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Abstract

Scientists frequently prioritize learning from data
rather than training the best possible model; how-
ever, research in machine learning often priori-
tizes the latter. Marginal contribution feature im-
portance (MCI) was developed to break this trend
by providing a useful framework for quantifying
the relationships in data. In this work, we aim to
improve upon the theoretical properties, perfor-
mance, and runtime of MCI by introducing ultra-
marginal feature importance (UMFI), which uses
dependence removal techniques from the Al fair-
ness literature as its foundation. We rst pro-
pose axioms for feature importance methods that
seek to explain the causal and associative rela-
tionships in data, and we prove that UMFI satis-
es these axioms under basic assumptions. We
then show on real and simulated data that UMFI
performs better than MCI, especially in the pres-
ence of correlated interactions and unrelated fea-
tures, while partially learning the structure of the
causal graph and reducing the exponential run-
time of MCI to super-linear.
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Recently, feature importance methods such as Shapley val-
ues|(Shapley, 1953; Cohen et al., 2007; Lundberg and Lee,
2017), Shapley additive global importance (SAGE) (Cavert
et al|,[ 2020), accumulated local effects (ALE) (Apley and
Zhu,[2020), permutation importance (R1) (Breirnan, 2001),
and conditional permutation importance (CPI) (Debeel and
Strob|/2020), have been used in high-impact journal papers
by scientists who want to explain the mechanisms behind
observational datéa (Addor etlal., 2018; Bazaga &t al., [2020;
Stein etal,, 2021; Johnsen etal., 2021; Schmidtlet al.,|2020;
Gill et all,[2017; Janssen et]lal., 2022). However, these
methods are predominantly for model explanation or fea-
ture selection, so they have many shortcomings when used
for other purposes such as scienti ¢ inference (Freiesleben
et al|,[2022| Catav et &[., 2021). ALE can nicely display
how changes in inputs lead to altered model predictions but
important higher order effects are omittéd (Molnar, 2020),
and although CPI improves upon some limitations of PI,
CPI gives zero importance to perfectly correlated features
even if they offer signi cant explanatory power towards
the response (Covert etlal., 2020). Similarly, Shapley val-
ues diminish the importance of duplicated or highly corre-
lated features (Catav etlal., 2021). Further, only one model
is trained in ALE, CPI, and PI. Thus, correlated features,
which can alter the model assembly process, could be given
arti cially low importance if the goal is to explain the data
(Hooker et al.] 2021). Due to the multiplicity of near op-
timal models with vastly different functioning, one cannot

Scientists often seek to understand the relationships betse a single model to explain the data generating processes
tween a set of characteristics and some outcome of intefMarx et all,[ 2022 Molnar et al;, 2021). Instead of ex-
est (Kruskal/ 1984). These relationships are ideally deploring a single model, the developers of SAGE, SPVIM,
termined by performing carefully controlled experimentsand marginal contribution feature importance (MCI) evalu-
so that causality can be established. However, experiate the difference in accuracy between a model trained with
ments can be dif cult and costly to pursue, unethical tothe feature of interest and a model trained without it, across
perform, or impossible to contral (Wright, 7921; Vowels all feature subset$ (Catav et al., 2021; Covert éf al., [2020;
etall[20211), leaving only observational data available. Th@Villiamson and Feng, 2020). However, these methods have
relationships that are hidden within vast quantities of obsernot been accepted by a wider scienti ¢ audience because
vational data are often dif cult to determine, so statistical of their high computational cost. In particular, we note that
tools, such as feature importance, have been explored. MCI is a recently developed method for explaining data,
_ and it was shown in extensive experiments to have better
quality and robustness when compared to Shapley values,

Proceedings of the ZBnternational Conference on Arti cial ; ari ‘ h
Intelligence and Statistics (AISTATS) 2023, Valencia, Spain.SAGE’ ablation, and bivariate methofls (Catav ¢f al., P021).

PMLR: Volume 206. Copyright 2023 by the author(s). Although MCl is a powerful and innovative method for ex-
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plaining data, it has three key shortcomings. First, MCI de-objective, though similar ideas have been alluded to as fu-
mands an exponential number of model trainings, makingure work in Konig et al.|(202[1], Chen et Al. (2020), and Fan
it unsuitable even for small-to-medium-sized datasets. Se@nd Lv (2008). The weaker concept of nding orthogonal
ond, although it can handle complex feature interactiongepresentations of data has been discussed previously (Gib-
and data with correlated features, MCI underestimates theon, 1962), though the discussion has been limited to rela-
importance of correlated features that form interaction eftive importance measures for multiple linear regressioh (Bi,
fects because MCI usually ignores features that share info2012; Wurm and Fisicaro, 2014). Methods which can not
mation with the feature of interest, as explained further inonly orthogonalize features, but also remove more general
Sectiorf 4.1.p. Third, MCI can give non-zero importance todependencies, have seen great progress within the domains
features that are completely unrelated to the response vardf Al fairness and privacy. Some examples of thesspro-
able, as experimentally shown[in Catav etlal. (2021, Figureessingtechniques include regressign (Bird el al., 2020),
S3) and theoretically shown in Harel et al. (2022). We hy-optimal transport/ (Johndrow and Lum, 2019), neural net-
pothesize that constructing information-preserving repreworks (Song et al/, 2019; Moyer etlal., 2018; Gitiaux|and
sentations of the data that are independent of the feature fangwalal 2021b,a), convex optimization (Calmon ét al.,
interest could resolve these three issues. With this in mind2017), kernels (Tan et &l., 2020), and principal inertial com-
we introduce ultra-marginal feature importance (UMFI), aponents|(Wang and Calmadn, 2017). Linear regression and
new variable importance method that can better describeptimal transport are used in this paper. Gurushankar et al.
data while drastically reducing runtime. (2022) studies the problem of using fairness techniques to
The rest of this paper is organized as follows. Axioms for_perform_ partial ‘”fofmaﬂo’ﬁ decomposition, which leads to
o . interesting connections with our work.
explaining data are proposed in Secfi¢n 2. The framework
for UMFI is then formally presented in Sectiph 3 along
with its theoretical properties and its simple algorithm. In2 AXIOMS FOR EXPLAINING DATA
Sectior| 4, we conduct experiments on simulated and real
data to assess the quality, robustness, and time compleg-1 Background and Notation

ity of UMFI compared to MCI. Finally, an overview of
the work, its limitations, and ideas for future work are dis- YWe usex; to denote an observed feature from the feature

cussed in Sectidf 5. setF, andX; to denote the random variable thatis sam-
pled from. Suppose thgfF;y) = ( X1;::5Xp;y) is sam-
pled jointly from the joint distribution(X ops; Y ), Where
Xobs Xgun = fX1;X5;::Xrg,andp r. To accom-
modate dependency removal, we will require that the uni-
versal predictive power, de ned in Equation[(lL), is also
de ned for transformations of the feature set. We therefore
de ne the space oinformation subsetsf a feature seF

as

Related Work

This paper is greatly inspired by the development of

marginal contribution feature importance (MCI) by Catav

et al| (2021). LeF = fxq;::;Xpg be the set of features

used to predict the response varialgieThe universal pre-

dictive power of a set of featuré&s F is given by

(S) = frzniGn(.) ENCE G ):y)] fzmei?s) ENC (S):y)]: (1) I (F)= fg(F) : gis a deterministic function df g: (3)
' We call these information subsets df because

wherel is a speci ed loss function an@(S) isthe setofall 1 (Y;9(F)) 1 (Y;F) holds for any deterministic func-

predictive models restricted to using featureSin F. tion g by Theorenj A.p.

is clpsely relat_e_d to mutual information, with _equality Un- Given the dat4F;y) and an evaluation function the fea-

fjer ideal condl_t|ons; (Covert et _al., 2(>2Q), but in prz_ict|ce, ture importance of; 2 F is denoted by

is often approximated by machine learning evaluation func-

tions (Covert et all, 2020; Catav et/al., 2021). Using this, .

Catav et al.[(2021) de ned the marginal contribution fea- Imp™ (xi) 2R o (4)

ture importance (MCI) of a featusg 2 F as )
In contrast toX ops, We assume thaX;y, is causally suf-

I (xi) = max (S[f xig) (S): 2) cient, meaning that there are no latent confounders in
S F the underlying data generating process (Yu ét[al., 2018).
Hence, we may consider the full causal graphical model
To achieve our goal of improving upon the shortcomingswith graph G = (V;E), such that each vertex from
of MCI, we evaluate the importance of a feature of interestv = f1;::;;r + 1gis associated to a random variable from
Xj after preprocessing the data to remove dependencies o [ Y := fV1;:::; Vi ; V41 0, and the directed edge set
Xij. Finding independent representations of predictors folE enables the graphical model to obey the global Markov
creating improved feature importance methods is a noveproperty (Kang and Tian, 2009). The graphical model can
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often be given by a structural causal mo@et ( G; U;E),  Theinvariance under redundant information (IRdprtion
whereG is as de ned above is a set of mutually indepen- of our second axiom is a generalization of the duplica-

dent noise variables; ::;; r+1,andU = fug;:;ureg gis tion invariance property introduced [in Catav et al. (2021)
the set of functions relating the variabl¥s; :::; V41 to  and the group size invariance property introduced in Tplosi
their parents irG via the relationV; = u; (Vpa(iy; i)- and Lengauér (2011). If a dataset contains two duplicate
features, a model may use them equally often and there-
2.2  Axioms fore divide the importance equally between them (random

forests), or only one of the features may be given impor-
Any attempt to build a method that explains the data shouldance (lasso) (Chen etlal., 2020). However, from the data's
begin by rigorously de ning what explaining the data truly perspective, the original importance found before dupli-
means. Different, but closely related de nitions and goalscation should be maintained (Tolosi and Lengaler, 2011;
have been formulated hy Chen et al. (2020), Catav gt alCatav et al.[ 2021). Further, after adding duplicate fea-
(2021), Gbmping (2009), Bnard et al.[ (2022), and Tolpsi tures, no additional interaction capability is available (Grif-
and Lengauéf (2011). Inspired by the above works, we prdth and KocH,[2014), so the importance of all other fea-
vide three intuitive axioms for feature importance methodstures should remain the same. The same arguments can
intended for explaining data and scienti c inference. be made for features offering only redundant information,
which arise much more frequently than exact duplicates,
1. Elimination axiom: Eliminating a features; fromF  thus motivating IRI. Thesymmetry under duplication (SD)
can only decrease the importance of other features: aspect of our second axiom is functionally equivalent to
. _ the symmetry property presented in Catav éf al. (2021) and
8xi 2 F nfx;g;ImpF"Xie¥(x;)  1mp™¥ (x): is similar to the correlated group property[in Tolosi and
Lengauer((2011). The purpose of this part of the axiom,
2. Invariance under Redundant Information and as pointed out by Tolosi and LengauBr (2011), is to pre-
Symmetry under Duplication (IRl & SD) axiom:  yent the feature importance method from dismissing fea-
Let # be a redundant feature, i.& 2 | (F). Then  tyres that are not needed for better predictions, but which

adding? to the feature sef to createF® = F [ ®  may be part of the true underlying causal model.
will not change the importance given to any preex- ) ) . .

feature is a duplicate of a preexisting featug 2 F~ @sserts that a feature should have non-zero importance with
(i.e.,® = h(x;) andh is bijective) both® andx; will respect to the respongef and only if it is connected ty
be given equal importance: in the causal graph through a directed path or via a com-
mon ancestor, much like how blood relatives are connected
221 (F) =) Imp™ (x;)= Imp~¥(x;)8x; 2 F  within a family tree. This axiom suggests that feature im-
N N portance scores intended for data explanation should ex-
R=h(x;) =) Imp™ Y (&)= Imp© ¥ (x): tract reliable knowledge about the underlying causal graph
and data generating process. When two features are blood
related, or equivalently, when there is an open path be-
tween them, the two features are said to be associated (see
Greenland et al[ (1999) and Williams et al. (2018)). Thus,

: . . _a feature importance metric satisfying this axiom would
related if there is a directed path between them or if ive non-zero importance to a feature if and only if there

there Its a E?deog r”p atth ?etween theml viaa commorii a statistical association between that feature and the re-
ancestor. Figur]2 illustrates an example. sponse. Statistical association is not only a quality of inter-

Imp™ (x;) > 0 ( Xi 2 BRg(Y): est for many applications (e.g., genome-wide association
studies), it also forms the foundation of Pearl's causal hi-
The elimination axiomcomes directly fronj Catav et al. rarchy [(Shpitser and Pearl, 2008). Some may argue that

(2021). Once a feature is observed to be related to the rdV€ should only assign importance to features with a di-
sponse, the relationship strength between the feature aﬁﬁCtecd path tq the_ response, _bUt as F_’O!”ted _OUt MI@_ mg
response should not drop, regardless of the additional fed<009), €ven if this were desired, this is an impossible goal

tures added. In fact, the importance should often increasé%'ncex ' Z! YisMarkov faquivalent X Z!Y.
since adding features could reveal further synergistic inltis argued by Gomping (200) that any importance mea-

formation about the response (Grifth and Kadh, 2014; Sure aimed at explanatory or causal purposes must give im-
portance toX andZ in both scenarios.

Williams and Beer, 2010). Hence, the elimination axiom
suggests that a feature importance method intended for scikdditionally, a feature importance metric satisfying this

enti ¢ inference should be expressive enough to captureaxiom can partition the feature set into features that are
complex feature interactions.

3. Blood relation axiom: A featurex; will be given non-
zero and positive importance if and only if it is blood
related to the responsé in the full causal graphical
modelG = (V; E). Two vertices are said to be blood
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blood related to the response and features that are not blod2e nition 2. Given an evaluation function : | (F) !
related to the response. Although it does not enable uR o, a feature seF, and a responsg, we de ne the ultra-
to immediately recover the full causal graph, this parti-marginal feature importance (UMFI) of the feature of in-
tioning may be a helpful supplemental tool for other fastterestx; 2 F as

partial causal graph discovery methods (Soleymani gt al., FY (v — F _ F.

2022). This would be an especially relevant research direc- U™ i) = (S [f xig) (S): (5)
tion since Reisach et al'. (2021) recently showed that Class'\(f\/e note that this de nition allows for the use of any pre-
causal discovery algorithms are more inaccurate than pre-rocessin F When the utilized preprocessi ﬁ is oD-
viously thought. This partitioning could also be useful for P Py, - prep i P

sure independence screening (Fan and Lv, 2008; Schellhggqal’ we say that UMF is optimally computed.
et al| [ 2020). Theorem 3.1. Suppose that the datd;y) comes from a

multivariate Gaussian distribution and that( ) is posi-
The axioms introduced in this section are only intended tQively linearly related tol (Y; ), then we can ensure that
de ne ideal properties for feature importance methods thay Fy gatis es (i) the elimination axiom and (ii) the redun-
are focused on scienti ¢ inference. We do not claim that agant information invariance and duplication symmetry ax-
unique solution exists since all three axioms are invariant tggm_ by using linear regression to optimally compUutey .
scalar multiplication, nor do we claim that a method existsjf \e additionally assume that the joint distribution of the
that satis es all axioms in all scenarios. variables(X 1 ;Y) is faithful to the causal grapts, then

UFY also satis es (iii) the blood relation axiom.
3 ULTRA-MARGINAL FEATURE

IMPORTANCE Proof. Sinpe () = al(Y;)+ bforsomea 0and

b2 R, U = (Sf [f xig) (S}), and scaling by
a constant factor does not alter any axiom, without loss
of generality, it suf ces to prove the axioms for the case
where ()= 1(Y;).

LetF = fxq;:::; Xpg be a set op features of arbitrary type
used to predict the responge

De nition 1. We denotésf‘ as a preprocessed feature set
after dependencies on the feature of inteseshave been — _
removed fronF . An optimally preprocessed feature set is (i) Elimination: U™ ™7 %7 (x;) - UFY (x;).

F . .
denoted byST, and we say that a preprocessigf, is | o x; be the eliminated feature, and bet 2 F nfx;g

optimal if it obeys the following properties: be the feature of interest. Theorgm|C.1 in the Supplement
. shows that pairwise linear regression attains an optimal pre-
1.8 21 (F) processingSf, since(F;y) is multivariate Gaussian. Af-
F ter mean centering, pairwise linear regression transforms
2. S ? X :
i each featurexx, 2 F nfxjginto xx = X kXi,
3. I(Y;Sf‘ X)) = 1(Y;F) where  is the regression coef cient of, onx;. Hence,
8 =(8,""9% %) and
The rst property ensures th&@f = g(F) for some de- URY (xi) = 1(Y; 855 X)) 1(Y;8E)

terministic functiong, and hence no information from out- B L AF X Gy - . &Fnix;g.
side ofF is gained during the transformation. The second = HYSSTHEXXi) Y5 HEXG)

property upholds thaﬂs)fi is independent oK;. The last I (Y;é)fi”in 9:Xi) | (y;gfinf Xi 9)

property af rms that there is no unnecessary information — UFNfx gy x):

loss or distortion incurred during preprocessing (Gitlaux e

and Rangwalg, 2022). For simplicity, we uBeand éfi where the inequality is given by the supermodularity of mu-
to denote both their respective data and random vector intual information under independence (Theofem A.3), since

stantiations. X; 2 (8719 %) follows from the optimality ofSf .

Pr(_)vided_that it ex.ists, an optimal preprocesﬁfg is not Qi) IRI: Let ® 21 (F), thenUF¥ (x;) = UFlt Roy (X))
unigue since scaling by a constant does not affect any o

the optimality conditions. Therefore, given a feature of in-By the optimality of the preprocessings and the invariance
terestx; and a feature s, we may consider the (possibly of mutual information under redundant information,
empty) equivalence clas{gfi] of optimal preprocessings. URY ()= 1(Y:8F X)) 1(Y:$F)

In practice, the last two properties of De nitigrj 1 can be ! P TX

dif cult to guarantee, but we later observe in Sec{ign 4 that L(YSF) 1(Y:S)

non-optimal preprocessings can often be good enough to | |FIf RaY (y.\ = . AF[f Rg. y - QF[f %g
provide highly accurate feature importance scores for sci- v Oa) = HOGSET R 1O ST
enti c inference.

L(Y;F) (Y ST %9)



Joseph Janssen, Vincent Guan, Elina Robeva

From Lemméfi] (S5 " %9, In other words, every We remark that UMFI does not require Gaussianity to sat-
optimal preprocessingf 2 [4F ] also exists ifSF [ *9]  isfy all axioms. Indeed, since the last equivalence in Equa-
and vice versa. Thus, we may select the same optimdion (8) can be relaxed to be an implication without Gaus-
preprocessing from each equivalence class to ensure thé‘@_n'ty* UMFI satis es one direction of the blood relation

. FY(xj)) =0 =) x; 62BRg(Y), for arbi-
1(Y:8F )= 1(Y:&E *9) which concludes the proof.  2Xi0m. U™Y(xi) - ' GL
( éx‘) ( Xi ) P trary distributions. Additionally, we show that UMFI sat-

SD: Let® = h(x;) for some bijective functiom. Then, s es the blood relation axiom under alternate assumptions

UFl %9 gy = UFl oy, in Supplemenf €. We also note that the proof of Theorem
- _ _ aFIf #g [3.7(ii) does not_require the Ga_ussian_as_sumption, making

We haveU (&) = 1(Y;F) 1(Y;5" "°) and  the IRI & SD axiom true for arbitrary distributions.

UFI A9 () = 1(Y;F) 1(Y; 851 *9). Similarly to the

proof of IRI, it suf ces to show thafS " *91 871 *9],  Algorithm 1: Algorithm for computing UMFI

which is proven in Lemmi C|.3 in the Supplement. 1: Lety be the response variable of the set of predictors
(iif) Blood relation: UFY (x;) > 0 (0  x; 2 BRg(Y). F. Choose afeature; 2 F.

_ _ 2: ObtalnSXFI by using a technique that removes
BRg(Y). First, we writeU™ (xi) = 1(Y;Sf ;X)) 3: Specify a method and a corresponding evaluation
L(Y;SE) = 1(Y;xijSf,). Also, from the de nition of function ;.
conditional mutual information, 4: Estimate the predictive power; (Sf ), thatS{, has
URY (xi) =0 1(Y;XjSE) =0 X; 2 yjsf: _ apou. -

(i) 0 (YiXiS) 0 ' ISx 5: Estimate the predictive power; (Sf, [f x;g), that
Next, we claim thatU™ (x;)=0 ( x; ? Y. Acon- S§ [f xighas abouy.

ditional independence axiom that holds for the variables in 6: return Uﬁ?y (xi) = f(S)fi [f xig) f(Sfi)
a structural causal model is the contraction axibm (Dawid;
1979: X 2?2 YandX 2 WjY ( X 2?2 (WY).

From this, we obtain the statement Since UMFI is model-agnostic, we provide a general algo-
. - . rithm, which can be applied using any pair of preprocess-
Xi? S andXi ? YjS;, (0 Xi? (Y;§)) ing functions and evaluation functions (Algorithm [T)).

We note that  is not restricted to the domain of machine
learning models or even models in general. For example,
one could also implement UMFI with measures of depen-
X ? Yjs)fi 0 X; ? (Y?szi) 0 Xi? Y (6) dencesuchas QMD (Griessenberger éf al., 2022) or FOCI
(Azadkia and Chatterjee, 2021).

SinceX; ? SXFi is true from the optimality of the prepro-
cessing, this property can be reduced to

where the last equivalence is duexg ? Sf‘ and the fact

that(éfi ; Xi;Y) is multivariate Gaussian (Steudel and Ay,
2015; Lauritzen and Sadeghi, 2018). 4 EXPERIMENTS

All that is left to prove isX; 2 Y Xi 6BRg(Y).  We perform experiments to compare UMFI and MCI with
The claimX; 62BRg(Y) =) X; ? Y follows from  respect to quality, robustness, and time complexity. To im-
the global Markov property. Indeed, it is easy to check thajplement UMFI, we consider optimal transpdrt (Johndrow
X andY are d-separated by the empty set in this case. Thand Lum,[ 2019) (UMFIOT) and linear regression (Bird
converse holds because we have assumed that the graphiealall| 2020) (UMFILR) as methods to remove dependen-
model obeys faithfulness. Indeed; andY would be d-  cies from the data. A detailed overview of these implemen-
connected by the empty set’fi 2 BRg(Y). [J  tations is shown in Supplemein} E and experiments com-
paring their performance appear in Supplenjgnt F. For all
We note that the linear relation betweef) andl (Y; ) experiments, we use random forests' out-of-bag accuracy
is pivotal to the proof of Theorein 3.1. Under ideal con- (cross-validationR? for regression and cross-validation
ditions, this relationship holds (Covert et/ al., 2020), but inoverall accuracy for classi cation) as the evaluation met-
practice, the accuracy of the approximation depends on thec ; since it can capture nonlinearities and interaction
quality of the method, the loss function, and the responseffects (Breiman, 2001; Tau g et &/., 2023; Wright et al.,
variable's distribution. See Covert etal. (2021) and SuppleR016). We use theanger package to implement random
mentA.3 for a more thorough overview. Simulations haveforests with100trees and default hyperparametérs (Wright
demonstrated that Gaussian graphical models with spar&@nd Ziegler, 2015). All experiments were run in Microsoft
graphs are generally faithful to the graph; hence, assuming Open Version 4.0.2. Supplemé¢nt G contains additional
faithfulness is often reasonable (Malouche and Sevéstreexperiments comparing UMFI with other feature impor-
Ghalilg,[2008). tance metrics including ablation, permutation importance,
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and conditional permutation importance. In the same sec ‘

tion, we rerun the experiments comparing MCI and UMFI el %% é;:; “ —

using extremely randomized trees instead of random foresi;™ " i \ 5

and do an additional comparison on a real dataset from hy; e ﬁE

drology [Addor et al., 2017). Code for all experiments, an"* F# '%% éi‘F
|

R package with basic MCIl and UMFI functions, as well | I
as an upcoming Python package for UMFI can be found a = = =« @ fup = 02 2 e s g e

https://github.com/HydroML/UMFI - (a) Nonlinear interactions  (b) Correlated interactions

4.1 Experiments on Simulated Data _—
=) %%

In the following subsections, we compare UMFI and MCI ;

on simulated data. The data in all scenarios contains one r;” ;

sponse variablg, four explanatory features;; X»; X3; X4, K B - - B

and1000randomly generated observations. Each study is , - - S -

repeated 00times to test and ensure stability (Yu, 2013).  ~ © 7 % 7 e T T Em o mE s m AL m m m
(c) Correlation (d) Blood relation

4.1.1 Nonlinear Interactions

Interaction effects are common in many scienti ¢ disci- Figure 1. Results for the experiments on simulated data
plines where assessing feature importance is prevalent, ifrom Subsectiof 4]1. Feature importance scores are shown
cluding hydrology|(Janssen and Ameéli, 2D21; Addor et al.,as a percentage of the total for eachxaf to x4 from
2018;[Le et al.| 2022, Li and Ameli, 2022), genomics 100 replications. Results are shown for marginal con-
(Catav et al;, 2021; Wang etjal., 2021; Orlenko and Mooretribution feature importance (MCI), ultra-marginal feature
2021; Wright et al/, 2016), and glaciolody (Edwards €t al.,importance with linear regression (UMER), and ultra-
2021;[Bach et al.] 201§; Brenning and d&af, 2010; marginal feature importance with pairwise optimal trans-
Sevestre and Benn, 2015). So, as was done in Catav et gort (UMFI_OT).

(2021), we assess the ability of MCI and UMFI to detect

nonlinear interaction effects in the data (Marx eft/al., 2021).

We consider: term, sign(xy  X2). The results in Figur@b show
that UMFI provides substantially better feature importance
scores compared to MCI when correlated interactions are
present. MCI estimates that all features have approxi-
mately the same feature importance scores, while both
UMFI methods appropriately give signi cantly greater im-

X1;X2;X3;Xa N (0;1)
Y= Xg+ Xz + sign(X1  Xz2)+ X3+ X4

Feature importance metrics should ideally concludexthat
andx; have higher importance compareddpandxs be-  hoance tox; andx, compared withxs andxs. MCI
cause of the extra interaction tersign(x.  X2). Figure  taiiq in this experiment because it penalizes feature subsets
[L8 shows consistently good performance across all methy ¢ share information with the feature of interest (Equa-
ods. Each mgthod gave high relatlve |mportance scores 9, (@). For example, if we are assessing the MCI score
x1 andxz, while xs andx, received less, but still substan- ¢ “sincex, is strongly correlated witk;, then the pre-

tial importance. All methods show similar variability. dictive power offered by, on top of a subse$ would be
diminished by the presencex$ 2 S. Thereforex; is not
utilized in the MCI score fok, which prevents the detec-
Interacting features are often correlatgd (Jakulin andon of thg |.nteract|.on termlgn(xl X2). UMFlis gble to )
Bratka,[2003] Janssen and Améli, 2021). So, this simudetect thlsm_teractlon bgcause |_t can ex_tract t_he information
Jrom X2 that interacts withx; while keeping this extracted

4.1.2 Correlated Interactions

lation study aims to repeat the nonlinear interactions stud

except nowk; andx, are highly correlated with eachother. feature independent ocfl.. We suspect that similar results
In the same wayxs andx, are highly correlated with ea- could be demonstrated in the presence of dependent, but

chother. LetA;B;C;D;E;G N (0;1). We consider: uncorrelated interactions.
X1=A+B; xo=B+C; x3=D+E; x4s=E+G
Yy = Xp+ X+ sign(xy  Xp)+ X3+ Xg!

4.1.3 Correlation

Feature importance methods that seek to explain data
Just as with the interaction experiment with independenshould not change the measured importance of features in
features, we would expect; and x, to be more im- the presence of redundant variables according to the IRI
portant thanxs and x, because of the extra interaction axiom. To test this, we implement a simulation study sim-
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ilar to the ones found ih Catav etlal. (2021). Let
N (0; 0:01). We consider:

X1;X2;Xa N (0;1); X3 = X1 + @ °

Yy = X1+ Xo:!

X1, should not alter the importance xf, which should re-
main equally as important as since they have the same
in uence on the responsg. The results shown in Figure

The addition ofxz, which is approximately a duplicate of @ @

[Id show that both MCI and UMFI work reasonably well. Figure 2: The_ full pausa_l graph g.enerat_lng the data for
, . . . : ... the blood relation simulation experiment in Section 4.1.4.

As with the previous simulation experiment, the variability .

. . ' > Blood related vertices to the responéséblue) are coloured

is consistent across methods. As was desired, UMFI with .

; . . .. inred.S andX 4 are directly causally related ¥, whereas

linear regression shows approximately equal relative im<, i

. . X3 is related toY via the common ancest&.

portance scores for; andx,. The importance given t;

was slightly greater thar; according to MCl and UMFI

with optimal transport. Interestingly, MCI assigns some

importance tok4, which was independent of the response,4.2 BRCA Experiments

while both UMFI methods assign importance scores close

to zero. Because of this, we conclude that UMFI with lin- We use the same breast cancer (BRCA) classication

ear regression performs the best in this simulated scenaridataset (Tomczak et dl., 2015) used in previous feature im-

portance studies includirig Catav et al. (2021) and Cpvert

et al| (2020) to test the quality and robustness of UMFI on

real data. The original data contains o¥&000genes and

To ensure that UMFI is suitable for scienti ¢ inference, and 571 anonymous patients with one of four types of breast

that it could be used to learn part of the structure of causatoneer We consider the same subsebfgenes as in

graphs in theory as well as in practice, we implement theCatav et al.[(2021) arid Covert et al. (2020) for easier com-

blood relation simulation experiment. In this study, dataPUtation and result V|sual!zat|on._0f the selected genes,

is generated from the causal graph in Figtre 2, which Wago are known to be associated with breasfc cancer, while the
inspired by the collider causal graph found in Harel et al.other40genes are randpmly sampled. This data was down-
(2022). The featur® is unobserved, thuss andx, are loaded from the MCI GitHub page. |n Catav ef al. (2021)

the only observed features that are blood related to the re"’}nd Covert%tf_l. t()2020), thegjétradndc.Jtrﬁlk))/ sarr;pled gene|_s|
sponsey. According to the blood relation axiomz and are assumed to be unassociated with breast cancer. How-

X4 Should be given high and positive importance while ever,l to ensu;e ;morle de n]it;\rl]iggeround truth, Wetﬁlsfo ran-
andx, should receive zero importance. In Section 3 an omly permute the values o genes across theirre-

Supplemerit C, we prove that in ideal scenarios, UMFI Wi”frf)ectlv%7lo:servatlons 0 fpr;her r(_atcri]ul;:e th(te chance that
satisfy the blood relation axiom. We hypothesize that we €€ genes have any association with breast cancer.
can extend this to real-world scenarios where non-GaussiaQuality is then measured with the true positive and true

features and interaction information appear. To test this, w@egative rates: thd0 BRCA associated genes should

4.1.4 Blood Relation

consider: have some non-zero importance (positive), and the other
40 genes should have exactly zero importance (negative).
U ( L1); Exp(l); U ( 0:5;0:5) These experiments were r@®0 times on different seeds

and with a different random sample®@0patients for each
iteration. Robustness is measured using the standardized
y=S+ [ Xa=y+ . interquartile range (SIQR) from the repeated experiments,
which is calculated by dividing the average IQR across the
50 features by the average median. This experiment is too
|rfomputa'[ionally intensive for MCI to be calculated exactly,
so we implement MCI assuming soft 2-size submodularity

f (see the supplement of Catav et al. (2021) for details).

X1;S N (0;1); x=3X1+ ; X3=X2+ S

The results shown in Figufe Jld indicate that MCI fails to
distinguish the blood related features since more than ha
of the total importance is shared betwegnx, 62BR(Y),
while x3; x4 2 BR(Y) together received less than half o
the total importance. In contrast, UMER and UMFLOT  We found that MCI and UMFI (UMFELR and UMFLQOT)
detect thak; andx, should have approximately zero im- correctly gave signi cant importance to tH® genes that
portance while giving most of the importancextpand the  are known to be associated with breast cancer (Figure 3).
rest of the relative importance 1g. Interestingly, the order of important features was similar
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@ Table 1: The standardized interquartile range (SIQR), true

- BRCA st i positive rate (TPR), true negative rate (TNR), overall accu-
g racy (OA), and the number of features for which feature im-
Gue lﬂﬂﬂﬂﬂﬂﬂ( i portance can be calculated within 60 minutes are displayed
Em_ ﬂ after running the methods on the BRCA data.

Method SIQR TPR TNR OA @1hr
MCI(k=2) 66% 1 0 0.20 130
UMFI(LR) 41.9% 1 0.975 0.98 4010
UMFI (OT) 28.5% 1 0.775 0.82 3000
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statements, and to show that the extra model trainings re-
quired for MCI dominate the computation time for remov-
ing dependencies in UMFI, we ran a simple timed experi-
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Figure 3: Median feature importance scores provided b

e o A, e o ent e ARGAE Fan (s expriment o a dtast wlfeares, an
dat P t aft 2pOO terati P ,G gl din bl then slowly added features until our given time budget of
ataset after ierations. enes colored In biue arﬁour ran out. Once aB0 BRCA features were used, more

known to be associated with breast cancer while genes col oo\ oo randomly generated. All datasets had 571 ob-

ored in grey are random permutations of randoml selectege - ; .
grey P y rvations. These experiments were run using an Intel Core

genes, which we assurme to be' unassociated with bregl -9980HK CPU 2.40GHz with 32GB of RAM. Code was
cancer. The rst and third quantiles of the scores are vi-

X parallelized in R, and 2 of the 16 available threads were
sualized as error bars for each gene. used

across methods, with BCL11A and SLC22A5 always rank-
ing rst, and TEX14 always being the least important of
the 10 BRCA-associated genes. However, MCI consis-
tently gives non-zero median importance to all features
while UMFI correctly gives zero median importance to the
majority of the randomized genes. Furthermore, UMFI's
performance in this experiment improves with increased it-
erations. After running the experimeB000 times, both
UMFI methods achieve perfect accuracy when distinguish:
ing between important and permuted features (Supplemet — ONE LR
[G.2.7). Although UMFI scores have higher variability than — - ¢FM8
MCI (Table[]), Figur¢ B shows that UMFI provides a more i 1000 2000 2000 000
accurate and interpretable scoring, since it better separat: # of Features
the10associated genes from th8 unassociated genes.
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Figure 4: Computation time for a single iteration of each
4.3 Computational Complexity method including: MCI (dark red), MCI with the soft
2-size-submodularity assumption (pink), UMEIT (light
MCI must train and evaluate a model for each element oblue), and UMFILR (dark blue), plotted against the num-
the power set of the feature set, which impl@&@P) model  per of processed features.
trainings if there arg features. If the evaluation function
obeys sofk-size submodularity, then the maximizing sub-
set has no more thanelements, which reduces the number From Figurg #, we can observe that UMFI is approximately
of model trainings ta(p***) (Catav et al., 2021). UMFI  super-linear, with UMFIOT incurring more computational
circumvents the exponential training time since it can becost compared to UMELR. Giving each method one hour
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to run, MCI processed 19 features, MCI with the soft proposed axioms. Finally, though UMFI can work for any
2-size submodularity assumption processed 130 featurearbitrary feature type, in this paper, we have only consid-
UMFI_OT processed about 3000 features, and UMRI  ered datasets with continuous explanatory variables.

processed about 4000 features (Table 1). In future work, we would like to test how well other meth-

ods, such as neural networks, pair with UMFI while further
5 CONCLUSION testing on a wider variety of variable types (i.e., binary, cat-

egorical, and ordinal). We also believe that exploring the
In this study, we introduced three ideal axioms that feaeffectiveness of dependency removal techniques is worth-
ture importance measures should satisfy if they claim tayhile in its own right. We would also like to test how well
be useful for learning from data. We then introducedUMFI scales to large datasets. In these settings, UMFI
ultra-marginal feature importance (UMFI), a new methodwould bene t from a fast algorithm for computing con -
that uses preprocessing techniques, originally developedence intervals and p-values to counteract its variability.
in the domain of Al fairness, to provide fast and accu-Comparing different measures of multivariate dependence
rate feature importance scores for the purpose of explaining their ability to approximate universal predictive power
data. We proved that UMFI satis es all three of the intro- and satisfy common assumptions such as monotonicity
duced axioms under certain assumptions. When compareglould also be of interest to the broader feature impor-
with MCI, experimental results showed that UMFI, im- tance community. Currently, UMFI is limited to providing
plemented with linear regression and optimal transport ag single measure of global variable importance. Extend-
preprocessing techniques, was able to provide more accing our methods such that UMFI can be decomposed into
rate estimates of feature importance on real and simulateglifferent orders of interaction effects or redundant infor-
data, particularly in the presence of correlated interactiongnation in a similar way to functional ANOVA (Lengerich
and unrelated features. Supplemeft G shows that UMFét al| [ 2020; Martens and Yau, 2020; HookEer, 2007 Huang,
also compares favourably against other baseline method98; Stone, 1994), commonality analysis (Amado, 1999;
including permutation importance, conditional permutationDaube et al.[ 2019; Seibold and McPHEE, 1979; Stoffel
importance, and ablation. et al|,[2021{ Ray-Mukherjee et Jal., 2014), partial infor-

Throughout the work on this paper, several shortcoming&nation decompositior] (Rosas et al., 2020, Varley, 2023;
appeared. First, we only considered two simple method$utknecht et alj, 2021; Mediano et|al., 2D22; Kolchinsky,
for removing dependencies, linear regression and pairwisgoz‘!; Suzuki et al|, 2022; Goodwell and Bassiolini, 2022;
optimal transport. Other methods certainly existin the liter 200dwell et al., 2020; Gurushankar et al., 2022; Wollstadt
ature, including optimal transport with chainifig (Johndrow€t a1, 2021), or functional decompositign (Bordt and]von
and Lum, 2019), neural networks (Calmon et al., 2017"_I_uxburg, 2022} Hlabl_J et gl., 2022) could provide interest-
Song et al];, 2019), or principal inertial components (Wang"Y future research directions.

et all,[2019). Though our two methods performed fairly To reiterate, UMFI is a powerful tool for detecting and ex-
well on the real and simulated datasets in Sedtion 4, opplaining the relationships hidden within observational data.
timal transport and linear regression failed to nd repre- We emphasise that UMFI is just a framework. A variety of
sentations of the data that were independent of the prasther methods can be used to estimate the universal predic-
tected attribute when we tested the methods on a hydrologive power including, but not limited to, XGBoost, neu-
dataset with more shared information compared to BRCAral networks, QMD, or FOCI (Griessenberger et[al., 2022;
(Addor et al.[201]7) (Supplemept G.4). However, neuraAzadkia and Chatterjeg, 2021). Furthermore, new prepro-
nets, principal inertial components, or implementing opti-cessing techniques for dependence removal are still being
mal transport with better estimates of the conditional CDFdeveloped in the Al fairness community, so these, in ad-
certainly could have given better results. Although de-dition to other existing methods, can be used in future ap-
pendencies were not removed optimally for the hydrologyplications of UMFI for additional improvements. We hope
dataset, the importance scores were still reasonably accthat UMFI will be a useful tool for learning from data in
rate. Second, UMFI scores are less robust than MCI sincg variety of disciplines including bioinfomatics, earth sci-
they have higher variability, however, because of the signifences, psychology, and health science.

icantly lower computational cost, UMFI can be run multi-

ple times and averaged to increase robustness and compute

con dence intervals. Third, it is not clear how closely ran- Acknowledgements

dom forests or other measures of multivariate dependence
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A Mutual information

A.1 Properties of mutual information
Theorem A.1(Symmetry of conditional mutual informatioh (Yeung, 2002))

1(Y;XjZ) = 1(X;Y]Z)

Theorem A.2(Chain rule for mutual information (Yeuhg, 2002))

LOY;X:Z) = 1(Y;Z2)+ 1(Y;XZ) = 1(Y;X)+ 1(Y;ZjX)

Theorem A.3(Supermodularity under independenckgtS; X 1; X, be random variables such thdt; ? (S; X2). Then,
I(Y;S;X1;X2) 1(Y;S;X2)  1(Y;S;X1) 1(Y;S) (Lau et al; 2022; Steudel and Ay, 2015).

Proof.

L(Y;S;X1;X2)  1(Y;S;X2)

F(Y;S; X))+ 1(Y;X1jS; X2)  1(Y;S;X2) (bychainrule)

L(Y;X1jS; X2) = 1(X1;Y]S; X2)  (by symmetry)

I (X1;Y;S;X2) 1(X1;S;X2) (bychain rule)

[(X1;Y;S;X2) = 1(Y;S;X2; X1) (by X1 ? (S;X2) and symmetry)

1(Y;S;X1) = 1(X1;Y;S) (by monotonicity of mutual information and symmetry)
I (X1;YjS) = 1 (Y;X1jS) (bychainrulexX; ? S, and symmetry)

[(Y;S;X1) 1(Y;S) (bychainrule)

O

Theorem A.4(Data processing inequality)etX; Y; Z be three random variables forming a Markovchinl Y ! Z,
i.e.X ? ZjY.Thenl (X;Y) 1(X;Z2).

Proof. The proof can be found {n Cover and Thoiras (2006, p. 32). O

Theorem A.5. LetF be a set of features used to predict the respofs&henl (Y;F) 1(Y;g(F)) for any deterministic
functiong. If g is injective, ther (Y;F) = I (Y;g(F)).

Proof. The rstclaim! (Y;F) 1(Y;g(F)) follows from the data processing inequality (Theofem|A.4) siide F !
g(F) forms a Markov chain.

If g is injective, then we may writ€ = h(g(F)) whereh : Im(g) ! F is the inverse ofj restricted to the image of
g. By the data processing inequality and the fact tha®? h(g(F))jg(F) we know thatl (Y;g(F)) 1(Y;h(g(F))).
Then by the de nition ofh andg, we know that (Y; h(g(F))) = 1(Y;F), thusl (Y;g(F)) [(Y;F). Combining with
I(Y;F) 1(Y;9(F)) yields the desired claim,(Y;g(F)) = 1(Y;F) whengis injective. O

A.2 Mutual information and feature importance

LetF = fxy;::; Xp0 be a set of features used to predictAs shown in Grif th and Koch|(2014), the mutual information
I(Y;F) = 1(Y;Xq;:; Xp) can be visualized using a partial information (PI) diagram (Williams and Beer| 2010). We may
interpret the mutual information shared betw&eandF as a collection of non-negative pieces of information, whose sum
formsl (Y ; F). Each of these pieces of information can be classi ed as unique, redundant, or synergisticﬂ]Figure 5). Unique
information is the information about that comes from only one feature and nowhere else. Redundant information is
information abouy that comes from a single feature, but which can also be found elsewHhereSynergistic information

is information abouY that cannot be extracted from a single feature, but is available when multiple features are considered.
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We note that the distinction between feature importance methods that seek to explain data versus methods that seek to
explain or optimize a model comes from their treatment of redundant information (Wollstadt [et al., 2021). Methods
for explaining data, such as MCI or UMFI, aim to count all of the redundant information pertainiXg o | (Y ; F)

towards the feature importancexf Indeed, even though this information can be found elsewhere by a model, redundant
information still constitutes part of the information tht shares about in the data. Conversely, a method mainly made

for feature selection, such as conditional permutation importance (CPI), aims to count none of the redundant information
towards the evaluation of a feature's importance, since this information is already found in another feature.

(a)n:é

Figure 5: PI-diagrams taken from Grif th and Koch (2014) fqiY ; F) whenjFj = 2 (left) andjFj = 3 (right). Magenta
represents unique information, redundant information is colored with yellow, and synergistic information is in cyan. The
starred regions represent a single region.

Mutual information itself is a common choice in the context of feature sele¢tion (Battiti| 1994; Al-Anilet al|,2003; Yang and
Ond, 2012, Bennasar etlal., 2015). However, due to the computational cost and the limited number of observations available
for the calculation of the high-dimensional joint probability density function, it is not practical to conmp¥tesS). For

feature selection, users are only interested in the importance given to tkefeéapures. Therefore, mutual information-

based feature selection methods typically bypass the computatiqiy 06) by instead studying the mutual information
between the candidate feature and the response along with the mutual information between the candidate and the previously
selected features (Bennasar €t/al., 2015; Battiti, 1994). These methods are much less suitable for feature importance when
the goal is to explain the data since interactions cannot be considered, which is why the most common approach is to train
machine learning models to determine an approximation of the universal predictive power (Catav et/dl., 2021; Chen et al.,
2020; Covert et dl[, 2020; Williamson and Feng, 2020).

Another connection between feature importance and mutual information comes from Louppé et al. (2013), who showed
that when extremely randomized trees' mean decrease in impurity (MDI) is used as a feature importance score, the MDI
of a single feature converges to a weighted sum of conditional mutual information as the number of trees and the number
of observations goes to in nity (Louppe etlal., 2013). Also, the sum of the MDI scores across the feafureoseerges
tol(Y;F).

A.3 Mutual information and machine learning evaluation functions

The evaluation function for a machine learning modg|S) measures how well the respongecan be predicted using

the modelf given the information subs& 2 | (F). Intuitively, the predictability or best possible accuragyS) should

ideally mirror or at least covary with the mutual informatiofY ; S) (DelSole and Tippett, 2007; Gong et al., 2013). While
entropy and mutual information are usually examined in discrete settings, the continuous entropy and mutual information
are linearly related to the analogous discretized version (Gong et all, 2013). In the case of regression, one can also closely
relate mutual information to the explained variance of a model. Indeed, with some assumptions, mutual information and
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R? accuracy are related. If we assume the response and predictions are jointly Gaussian and the predictions are unbiased
(Cover and Thomas, 2006), we can approximate the mutual information be¥vapdF as:

L(Y;F)  1(Y;g(F) = 1(Y;9)= %log{l 2(Y;9)] = %log{l R?]:

Machine learning evaluation functions and mutual information have been equated many times in the feature importance
literature. | Covert et al/ (2020) demonstrated equivalence when the Bayes classi er is known and cross entropy loss is
used. In a simple example, Catav el al. (2020) used mutual information directly as the evaluation function. The connection
between machine learning evaluation functions and mutual information was further used by Sutgfa etlal. (2021) to relate
random forest feature importance with Shapely values.

B Additional information about marginal contribution feature importance (MCI)

Two of the methods that are compared with MCJl'in Catav éf al. (2021) include ablation and bivariate association. Ablation
methods determine feature importance based on the difference in accuracy between the full model and the full model
without the feature of interest, i.& (xj) = (F) (F nfx;g). Bivariate methods are among the most popular methods

for genome-wide association studies (Consortium &t al.,|2007; Easton| et al.| 2007; Sun et jal., 2021). In this method, the
feature importance is given by the difference in the evaluation function of the model with just the feature of interest and
the null model, i.eB (xi) = (Xj) (;)- The three feature importance axioms proposed by Catay et al.|(2021) were
partially motivated by the shortcomings of these two methods.

1. Marginal contribution : Ablation methods may underestimate the importance of features when the correlation be-
tween features is high. In these scenarid$;) may be approximately equal tdF n fx;g) even in cases wherg
is highly related to the response. Because of this, the importance of a feafyreshould be at least as large as the
importance given by ablation methods(x;) A (xj)= (F) (Fnfxjg) 8x; 2 F.

2. Elimination: Bivariate methods may underestimate the importance of features in cases where interactions exist be-
tween features. Many high-order interactions may be present in the data, so eliminating features from the feature set
could prevent the detection of an important interaction. Thus, eliminating features=frshould only be able to
decrease the feature importancepf

3. Minimalism: [Catav et al.|(2021) decided to impose the minimalism axiom so that MCI can be uniguigx;lf
satis es the rst two axioms, then multiplying (x;) by any constant> 1 would not change this. The minimalism
axiom helps disambiguate MCI from these trivial variations.

We intentionally excluded some of the MCI axioms and properties included by Catay et al. (2021) when proposing axioms
for explaining data in Sectidn 2. Most importantly, the marginal contribution axiom is not included because it con icts
directly with the blood relation axiom. Indeed, ablation methods could give too much importance from a scienti c inference
perspective. For example, in the collider example presentgd by Harel et all. (2022), they present the cauéal g&ph

G E, whereS is unmeasured. Ldt = fE; Gg be used to predict . Then, the marginal contribution axiom requires
that featureE is given importance. Indeed, if we knd®, then featurde can help predict the response by denoisthtp
recover information from the unobserved ca8s@hus,| (E) A (E)= (fE;Gg) (fGg) > 0. However, as stated
in[Harel et al.[(2022), featuie has no relation to the respongesince it can be thought of as a noise variable, so it would

be more reasonable to gi#e zero importance. We note thgtis given zero importance under the blood relation axiom,

so the blood relation axiom is more reasonable and justi ed compared to the marginal contribution axiom. In égntrast,
inherently contains information abo¥tvia S, but this information is noised up ly. Therefore, althougk can be used

to denoiseG and predicty better, onlyG should be given importance when explaining the data when f E; Gg, and
indeed,G is blood related tor . We note that UMFI obeys the blood relation axiom under some assumptions, and hence
does not obey the marginal contribution axiom. We additionally exclude the minimalism axiom since we do not prioritize
unigueness.

C Additional information about ultra-marginal feature importance (UMFI)

Theorem C.1(Existence of optimal preprocessiﬁﬁi when all features are jointly Gaussiardetx; 2 F and suppose
that all random variables in the random vecterare joint normally distributed, then there exists a preprocesgﬁgthat
is optimal.
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Proof. A preprocessin@fi can be obtained via multiple linear regression (after mean centering) with the model:

Fnfxig= xi+ ;

where = Sfi, X; is a feature inF, and is the column vector of sizp 1 containing regression coef cients
1, 2735 p 1 thatminimize the sum of squared errors betweeand a linear function of each other variabld=imf x; g.

To show thatS)fi is an optimal preprocessing (De niti(ﬁ 1), it suf ces to show tf@il ? X and thatl (Y;F) =
I (Y; Sk ;Xi), sinceS}, is a function ofF by construction.

From the normal equations and the de nition of covariance, we know(Ikuav(S)fi ; Xi) = 0, as shown in the proof of
Theoren] EB. Sincgf, = F nfxjg  x i, and all features i are joint normally distributed, it follows th48} ; x;)

is joint normally distributed as well, sinc(é;fi ; Xi) can be obtained via the linear transformatiin = (S)fi i Xi), where

the main diagonal entries &f arel, the otheljFj 1 entries of the column correspondingxpare given by the entries

of , and all other entries af@ Without loss of generality, we may reorder the columns of the matrix such that the last
column is attributed to featupg, and write

2 3 2 3
1 0 0 1 1 0 ::: 1
01 0 ::: 2 01 0 ::: 2
A=4§. _ Al=g. _ ;
0 0 ::: =i 1 0 0 ::: v 1

Hence,Cov(X;; Sfi) =0 =) S)'fi ? X, from the properties of multivariate Gaussians.
To prove the second claii(Y; F) = 1 (Y; S} ; X;), by Theorem A b, it suf ces to show that the miagF ) = ( Sf. ;x;) =
AF is injective. This is immediate from the fact that the matixde ned above, is invertible and thus bijective.

O

Theorem C.2 (Elimination axiom assuming optimal transport with chaininget x; 2 F, xp+.1 62F, and (S)
is positively linearly related td (Y;S). When preprocessing is performed using optimal transport with chaining,

ury (i) UF[f Xp+1 G;Y (xi).

Proof. Let Sfi [FXp1 9 phe the preprocessed versionFof f xp.+1 g relative tox; and IethFi be the preprocessed version of
F relative tox;. By optimal transport with chaining (Johndrow and Lum, 2019), we may assurr@f’;ﬁa’f"” 9 obeys the

form Sfi[f Xpr 8 = S)fi [ *and '[hal‘S)fi ; Xi; X are mutually independent. It follows from the supermodularity of mutual
information under independence (Theofem|A.3) that

UFIE X 0V (i) = al (Y;SEIF 2 9 X))+ ¢ (al(Y;SEI 9+ ¢
=al(Y;Sf ;X X))+ ¢ (al(Y;S);X)+ 0
al(Y;SEXi)+ ¢ (al(Y;S))+ o= URY (x):

O

Lemma C.3(Equivalence of optimal preprocessing equivalence classes under redundant information and duplicate features
ofinterest) If 2 21 (F), then[SE ] [S5" *9]. If 2 = h(x;) andh is bijective, therf8 " *9]  [&F1 9],

Proof. Recall that an optimal preprocessing given a featur& satd a feature of interest is de ned in De nition[J]. To
prove[éxFi] [éxF,[f *g], we prove that for any; 2 F all optimal preprocessingéfi are also optimal preprocessings in

[éxFi[f *g], and that all optimal preprocessin@%[f *9 are also optimal preprocessings{ﬁfi ].

We rst note that properties 1 and 2 in De niti(ﬂ 1 are equivalent ﬁflr andéf‘[f *3_ For property 1, a function with
repeated arguments can be de ned to be equal to the same function without repeated arguments. For property 2, the feature
of interestx; is consistent across both optimal preprocessings, so both preprocessings are indepetiddrasily, since
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mutual information is invariant under duplicate information and siifeand ;"

property,

%9 each satisfy their respective 3rd

LOYSFR) = 1Y SET R9X0) = 1(YSF) = 1(Y; 85 X0): )

Hence, the nal property is also equivalent across both equivalence classes of optimal preprocessings, and we conclude
[S51 18" .

F[f %g

Pl

Similarly, to prove thafSy, [é,f fr M] if # = h(x;) for some bijective functio, we note that the rst property is

equivalent for both optimal preprocessings, since they take place over the same featufé s&y. Then, we note that
YR X =) &2 n(x)) = X, and similarly,S{ T *9 2 X =) &I *9 92 h 1(X) = X;. Finall,

since mutual information is invariant under homeomorphic reparametrization of marginal variables Kraskov et al. (2004),

LYY = 1Y ST 0%y = 1y ST 9 h tQRy) = (v 8.1 9 xg)
LOYSF) = (Y5 S R9x) = 1Y 801 A9 h(x)) = 1(Y; S #90X)

Since all 3 properties are equivalent for both optimal preprocessings, we conclu{ﬁltﬂwat [éxFi I *g]. O

We note that preprocessin5§i andeF, [ %9 may be interchangeable without being optimal, and that the interchangeability

of these preprocessings is a suf cient condition for UMFI satisfying the redundant information invariance axiom, as long
as () = I(Y;). For example, interchangeability of preprocessings also holds when the removal of dependencies on
a featurex; is done in a pairwise fashion (see Algoritiith 3), as well as when preprocessings is performed via optimal
transport with chaining (Johndrow and Lum, 2D19).

Theorem C.4(Blood relation axiom assuming faithfulnesd)etx; 2 F, (S) is positively linearly related td (Y ; S),
and suppose that the data is generated from a structural causal n@agth corresponding directed causal grajgh
so that the entailed distribution is faithful 8. Assume also that there exists an structural causal model with g&sph
that contains the variableX;; Sfi , and Y, where the distribution of all its variables is faithful to the gra@i. If the
preprocessing;, ? X, thenU™Y (x;) > 0if and only ifX; 2 BRg(Y).

Proof. As shown in the proof of Theorejm 3.1 in the main text, we may apply the de nition of UMFI attte assumption
Sfi ? X, and properties of mutual information and conditional independence to obtain

UV (xi)=0 0 al(Y;XijSg)+c ¢c=0 0 Xi? YjSg 0 Xi? (Y;S) =) X2 Y

We note that the last implication comes from the contraction axjom (Dawid,| 1979), and it can be strengthened to an
equivalence as long as we can pro¢e? (Y;Sfi) using the assumptions; ? Y andX; ? Sfi. SinceXj, Y, andeFi

belong to an SCM with grap8® and the entailed distribution of this SCM is faithful @9, thenX; ? Y andX; ? Sfi

imply thatX; is d-separated from botlf andS§, by ;. ThereforeX; ? (Y;S),andU™Y (x;)=0 ( X;? Y.

Also, if the data is faithful to the causal gragh thenX; ? Y is equivalent toX; 62BR g (Y), which would conclude
the proof of the blood relation axiom. We explicitly provide the detalils.

If Xi 62BRg(Y), thenX; ? Y follows from the global Markov property and the fact thét andY are d-separated

by the empty set. Indeed, every path frofnto Y must have at least one collider. We consider two cases. (1) The edge
coming out ofY is outgoing. Then sinck; is not a descendent &f, the path must reverse its orientation at some vertex
before meeting;. That vertex is a collider. (2) The edge connectiny tpoints toward¥ . Then the path must reverse its
orientation at some point singg; is not an ancestor of . The path must then reverse another time because otheXyise,
would share a common ancestor with(the vertex of the rst reversal). The vertex with the second reversal is a collider.

Conversely, leX; 2 BRg(Y). By the faithfulness assumption, it suf ces to show tatandY are d-connected by the
empty set. Sinc&; 2 BRs(Y), there are two possible cases: either there is a directed path betweanY , or X; and

Y share a common ancestor. In the rst case, we simply choose the directed path beétvaretY and observe that there
cannot be a collider. Similarly, in the second case, we may pick the path beginnihgrad trace it up to the common
ancestor and then travel ¥o;. There can be no colliders along the path since every vertex has at least one outgoing edge
by construction. Also, the empty set cannot contain any non-colliders.

O
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Theorem C.5 (Blood relation axiom in the absence of interactionSuppose that there is no synergistic information
Isyn (Y; S, ; Xi) aboutY betweerX; andS§, forall x; 2 F, and thatSf, ? X;. Then, if the graphical model obeys the
global Markov property and faithfulness angS) is positively linearly related to (Y ; S), thenUFY > Qif and only if

Xi 2 BRg(Y).

Proof. As in the proof of Theore.4, it suf ces to show tha(tY;Xiiji) =0 ifand only if X; 62BRg(Y). We may
rewritel (Y;X;jSf, ) =0 asl (Y; S} ;Xi) = 1(Y;Sf).

Though itis fairly controversial (Williams and Beer, 2010; Grif th and Koch, 2014), some de nitions of partial information
decomposition imply that independent predictors cannot contain redundant information between them (Ko|chinsky, 2022;
Harder et al., 2013). Using partial information decompositjon (Williams and|Beer, 2010), andS,ifiln(‘.é Xi =)

lrea (Y3 SE,: Xi) = 0, we may decomposg(Y; S} ; X;) as

Iunq (Y; X))+ Iunq (Y;S;)"' Isyn(Y;S;;xi):

where we note that, because of the lack of redunddr(®§; Xi) = lunig (Y;Xi) and thatl (Y; SXFi) captures the unique
information thatS}, shares withY as well as synergistic information within the random ve@&pr that is shared witfy .
As proven in Theoreth Cl4,(Y; X;) = 0 if X; 62BRg(Y) andl (Y;X;) > 0if X; 2 BRg(Y) by the global Markov
property and faithfulness. Sintg, (Y; S)fi ; Xi) = 0 by assumption, this gives us the desired statergnt S,'fi ; Xi) =
I (Y;SE)ifandonly if X; 62BRg(Y). O

D Additional information about other feature importance methods

Historically, feature importance methods were developed in the pursuit of scienti ¢ questions, but current research in
this area typically focuses on model explainability or model optimization. Early forms of feature importance assessed
the strength of the relationships between variables within animal biology or human psychology using methods such as the
correlation coef cient|(Galton, 1889), Spearman's rank correlation coef c/ent (Spearmar], 1961), multiple linear regression
(Darlingtori,| 1968), and partial correlatign (Wright, 1921). Although these methods are perfectly interpretable, they are
inadequate for modelling and therefore explaining complex data, since they cannot quantify the unknown interactions
between multiple features. To counteract this severe limitation, Breiman was instrumental with his introduction of variable
importance within classi cation and regression trées (Breiman|ét al.[2017). At that time, Breiman seemed more concerned
about the true strength of the relationships between the explanatory variables and the response, as he posited that a feature
that is related to the response should be given some importance even if it does not appear in the nal model (Brejman et al.,
2017). However, starting with Breiman's random forests, feature importance began to prioritize machine learning model
explanation rather than data exploration. A good overview of the properties of some popular feature importance metrics is
shown in Covert et &lf (2020).

E Preprocessing methods for removing dependencies

Finding information preserving independent representations of our data is the central step of UMFI. These representations
were rst considered for Al fairness and privacy algorithms in order to give unbiased predictions in the face of sensitive
attributes. For example, if one wants to remove the in uence of race on recidivism likelihood predictions, preprocessing
methods can be used to alter the original dataset such that the set of predictors are independent of race. In the following
subsections, we discuss how optimal transport and linear regression can be used for nding these representations.

E.1 Optimal transport

Most of the results and methods explained in this section can be folnd in Johndrow and Luim (2019). In this section, we
denote features in the feature $eby X; or X; to emphasize that they are random variables, rather than the previously
usedx; andx;, where the former is used to denote observatignsampled fromX; instead. To obtain a preprocessing

S; , we may remove the dependenciexpfrom eachX; 2 F nfX;gwith minimal information loss with respect ¥; .

To do so using optimal transport, we consider the Monge problem:

4

G (Xj;Xj) = inf E[e(X;;9(X;)] = inf c(xj;9(x;))d (x;): (2.1.1)
9:9(Xj) X 9:9(Xj) Xj R
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The quantityge(X;; Xj) represents the transportation cost of movifag to X; with respect to some cost functian
and in our case, we desid§; ? X;. Itis natural to use(x;j;x;) = di(x;;x%;), whered is the Euclidean norm.
The transportation cost is also given by the Wassersteiistancege(X; ; Xj) = Wd(X;;Xj), de ned below for one-
dimensional distributions.

Z1
Wq(Xj;Xj)% = . jF (P F (p)j%p;

whereF; andFj are the CDFs oK; andXj, andF; (p) = supy 2r Fj (x;) p. It can be shown that given any
continuous one dimensional distributioks andXj, the optimal transport mag: X; ! Xj is given byg = F; Fi.

Theorem E.1. Let X be a r.v. with density and CDFF. LetX have CDFF. Theng = F F is the minimizer to
(2:13) Henceg optimally transportsX to X = F (F(X)).

Proof. We showE[jX g(X)j% = RoljF (P F (pj9%dpforg=F F
Zl
E[X  o(X)i"1= ix F(F))J (x)dx
1
Z, Z,
= iF (F(x) F (F(x))j% (x)dx = , iF (M F (pi%p

O

Theorem E.2. LetFjj, (x) = P(X;  XjjX; = x;) denote the CDF oX; jf X; = x;jg. Theng = F Fiix, optimally
transportsX; jf X; = xjgto X; ? X; forany CDFF

Proof. We apply Theorel on the random variaKlgf X; = x;g and note thak; jf X; = x;g is independent oX;.
In particular,g(X; jX; = xj) ? X; for any choice of. O

Theore suggests an algorithm for transporting @gta :::; Xjn ) sampled fronX; , to (%j 1; 25 %0 ) 2 (Xi1; 225 Xin ).
Since xjc is taken jointly withx;, as they are attributes coming from tkéh sample in the dataset, ther is

a realization of the distributioX; jf X; = xj g. Consequently, for eack = 1;::;n, we should transporkj. to

Xk = F (Fjjx. (X)), where we may pick any CDF . This procedure can also adapted for features sampled from
discrete r.v's, as shown jn Johndrow and Lum (2019).

Algorithm 2: Algorithm for removing dependencies ¥f from X;
Require: Xj =[Xj1; 5 Xn L Xi = [Xiz; 20 Xin 1, XjJ(Xi = Xik)  Fjjx, » F isa CDF
fork=1;::;ndo
Xk = F (Fjjxi (Xik))
end for
return X = [%j1; 5 %n ]

We denote the result of the algorithm By = F (Fj;x, (X;)) and would ideally pick= such that it minimizes the
transportation cosfic(X;; Xj) = d(Xj;F (Fjjx, (X;))) across all CDF$= in order to minimize information loss.
However, in practice, the choice Bf does not matter much. In fact, as long as the suppdft of at least a large as the
support ofF; , the cdf ofX;, then any rank-based prediction rule, e.g. random forest, will be invariant to the chdite of
(Johndrow and Lumm, 2019). A standard choiceRoris F; so that we can recover the original quantiles(t

FurthermoreF;;, is not usually known and must be estimated from the data. For example, this can be done by splitting
Xi into N quantiles and using the empirical CBRX;  x;jX; 2 X 's quantilg. The ability of this method to remove
dependencies oX; from X; relies signi cantly on the accuracy of this estimate.

We may iterate AIgorithn[]Z over each featureRnn fX;g to obtain pairwise independence between the transported
variablesX; andX;. Itis also possible to iterate Algorithm 2 via chaining to achieve mutual independence between the
transformed variableX; andX; (Johndrow and Luir), 2019, Section 3.2). However, this is computationally expensive,
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Algorithm 3: Algorithm for estimatingS>fi via pairwise optimal transport

Require: Xi =[Xi1; 5 Xin ], Xj = [Xj1; 55 X ] for X in F nX;
sk =,
for Xj inF nfX;gdo
X = output of Algorithnﬂz withX; andX;
addXj to S§
end for
return S

and pairwise independence should suf ce for an accurate UMFI score, as will be explored further in [Section F. Step 2 of
Algorithm([J] in the main paper can therefore be implemented with Algorfithm 3.

In other words, we may estimag§ = as:
Sk, = fF (Fjjx, (X)) : Xj 2 F nfXigg:

E.2 Linear regression

The most basic method for removing dependencies is linear regression. Even though it is quite simple, it can be shown to
be optimal with a few assumptions (Theorgm]|C.1). This preprocessing technique is implemented in the popular Python
packagdairlearn (Bird et al| | 2020; Matthijs et al., 2019).

To reiterate, removing dependencies requires methods to make a feature or set of featdeysendent of a protected
attributex;, while keeping as much of the original information as possible. The overarching idea of linear regression as a
preprocessing technique is that under the assumption that the residuals and the protected attribute are jointly Gaussian, the
residuals can be utilized as a representatio8,afhich is independent of;.

Theorem E.3. The residuals of a simple linear regression model have zero covariance with the predictor

Proof. (1) From the normal equations, the de nition of covariance, and the facijhjt 0, it follows that

Cov(X; )= E[XT ] E[JEX]=EXT ]=EX"(Y X )]
S EXT(Y XXTX) IXTY)]= EXTY XTX(XTX) IXTY]=EXTY XTY]=0

Thus, in step 2 of the algorithm for UMFI (Algorithf 1), we can estimate

Sii :fj :Xj 0;j 1;inZXj 2anXigg
where o; is the intercept term and,; is the slope term of the linear regression madel= o + 15 Xi + j.

F Experiments comparing linear regression and optimal transport

In the following subsections, we compare the ability of linear regression and pairwise optimal transport to remove the
information of a feature from data while distorting the original data as little as possible. It can be concluded that while
linear regression works optimally when the data is jointly Gaussian, on real data, such as the BRCA dataset, pairwise
optimal transport can nd independent representations of the data, while linear regression fails (Sgction F.1).

To implement UMFI paired with linear regression, we only remove dependencies when the regression slope coef cient
is statistically signi cant (p-value< 0:01). To implement UMFI paired with pairwise optimal transport, when removing
dependencies on the featwiefrom the dataset, we estimdtg;,, by breaking ug; into quantiles of siz&50and running

linear regression on each quantile. The new independent predictors are then given by the values of the inverse empirical
CDF of the residuals from the mentioned linear regression models.
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Figure 6: The coef cient of determination (random forest O@B) between théth feature in the BRCA dataset and alll
other features is plotted (black) for eacB f 1; 2; :::50g. TheR? value between thith feature and all other features after
preprocessing with linear regression (red) and optimal transport (blue) is also plotted.

F.1 Removing dependencies

It is crucial for our linear regression and optimal transport preprocessing methods to remove the information associated
with the feature of interesk;, from the rest of the datasetn fx;g. Therefore, we would like the preprocessed dataset

Sfi to share zero mutual information wi. The mutual information (X;; Sfi) is dif cult to calculate, but it is closely

related to the optimal predictor a&f given S)fi (Song et al., 2019). For example] ifX;; Sfl) =0, as is desired, then the
optimal predictor ok; will have zero accuracy when give8y, as input. If the opposite is true aﬁi contains all of the
information fromx;, then an optimal predictor of; should be able to perfectly predict from the given information in

SXFi . In the following experiments, we assume that random forests can form the optimal predictaiven Sfi . We use

the OOBR? coming from the random forest model as a approximate measure of the mutual information bgtaaen

the transformed datas8f, .

We used the BRCA dataset with 50 features to test the ability of optimal transport and linear regression to remove de-
pendencies (Covert et al., 2020; Catav €t/al., 2020). All 50 features are continuous and the response is categorical. For
each individual feature, we rst use random forest OBB-+o give a approximate measure of the mutual information

I (Xi;F nfx;g) between the feature of interest and the other 49 features. We then consider the case where the 49 re-
maining features are preprocessed to have dependencigs@moved via linear regression or pairwise optimal transport.
Similarly, random forest's OOBR? is used to give a approximate measure Of ;; S, ).

The results are plotted in Figyrg 6. Itis clear that the raw data (black line) shares considerable information across features.
Most features can be predicted from the other untransformed features with an accuRdcy @2 and many can even be
predicted with accuracies over4. Since the data has extremely nonlinear dependencies between features, simple linear
regression is unable to remove all the mutual information between the protected attributes and the rest of the features.
Indeed, the data certainly cannot be approximated with multivariate Gaussians. Conversely, pairwise optimal transport can
successfully remove most of the mutual information present in the data. For all 50 features in the xiataseipt be
predicted successfully by random forest (O®B= 0) from the other features aftér nx; is transformed with pairwise

optimal transport.
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Optimal Transport Linear Regression

Figure 7: Cell(i;j ) indicates how similar th¢! variable in the BRCA dataset is compared to its transformation via
pairwise optimal transport or linear regression with respect to featufhis is measured with the maximal information
coef cient, which is comparable tR?. To make the plots more clear and accessible, only the rst 15 features are shown.

F.2 Distortion

Not only do we require that the transformed features are independent of the feature of interest, but we also require that
as much of the information present in the original data is preserved in the transformed data. To measure the amount of
distortion imposed on the original data, we measure the dependence between the original and perturbed data using the
maximal information coef cient/(Kinney and Atwill, 20[14). For each feature in the BRCA dataset with 50 features|(Covert

let all,[2020] Catav et a/., 2020), the information from the current feature is removed from all other features with either
linear regression or pairwise optimal transport (Figyre 7).

Linear regression does not distort the transformed features in most cases. The dependence between the original and
perturbed features usually remains n&athough the dependence does go as low:48 in one case (Figure| 7). While

linear regression transformed these features with minimal distortion, these results are moot since linear regression failed to
remove the original dependencies in a signi cant way, which was the main goal of the method [Figure 6).

Compared to linear regression, pairwise optimal transport has a much more sizable effect on the distorted features, though
this may have been necessary to completely remove dependence. The dependence between original and perturbed features
mostly ranges fron®:6-0:9, though some are as low 8s37 (Figure[T). While only the rst 15 features are shown, the

results are similar for the other 35 features.

G Further feature importance experiments

This section is comprised of additional experiments performed on the simulated data introduced irff Séction 4.1, the BRCA
dataset with permuted random genes, the original BRCA dataset with unpermuted random genes (Tomgrzak et al., 2015;
[Covert et al.| 2020; Catav etlel., 2021), and the CAMELS hydrology dafaset (Addor[et al., 2017). MCl and UMFI used
either random forests or extremely randomized trees (Breiman| 2001; Geurts et al., 2006). Both of these, as well as ablation
and permutation importance were implemented usingahgerR package| (Wright and Zieglér, 2015), while conditional
permutation importance was implemented with thedomForesandpermimppackages (Debeer et|al., 2021; Liaw et al.,
12002). All experiments were run in Microsoft R Open Version 4.0.2.
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G.1 Extra experiments on simulated data

We repeat our previous experiments on simulated data from Sgction 4.1 to test how ablation, permutation importance (Pl),
and conditional permutation importance (CPI) behave in the presence of nonlinear interactions [Secfion G.1.1), correlated
interactions (Sectidn G.1.2), correlation (Secfion G.1.3), and blood and non-blood related features[(Section G.1.4). Further,
we test how using extremely randomized trees instead of random forests for MCl and UMFI changes the results of the
same simulation experiments. Although other methods such as XGBoost (Chén et al., 2015) could have been implemented
for these experiments, XGBoost requires greater care when optimizing hyperparameters, so we chose to use extremely
randomized trees instead, which is faster than random forests and provides similarly good prefictions (Gelrts ét al., 2006).
Both random forests and extremely randomized trees are not very sensitive to hyperparameter selection (Pfobst et al.,
2019). For these simulation studies, we also perturb the size of the quantiles used byOOMFE now use quantiles of

size 30 instead of size 150. Quantiles of size 30 worked better on the hydrology data used in later experiments, so we test
to see if the simulation results are sensitive to this choice in quantile size for dependency removal via optimal transport.

G.1.1 Nonlinear interactions

The rst experiment on simulated data handles the case where two variablesdx,, interact in a nonlinear way in the
response’ . As explained in Sectign 4.1.1, we should expecandx to contribute more than half of the total importance,
while x5 andx4 should be important, but less important comparexhtandx,. Figurg 8 shows that ablation, PI, and CPI
all provide accurate scores.

When tested with extremely randomized trees, the nonlinear interactions simulation experiment results for MCl and UMFI,
shown in Figur¢ 8e, remain mostly unchanged compared to the results from the experiment with random forests given in

Figure[ 1.
G.1.2 Correlated interactions

The second experiment considers the case where two correlated varkabdeslx,, interact together in the responge

Thus, as explained in Sectipn 4]1.2, we should expe@ndx; to have more importance comparedktpandx,. Figure

shows that ablation, PI, and CPI all correctly weigh the importange ahdx, as high relative tacz andx4. The only
notable difference is that the ablation method attributes an additior38 importance to each of; andx, compared to
PI, CPI, MCI, and UMFI (Figurg 8b).

When tested with extremely randomized trees instead of random forests, the correlated interaction simulation experiment
results (Figur¢ 8f) for MCI and UMFI are similar to the earlier results shown in Figure 1b. MCI gave slightly more
importance tak; andx, compared tokz andx4, though the differences are seemingly insigni cant. On the other hand,
both UMFI methods gave signi cantly more importancextoandx, compared toz andx4, as expected.

G.1.3 Correlation

The third experiment tests how the metrics allocate importance to correlated features. As explained i Sedtion 4.1.3,
andx, should remain around the same relative importance xand x; + , should have just slightly less importance
compared tox; andx». Figure[8¢ indicates that CPI and ablation give near zero importance to the two heavily correlated
featuresx; andxs. This aligns with the discussion in Sectipn A.2 about methods motivated by feature selection since
these methods base their scores on the importance of a feature conditioned on all other variables present in the model.
Ablation performs similarly to CPI in this test, albeit with slightly less drastic results. Finally, we see that Pl splits the
importance detected fromy andxs proportionally across both features. This shows that PI can be viewed as a method
for model explanation which in between the scienti ¢ inference and feature selection approaches. The scienti ¢ inference
approaches (MCI and UMFI) allocate all of the redundant information to the feature. The feature selection approaches
(CPI and ablation) allocate none of the redundant information to the feature. PI evenly splits the redundant information
across the relevant correlated features.

When tested with extremely randomized trees, the correlation simulation experiment results (Rigure 8g) for MCl and UMFI
change slightly compared to the experiment with random forests in Highre 1c. MCI works well, though it still gives some
non-zero importance 4. With random forests, the relative importancexgfwas usually abovB%, but with extremely
randomized trees, the relative importance dropped bBiéwThe performance of UMFI with linear regression got slightly
worse as now the importance xf is slightly greater than that of, on average. The performance of UMFI with optimal
transport changed for the better and now the importaneg @ihdx, are almost identical which was not true before. In
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this experiment, UMFEIOT performed the best.

G.1.4 Blood relation

For the last simulation experiment, we revisit the blood relation experiment performed in $ectipn 4.1.4 using data generated
from the causal graph in Figur¢ 2. The feat@rés unobserved, so the only blood related feature¥ o F arexs; and

X4. X3 andxy4 should therefore be given high importance whileandx, should receive zero importance. When tested on
ablation, CPI, and PI, we notice that all three metrics fail to capture the desired importance, since they each give signi cant
importance to,, which is not blood related tg . We also note that this experiment provides an explicit example of UMFI

not satisfying the marginal contribution axiom, which states that feature importance metrics should allocate at least as
much importance as attributed by the ablation metric. Indeed, as shown in Figure 1d, UMFI gives around zero importance
to non-blood related features andx,, whereas ablation gives a signi cant portion of the importance,to

When MCI and both implementations of UMFI were re-tested using extremely randomized trees instead of random forest,
we observe that UMELR and UMFLOT both continue to give positive importance to the blood related feaksresd

X4, while giving near-zero importance to the two remaining observed features (fFigure 8h). However, we nete that

is given much more importance relativexg when implemented with extremely randomized trees compared to random
forests (Figurg 1id). On the other hand, MCI gives positive importankg itothis experiment. We note that MCI correctly
gavex; almost zero importance while givings andx,4 signi cantly more importance compared to the random forest
implementation. Across most simulation studies, it appears MCI performs slightly better using extremely randomized
trees compared to random forests.

G.2 Extra BRCA experiments with known ground-truth feature importance

The following experiments are performed on the BRCA dataset @ithpatients, each with one of four breast cancer
subtypes, and0 continuous predictor genes. The experiments use the same setting as in Settion 4.2, wheére the
randomly chosen genes are also permuted so that the ground-truth feature importances are known. We observed that the
overall classi cation accuracy of random forests for this datasetQvés

G.2.1 Running 5000 iterations of UMFI

The original BRCA experiment conducted in Secfior] 4.2 showed that UNRF&nd UMFLOT performed impressively on

real data, providing signi cantly more accurate feature importance scores than MC2@ftgerations of the experiment.

Both UMFILLR and UMFLOT correctly gave high importance to the ten BRCA-associated genes, while giving zero
median importance to abo80% of the unassociated genes. Additionally, in an overnight study spanning less than ten
hours, UMFLLR and UMFLOT displayed ideal results after runnif@00iterations of the BRCA experiment. As shown

in Figure]9, both implementations of UMFI achiet@0% overall accuracy by giving high importance to the ten BRCA-
associated genes and zero median feature importance 40 atlassociated genes. These results indicate that UMFI's
relatively low computational cost can be leveraged via aggregation to achieve superior performance on complex data
within a reasonable time budget.

G.2.2 Ablation, PI, and CPI

We also test the quality and robustness of other feature importance metrics including ablation, Pl, and CPI, bg@nning
iterations of the BRCA experiment from Secton]4.2 for each method. Results are shown irff Flgure 10. Ablation importance
scores are small and have large uncertainties compared to its median importance scores, which makes the scores impractical
to interpret. Eight of the ten important genes are identi ed by ablation, but all other genes are given exactly zero median
importance. All ten important genes are given non-zero importance by CPI, however, some randomly permuted genes are
given more importance than some genes known to be important, such as CDK6. PI gave more reliable and stable results
compared to ablation and CPI in this experiment, exhibiting similar performance to WWREINd UMFLOT from the

analogous experiment shown in Fig{ife 3. We note that Pl assigned zero import&®oef tilve 40 unassociated genes,

making its TNR 0f0:725slightly lower than UMFI in the analogous experiment from Sedfiop 4.2.

G.3 Experiments on unpermuted BRCA data

Additional BRCA experiments were performed on the original unpermuted genes, as done in Covert etlal. (2020) and Catav
et al| (2021). The observed overall classi cation accuracy of random forests for this datagef Yvas
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Figure 8: Results for the experiments on simulated data from Subskctipn G.1. The results for ablation, conditional permu-
tation importance (CPI), and permutation importance (Pl) were implemented with random forest (RF), and are shown in
Figureq 8H, 84, 8c, and8d . The results for MCI, UMR, and UMFLOT were implemented with extremely randomized

trees (ET), and are shown in Figufe$ [8é[8f, 8g,[arid 8h. Feature importance scores are shown as a percentage of the total
for each ofx; to x4 from 100replications.
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Figure 9: Median feature importance scores provided by (a) UMFI with linear regression, and (b) UMFI with pairwise
optimal transport, for each gene in the permuted BRCA dataset5ff@fiterations. Genes colored in blue are known to

be associated with breast cancer while genes colored in grey are random permutations of randomly selected genes, which
we assume to be unassociated with breast cancer subtype. The rst and third quantiles of the scores are visualized for each

gene.

Feature importance scores on this dataset were rst computed with MCI, WRRFand UMFLOT over100iterations, as

shown in Figur¢ T[1. The ordering of the BRCA associated genes is fairly similar across MCI and both UMFI methods.
BCL11A and SLC22A5 are always the top two features and TEX14 is always the least important BRCA associated gene.
While there are clear similarities in the results of all methods, the glaring difference is the number of features given
zero importance. While MCI gives non-zero median importance t&@features,14 features are given zero median
importance by UMFI with linear regression, ah@ features are given zero median importance by UMFI with pairwise
optimal transport. It is unlikely that a0 randomly selected genes, which have not shown any association with breast
cancer in previous studies, share information about breast cancer, so in this respect, we conclude that UMFI performs
better than MCI.

Feature importance scores on the unpermuted BRCA dataset were also computed with ablation, CPI, an@iORI over
iterations, as shown in Figufe]12. When also considering these results, we observe that MCI, UMFI, and PI give similar
importance scores, while ablation and CPI performed signi cantly worse. Once again, ablation's high relative variance
hampers its interpretability. Meanwhile, CPI gave by far the highest importance to SLC25A1, which is not known to have
any association with breast cancer. In the results of MCI, UMFI, and PIl, BCL11A is the most important while CSTOL is
always among the most important non-BRCA associated genes. Contrary to this, ablation and CPI give high importance to
BRCA1, BRCA2, TEX14, EZH2, and IGF1R for BRCA associated genes, and SLC25A1 for non-BRCA associated genes.
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Figure 10: Median feature importance scores provided by (a) ablation, (b) permutation importance, and (c) conditional
permutation importance, for each gene in the permuted BRCA dataset@fiéerations. Genes colored in blue are

known to be associated with breast cancer while genes colored in grey are random permutations of randomly selected
genes, which we assume to be unassociated with breast cancer subtype. The rst and third quantiles of the scores are

visualized for each gene.

G.3.1 Computational complexity

We compare the computational complexity of UMFI and MCI against the other feature importance methods that were
explored in this section: ablation, PI, and CPI. To do so, wel@iterations of the BRCA experiment, which h&6
features, each witb71 observations. We recorded the average time for each method to compute feature importance for
5; 10; 15; 20; 25; 30; 35; 40; 45; and 50 features. Figurp 13 shows that Pl is the fastest method, procesGiiegtures in

50 milliseconds on average, followed by ablatids0(features in1:8 seconds), UMFI §0 features in3 seconds when
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Figure 11: Median feature importance scores provided by (a) MCI, (b) UMFI with linear regression, and (c) UMFI with
pairwise optimal transport, for each gene in the unpermuted BRCA dataset@dterations. Genes colored in blue are
associated with breast cancer while genes colored in grey are randomly selected genes. The rst and third quantiles of the
scores are visualized for each gene.
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parallelized), CPIg0features irB0seconds), and nally MCI with soft 2-size submodularig0features irk05seconds).

G.4 Experiments on hydrology data

The nal experiments for this study were conducted on a large-sample hydrology dataset called CAMELS (Addor et al.,
2017). This dataset records catchment averaged climate, soil, geology, topography, and land cover charactédstics for
catchments across the contiguous United States. With these, th@@a@oetinuous explanatory variables. The response
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Figure 12: Median feature importance scores provided by (a) ablation, (b) permutation importance, and (c) conditional
permutation importance, for each gene in the unpermuted BRCA dataset @titerations. Genes colored in blue are
associated with breast cancer while genes colored in grey are randomly selected genes. The rst and third quantiles of the
scores are visualized for each gene.

variable is averaged yearly stream ow, which is also continuous. Extremely randomized trees were used in this experiment
with an overall OOBR? of 0:91.

Figureg 14, which is analogous to Figiife 6 in Apperjdix F, shows that both preprocessing methods fail to completely remove
dependencies from the CAMELS dataset. This can likely be attributed to the fact that each feature is extremely dependent
on the other explanatory featurd®y  0:65).

The feature importance scores indicated in Figuije 15 show that mean precipitation and aridity index are the features with
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Figure 13: The average computation time for each method to predesgures ovef O iterations of the original BRCA
data is plotted for each 2 f 5;10; 15; 20; 25; 30; 35; 40; 45; 50g. We assume soft 2-size submodularity to run the MCI
results.
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Figure 14: The coef cient of determination (random forest OBB) between théth feature in the CAMELS dataset and
all other features is plotted (black) for eaicB f 1;2;:::30g. TheR? value between thith feature and all other features
after preprocessing with linear regression (red) and optimal transport (blue) is also plotted.

the strongest relationships with mean annual stream ow. Geology and soil attributes such as bedrock permeability and soil
porosity are always among the least important features. These conclusions are in line with previous studies (Addor et al.,
2018; Jehn et al., 2020), thus, even when dependencies can not be completely removed, UMFI can still provide reasonable
measurements of feature importance.
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Figure 15: Median feature importance scores provided by (a) MCI, (b) UMFI with linear regression, and (c) UMFI with
pairwise optimal transport, for each explanatory variable in the CAMELS dataset, aggregatéQ@itiemrations. The rst
and third quantiles of the scores are visualized for each feature.
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