
Diffusion Generative Models in Infinite Dimensions

Gavin Kerrigan Justin Ley Padhraic Smyth
University of California, Irvine

gavin.k@uci.edu
University of California, Irvine

jsley@uci.edu
University of California, Irvine
smyth@ics.uci.edu

Abstract

Diffusion generative models have recently been
applied to domains where the available data can
be seen as a discretization of an underlying func-
tion, such as audio signals or time series. How-
ever, these models operate directly on the dis-
cretized data, and there are no semantics in the
modeling process that relate the observed data to
the underlying functional forms. We generalize
diffusion models to operate directly in function
space by developing the foundational theory for
such models in terms of Gaussian measures on
Hilbert spaces. A significant benefit of our func-
tion space point of view is that it allows us to
explicitly specify the space of functions we are
working in, leading us to develop methods for
diffusion generative modeling in Sobolev spaces.
Our approach allows us to perform both uncon-
ditional and conditional generation of function-
valued data. We demonstrate our methods on
several synthetic and real-world benchmarks.

1 Introduction

Diffusion models (Sohl-Dickstein et al., 2015; Ho et al.,
2020) have recently emerged as a powerful class of gen-
erative models on a wide array of domains, ranging from
images (Ho et al., 2020; Dhariwal and Nichol, 2021; Sa-
haria et al., 2022; Ramesh et al., 2022) and video (Ho et al.,
2022; Yang et al., 2022) to molecular conformation (Xu
et al., 2022). At an intuitive level, these methods work by it-
eratively perturbing the data distribution towards a tractable
prior via additive Gaussian noise, and generation is per-
formed by learning to undo this transformation.

Existing methods largely assume that the data distribution
of interest is supported on a finite-dimensional Euclidean
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space. However, in many domains, the underlying signal
is inherently infinite-dimensional, where the observed data
can be seen as a collection of discrete observations of some
underlying function. Such datasets are often dubbed func-
tional (Ramsay and Silverman, 2008). For instance, a time
series dataset consisting of the temperature collected at a
particular location every 24 hours can be seen as a uniform
discretization of an underlying continuous-time temperature
curve (Febrero-Bande and de la Fuente, 2012).

Although diffusion models have empirically demonstrated
strong performance on some functional domains, such as
audio signals (Kong et al., 2021; Chen et al., 2021) and time
series (Rasul et al., 2021; Tashiro et al., 2021; Alcaraz and
Strodthoff, 2022), existing approaches work directly on an
explicit discretization of the input space. It is thus unclear
how existing methods relate to the underlying functions of
interest. For instance, existing methods can not account for
function-level assumptions about the data, such as continuity
or smoothness constraints.

Motivated by a functional perspective, we propose a novel
theoretical framework for diffusion generative modeling
which operates directly in function space. Our primary
contributions are as follows:

• In Section 4, we develop a framework for diffusion
generative modeling in terms of Gaussian measures on
Hilbert spaces. Our method operates by adding Gaus-
sian process noise directly to our infinite-dimensional
functions. We learn to reverse this process by perform-
ing variational inference in function space, in which
we minimize the KL divergence between a known
Gaussian measure and a variational family of Gaus-
sian measures. We discuss the necessary background
on Gaussian measures in Section 3.

• In Section 5, we propose practical methods for ap-
proximating functional KL divergences by discretizing
the underlying operators. The practical details depend
heavily on the choice of function space, and we develop
methods for the space of square-integrable functions
as well as Sobolev spaces.

• In Section 6, we empirically verify our framework on
several synthetic and real-world benchmarks. In our
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experiments, our diffusion models are implemented
via neural networks that parametrize mappings be-
tween function spaces, i.e. neural operators (Li et al.,
2021, 2020; Kovachki et al., 2021). We propose
methods that allow for both unconditional and condi-
tional generation of function-valued data. Importantly,
our approach allows us to work with arbitrary non-
uniform discretizations, thereby allowing us to train on
datasets where the observation set varies across func-
tions. Moreover, we are able to query our generated
functions at arbitrary input locations.

2 Related Work

Diffusion models are most typically applied to data living
in a Euclidean space having a �xed, �nite dimension (e.g.,
see Sohl-Dickstein et al. (2015); Ho et al. (2020); Dhariwal
and Nichol (2021); Ho et al. (2020) amongst others). More
recent work has extended these methods to Riemannian
manifolds, but still with a �nite-dimensional assumption
(Bortoli et al., 2022; Huang et al., 2022).

Most relevant to our work are diffusion models for sig-
nals, such as audio (Chen et al., 2021; Kong et al., 2021),
time series (Rasul et al., 2021; Tashiro et al., 2021; Alcaraz
and Strodthoff, 2022), or neural processes (Dutordoir et al.,
2022). However, these current approaches for functional
data all perform diffusion modeling by employing standard
�nite-dimensional diffusion modeling on the discretized
functions. Concurrent to our work, Bilo�s et al. (2022) pro-
pose a diffusion model for temporal data, but do not take a
function space perspective. As we will show in Section 5.3,
existing approaches can be viewed as special cases within
the general theoretical framework we develop.

Subsequent to our work in this paper, Lim et al. (2023)
and Pidstrigach et al. (2023) in follow-up work proposed
methodologies which are closely related and conceptually
similar to our approach. As in our work, Lim et al. (2023)
and Pidstrigach et al. (2023) both perturbed the function
space distribution corresponding to the data via a trace-class
Gaussian measure. Our work can be seen as extending the
discrete time DDPM model (Ho et al., 2020) to function
spaces, while the works of Lim et al. (2023) and Pidstrigach
et al. (2023) can be seen as extending score-matching tech-
niques (Vincent, 2011; Song and Ermon, 2019) to function
spaces. In particular, Lim et al. (2023) developed tech-
niques for function space score matching in discrete time,
and Pidstrigach et al. (2023) developed function space score
matching techniques from a continuous time perspective.

Beyond diffusion models, a recent line of work has proposed
deep generative models of functions (Garnelo et al., 2018;
Kim et al., 2019; Dupont et al., 2022b,a). In particular,
generative models of functions based on neural operators
have been proposed from a GAN approach (Rahman et al.,
2022). However, ours is the �rst work to combine diffusion

models with neural operators.

Our approach is also broadly related to the general class of
previous works that propose function-space perspectives in
machine learning. In particular, such a point of view has
proved useful for developing and understanding techniques
used in Gaussian processes (Matthews et al., 2016; Wynne
and Wild, 2022) and Bayesian deep learning (Sun et al.,
2019; Wild et al., 2022; Rudner et al., 2021; Tran et al.,
2022; Burt et al., 2021). Our work extends this function-
space perspective to diffusion models.

3 Notation and Background

We begin by setting up the notation for our problem and in-
troducing the necessary background on Gaussian measures
in Hilbert spaces, as well as their connection to the more fa-
miliar notion of Gaussian processes. In addition, we derive
a closed-form expression for the KL divergence between
Gaussian measures with equal covariance operators – this
KL divergence plays a key role in our approach.

3.1 Notation and Data

Let (X ; A ; � ) be a measure space whereX � Rdx , and let
F be a separable Hilbert space of measurable real-valued
functions onX with inner producth� ; �i F . Note that we
will often simply writeh� ; �i if the choice ofF is clear
from context. We equipF with its Borel � -algebraB(F ).
The prototypical example isX = [0 ; 1] equipped with the
Lebesgue measure andF = L 2(X ; � ) equipped with its
usual inner producthf; g i L 2 (X ;� ) =

R
X fg d� . However,

our general framework is agnostic to the choice ofF – see
Section 5 for more details on this choice.

We assume that we have a dataset of the formD =
f u(1) ; u(2) ; : : : ; u(n ) g, where eachu( j ) 2 F is an i.i.d.
draw from an unknown probability measurePdata on F .
In practice, we typically only have noisy measurements
of our functions on a �nite subset ofX . We let ~x( j ) =
f x (1 j ) ; : : : ; x (mj ) g � X be a discrete subset ofX with cor-
responding observations~y( j ) = f y(1 j ) ; : : : ; y(mj ) g, where
y( ij ) = u( j ) (x ( ij ) ) + � ( ij ) is the output of the unknownj th
functionu( j ) at thei th observation point and� ( ij ) represents
i.i.d. observation noise. Generally, both the location~x( j )

and numberm = mj of observation points may vary across
the functions in our dataset.

The focus of this work is to develop the theory and practice
behind building a diffusion generative model for sampling
from the function-space probability measurePdata.

3.2 Gaussian Measures

We now introduce some key background material on Gaus-
sian measures (Da Prato and Zabczyk, 2014).
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De�nition 1.
Let (
 ; B; P) be a probability space. A measurable function
F : 
 ! F is called aGaussian random element (GRE)if
for anyg 2 F , the random variablehg; Fi has a Gaussian
distribution onR. The pushforward ofP alongF , denoted
PF = F# P is aGaussian (probability) measureonF .

Gaussian random elementsF � PF are random functions
in F . Note that Gaussian measures exactly coincide with
the standard notion of Gaussian distributions in the special
case ofF = Rn equipped with the usual inner product.

For every GREF � PF , there exists a unique mean element
m 2 F given by

m =
Z

F
F dPF : (3.1)

Similarly, there exists a unique linear covariance operator
C : F ! F given by

Cg =
Z

F
hg; Fi F dPF � h g; mi m 8g 2 F : (3.2)

A Gaussian measure is uniquely determined by its mean
element and covariance operator. Note that for anyg 2
F , we have thathg; Fi � N (hg; mi ; hCg; gi ) follows a
Gaussian distribution onR with meanhg; mi 2 R and
variance� 2 = hCg; gi 2 R� 0 (Wild et al., 2022).

The covariance operatorC is symmetric, positive semidef-
inite, and compact. Moreover,C has �nite trace, i.e.
tr( C) = E[jjF jj2] < 1 . Conversely, given anym0 2 F
and any symmetric, positive semide�nite, trace-class linear
operatorC0 : F ! F , there exists a Gaussian measure
having meanm0 and covariance operatorC0. Thus, Gaus-
sian measures are in one-to-one correspondence with their
mean functions and covariance operators. We will write
PF = N (m; C) for such a Gaussian measure. We refer
to Da Prato and Zabczyk (2014, Chapter 2) and Bogachev
(1998) for the proofs of these claims.

3.3 KL Divergence between Gaussian Measures

In our framework, we will perform variational inference
in function space. However, one major challenge is that
there is no analogue of the Lebesgue measure on in�nite
dimensional spaces (Eldredge, 2016), and so we must resort
to a measure-theoretic de�nition of the KL divergence. To
that end, for probability measuresP; Q onF , we de�ne

KL[P k Q] =
Z

F
log

�
dP
dQ

�
dP (3.3)

if P � Q, wheredP=dQ is the Radon-Nikodym derivative.
We de�ne this quantity to be in�nite ifP is not absolutely
continuous with respect toQ.

We now consider the special case thatP; Q are Gaussian
measures onF with equal covariance operators. In this
case, a version of the Feldman-Hájek Theorem gives us
explicit control over the Radon-Nikodym derivative in terms
of the parameters ofP andQ (Da Prato and Zabczyk, 2014,
Theorem 2.23).

Theorem 1(The Feldman-H́ajek Theorem).
Let P = N (m1; C) and Q = N (m2; C) be Gaussian
measures onF with equal covariance operators, and de-
�ne � m = m1 � m2 2 F . Then,P andQ are equiv-
alent (i.e. mutually absolutely continuous) if and only if
� m 2 C1=2(F ). In this case, for anyf 2 F , the Radon-
Nikodym derivativedP=dQ is given by

dP
dQ

(f ) = exp
� 


� m; C � 1(f � m2)
�

F

�
1
2

jjC � 1=2� mjj2
F

�
; (3.4)

whereC � 1 is the pseudoinverse ofC and C � 1=2 is the
pseudoinverse ofC1=2.

As a straightforward consequence of the Feldman-Hájek
theorem, we derive a closed-form expression for the KL di-
vergence between Gaussian measures with equal covariance
operators.

Proposition 1.
Let P; Q; � m be de�ned as in Theorem 1. Then,

KL[P k Q] =
1
2



� m; C � 1� m

�
F : (3.5)

Proof. Appendix A.1.

In Section 4, we make use of this result in order to develop
diffusion models in function space. In Section 5, we explore
various practical methods for computing this functional KL
divergence under various choices of the spaceF .

3.4 Gaussian Processes

Gaussian processes (GPs) (Williams and Rasmussen, 2006)
are a popular class of models for specifying and learning
distributions over functions. Formally, given a probability
space(
 ; B; P), a GP onX is a jointly measurable mapG :

 �X ! R whose �nite dimensional marginal distributions
are Gaussian.

In practice, a Gaussian process is typically speci�ed by a
mean functionm : X ! R specifyingm(x) = E[G(x)]
and a kernel functionk : X 2 ! R specifying the covariance
structure ofG via k(x; x 0) = E[(G(x) � m(x))( G(x0) �
m(x0))] . We will write G � GP (m; k) for such a Gaussian
process.

Gaussian processes give us a practical way of specifying
Gaussian measures, as we only need to specify a mean
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function and a kernel. The kernelk plays an essential role
in determining the sample path properties of a GP, such
as continuity, differentiability, and periodicity (Williams
and Rasmussen, 2006, Chapter 4). In the case thatm 2 F
and k is chosen such thatG 2 F with probability one,
we may identifyG with a GRE onF . For instance, if
m 2 L 2(X ; � ) and

R
X k(x; x ) d� (x) < 1 , then we may

identify GP(m; k) with a Gaussian measure onL 2(X ; � ).
See Wild et al. (2022) and Section 5 for further details.

4 Diffusion Models in Function Space

Equipped with the necessary background, we now construct
our diffusion generative model onF . Our construction mir-
rors that of DDPMs (Ho et al., 2020), with the key difference
being that our diffusion process takes place in a space of
in�nite dimensions. We note that the constructions of Ho
et al. (2020) rely heavily on properties of Gaussian densi-
ties inRn , and thus are not directly applicable to in�nite-
dimensional spaces as these spaces lack a reference measure
from which to de�ne such densities (Eldredge, 2016). Note
further thatF = Rn equipped with its usual inner product
is a special case of our framework.

4.1 Forward Process

We begin by de�ning theforward process, a discrete-time
Markov chain inF which iteratively perturbs our data dis-
tributionPdata towards a �xed Gaussian measureN (m; C).
In what follows, we will choosem = 0 for simplicity. The
choice of covariance operatorC is a hyperparameter which
can be tuned.

We �x a �nite number of timestepsT 2 Z> 0 and a variance
schedule� : f 1; 2; : : : ; Tg ! R> 0, where we write� t

for � (t). For anyu0 2 F , we iteratively sample from the
forward process via

ut =
p

1 � � t ut � 1 +
p

� t � t t = 1 ; 2; : : : ; T (4.1)

where� t � N (0; C) are i.i.d. Gaussian random elements
onF .

Given a �xed value ofut � 1, our forward process gives us
conditional probability measuresPt j t � 1(� j ut � 1). We will
write Pt for the marginal distribution onF obtained at time
stept from this process, i.e.

Pt (� ) =
Z

F
Pt j t � 1(� j ut � 1) dPt � 1(ut � 1)] (4.2)

whereP0 = Pdata. The value ofT and the variance sched-
ule � are chosen such that the �nal distribution is ap-
proximately equal to our speci�ed Gaussian measure, i.e.
PT � N (0; C).

In the following proposition, we derive expressions for sev-
eral distributions related to our forward process.

Proposition 2.
Let 
 t =

Q t
i =1 (1 � � i ). For the forward process de�ned in

Equation (4.1) withm = 0 and �xed values ofu0; ut � 1:

Pt j t � 1(� j ut � 1) = N (
p

1 � � t ut � 1; � t C) (4.3)

Pt j0(� j u0) = N (
p


 t u0; (1 � 
 t )C): (4.4)

Proof. Appendix A.1.

4.2 Reverse Process and Loss

Our generative model is then obtained by reversing the
forward process, where we iteratively perturb the Gaussian
measureN (0; C) towards the data distributionP0.

More speci�cally, to generate samples from our data distri-
bution, we would like sampleuT � N (0; C) and iteratively
sampleut � 1 � Pt � 1j t (� j ut ) from the time-reversal of
our forward process fort = T � 1; : : : ; 1. However, while
the posterior probability measurePt � 1j t (� j ut ) is well-
de�ned1, it is intractable.

Most notably, using Bayes' rule here would require that
the family of measuresPt j t � 1(� j ut � 1) be simultaneously
dominated by some �xed reference measure onF for ev-
ery choice ofut � 1. As these measures are Gaussian, the
Feldman-H́ajek theorem tells us that this is not possible
(see Appendix A.1). Even if such technical dif�culties were
overcome (e.g. as in the Euclidean setting), computing
Bayes' rule here would require computing an intractable
normalization constant.

We instead take a variational approach, and approximate
the posterior measures with a variational family of mea-
sures onF parametrized by� 2 Rp. In particular, we set
Q�

T = N (0; C) and we approximatePt � 1j t (� j ut ) by the
Gaussian measure

Q�
t � 1j t (� j ut ) = N

�
m�

t (ut ); C �
t (ut )

�
: (4.5)

Here,m�
t (ut ) = m�

t (� j ut ) 2 F is shorthand for a mean
function in F andC �

t (ut ) = C �
t (� j ut ) : F ! F is

shorthand for a covariance operator. That is, the mean
function and covariance operators depend on parameters�
as well as the timestept and functionut 2 F .

Although the reverse-time measures are intractable, the fol-
lowing proposition states that the reverse-time measures are
tractable when conditioned on a starting functionu0 2 F .

1This is because we assumeF is separable, which implies
that F is a Polish space. See Ghosal and Van der Vaart (2017,
Chapter 1).
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Proposition 3.
Let 
 t be de�ned as in Proposition(2), and consider �xed
values ofu0; ut 2 F . For t = 2 ; 3; : : : ; T , let e� t = 1� 
 t � 1

1� 
 t

and letemt (ut ; u0) = emt (� j ut ; u0) 2 F be de�ned by

emt (ut ; u0) =
p


 t � 1� t

1 � 
 t
u0 +

p
1 � � t (1 � 
 t � 1)

1 � 
 t
ut :

(4.6)

Then,Pt � 1j t; 0(� j ut ; u0) = N ( emt (ut ; u0); e� t C).

Proof. Appendix A.1.

We now tie our function-space Markov chain back to our
observed data in order to obtain a loss function. Recall
that our observations~y � R are assumed to be a vector
of noisy observations of a functionu0 2 F at some �nite
collection of points~x � X . We thus set the likelihood of
our observed data to beq� (y j x ; u0) = N (y ; u0(x); � 2I )
where� 2 2 R� 0 is some �xed constant. Note thatq� is a
Gaussian density on a �nite dimensional space.

In the following proposition, we obtain a variational lower
bound on the log-likelihood of our observations. This will
serve as our loss function, which we seek to maximize over
� . Although this lower bound is analogous to the standard
DDPM lower bound (Ho et al., 2020), the proof is non-trivial
as we must work directly with the underlying probability
measures rather than their densities.

Proposition 4.
The marginal likelihood of~y given~x is lower bounded by

log q� (~y j ~x) � (4.7)

EP

�
logq(~y j ~x; u0) � KL[PT (� j ~x; ~y) k Q�

T (� )]

�
TX

t =1

KL[Pt � 1j t (� j ut ; ~x; ~y) k Q�
t � 1j t (� j ut ))]

�
:

Proof. Appendix A.2.

Since we assumeQ�
T has no trainable parameters, we may

ignore the termKL[PT (� j ~x; ~y) k Q�
T (� )] during training.

Mean and Covariance Parametrization We now make
several further choices for our variational family. First, we
analyze the terms

L t � 1 = KL[Pt � 1j t (� j ut ; u0) k Q�
t � 1j t (� j ut ))] : (4.8)

Note that the �rst measure here is Gaussian by Proposition
(3), and the second is Gaussian by assumption. A more
general form of the Feldman-Hájek theorem (see Appendix

A.1) places strict requirements on the corresponding covari-
ance operators in order to obtain a �nite KL divergence. In
particular, the termL t � 1 will be in�nite if

e� � 1
t

�
C � 1=2C �

t (ut )1=2
� �

C � 1=2C �
t (ut )1=2

� �
� I (4.9)

is not a Hilbert-Schmidt operator on the closure ofC1=2(F ).
For instance, even the seemingly innocuous choice of
C �

t (ut ) = � e� t C for any non-negative� 6= 1 will result
in an in�nite KL divergence. Thus, motivated by necessity,
we will chooseC �

t (ut ) = e� t C.

Under this choice ofC �
t (ut ), a consequence of Propositions

(1) and (3) is that

L t � 1 =
1

2e� t

jjC � 1=2( emt (ut ; u0) � m�
t (ut )) jj2

F : (4.10)

Similar to DDPM (Ho et al., 2020), we further choose to
parametrize the mean function via

m�
t (ut ) =

1
p

1 � � t

�
ut �

� tp
1 � 
 t

� �
t (ut )

�
(4.11)

where� �
t (ut ) 2 F is the output of a model parametrized

by � which takes in(t; u t ) as inputs and has function-
valued outputs. In other words, our model is a parametrized
mapping � � : f 1; 2; : : : ; Tg � F ! F speci�ed via
(t; u t ) 7! � �

t (� j ut ). Under this choice, we have that

L t � 1 = � t jjC � 1=2(� t � � �
t (ut )) jj2

F (4.12)

where� t = � 2
t =(2e� t (1 � � t )(1 � 
 t )) 2 R is a time-

dependent constant. See Appendix A.2 for details. In light
of Proposition(1), we see thatL t � 1 is (up to a multiplicative
constant) the KL divergence between two Gaussian mea-
sures onF having covariance operatorsC and respective
means� t ; � �

t (ut ). As is standard in diffusion generative
modeling, we drop the constant� t when training in order
to obtain a re-weighted variational lower bound (Ho et al.,
2020) for improved quality.

In Section 6, we provide a practical instantiation of the map-
ping � �

t via neural operators (Li et al., 2021, 2020; Kovachki
et al., 2021).

Following our work, Lim et al. (2023) noted that the
parametrization of the loss given in Equations 4.11 and
4.12 results in an in�nite quantity when the dimension of
F is in�nite. However, it is straightforward to remedy this
by considering an alternative parametrization, where the
model directly predicts a rescaled version ofu0 rather than
predicting� t , e.g., see Appendix E and Appendix I of Lim
et al. (2023) for additional details. In our experiments in
this paper we used the parametrization given in Equations
4.11 and 4.12, and note that the corresponding quantities are
only in�nite in the limit corresponding to a discretization
size of zero.
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5 Function Spaces and KL Approximations

We have thus far described our framework in terms of ab-
stract Gaussian measures on Hilbert spaces. We can obtain
a concrete instantiation of our framework by choosing an ap-
propriate space of functions to work on, as well as a choice
of Gaussian measure which speci�es our forward process.

In this section, we explore two choices forF : the space
of square-integrable functionsL 2(X ; � ) and the Sobolev
spacesH k (X ; � ) = W k; 2(X ; � ). We derive practical meth-
ods for estimating the KL divergence between Gaussian
measures in these spaces, which is necessary for evaluating
the terms in our loss function given in Equation (4.12).

To compute the functional KL divergence in Proposition
(1), we derive discrete approximations of both the inverse
covariance operatorC � 1 and the associated inner product.
Suppose thatm1 andm2 are known on a common discretiza-
tion ~x = f x (1) ; : : : ; x (n ) g � X which is drawn from the
measure� on X . For any functionf : X ! R, we write
f (~x) 2 Rn to represent the vector corresponding to eval-
uatingf at the points contained in~x. We assume further
that our Gaussian measure� � GP (0; k) is speci�ed by
a mean-zero Gaussian process with kernelk, with appro-
priate restrictions onk such that� 2 F (see Section 3.4).
In Appendix A.6, we explore estimating these KL diver-
gences with spectral methods, but �nd that it is sensitive
to the discretization size, even when the eigenfunctions are
analytically known.

5.1 Square-Integrable Functions

We �rst consider the spaceF = L 2(X ; � ) of measurable,
square-integrable functionsf : X ! R equipped with the
inner producthf; g i L 2 =

R
X fg d� .

For many applications, this is a natural choice of function
space as square integrability is a relatively weak assump-
tion. Moreover,p = 2 is the unique choice such that the
Banach spaceL p(X ; � ) is also a Hilbert space, and the asso-
ciated inner product structure is a useful tool for performing
calculations.

In L 2(X ; � ), the covariance operator associated with our
kernel functionk can be explicitly described via

[Cg](x) =
Z

X
k(x; x 0)g(x0) d� (x0) 8g 2 F : (5.1)

We provide a derivation of this formula forC in Ap-
pendix A.3. LetK ~x~x 2 Rn � n be the covariance ma-
trix speci�ed by k and evaluated on~x, i.e. the(i; j )th
entry of K ~x~x is given byk(x i ; x j ). Then, upon replac-
ing � with the empirical measure speci�ed by~x, we have
[Cg] (~x) � n� 1K ~x~x g(~x) 2 Rn , so that the (scaled) covari-
ance matrixK is a discrete approximation of the covariance
operatorC which may inverted. Replacing� once more

with the empirical measure speci�ed by~x, we then have

KL[N (m1; C) k N (m2; C)] �
1
2

� m(~x)T K � 1
~x~x � m(~x):

(5.2)

Interestingly, this is precisely the KL divergence between
two �nite-dimensional Gaussians with equal covariance ma-
tricesK ~x~x and meansm1(~x); m2(~x).

Furthermore, we note that Sun et al. (2019) prove that the KL
divergence between two stochastic processes is the supre-
mum of the KL divergences between their �nite-dimensional
marginals. Our approximation in Equation(5.2) is increas-
ing under re�nements of the observation set~x, and thus is a
lower bound on the true KL divergence.

Proposition 5.
Equation(5.2)is strictly increasing under re�nements of the
observation set~x. In particular, if~z � ~x, then

� m(~z)T K � 1
~z~z � m(~z) � � m(~x)T K � 1

~x~x � m(~x): (5.3)

Proof. Appendix A.3.

5.2 Sobolev Spaces

A second choice of function spaces that have many practical
applications are the Sobolev spacesH k (X ; � ) consisting
of functions inL 2(X ; � ) whose mixed� th-order partial
derivatives of order at mostk exist (in a weak sense) and are
also inL 2(X ; � ) (Evans, 2010, Chapter 5). Of particular
interest is the setting whereX � R andk = 1 , where the
inner product is given by

hf; g i H 1 = hf; g i L 2 + h@x f; @x gi L 2 : (5.4)

When the Gaussian process associated with the kernel func-
tion k lies in H 1 with probability one, the corresponding
covariance operator can be expressed as

[Cg](x) =
Z

X
k(x; x 0) d� (x0) (5.5)

+
Z

X
[@x 0k(x; x 0)] [@x 0g(x0)] d� (x0):

See Appendix A.3 for a derivation. Our discretization in
this setting follows closely that of our techniques for the
spaceL 2(X ; � ), with the additional necessity of employing
a discrete differential operator. To that end, letD 2 Rn � n

be any discrete approximation to the �rst-order differenti-
ation operator. In practice we use a discretization based
on �nite-difference equations. LetK 0

~x~x 2 Rn � n be the
covariance matrix corresponding to the differeniated ker-
nel @x 0k(x; x 0). That is, the(i; j )th entry ofK 0

~x~x is given
by @

@x0 k(x i ; x j ). Then, the covariance operatorC can be
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