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Abstract tion3)). A key observation is that Thompson sampling fails

Thompson sampling has proven effective across
a wide range of stationary bandit environments.
However, as we demonstrate in this paper, it can
perform poorly when applied to non-stationary
environments. We show that such failures are
attributed to the fact that, when exploring, the
algorithm does not differentiate actions based
on how quickly the information acquired loses
its usefulness due to nonstationarity. Building
upon this insight, we propose predictive sam-
pling, an algorithm that deprioritizes acquiring
information that quickly loses usefulness. The-
oretical guarantee on the performance of predic-
tive sampling is established through a Bayesian
regret bound. We provide versions of predic-
tive sampling for which computations tractably
scale to complex bandit environments of prac-
tical interest. Through numerical simulation,
we demonstrate that predictive sampling outper-
forms Thompson sampling in all non-stationary
environments examined.

1 INTRODUCTION

Thompson sampling (Thompson, [1933) operates by sam-
pling at each timestep statistically plausible mean rewards
and selecting the action that maximizes the mean reward
among them. Its efficacy in stationary environments has
been established through empirical and theoretical analyses
(Agrawal and Goyall [2012; |(Chapelle and Li, [201 1} |Russo
and Van Roy, 2014).

However, as we demonstrate in this paper, Thompson sam-
pling is not suited for non-stationary environments. In
particular, we illustrate through a didactic example that
Thompson sampling can suffer near worst case perfor-
mance in some non-stationary bandit environments (Sec-
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to account for nonstationarity of future dynamics when se-
lecting an action, and as such attains unstatisfactory perfor-
mance.

Nonstationarity should impact how an agent selects its cur-
rent action to balance between exploration and exploita-
tion. In particular, when investing in acquiring informa-
tion about an action, an agent should consider the duration
over and the extent to which that information will remain
useful. Unlike in a stationary environment, where informa-
tion about an action remains equally useful across future
timesteps, the usefulness of information in a non-stationary
environment often decay as the reward distribution fluctu-
ates randomly. If the information will quickly become less
useful, the agent ought to be less inclined to invest in ac-
quiring it.

This insight motivates our proposal of predictive sampling
as an algorithm for non-stationary bandit learning (the de-
sign principle is covered in Section [5). We establish a
Bayesian regret bound satisfied by predictive sampling.
The bound grows linearly in v/TA, where T is the horizon,
and A measures the total amount of useful information that
can be acquired by an agent. When the environment is sta-
tionary, A is independent of T, and we recover a bound that
is linear in v/7. When A is linear in 7T, as is typically the
case in non-stationary environments that continually pro-
duce new information to evolve reward distributions, the
bound is linear in 7'

We specialize the bound to a class of non-stationary
Bernoulli bandit environments that generalize the per-arm
abrupt switching model with a constant switching rate
(Mellor and Shapirol 2013). In such environments, upper
and lower bounds each grow linearly in 7', suggesting that
the linear dependence is fundamental. In addition, the up-
per bound exhibits a graceful dependence on environment
parameters, which demonstrates the effectiveness of pre-
dictive sampling across a range of such environments.

To quantify the advantage of predictive sampling over
Thompson sampling, we develop efficient procedures to
execute them in a class of non-stationary Gaussian bandits
and conduct experiments. The results demonstrate that pre-
dictive sampling outperforms Thompson sampling across
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all non-stationary bandit environments that we examine.

In addition, as an important step towards designing prac-
tical algorithms, we develop variations of Thompson sam-
pling and predictive sampling and develop efficient proce-
dures to execute them in a class of non-stationary logistic
bandits. This illustrates how computationally efficient vari-
ations of predictive sampling can be designed in an man-
ner analogous to Thompson sampling. A number of ex-
isting non-stationary bandit learning algorithms (Ghatak|
2021} (Gupta et al., [2011; Mellor and Shapiro, [2013; Raj
and Kalyanil |2017; Trovo et al., 2020} Viappiani, 2013)) can
be viewed as variations of Thompson sampling, and our ap-
proach serves to amplify the value of that work.

Primary Contributions The three primary contribu-
tions of this paper are: (1) evidence that conveys how and
why Thompson sampling is unsuitable for non-stationary
bandit environments, (2) a proposal and analysis of predic-
tive sampling for non-stationary bandit learning, and (3)
versions of predictive sampling that are computationally
tractable and apply to a broad range of complex bandit en-
vironments of practical interest.

Structure of The Paper The remainder of the paper pro-
ceeds as follows. Section[3|provides an didactic example to
illustrate how and why Thompson sampling attains unsat-
isfactory performance in some non-stationary bandit envi-
ronments. Section [4 contains the general formulation of a
bandit environment. Section |5|formally introduces predic-
tive sampling. Sections [6] and [7]include the regret analysis
and numerical experiments. The probabilistic framework,
information-theoretic notation and concepts, together with
technical proofs are presented in supplementary materials.

2 RELATED WORK

We consider non-stationary bandits as ‘restless bandits’
introduced by (Whittlel {1988)). Many algorithms were
since proposed in the non-stationary bandit learning lit-
erature. These algorithms focus on heuristics on how to
make better inferences about the current mean reward. Pop-
ular heuristics for inference include using a fixed-length
sliding-window, weighing data by recency, and periodic
restarts. Given what is inferred, these algorithms apply
action-selection schemes that are designed for stationary
bandits, for example, TS, upper-confidence-bound meth-
ods (Lai and Robbins| [1985), and exponential-weight al-
gorithms (Auer et al. 2002} |Freund and Schapire, |1997).
These algorithms, which include discounted TS (Raj and
Kalyani, |2017)), sliding-window TS (Trovo et al.l [2020),
reset-aware TS (Viappiani, 2013), Change-Point TS (Mel-
lor and Shapiro, [2013), dynamic TS (Gupta et al.l 2011),
discounted UCB (Kocsis and Szepesvari, |2006; Garivier|
and Moulines|, |2008)), sliding-window UCB (Cheung et al.,
2019; \Garivier and Moulines, [2008]), GLR-kIUCB (Besson
and Kaufmann, 2019), adapt-EvE (Hartland et al., [2006),

and Rexp3 (Besbes et al.,|2019), can be considered as vari-
ations of stationary bandit learning algorithms.

These algorithms have proven to work much more ef-
fectively in non-stationary bandits than stationary bandit
learning algorithms. However, by applying the action-
selection schemes designed for stationary bandits, these al-
gorithms implicitly assume that future dynamics is station-
ary, and therefore do not account for the future value of in-
formation. We complement this literature by proposing PS,
which intelligently accounts for the future when selecting
actions.

In terms of algorithmic design, most closely related to ours
is (Min et al.| [2019), which proposes a family of informa-
tion relaxation sampling algorithms for stationary bandits.
When the actions are independent, PS is equivalent to an
extreme point of a class of such algorithms. While [Min
et al|(2019) focuses on stationary bandits, we propose PS
for and analyze its performance in non-stationary bandits.

Our work is also closely related to the body of literature
on information-theoretic regret analyses in the stationary
bandit learning literature (Bubeck et al.| 2015} Dong and
Van Roy, [2018};Hao et al.,[2022; |Lattimore and Szepesvari,
2019; [Lu et al., 2021; Russo and Van Roy, 2014} [2016)).
This area of the literature introduces the notion of an infor-
mation ratio and bounds the regret of an agent in terms of
its information ratio.

Our work adds to this stream of research by extending the
information-theoretic framework to non-stationary bandits.
Critical to our framework is a new notion of information
ratio that is better suited for non-stationary bandits and a
concept of predictive information. We bound the regret of
an agent in terms of the amount of cumulative predictive
information and the agent’s information ratio. We also de-
velop useful tools to bound the amount of cumulative pre-
dictive information by parameters of the bandits.

3 MOTIVATION

This section provides insight on why Thompson sampling
is not suitable for non-stationary bandit learning and why
it is crucial to deprioritize information that more quickly
loses usefulness. To illustrate these ideas, let us focus on a
specific example of a non-stationary bandit environment.

Example 1 (A two-armed non-stationary Bernoulli ban-
dit). Consider a Bernoulli bandit with a set of two actions
A = {1,2}. We use 0, to denote the mean reward asso-
ciated with action a at timestep t, and (0, : t € Z4) to
denote the sequence of mean rewards associated with both
actions at all timesteps. We take the first action to be a
known benchmark: let 6,17 = 1 — € forallt € Z . As
for action 2, we let 8y o ~ unif{0,1}. The mean reward
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associated with action 2 can vary over time. In particular,
0141 new ~ unif{0,1}, withprobg=1—¢,
Ori1,2 = .
0.2, otherwise,

where € = 1/100. That is, the mean reward for action 2
is “redrawn” with probability q at each timestep. We use
Ryt1,4 to denote the reward that an agent receives upon
executing action a at timestep t. Conditioning on (0; :
t € Z4), Riy1,q is Bernoulli distributed with mean 6, q,
independent of the rewards associated with other times or
actions.

With this bandit environment, at timestep ¢ € Z, selecting
action 1 gives an expected reward of 6, ; = 1 — ¢, selecting
action 2 gives an expected reward of at most 1 — %q =
1(1+¢). So an optimal agent would select action 1 at each
timestep.

Ateach timestep ¢t € Z_, a Thompson sampling agent sam-
ples a mean reward estimate éﬁs for each action a € A,
and executes an action A" that maximizes the estimate.
With this bandit environment, for all ¢ € Z., since the
mean reward associated with the first action is known and
fixed at 1 — ¢, TS samples éﬁs = 1 — e. Observe that
the mean reward associated with the second action is “re-
drawn” at each timestep with probability g, and when it is
“redrawn”, it takes value 1 with probability 1. So the pos-
terior distribution of 6 5 always has at least %q mass on 1.
As such, TS samples Azgs = 1 with a probability that is
at least 2¢ = 1(1 —€). So a Thompson sampling agent
would select action 2 at each timestep with a probability
that is at least 5 (1 — ). Here, although action 2 is associ-
ated with a smaller expected reward compared to action 1,
a Thompson sampling agent selects action 2 with a positive
probability because it wishes to acquire more information
about this action.

Unfortunately, such information gathering is almost fruit-
less due to nonstationarity: withqg =1—e = %, the mean
reward associated with action 2 is likely to be redrawn in
each timestep, so any information acquired about it rapidly
becomes meaningless. By failing to deprioritize acquiring
such information, a Thompson sampling agent would se-
lect action 2 more than it should, and as a result collects a
reward that is at least % less than that collected by an opti-

mal agent in expectation.

Following a similar argument, we establish the following
result: there exists a non-stationary Bernoulli bandit en-
vironment in which Thompson sampling obtains nearly 0
reward; a different agent (predictive sampling agent, as we
show in Section [5.2) obtains almost 1 per timestep. Since
rewards in a Bernoulli bandit are binary-valued, this indi-
cates that Thompson sampling performs almost as badly as
the worst-possible agent for this environment.

Proposition 1. For all € > 0, there exists a non-stationary

Bernoulli bandit environment and a policy w that se-
lects AT at timestep t such that for all T € Ziy,
E[> 2o Reriap] = (1=0)T and B[S, 55 Rypy ares] <
eT.

It is worth mentioning that a number of non-stationary ban-
dit learning algorithms (Ghatakl 2021} |Gupta et al., 2011}
Mellor and Shapiro, 2013 Raj and Kalyani, 2017} [Trovo
et al., 2020; [Viappiani, 2013)) use various hueristics to es-
timate the current mean reward and then take Thompson
sampling as a subroutine to select action at each timestep.
Our argument on Thompson sampling with Example [T] ap-
plies and Proposition[T]extends to each of these algorithms.

4 BANDIT ENVIRONMENTS

This section introduces the general formulation of a bandit
environment.

4.1 Bandit Environments

We first formalize the concept of a bandit environment, in
which all random quantities are defined with respect to a
probability space (2, F,P).

Definition 1 (bandit environment). Let A be a finite set,
and (Ri+1 : t € Z) be a random sequence of vectors in
R The sequence (Ryy1 : t € 7) is a bandit environ-
ment with a finite set A of actions if there exists a random
sequence (P, q : t € Z) of probability distributions over R
for each a € A, such that for allt € Z and a € A,

P(Ri11,0 € | P-ooioos Ret41), Riy1,-a) = Proa,

where R_ ;11 denotes the sequence of all reward vectors
excluding Ry 11, Ri11 -, denotes the vector consisting of
all components of Ry except for the ath, P, denotes the
collection of P, 4 for a € A, and P_ . denotes the col-
lection of P; for t € Z; we say that the sequence P—_ ...
generates the bandit environment (Ry11 : t € 7).

In a bandit environment (R;41 : t € Z), each Ry41 , rep-
resents the reward that will be realized if an agent executes
action a at time ¢. By definition, each R, , can be viewed
as sampled from P ,, independently from other rewards
associated with other times or actions. While components
of R, are independent conditioning on P;, they are not
necessarily independent unconditionally. We assume that
each reward has a well-defined and finite expectation.

It is worth noting that the reward distribution sequence
P_ .00 may not be unique for a bandit environment; mul-
tiple such sequences may generate the same environment.
We say that a bandit environment is stationary if there ex-
ists a sequence P_ .-, such that P, = P for all t € Z,
that generates the environment; we also say that P, gener-
ates the environment. A bandit environment is called non-
stationary if it is not stationary.
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4.2 Policy

Let H denote the set of all sequences of a finite number
of action-reward pairs. We refer to the elements of H as
histories. Below we provide a formal definition of a policy.

Definition 2 (policy). A policy 7 is a function that maps a
history in H to a probability distribution over A.

So apolicy 7 assigns, for each realization of history h € H,
a probability m(a|h) of choosing an action a for all a € A.
Let HJ be the empty history and for each time ¢ € Z,
let Hf" = (A7, R1,a7,..., Af_1, Ry ar_ ), where P(A] €
|HF) = w(-|HT). Then H[ represents the history gener-
ated as an agent executes policy 7 by sampling each action
AT from m(-|H[") and receives the reward Ry 1, ar.

Much of the work presented in this paper studies an agent
that executes a specific policy, i.e., predictive sampling.
When it is clear from context, we suppress superscripts that
indicate this. For example, we use H; for the history gen-
erated as an agent executes predictive sampling, and A, for
the action.

5 PREDICTIVE SAMPLING

This section introduces predictive sampling, which is de-
signed around the insight that an agent should ideally de-
prioritize acquiring information that quickly loses its use-
fulness.

5.1 The Algorithm

We first introduce the notion of a learning target, which is
central to algorithm design in bandit learning. Many such
algorithms are designed to trade off between information
acquisition and immediate reward optimization. In such
contexts, a learning target is a random variable about which
an agent aims to acquire information. With a stationary
bandit, a natural learning target is the reward distribution,
and many agents trade off between immediate reward and
information about this distribution.

However, when the environment is non-stationary, taking
the reward distribution as the learning target does not depri-
oritize information that is losing its usefulness. The algo-
rithm design principle of using ;2. as the learning tar-
get addresses this. To see why, observe that the agent trades
off between acquiring more information about R, 2., and
optimizing the current reward. Therefore, if selecting an
action offers information that more quickly loses useful-
ness, then selecting this action offers less information about
Ry 2.5 and is thus deprioritized.

Based on this design principle, we propose predictive sam-
pling (PS), which differs from Thompson sampling in using
Ry 12.o instead of the reward distribution as the learning
target. As is known, a Thompson sampling agent samples a

statistically plausible model of the reward distribution from
its posterior at each timestep ¢ and acts optimally by pre-
tending that the sample is the true model. Aiming for a
different learning target of R;9., a predictive sampling
agent instead samples a statistically plausible sequence of

future rewards RE?Q:OO at each timestep ¢, and acts opti-

mally by pretending that RSF)ZOO is the true sequence of

future rewards.

In characterizing the predictive sampling algorithm, we in-
troduce the following change-of-measure notation. Con-
sider random variables X and Y and a conditional proba-
bility P(Y € -|X = z) for all = in the image of X. Let
f(x) =P(Y € -|X = z). Given a random variable Z with
the same image as X, f(Z) is a random variable. We use
the notation P(Y € -|X < Z) for f(Z).

Algorithm [5] formally introduces predictive sampling. At
each timestep ¢, a predictive sampling agent:
1. (Step 2) samples an infinite sequence of future rewards
REQQ:OO from its posterior, A
2. (Step 3) derives expected mean rewards 6; by pretend-
ing that Rgzoo will indeed be realized, and

3. (Step 4) selects the action that maximizes ét,a.

For ease of comparison, we also present Thompson sam-
pling in Algorithm 2}

While Steps 2 and 3 of Algorithm [5] seem intractable,
Lemma [I] below suggests that these steps are equivalent
to sampling 6, from P(E[Ry,1|Hy, Ryy:00] € -|Hy). This
gives an alternative representation of the algorithm that can
be computationally tractable, as we will show.

Lemma 1. For all t € Z,, P(ét €
P(E[Ri41|Hy, Rig2:00) € -|Hy).

|H) =

Algorithm 1: predictive sampling (PS)
fort=0,1,..., 7T —1do
sample: REZF)Q:OO ~P(Rt12.00 € *|Hy)
estimate: 0, = E[R; 1| Hy, Rit2:00 ¢ JA%EQQ:OO]

select: A, € argmax,c 4 0;.q
observe: R; 1 4,

Algorithm 2: Thompson sampling (TS)
fort=0,1,...,7 —1do
sample: P]™ ~ P(P[™ € -|H]"9)
estimate: (7™ = B[R, ,|P™ « PTs]
select: A7 € argmax, ¢ 4 07 ;°
observe: I, ,rrs

It is helpful to first consider predictive sampling’s applica-
tion to stationary bandit environments. Theorem |l shows
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that in such contexts, predictive sampling executes the
same policy as Thompson sampling when the Thompson
sampling agent takes P,"™ = P in its execution (see Al-
gorithm 2, where P generates the stationary bandit.

Theorem 1. Let (Ry1q : t € Z) be a stationary bandit
environment generated by a distribution P. A predictive
sampling agent and a Thompson sampling agent that takes
P[™s = P forallt € 7, execute the same policy.

In light of this equivalence relation, it is clear that pre-
dictive sampling is suited to the range of stationary ban-
dit environments for which Thompson sampling succeeds.
Such environments have been the subject of much research
in the bandit learning literature (Lattimore and Szepesvari,
2020; Russo et al., [2018). Moreover, recall that multiple
sequences P_ ..., may generate the same bandit environ-
ment, this equivalence relation also reveals that predictive
sampling is more robust compared to Thompson sampling
because its execution does not depend on parametrization.

5.2 Back to Example[]

Now that we have introduced predictive sampling, below
we apply it to Example (1| to illustrate how predictive sam-
pling achieves optimal behavior of selecting action 1 at
each timetsep in this bandit environment.

First, observe that E[R; 41 2| H, Rit2:00] < 1—%q2 < %

a.s. Thus, by Lemmam a predictive sampling agent sam-
ples 6,1 = 5 and ;2 < 313 following the alternative
representation of Steps 2 and 3, and selects action 1 fol-

lowing Step 4 of Algorithm 5]at each timestep ¢.

Besides attaining the optimal behavior in this example, pre-
dictive sampling in addition performs almost as well as the
best possible agent for the environments we constructed in
Proposition[I} Below we formally establish the result. The
results suggests that by suitably deprioritizing information,
predictive sampling succeeds in those environments where
we observe Thompson sampling fails.

Proposition 2. For all € > 0, there exists a non-stationary
Bernoulli bandit environment such that for all T € Z, 4,
B[Sy Rir1.a) > (1-€)T and B[Y ;2 Ry yy 7] <
eT.

5.3 Examples and Variations of TS and PS

We present computationally tractable examples and varia-
tions of Thompson sampling and predictive sampling. For
general environments, variations of the algorithms can be
designed and efficient procedures to execute them can be
constructed through a finite-sample approximation, which
we will discuss, and hidden Markov models (HMM). Here,
we focus on a class of Gaussian bandits to characterize the
advantage of predictive sampling over Thompson sampling
and a class of logistic bandits as an important step towards

designing practical algorithms.

We first introduce the bandit environments that we con-
sider. We refer to them as the AR(1) bandits and the AR(1)
logistic bandits because each of them is determined by a
sequence (o : t € Z, ) and thateach (o o : t € Z4 ) inde-
pendently transitions according to a first-order autoregres-
sive (AR(1)) process. non-stationary bandit environments
that are similar to the AR(1) bandits have been considered
in (Gupta et al., [2011)) and (Slivkins and Upfal, [2008)).

Example 2 (AR(1) bandit). In an AR(1) bandit, each re-
ward distribution Py, is Gaussian with a random mean
Oro = tq = E[Riy1,4|P:] and a deterministic vari-
ance o2. Each realized reward can be interpreted as a sum
Rii1,0 =0t0+ Ziy1,q, where Zyy 1 q is independent zero-
mean noise with deterministic variance o2. The variable

oy o changes over time, evolving according to

Qti1,a = (1 - 'Ya)ca + YaQit,q + Wt—i—l,a;

for each action a € A. The coefficients c, and 7, are
deterministic, and each takes value in R and [0, 1], respec-
tively; Wii1 4 Is independent zero-mean Gaussian noise
with deterministic variance (53, where 6, € Ry. When
Yo = 1, we require that §, = 0. We assume that the se-
quence (a o : t € Zy) is in steady-state: when 7y, < 1,
this steady-state distribution is N'(cq, 62 /(1 — ~v2)).

Example 3 (AR(1) logistic bandit). In an AR(1) logis-
tic bandit, each reward distribution P, , = P(Ri11.4 €
‘| Py) is Bernoulli. The mean reward B[Ry q|P:] =

exp(aT¢a) d s
m, where o, € R® with a known d € Z 4 and

¢q € R¢ denotes a known feature vector associated with
action a € A. The variable o, is defined exactly as in
Example |2} transitioning following an AR(1) process.

While we have made no explicit assumptions on the prior
knowledge of the agents, with AR(1) bandits, AR(1) lo-
gistic bandits, or modulated Bernoulli banadits which we
will introduce, the agents could have already learned the
environment parameters in the long run. Since we focus on
the asymptotic behavior and performance, without loss of
generality, we assume that the environment parameters, c,,
Ya» Oas Ga> P(0o,a € ), 04 for all a € A, are known to
both agents a priori. Such assumptions similarly appear in
(Slivkins and Upfall 2008) and (Mellor and Shapiro, |2013))
and techniques to learn the environment parameters have
been discussed in (Wilson et al.,|[2010; Turner et al., [2009).

5.3.1 Examples of TS and PS in AR(1) Bandits

We first focus on Thompson sampling. Below we intro-
duce a lemma, which gives an alternative representation
of Thompson sampling: Steps 2 and 3 of Algorithm [2]
are equivalent to sampling 677 from P(E[R, | P[] €
HT).

Lemma 2. For all t € Z,, P(OF™ e -|HF™s)
PE[R 1| P[] € -[H™).
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Suppose that a Thompson sampling agent maintains
PTTs o = P_ooi00- By Lemma the Thompson sampling

agent samples 07 from P(#, € -|H[™), and selects an
action that maximizes 607 ;°.

Recall that in an AR(1) bandit, P(6y € -) is Gaussian dis-
tributed. We use po and X to denote its mean and covari-
ance. When action « is selected at timestep ¢, the agent
observes Ry 1.4 ~ N(0;4,02), where o, is deterministic
and known. So P(0; € -|H[™) is Gaussian. We use p; ™
and 277 to denote its mean and covariance. Algorithm
provides an example of Thompson sampling in an AR(1)
bandit, where Step 5 can be derived using Kalman filter.

As for predictive sampling, first observe that P(6, € -|H;)
is Gaussian. We use u; and X; to denote its mean and vari-
ance. Since the actions are independent, X; is diagonal,
and we use Jg . to denote the a-th entry along its diagonal.

Recall that Lemma [2| suggests that predictive sampling
samples 6, from P(0;|H;) = P(E[R¢t1|Ht, Rtt2:00] €
-|H¢). Proposition [3| shows that this posterior is Gaussian
with mean fi; and diagonal covariance matrix X, (we use
Ot to denote the a-th entry along its diagonal); fi; and
f]t can be derived from p;, >; and latent variables of the
AR(1) bandit. Algorithm [3] provides an example of pre-
dictive sampling in an AR(1) bandit, where Step 5 can be
derived by updating p; and ¥; using Kalman filter, and up-
dating fi; and 3, based on ey and X; using Proposition

Algorithm 3: PS in an AR(1) bandit
fort=0,1,...,7 —1do

sample: 0, ~ N (fig, 3y)

execute: A; € argmax,¢ 4 ét,a

observe: %1 4,

update: ji¢ 1 E[f; 1 [Hpia], Sep1 4 V(0ria|Hipn)

Algorithm 4: TS in an AR(1) bandit
fort=0,1,...,7T —1do

sample: 077 ~ N(pFTs, £7TS)

execute: A" € arg max,¢ 4 é;gs

observe: R, jrrs

wpdate: 775 ¢ E[0y 1 |HFT5), 5505 V(O [HTTS)

Proposition 3. In an AR(1) bandit, for all t € Z, and

a € A, conditioned on Hy, 0, , is Gaussian with mean and

2 4
Ya%t,a

252 9
'yao-t,a—"_x:;

3(07 + 08 =720k + /(02 + 08 —1202)* + 420202,

variance [iy g = [it,q and 5t2a = where x) =

5.3.2 Variations in AR(1) Logistic Bandits

We introduce two techniques, which we call incremental
Laplace approximation and Gaussian imagination, respec-

tively, in designing computationally tractable variations of
Thompson sampling and predictive sampling in AR(1) lo-
gistic bandits.

Incremental Laplace Approximation Laplace approxi-
mation (Laplace, |1986) is a standard practice in the litera-
ture and has been popular with stationary logistic bandits.
The key idea is to approximate the posterior of a variable
using a Gaussian distribution centered at the maximum a
posteriori (MAP) of the variable, with a variance that is
equal to the inverse of the Hessian of the log-posterior.

However, applying the method to approximate P(oy|HY)
is computationally onerous due to nonstationarity. To re-
duce the computational complexity, we propose what we
call incremental Laplace approximation: the practice of ap-
proximating the posterior incrementally at each timestep
using Laplace approximation. We demonstrate in supple-
mentary materials that incremental Laplace approximation
is comparable with the standard Laplace approximation in
stationary logistic bandits, but can be efficiently carried out
in non-stationary ones.

Gaussian Imagination In executing predictive sam-
pling, an agent needs to sample at each timestep ¢ an in-
finite number of rewards Rﬁ)lm and derive an conditional
expectation E[R11|Hy, Ri12.00 < RSZZOJ This deriva-
tion is usually intractable. The agent can derive an ap-
proximation pretending that the rewards are Gaussian. This
practice is called Gaussian imagination (Liu et al., [2022)).

Finite-sample Approximation An additional technique
that is useful in constructing computationally tractable vari-
ations of predictive sampling is to sample a finite number
of rewards Ri(fi22:t+n+1’ where n € Z | instead of REQQW
and proceed with the inference.

Variations of Thompson sampling and predictive sampling
can be constructed using the aforementioned techniques.
We provide detailed steps in the supplementary materials.

6 REGRET ANALYSIS

This section provides theoretical guarantees on the perfor-
mance of predictive sampling.

6.1 Performance and Regret

To measure the performance of an agent, it can be helpful
to consider benchmarking it against an oracle who acts op-
timally with respect to the full knowledge of the learning
target; we define the regret as the gap between the expected
rewards accumulated by the agent and that accumulated by
the oracle. Indeed, when the environment is stationary,
a natural learning target is the reward distribution P. As
such, the regret is defined as ZtT:_Ol E[R« — Rty1,47], with
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R, = maxge 4 E[Ry41,4|P], where E[Ry41]|P] is the mean
reward vector which does not depend on t.

In a non-stationary environment, as we have discussed in
Section [3] an agent should aim for a different learning tar-
get of R;12.00 at each timestep ¢£. To measure the perfor-
mance of such an agent, we define the regret associated
with policy 7 over T timesteps below:
T—1
Regret(T; ) = Z E I:RtJr]’* — Rt+1,A;’] , (D

t=0

where Ry11 . = maxqe 4 E[Ri41,q|Ri42:00] is the reward
accumulated by an oracle that acts optimally with respect
ot the full knowledge of R; 2. at timestep £. Since much
of the work presented in this paper studies a predictive sam-
pling agent, we use Regret(T) to denote its regret.

It is worth highlighting that in stationary environments, the
two oracles execute the same policy, because E[R;11|P] =
E[R¢+1|Rt+2:00]- Thus, the regret (T) extends the same no-
tion in stationary bandits.

We establish in supplementary materials that the regret in-
curred by any agent is nonnegative in all bandit environ-
ments that we consider. Indeed, we establish the nonneg-
ativity under mild conditions, which hold in all stationary
environments and a broad class of non-stationary ones.

6.2 General Regret Analysis

Oftentimes, an agent is designed to trade off between ac-
quiring information and optimizing the current reward.
Whenever an agent incurs regret, the agent learns some-
thing useful. Based on this observation, one can bound the
regret through bounding the total amount of useful infor-
mation that can be acquired by an agent, and how efficient
the agent is in acquiring information per unit cost of regret.
As such, Bayesian analyses in stationary bandit learning
(Bubeck et al.l |2015} |Lattimore and Szepesvari, 2019; Lu
et al.,|2021; Russo and Van Roy, |2016) bound the regret.

In a non-stationary bandit environment, we introduce
a metric that measures the total amount of useful
information, i.e., information about the learning tar-

get Rt+2:oo' Let gt = ]P(Rt+2:oo € '|R7<>o:t+1)
for all ¢t € Z; & represents what an agent can
learn from past rewards about Riio2.... Let Ag =

]I(RQZOO; 50) and A; = Supﬂ{H(Rt+2:oo; gt|ng) -
I(Rti1:00;E—1|H )} forallt € Z, . With this defini-
tion, A¢ measures the amount of useful information in
the environment at timestep 0; A, measures the additional
amount of useful information that is relevant for learning
that arrives at the environment at timestep ¢. We then use
A = th:ol A, to measure the total amount of useful in-
formation that can be acquired by an agent.

As a sanity check, we have the following proposition,
which shows that when the environment is stationary, A; =

Oforallt € Z,, and that A = A,.

Proposition 4. In a stationary environment, Ay = 0 for all

We next introduce a notion of information ratio. Similar
notions have been introduced in stationary bandit learning
analyses to measure how ineffective an agent is in acquir-
ing information. The one we introduce differs from these
in its choice of learning target R;i2.oo. That is, our in-
formation ratio measures the trade-off between a single-
timestep regret, defined against an oracle that acts opti-
mally with respect to ;4 2.+, and the information obtained
about Ry yo.00: let

E [Ris1, — Riviap)’
I (Rit2:003 AT, Reg,a7 [Hy) '

If = @)
forallt € Z,.

Theorem [2] establishes a general regret bound that can be
applied to any agent; it characterizes how the regret is de-
termined by the ineffectiveness of the agent in gathering in-
formation in this environment, as measured by '], and the
total amount of useful information A in the environment.

Theorem 2. Let T = Supyez, If. Forall T € Zy,

Regret(T;7) < VI TA.

Theorem [3| below presents an upper bound on the regret of
predictive sampling, by applying the general bound estab-
lished by Theorem [2| and bounding the information ratio
of predictive sampling.

Theorem 3. If forallt € Zy and a € A P(Riy1,4 €
-|Hy) is almost surely osg-sub-Gaussian, then for all T €
Zy, the regret that a predictive sampling agent incurs

Regret(T) < /2| Aloi;TA.

Theorem [3|shows how the regret of predictive sampling de-
pends on the environment via A. The theorem provides
a foundation for deriving more refined regret bounds in
specialized models where A can be carefully character-
ized. As a sanity check, when the environment is sta-
tionary, by Proposition i} A = Aj and Regret(T’) <
V2| AloisT Ao,: a predictive sampling agent incurs a re-
gret that grows at a rate which is at most linear in /7.

6.3 Regret in Modulated Bernoulli Bandits

The general analysis enables us to focus on particular im-
portant examples of non-stationary bandit environments to
further examine the performance of predictive sampling
through carefully characterizing A and obtaining more re-
fined regret bounds. In particular, we focus on the follow-
ing class of Bernoulli bandit environments, which general-
izes an abrupt switching model introduced in (Mellor and
Shapiro}, 2013)).

Example 4 (modulated Bernoulli bandit). Consider a
Bernoulli bandit with independent actions. Let each mean
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reward be denoted by 0, , = P(Ry41,4 = 1|P;). A mean
reward varies over time, transitioning according to

b {em,a ~P(foa € ),
t+1l,a — 9
t,a

with probability q,,

otherwise,

where q, € [0, 1] is deterministic and known. Conditioning
on 0y :t € Z), Ryt1,4 ~ Bernoulli(8, ), independent of
the rewards associated with other timesteps or actions.

6.3.1 Regret Lower Bound

We first establish a lower bound on the regret incurred by
any agent in a modulated Bernoulli bandit environment.

Theorem 4. There exists a modulated Bernoulli bandit en-
vironment and a constant C' € R, such that for all policy
m,and all T € Z 4+, Regret(T; ) > CT.

The result suggests that the modulated Bernoulli bandit is
challenging and a linear dependence of the regret on 7" can-
not be improved; this lower bound provides a baseline to
which upper bounds can be compared.

Below we present the key ideas of the proof. We first
construct a modulated Bernoulli bandit environment with
A = {1,2}, and 0y, ~ unif{0,1} for each a € A; we
let ¢ = [1/2,1]. With this bandit environment, g2 = 1, so
selecting action 2 gives no useful information. If the proba-
bility of selecting action 2 is small, then the agent collects a
reward that is close to E[R; 1] = % and thus incurs a large
regret in the current timestep; if the probability of select-
ing action 2 is large, then the agent is short in information
compared to the oracle who knows R, 2., and thus in-
curs a large regret on the next timestep. We use this fact to
lower-bound the regret across all agents.

6.3.2 Regret Analysis of Predictive Sampling

We specialize the regret bound established in Theorem[3]to
a modulated Bernoulli bandit through bounding A.

Corollary 1. For all T € 7., the regret that a predic-
tive sampling agent incurs in a modulated Bernoulli bandit

is Regret(T) < \/SJAIT{VA + (T — 1) min{V4, Va}},
where Vi = Y (1 — qu)H(0p,0), and V> =
EaeA[QaH(GO,a) + H(qa)]~

First, the bound grows at a rate that is at most linear in
T, matching the lower bound established in Theorem @
which indicates that predictive sampling attains good per-
formance. Moreover, when ¢, = 0 for all a € A, the envi-
ronment is stationary and we recover a bound that is linear
in v/T, which confirms that predictive sampling succeeds
in such stationary environments. In addition, the bound
exhibits nice dependence on environment parameters. In
particular, as inf,c 4 ¢, — 1, Regret(T) — 0, suggesting
that a predictive sampling agent performs well when the

mean reward vector transitions very often: in such environ-
ments, a predictive sampling agent deprioritizes acquiring
information about the mean reward and thus performs well.

7 EXPERIMENTS

To quantify the advantage of predictive sampling over
Thompson sampling, we conduct numerical experiments
in a range of non-stationary AR(1) bandits and AR(1) lo-
gistic bandits. Comparisons of predictive sampling with
state-of-the-art algorithms (Besbes et al., 2019} |Garivier
and Moulines} 2008 [Kocsis and Szepesvaril [2006) are pre-
sented in the supplementary materials.

7.1 AR(1) Bandits

To examine the advantage of predictive sampling over
Thompson sampling extensively, we focus on a se-
quence of AR(1) bandits with varying parameters: A4 =
{1, 2}, the stationary distribution of each arm’s mean re-
ward is NV(0,1), 1 € {0.1,0.3,0.5,0.9}, and 72 €
{0.1,0.3,0.5,0.7,0.9}, respectively.

Figure[T] plots the average reward collected by a predictive
sampling agent and that collected by a Thompson sampling
agent. Formally, the figure plots 95% confidence intervals
of E[4 Y,y Rey1,.4,] and that of E[3 37/ 2" R,y 4rrs]
for T' = 1000. We observe that predictive sampling consis-
tently outperforms Thompson sampling.

7.2 AR(1) Logistic Bandits

We run experiments with AR(1) logistic bandits of the fol-
lowing specification: A = {1,2,3}, v = [z,0.9,0.9],
5% = [1 — 22,0.19,0.19], where z € {0.1,0.9}. Let
¢ € {¢", pd°P} where

_ 100 09 01 0
=10 1 0| andg?® = |0 09 0.1
0 0 1 01 0 09

The set of experiments with ¢ = ¢ corresponds to ban-
dits with independent actions, and the set of experiments
with ¢ = ¢%P corresponds to ones with dependent actions.

Figure [2] plots the average rewards collected by a pre-
dictive sampling agent and a Thompson sampling agent.
Formally, the figure plots 95% confidence intervals of
E[} > 5—0 Rit1,4,] and that of E[} 35,70 Ry y 4rrs]
for ¢ ranging from 1 to 7. Observe that an agent can collect
an average reward of 0.5 when taking actions uniformly at
random at every timestep. Based on this observation, the
plot suggests that predictive sampling consistently outper-
forms Thompson sampling across all bandit environments
that we examine and the advantage is both statistically and
practically significant.
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Figure 1: Average reward collected by predictive sampling (PS) and Thompson sampling (TS) agents in two-armed AR(1)
bandits with varying ~y; and 2, with the error bars representing 95% confidence intervals
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Figure 2: Average reward collected by a predictive sampling agent and a Thompson sampling agent in non-stationary

AR(1) logistic bandits with varying parameters

8 CONCLUDING REMARKS

This paper demonstrates that TS and its variations that
were proposed in the literature are often not suited for non-
stationary bandit learning, because they fail to intelligently
account for the duration of information when selecting ac-
tions. To address this, we propose PS, an algorithm that
can be viewed as a version of TS that takes the sequence
of future rewards to be the learning target. We develop ef-
ficient procedures to execute PS in AR(1) bandits and a
practical approximation of it in AR(1) logistic bandits. We
demonstrate the efficacy of PS through coin-tossing exam-
ples, regret bounds, and numerical experiments.

At a high level, our paper illustrates how we can modify an
existing algorithm, in this case TS, to construct a new one,
in this case PS, that is more suited for non-stationary ban-
dits. As we discussed in Sections[2]and ??, similar to TS,
a number of existing algorithms also do not account for the
duration of information when selecting actions. Therefore,
a future direction would be to build algorithms more suited

for non-stationary bandits by modifying these existing al-
gorithms beyond TS through taking the sequence of future
rewards to be the learning target.

A key idea in this paper is taking the sequence of future
rewards R;;9.00 to be the learning target. We believe that
this is only a starting point—a future direction would be
to investigate other learning targets. For example, by suit-
ably defining the “optimal action” at each timestep, we may
alternatively take the sequence of future optimal actions
as the learning target. It remains an interesting question
whether this learning target or a different learning target
enables an agent to more intelligently account for the dura-
tion of information when selecting actions.
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A PROBABILISTIC FRAMEWORK

Probability theory emerges from an intuitive set of axioms, and this paper builds on that foundation. Statements and
arguments we present have precise meaning within the framework of probability theory. However, we often leave out
measure-theoretic formalities for the sake of readability. It should be easy for a mathematically-oriented reader to fill in
these gaps.

We will define all random quantities with respect to a probability space (€2, F,P). The probability of an event F' € F is
denoted by P(F). For any events F, G € F with P(G) > 0, the probability of F' conditioned on G is denoted by P(F|G).

A random variable is a function with the set of outcomes (2 as its domain. For any random variable Z, P(Z € Z) denotes
the probability of the event that Z lies within a set Z. The probability P(F'|Z = z) is of the event F' conditioned on the
event Z = z. When Z takes values in R and has a density pz, though P(Z = z) = 0 for all z, conditional probabilities
P(F|Z = z) are well-defined and denoted by P(F|Z = z). For fixed F, this is a function of z. We denote the value,
evaluated at z = Z, by P(F|Z), which is itself a random variable. Even when P(F|Z = z) is ill-defined for some z,
P(F|Z) is well-defined because problematic events occur with zero probability.

For each possible realization z, the probability P(Z = z) that Z = z is a function of z. We denote the value of this function
evaluated at Z by P(Z). Note that P(Z) is itself a random variable because it depends on Z. For random variables Y and
Z and possible realizations y and z, the probability P(Y = y|Z = z) that Y = y conditioned on Z = z is a function of
(y, z). Evaluating this function at (Y, Z) yields a random variable, which we denote by P(Y'| 7).

Particular random variables appear routinely throughout the paper. One is the environment £, a random probability measure
over RA such that, for all t € Z,, P(R;11 € -|€) = &(-) and Ry. is i.i.d. conditioned on £. We often consider
probabilities P(F'|E) of events F' conditioned on the environment £.

A policy 7 assigns a probability 7(a|h) to each action a for each history h. For each policy m, random variables
Af, R1 a7, AT, Ra a7, . . ., represent a sequence of interactions generated by selecting actions according to 7. In par-
ticular, with H" = (Af, Ry a7, ..., R ar ) denoting the history of interactions through time ¢, we have P(Af|H[") =
w(AT|HT). As shorthand, we generally suppress the superscript 7 and instead indicate the policy through a subscript of P.
For example,

Pr (A Hy) = P(AF|HT) = w(AF|HT).

We denote independence of random variables X and Y by X | Y and conditional independence, conditioned on another
random variable Z, by X 1 Y|Z.

When expressing expectations, we use the same subscripting notation as with probabilities. For example, the expectation

of areward Ry 1, ax is written as E[R; 1 ar] = Ex[Riy1,a,].

Much of the paper studies properties of interactions under a specific policy Tagens. When it is clear from context, we
suppress superscripts and subscripts that indicate this. For example, H; = H,;**™, A; = A7*™, Ry.1 = R
Further,

t41,ATPECnt -

P(Ay|Hy) = Prppon (At|Hy) = Tagens(Ae|Hy)  and  E[Riy1,4,] = En, 0 [Riv1.4,]-

B INFORMATION-THEORETIC CONCEPTS, NOTATIONS, AND RELATIONS

We review some standard information-theoretic concepts and associated notations in this section.

A central concept is the entropy H(X), which quantifies the information content or, equivalently, the uncertainty of a
random variable X. For a random variable X that takes values in a countable set X', we will define the entropy to be
H(X) = —E[InP(X)], with a convention that 0In 0 = 0. Note that we are defining entropy here using the natural rather
than binary logarithm. As such, our notion of entropy can be interpreted as the expected number of nats — as opposed to
bits — required to identify X. The realized conditional entropy H(X|Y = y) quantifies the uncertainty remaining after
observing Y = y. If Y takes on values in a countable set ) then H(X|Y = y) = —E[lnP(X|Y)|Y = y]. This can
be viewed as a function f(y) of y, and we write the random variable f(Y') as H(X|Y = Y). The conditional entropy
H(X|Y) is its expectation H(X |Y) = E[H(X|Y =Y)].

The mutual information I(X;Y) = H(X) — H(X|Y") quantifies information common to random variables X and Y, or
equivalently, the information about Y required to identify X. If Z is a random variable taking on values in a countable
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set Z then the realized conditional mutual information I(X;Y|Z = z) quantifies remaining common information after
observing Z = z, defined by I(X;Y|Z = z) = H(X|Z = 2z) — H(X|Y, Z = z). The conditional mutual information
I(X;Y|Z) is its expectation [(X; Y|Z) = E[I(X;Y|Z = Z)].

For random variables X and Y taking on values in (possibly uncountable) sets X" and )/, mutual information is defined by
I(X;Y) = sup FE Fumer g€ Cinie I(f(X);g(Y)), where Fenie and Gepiee are the sets of functions mapping X and Y to finite
ranges. Specializing to the case where X and ) are countable recovers the previous definition. The generalized notion of
entropy is then given by H(X) = I(X; X). Conditional counterparts to mutual information and entropy can be defined in
a manner similar to the countable case.

One representation of mutual information, which we will use, is in terms of the differential entropy. The differential entropy
h(X) of a random variable X with probability density f is defined by

h(X) = —/f(x) In f(x)dz.
The conditional differential entropy h(X|Y") of X conditioned on Y is evaluated similarly but with a conditional density
function. Finally, mutual information can be written as I(X;Y) = h(X) — h(X|Y).

We will also make use of KL-divergence as measures of difference between distributions. We denote KL-divergence by

ap
ap )

dkL(P||P') = / P(dz)In
Gibbs’ inequality asserts that dky, (P||P’) > 0, with equality if and only if P and P’ agree almost everywhere with respect
to P.
The following result is established by Theorem 5.2.1 of (Gray}, 2011)).

Lemma 3 (Variational form of the KL-divergence). For any probability distribution P and real-valued random variable
X, both defined with respect to a measureable space (Y, F'), let Ep[X] = [, .y ®P(dx). For probability distributions P
and P’ on a measureable space (', ") such that P is absolutely continuous with respect to P’,

dkL(P||P') = sip(Ep [X] — InEp [exp(X))]), A3)

where the supremum is taken over real-valued random variables on (', F') for which Eg[exp(X)] < oo.

Mutual information and KL-divergence are intimately related. For any probability measure P(-) = P((X,Y) € -) over
a product space X x ) and probability measure P’ generated via a product of marginals P’'(dx x dy) = P(dx)P(dy),
mutual information can be written in terms of KL-divergence:

[(X;Y) = dgu(P||P). 4)

Further, the following lemma presents an alternative representation of mutual information.

Lemma 4 (KL-divergence representation of mutual information). For any random variables X andY,

I(X;Y) = Eldkr(P(Y € [X)[[P(Y € -))]. ©)

In other words, the mutual information between X and Y is the KL-divergence between the distribution of ¥ with and
without conditioning on X.

Mutual information satisfies the chain rule and the data-processing inequality.
Lemma 5 (Chain rule for mutual information).

I(X1, X, .., X3 Y) = ZH(Xi§ Y|Xy, Xo, o Xio1).

i=1
Lemma 6 (Data processing inequality for mutual information). If X and Z are independent conditioning on'Y, then

I(X:Y) > 1(X; 2).
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The following lemma presents one useful property of mutual information.
Lemma 7. Let A, B, and C' be three random variables. If A L C|B then

I(A; B|C) <I(A;B).

Proof. We prove for the case where B has finite entropy. For the case where B has infinite entropy, we use differential
entropy instead of entropy in the analysis.

I(A; B|C) = H(A|C) — H(A|B, C)

|
= H(A|C) — H(A|B)
< H(A) — H(A|B)
= I(A; B).

C ALTERNATIVE REPRESENTATIONS OF PREDICTIVE SAMPLING AND
THOMPSON SAMPLING: PROOFS OF LEMMAS [1l and 2]

C.1 Proof of Lemmall]

Proof. With predictive sampling, first observe that for all t € Z, IF’(R&)Q:OO € -|H;) = P(Riy2:.00 € -|Ht). Therefore,
forallt € Z,, P(6; € |Hy;) = P(E[Ryt1|Hy, Rivoioo = Ry ] € |Hy) = P(E[Rit1|Hy, Rivo.00] € | Hy). O

C.2 Proof of Lemmal2]

Proof. With Thompson sampling, we can first observe that for all ¢ € Z ., P(PT™ e -|H[™) = P(P[™s e -|HF™).
Therefore, for all t € Z,, P07 € -|HF™) = P(E[Ry41|P[™ « PT™S] € |H™) = P(E[Ry41|P[™S] € -|H™S).
O

D EQUIVALENCE OF PREDICTIVE SAMPLING TO THOMPSON SAMPLING IN
STATIONARY BANDIT ENVIRONMENTS: PROOF OF THEOREM 1]

Proof. Observe that it is sufficient to show that for all t € Z_,
P (ét c ~|Ht) —P (éfTS e |HrTS Ht) . )

We first show that if H; and H; ™ have the same support, then the change of measure is well-defined and (6) holds. Note
that, forany t € Z, im0 77— t T Zk i1 Brt1 = E[R;+1]|P] by the strong law of large numbers. Therefore, for all
teZy,

E[Ry11|Ht, Riy2:00) = E[Rit1|He, Rito:00, E[Re41|P]] = E[Re41|E[Ry11|P]] = E[Ryy1|P). 7

These conditional expectations determine how actions are sampled by predictive sampling and Thompson sampling, and
the equivalence implies that the two implement the same policy; that is, for all t € Z,,

P(0, € -|Hy) L P(E[Rys1 | Hy, Risaio] € -|HY)

® )

P(E[Ry41|P] € -|Hy) = P(E[Ry11|P] € |[H[™ « Hy) = P(O]™ € -|H[™ « H,),

where () follows from Lemmal(l}, (b) follows from (7)), and (c) follows from Lemma[2|and from the fact that the Thompson
sampling agent we consider implementing Algorithm 2 using P;™ = P forallt € Z..

Note that Hy = H{;™®, so it is clear that by induction, for all ¢ € Z,, H; and H]™ have the same support and (6)
holds. 0
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E MAXIMUM ADVANTAGE OF PREDICTIVE SAMPLING OVER THOMPSON
SAMPLING: PROOFS OF PROPOSITIONS [1]and

Proof. Tt suffices to show that for all € € (0, 1), there exists a nonstationary bandit environment with rewards bounded in
[0, 1] such that for all T € Z, the following holds:

T—1
E E Ritv1,a,
pary

—E

T—1
> RM}A;TS] > (1—e)T. (8)
t=0

Let € € (0, 1). Consider a modulated Bernoulli bandit (see Example 4 in Section 5.3 ) with K arms, where

K = "logl_f3 (136>-‘ + 1.
3

which does not change with time. Each of arm 2 through K’s mean

Arm 1 has a deterministic mean of z = 1 — §,
1_5% and takes value 0 with probability 1 — p. The probability of transition is

q=(0,b,...,b), where b = 1 — &. Note that this bandit environment is nonstationary by Lemma

reward takes value 1 with probability p =

A predictive sampling agent estimates 6, at each timestep ¢ € Z,.. Note that for all « € {2, ..., K'},

€ €
E[Rit1,aHe, Ris2io0] =P (00 = 1|Hy, Riyaioe) <1-0*(1—p) =1— (1 — §) (1 — 6) ,

which implies that for all a € {2, ..., K},

ét,agl—(l—g) (1—%)<1—§:x:0},1.

So a predictive sampling agent selects action 1 with probability one and collects cumulative reward

T—1
E Y Ry, | =aT. 9)

t=0
A Thompson sampling agent estimates 07" at each timestep ¢ € Z,. Note that HAHS =x=1-5¢€(0,1). Soa

Thompson sampling agent selects action 1 at each timestep ¢t € Z, with probability

K
ATTS ATTS | [TTS | — ATTS _ TS\ « _ K- o K-1
P (ae{mz?fl(} Ora® <07 1°|H, ) al—[:QIP (et,a 0| H; ) <((l-p)+1-0) (1 —bp)

Note thatwx =1 — £ > £ =1 — b+ bp. So a Thompson sampling agent collects cumulative rewards

E

T—-1
> RHI’A;TS] <(1-tp) e+ [1- 1 —bp) ] (1—b+bp). (10)

t=0

So by (9) and (10), for all T € Z,,

T-1 T-1
B|S R, | -E ZR] > fa— (1= )< e~ 1= (L= b1 (L= b+ b)) T
t=0 t=0
>{z—(1-bp) e —(1-b+bp)}T
>(1—¢)T.

O

Lemma 8. A modulated Bernoulli bandit is stationary if and only if foralla € A, g, =0, g, = 1, or P(6p, € ) isa
point mass.
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Proof. When the environment is stationary, by definition, there exists a distribution P that generates the environment. If
we use [}, to denote the empirical distribution of R_,,.1, then by Glivenko—Cantelli theorem, lim,, ; 4o | F}y — P||oc =" 0.
Therefore,

P(Ry € |R—oc:1) =P(Ry € -|P) =P(R3 € -|P) =P(R3 € |R—c0:1)-
This implies that a necessary condition for an environment to be stationary is
E[R2|R—oo:1] = E[R3|R—co:1]-
If we restrict our attentions to modulated Bernoulli bandit, a necessary condition for a such environment to be stationary is

]E[917Q|R_Oo;1] = E[027Q|R_oo;1], Va € A. (11)

We first describe an alternative formulation of the modulated Bernoulli bandit environment. Forall a € A, 6y, = Xo,4
and, foralla € Aandt € Z,

0 _ XtJrl,a if Bt+1,a =1
t+la Gt,a lf Bt+1}a - O

where (B, : t € Z44) is aniid. Bernoulli(g,) process and (X, , : t € Z4) is an i.i.d. process with discrete range.
With this formulation, observe that for all t € Z, and a € A,

01,0 = (1 — Bit1,0)0t,0 + Bir1,a Xt 11,0 (12)

Now we proceed to show that a modulated Bernoulli bandit is stationary if and only if for alla € A, ¢, = 0, ¢, = 1, or
P(6y,q € -) is a point mass. We prove the two directions separately.

1. Suppose that the environment is stationary. By (12)), for all a € A,

II':':[92,a|]%—oo:1] - E[(l - B2,a)01,a + B2,aX2,a|R—oo,1}
= (1 - Qa)E[el,a|R—oo:1] + QaE[Xl,a]
= (1 - Qa)]E[el,a|Rfoo:1] + an[el,a]-

Therefore, the necessary condition (TT)) simplifies to

E[6; .

Rove:1] = (1 - 0)E[01.0| Booor] + quE[01.0], Va € A.

This implies that for all @ € A, either ¢, = 0, or E[f; 4| R_o,1] = E[f:1 4]. The latter implies that g, = 1 or that
P(6y,q € -) is a point mass. Hence, we have proved that if the environment is stationary, then for all a € A, ¢, = 0,
go = 1, 0r P(6y , € -) is a point mass.

2. Suppose that g, = 0, g, = 1, or P(6y, € -) is a point mass for all a € A. Below we construct a probability
distribution P that generates the bandit environment: for each a € A,

(a) if g, = 0, then we let P, ~ Bernoulli(fy ,);
(b) otherwise, we let P, ~ Bernoulli(E[f ,]).

It is clear that P generates the environment, so by definition, the environment is stationary. Hence, we have shown
thatif g, = 0, ¢, = 1, or P(6y , € -) is a point mass for all a € A, the bandit environment is stationary.

F AR(1) BANDITS: PROOF OF PROPOSITION 3]

Proof. The analysis is done for predictive sampling and an arbitrary arm a € A. We drop the the subscript a from most of
the random variables.
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Forallt € Z,,andn € Z4,n > 2, let

—H
0, (n) =E[Rit1|He, Reyoitinti]-

We define

Rt+2 = Rt+2, and Rt—i—i = Rt+i — 'YRt+i—1 — (1 — ’y)C for all i € {3, e+ 1}.

. —H
Then we can rewrite 6, (n) as follows:

—_H ~
at (TL) =E [Rt+1|Ht; Rt+2:t+n+1] =E [Rt+1|Ht, Rt+2:t+n+1] .

Conditioned on Hy, for all n > 2, R4 1,441 1S Gaussian, so the vector constructed by stacking R;;; and Rt+2;t+n+1 is
also Gaussian. We use i, and J,, to denote its mean and variance. In particular, we view p,, as a block matrix with blocks
tn1 € Rand p,2 € R™ and 3, a block matrix with blocks ¥,,11 € R, ¥,,12 € R1X?, ¥, 91 € R™ ! and 3,9 € R™X™,
Observe that for all n > 2, conditioned on H;,

_H ~ _ ~
0, (n) =E |Ryt1|H, Rt+2:t+n+1} = fin1 + Zn12000 (Rt+2:t+n+1 - HnQ) .

Then, conditioned on Hy, 5f (n) is Gaussian with mean
E [@tH (n)‘Ht] = i1 = it
and variance
V(8 ()| i) = Sua Sk Tno Sy Bnon = SutaTda Tt
Observe that forallt € Zy andk € Z,, k > 2:
Riiiy1 = Rivhsr — YResw — (1 —7)e = Wigr + Zir1r — YZe4k-
Then we have for all t € Z_:
(i) V(Rig1, Rigo|Hy) = V(Rys1, Rego|Hy) = V(0y + Zys1,70; + We1 + Ziio| Hy) = 4V (0, Hy) = v07;
(i) V(Ros1, Ressort|Hy) = V(0; + Zowr, Wesss + Zosnsr — vZosn|Hy) = 0forall k > 2, k € Z.,;
(i) V(RiyolHy) = V(Repo|Hy) = V(36 + Wiy + Zygol Hy) = 720F + 62 + 0%
@iv) V( cikrt | He) = VWiyg + Ziipir — v Zeii|Hy) = 0% + 02 + 202, forallk > 2,k € Z,;
(
V(

v) V(R +z+1,Rt+k+1\Ht) = VWiyi + Ziviv1 — YZtvis Wesk + Ziikrr — YZigk|Hy) for all k > i > 1. Hence,
Rt+z+17 Rt+k+1‘Ht) = ’}/0'2 fork =1+ 1,1 >1, and V(Rt+z+17 Rt+k+1|Ht) =0 for k >1+2,1> 1.

Based on these derivations,

Yhi2=70;[1 0 0 .. 0],
and
Y202 + 62 + o ~o? 0 0
yo? 52+ (1+92)0? yo? 0
%00 = 0 yo? 2+ (1++%0? .. 0
0 0 0 e 02+ (144202

We use Gaussian elimination to compute the inverse of Y,32. In particular, for £ = 1,2,...,n — 1, we perform row
operations on the (k 4 1)-th to last row: Subtract ) times k-th to the last row from the (k + 1)-th to last row. The sequence
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{rx} are such that the matrix becomes lower-triangular after the n — 1 row operations. If we use dj, to denote the diagonal
entry of the matrix on the k-th to last row after these row operations. Then the sequence {dj} satisfies the following
recurrence:

dy = 6%+ (1 +~2)o?,

2 4
Ay =02+ (1402 - 17 k=2 ..n—1,
dip—1
720.4
dn:72(03—02)+52+(1+v2)02—d
n—1

Note that the recurrence induces the following fixed-point equation:

dy = 0%+ (1 +~H0? —

Solving for d,, we have

d, = (7202 + 02+ 62 +/(1202 4+ 02 +62)2 — 47204)

N~ N~

(’)/202 +o2+ 6%+ \/(52 + 02 —~202)2 + 4’)/25202) .
Then for all ¢ € Z, the variance

V (ralHe) =V (0,1 H,) = tim v (07, (n)|H,)
Va0t Va0t

2( 52 2y T A2,2 )
d* +7a(at,a -0 ) ’Yao’t,a +$C:;

. 1
= lim ¥p,10X, 552001 =
n— oo

where

1
vy = 5 (92402 = 20% + V(B 08— 2202) + 120%3)

G CHARACTERIZING A; IN STATIONRY ENVIRONMENTS: PROOF OF
PROPOSITION 4]

Proof. By definition of stationary environments, there exists a distribution P such that the environment is generated by
P. Observe that for all t € Z, and n € Z_, if we use F},, to denote the empirical distribution of R;y1_p:¢+1, then by
Glivenko—Cantelli theorem, lim,, ;4 oo || F}.n, — Pllooc = 0. Therefore, forallt € Z .,

& =P(Rit2:00 € [Rovoitt1) = P(Rit2:00 € [P, Rocoity1) = P(Riy2.00 € <[ P),
which corresponds to an infinite product of P. This implies that
Ay = H(Rt+2:oc§gt‘Ht) - ]I(Rt+1:oo; gtfl‘Ht) =0

forallt € Z .. 0
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H GENERAL REGRET BOUND: PROOF OF THEOREM

Proof. For all policy 7 and T € Z,

T-1
Regret(T5m) = » E [Ryq1,« — Rij1,a7]

Rl
Ll

<

(]

E[Rit1,0 — Revra7]

~
Il
o

—
2
&
"ﬁ
= O

(]

VTTI(Rey2i00; AT, Rey1,az |HT)

~+

S

-1

—~
=
~

(]

I (Rit2i00; AT, Regr,ap [HT ) VT T, (13)

t=

[}

where [X] denotes the positive part of a random variable X, (a) follows from the definition of the information ratio, and
(b) follows from the Cauchy-Bunyakovsky-Schwarz inequality. Recall that & = P(R;12.00 € |R—oo:t+1)> S0 Riq2:00 L
R_.t+1|&:, which implies that Ry 2. L H\ ||E;. Hence, for all policy 7 and ¢t € Z,

I(Rit2:00; AL s Re1,a7 |HY ) = W Rit0:00; &t HY) — I Ris2:005 Et| Hi 1)
Therefore, forall T' € Z .,

T-1 -1

> I(Riyoio0; AT, Repaap [HT) = Y (W(Risio0: ENHT) = I(Riyaio & HT L))
t=0

~

“
Il
=}

T-1
<T(Raoo; €0) + Y M(Rig2ine; E HT) = TRt 1:00; &1 |HT))]

=1

~+

= Ay = A (14)

Incorporating (I3)) and (T4), we have for all T' € Z,

T-1
Regret(T;m) < | > T(Riy2:00; AT, Res1.az |HF) VI T < VI'TA.
t=0

I PREDICTIVE SAMPLING REGRET BOUND: PROOF OF THEOREM 3

We first establish the following lemma that upper-bounds the information ratio of predictive sampling. Then the proof of
Theorem 3] follows directly from the lemma and the general regret bound estalished by Theorem [2]

Lemma 9. Ifforallt € Zy and a € A, P(Ri41,, € -|Hy) is almost surely osg-sub-Gaussian, then for all t € Z.., the
information ratio associated with a predictive sampling agent is

Ft S 2‘A|O’§G
Proof. Forallt € Z, let
—H
0, =E [Ryt1|He, Rijoico]
and Af* € arg maXqec A éfa and Rﬁ_l,* =Ry an - Thenforallt € Z, we have

P(A/, € |Hy) = P(A; € |Hy)
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and Aﬁl* 1 At|Ht.

We begin by establishing a relation using KL-divergence. For all a,a’ € A, and A € R, it follows from the variational
form of KL-divergence (Lemma [3|of Appendix B) with X = A(Ry41,4 — E[Ri41,4|H,]) that forall ¢t € Z and h € Hy,

dct, (P(Res1,0 € A, = o', Hy = )| P(Resr,a € [H, = 1)
>E[X|H: = h, A, = a/] —InElexp(X)|H; = h]

1
> AE [Ris1,0 — E[Ryy1,0|Hy = B]|Hy = b, A, = d'] — §A2a§(}.
By maximizing over A, we obtain

(E [Ret1al A, = o', H, = h] — E [Ryy1,0| Hy = B])”
< 202,dxy, (IP’ (Risra € A2, = o/, H, = h) H P(Risra € | Hy = h)) : (15)

We next establish a relation between this KL-divergence and mutual information. In particular,

I (A{:I*, At, Rt+1,At|Ht = h)
=1 (A Al Hy = h) + T (AL Rij1,a,|A, Hy = h)

t,%)

(i) I (AtI:I*, Rt—‘—l,At |At, Ht = h)

= Z ]P)(At = G‘Ht = h)]l (Ag*;Rt—i-l,At‘At = a,Ht = h)
acA

= Z P(At = G,‘Ht = h)ﬂ (Ag*, Rt+1,a|At =a, Ht = h)
acA

Y ST P4 = alH, = WA Riyrol Hy = b)
acA

< ST P4 = alH, = h)
acA

> P(Af, =a/|H; = h) dkp, (P (Ris1a € -|Af, = ', Hy = 1) | P(Ryg1.a € -|Hy = 1))

a’€A
@ Z Z P (Af, = a|H, = h) P (Af, = d|H, = h)
acAa’€A
dkr (P (Ris1,a € |A, = a/,Hy = h) || P(Ris1,0 € -|Hy = b)) 16)

where (a) follows from the fact that A, L Af, |H,, (b) follows from A; L (Af,, Riy1.4)|Hy, (c) follows from the KL-
divergence representation of mutual information (Lemma [4] of Appendix [B), and () follows from P(A4; € |H, = h) =
P(AF, € -|H, = h)forallt € Z and h € H,.
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Next, we bound the difference between R, | 4n and Ryi1,4,. Forallt € Z, and h € H;, we have
2
E[Ru1an, = Revia | Hi = ]
< | r (at =t 1) (=
acA
(b) H 2
< A P (AL, =alH = )" (E[Rij1.

acA

<Y P(AF, = alH, = h) P (AF, = d/|H, = h) (E [Rey1.a| AL = o', Hy = h] —E [Ryy1,0|H, = 1))
acAa’€A

2
AL — o H, = h} — E[Rys1.0|He = h])]

2
A{:I* = a,Ht = h] —E [Rt+1,a|Ht = h])

¢ 20Alo3s > > P(A, =a|H, = h) P (Af, = d/|H, = h)
acAa’ €A
dir (P (Rit1,4 € JAY, = d/,Hy = ) |P(Ryy1,0 € -|He = 1))

d
D 2| Ao (APL; Ar, Ry a, |Hy = ), (17)

where (a) follows from A; L Ryy14|Hy and P(Ay € |H; = h) = P(Afl, € -|H; = h), (b) follows from the Cauchy-
Bunyakovsky-Schwartz inequality, (c) follows from Equation (15), and (d) follows from Equation (T6). Hence,

2 2
E [Rt-i-l,Af{* - Rt+1,At] =E {E [Rt-i-l,Af* - Rt+1,At|Ht:|:|
(a) 2
< E|E [Rt+1,A{{* - Rt+1,At|Ht:|
®) 2 H
S E [2|A|0’SG]I (At,*; At7 Rt+1,At|Ht = Ht)]
= 2| Alodcl (A7L; A, Resr,a, [ He) (18)

where (a) follows from Jensen’s Inequality and (b) follows from (7).
In addition, forall t € Z,

E[Ris1.] - E |maxE [Rm,ammm]}
ac A

=K mza(IE []E [Rt+1,a|Ht7 Rt+2:oo} |Rt+2:oo]:|

| a€
Rt+2:oo:|:|

_E _RHLA{;*] . (19)

<E|E [I&a}E[RtH,AHt,RHQ:oo]

—E E[Rys10lHy, Resoos
max [Rit1,alHe, Rivo }]

By the data-processing inequality of mutual information (Lemma|§| of Appendix , we have forallt € Z,,
(Rt 2003 Avs Rer,a,[He) > T(AL; Ay, Revaa, | He) - (20)

Then it follows from (T8)), (T9) and (20) that for all ¢ € Z.,

2 2

= < < = < 2| Alodg
T(Rit2:005 Aty Rer,4,|He) = T(Req2:00; Aty Rig1,a, | He) I(Af; Ay, Reya,a,|Hy)
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J REGRET LOWER BOUND: PROOF OF THEOREM {4

Proof. We introduce a modulated Bernoulli bandit (see Example [4]in Section 4. 1)) with a set of two actions A = {1, 2},
and for each a € A,

)

0 — 0 with probability 1/2
%¢ 7 )1 with probability 1/2.

We let ¢ = [1/2, 1]. Then for all t € Z_, the baseline at time ¢ is
E[Ri41] =E :Igleaj(]E[RtH,ﬂRH?m]}

=E :rgéaj(IE[RtH,am—oo:t]}

St ) :r&aj(E[Qt,ath]}

S ) :r;leaj(E[gt’awtl’l]]

=E|E El0;.q|0:—
B o 0,61

| 2

= E Z E {%&}E[emaw,ﬁ_l’l]
la' €A

Hzr_l] P(A7_, =d [Hf )|, 1)

where (a) follows from that (0, : t € Z) follows a Markov process, and that R, 1 = 6, (b) follows from g2 = 1, and (c¢)
from that AT ; is independent of 6;_; conditioned on H; ;.

For all policy 7 and all ¢t € Z_, the reward collected at time ¢ is upper-bounded by
E [Reviap] =E[E [Rivr a7 |H]]]

=E | Y E[Rij1H|P(A] = aIHZr)]
Lac A

<E _I,?ea_,i(E [Rt+1,a|Ht7T]:|

—E|E B[R,y o HT
B ma Bl 7

i)

=K _IE {?E%E[RHLJH?U Al 1, Rear ||

i)

(a) ™ ™ ™ "l

=E Z E r(fleajfE[Rt+1,a|Ht717Rt,a/} Ht1:| P(AT_, = a [H{ )
la'€eA

(b) ™ ™ T "\

=E Z a TE%E[QAJHFU@—LM] Ht1:| P(Af_y =a |[H{,)|, (22)
la'€eA

where (a) follows from that AT ; is independent of R; conditioned on H]" ,, and (b) from R;; = 6;. Observe that for

all t € Z,, the term E {maxaeA E[0 o H 1,0, 1 o] Hfl} in 22) for each of ' € A = {1,2} can be derived or

upper-bounded as follows:

E |:gleaj(E[9t,aHZTl7 97571,1]

ng1:| =E [I&aﬁ(E[et’a|9t1’1]

H?1:| ’ (23)
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and

(@)

E E[0; o|HT {,0;_ H | = E E[0; .| H]
Iglea} 00| H 1,0,—1,2]|H] 1] {Teaj( [0t,a| H{_ 1]

lizr—lil
= maxE[0, ,|H]
max E[0; o |H{_ ]

b
® haxE [E [01,a]0:—2] |H] 1]

acA
(<) E E|[6; ,|0 H
Igleaj( [0t,a]0:—2] 1
d
Dg {glea}E[gt,aWt—ll] HZT_1] ) (24)

where (a) follows from g2 = 1, (b) follows from that ; is independent of H] ; conditioned on 6;_o (recall that H] | =
(A5, Raag, Al o, Ri—1,a7 ) = (A7, 00,47, AT_2,0t—2 a7 ,)), (c) from Jensen’s inequality, and (d) again from
g2 = 1. Subtracting (22) from (Z1)), we establish a lower bound on the instantaneous regret:

E[Rtt1,4 — Rig1,a7] > E %E [gleaj(E[et,ath,l] - Ianeaj(E[et,a|Hgil79t—l,a'}
Lla €

H} P(AT , = a'|HT )

=E _E [maj(E[Ht a|9t 1 1} I&&}E[Gt,awt,g,l]

ac

Htﬂ1} P(Agfl = 2|Hfl)}
O 1) e .
=E _TGP(At—l =2|H[" )

= 16P(A?—1 = 2)7 (25)

where (a) follows from (23) and (24)), and (b) from computing the conditional expectation, which turns out to be indepen-
dent of H] ;.

Below we derive another lower bound on the instantaneous regret. First, observe that for all policy 7 and all ¢ € Z, the
reward collected at time ¢ is upper-bounded by:

E [RYH»I,AZ;] = ]E I:Rt+17Azr|Aﬂ— == 1] P (A;r = ].) + E I:Rt+1$Aj;|A;r = 2] ]P)(A;r - 2)
E[Ri411|A7 =1]P(AT =1)+ P (A] =2)
SE[Rip11] +P(AT =2),

where both inequalities follow from that rewards are bounded in [0, 1]. Therefore, for all policy 7 and all ¢t € Z, the
instantaneous regret can be lower-bounded as follows:

E [Ris1,« — Rig1,ar] 2 E[Riq14] — E[Rip11] — P(AT =2)
5 1 ™ _ 1 _ L—
_g_i_]p(At _2)_8 P(AT = 2). (26)

Incorporating the two lower bounds on instantaneous regret established in (23) and (26)), respectively, we derive a lower
bound on the cumulative regret: for all policy m,and T' € Z, 1, T > 2,

—2 2
1 1
Regret(T;7) > m {Z 6 P(AT = 2), [8 P(A] = 2)} }
=0 t=
1
16

T72 1T 1
>— 71': —_ _— Tr:
> 7; P(AT = 2) 17;{8 P(A] 2)]
1
)
1
—T. 27)
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For all policy m,and T' = 1,
Regret(T;m) = E[Ry ] — E[Ry ar]

> _—T. (28)

Combining and (28)), we complete the proof. O

K PREDICTIVE SAMPLING REGRET BOUND IN A MODULATED BERNOULLI
BANDIT: PROOF OF COROLLARY1l

We first introduce Lemma [I0] which establishes an upper bound on A, and an upper bound on A, that holds uniformly
over all t € Z for a modulated Bernoulli bandit. Corollary [I|follows directly from Lemma[I0]and Theorem 3}

Lemma 10. In a modulated Bernoulli bandit environment,

AO S Z(l - Qa)H(QO,a)a
acA

min {Z(l - qa)H(ao,a)v Z [an(QO,a) + H(qa)]} forallt € Zy

acA acA

Ay

IN

where H(q,,) denotes the entropy of a Bernoulli(q,) random variable.

Proof. We first describe an alternative formulation of the modulated Bernoulli bandit environment. For all a € A, 6y, =
Xo,q and, foralla € Aandt € Z,,

0 _ XtJrl,a if Bt+1,a =1
t+la 9t,a lf Bt+1,a = 0

where (B, : t € Z4y)is aniid. Bernoulli(g,) process and (X, : t € Z,) is an i.i.d. process with discrete range.
With this formulation, observe that for all ¢t € Z, and a € A,

0410 = (1 — Bit1,0)01,0 + Bit1,aXt+1.0- (29)

We derive the mutual information between 61 and 6:

1(61560) = Y 1(61.4;00.0)

acA
= Z (H(el,a) - H(91,a|90,a))
acA
é Z (H(Go,a) - H(al,awo,aa Bl,a))
acA
@S (H(bo.0) ~ H((1 - B1a)0o.a + BraX1.al00.0: Bra))
ac€A
= Z (H(eo,a) - H(Bl,aXl,awo,aa Bl,a))
acA
= (H(fo.a) — H(B1,aX1.0/Bra))
acA
=Y (H(boa) — 2aH(X14))
acA
= Z (H(Go,a) - QaH(GO,a))
acA
= 3°(1 - 4.)H(bo.0), (30)

acA
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where (a) follows from (29).

Now we derive Ag:

Ao =1(Ra.0; E0) < I(R2:00; 00) < 1(61;60) © Z(l — q¢a)H(b0,q),

acA

where (a) follows from Ra.oc L &y|6p, where & = P(Ra.00 € :|R_0:1), and (b) follows from (30).

Forallt € Z,

Ay = ]I(Rt+2:oo; 5t|Ht) - ]I(Rt+1:oo; gt71|Ht)

(a)
< I(Ri42:005 )

where (a) follows from Lemma [7 of Appendix [B|and that Ry} .0 L Hy|E;, where & = P(Riy2:00 € |[R—ooit41)s (b)
from Ryi2.00 L E:|6:, () from that (0; : t € Z) is stationary, and (d) from (30).

In addition, forallt € Z 4,

= [(Ri12:00; Et|He)
VI Riy 200 00 Hy)
= [(Rty2:005 0t Hy)
LRy g:00: 0,/ H,)

s

—
=

where (a) follows from Rii2.00 L

—1I Rt+1;oo; &1 |Ht)

—1I

Rt+2:oo; 9t|Ht, 5t) - ]I(Rt+1:oo; 01 |Ht) + ]I(Rt+1:oo; Or—1 |Ht7 5&1)

(
(

— I(Ri42:00:0¢1E) — I(Riq1:00; Or—1|He) + I(Ret1:00; Or—1]E—1)
(

—1I Rt+1:oo; 0t—1|Ht),

(Ht7gt)|9t and Rt+1 100 (Ht75t71)|9t71» (b) from (Rt+210070t) 1 Htlgt and

(Rt41:00,0t—1) L Hi|E—1, and (c) from that (6; : t € Z) is stationary.

By @29), forallt € Z .,

[VANVASRR VAR VAN I/\

(Rt+2 1005 9t|Ht) - ]I(Rt+1 io0s O— 1|Ht)
]I( t+1:0070tflvBt7BtXt|Ht) - H(Rt+1:oo§9t71|Ht)
]I( t+1:oo§BtaBtXt|Ht70t—1)
H(B;, By X¢|Hy,0:—1)
H(Bm BtXt)
(H(Bi+1,0) + H(B1,aXt+1,0|Bi+1,0))

acA

Z (H(B1,q) + H(Bi41,aX¢+41,0|Bit1,a)
acA

> (H(B1a) + qaH(Xi11.0))

acA

Z (H(Qa) + QaH(HO,a)) .

acA
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L NONNEGATIVITY OF REGRET

It is natural to require that the regret is nonnegative. The following theorem establishes that the regret is nonnegative under
mild conditions.

Theorem 5. Let (Ryyq : t € Z) be an environment generated by P_oo.o. If for all t,t' € Z, and n € Zy, P(Prtyn €
) =P(Pyyryn € ), and P(Ppiyn € -) = P(Pyy—y, € -), then for all policies w, and T € 7.+,

Regret(T; ) > 0.

Proof. We have for all policies 7, and T' € Z,

!

—1

!

-1

E [Rig1,47] = E [E [Riy1,a7 |Ri:t, ATy 1]]

o~
I
o
o
Il
o

E Z E I:Rt"rl,a‘Rl:hAg:t—l] ]P)(AZ:T = a‘thhAg:t—l)
Lac A

5
L

S

)
|
- o

-

maxE |R
acA [ e

Rl:t7 Ag:tl]:|

t=0

o T—1

2 E maxE[Rt+1,a|R1:t]]a @D
P _aEA

(A, Riaz, ..., ATy, Ri a7 ), and () follows from recursively applying the same reasoning. By the conditions stated in
the theorem, we have

where (a) follows from the fact that AT is independent of any other random variables conditioning on H =

P(Ri.r € -) =P(Rriar—1 € ) =P(Rra € 1),
which implies that P(R;1.;41 € -) = P(Rp.r—¢ € -) forall t,T € Z,,t < T. Therefore,
P(E[Riy1|Ri) € ) = P(E[Ry—¢|Rr.r—t41] € °)

forallt,T € Z,,t < T. Hence,

T—1 T-1 T_1
E E . = E E _ T = E E . . 2
; {I&aj{ [Rt+1,a|R1.t]:| ; [gleaj( [Rr—t,o|Rr:1 t+1]:| ; {I&aj{ [Rt+1,a|Rt+2.T]] (32)

By Jensen’s Inequality, we have forall T € Z,,andt € Z,,t < T,

B B [Reps ol Revarl| = [ B[R o Rl [ Res]

<E|E {maxE [Rt+1,a|Rt+2:oo] ‘RH»Q:T:H
L acA

=E E a 100
gleaj( [Rt+1, |Rt+2. ]}

= ]E [Rt+1’*] . (33)
Combining (31), (32), and (33)), we conclude that for all policies 7, and T' € Z,

T—1 T-1
Regret(T; ) = Z E[Rit11,+] — E [Ret1,47] > 0.
t= t=0
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Remark. The conditions stated in the theorem find close analogues in the theory of Markov chains. Indeed, the conditions
on the sequence P_ .. are referred to as “stationarity” and “time-reversibility” in the Markov chain theory.

That said, the conditions hold in all stationary bandit environments and a wide range of nonstationary bandit environments:
in particular, with a Markov bandit (Anantharam et al., (1987} Ortner et al. |2014), P, transitions following a Markov
process—and thus, the assumptions hold if the Markov process is both stationary and time-reversible. The modulated
Bernoulli bandit environments (Example E] in Section @]; (Mellor and Shapirol 2013)) and AR(1) bandit environments
(Examplein Section are two such examples, because P, is determined by 6,, and (0, , : t € Z) is a time-reversible
and time-homogenous Markov chain in steady-state. The AR(1) logistic bandit environments serves as an additional
example, with which P; is determined by ¢, and (O‘t,a : t € Z) is a time-reversible and time-homogenous Markov chain
in steady-state.

It is worth noting that the first condition requires that the distribution of a sequence of P,’s is invariant when the sequence
is shifted in time. Note that although the distribution of F; is the same for all t € Z, P, can be different across time and
the environment can thus be nonstationary.

M MORE ON THE VARIATIONS OF PS AND TS IN AR(1) LOGISTIC BANDITS

M.1 Standard Laplace Approximation and Incremental Laplace Approximation in Stationary Logistic Bandits

This section presents numerical experiments we conduct to show that incremental Laplace approximation is comparable
with standard Laplace approximation in stationary logistic bandits. To compare the incremental Laplace approximation
with the standard Laplace approximation, we conduct experiments on Thompson sampling agents interacting with a sta-
tionary logistic bandit introduced below:

Example 5 (stationary logistic bandit). In a stationary logistic bandit, each reward distribution P, = P(R;41 4 € | P)
is Bernoulli. Its mean E[Ry.1 4| P] is determined by a random variable o € RY, where d € Z., . is known, and ¢, € R,

exp(a’ ¢a)
1+exp(a’ ¢a)” The

variable o has a Gaussian distribution N (po, Xo), where pg € R and ¥ € Sjir. Here we use Si to denote the set of all
d X d positive semi-definite matrices.

a known feature vector associated with action a € A. In particular, the mean reward E[R; 1 | P] =

We compare the performance of the agents in using incremental Laplace approximation and the standard Laplace approxi-
mation, respectively, in approximating the posterior distribution of « at each timestep ¢. We run three sets of experiments,
in which each coordinate of « is standard Gaussian and independent of the rest of the coordinates, and the number of
actions are 2, 3, and 3, with ¢ € {¢*, ¢?, $>}, where

Lo 1 00 09 01 0
qsl:{o 1],¢2: 0 1 Of,and¢®>=1]0 09 01},
0 0 1 01 0 0.9

T

. » for all

respectively. Here, we use ¢ to denote the matrix where the a-th row corresponds to the row feature vector ¢

a€c A

Figure 3| plots the cumulative regret over 1000 timesteps, averaged over 200 simulations, incurred by Thompson sampling
agents using standard Laplace approximation and incremental Laplace approximation, respectively, in approximating the
posteriors. We observe that the performances of the two methods are comparable across all experiments.

M.2 Incremental Laplace Approximation in Nonstationary Logistic Bandits

Below we present how we can efficiently implement incremental Laplace approximation in approximating P(«; € -|HJ)
using N (p¢, 2¢) in nonstationary AR(1) logistic bandits. At each timestep, the mean j1; minimizes the following objective:

. 1 _
i = min {2(a — 1) 'S (o = pe—1) — Repr,a,6 4,0 + log (1 + exp (¢La))} 7 (34)
and the variance can be derived as follows:

exp( ), pe)

i
(1+exp (o), 1))

-1
Z;_ll + 2¢At¢£t‘| ) (35)
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Figure 3: Cumulative regret incurred by Thompson sampling agents using standard Laplace approximation and incremental
Laplace approximation.

then an additional step is carried out:
Mt < A/,Lt and Et — AEtAT + ‘/,

where A is a diagonal matrix whose a-th entry along its diagonal is 7,, and V' is a diagonal matrix whose a-th entry along
its diagonal is 62.

M.3 Detailed Derivation of Predictive Sampling

We provide detailed procedures to execute a variation of predictive sampling in AR(1) logistic bandits. Recall

that R;q ~ Bernoulli (%). We instead pretend that the rewards are Gaussian distributed according to:

Riin ~ N (3e+ 2¢ar, £1), where e is an all-one vector and ¢ is the matrix whose a-th row is ¢). We present the
following algorithm for nonstationary logistic bandits, that is designed based on incremental Laplace approximation and
Gaussian imagination.

Algorithm 5: predictive sampling (PS)

fort=0,1,...,T —1do

sample: RE?ZOO ~ P(Riy2:00 € -|Hy)

estimate: 0, = E[R; 1 |Hy, Riy2.00 RE?Q:OO]
select: A; € argmax, ¢ 40y,
observe: ;1 4,

Input. ¢, A, V, g, X0, n.
Step 1. At each timestep ¢, derive the mean y; that minimizes the following objective:
e Inoin {;(a — ,ut_l)TEt_,ll(a — fe—1) — Rt+1,At¢LOL + log (1 +exp (¢La))} ) (36)
and the variance:

eXP(QSLMt)
(1+exp (¢4,mm))

Y |2+

-1
SPa, qblt] : (37)
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Step 2. Update
pi < Apg and By < A AT + V.

Step 3. Sample d; from N (u;, ), where i, = pig, 5; = thz) Zgz)*lZgl), and

PAY,
1 |pA%Y
Y1 = 1 ¢ ‘S =5,
A" Y,
oS T 1 ¢S ATET 951 A2TeT S0 An-1T T
Ny Ny (¢ () gn—
) ¢A¥%%¢T ¢E¥§$T+<I ¢§%§AT¢T . ¢¥%%A 2T 4T
AT pA?SN 0T 9AS),0T oS\t + T .. R A TeT
A"il‘i(t) An*éi(t) Anfii‘i(t) $(t) . L,
) 9 @ t12® @ t43® . O .0 +

The matrices iﬁ”, ig?l, ey ig?n satisfy the following recursion:
igf) = Et,
s = AR AT 4V, i=0,1,2,n— 1.

Step 4. Estimate 0, = %e + iq/)dt.

Step 5. Select A; € argmax,ec4 ét,a.

N COMPARISON WITH STATE-OF-THE-ART ALGORITHMS

This section presents experiments we conduct to compare the performance of predictive sampling with state-of-the-art al-
gorithms designed for nonstationary bandit environments, including Rexp3 (Besbes et al.,2019), discounted UCB (Garivier
and Moulines|, |2008; [Kocsis and Szepesvaril 2006), and sliding-window UCB (Garivier and Moulines, 2008)).

We first introduce the environment in which we conduct the experiments. We design a set of bandit environments that
differ from AR(1) bandits only in that the rewards are truncated to [0, 1]. The set of environments are designed such that
how quickly the information acquired by selecting an action a € A loses relevance is determined by the variable ~,. In
addition, they are designed such that the rewards are bounded, the same as most of the experiment settings in frequentist
nonstationary bandit learning literature.

We next introduce a set of state-of-the-art algorithms with which we compare predictive sampling. Similar to Thompson
sampling and its variations, a large segment of state-of-the-art algorithms focus on heuristics on how the nonstationarity of
past rewards affects the inference on current reward distribution and ignores future nonstationarity. Popular examples of
such heuristics include using a fixed-length sliding-window, weighing data by recency, and periodic restarts. We choose
one algorithm focusing on each of the three heuristics. In addition, we use a naive Thompson sampling agent, who pretends
that the environment is stationary, as a baseline. Below we briefly describe each of the aforementioned algorithms:

* Rexp3 uses Exp3 as a subroutine and restarts it periodically;

* discounted UCB uses UCBI as a subroutine and discounts the effect of past rewards on estimating current reward
distribution by weighing past data according to recency;

* sliding-window UCB maintains a sliding-window of fixed size and uses UCB1 as a subroutine;

* naive TS pretends that the environment is stationary and proceeds with inference.

We run Rexp3, discounted UCB and sliding-window UCB and naive TS as they are, and run predictive sampling pretending
that the environment is the AR(1) bandit before truncation. The parameters of Rexp3 are chosen according to Theorem 2 of
(Besbes et al., [2019), where the “variation budget” is assumed to be known in advance for each simulation; the parameters
in discounted UCB and sliding-window UCB are chosen according to Remark 3 and Remark 9 of (Garivier and Moulines,
2008)), respectively, where “the number of breakpoints” is assumed to be known in advance.
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Average reward and action frequency We conduct two sets of experiments. The first environment is a two-armed
bandit with A = {1,2}, ¢ = [0.5,0.5], v = (0.85,0.85), §, = 0.15(1 — 42) for a € A, and o = [0.1,0.1]. The two
actions can be thought of as “changing equally quickly”. Figure fa]and [4b]plot the average frequency of selecting action
1, and the average reward collected: although all agents select each action half of the time in the long run, the predictive
sampling agent collects more rewards because it explores less accounting for future nonstationarity of the environment.

0.81
] 0.54
~ algorithm
c algorithm
S 0.6 =
B duce D 0.531
© NS g — ducs
g | — Ps 2 nTs
S o 0.521
3044 | Rexp3 & i P
o [ Rexp3
= swUCB % 0511
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0.2 0.50 4
0 500 1000 1500 2000
t 0 500 1000 1500 2000

t
(a) Frequencies of selecting action 2

(b) Average reward collected by each agent

Figure 4: Predictive sampling and state-of-the-art algorithms in a two-armed bandit with ¢ = [0.5,0.5], v = (0.85,0.85),
8o = 0.15(1 — ~2) fora € {1,2}, and 0 = [0.1,0.1]

The second environment is a two-armed bandit with A = {1,2}, ¢ = [0.65,0.55], v = (0.1,0.99), 6, = 0.15(1 — 42)
fora € A, and ¢ = [0.1,0.1]. The mean reward associated with action 2 can be thought of as “changing more slowly”
compared to that associated with action 1. Figure [5a] plots the average action selection frequency. We observe that the
average frequency of selecting action 2 by naive Thompson sampling converges to zero because action 1 is associated
with a smaller ¢,. The average frequency of selecting action 1 by predictive sampling is smaller compared to all other
algorithms, suggesting that predictive sampling agent deprioritize acquiring information that loses relevance more quickly.
Because of this, a predictive sampling agent is accumulating more rewards compared with other agents, as shown in

Figure [5b}
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Figure 5: Predictive sampling and state-of-the-art algorithms in a two-armed bandit with ¢ = [0.65, 0.55], v = (0.1, 0.99),
8, = 0.15(1 —42) fora € {1,2}, and o = [0.1,0.1]
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