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Abstract

Learning causal relationships from empirical ob-
servations is a central task in scientific research.
A common method is to employ structural causal
models that postulate noisy functional relations
among a set of interacting variables. To ensure
unique identifiability of causal directions, re-
searchers consider restricted subclasses of struc-
tural causal models. Post-nonlinear (PNL) causal
models constitute one of the most flexible options
for such restricted subclasses, containing in par-
ticular the popular additive noise models as a fur-
ther subclass. However, learning PNL models is
not well studied beyond the bivariate case. The
existing methods learn non-linear functional re-
lations by minimizing residual dependencies and
subsequently test independence from residuals to
determine causal orientations. However, these
methods can be prone to overfitting and, thus,
difficult to tune appropriately in practice. As an
alternative, we propose a new approach for PNL
causal discovery that uses rank-based methods to
estimate the functional parameters. This new ap-
proach exploits natural invariances of PNL mod-
els and disentangles the estimation of the non-
linear functions from the independence tests used
to find causal orientations. We prove consistency
of our method and validate our results in numer-
ical experiments.

1 INTRODUCTION

Discovering the causal structure of complex systems is an
important question in various disciplines such as biology,
economics, clinical medicine, or neuroscience (Opgen-
Rhein and Strimmer, 2007; Glymour et al., 2019; Moneta
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et al., 2013). The gold standard approach to exploration
of causal relations is to perform controlled experiments in
which researchers externally intervene in the system and
observe the resulting changes to variables of interest. How-
ever, in many applications controlled experiments are not
feasible due to high cost or for ethical reasons. In such
cases, causal discovery based on only observational data
can be a useful tool (Spirtes and Zhang, 2016).

A common tool for modeling causal relations are Structural
Equation Models (SEMs). In their general form, SEMs
postulate noisy functional relationships between a set of
interacting variables. In the fully general setting, causal
discovery methods such as constraint-based and score-
based methods can identify the underlying causal struc-
ture only up to Markov equivalence classes (Spirtes et al.,
2000). Thus, the literature has also considered many re-
stricted subclasses that enable unique identification (Dr-
ton et al., 2011; Hoyer et al., 2008; Peters et al., 2014;
Zhang and Hyvärinen, 2009). In this realm, post-nonlinear
(PNL) causal models constitute one of the most general ap-
proaches. They are identifiable from the joint distribution
under mild assumptions (Zhang and Hyvärinen, 2009; Pe-
ters et al., 2014) and yet offer a rather flexible framework
for modeling complex non-linear causal systems.

Existing methods for bivariate PNL causal discovery are
based on estimating the functional relations by minimizing
independence criteria (HSIC, mutual information, etc.) be-
tween the noise and potential parents in a first step, and per-
forming independence tests to determine the causal struc-
ture in a second step (Zhang and Hyvärinen, 2009; Ue-
mura and Shimizu, 2020). However, minimizing depen-
dence to subsequently test for independence leads to poten-
tial overfitting and thus limits the PNL approach. Another
approach considered by Tu et al. (2022) employs Optimal
Transport theory for bivariate post-nonlinear and additive
noise causal discovery, but it is not evident how to general-
ize their method to multivariate models. To our knowledge
the only work that deals with multivariate PNL models is
Uemura et al. (2022), where the authors generalize the bi-
variate method from Uemura and Shimizu (2020) based on
minimizing dependence and subsequently testing for inde-
pendence.
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In this article we present a new method for multivariate
causal discovery in PNL models that disentangles the two
tasks of learning the functional relations and learning the
causal structure. Our method continues to learn the latter
with the help of independence tests, but it employs rank-
based methods to learn the functional relations and, in this
way, avoids overfitting issues.

The remainder of the paper is organized as follows. In
Section 2 we introduce the PNL rank regression methods
that we use to learn the functional relations. We study
the special case of linearity in the inner function and show
consistency of our proposed rank-based functional param-
eter estimates. This special case includes general nonlinear
functions using basis expansions. In Section 3 we discuss
the causal order learning routine using our proposed rank-
based estimates in a recursive process that finds sink nodes
by independence testing. Furthermore, we show consis-
tency of the causal order estimation for PNL models and
present the results of a simulation study in Section 4, where
we compare our method to existing causal learning meth-
ods. Section 5 concludes the paper.

2 PNL RANK REGRESSION

In this section we introduce the rank-based estimators that
we use in the first step of our proposed causal learning al-
gorithm. The goal is to employ these rank-based estimators
to infer the functional relations among the variables and to
obtain estimates of the stochastic noise terms in the model.
In the second step, we use the estimated noise terms to test
for independence.

Suppose we observe a sample of n independent copies
(X1, Y1), . . . , (Xn, Yn) of a random vector (X,Y ). We
assume the data generating process follows a PNL model,
that is, the response variable Y ∈ R is given by

h(Y ) = g(X) + ε, (1)

where X ∈ Rm is a continuous random vector and the
stochastic error term ε has mean zero with unknown con-
tinuous distribution, independent of X . Furthermore, we
assume that the function h : R → R is continuous and
strictly increasing (thus, invertible) whereas g : Rm → R
may be an arbitrary function.

Under similar assumptions, Zhang and Hyvärinen (2009)
suggested to estimate the noise ε = h(Y )−g(X) by repre-
senting h and g with Multi-layer Perceptrons (MLPs) and
minimizing mutual information with X via gradient-based
methods. However, the main drawback of their methodol-
ogy is that this model can fit perfectly to any data by learn-
ing constant functions h and g. The estimated noise will be
constant and thus always independent from X .

To overcome this problem Uemura and Shimizu (2020)
implemented an additional auto-encoding structure in the

minimization problem that enforces invertibility of the
function h. While this circumvents the problem of con-
stant estimation of the function h, there are further chal-
lenges that arise from minimizing dependence and subse-
quent testing for independence. Indeed, the complexity of
the function class assumed for g needs to be balanced very
carefully with the available sample size. Otherwise, g can
be fitted perfectly such that g(X) = h(Y ), in which case
the functional estimates cancel and the estimated noise is
always independent of X . Uemura and Shimizu (2020)
used a fixed architecture for the function classes of g and
h. As a result, especially for small sample sizes (compared
to the complexity of the function class of g), their method
is prone to overfitting and canceling the effect of the func-
tion h. Such overfitting may then entail erroneous results
in independence tests for causal structure learning.

To avoid the noted overfitting issues, we propose the fol-
lowing two-stage method to learn the functional relations.
In the first stage, we leverage rank statistics to separately
estimate the function g, without any appeal to measures of
dependence between the noise and the predictor X . The
strictly increasing function h preserves the ranks of Y and
thus, using rank-based methods, we can avoid estimating h
at this stage. This circumvents the problem of g matching
h. In the second step, we estimate the functional relation h
at all observed data points to obtain the required estimates
of the noise.

In order to simplify the concept and a theoretical analysis of
our proposed method, we assume in the following linearity
of the function g, i.e. g(X) = XTβ0 for β0 ∈ Rm. This
can also be seen as a first order Taylor approximation of an
arbitrary functional relation.
Remark 2.1. Our framework and the idea of disentan-
gling learning and testing by employing rank-based objec-
tive functions can be easily extended to the nonlinear case.
By employing basis expansions, MLPs or any paramet-
ric function class in combination with the proposed rank-
based scores to learn the functional relations one can trace
the steps of the presented linear case. For instance, con-
sider the basis functions {bl(·) : l = 1, . . . , an}, where
an → ∞ sufficiently slowly, similar to Bühlmann et al.
(2014). Then we can represent the (nonlinear) function g
by

∑an

l=1 αlbl(·), where αl ∈ R for all l = 1, . . . , an, and
employ our proposed framework. The simulations in Sec-
tion 4 include an example.

We start by studying the special case of model (1) under the
assumption of Gaussian noise and derive a computationally
efficient algorithm for estimating the functional parame-
ters. Further, in Subsection 2.2 we consider the general
case without restricting the noise distribution. The main
idea of our approach is to leverage rank likelihoods, how-
ever, using the full marginal rank likelihood is not computa-
tionally tractable. A common approach to circumvent cal-
culating the full marginal rank likelihood is to employ ap-
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proximate Monte Carlo methods, e.g., considered by Dok-
sum (1987). However, we observed that this approach does
not work well in practice for values of β0 larger than one.
Thus, in our proposed framework we employ pairwise rank
likelihoods to approximate the full marginal rank likeli-
hood (in the Gaussian case) or the rank correlation function
(in the general noise case).

2.1 Gaussian Case

We assume that the data generating process follows the
model

h(Y ) = XTβ0 + ε, (2)

with some unknown β0 ∈ Rm. Furthermore, we assume
that the noise ε is standard normal distributed and propose
the following computationally fast algorithm to estimate
the functional relations. The idea of this method is based
on Yu et al. (2021).

We exploit the fact that h is a strictly increasing function
and therefore preserves the ranks of {Yi}ni=1. The normal-
ity assumption yields εi − εj ∼ N (0, 2) and we obtain

P(Yj > Yi|Xj , Xi) = P(h(Yj) > h(Yi)|Xj , Xi)

= P(εi − εj < (Xj −Xi)
Tβ0|Xj , Xi)

= Φ
(

(Xj−Xi)
T β0√

2

)
,

where Φ is the cumulative distribution function of the stan-
dard normal distribution. The normalized log pairwise rank
likelihood function is then given by

ℓprl(β) :=

(
n

2

)−1 ∑
i<j

1{Yj > Yi} log Φ
(

(Xj−Xi)
T β√

2

)
+ 1{Yj ≤ Yi} log Φ

(
(Xi−Xj)

T β√
2

)
. (3)

We estimate β0 by maximizing ℓprl, that is,

β̂prl := argmax
β∈Rm

ℓprl(β).

This defines a concave optimization problem, which leads
to a computationally fast estimation routine for β0 without
precise knowledge or estimation of the function h.

Proposition 2.1. The log pairwise rank likelihood function
ℓprl(β) defined in (3) is concave. Moreover, if we assume
that n > m, then ℓprl(β) is strictly concave.

The proof can be found in Appendix B.

Furthermore, the proposed estimator is consistent.

Theorem 2.1. As n → ∞ (and in particular n > m), it
holds that

β̂prl − β0 = oP (1).

For a proof we refer the reader to Appendix C.

In order to obtain an estimate of the noise, we estimate the
transformation function h in a second step. We employ
the following computationally fast and consistent estima-
tion routine proposed by Cuzick (1988). In his proposal,
Cuzick (1988) considers non-random covariates, however,
the results are applicable to our setup conditional on the
observed data {Xi}ni=1. The method exploits the normality
assumption as well as knowledge of the ranks of {Yi}ni=1

and thus of {h(Yi)}ni=1.

Let F̂ (z) be the adjusted empirical distribution function of
Zi := h(Yi), that is

F̂ (z) :=
1

n+ 1

n∑
i=1

1{Zi ≤ z}.

Remark 2.2. Note that we only require the ranks of
{h(Yi)}ni=1 to obtain the estimate F̂ (h(Yi)). Since h is
a strictly increasing function, the ranks of {h(Yi)}ni=1 are
given by the ranks of {Yi}ni=1.

We denote the cumulative distribution function of a ran-
domly chosen Zi by Fβ(z), that is

Fβ(z) :=
1

n

n∑
i=1

Φ(z −XT
i β). (4)

Then an estimator for the functional relation h at the sample
points {Yi}ni=1 is given by

ĥG(Yi) := F−1

β̂prl
(F̂ (h(Yi))), i = 1, . . . , n. (5)

By extending this estimator to a step function on R, and un-
der some additional assumptions, Cuzick (1988) show that
this estimator converges to h almost surely at all continuity
points of the function h.

Remark 2.3. In our setup, we assume h is continuous.
Furthermore, the additional assumptions that ensure con-
sistency in the setting from Cuzick (1988) are mainly
smoothness and moment conditions on the distributions of
X and ε. In the considered Gaussian setting most of them
are already satisfied. For a detailed list of the assumptions,
we refer the reader to Appendix A.

2.2 General Case

The problem of estimating the parameter β0 without ad-
ditional assumptions on the distribution of the noise in
model (2) is extensively studied in the literature, see i.e.
Doksum (1987); Han (1987); Sherman (1993); Abrevaya
(1999a,b, 2003); Cavanagh and Sherman (1998); Zhang
(2013). Without any restriction on expectation or variance
of the noise the function h is not unique, since it can be re-
placed by location or scale transformations. Thus, to ensure
unique identification, we assume that there exists a known



Rank-Based Causal Discovery for Post-Nonlinear Models

y0 such that h(y0) = 0 and we scale the last element of β0
to 1, that is, β0 = (θ0, 1).

To simplify the optimization, we employ a method intro-
duced by Lin and Peng (2013) that utilizes the rank-based
objective function

S(β) :=

(
n

2

)−1 ∑
i<j

(
1{Yj > Yi}Φ

(√
n(Xj −Xi)

Tβ
)

+ 1{Yj ≤ Yi}Φ
(√
n(Xi −Xj)

Tβ
) )
.

Remark 2.4. Lin and Peng (2013) used the assumption
∥β0∥2 = 1 to ensure unique identification, which is equiv-
alent to our assumption β0 = (θ0, 1) up to rescaling.

To obtain a sparse solution the authors focused on a penal-
ized version of S(β). However, as we are only interested in
estimating the residuals and do not necessarily need spar-
sity, we adapted their analysis for the following simplified
non-penalized estimator β̂ := (θ̂, 1), where

θ̂ := argmax
θ∈Rm−1

S(θ, 1),

by setting their penalty term to zero.

Under some additional assumptions that mainly ensure
smoothness of the distributions of X and ε, Lin and Peng
(2013) prove the existence of a local maximizer θ̂ of S(θ, 1)
with ∥∥∥θ̂ − θ0

∥∥∥
2
= OP

(
n−

1
2

)
and, thus, β̂ defines a consistent estimator for β0. This es-
timator uses only the rank information without requiring
concrete knowledge of h. A detailed list of the additional
assumptions that ensure consistency can be found in Ap-
pendix A.

In a second step we estimate the function h in order to
subsequently obtain an estimate of the noise. We used the
method introduced in Chen (2002) based on the rank cor-
relation. To simplify the complex optimization of discrete
objective functions, we employ a smoothed version intro-
duced by Zhang (2013).

The smoothed rank correlation objective function is defined
by

Q(z, y, β̂) :=
1

n(n− 1)

∑
i̸=j

[(djy − diy0
)

× Φ(
√
n((Xj −Xi)

T β̂ − z))],

where djy := 1(Yj ≥ y) and diy0 := 1(Yi ≥ y0). Then
we define an estimator of the function h at y via

ĥ(y) := argmax
z∈Ωh

Q(z, y, β̂) , (6)

where Ωh is an appropriate compact set.

In Theorem 4.1, Zhang (2013) establish consistency of the
proposed estimator for h under a few assumptions, that in-
clude

√
n-consistency of the involved estimator β̂ and strict

monotonicity of the function h, as well as some additional
regularity assumptions. A detailed list of the additional as-
sumptions can be found in Appendix A.

Without restricting the optimization space by Ωh the prob-
lem (6) is ill-posed in the sense that ĥ(y) → ∞ for
y = max{Yi}ni=1 and ĥ(y) → −∞ for y = min{Yi}ni=1.
To circumvent the issue of choosing a proper compact set
Ωh, we added anL2 regularization term and optimized over
R, that is,

ĥ(y) := argmax
z∈R

{Q(z, y, β̂) − λz2}.

In the experiments we used the regularization parameter
λ = 10−3, which turned out to be small enough to not af-
fect the estimated values significantly and at the same time
bounded the objective function for the observed extremes.

3 LEARNING PNL MODELS

By combining the previously introduced rank-based esti-
mators of the functional relations in PNL models we obtain
estimates of the stochastic error terms. Using these rank-
based estimated error terms, we propose a routine to learn
the underlying causal structure by recursively identifying
sink nodes via independence testing. Further, we show that
our proposed routine consistently recovers a valid causal
ordering under identifiability assumptions.

Suppose we observe data in form of n indepen-
dent copies X1, . . . , Xn from a random vector X :=
(X(1), . . . , X(m)). We assume that X follows a PNL
causal model, that is, the data generating process is defined
by the structural equations

X(k) = f (k)
(
g(k)

(
X(PAk)

)
+ ε(k)

)
, k = 1, . . . ,m,

where PAk, called the parents of X(k), are a subset of
{1, . . . ,m}\{k}. The causal perspective stems from view-
ing those equations as making assignments. Each vari-
able on the left-hand side is assigned the value specified
on the right-hand side, given by the value of its parents
and a stochastic error term. The causal structure inherent
in such structural equations is naturally represented by a
directed graph G0, where edges indicate which other vari-
ables each variable causally depends upon. As in related
work, we assume the corresponding directed graph to be
acyclic (DAG). The noise variables {ε(k)}mk=1 are assumed
to be mutually independent and ε(k) ⊥⊥ X(PAk) for each
k = 1, . . . ,m. The main ansatz for inferring the causal
structure is to leverage the independence structure of the
stochastic noise ε(k) and a correctly specified parent set,
that is, ε(k) is independent of all X(j) that precede X(k) in
at least one true causal ordering of the underlying graph.
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We focus on inferring the causal ordering to reduce the
computational burden, however, the framework can easily
be adapted to infer the specific causal graph structure by
pruning redundant edges. The causal ordering of a graph
G0 is given by a permutation π of {1, . . . ,m}, such that,
if there exists a directed edge from node π(i) to node π(j)
in the graph then i < j. We emphasize that the causal or-
dering for a given graph is not necessarily unique but each
causal ordering π corresponds to a unique, fully connected
DAG Gπ , where Gπ has a directed edge from node π(i) to
node π(j) if and only if i < j. Thus, similar to Bühlmann
et al. (2014), we can define the set of true causal orderings
Π0 for any DAG G0 as the set of all causal orderings π that
correspond to fully connected DAGs Gπ which contain G0

as a sub-graph, that is

Π0 := {π : Gπ is a super-graph of G0}.

Remark 3.1. In general Π0 contains more than one ele-
ment and all elements correspond to valid causal orderings
of the DAG G0 (e.g. in the extreme case of an empty graph,
all permutations are true causal orderings).

In order to apply the previously introduced rank-based re-
gression methods, we assume that all functions f (k) in
the data generating PNL causal model are continuous and
strictly increasing, and thus, we can define their inverse via
h(k) := (f (k))−1. Further, we assume that all g(k) are lin-
ear and the distribution of every stochastic error ε(k) is as-
sumed to be continuous. We emphasize again, our method
is applicable to nonlinear functional relations by means of
basis expansions.

Put together, each structural equation, i.e. each cause-effect
relation, corresponds to a PNL regression model (1) as in-
troduced in the previous section. That is, the data generat-
ing process follows

h(k)
(
X(k)

)
=

(
X(NDk)

)T

β(k) + ε(k), k = 1, . . . ,m,

where the non-descendants NDk are given by all nodes that
precede node k in at least one true causal ordering and ε(k)

is independent of X(NDk). Note that the entries in β(k)

which do not correspond to parents of node k are simply
zero. To leverage the independence ε(k) ⊥⊥ X(NDk), we
define

X(−k) := (X(1), . . . , X(k−1), X(k+1), . . . , X(m)).

For every sink node k in the graph, we have NDk =
{1, . . . ,m}\{k}, and, thus, for every sink node k the noise
ε(k) is independent of X(−k). Moreover, if node k is not
a sink node in the graph, then the noise ε(k) is not inde-
pendent of X(−k), since X(−k) contains at least one child
of node k. Thus, we can recursively identify a sink node
using the HSIC (Gretton et al., 2005) measure of indepen-
dence between the estimated noise ε̂(k) and the remaining
nodes X(−k).

We propose the following routine to learn one of the valid
causal orderings of the graph. First, we utilize the rank-
based estimators ĥ(k) and β̂(k), introduced in the previous
section, and estimate the noise via

ε̂
(k)
j := ĥ(k)

(
X

(k)
j

)
−

(
X

(−k)
j

)T

β̂(k), j = 1, . . . , n.

We repeat this noise estimation for all remaining nodes
k ∈ {1, . . . ,m} and subsequently calculate the HSIC test
statistic between the estimated noises and the observed val-
ues of the remaining nodes X(−k), that is

tk := HSIC({X(−k)
j , ε̂

(k)
j }nj=1), k = 1, . . . ,m.

We determine the node which leads to the minimal test
statistic as a sink node, that is, our proposed sink node es-
timator is defined by

π̂(m) := argmin
k

{tk} .

In the next step we remove π̂(m) from the set {1, . . . ,m}
and repeat the sink node identification procedure to esti-
mate π̂(m − 1). Thus, recursively we obtain an estimate
for the causal ordering

π̂ = (π̂(1), . . . , π̂(m)).

In the following Theorem we prove consistency of our pro-
posed estimation routine for the causal ordering. It is clear
that if at any step our method fails to correctly identify
one of the remaining sink nodes, then it fails to estimate
a valid causal ordering. Thus, we must require sink node
identifiability from the joint distribution in order to ensure
consistency of the estimated causal order. The following
assumption (A) formalizes this intuition.

(A) For each k ∈ [1,m] andA ⊂ [1,m]\{k} that contains
at least one child of X(k) as well as for all strictly increas-
ing, continuous functions h : R → R and for all β ∈ R|A|,
there exists a constant ξ > 0, such that

HSIC
(
PN,X(A)

)
> ξ,

where

N := h
(
X(k)

)
−

(
X(A)

)T

β.

Theorem 3.1. Under assumption (A) and consistency of
the employed estimators ĥ(k) and β̂(k) we have

P(π̂ ∈ Π0) → 1 as n→ ∞.

The proof can be found in Appendix D.

Remark 3.2. Location and scale transformations of the
noise variables can be matched by transformations in
the functions h(k), however, these transformations do not
change the dependence structure and thus without loss of
generality, we can assume that the location and scale as-
sumptions in Section 2 are satisfied.
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4 SIMULATIONS

In this section we present the results of a simulation study
with the aim to compare the performance of our algorithm
to existing causal learning methods on various simulated
data sets and validate the consistency results experimen-
tally. If necessary in the specific application, our method
can be easily extended to infer the full causal graph struc-
ture, however, this vastly increases the computation time,
similar to the related existing methods. Since the main dif-
ferences of the algorithms already come into play during
the causal order estimation procedure, we compared the
performance on this task alone. Our experiments were de-
signed as follows. We randomly sampled a causal structure
with m (m = 4 and m = 7) nodes from Erdős–Rényi di-
rected acyclic graphs with edge probability 2

m−1 . Thus, the
expected total number of edges in the graph is m. We gen-
erated data according to the corresponding post-nonlinear
model using the following structural relations

X(k) =
( ∑

j∈PAk

β1jX
(j) + β2j(X

(j))2 + εk

)1/3

for k = 1, . . . ,m, with different noise distributions (stan-
dard Normal N (0, 1), standard Gumbel Gumbel(0, 1) or
standard Logistic Logistic(0, 1)). Further, β1j and β2j are
sampled from a uniform distribution with either a low range
from −10 to 10, representing a weak signal setting (low
signal-to-noise ratio (SNR)), or a higher range from −100
to 100, representing a strong signal setting (high SNR).

Remark 4.1. We highlight that the inner function g(k) is
quadratic in the parents of X(k). In the experiments, we
used polynomial basis expansions of order two to linearly
model the inner function by specifying not only parents but
also their squares.

Using this process, we generated 100 independent data sets
and estimated the causal ordering. We compared our re-
sults with the classical RESIT method for additive noise
models (Peters et al., 2014) and the AbPNL method for
post-nonlinear models (Uemura et al., 2022) restricted to
the respective causal order estimation parts. The causal or-
dering of a given DAG is not necessarily unique, thus, as a
measure of performance for an estimated causal ordering π̂
we report the number of directed edges π̂(i) → π̂(j) in the
true graph G with j < i, that is

#{(i, j) : π̂(i) → π̂(j) ∈ G and j < i}.

This measure equals zero when π̂ is a valid causal ordering
and achieves its maximum, the number of edges in G, when
π̂ is a reversed causal ordering.

Figure 1 shows the performance of the Gaussian method
introduced in Subsection 2.1, named RankG, compared to
RESIT and AbPNL on 4- and 7-dimensional causal graphs
in settings with Gaussian, Gumbel (standard extreme value

distribution) and Logistic noise. Dashed lines indicate the
weak signal setting and solid lines depict the strong signal
setting. We plot the mean of our performance measure, the
number of wrongly oriented edges in the fully connected
DAG corresponding to the estimated causal ordering, over
all 100 data sets against the sample size.

Our proposed RankG method outperforms the competition
in almost all considered settings, especially in the low SNR
setting. We emphasize that it might seem counterintuitive
that the RankG method performs better in a low SNR set-
ting than in a high SNR setting, however, the noise drives
the identification in the rank-based learning procedure in
PNL models. Thus, higher noise in comparison to the sig-
nal strengths induces more changes in the ranks that propa-
gate through the graph, and thus, better performance of the
rank-based estimation methods.

Furthermore, in the low SNR setting our computational
results support the theoretical consistency results and our
method seems to recover a valid causal ordering even in
moderate sample sizes.

The results in Figure 1 display that even under noise mis-
specification, that is, in the Gumbel and Logistic noise
cases, the RankG method performs best. This might in-
dicate some robustness of our proposed method for causal
order estimation, even though we do not recover the true
noise under misspecification (see Figure 6).

We conducted similar experiments to compare the perfor-
mance of our proposed general method introduced in Sub-
section 2.2, named RankS, however with lower sample
sizes for computational reasons. Figure 2 shows the results
of the different competitors RankS, RankG, RESIT and
AbPNL for 4-dimensional graphs with Gaussian, Gumbel
and Logistic noise. Our proposed method RankS performs
best in all considered sample sizes and all noise cases, ex-
cept for the weak signal settings where RankG performs
better. This might stem from the fact that the pairwise rank
likelihood used in RankG better approximates the marginal
rank likelihood.

In additional experiments, we investigated the behavior of
the introduced methods for more complex functional rela-
tions g, namely a polynomial of degree 4. Similar to the
experiments before, we sampled data from Erdős–Rényi
DAGs, however, with the structural relations

X(k) =
( ∑

j∈PAk

β1jX
(j) + β2j(X

(j))2

+ β3j(X
(j))3 + β4j(X

(j))4 + εk

)1/3

for k = 1, . . . ,m, with different noise distributions and
β1j , β2j , β3j and β4j sampled with low or high range. Fig-
ure 3 shows the resulting mean performance measures for
the different methods RankS, RankG, RESIT and AbPNL
over 100 data sets. As expected, the task becomes more
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Figure 1: Performance of RankG, AbPNL and RESIT causal order estimation methods in different dimensions (4,7)
against sample size.
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Figure 2: Performance of RankS, RankG, AbPNL and RESIT causal order estimation methods in dimension 4 against
sample size.
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Figure 3: Performance of RankS, RankG, AbPNL and RESIT causal order estimation methods in dimension 4 against
sample size, where function g is 4 degree polynomial.

challenging by increasing the complexity of the functional
parameters, since it is difficult to estimate the functional re-
lations in the first place. However, even in the considered
low sample sizes, our proposed RankS method seems to
detect some causal structure and outperform the competi-
tion.

Further, we analysed the behaviour of the used functional
estimators introduced in Section 2 by performing the fol-
lowing experiments. We generated 100 independent data
sets of sample size 500 according to model (2) with a 3-
dimensional predictor X , standard Gaussian or Gumbel
noise, cubic function h(y) = y3 and linear parameters
β0 = (10, 5, 1). Then we estimated the functional param-
eter β0 and the function h with the introduced rank-based
methods.

Figure 4 shows the estimation of the function h for one rep-
resentative result across the 100 replications. The red lines
indicate the true value of the function h, while the black
dots indicate the pointwise estimates. We notice that the es-
timation of the function h with the rank-based method that
relies on the normality assumption (used in RankG) fails to
correctly estimate the functional relation at extremes under
Gumbel noise. This is due to the misspecified tail proba-
bility structure. In contrast, the general estimation method
employed in RankS is not influenced by the specific under-
lying noise distribution. However, in the Gaussian noise
case we notice small estimation bias, which can be regu-
lated with the hyperparameter λ in the estimation proce-
dure. Further, from the results across all 100 data sets, we
noticed that the variance of the functional estimate across
the data sets is higher using the general estimation methods
in RankS.

Figure 5 shows the estimation of the first two entries of β0.

Recall that in the general RankS method we fixed the last
entry in our estimation of β0. The box plots show the esti-
mated values of β0 across the 100 data sets and red dots in-
dicate the true values. We see again that RankG estimates
the parameter β0 with a bias in the misspecified Gumbel
noise setting, similar to the estimation of the function h.
However, in the Gaussian setting the RankG method es-
timation of β0 has a lower variance than RankS and in
all other cases the median estimate corresponds to the true
value.

Gaussian Gumbel

R
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R
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h(
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Figure 4: Estimation of the function h.

Figure 6 shows the estimated noise by combining both es-
timation results. We plot the estimated noise against the
true values for one representative data set (similar to Fig-
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Figure 6: Estimation of the noise ε.

ure 4). Red lines correspond to a perfect estimation. The
RankG method inherits the behaviour from both estima-
tion parts and fails to correctly estimate the extreme noise
cases. However, it outperforms the RankS method in the
Gaussian setting.

5 CONCLUSION

We proposed a new routine for causal discovery in mul-
tivariate post-nonlinear structural equation models. Our
method disentangles the two tasks of estimating the func-
tional relations and learning the causal structure by em-
ploying rank-based methods for the first task. Thus, our

proposed routine is less susceptible to overfitting issues ex-
hibited by the existing methods that rely on minimizing de-
pendence and subsequently testing for independence.

We introduced PNL rank regression methods to learn the
functional relations in PNL models and subsequently es-
timate the residuals. As a special case, we first consid-
ered Gaussian noise and used pairwise rank likelihoods in
a computationally fast algorithm, whereas, for the general
unknown noise case, we employed a smoothed version of
rank correlations to obtain estimates of the functional rela-
tions. While our presentation focused on linearity in the in-
ner functional relation to simplify the theoretical analysis,
the framework includes nonlinear relations by means of ba-
sis expansions. Employing the introduced estimators of the
functional relations, we proposed a causal learning routine
to recursively identify sink nodes based on independence
tests with the estimated residuals. Further, we prove con-
sistent causal order recovery of our proposed routine un-
der identifiability assumptions and consistency of the em-
ployed functional estimators.

We validated our theoretical findings in a simulation study
that showed that our proposed routine outperforms the
competition and is able to recover a valid causal ordering
even in moderate sample sizes.
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A ADDITIONAL ASSUMPTIONS

In this section, we list all additional assumptions that are mentioned in the main paper in detail.

Cuzick (1988) employs the following 4 (additional) assumptions to ensure the consistency of ĥG defined in (5). Thus,
the following assumptions together with the modelling assumptions and assumption (A) in the main paper ensure the
consistency of the proposed RankG method.

AG1 Let Gn(x) :=
1
n

∑n
j=1 1{Xj ≤ x}. Assume Zn has distribution Gn, then |Zn|t is uniformly integrable for some t

which is specified in the next assumption (at least t > 4).

AG2 For Fβ(z) defined in (4), there exists finite K such that

F−1
β (u) + u(1− u)(F−1

β (u))′ ≤ K

((u(1− u)))α
, ∀ u ∈ (0, 1),

for all n and β ∈ B, where B is a neighborhood of β0 and α+ t−1 < 1
2 .

AG3 The function Z(β) := E[X|XT (β − β0) = 0] is L2 continuous as β → β0.

AG4 The following inequality holds
E[X(X − Z(β0)] > 0.

The main assumptions above essentially correspond to moment conditions on the distribution of X .

Following Lin and Peng (2013) (AS1-AS4) and Zhang (2013) (AS5-AS9), we list the additional assumptions that are
required to ensure consistency of the estimators in Section 2.2. Thus, in combination with the modelling assumptions and
assumption (A) in the main paper, the RankS method is consistent.

AS1 Let g be the density function of (Xj − Xi)
Tβ0 and F the distribution function of εj − εi. Define the functions

Γ(s) := E[(Xj −Xi)
T |(Xj −Xi)

β
0 = s] and Ω(s) := F (s)Γ(s)g(s). Then Ω′(0) is nonsingular.

AS2 The density g is positive with a continuous second derivative on its corresponding compact support.

AS3 The function F has a continuous second derivative on its corresponding support.

AS4 The random variable X is bounded with a compact support.

AS5 The true parameter θ0 is an interior point of a compact subset Θ ⊂ Rm−1.

AS6 The support of X is not contained in a linear subspace of Rm. Moreover, conditional on the first m− 1 components
of X , the last component of X has a density function with respect to the Lebesgue measure.

AS7 Define

τ(y, x, θ) := E[1{y > Y }1{(x−X)T (θT , 1)T > 0}+ 1{y < Y }1{(x−X)T (θT , 1)T < 0}]

and let

|∇m|τ(y, x, θ) =
∑

i1,...,im

∣∣∣∣ ∂mτ(y, x, θ)∂θi1 . . . ∂θim

∣∣∣∣ .
There exists a neighborhood N of θ0 such that for each pair of (y, x) in the support of (Y,X) the following hold

• The second derivatives of τ(y, x, θ) with respect to θ exist in N .
• There exists an integrable function M(y, x) such that for all θ in N

∥∇2τ(y, x, θ)−∇2τ(y, x, θ0)∥ ≤M(y, x)|θ − θ0|.

• E[(|∇1|τ(Y,X, θ0))2] <∞.
• E[|∇2|τ(Y,X, θ0)] <∞.
• The matrix E[∇2τ(Y,X, θ0)] is strictly negative definite.
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AS8 There exists ϵ∗ > 0 and y1, y2 in the support of Y such that [h(y1−ϵ∗), h(y2+ϵ∗)] is contained in a compact interval.

AS9 For ω1 = (x1, y1), ω2 = (x2, y2) and W = (X,Y ) we define

fz(ω1, ω2, z, y, β) := (1{y1 ≥ y} − 1{y2 ≥ y0})1{(x1 − x2)Tβ ≥ z}.

Further, we define
τ(ω, z, y, β) := E[fz(ω,W, z, y, β) + fz(W,ω, z, y, β)],

then

V z(y) := E
[
∂2τ(W,h(y), y, β0)

∂z2

]
is negative for each y ∈ [y1, y2] and uniformly bounded away from 0.

Zhang (2013) show uniform consistency on the interval [y1, y2] defined in the assumptions AS8-AS9.

B PROOF OF PROPOSITION 2.1

To prove Proposition 2.1 we employ the following two Lemmas.

Lemma B.1. For all z ∈ R we have
ϕ′(z)Φ(z)− (ϕ(z))2 < 0,

where Φ and ϕ denote the CDF and PDF of the standard normal distribution.

Proof. With h(z) := ϕ′(z)Φ(z)− (ϕ(z))2, we show that h(z) < 0. Substituting the derivative of ϕ we have

h(z) = −zϕ(z)Φ(z)− (ϕ(z))2 = ϕ(z)(−zΦ(z)− ϕ(z)).

Since ϕ(z) > 0 for all z ∈ R it remains to show that g(z) := −zΦ(z) − ϕ(z) < 0. For z ≥ 0 this is clear. Thus we
consider the case z < 0. We have for the derivative of g

g′(z) = −Φ(z)− zϕ(z) + zϕ(z) = −Φ(z) < 0.

Therefore, g is a strictly decreasing function. The limit of g(z) for z → −∞ is given by

lim
z→−∞

g(z) = lim
z→−∞

(−zΦ(z)− ϕ(z)) = − lim
z→−∞

Φ(z)
1
z

= lim
z→−∞

ϕ(z)
1
z2

= lim
z→−∞

1√
2π

z2

ez2/2
= 0,

and the claim follows.

Lemma B.2. The function
f(x) := log Φ(cTx), x ∈ Rm

is concave, where Φ is the CDF of the standard normal distribution and c ∈ Rm is a nonzero constant. Moreover,
vT∇2f(x)v = 0 for a vector v ∈ Rm and Hessian matrix ∇2f(x) if and only if vT c = 0.

Proof. The function f is twice differentiable, and thus for the first part of the Lemma it is enough to show that the Hessian
of f(x) is negative semi-definite. The gradient of f is given by

∇f(x) = ϕ(cTx)

Φ(cTx)
c,

where ϕ is the PDF of the standard normal distribution. Thus, the Hessian is

∇2f(x) =
ϕ′(cTx)Φ(cTx)− (ϕ(cTx))2

(Φ(cTx))2
· ccT .
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So, for any v ∈ Rm we have

vT∇2f(x)v = vT
ϕ′(cTx)Φ(cTx)− (ϕ(cTx))2

(Φ(cTx))2
· ccT v

=
ϕ′(cTx)Φ(cTx)− (ϕ(cTx))2

(Φ(cTx))2
· vT ccT v

=
ϕ′(cTx)Φ(cTx)− (ϕ(cTx))2

(Φ(cTx))2
· (vT c)2 ≤ 0,

where the last step follows from Lemma B.1 and the fact that (vT c)2 ≥ 0.

Moreover, vT∇2f(x)v = 0 if and only if vT c = 0, which completes the proof.

Employing the Lemmas we can prove Proposition 2.1.

Proof. From (3) we have

ℓprl(β) =

(
n

2

)−1 ∑
i<j

1(Yj > Yi) log Φ

(
(Xj −Xi)

Tβ√
2

)

+ 1(Yj ≤ Yi) log Φ

(
(Xi −Xj)

Tβ√
2

)
.

Thus, with Lemma B.2 we know that ℓprl(β) is a sum of concave functions. Since sums preserve the concavity ℓprl(β) is
concave.

We show strict concavity by contradiction and thus assume that ℓprl(β) is not strictly concave. This implies that there
exists a vector v such that vT∇2ℓprl(β)v = 0 for the Hessian matrix ∇2ℓprl(β) of ℓprl(β). The Hessian operator is linear,
thus, ∇2ℓprl(β) is a sum of Hessians, that is

∇2ℓprl(β) =

(
n

2

)−1 ∑
i<j

1(Yj > Yi)∇2 log Φ

(
(Xj −Xi)

Tβ√
2

)

+ 1(Yj ≤ Yi)∇2 log Φ

(
(Xi −Xj)

Tβ√
2

)
.

Lemma B.2 gives that vT∇2 log Φ
(

(Xj−Xi)
T β√

2

)
v = 0 if and only if vT (Xj −Xi) = 0. Since for each i, j, either one of

1(Yj > Yi) or 1(Yj ≤ Yi) is 1, vT∇2ℓprl(β)v = 0 implies that vT (Xj −Xi) = 0 for all i and j. Therefore, XT
j v = c for

a constant c ∈ R for all j. Let X(i) = (X
(i)
1 , . . . , X

(i)
n ) be the sample vector of the i−th component of X and define the

matrix X := [1, X(1), . . . , X(m)] ∈ Rn×m+1. Then X does not have full column rank, i.e. taking u = (−c, vT )T implies
Xu = 0.

However, if we take any arbitrary square sub-matrix in X and compute the determinant, we obtain a non-zero polynomial
of some X(1), . . . , X(m). The Lemma in (Okamoto, 1973) states that such a polynomial is zero only on the Lebesgue
measure zero. Therefore, the rank of X is min{n,m + 1} = m + 1, which contradicts the equality Xu = 0 and, thus,
completes the proof.

C PROOF OF THEOREM 2.1

To keep the formulas readable, we define Uij :=
Xi−Xj√

2
. This gives

ℓprl(β) =

(
n

2

)−1 ∑
i<j

1(Yj > Yi) log Φ
(
UT
jiβ

)
+ 1(Yj ≤ Yi) log Φ

(
UT
ijβ

)
.

For the proof, we use the Taylor expansion of ℓprl(β̂PRL) around β0 and use properties of the gradient of ℓprl(β) at β0,
which are established in the following Lemmas.
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Lemma C.1. The gradient ∇βℓprl(β0) converges to zero almost surely, that is

∇βℓprl(β0)
a.s.→ 0.

Proof. The gradient

∇βℓprl(β0) =

(
n

2

)−1 ∑
i<j

1(Yj > Yi)
ϕ
(
UT
jiβ0

)
Φ
(
UT
jiβ0

) · Uji + 1(Yj ≤ Yi)
ϕ
(
UT
ijβ0

)
Φ
(
UT
ijβ0

) · Uij ,

is a U-statistic with kernel

ψ((X1, Y1), (X2, Y2)) := 1(Y2 > Y1)
ϕ
(
UT
21β0

)
Φ
(
UT
21β0

) · U21 + 1(Y2 ≤ Y1)
ϕ
(
UT
12β0

)
Φ
(
UT
12β0

) · U12.

Note that ψ((X1, Y1), (X2, Y2)) is symmetric as there are no ties in Yi’s (Y has a continuous distribution).

We use the generalization of the classical Strong Law of Large Numbers (SLLN) for U-statistics (e.g. Theorem A in
(Serfling, 1980) Section 5.4). The expectation of the kernel ψ is

E[ψ((X1, Y1), (X2, Y2))]

= E

[
1(Y2 > Y2)

ϕ
(
UT
21β0

)
Φ
(
UT
21β0

) · U21 + 1(Yj ≤ Yi)
ϕ
(
UT
12β0

)
Φ
(
UT
12β0

) · U12

]

= EX

[
EY [1(Yj > Yi)|X]

ϕ
(
UT
21β0

)
Φ
(
UT
21β0

) · U21 + EY [1(Yj ≤ Yi)|X]
ϕ
(
UT
12β0

)
Φ
(
UT
12β0

) · U12

]

= EX

[
P(Yj > Yi|X)

ϕ
(
UT
21β0

)
Φ
(
UT
21β0

) · U21 + P(Yj ≤ Yi|X)
ϕ
(
UT
12β0

)
Φ
(
UT
12β0

) · U12

]

= EX

[
Φ
(
UT
21β0

) ϕ (UT
21β0

)
Φ
(
UT
21β0

) · U21 +Φ
(
UT
12β0

) ϕ (UT
12β0

)
Φ
(
UT
12β0

) · U12

]
= EX

[
ϕ
(
UT
21β0

)
· U21 + ϕ

(
UT
12β0

)
· U12

]
= EX

[
ϕ
(
UT
21β0

)
· [U21 + U12]

]
= EX

[
ϕ
(
UT
21β0

)
·
[
Xj −Xi√

2
+
Xi −Xj√

2

]]
= EX [0] = 0,

where the first equalities follow from the linearity of the expectation and the tower rule of the expectation, i.e.
E[Q(X,Y )] = E[E[Q(X,Y )|X]] for any function Q. The third equality is a classical porperty of the indicator func-
tion. The fourth equality uses the monotonicity of the function h. The fifth step is just a cancellation of the equal members
in the fractions. Finally, the sixth equality follows from the fact that ϕ(x) = ϕ(−x) for the probability density function ϕ
of the standard normal distribution.

We show that the absolute value of the kernel ψ has a finite expectation, since

E[|ψ((X1, Y1), (X2, Y2))|]

≤ E

[
1(Y2 > Y2)

ϕ
(
UT
21β0

)
Φ
(
UT
21β0

) · |U21|+ 1(Yj ≤ Yi)
ϕ
(
UT
12β0

)
Φ
(
UT
12β0

) · |U12|

]

= EX

[
Φ
(
UT
21β0

) ϕ (UT
21β0

)
Φ
(
UT
21β0

) · |U21|+Φ
(
UT
12β0

) ϕ (UT
12β0

)
Φ
(
UT
12β0

) · |U12|

]

= ϕ
(
UT
12β0

)
· 2 · |Xi −Xj |√

2
<∞,

where we used the triangle inequality for the absolute value in the first step and the other steps are similar to the calculation
for the expectation of the kernel ψ. The last quantity is finite since the probability density function of the standard normal
distribution is bounded.

Thus, the SLLN yields
∇βℓprl(β0)

a.s.→ 0,

which completes the proof of the Lemma.
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Lemma C.2. Let a > 0. For all β ∈ Rm, such that ∥β − β0∥2 = a, and n > m we have

P(ℓprl(β) < ℓprl(β0)) → 1.

Proof. The taylor expansion of ℓprl(β) around β0 gives

ℓprl(β)− ℓprl(β0) = (β − β0)
T∇βℓprl(β0) +

1

2
(β − β0)

T∇2
βℓprl(β

∗)(β − β0),

where ∥β∗ − β0∥2 ≤ ∥β − β0∥2 = a, i.e., β∗ is in the closed ball around β0 with radius a. Clearly, ∇2
βℓprl(β

∗) is
continuous with respect to β∗. Moreover, from Proposition 2.1 we know that the maximum eigenvalue of ∇2

βℓprl is
negative. Thus, there exist a maximum eigenvalue λmax < 0 of ∇2

βℓprl within the closed ball with center β0 and radius a.

Therefore, we have
1

2
(β − β0)

T∇2
βℓprl(β

∗)(β − β0) ≤
λmax

2
∥β − β0∥22 .

Using the previous Lemma C.1 the remaining term (β − β0)
T∇βℓprl(β0) asymptotically vanishes in probability and thus

the claim follows.

In the following we prove Theorem 2.1., i.e. β̂prl − β0 = oP (1).

Proof. From Lemma C.2 we know that for any fixed a > 0, there exists a maximum of ℓprl(β) within the closed ball
around β0 with radius a with probability tends to 1. However, β̂prl maximizes ℓprl(β), and thus

P
(∥∥∥β̂prl − β0

∥∥∥
2
< a

)
→ 1 as n→ ∞,

which completes the proof.

D PROOF OF THEOREM 3.1

To prove the Theorem we employ the following Lemma.

Lemma D.1. Under the assumption (A) we have

• If node k is not a sink node, then
tk > ξ + oP (1).

• If node k is a sink node, then
tk → 0 as n→ ∞.

Proof. First, assume that k is not a sink node. Denoting ε̂ := ĥ(X(k)) −
(
X(−k)

)T
β̂(k), assumption (A) gives that

HSIC(PX(−k),ε̂) > ξ. On the other hand, Theorem 3 in Gretton et al. (2005) gives that for all δ > 0, with probability at
least 1− δ we have

|HSIC({X(−k)
j , ε̂

(k)
j }nj=1)−HSIC(PX(−k),ε̂)| ≤

√
log6/δ

α2n
+
C

n
,

where α and C are constants. Thus,

tk − ξ = HSIC({X(−k)
j , ε̂

(k)
j }nj=1)− ξ

> HSIC({X(−k)
j , ε̂

(k)
j }nj=1)−HSIC(PX(−k),ε̂) = oP (1).

Second, assume that k is a sink node. Then {X(k)
j , X

(−k)
j }nj=1 is an i.i.d. sample from the PNL regression model (1).

Using the (point-wise) consistency of the estimators, we have

ĥk(X
(k)
1 )− h(X

(k)
1 ) = oP (1) and

(
X

(−k)
1

)T

β̂(k) −
(
X

(−k)
1

)T

β(k) = oP (1).
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Thus, we obtain

ε̂
(k)
1 − ε

(k)
1 = ĥk(X

(k)
1 )− h(X

(k)
1 )−

((
X

(−k)
1

)T

β̂(k) −
(
X(−k)

)T

β(k)

)
= oP (1)− oP (1) = oP (1). (7)

From the definition of tk and the decomposition of the HSIC, we have

tk := HSIC({X(−k)
j , ε̂

(k)
j }nj=1) =

1

n2

n∑
i,j=1

KijL̂ij +
1

n4

n∑
i,j,q,r=1

KijL̂ij −
2

n3

n∑
i,j,q=1

KijL̂ij = Q̂1 + Q̂2 − Q̂3,

where

Kij := exp

(
−
∥∥∥X(−k)

i −X
(−k)
j

∥∥∥2
2

)
, L̂ij := exp(−(ε̂

(k)
i − ε̂

(k)
j )2),

and Q̂1 := 1
n2

∑n
i,j=1KijL̂ij , Q̂2 := 1

n4

∑n
i,j,q,r=1KijL̂ij , , Q̂3 := 2

n3

∑n
i,j,q=1KijL̂ij .

Similar to the proof of Theorem 2 in Teran Hidalgo et al. (2018) we will show that tk−HSIC(PX(−k),εk) = oP (1). From
Lemma 1 in Gretton et al. (2005) we have

HSIC(PX(−k),εk) = Q1 +Q2 −Q3,

where Lij := exp(−(ε
(k)
i − ε

(k)
j )2), Q1 := E

X
(−k)
1 ,ε

(k)
1 ,X

(−k)
2 ,ε

(k)
2

[K12L12], Q2 := E
X

(−k)
1 ,X

(−k)
2

[K12]Eε
(k)
1 ,ε

(k)
2

[L12]

and Q3 := 2E
X

(−k)
1 ,ε

(k)
1

[E
X

(−k)
1

[K12]Eε
(k)
1

[L12]].

We show that Q̂1 −Q1 = oP (1). We have

Q̂1 −Q1 =
1

n2

n∑
i,j=1

KijL̂ij − E[K12L12] =
1

n2

n∑
i ̸=j

KijL̂ij − E[K12L12] +
1

n

=
1

n(n− 1)

n∑
i ̸=j

KijL̂ij − E[K12L12] +
1

n
− 1

n2(n− 1)

n∑
i ̸=j

KijL̂ij

=
1

n(n− 1)

n∑
i ̸=j

KijL̂ij − E[K12L̂12] + E[K12L̂12]− E[K12L12] +
1

n
− 1

n2(n− 1)

n∑
i ̸=j

KijL̂ij , (8)

where we used Kjj = L̂jj = 1 in the second equality. For δ > 0, the Markov inequality gives

P

∣∣∣∣∣∣ 1

n(n− 1)

n∑
i ̸=j

KijL̂ij − E[K12L̂12]

∣∣∣∣∣∣ ≥ δ

 ≤
E
[(

1
n(n−1)

∑n
i̸=j KijL̂ij − E[K12L̂12]

)2
]

δ2

=
1

n(n− 1)δ2
V ar(K12L̂12) +

1

n2(n− 1)2δ2

∑
i ̸=j

∑
p ̸=q

Cov(KijL̂ij ,KpqL̂pq)

= O(1)
1

n(n− 1)
+O(1)

1

n
Cov(K12L̂12,K13L̂13) +O(1)Cov(K12L̂12,K34L̂34). (9)

Here, we used that Kij and L̂ij are bounded by 1, thus, their variances are bounded. The number of terms in the quadruple
sum that have exactly three different indices are of order n3, but the denominator is of order n4, which leads to the second
O(1) term. The lastO(1) comes from the fact that the number of terms in the quadruple sum that have exactly four different
indices are of order n4.

Using (7) and the continuous mapping theorem we obtain

K12L̂12 −K12L12 = oP (1),

and since L̂12 is bounded, it is uniformly integrable and we obtain

E[K12L̂12]− E[K12L12] = o(1).
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In a similar way, we obtain
E[K12L̂12K34L̂34]− E[K12L12K34L34] = o(1).

Using the fact that K12L12 is independent from K34L34 and employing the two equalities above , we have

Cov(K12L̂12,K34L̂34) = E[K12L̂12K34L̂34]− E[K12L̂12]E[K34L̂34]

= E[K12L12K34L34]− E[K12L12]E[K34L34] + oP (1) = oP (1).

Thus, all terms in (9) are oP (1). Moreover, from the above arguments we have E[K12L̂12] − E[K12L12] = o(1) and
1

n2(n−1)

∑n
i ̸=j KijL̂ij = o(1) as KijL̂ij is bounded and the denominator is of order n3. So, in (8) all the terms are oP (1),

which gives
Q̂1 −Q1 = oP (1).

In the same fashion, one can show that Q̂2 − Q2 = oP (1) and Q̂3 − Q3 = oP (1), which put together proves that
tk −HSIC(PX(−k),εk) = oP (1). Moreover, HSIC(PX(−k),εk) = 0, since X(k) is a sink node and thus the noise εk is
independent from the remaining nodes X(−k). Thus,

tk → 0 as n→ ∞ if k is a sink node,

which completes the proof of the Lemma.

Now we can prove Theorem 3.1.

For any set A ⊆ {1, 2, . . . ,m} we denote the sub-graph of G0 over the nodes A as G0
A. Then

P(π̂ ∈ Π0) = P(∀k ∈ {1, 2, . . .m} : π̂(k) is a sink node in G0
{π̂(1),...,π̂(k)})

= 1− P(∃k ∈ {1, 2, . . .m} : π̂(k) is not a sink node in G0
{π̂(1),...,π̂(k)})

≥ 1−
m∑

k=1

P(π̂(k) is not a sink node in G0
{π̂(1),...,π̂(k)}).

The proof of Theorem 3.1 is completed if we show that

P(π̂(k) is a sink node in G0
{π̂(1),...,π̂(k)}) → 1 as n→ ∞ ∀k ∈ {1, 2, . . . ,m}, (10)

since this implies

P(π̂(k) is not a sink node in G0
{π̂(1),...,π̂(k)}) → 0 as n→ ∞ ∀k ∈ {1, 2, . . . ,m}.

Using assumption (A) and the recursive construction of π̂ it is enough to prove (10) for k = m, that is

P(π̂(m) is a sink node in G0) → 1 as n→ ∞.

By Lemma D.1 we know that tk goes to zero in probability for sink nodes and is a least ξ for other nodes. Thus,

P(π̂(m) is a sink node in G0) = P(argmin {tk} is a sink node in G0) → 1 as n→ ∞.

This completes the proof of the Theorem.

E NUMERICAL RESULTS

In this Section we provide the concrete simulation results in tabular form and additionally provide the empirical standard
deviations if the results.

Tables 1, 2, 3 and 4, 5, 6 show the results of RankG, AbPNL and RESIT methods for 4-dimensional graphs with strong
and weak signal settings, for Gaussian, Gumbel and Logistic noises, respectively. Tables 7, 8, 9 and 10, 11, 12 show the
results for 7-dimensional graphs. In both cases the sample sizes are 100, 500, 1000, 1500, and 2000, respectively.

Moreover, Tables 13, 14, 15 and 16, 17, 18 show the results of RankS, RankG, AbPNL and RESIT methods for 4-
dimensional graphs with strong and weak signal settings, respectively. Tables 19, 20, 21 and 22, 23, 24 show the results
of RankS, RankG, AbPNL and RESIT methods for 4-dimensional graphs where the function g is polynomial of degree 4
with strong and weak signal settings, respectively. In both cases the sample sizes are 100, 150, 200, 250, and 300.
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- Gaussian noise
- RankG AbPNL RESIT

100 2.51 ± 1.26 3.94 ± 1.09 2.4 ± 1.16
500 1.86 ± 1.31 3.46 ± 1.08 2.41 ± 1.23

1000 1.61 ± 1.15 3.14 ± 1.14 2.43 ± 1.16
1500 1.66 ± 1.35 3.28 ± 1.18 2.62 ± 1.36
2000 1.63 ± 1.17 3.23 ± 1.12 3.15 ± 1.51

Table 1: Results of RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−100, 100) for Gaussian noise (100
repetitions).

- Gumbel noise
- RankG AbPNL RESIT

100 2.86 ± 1.36 3.98 ± 1.36 2.3 ± 1.18
500 2.34 ± 1.45 3.07 ± 1.24 2.49 ± 1.2

1000 1.8 ± 1.28 3.31 ± 1.11 2.43 ± 1.28
1500 1.68 ± 1.1 3.06 ± 1.03 3.04 ± 1.31
2000 1.37 ± 1.14 3.17 ± 1.18 3.02 ± 1.41

Table 2: Results of RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−100, 100) for Gumbel noise (100
repetitions).

- Logistic noise
- RankG AbPNL RESIT

100 2.61 ± 1.35 3.89 ± 1.11 2.31 ± 1.1
500 2.06 ± 1.34 3.32 ± 1.24 2.36 ± 1.13

1000 1.85 ± 1.37 3.41 ± 1.1 2.66 ± 1.24
1500 1.68 ± 1.38 3.27 ± 1.2 2.92 ± 1.32
2000 1.79 ± 1.18 3.29 ± 1.16 3.44 ± 1.38

Table 3: Results of RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−100, 100) for Logistic noise (100
repetitions).

- Gaussian noise
- RankG AbPNL RESIT

100 1.21 ± 1.23 3.7 ± 1.28 2.72 ± 1.2
500 0.21 ± 0.56 2.8 ± 1.01 2.69 ± 1.12

1000 0.15 ± 0.59 3.18 ± 1.08 2.73 ± 1.08
1500 0.04 ± 0.24 3.06 ± 1.08 2.9 ± 1.06
2000 0.05 ± 0.3 3.26 ± 1.17 3.1 ± 1.29

Table 4: Results of RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−10, 10) for Gaussian noise (100
repetitions).

- Gumbel noise
- RankG AbPNL RESIT

100 1.44 ± 1.26 3.47 ± 1.13 2.86 ± 1.26
500 0.42 ± 0.91 2.61 ± 1.1 2.62 ± 1.19

1000 0.13 ± 0.39 2.88 ± 1.15 2.75 ± 1.15
1500 0.15 ± 0.54 2.76 ± 1.14 2.98 ± 1.2
2000 0.08 ± 0.37 2.83 ± 1.21 3.29 ± 1.26

Table 5: Results of RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−10, 10) for Gumbel noise (100
repetitions).
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- Logistic noise
- RankG AbPNL RESIT

100 1.05 ± 1.3 3.82 ± 1.15 2.5 ± 1.24
500 0.39 ± 0.79 2.84 ± 1.02 2.46 ± 1

1000 0.14 ± 0.47 3.01 ± 1.14 2.53 ± 1.11
1500 0 ± 0 2.95 ± 1.18 2.98 ± 1.05
2000 0 ± 0 2.69 ± 1.17 3.28 ± 1.21

Table 6: Results of RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−10, 10) for Logistic noise (100
repetitions).

- Gaussian noise
- RankG AbPNL RESIT

100 4.65 ± 2.21 6.72 ± 2.13 3.89 ± 1.85
500 3.75 ± 2.11 5.4 ± 1.88 4.1 ± 1.76

1000 3.29 ± 2.03 5.46 ± 1.96 4.27 ± 1.95
1500 2.94 ± 2.13 5.4 ± 1.87 4.34 ± 1.88
2000 3.35 ± 2.09 5.49 ± 1.84 5.02 ± 2.09

Table 7: Results of RankG, RESIT and AbPNL methods on 7 nodes with β ∼ U(−100, 100) for Gaussian noise (100
repetitions).

- Gumbel noise
- RankG AbPNL RESIT

100 4.74 ± 2.12 6.33 ± 2.26 3.95 ± 2.09
500 3.68 ± 1.97 5.41 ± 1.83 3.95 ± 1.75

1000 3.4 ± 1.98 5.39 ± 1.92 3.78 ± 1.92
1500 3.33 ± 2.05 5.96 ± 2.12 4.66 ± 1.99
2000 3.47 ± 2.61 5.26 ± 1.7 5.07 ± 2.41

Table 8: Results of RankG, RESIT and AbPNL methods on 7 nodes with β ∼ U(−100, 100) for Gumbel noise (100
repetitions).

- Logistic noise
- RankG AbPNL RESIT

100 4.56 ± 2.1 6.45 ± 2.08 4.01 ± 1.96
500 3.65 ± 2.13 5.52 ± 1.49 3.86 ± 1.85

1000 3.88 ± 2.42 5.35 ± 1.96 4.18 ± 1.88
1500 2.93 ± 1.98 5.37 ± 1.8 4.42 ± 2.01
2000 3.39 ± 1.97 5.1 ± 1.64 4.96 ± 2.17

Table 9: Results of RankG, RESIT and AbPNL methods on 7 nodes with β ∼ U(−100, 100) for Logistic noise(100
repetitions).

- Gaussian noise
- RankG AbPNL RESIT

100 2.44 ± 1.69 6.71 ± 2.47 4.15 ± 1.75
500 1.11 ± 1.46 5.06 ± 1.75 4.4 ± 1.84

1000 0.28 ± 0.75 5.08 ± 1.87 4.47 ± 1.88
1500 0.19 ± 0.6 5.18 ± 2 4.35 ± 1.79
2000 0.19 ± 0.69 5.26 ± 1.55 4.69 ± 2

Table 10: Results of RankG, RESIT and AbPNL methods on 7 nodes with β ∼ U(−10, 10) for Gaussian noise (100
repetitions).
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- Gumbel noise
- RankG AbPNL RESIT

100 3.13 ± 2.02 6.11 ± 2.22 4.17 ± 1.76
500 0.88 ± 1.4 4.32 ± 1.65 4.41 ± 1.74

1000 0.38 ± 0.93 4.7 ± 1.87 4.22 ± 1.97
1500 0.37 ± 0.97 4.88 ± 1.78 4.88 ± 1.87
2000 0.14 ± 0.55 4.81 ± 1.94 5.02 ± 2.06

Table 11: Results of RankG, RESIT and AbPNL methods on 7 nodes with β ∼ U(−10, 10) for Gumbel noise (100
repetitions).

- Logistic noise
- RankG AbPNL RESIT

100 2.65 ± 2 6.83 ± 2.2 4.03 ± 1.54
500 0.68 ± 1.09 4.87 ± 1.82 4.12 ± 1.77

1000 0.45 ± 1.01 5.08 ± 1.79 4.27 ± 1.8
1500 0.34 ± 0.98 4.89 ± 1.87 4.55 ± 1.76
2000 0.2 ± 0.68 4.43 ± 1.69 4.56 ± 1.81

Table 12: Results of RankG, RESIT and AbPNL methods on 7 nodes with β ∼ U(−10, 10) for Logistic noise (100
repetitions).

- Gaussian noise
- RankS RankG AbPNL RESIT

100 2.23 ± 1.42 2.51 ± 1.26 3.94 ± 1.09 2.4 ± 1.16
150 1.73 ± 1.49 2.75 ± 1.25 2.6 ± 1.2 2.47 ± 1.13
200 1.63 ± 1.34 2.24 ± 1.32 2.87 ± 1.19 2.3 ± 1.02
250 1.56 ± 1.27 2.3 ± 1.16 3.07 ± 1.15 2.4 ± 1.22
300 1.49 ± 1.29 2.24 ± 1.35 2.97 ± 1.02 2.54 ± 1.1

Table 13: Results of RankS, RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−100, 100) for Gaussian noise
(100 repetitions).

- Gumbel noise
- RankS RankG AbPNL RESIT

100 1.69 ± 1.36 2.86 ± 1.36 3.98 ± 1.36 2.3 ± 1.18
150 1.76 ± 1.28 2.56 ± 1.4 2.88 ± 1.34 2.37 ± 1.1
200 1.77 ± 1.38 2.78 ± 1.3 2.77 ± 1.17 2.38 ± 1.25
250 1.73 ± 1.27 2.44 ± 1.18 3.04 ± 1.13 2.45 ± 1.16
300 1.84 ± 1.23 2.4 ± 1.43 3.11 ± 1.12 2.35 ± 1.1

Table 14: Results of RankS, RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−100, 100) for Gumbel noise
(100 repetitions).

- Logistic noise
- RankS RankG AbPNL RESIT

100 2.02 ± 1.32 2.61 ± 1.35 3.89 ± 1.11 2.31 ± 1.1
150 1.8 ± 1.26 2.58 ± 1.39 2.84 ± 1.26 2.7 ± 1.23
200 1.63 ± 1.28 2.5 ± 1.4 3.17 ± 1.25 2.55 ± 1.25
250 1.45 ± 1.23 2.21 ± 1.3 3.32 ± 1.23 2.3 ± 1.25
300 1.61 ± 1.32 2.3 ± 1.23 3 ± 1.04 2.4 ± 1.17

Table 15: Results of RankS, RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−100, 100) for Logistic noise
(100 repetitions).
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- Gaussian noise
- RankS RankG AbPNL RESIT

100 1.72 ± 1.45 1.21 ± 1.23 3.7 ± 1.28 2.72 ± 1.2
150 1.54 ± 1.36 1.11 ± 1.48 2.3 ± 1.41 2.69 ± 1.2
200 1.37 ± 1.37 0.71 ± 1.09 2.52 ± 1.29 2.72 ± 1.05
250 1.37 ± 1.28 0.77 ± 1.14 2.55 ± 1.07 2.78 ± 1.22
300 1.21 ± 1.27 0.48 ± 0.89 3.1 ± 1.28 2.57 ± 1.17

Table 16: Results of RankS, RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−10, 10) for Gaussian noise
(100 repetitions).

- Gumbel noise
- RankS RankG AbPNL RESIT

100 1.73 ± 1.43 1.44 ± 1.26 3.47 ± 1.13 2.86 ± 1.26
150 1.63 ± 1.37 1.22 ± 1.33 2.04 ± 1.19 2.64 ± 1.28
200 1.41 ± 1.31 0.81 ± 1.02 2.5 ± 1.08 2.7 ± 1.32
250 1.48 ± 1.26 0.62 ± 1.08 2.38 ± 1.25 2.58 ± 1.24
300 1.72 ± 1.42 0.69 ± 1.05 2.44 ± 1.19 2.76 ± 1.12

Table 17: Results of RankS, RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−10, 10) for Gumbel noise (100
repetitions).

- Logistic noise
- RankS RankG AbPNL RESIT

100 1.78 ± 1.4 1.05 ± 1.3 3.82 ± 1.15 2.5 ± 1.24
150 1.44 ± 1.34 0.74 ± 1.02 2.86 ± 1.25 2.56 ± 1.16
200 1.55 ± 1.27 0.57 ± 1.02 3.18 ± 1.24 2.37 ± 1.17
250 1.3 ± 1.14 0.36 ± 0.72 3.14 ± 1.25 2.28 ± 1.09
300 1.38 ± 1.43 0.33 ± 0.75 3.23 ± 1.15 2.51 ± 1.11

Table 18: Results of RankS, RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−10, 10) for Logistic noise (100
repetitions).

- Gaussian noise
- RankS RankG AbPNL RESIT

100 1.24 ± 0.92 3.33 ± 1.41 3.7 ± 1.32 2.75 ± 1.31
150 1.42 ± 1.07 2.96 ± 1.5 3.1 ± 1.49 2.56 ± 1.21
200 1.37 ± 1.1 3.26 ± 1.54 3.37 ± 1.34 2.42 ± 1.32
250 1.78 ± 1.18 2.8 ± 1.55 3.35 ± 1.23 2.33 ± 1.12
300 1.63 ± 1 3.32 ± 1.59 3.52 ± 1.23 2.64 ± 1.31

Table 19: Results of RankS, RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−100, 100) for Gaussian noise
and quartic polynomial g (100 repetitions).

- Gumbel noise
- RankS RankG AbPNL RESIT

100 1.11 ± 0.92 3 ± 1.37 3.33 ± 1.36 2.59 ± 1.23
150 1.51 ± 1.01 3.14 ± 1.37 2.7 ± 1.27 2.78 ± 1.2
200 1.56 ± 0.96 3.29 ± 1.41 3.22 ± 1.22 2.81 ± 1.26
250 1.63 ± 0.93 3.52 ± 1.41 3.34 ± 1.08 2.94 ± 1.29
300 1.86 ± 0.98 3.41 ± 1.44 3.61 ± 1.15 2.73 ± 1.25

Table 20: Results of RankS, RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−100, 100) for Gumbel noise
and quartic polynomial g (100 repetitions).
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- Logistic noise
- RankS RankG AbPNL RESIT

100 2.02 ± 1.32 2.61 ± 1.35 3.52 ± 1.24 2.31 ± 1.1
150 1.8 ± 1.26 2.58 ± 1.39 3.23 ± 1.18 2.7 ± 1.23
200 1.63 ± 1.28 2.5 ± 1.4 3.47 ± 1.09 2.55 ± 1.25
250 1.45 ± 1.23 2.21 ± 1.3 3.35 ± 1.07 2.3 ± 1.25
300 1.61 ± 1.32 2.3 ± 1.23 3.45 ± 1.41 2.4 ± 1.17

Table 21: Results of RankS, RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−100, 100) for Logistic noise
and quartic polynomial g (100 repetitions).

- Gaussian noise
- RankS RankG AbPNL RESIT

100 2.01 ± 1.38 2.92 ± 1.66 3.64 ± 1.28 2.63 ± 1.17
150 2.34 ± 1.29 2.75 ± 1.72 2.64 ± 1.43 2.8 ± 1.29
200 2.44 ± 1.42 2.7 ± 1.62 3.19 ± 1.35 2.81 ± 1.32
250 2.53 ± 1.49 2.42 ± 1.65 3.57 ± 1.27 2.63 ± 1.24
300 2.48 ± 1.57 2.79 ± 1.8 3.7 ± 1.2 2.58 ± 1.34

Table 22: Results of RankS, RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−10, 10) for Gaussian noise
and quartic polynomial g (100 repetitions).

- Gumbel noise
- RankS RankG AbPNL RESIT

100 1.85 ± 1.17 2.99 ± 1.49 3.55 ± 1.13 2.83 ± 1.23
150 2.15 ± 1.21 2.68 ± 1.56 2.54 ± 1.43 2.84 ± 1.39
200 2.43 ± 1.37 2.69 ± 1.59 2.71 ± 1.27 2.87 ± 1.3
250 2.51 ± 1.33 2.9 ± 1.61 3.2 ± 1.26 3.05 ± 1.45
300 2.32 ± 1.35 3.03 ± 1.38 3.1 ± 1.18 2.94 ± 1.32

Table 23: Results of RankS, RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−10, 10) for Gumbel noise and
quartic polynomial g (100 repetitions).

- Logistic noise
- RankS RankG AbPNL RESIT

100 2.12 ± 1.17 2.97 ± 1.45 3.49 ± 1.36 2.61 ± 1.38
150 2.29 ± 1.39 2.93 ± 1.42 3.09 ± 1.39 2.63 ± 1.19
200 2.4 ± 1.36 2.91 ± 1.54 3.5 ± 1.17 2.45 ± 1.2
250 2.34 ± 1.34 2.81 ± 1.5 3.34 ± 1.23 2.53 ± 1.15
300 2.48 ± 1.44 2.76 ± 1.72 3.29 ± 1.19 2.59 ± 1.24

Table 24: Results of RankS, RankG, RESIT and AbPNL methods on 4 nodes with β ∼ U(−10, 10) for Logistic noise and
quartic polynomial g (100 repetitions).
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