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Abstract

Energy-Based Models (EBMs) have proven to be
a highly effective approach for modelling densi-
ties on finite-dimensional spaces. Their ability
to incorporate domain-specific choices and con-
straints into the structure of the model through
composition make EBMs an appealing candidate
for applications in physics, biology and computer
vision and various other fields. Recently, Energy-
Based Processes (EBP) for modelling stochas-
tic processes was proposed for unconditional ex-
changeable data (e.g., point clouds). In this work,
we present a novel subclass of EBPs, called F-
EBM for conditional exchangeable data, which
is able to learn distributions of functions (such
as curves or surfaces) from functional samples
evaluated at finitely many points. Two unique
challenges arise in the functional context. Firstly,
training data is often not evaluated along a fixed
set of points. Secondly, steps must be taken
to control the behaviour of the model between
evaluation points, to mitigate overfitting. The
proposed model is an energy based model on
function space that is decomposed spectrally,
where a Gaussian Process path measure is used
to reweight the distribution to capture smooth-
ness properties of the underlying process being
modelled. The resulting model has the ability to
utilize irregularly sampled training data and can
output predictions at any resolution, providing an
effective approach to up-scaling functional data.
We demonstrate the efficacy of our proposed ap-
proach for modelling a range of datasets, includ-
ing data collected from Standard and Poor’s 500
(S&P) and UK National grid.
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1 INTRODUCTION

The problem of generative modelling is concerned with
learning distributions from samples. This challenge arises
naturally in various applications of machine learning for
which a number of well-established methods has been pro-
posed including Variational Autoencoders (Kingma and
Welling, 2013), Generative Adversarial Networks (Good-
fellow et al., 2014) and Energy-Based Models (EBM) -
which are intimately connected (Che et al., 2020).

Broadly, these methods all assume that the samples are in-
trinsically finite dimensional. When the underlying data
is continuous, generative models are usually trained on a
discretization of the data; ultimately, it learns a probabil-
ity distribution on a finite dimensional space whose dimen-
sion scales with the resolution of the data (Ramsay, 1982).
For example, in the context of images, the energy of an
EBM is often defined on the same resolution of the data
(Du and Mordatch, 2019). A key distinguishing feature be-
tween classical finite dimensional generative models and
the proposed formulation is the ability to generate predic-
tions along any mesh and at any resolution. This natu-
rally leads to important applications, including up-scaling
the resolution of functional data, as well as data imputation
over irregularly sampled datasets.

In this work, we propose a novel class of generative model
for data which is assumed to live within an infinite dimen-
sional space of functions F . In this setting, the data will
consist of a finite set of function discretizations; each eval-
uated over a finite set of points. Based on this data, we
seek to learn a generative model for the associated distri-
bution over the function space F directly. The functional
data context poses unique challenges. Firstly, it is often
the case that the evaluation points along which the func-
tions are discretized is not uniform across samples, i.e.,
each function in the sample can be evaluated over a dif-
ferent set of points. We address this challenge by con-
structing a likelihood which can accommodate observa-
tions along irregular meshes. The second challenge relates
to how to inform the characteristics of the learned func-
tional distribution between evaluation points. For this, we
use a Gaussian process path measure “tilt” the model to-
wards functions with certain characteristics. We note that
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the key difference between functional data (orconditional
exchangeable data) andunconditionalexchangeable data
(as in Yang et al. (2020b), e.g., point clouds) is that the
evaluation points are available in functional settings, and
so do not explicitly share the same challenges.

In summary, our contributions include introducing a novel
class of energy-based models that is fully �exible and well
adapted to functional data for generative modelling and re-
gression. We compare our proposed model with other pop-
ular models such as the Neural Process, Gaussian Process
and Variational Implicit Processes for generative modelling
and as well as function inference on a range of synthetic
and real-life datasets. Speci�cally, we evaluate whether
each model can accurately interpolate between points, and
upscale the underlying function, as well as, its ability to
“trick” a two-sample test. We demonstrate the bene�ts
and abilities of our proposal for modelling FashionMNIST
(Xiao et al., 2017) as a resolution independent model that
can freely upscale and downscale images.

2 BACKGROUND

Our proposed methodology builds upon the energy-based
modelling (EBM) paradigm (Hinton, 2002) and is a sub-
class of energy-based processes (EBP) (Yang et al., 2020b,
Section 3.2) that provides a generalization of EBMs to
in�nite dimensional spaces. In the classical setting,
EBMs seek to learn a density proportional toexp(� E (x))
over sample space. The normalization constantC =R

exp(� E (x)) dx (known as the partition function) is typ-
ically unknown and must be approximated. The energy
functionE(�), often parametrized using a neural network,
seeks to assign low-energy values to inputsx in the data
distribution and high-energy values to others. The �exi-
bility and expressibility of the energy function give rise to
several advantages of EBMs over other generative models,
such as those based on transformation of noise. One key
advantage is its compositionality property that allows for
incorporation of domain-speci�c knowledge through, e.g.,
summing up two or more energy functions which repre-
sent different goals or constraints (Mnih and Hinton, 2005).
This makes EBMs promising candidates for modelling real
life phenomena (Du et al., 2020; Matsubara et al., 2020)
and thus have found applications in physics (Noé et al.,
2019) and biology (Ingraham et al., 2019) to name a few.

A latent variable EBM has the formp� (Y; Z) =
1

C �
exp(� E � (Y; Z)) whereY is observed,Z is a latent

variable with energy functionE � : Y � Z ! R, and
C� =

R
Y ;Z exp(� E � (y; z))dydz is the normalizing con-

stant. We will focus on these kinds of EBM.

Generating samples from an EBM is itself a challenging
problem. Common approaches of generating these samples
is via a Markov Chain Monte Calo (MCMC) algorithm,
such as Hamiltonian Monte Carlo (Neal et al., 2011). In

our work, we utilize Langevin Monte Carlo without an ac-
cept/reject step (Neal, 1993, Section 5.3) with the following
transition:

Yt +1 = Yt � ht r Yt E � (Yt ; Z t ) +
p

2ht ! t ; (1)

Z t +1 = Z t � ht r Z t E � (Yt ; Z t ) +
p

2ht ! 0
t ; (2)

whereht is the step size and! t ; ! 0
t � N (0; I ). Samples

from the conditional distributionp� (Z j Y = y) can be gen-
erated using Eq. 2 for a �xedYt = y. It can be shown that
ast ! 1 and� t ! 0 then we have(Yt ; Z t ) � p� (Y; Z)
(Roberts and Tweedie, 1996). In practice, the chain is run
for a �nite number of iterations with a �xed step size, which
is suf�cient to produce samples close to its stationary dis-
tributionp� (Y; Z) (Teh et al., 2016; Vollmer et al., 2016).

Given n samples from the data distributionY :=

f Yi gn
i =1

i:i:d� p(Y ), the parameters of an EBM can be ob-
tained by maximizing the log marginal likelihoodL (� ) =
1
n

P n
i =1 log

R
Z p� (Yi ; z)dz. However, directly optimizing

L is infeasible due to the intractability of the normalizing
constant. Contrastive divergence is a method for approxi-
mately maximizing the marginal likelihood by approximat-
ing the gradient update. The derivative of the log marginal
likelihood can be written as

@L(� )
@�

= EYi � p(Y ) EZ � p� (Z j Yi )

�
@E� (Yi ; Z )

@�

�
(3)

� E(Y;Z ) � p� (Y;Z )

�
@E� (Y; Z)

@�

�
; (4)

wherep(Y ) is the empirical distribution ofY . The deriva-
tion can be found in Appendix B.1. This quantity can
be estimated using samples from the conditional and joint
distribution for the respective terms. However, generating
these samples from most models is a dif�cult problem. In-
stead, Contrastive divergence uses samples drawn approxi-
mately from the required distributions by running short run
MCMC chains and so de�ned as

CD(� ) = EYi � p(Y ) EZ � �[ pk
� (Z j Yi )] E � (Yi ; Z ) (5)

� E(Y;Z ) � �[ pk
� (Y;Z )] E � (Y; Z); (6)

where pk
� (Z j Yi ) and pk

� (Y; Z) is the conditional and
joint distribution respectively after runningk steps of the
Langevin dynamics for instance, and� is the stop gradi-
ent operator as in Du et al. (2021). Intuitively, minimizing
Equation 6 results in a decrease of the energy of samples
from the data distribution (and posterior) and increase in
the synthetic samples, which follows “analysis by synthe-
sis” scheme (Grenander et al., 2007).

3 PROPOSAL: F -EBM

Setting. We assume that we observeN independent re-
alizationsf 1; : : : ; f N 2 F of an (unknown) probability
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(a) Neural Process (b) Gaussian Process (weight-view) (c) F -EBM (ours)

Figure 1: Graphical models of (a) Neural process, (b) Gaussian process, and (c)F -EBM. Grey nodes indicate the variable
is observed. Dashed lines indicate inference (givenc context points). Continuous lines indicate the generative process, and
dashed lines the inference.

measureP supported on the spaceF : X ! Y . For
an arbitrary functionf i , it is evaluated onM (possibly
distinct) pointsX i := ( xm )M

m =1 � X M taking values
Yi := ( f (xm ))M

m =1 � Y M . In this setting, the dataset
takes the form(X ; Y ), whereX = f X n gN

n =1 andY =
f Yn gN

n =1 . Note that, for notational simplicity, we shall as-
sume that each representation has the same number of eval-
uation points. The extension to the more general setting is
straightforward. Given the tuple(X ; Y ), our objective is
to learn a representation of the unknown probability distri-
butionP.

Gaussian Process (weight-view). Consider a mean-
zero Gaussian process (GP)GP(0; k) with positive-
de�nite kernel k, the Karhunen-Loeve expansion (Sulli-
van, 2015b, Section 11.1) provides a method for sam-
pling from the GP via its eigensystemf (� i ; ei )g1

i =1 . In
other words, through Mercer's theorem, we havek(x; t ) =P 1

i =1 � i ei (x)ei (t) where the eigenvalues� i and eigen-
functions ei (�) are solutions to the eigenvalue problem
� i ei (t) =

R
X k(t; x )ei (x) dx. Then, Karhunen-Loeve ex-

pansion states that samples from the GP can be expressed
as the following in�nite sumf (�) =

P 1
i =1 � i

p
� i ei (�)

wheref � i g1
i =1 is a sequence of independentN (0; 1) ran-

dom variables. Given� = ( � i )1
i =1 � � :=

Q 1
i =1 N (0; 1),

the mapg(� )( �) =
P 1

i =1 � i
p

� i ei (�) de�nes a GP path
measure as the push forward of measure� . In other words,
for � � � , we haveg(� ) � GP(0; k). Figure 1b shows the
graphical model of a GP in weight-space view.

Proposal: F -EBM. The Karhunen-Loeve weight-space
interpretation provides an inspiring perspective for con-
structing an energy-based model that can be informed by
the kernel. We propose a distribution of functions which is
tilted by a GP path measure: the path measure plays the role
of reweighting the eigenfunctions depending on its smooth-
ness.

Given a kernel and its (approximate) eigensystem
(f � i g

d�
i =1 ; f ei (�)g

d�
i =1 ), we de�ne the map~g� gen (Z )( �) :=

P d�
i =1 � � gen (Z ) i

p
� i ei (�) where� � gen : RdZ ! Rd� is a

parameterized function. The eigenvalues play the crucial
role of reweighting the eigenfunction to bias the model to-

wards smoother functions; the level of which is determined
by the kernel. Each sample takes the formf (�) = ~g� (Z )( �)
whereZ be aRdz -valued r.v. with densityp� prior . The
function� � gen can be thought of as a “generator” that syn-
thesizes samples in the weight space instead of generating
directly in the data space.

As for the distribution of Z , denoted byp� prior (Z ),
there are a variety of choices. We utilize energy-based
modelling and choose a prior densityp� prior (Z ) /
exp(� E � prior (Z ))p0(Z ) whereE � prior : RdZ ! R and
p0 :=

Q dZ
i =1 N (0; � 2

0) is the reference or base distribution.
This technique is known as exponential tilting (see Xiao
et al. (2020); Pang et al. (2020) in the context of genera-
tive modelling). We found that a Gaussian prior forp� prior

was too simple which resulted in poor �t of the model, and
using an energy-based prior (with no base distribution) re-
sulted in a distribution that is hard to sample from (see Sec-
tion 5.3).

Given evaluations of a function(X; Y ), we relate the
observations to an underlying function~g� gen (Z ) (in-
duced the random variableZ ) using a likelihood func-
tion p� gen (Y j Z; X ). The likelihood is constructed by as-
suming that each point is sampled independently of each
other. In order words, the likelihoodp� gen (Y j Z; X ) takes
the form� M

i =1 p� gen (yi j; Z; x i ). There are many choices
for the (point-wise) likelihood. In this work, we focus
on the case wherep� gen (yi j Z; x i ) is Gaussian and (con-
tinuous) Bernoulli (see Loaiza-Ganem and Cunningham
(2019)). More precisely, for the Gaussian case, we have
p� gen (yi j Z; x i ) / exp(�k yi � ~g� gen (Z )(x i )k2=2� 2):

Combining the Karhunen-Loeve interpretation and (tilted)
energy-based prior, we can construct a generative model
over function space. In particular, we propose the following
energy-based model:

p� (Y; Zj X ) = p� gen (Y j Z; X )p� prior (Z );

where� = ( � gen ; � prior ). The difference betweenF -EBM,
and Neural processes, and Gaussian processes can be seen
from the graphical model perspective as in Figure 1c. In
Appendix A, we show thatF -EBM de�nes a valid stochas-
tic process using Kolmogorov extension theorem.
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One method of training the model is by minimizing con-
trastive divergence (CD) (Hinton, 2002). However, we
found that directly applying contrastive divergence as in
Eq. 6 did not produce suf�ciently satisfying results. In-
stead, following in Pang et al. (2020), one can improve the
objective by returning to the gradient of the maximum like-
lihood and applying further reductions to avoid approxi-
mations until the last step. The gradients of the marginal
likelihood can be written as

r � gen L (� ) = � Ep(X ;Y ) Ep� (Z jX;Y ) r logp� (Y jZ; X );

r � prior L (� ) = Ep(X ;Y ) Ep� (Z jX;Y ) r E � (Z )

� Ep� (Z ) r E � (Z ):

Its derivation can be found in Appendix B.2. Now, we
can apply approximation techniques and estimated the gra-
dient using samples generated from Langevin MC target-
ing the prior p� prior (Z ) and the conditional distribution
p� (Z j Y; X ). In other words, we minimize the following
loss:

L (� ) := � Ep(X ;Y ) E�( pk
� (Z jX;Y )) logp� (Y jZ; X );

+ Ep(X ;Y ) E�( pk
� (Z jX;Y )) E � (Z ) � E�( pk

� (Z )) E � (Z ):
(7)

wherepk (�) denotes the distribution afterk steps of the
Langevin algorithm, and� is the stop gradient operator.
The loss yields a simple interpretation. When minimizing
this quantity, the parameter� gen will be updated such the
observation(X; Y ) and the posterior latent variableZ has
a higher likelihood. In the case of a Gaussian likelihood,
this will correspond to minimizing the mean squared er-
ror betweenY and~g� (Z )(X ). As for the prior parameter
� prior , the update is akin to CD where we are decreasing
the energy of the posterior latent variable and increasing
the energy of the model latent samples.

Estimating eigensystem of a kernel. For a given kernel
k, we typically do not have analytical expressions for the
associated Mercer eigensystem and must resort to numer-
ical approximation. To this end, we employ the Nyström
method to approximate the eigenvalue problem, i.e., we
have

� i ei (t) =
Z

X
k(t; x )ei (x)dp(x) �

1
l

lX

j =1

k(t; x j )ei (x j );

(8)
for some choice ofX := f x j gl

j =1 � X . Substituting
t = xk for k = 1 ; : : : ; l results in an eigenvalue prob-
lem 1

l K (X; X )êi (X ) = �̂ i êi (X ) where K (X; X ) =
(k(x i ; x j ) ij ) 2 Rl � l is the gram matrix, and̂ei (X ) =
[êi (x1); : : : ; êi (x l )]> 2 Rl . To obtainf (�̂ i ; êi (X ))gl

i =1 ,
we solve for the eigenspectrum of the scaled gram matrix
1
l K (X; X ) with eigenvectors normalized to have`2 norm
equal to

p
l yields the desired result. The eigenvalues�̂ i

converge to� i in the limit l ! 1 (Baker, 1979, Theorem
3.4). The eigenvectors correspond to the eigenfunctions

f êi (X )gl
i =1 evaluated atX but we require eigenfunctions

to be evaluated at arbitrary locations. One common esti-
mator is to solve fore(t) in Equation 8 and using estimates
of f �̂ i ; êi (X )gl

i =1 (for instance, see Williams and Seeger
(2001, Eq. 9)). However, we found that the estimates of
eigenfunctions with small eigenvalues were not accurate.
Other methods of accurately interpolating between evalu-
ated points can be used such as kernel ridge regression (see
Appendix D).

Inference of f . Given a context pair(X c; Y c), one may
want to infer the underlying latent functionf . To do
this, we �rst obtain samples from the conditional distri-
bution p(Z j Y; X ), which is then passed through the map
~g to induce a distribution over the functions (see Figure
1c). We write p(f j Y; X ) to denote the distribution of
~g� (Z ) j Y; X . Inference of a function (corresponding to a
potentially in�nite-dimensional vector) is cast as inference
of Z with a much lower dimensionality and allows for ef�-
cient use of MCMC methods.

Kernel Choice. The kernel can be used to capture any prior
belief about the underlying function and plays a crucial role
in the learnt model. One method is to construct kernels
from the product and sums of well-studied existing ker-
nels, such as the Gaussian and Matérn kernel (Williams and
Rasmussen, 2006, see Section 4.2). Other choices include
constructing an explicit feature map with a neural network,
or obtain a data-driven basis via functional Principal com-
ponent analysis. A combination of all the aforementioned
methods can also be used in conjunction.

4 RELATED WORK

Stochastic processes provide an elegant method for de�n-
ing distributions of functions. A popular example is
the Gaussian processes (GP) (Williams and Rasmussen,
2006). A signi�cant search effort has been made to im-
prove expressivity of GP by learning complex kernel func-
tions (see Damianou and Lawrence (2013); Wilson et al.
(2016) to name a few). An alternative research direc-
tion has been to construct expressive stochastic processes
using neural networks. These include neural processes
(NP) and its variants (Garnelo et al., 2018a,b; Al-Shedivat
et al., 2017), EBP (Yang et al., 2020b),� -VAE (Mishra
et al., 2022) and Variational implicit processes (VIP) (Ma
et al., 2019). NP and VIP has been proposed to learn
an approximation of a stochastic process by combining
the perks of GPs and neural networks for scalable infer-
ence while quantifying its uncertainty. While VIP, GPs
and NPs can be used as generative models for functional
data, the focus has been on uncertainty quanti�cation and
prediction rather than generative modelling. Yang et al.
(2020b) proposed the form of EBM for stochastic pro-
cesses called energy-based process (EBP) taking the form
p� (Y; Z; X ) / exp(� f � (Y; Z; X ))p(Z ) where particular
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forms of the likelihoodf � andp(Z ) recovers popular mod-
els such as Gaussian processes and Neural processes.

Our proposalF -EBM is a particular instantiation of
both EBP and VIP. Energy-based processes (Yang et al.,
2020b, Section 3.2) have the formp� (Y; Z; X ) /
exp(� f � (Y; Z; X ))p(Z ), and so choosingf � (Y; Z; X )) =
� log

�
p� gen (Y jZ; X )

�
+ E � prior (Z ) andp(Z ) = p0(Z ), it

is clear thatF -EBM is a particular EBP. As for (noiseless)
Variational implicit processes (Ma et al., 2019, De�nition
1), they have the formf = h� (�; Z ) andZ � p(Z ) and
choosingh� (�; Z ) = ~g� (Z )( �) andZ to be sampled from
a distribution with densityp� prior (Z ), we have shown that
F -EBM is a VIP.

The recently proposed� -VAE (Mishra et al., 2022) extends
the VAE formalism to function classes and effectively pro-
viding a generative model for stochastic processes. This is
achieved by performing a projection of the data onto a �nite
number of basis of functions. The encoder/decoder pair
are then trained to learn the distribution of the associated
basis coef�cients, from which realizations of the learned
stochastic process can be readily generated. This is simi-
lar, in spirit, to our approach which relies on a set of basis
functions and transforms the problem into density estima-
tion on the weight space domain. However, our approach
can be seen as de�ning a prior for this transformation re-
sulting in a more stable transformation, particularly for ir-
regular meshes which is not the case for� -VAE as seen in
Table 4.

There are other related works that focus on learning im-
plicit representations of images as functions (Dupont et al.,
2022; Anokhin et al., 2021) and physics-informed mod-
elling (Yang et al., 2020a; Meng et al., 2022). Dupont et al.
(2022) proposed a GAN approach for learning a genera-
tive model for images as functions. Concurrently, PI-GAN
(Yang et al., 2020a) proposed as a GAN approach for learn-
ing an approximation of a stochastic process, focusing on
endowing the generator with prior knowledge in the form
of stochastic differential equation. Meng et al. (2022) ex-
tended it further by using DeepONets (Lu et al., 2021) to
incorporate physical knowledge and proposed a method for
inference of the latent function by using HMC (Neal et al.,
2011). Note that the form of the PI-GAN requires some
extensions to accommodate for learning functions with dif-
ferent evaluation points whilst our proposal does not.

5 EXPERIMENTS

First, in Section 5.1, we begin by looking at the cali-
bration of our proposal on draws from a noiseless Gaus-
sian process. Then, in Section 5.2, we benchmark our
model against existing models such as� -VAE, GP using
the Mat́ern, NP, VIP (with a neural sampler, see Ma et al.
(2019, Example 1)) and EBP (Gaussian model, see Yang
et al. (2020b, Section 3.2)) on synthetic and real data. Fol-

lowing that, in Section 5.3, we compare the between differ-
ent choices ofp� prior (Z ). Then, in Section 5.4, we show
how our proposal can be used as a resolution-independent
generative model that can freely upscale and downscale im-
ages.The details for the experiments can be found in the
Appendix C. The code can be found online athttps:
//github.com/jenninglim/functional-ebm .

5.1 Calibration

We are interested in examining the calibration of our pro-
posed method. This is performed by visually inspecting
the con�dence intervals and its average predictive CDF as
recommended in Gneiting et al. (2007, Section 3.2).

The dataset is composed of100draws from anoiselessGP
with a Gaussian kernel where each function evaluated at50
distinct irregular points randomly sampled fromU(� 5; 5).
The baseline is anoisyGP that shares the same kernel as the
underlying ground-truth noiseless GP, but assumes a Gaus-
sian observational noise in the likelihood. This baseline
model provides a glimpse of the performance when you
know the underlying functional process, but makes in in-
correct assumption about the noise.

In Figure 2, it can be seen that the con�dence intervals and
average predictive CDF (see Section3:2, Gneiting et al.
2007) of the proposed methods are similar in calibration to
the GP. The average predictive CDF also hints the cost of
assuming noisy observations.

5.2 Benchmark

We utilize four datasets composed of one synthetic and
three real-world datasets. The samples from the dataset
can be seen in Table 1. The �rstQuadratic (n = 400,
m = 30) is a bi-modal dataset composed of quadratic
functions that was generated by sampling the sign of the
quadratic term from a uniform distribution onf� 1; 1g. The
dataset was designed to test the model's capacity to ex-
press bi-modality. We use200 samples for training and
the remainder for evaluation. The secondMelbourne
(n = 1138, m = 24) is a real-life dataset where each sam-
ple is the number of pedestrians on a certain street in Mel-
bourne recorded throughout different times of the day. We
use796samples for training and the remainder for evalua-
tion. The third datasetGridWatch (n = 532, m = 144)
is another real-life dataset where each sample is the de-
mand of energy on the UK National Grid throughout dif-
ferent times of the day. We use372 samples for training
and the remainder for evaluation. Finally, we useStocks
(n = 400, m = 200) where each sample corresponds to a
stock highest performance on that day, recorded over200
days starting from February2013(when data is available).
The data is taken from S&P 500. We use200samples for
training and the remainder for evaluation. See Appendix
C.3 for preprocessing details. These datasets are “simple”,
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Table 1: Visualisation of100samples drawn from the dataset,F -EBM (ours),� -VAE, Neural Process (NP), Energy-based
processes (EBP), and Variational Implicit processes (VIP).

Dataset F -EBM (ours) � -VAE NP EBP VIP

Quadratic

Melbourne

Stocks

GridWatch

Table 2: Test power of two-sample test comparing samples of the data with samples from the model.Bold indicates the
best score (lower is better). The test power is averaged over200trials with 10 samples drawn from the dataset and model
at signi�cance level� = 0 :05.

Dataset Quadratic Melbourne Stocks GridWatch

F -EBM (ours) 0 :09 0 :09 0 :08 0 :09
� -VAE 0:22 0 :32 0 :11 0 :16

Neural Process 0:59 0 :95 1 :00 1 :00
EBP 0:322 0 :52 0 :31 0 :56
VIP 0 :09 0:11 0 :86 1 :00

Gaussian Process 1:00 0 :77 0 :67 1 :00

Table 3: Comparison between the performance ofF -EBM for different priors onQuadratic dataset.

Downsample Middle Random

Prior Type Test Power p = 1
4 p = 1

3 p = 1
2 p = 1

4 p = 1
2 p = 3

4 p = 1
4 p = 1

2 p = 3
4

Gaussian (dz = 100 ) 1:00 0 :006 0 :005 0 :004 0 :256 0 :006 0 :005 0 :006 0 :003 0 :003
EBM (dz = 10 ) 0:10 0 :029 0 :026 0 :029 3 :32 0 :057 0 :066 0 :048 0 :040 0 :043

EBM (dz = 100 ) 0:65 3 :337 2 :933 0 :924 83 :374 72 :046 30 :640 95 :854 45 :024 7 :528

Tilted 0 :08 0 :005 0 :004 0 :003 0 :044 0:008 0 :006 0 :008 0 :005 0 :004

Figure 2: Calibration plots. We show the95%con�dence interval generated from300samples of (a) Gaussian Process,
F -EBM with (b) Gaussian, and (c) Matérn kernel. In (d), we show the average predictive CDF of various models in
comparison with the data.

in the sense, that they are low dimensional, but they exhibit
complex properties such as bimodality, multi-modality and

large support. For these datasets, we chose to use a Gaus-
sian likelihood.
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