
pair of distributions given only a sufficiently large sample
from each. However, standard MMD tests have prohibitive
running times that scale quadratically in the sample size
n. Gretton et al. (2012a); Zaremba et al. (2013); Yamada
et al. (2019); Schrab et al. (2022) introduced faster approx-
imate MMD tests based on subsampling, but each suffers
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from a fundamental time-quality trade-off barrier: for any
pair of distributions, quadratic time is required to match the
discrimination power of a standard MMD test (see Prop. 2).
Our first contribution is a new subsampling approach called
Compress Then Test (CTT) that accelerates testing by first
compressing each sample. In Sec. 3, we prove that this
approach pierces the aforementioned barrier, matching the
quality of quadratic-time tests in near-linear time for subex-
ponential distributions. Along the way, we develop refined
analyses of permutation tests, establishing their discrimi-
nating power even when permutations are restricted to pre-
serve group structure and relatively few (e.g., 39) permu-
tations are employed. In our experiments with both real
and synthetic data, the CTT time-quality trade-off curves
dominate those of state-of-the-art subsampling approaches,
providing 200× speed-ups.

Zhao and Meng (2015) introduced an alternative, low-rank
approach to fast approximate MMD testing that replaces
the target kernel with a Θ(nr) time approximation based
on r random Fourier features (RFFs, Rahimi and Recht,
2008). This method often performs well in practice, but the
guarantees of Rahimi and Recht (2008); Zhao and Meng
(2015); Sutherland and Schneider (2015); Sriperumbudur
and Szabó (2015) require Ω(n2) random features and hence
Ω(n3) time to match the power of a standard MMD test.
By compressing before performing low-rank approxima-
tion, our second contribution, Low-Rank CTT (LR-CTT),
allows a user to harness any effective low-rank approxima-
tion without sacrificing the improved time-quality guaran-
tees of CTT. In our experiments, this hybrid test offers the
best performance of all, outpacing both the CTT and RFF
tests.

Finally, in the spirit of Schrab et al. (2021), we develop Ag-
gregated CTT (ACTT) tests that improve power by rapidly
identifying the most discriminating kernel in a collection
of candidates. In our experiments, ACTT offers 100-200×
speed-ups over the state-of-the-art efficient aggregated tests
of Schrab et al. (2022).
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2 Kernel Two-sample Testing

As a standing assumption, suppose that we observe Xm ,
(Xi)

m
i=1 and Yn , (Yj)

n
j=1, two independent sequences of

datapoints drawn i.i.d. from unknown probability measures
P and Q respectively. In two-sample testing, our goal is
to decide whether the null hypothesis H0 : P = Q or the
alternative hypothesis H1 : P ̸= Q is correct. A test ∆
is a binary function of Xm and Yn such that the null hy-
pothesisH0 is rejected if and only if ∆(Xm,Yn) = 1. The
size or Type I error of the test is the probability that the
null hypothesis is rejected when it is true, i.e., the proba-
bility Pr[∆(Xm,Yn) = 1] when P = Q. A test is said to
have level α ∈ (0, 1) if its Type I error is bounded by α for
all probability distributions, i.e., supP=Q Pr[∆(Xm,Yn) =
1] ≤ α. The Type II error of a test for a specific choice of
P ̸= Q is the probability that the null hypothesis is ac-
cepted, i.e., Pr[∆(Xm,Yn) = 0]. For a given level α, our
aim is to build a test with Type II error as small as pos-
sible for alternatives Q that are not too similar to P. If
Pr[∆(Xm,Yn) = 0] = β, we say that the test has power
1− β against the alternative Q.

Kernel two-sample tests are popular because they can
distinguish any pair of distributions given sufficiently
large samples and a characteristic kernel k (Gretton
et al., 2012a). A characteristic kernel is any positive-
definite function k(x, y) (Steinwart and Christmann, 2008,
Def. 4.15) satisfying EX�Pk(X,x) ̸= EY�Qk(Y, x) for
some x whenever P ̸= Q. Common examples include
Gaussian, Matérn, B-spline, inverse multiquadric (IMQ),
sech, and Wendland’s compactly supported kernels on Rd
(Dwivedi and Mackey, 2021). Kernel two-sample tests take
the form ∆(Xm,Yn) = 1[T (Xm,Yn)> t�] where the test
statistic T (Xm,Yn) is an estimate of the squared maximum
mean discrepancy (MMD) between P and Q,

MMD2
k(P,Q) , E

X;X0
i.i.d.� P

k(X,X 0) + E
Y;Y 0

i.i.d.� Q
k(Y, Y 0)

− 2EX�P??Y�Qk(X,Y ),

and t� is a threshold chosen to ensure that the test has either
finite-sample or asymptotic level α.

Quadratic-time or complete MMD tests The standard
MMD test statistics defined in Gretton et al. (2012a) each
require Θ(m2 + n2) kernel evaluations and hence compu-
tation that grows quadratically in the sample sizes. For ex-
ample, Gretton et al. (2012a, Sec. 4.1) defines the squared
sample MMD test statistic,

MMD2
k(Xm,Yn), 1

m2

P
1�i;i0�m k(Xi, Xi0)

+ 1
n2

P
1�j;j0�n k(Yj , Yj0)− 2

mn

Pm
i=1

Pn
j=1 k(Xi, Yj).

Gretton et al. (2012a, Lem. 6) also presents two unbiased

estimators of MMD2
k(P,Q) as test statistics:

MMD2
u(Xm,Yn),

P
1�i6=i0�m k(Xi;Xi0 )

m(m�1)

+
P

1�j 6=j0�n k(Yj ;Yj0 )

n(n�1) −2
Pm
i=1

Pn
j=1 k(Xi;Yj)

mn , (1)

MMD2
up(Xn,Yn),

P
1�i6=j�n h(Xi;Xj ;Yi;Yj)

n(n�1) , (2)

where h(x, x0, y, y0)=k(x, x0)+k(y, y0)−k(x, y0)−k(x0, y).
The estimator (2) differs from the estimator (1) as it omits
the diagonal cross-terms and is defined only when m = n.

Block MMD tests To improve computational cost
through subsampling, Zaremba et al. (2013) introduced
block MMD tests, or B-tests for short, that average n

B inde-
pendent instances of the quadratic estimator (2), each with
sample size B, i.e.,

MMD2
B(Xn,Yn), B

n

P n
B
i=1 ηi(Xn,Yn) with (3)

ηi(Xn,Yn), 1
B(B�1)

PiB
j;k=(i�1)B+1;j 6=k h(Xj , Xk, Yj , Yk).

Consequently, the statistic computation takes time Θ(nB).
Moreover, when n

B → ∞,
p

n
B MMD2

B has a Gaussian
limit under the null that can be estimated to set t�. Pre-
viously, Gretton et al. (2012a, Sec. 6) studied a particular
instantiation of this test with B=2.

Incomplete MMD tests Yamada et al. (2019) introduced
an alternative Θ(ℓ) time subsampling approximation based
on incomplete MMD test statistics, MMD2

inc(Xn,Yn) ,
1
‘

P
(i;j)2D h(Xi, Xj ,Yi,Yj), with D a collection of ℓ or-

dered index pairs. Yamada et al. (2019) sampled pairs
uniformly with replacement and set t� using the Gaussian
limit of

√
ℓMMD2

inc as ℓ → ∞. Schrab et al. (2022) in-
stead used deterministically pre-selected index pairs and a
wild bootstrap setting of t� described below.

Low-rank RFF tests Zhao and Meng (2015) proposed a
complementary speed-up for MMD testing based on a low-
rank MMD approximation of the form

MMD2
Φr (Xm,Yn) , (4)

 1

m

Pm
i=1Φr(xi)−

1
n

Pn
i=1Φr(yi)



2
2

where Φr maps each sample point to an r-dimensional fea-
ture vector. Specifically, Zhao and Meng chose r RFFs to
unbiasedly estimate MMD2

k in Θ((m+ n)r) time.

Permutation tests For any of the aforementioned test
statistics, one can alternatively set t� using the following
permutation approach to obtain a test with non-asymptotic
level α (Romano and Wolf, 2005; Fromont et al., 2012).
Let U be the concatenation of Xm and Yn. For each per-
mutation σ of the indices {1, . . . ,m + n}, define the per-
muted samples X�m = (U�(i))

m
i=1,Y�n = (U�(m+j))

n
j=1

and the permuted statistic as T� , T (X�m,Y�n). Sample B
uniformly random permutations (σb)Bb=1 to obtain the val-
ues Tb , T�b and sort them in increasing order (T(b))Bb=1.
Finally, set t� = T(d(1��)(B+1)e).
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Wild bootstrap tests Similarly, when m = n, the follow-
ing wild bootstrap approach employed by Fromont et al.
(2012) yields a non-asymptotic level α by exchangeabil-
ity and Romano and Wolf (2005, Lem. 1). For each vec-
tor ϵ ∈ {±1}n, define T � , T (X�n,Y�n) where X�bn ,Y�bn
are constructed from Xn and Yn by swapping Xi and Yi if
ϵi = −1. Sample B i.i.d. vectors (ϵb)

B
b=1 uniformly from

{±1}n, compute the values Tb , T �b , and finally set t� as
in the permutation approach.

3 Compress Then Test

This section introduces Compress Then Test (CTT), a new
framework for testing with sample compression. CTT re-
lies on a new test statistic, CORESETMMD, that we de-
scribe and analyze in Sec. 3.1. Sec. 3.2 then provides an
analysis of the complete CTT procedure detailed in Alg. 1.

Algorithm 1: Compress Then Test, ∆CTT

Input: Samples (Xm, Yn), # coresets s, compression level g,
kernels (k;k0), failure prob. �, # replicates B, level �

Partition Xm into sm = sm
m+n

equal-sized bins (X(i)
m )smi=1

Partition Yn into sn = sn
m+n

equal-sized bins (Y(i)
n )sni=1

// Identify coreset of size 2g
q

m+n
s

for each bin
for i = 1; : : : ; sm do

X̂(i)
m  KT-COMPRESS(X(i)

m ; g;k;k0; �)
end
for i = 1; : : : ; sn do

Ŷ(i)
n  KT-COMPRESS(Y(i)

n ; g;k;k0; �)
end
// Compute CORESETMMD test statistic
MB+1  MMDk (X̂m; Ŷn) for (5)

X̂m := CONCAT((X̂(i)
m )smi=1) and Ŷn := CONCAT((Ŷ(i)

n )sni=1)

// Simulate null by randomly permuting the s coresets B times
for b = 1; : : : ;B do

(X̂bm; Ŷbn) PERMUTECORESETS(X̂m; Ŷn; s)
Mb MMDk (X̂bm; Ŷbn)

end
// Threshold test statistic
R position of MB+1 in an increasing ordering of (Mb)

B+1
b=1

with ties broken uniformly at random
if R > b� := d(1��)(B+1)e then return 1 // reject null
else if R < b� then return 0 // accept null
else return 1 with prob. p� = b� � (1� �)(B + 1) or else 0

3.1 MMD compression with CORESETMMD

At the heart of our testing strategy lies CORESETMMD (5),
a new, inexpensive estimate for MMDk(P,Q) that builds
atop the KT-COMPRESS algorithm, a strategy introduced
by Shetty et al. (2022, Ex. 4) to compress a given point se-
quence (see App. A for background on KT-COMPRESS).
Given a coreset count s, a target compression level g, and
an auxiliary kernel function k0 used by KT-COMPRESS,

CORESETMMD partitions each input sample into bins of
size m+n

s , compresses each bin into a smaller coreset of
points using KT-COMPRESS, concatenates the coresets to
form the compressed approximations X̂m and Ŷn of size
2gm

q
s

m+n and 2gn
q

s
m+n respectively, and finally com-

putes the MMD estimate MMDk(X̂m, Ŷn).

As we show in App. B, this strategy offers the following
strong approximation error guarantees, expressed in terms
of the KT-COMPRESS error inflation factor Rk;k0/2

g.
Lemma 1 (Quality of CORESETMMD). The CORESET-
MMD estimate (5) satisfies1

|MMDk(Xm,Yn)−MMDk(X̂m, Ŷn)| (6)

≤
Rk ;k 0 (Xm; msm ;�;g)

2g
p
m

+
Rk ;k 0 (Yn; nsn ;�;g)

2g
p
n

,

with probability at least 1−δ conditional on (Xm,Yn), and

|MMDk(P,Q)−MMDk(X̂m, Ŷn)| (7)

≤
Rk ;k 0 (P; msm ;�;g)

2g
p
m

+
Rk ;k 0 (Q; nsn ;�;g)

2g
p
n

+c�
�qkkk1

m +
q
kkk1
n

�
,

with probability at least 1−3δ for c�,2+
q
2 log( 2� ).

Remark 1 (Beyond i.i.d. data). Our proof shows that the
guarantee (6) holds more generally for any point sequences
(Xm,Yn) generated independently of the randomness in
CORESETMMD.
Remark 2 (Beyond KT-COMPRESS). CORESETMMD
and CTT are compatible with any compression scheme. In
particular, when an alternative compression algorithm is
used in place of KT-COMPRESS in Alg. 1, the conclusions
of Lem. 1 and Thm. 1 can be straightforwardly generalized
to accommodate the quality guarantees of that alternative.

The first guarantee of Lem. 1 bounds the compression
error introduced by substituting the compressed points
(X̂m, Ŷn) for (Xm,Yn), while the second accounts also
for the Θ( 1p

m
+ 1p

n
) random fluctuations of the quadratic-

time statistic MMDk(Xm,Yn) around the population es-
timand MMDk(P,Q) (Gretton et al., 2012a). In either
case, we find that CORESETMMD offers an orderO( 1p

m
+

1p
n

approximation—the same order as the quadratic-time
MMDk(Xm,Yn) estimate—up to the inflation factor (1+
Rk;k0/2

g).

The value Rk;k0(P,m, δ, g) depends on the choice of the
auxiliary kernel k0 and the tail decay of P (see App. B.1 for
details).2 Two standard choices for k0 are the target kernel
k itself (Dwivedi and Mackey, 2022) or a square-root ker-
nel krt satisfying k(x, y) =

R
krt(x, z)krt(y, z)dz. As de-

tailed in Dwivedi and Mackey (2021), convenient square-
root (or square-root dominating) kernels are available for a

1Unless otherwise specified, all of our results refer to an arbi-
trary setting of an algorithm’s input arguments.

2The related value Rk ;k 0(Xm;m; �; g) is Rk ;k 0(�;m; �; g) ap-
plied to the empirical distribution over Xm.
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Tails of P Choice ofk0 Rk ;k 0(P; m; �; g)

Compact Compactk rt (log m
� )2

Subexponential Analytick (log m
� )

3d +5
2

Subexponential Subexponentialk rt cm;� (log m
� )

d +5
2

� -Heavy-tailed � -Heavy-tailedk rt ( m
� )

d
2 � (log m

� )
5
2

Table 1: Error in�ation due to compression. We report
the scaling ofRk ;k 0 in Lem. 1 up to constants depending
on d under various assumptions onk0 and the tail decay of
P (see App. B.5 for the proof). Herecm;� ,

p
log log m

� .

variety of popular kernels including Gaussian, Matérn, B-
spline, inverse multiquadric (IMQ), sech, and Wendland's
compactly supportedk.

Tab. 1 summarizes howRk ;k 0(P; m; �; g) varies withk0and
P. For example, whenP, Q, andk0 = k rt are compactly
supported,Rk ;k 0(P; m; �; g) = O((log m

� )2) and hence the
compression error (6) of Lem. 1 becomes

O( (log m
� )2

2g
p

m + (log n
� )2

2g
p

n ) = o( 1p
m + 1p

n );

when g = log 2(! (log2( m _ n
� ))) . More generally, the

CORESETMMD compression error is asymptotically neg-
ligible relative to the usual error ofMMD k (Xm ; Yn )
wheneverg = log 2(! (Rk ;k 0(P; m _ n; �; g))) . For ex-
ample, if P, Q, and k0 = k rt have have subexponen-
tial tails then, for some constantc > 0, the choiceg �
clog2 log(m _ n) yields o( 1p

m + 1p
n ) compression error.

By Tab. 1, the same result holds whenk0 = k is analytic.
Together, these results cover all of the aforementioned pop-
ular kernels.

We next turn our attention to the running time of CORE-
SETMMD. By Shetty et al. (2022, Ex. 4), the runtime
of each KT-COMPRESS(X( i )

m ; g; k ; k0; � ) call is dominated
by O(4g m + n

s (log4( m + n
s ) � g)) kernel evaluations. Since

MMD k (X̂m ; Ŷn ) can be computed usingO(4gs(m + n))
kernel evaluations oncêXm andŶn are available, the total
runtime of CORESETMMD is

O(4g(m + n)(s + log 4( m + n
s ) � g)) : (8)

Notably, this runtime isO((m + n) logc+1
4 (m + n)) , near-

linear in m + n, whenevers = O(log4(m + n)) andg �
clog4 log(m + n), as in the subexponential and compact-
support settings previously considered.

3.2 Compress Then Test

We are now prepared to discuss our complete CTT pro-
cedure de�ned in Alg. 1. CTT begins by computing the

Test name MMD separation Runtime

(ours, Thm. 1)

CTT Rk ; k 0(P;m;�; g)

2g
p

m + m� 1
2 4gm logm

(Gretton et al., 2012a)

Complete MMD
m� 1

2 m2

(Zaremba et al., 2013)

Block MMD
(Bm) � 1

4 Bm

(Yamada et al., 2019)

Incomp. MMD
` � 1

4 `

Table 2:DetectableMMD( P; Q) separation vs. runtime
for complete and approximate MMD tests. For subexpo-
nential (P; Q), CTT can detectm� 1

2 MMD separation in
near-linear time, while the complete, block, and incomplete
tests require quadratic time. See Sec. 3.2 for more details.

CORESETMMD test statistic described in Sec. 3.1 but then
reuses the coresets to carry out a special form of the per-
mutation test. Rather than permuting allm + n points as
in the standard permutation tests of Sec. 2, CTT keeps each
coreset intact and only permutes the order of thes coresets
when setting the test threshold.

The advantages of coreset reuse are threefold. First, the
compression step can be carried out just once, irrespective
of the number of permutations employed. Second, the same
kernel evaluations used to compute the initial test statistic
(5) can be reused to compute every permuted CORESET-
MMD. Indeed, when forming the initial test statistic, it suf-
�ces to store thes2 suf�cient statistics

aij = 1
j Ẑ( i ) jj Ẑ( j ) j

P
z2 Ẑ( i ) ;z 02 Ẑ( j ) k(z; z0) for

(Ẑ(1) ; : : : ; Ẑ(s) ) , (X̂(1)
m ; : : : ; X̂(sm )

m ; Ŷ(1)
n ; : : : ; Ŷ(sn )

n )

since each permuted CORESETMMD can be written as

MMD 2
k (X̂b

m ; Ŷb
n ) =

P s
i;j =1

1� 2j I [i � sm ]� I [j � sm ]j
s2 a� ( i ) � ( j )

for some permutation� over the coreset indicesf 1; : : : ; sg.
Hence, the total running time of CTT is simply the running
time (8) of a single CORESETMMD call plusO(s2B) arith-
metic operations.

Finally, by keeping each coreset intact, CTT ensures that
every coreset permutation(X̂b

m ; Ŷb
n ) accurately approx-

imates an analogous full-sample permutation that keeps
each of the(X( i )

m )sm
i =1 and (Y( i )

n )sn
i =1 bins intact and only

permutes the order of thes bins. One of the main contri-
butions of this work is showing that such restricted permu-
tation procedures provide high power even whens is set to
a small value. However, before turning to power, we next
show that CTT has a size exactly equal to the nominal level
� for all sample sizes and all data distributionsP.
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Proposition 1 (Finite-sample exactness of CTT). For any
distributionP, Compress Then Test (Alg. 1) has size (Type
I error) exactly equal to the nominal level� , i.e.,

Pr[� CTT(Xm ; Yn ) = 1] = � whenever P = Q:

Remark 3 (Exchangeability). Our proof in App. C does
not require datapoint independence and rather holds
under the weaker condition that the point sequence
(X 1; : : : ; X m ; Y1; : : : ; Yn ) is exchangeableunder the null,
i.e., the null distribution of this point sequence is invariant
under permutation.

Our proof of Prop. 1, based on exchangeability, parallels
the size-no-larger-than-level proofs of Schrab et al. (2021);
Albert et al. (2022) but includes a more detailed treatment
of the caseR = b� to ensure the exactness of the Type I
error, as in Hoeffding (1952).

We now provide a complementary upper bound on the
Type II error of CTT (or equivalently, a lower bound on its
power) under suitable assumptions on the MMD separation
betweenP andQ.

Theorem 1(Power of CTT). Suppose Compress Then Test
(Alg. 1) is run withm � n, level � , replication count
B � 1

� � 1, coreset countsm � 32
9 log( 2e


 ) for 
 ,
�
4e (

~�
4 )

1
b� ( B+1) c and ~� , �

1+ �= 2 . ThenCTT has power

Pr[� CTT(Xm ; Yn ) = 1] � 1� �

wheneverc0MMD k (P; Q)=
p

log(1=
 ) is greater than

2c~� =20 s

q
kk k1

m +
Rk ; k 0(P; m

s m
;

~�
20 s m

;g)+ Rk ; k 0(Q; m
s m

;
~�

20 s n
;g)

2g
p

m

for c0 a universal constant andc� as de�ned in Lem. 1.

Remark 4 (Valid parameter values). The CTT compres-
sion levelg is an integer inf 0; : : : ; log4( m + n

s )g—a larger
value provides more power but increases runtime. The fail-
ure probability� and level� take arbitrary values in(0; 1),
while the coreset counts � m + n and replicate countB
are positive integers.

The proof of Thm. 1 in App. D contains several novel ar-
guments that may be of independent interest. First, us-
ing novel techniques based on order statistics, we show
that B � 1

� � 1 permutations suf�ce to obtain a powerful
permutation test. Our arguments can be straightforwardly
adapted to strengthen the analogous results for the com-
plete (Schrab et al., 2021, Thm. 5) and incomplete (Schrab
et al., 2022, Thm. 5.2) permutation tests. Compared with
theB � 3

� 2 (log( 8
� )+ � (1� � )) requirement of Schrab et al.

(2021, 2022), our requirement eliminates all dependence
on the target power1 � � and improves the� dependence
by a quadratic factor. Put in practical terms, by Thm. 1,
B � 19permutations suf�ce for powerful permutation test-
ing at level� = 0 :05 while B � 2613 were previously

required to guarantee power greater than the level. Sec-
ond, we show that to obtain a powerful permutation test,
one need not permute allm + n datapoints; rather, it suf-
�ces to permutes bins where the numbers can be chosen
independentlyof the sample sizes.

In the end, Thm. 1 implies that CTT with a small number of
coresets and permutations can detect distributional discrep-
ancies of order 1p

m —the same detection threshold enjoyed
by the quadratic-time MMD tests (Gretton et al., 2012b,
Thm. 13)—-up to the in�ation factor(1+ Rk ;k 0=2g). Since
Rk ;k 0=2g = o(1) wheneverg = log 2(! (Rk ;k 0)) and the
runtime of CTT is dominated by a single CORESETMMD
computation, by settingk0, g, ands as discussed in Sec. 3.1,
CTT can recover the quadratic-time detection threshold in
near-linear O((m + n) logc+1

4 (m + n)) time for subex-
ponential (P; Q) and subquadratic time for heavy-tailed
(P; Q) with � > 2d moments.

Our next result shows that such runtime improvementscan-
not be achieved by the state-of-the-art block and incom-
plete MMD tests of Sec. 2, as each requires quadratic time
(i.e., B = 
( m) or ` = 
( m2)) to match the order 1p

m
detection threshold of a complete MMD test.

Proposition 2 (Power upper bounds for complete, block,
and incomplete MMD tests). For any nominal level� 2
(0; 1) and target Type II error� 2 (0; 1), there exists a
constantc�;� such that the following power upper bounds
hold for all sample sizesm.

(a) Asymptotic complete test:Pr[� up(Xm ; Ym ) = 1] <
1� � if MMD( P;Q) � c�;�p

m .

(b) Asymptotic block test:Pr[� B(Xm ; Ym )=1] < 1� � if
MMD( P;Q) � c�;�

(Bm )1= 4 andB; m
B !1 .

(c) Asymptotic incomplete test:Pr[� inc(Xm ;Ym ) = 1] <
1� � if MMD( P; Q) � c�;�

` 1= 4 , and `
m ! c> 0.

The proof of Prop. 2 in App. E uses the asymptotic distribu-
tion of each statistic under the null and alternative hypothe-
ses (as derived by Gretton et al., 2007, 2009; Zaremba et al.,
2013; Yamada et al., 2019) to upper bound the power (and
hence lower bound the Type II error) of each test. More-
over, the proof reveals that these detectableMMD( P; Q)
separation rates are tight. For example, there also exists a
constantc0

�;� > c �;� such thatPr[� up (Xm ; Ym ) = 1] >
1� � wheneverMMD( P; Q) � c0

�;� =
p

m. Tab. 2 summa-
rizes the trade-off between detectable MMD separation and
runtime for the complete and approximate MMD tests and
highlights the improved trade-off offered by CTT.

In particular, the time-power trade-off of CTT improves
signi�cantly under the favorable settings of Tab. 1 (e.g., for
compactP or subexponentialP and analytick in lower di-
mensions). While the improvements need not be as large
for heavier-tailed distributions, less smooth kernels, and
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higher dimensions, even the worst-case trade-offs of CTT
are no worse than prior methods' asRk ;k 0(P; m; �; g) =

O
�

2g=2m1=4
q

log( 1
� )

�
by Dwivedi and Mackey (2021,

Rem. 2). That is, for arbitrary distributions, dimensions,
and kernels, a user can comfortably use CTT as a drop-
in replacement for the block and incomplete tests, as we
should expect no worse power-time trade-off curves. That
said, there is some overhead associated with compression,
so a user may �nd the block and incomplete tests to be
faster for small sample sizes.

4 CTT Extensions

In this section, we develop two extensions of CTT: �rst,
a fast and powerful way to exploit an accurate low-rank
kernel approximation and, second, a fast and powerful ag-
gregation procedure for identifying a particularly discrimi-
nating kernel from amongst a collection of candidates.

4.1 Low-Rank CTT

Our �rst extension, called Low-Rank CTT (Alg. 2), allows
the user to exploit an accurate low-rank kernel approxima-
tion without sacri�cing the provable time-power trade-off
improvements of CTT. Speci�cally, we consider�( nr )-
time low-rank MMD � r approximations of the form (4)
with � r selected so that the approximation error

� 2
� r

(Xm ; Yn ) = sup x;y 2 Xm [ Yn
jk (x; y) � � r (x)> � r (y)j

is small. For example, Sriperumbudur and Szabó (2015,
Thm. 1) show that� � r (Xm ; Yn ) = O(r � 1=4) and

hence thatj MMD 2
k (Xm ; Yn ) � MMD 2

� r
(Xm ; Yn )j

(60)
�

4� 2
� r

(Xm ; Yn ) = O(r � 1=2) with high probability when
� r consists of r random Fourier features and(P; Q)
are compactly supported. However, since computing
MMD � r (Xm ; Yn ) requires�(( m + n)r ) feature evalua-
tions, this analysis requires
( m3) time to match the or-
der 1p

m detection threshold of a complete MMD test. Our
following result, proved in App. F, shows that appropriate
compression prior to low-rank approximation yields com-
parable power guarantees in justO(4g(m + n) log r ) time.

Theorem 2 (LR-CTT exactness and power). Low-Rank
CTT (Alg. 2) has size exactly equal to the level� for all
P. If the replication countB � 1

� � 1, the permutation
bin counts � m + n

m
32
9 log( 2e


 ) for (
; ~� ) as in Thm. 1, and
m � n, thenLR-CTT has power

Pr[� LR-CTT(Xm ; Yn ) = 1] � 1� �

when, for a universal constantc0 andc� de�ned in Lem. 1,

c0MMD k (P; Q)=
p

log(1=
 ) � 2c~� =20 s r

q
kk k1

m +

Rk ; k 0(P; m
s m;r

;
~�

20 s m;r
;g)+ Rk ; k 0(Q; m

s m;r
;

~�
20 s n;r

;g)

2g
p

m + � � r (X̂m ;Ŷn ):

Algorithm 2: Low-Rank CTT,� LR-CTT

Input: Samples (Xm , Yn ), coreset size factora, compression
levelg, kernels (k ; k 0), feature map� r , failure prob.� , #
permutation binss, # replicatesB, level �

PartitionXm into sm;r = 4g a2 m
r 2 equal-sized bins(X( i )

m )sm;r
i =1

PartitionYn into sn;r = 4g a2 n
r 2 equal-sized bins(Y( i )

n )sn;r
i =1

// Identify coreset of sizera for each bin
for i = 1 ; : : : ; sm;r do

X̂( i )
m  KT-COMPRESS(X( i )

m ; g; k ; k 0; � )
end
for i = 1 ; : : : ; sn;r do

Ŷ( i )
n  KT-COMPRESS(Y( i )

n ; g; k ; k 0; � )
end

// Compute LR-CORESETMMD test statistic
M B +1  MMD � r (X̂m ; Ŷn ) for (9)

X̂m := CONCAT(( X̂( i )
m )sm;r

i =1 ) andŶn := CONCAT(( Ŷ( i )
n )sn;r

i =1 )

// Simulate null by randomly permutings coresetsB times
for b = 1 ; : : : ; B do

(X̂b
m ; Ŷb

n )  PERMUTECORESETS(X̂m ; Ŷn ; s)
M b  MMD � r (X̂b

m ; Ŷb
n )

end

// Threshold test statistic
R  position ofM B +1 in an increasing ordering of(M b)B +1

b=1
with ties broken uniformly at random

if R > b � := d(1� � )(B+1) e then return 1 // reject null
else if R < b � then return 0 // accept null
else return 1 with prob.p� = b� � (1 � � )(B + 1) or else0

Speci�cally, to form a low-rank CORESETMMD test statis-
tic (9), Low-Rank CTT (LR-CTT, Alg. 2) divides each
sample intosm;r or sn;r equal-sized bins, forms a coreset
for each bin using KT-COMPRESSwith kernels(k; k0), and
computes the low-rank approximationMMD � r using only
the concatenated coreset pointsX̂m and Ŷn . Then, just
as in Alg. 1, LR-CTT selects an appropriate test statistic
threshold albeit now manually partitioning(X̂m ; Ŷn ) into
s coreset bins and permuting those bins. All told, the LR-
CTT runtime is dominated byO(4g(m+ n)(log4( 2r

a ) � g))
kernel evaluations,O(4g(m + n)a) feature evaluations,
andO(s2B) arithmetic operations. Importantly, whena =
O(log r ), thelogarithmicdependence on the rankr means
that, by Thm. 2, LR-CTT can recover the order1p

m de-
tection threshold of a complete MMD test innear-linear
time for subexponential(P; Q) and subquadratic time for
heavy-tailed(P; Q) with � > 2d moments, even when the
approximation error� � r has slow (e.g., orderr � 1=4) decay.

4.2 Aggregated CTT

Each of the tests considered so far assumes that a suitable
kernelk has been pre-selected by the user. However, be-
cause the discriminating power of a kernel varies with the
pair of distributions under consideration, it can be challeng-
ing to identify a single suitable kernel a priori. As a result, a
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variety of strategies have been introduced for automatically
selecting discriminating kernels for MMD tests (see, e.g.,
Gretton et al., 2012b; Sutherland et al., 2017; Liu et al.,
2020; Kübler et al., 2020). We highlight in particular the
aggregated MMD testsof Schrab et al. (2021) which com-
bine complete MMD tests with varying kernels into a sin-
gle test with power comparable to the best individual test.
Since these complete aggregated tests run in quadratic time,
Schrab et al. (2022) recently introduced incomplete aggre-
gated tests that trade off computation time and power ex-
actly as in the single-kernel setting (see Tab. 2).

In Alg. 6 of App. G, we extend our Compress Then Test
framework to form a more ef�cient aggregated test that
we call Aggregated CTT (ACTT). Like past aggregated
tests, Alg. 6 takes as inputany indexed collection of ker-
nels(k � ) � 2 � and accommodates nonnegative importance
weights(w� ) � 2 � with

P
� 2 � w� � 1 re�ecting prior be-

liefs about the suitability of each kernel. Like Alg. 1, ACTT
then proceeds to partitionXm and Yn into bins and to
form a coreset for each bin using a parallel collection of
auxiliary KT-COMPRESSkernels(k0

� ) � 2 � scaled so that
supzjk

0
� (z; z)j = 1 . However, instead of forming a sepa-

rate coreset for each candidate kernel, as one might if one
were running a CTT test separately for eachk � , ACTT
saves additional computation by forming a single coreset
per bin using the combination kernelsk =

P
� 2 � k � and

k0 =
P

� 2 � k0
� . These shared coresets are used to compute

a CORESETMMD test statisticM � for eachk � , B1 per-
muted CORESETMMD statistics to estimate the null dis-
tribution for eachk � , andB2 permuted CORESETMMD
statistics to estimate the size of the aggregated test. Fi-
nally, exactly as in Schrab et al. (2021, Alg. 1), ACTT
selects a suitable rejection threshold for each test statistic
M � and rejects the null whenever at least oneM � exceeds
its threshold. The total cost of ACTT is at mostj� j times
that of single-kernel CTT (withB = B1) plus the cost
of O(j� j(B1 logB1 + B2B3)) arithmetic operations due to
sorting and selecting thresholds.

Thm. 3, proved in App. G, shows that ACTT isvalid,
i.e., it has Type I error� � for all sample sizes and
generating distributions, and that its power is compara-
ble to that of the bestk � -CTT test run with compression
level g � log2 j� j. Moreover, by Thm. 1, eachk � -CTT
test has power comparable to a completek � test when
g = log 2(j� j! (Rk � ;k 0

�
)) . Therefore, by settingk0, g, and

s as discussed in Sec. 3.1, ACTT withj� j = O(1) can
recover the detection threshold of the best quadratic-time
k � test in near-linear O((m + n) logc+1

4 (m + n)) time
for subexponential(P; Q) and subquadratic time for heavy-
tailed(P; Q) with � > 2d moments.

Theorem 3(ACTT validity and power). For any distribu-
tion P, ACTT (Alg. 6) has non-asymptotic level� , i.e.,

Pr[� ACTT(Xm ; Yn ) = 1] � � wheneverP = Q: (10)

Morever, withm � n, � 2 (0; 1
e ), and replicate counts

B1 � (max� 2 � w� 2
� ) 12

� 2 (log( 8
� )+� (1� � )) , B2 � 8

� 2 log( 2
� ),

andB3 � log2( 4
� min � 2 � w� 1

� ), ACTT has power

Pr[� ACTT(Xm ; Yn ) = 1] � 1 � � (11)

whenever there exists a� 2 � satisfying

MMD k � (P; Q)� c0
q

log( 1

 �

) " AGG( �= (10 s)
4+ � ) (12)

andsm � 32
9 log( 2e


 �
), where
 � , �w �

8e ( �
8+2 � )

1
b�w � ( B 1+1) = 2c ,

c0 is a universal constant, and

" AGG(� ) , 2c�

q
kk � k1

m

+ c� max
� 2 �

Rk � ; k 0(P; m
s m

;�; g)+ Rk � ; k 0(Q; m
s m

;�; g)

2g
p

m

for c� as in Lem. 1 andc� , 2
p

j� j(1+log( j� j)) .

5 Experiments

We now present seven experiments that illustrate the im-
proved power-runtime trade-offs of CTT, LR-CTT, and
ACTT over state-of-the-art approximate MMD tests. In all
experiments, we use a Gaussiank0 = k, � =0 :05, m = n =
49, s = 32, and� = 1

2 . We report average rejection rates
over400independent replications of each experiment with
95% Wilson (1927) con�dence intervals. See App. H for
additional details and github.com/microsoft/goodpoints for
open-source Python code recreating all experiments.

CTT experiments We evaluate CTT in two settings with
the kernel bandwidth set using the popular median heuristic
(Chaudhuri et al., 2017). In the GAUSSIAN setting,P and
Q are10-dimensional Gaussians with identity covariances;
the means have Euclidean distance0:012under the alterna-
tive and0 under the null. The EMNIST setting is similar
to the one considered by Kübler et al. (2020); Schrab et al.
(2021), whereP andQ denote distributions on downsam-
pled 7 � 7 images of the EMNIST dataset (Cohen et al.,
2017)—an extension of the MNIST dataset (LeCun et al.,
2010) that also includes letters. Under the alternative hy-
pothesis,P denotes a2-mixture of uniform distributions
based on parity of digits and letters with weight 0.49 (resp.
0.51) for even (resp. odd) parity, whileQ puts equal weight
0.5 on both parities. Under the null hypothesis, we consider
P = Q = equally weighted mixture. We plot the test power
results versus runtime in Fig. 1 with GAUSSIAN setting on
top and EMNIST setting on the bottom.

Fig. 1 (left) shows that in both settings, the CTT time-
power trade-off curve uniformly dominates those of the
state-of-the-art subsampling approximations of Sec. 2:
the wild bootstrap block (W-Block) and incomplete (W-
Incomp.) tests and the asymptotic block (A-Block I and II)
incomplete (A-Incomp.) tests. In particular, the CTT test
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Figure 1:Time-power trade-off curves in the GAUSSIAN and EMNIST experimental settings comparing (left) CTT to
�ve state-of-the-art approximate MMD tests based on subsampling and (right) LR-CTT to the state-of-the-art low-rank
MMD test based on random Fourier features (RFF).

with g = 3 achieves the same power as the wild bootstrap
quadratic-time tests (W-block withB =4 9 and W-Incomp.
with ` = (4 9� 1)n

2 ) while providing a200� speed-up. While
CTT and the wild bootstrap tests are guaranteed to have
Type I error controlled by� (Fig. 3 in App. H), the asymp-
totic tests violate their level constraint for largeB or ` as
the asymptotic approximation is poor for such settings. As
a result, Fig. 1 displays only those points that respect the
level constraint in the power plots. For consistency, we
usedB = 39 replicates for all the non-asymptotic tests.

LR-CTT experiments In the same settings, Fig. 1
(right) compares CTT, the state-of-the-art low-rank RFF
test of Sec. 2, and LR-CTT with RFF� r and a =
r=(4g2I [r> 4g +1 ]). We useB = 39 permutations to set the
threshold for each test. We �nd that CTT and RFF produce
comparable trade-off curves despite their distinct and com-
plementary approximation strategies and that the combined
LR-CTT test withg � 2 consistently yields the best perfor-
mance, with5–20� speed-ups over CTT or RFF alone.

ACTT experiments We compare our ACTT procedure
in two different settings with the aggregated wild bootstrap
incomplete test (W-Incomp.) of Schrab et al. (2022). For
the BLOBS experiment of Gretton et al. (2012b, Fig. 1),
and Sutherland et al. (2017, Fig. 2),P and Q are two-
dimensional3 � 3 grids of Gaussian mixture components
with a grid spacing of10. Each mixture component has
identity covariance inP, while for Q the ratio of eigenval-
ues for their covariance matrix is� with diagonal entries
set to 1; the null hypothesis corresponds to� = 1 . We con-

sider the bandwidth set� = f 2i � 0g� 4
i =0 for k � (x; y) =

e�k x � yk2
2 =(2 � 2 ) , where � 0 denotes the median heuristic

bandwidth, and uniform weightsw� = 1=j� j. We plot the
results in Fig. 2 and observe that ACTT provides a uniform
gain in the power-runtime curve over the aggregated WB
incomplete test—a100� to 200� -speed up.

We perform the same comparison with the same con�gu-
rations on the HIGGS experiment, a variation of the setting
considered by Liu et al. (2020), which took the data from
Baldi et al. (2014). While the original dataset has samples
with 27 covariates belonging to two different classes (0 and
1), Liu et al. (2020) considers only four covariates of those,
and we only use the �rst two of the four. We consider
two settings for the alternative distribution: one in which
P is sampled from the class 0 andQ is sampled from the
class 1 (HIGGS: Fig. 2,middle) and a more challenging one
in which P is sampled from the class 0 andQ is sampled
from each class with equal probability (HIGGS M IXTURE:
Fig. 2,bottom). We observe a100� to 200� -speed up over
the aggregated WB incomplete test.

6 Connections and Conclusions

This paper introduced CTT, a new framework for kernel
testing with compression; LR-CTT, a test that combines
low-rank approximation and compression for added scal-
ability; and ACTT, a fast and powerful procedure for ag-
gregating kernel tests. While we have shown that CTT,
LR-CTT, and ACTT offer better power-time trade-offs than
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Figure 2:Time-power trade-off curvesfor ACTT and the
state-of-the-art incomplete MMD aggregation test in the
BLOBS and HIGGS experimental settings.

state-of-the-art approximate MMD tests, we highlight that
there are other approaches to fast non-parametric testing
based on alternative test statistics (see, e.g., Chwialkowski
et al., 2015; Jitkrittum et al., 2016; Kirchler et al., 2020;
Shekhar et al., 2022). A natural follow-up question is
whether compression techniques can also improve the
power-time trade-offs of those tests. A second opportunity
for future work is to extend the CTT framework to other in-
ferential tasks like independence and goodness-of-�t test-
ing or kernel regression.
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