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Abstract

Collaborative machine learning enables privacy-
preserving training of machine learning mod-
els without collecting sensitive client data. De-
spite recent breakthroughs, communication bot-
tleneck is still a major challenge against its
scalability to larger networks. To address this
challenge, we propose PICO, the first collab-
orative learning framework with linear com-
munication complexity, significantly improving
over the quadratic state-of-the-art, under formal
information-theoretic privacy guarantees. Theo-
retical analysis demonstrates that PICO slashes
the communication cost while achieving equal
computational complexity, adversary resilience,
robustness to client dropouts, and model accu-
racy to the state-of-the-art. Extensive experi-
ments demonstrate up to 91× reduction in the
communication overhead, and up to 7× speed-up
in the wall-clock training time compared to the
state-of-the-art. As such, PICO addresses a key
technical challenge in multi-party collaborative
learning, paving the way for future large-scale
privacy-preserving learning frameworks.

1 INTRODUCTION

Privacy-preserving collaborative machine learning (PPML)
allows multiple data owners to collaborate to train ML
models without sharing their data. PPML can greatly im-
prove ML performance by increasing the volume and diver-
sity of data, without compromising privacy (Mohassel and
Zhang, 2017; Al-Rubaie and Chang, 2019). It can even fos-
ter novel applications in which data is rare and collabora-
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tion has traditionally been limited due to privacy concerns,
such as the treatment of rare diseases (Nosowsky and Gior-
dano, 2006; Telenti and Jiang, 2020).

Recently, secure multi-party computing (MPC) has be-
come a popular candidate for PPML (Mohassel and Zhang,
2017). Secure MPC protocols are based on a crypto-
graphic primitive known as secret sharing, where par-
ties inject randomness to local datasets before sharing it
with others (Yao, 1982; Shamir, 1979). Computations are
then performed on the secret shared data (Ben-Or et al.,
1988; Damgård and Nielsen, 2007; Beerliová-Trubı́niová
and Hirt, 2008). The injected randomness is reversible,
i.e., parties can decode the computations performed on the
secret shared data to recover the true computation results,
preserving model accuracy. Secure MPC provides strong
information-theoretic privacy guarantees, such that no in-
formation about the datasets is revealed beyond the final
model (even if adversaries have unbounded computational
power) (Nikolaenko et al., 2013; Gascón et al., 2017; Mo-
hassel and Rindal, 2018; Wagh et al., 2018). The main lim-
itation of such information-theoretic PPML protocols is the
intensive client communications needed to perform secure
computations, preventing scalability to larger networks.

Coding theory offers a promising approach to the design
of information-theoretic PPML (Yu et al., 2019; So et al.,
2020, 2021). This approach, called Lagrange Coded Com-
puting (LCC), first encodes the datasets using a Lagrange
interpolation polynomial. The encoding operation injects
randomness and (computational) redundancy within the lo-
cal computations, and provides information-theoretic pri-
vacy, resilience against client dropouts, and reduces the
training load per client. The training computations are
then performed on the encoded data, as if they were per-
formed on the clear data. After multiple training rounds,
the final model is decoded using polynomial interpolation,
by collecting the computations (performed over encoded
data) from individual clients. By doing so, an order-of-
magnitude speed-up is achieved in the training time com-
pared to state-of-the-art MPC baselines, where for the latter
the training load per client is as large as centralized training
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(over the collection of all client datasets) (So et al., 2020).
Communication bottleneck and “degree explosion”.
The major challenge against the scalability of information-
theoretic PPML is its communication complexity, which is
quadratic in the number of clients. This is caused by the
multiplication operations associated with gradient compu-
tations. Specifically, interpolating a polynomial f of degree
deg(f) requires collecting at least deg(f) + 1 interpola-
tion points. As such, decoding the final model from the
local computations requires computations to be collected
from at least N ≥ deg(f) + 1 clients. On the other hand,
the multiplication operations during gradient computations
lead to an exponential growth in the polynomial degree,
leading to a degree explosion after multiple training rounds.
This necessitates an expensive degree reduction step with
a quadratic communication overhead (after each training
round), preventing scalability to large networks.
Contributions. To address this challenge, we propose
PICO, the first information-theoretic PPML framework
with linear communication complexity. The key intuition
behind PICO is an online-offline communication trade-
off, where we trade-off expensive online (data-dependent)
communications with offline (data-agnostic) communica-
tions. For the online phase, we develop a novel degree re-
duction mechanism, which reduces the quadratic commu-
nication overhead of LCC to linear. For the offline phase,
we reduce the communication overhead by reducing the
volume of variables communicated by each client. Com-
municating each variable has a quadratic cost, but the total
number of variables scales inversely with the number of
clients, leading to a linear amortized overhead. As such, in
a network ofN clients, PICO incurs anO(N) communica-
tion complexity both offline and online, as opposed to the
O(N2) online communication complexity of the state of
the art, while achieving the same computational complex-
ity, accuracy, dropout-resilience, and privacy guarantees.

Our theoretical analysis provides formal guarantees for
information-theoretic privacy, correctness, and the key
performance trade-offs in terms of the communication
and computation complexity, adversary resilience, client
dropouts, and training time. We perform extensive experi-
ments to evaluate the performance of PICO, by implement-
ing a distributed multi-client network for various image
classification tasks. We then demonstrate the communica-
tion/computation volume and the wall-clock training time
of PICO with respect to state-of-the-art benchmarks, iden-
tify the impact of key system parameters and trade-offs, and
present the model convergence and accuracy.

Our contributions can be summarized as follows:
• We introduce PICO, the first privacy-preserving

collaborative learning framework with linear com-
munication complexity, under strong end-to-end
information-theoretic privacy guarantees.

• We propose an online-offline communication trade-

off for privacy-preserving collaborative learning,
where communication is divided into online (data-
dependent) and offline (data-agnostic) components.
We develop the first degree reduction mechanism for
LCC with linear online communication overhead.

• Our theoretical analysis presents formal information-
theoretic privacy guarantees (for end-to-end training),
and shows that PICO cuts the communication over-
head while achieving the same computation complex-
ity, adversary resilience, robustness to client dropouts,
and model accuracy of the state-of-the-art.

• Our experiments demonstrate up to 91× reduction in
the communication overhead, and up to 7× speed-up
in the wall-clock training time compared to the state-
of-the-art, while achieving the same adversary and
dropout resilience, and model accuracy.

2 Related Work

Secure Aggregation. Recently, MPC mechanisms have
also been utilized for model aggregation in distributed and
federated learning, known as secure aggregation, where
parties learn the sum of client models/gradients after each
(global) training round, but without observing the individ-
ual models/gradients, (Bonawitz et al., 2017; Bell et al.,
2020; So et al., 2022; Zhao and Sun, 2021). In contrast, our
focus is on end-to-end PPML, where parties can learn only
the final model (after multiple rounds), and no intermedi-
ate model/gradient should be revealed during training. Be-
yond the information-theoretic setting, there are two com-
plementary approaches to PPML.
Homomorphic Encryption (HE) allows computations to
be performed on encrypted data, when adversaries have
bounded computational power (Gentry and Boneh, 2009;
Gentry, 2009; Gilad-Bachrach et al., 2016; Hesamifard
et al., 2017; Graepel et al., 2012; Yuan and Yu, 2014; Cha-
banne et al., 2017; Li et al., 2017; Kim et al., 2018; Wang
et al., 2018; Han et al., 2019). HE can tolerate a large num-
ber of adversaries (compared to secure MPC). As a trade-
off, privacy guarantees depend on the size of the encrypted
data; stronger guarantees increase the data size, leading to
higher computation load per client. As such, HE is typi-
cally utilized for the inference task in ML (rather than the
more computation-intensive training).
Differential Privacy (DP) is a noisy release mechanism
that protects the privacy of personally identifiable infor-
mation by injecting (irreversible) noise to the computa-
tions, so that an adversary observing the released model
cannot backtrack a certain individual’s information (Dwork
et al., 2006; Chaudhuri and Monteleoni, 2009; Shokri and
Shmatikov, 2015; Abadi et al., 2016; Pathak et al., 2010;
McMahan et al., 2018; Rajkumar and Agarwal, 2012; Ja-
yaraman et al., 2018). Stronger privacy guarantees require
more noise to be added to the computations, leading to a
(model) accuracy-privacy trade-off in distributed settings.
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Recent works show that DP can also be combined with
information-theoretic PPML, to reduce the amount of noise
that should be added by each client, thus improving model
accuracy (Chen et al., 2022b,a; Kairouz et al., 2021). As
such, although beyond the focus of the current work, we
note that our techniques can also be combined with and
benefit DP as an interesting future direction.

3 PROBLEM FORMULATION

Collaborative logistic regression. Our focus is on collab-
orative logistic regression in a network of N clients. Client
i holds a local dataset Xi consisting of |Xi| = mi data
points, where each data point has d features, along with the
corresponding labels yi ∈ {0, 1}mi . The collection of the
individual datasets X , (X1, . . . ,XN ) is represented by
a matrix X ∈ R|X |×d consisting of |X | = ∑N

i=1mi data
points, with the corresponding labels y = (y1, . . . ,yN ) ∈
{0, 1}|X |. The goal is to train a logistic regression model w
jointly over X (the datasets of allN clients), by minimizing
a cross entropy loss function:

L(w) =
1

|X |

|X |∑

i=1

(−yi log ŷi − (1− yi) log(1− ŷi))) (1)

where ŷi = g(xi × w) ∈ (0, 1) is the probability of la-
bel i being equal to 1, xi ∈ Rd denotes the ith row of
X (features of data point i), and g(x) , 1/(1 + e−x) is
the sigmoid function. The model is trained via gradient
descent, by updating it in the negative direction of the gra-
dient ∇L(w), 1

|X |X
T (g(X×w)− y),

w(t+1) = w(t) − η

|X |X
T (g(X×w(t))− y) (2)

where η is the learning rate, w(t) is the estimated model pa-
rameters from training round t, and function g(·) is applied
element-wise over X ×w(t). We consider a decentralized
communication topology, where clients can communicate
through peer-to-peer or broadcast links. At each training
round, up to D clients may drop out from the system due
to poor connectivity (or unavailability). We do not assume
the existence of a trusted third party or central coordinator.
Our system model is presented in Fig. 1.

Threat model. We consider an honest-but curious ad-
versary model, as is the most common model in PPML
(So et al., 2020; Mohassel and Zhang, 2017; Nikolaenko
et al., 2013; Gascón et al., 2017), where adversaries follow
the protocol but try to reveal additional information about
the local datasets of honest clients, using the messages ex-
changed during training. Up to T clients are adversarial,
who may collude with one another. The set of adversarial
and honest clients are denoted by T andH, respectively.

Information-theoretic privacy. Our focus is on
information-theoretic privacy, i.e., to ensure that the adver-
saries learn no information about the local datasets of hon-
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.

<latexit sha1_base64="nAppzn4PK+953wby/Hs4tiERXMg=">AAACBHicbVDLSgMxFM34rPVVddlNsAiuyoxIdVlw47JCX9CWksncaUMzmSG5I5ahCzf+ihsXirj1I9z5N6aPhbYeCBzOuSfJPX4ihUHX/XbW1jc2t7ZzO/ndvf2Dw8LRcdPEqebQ4LGMddtnBqRQ0ECBEtqJBhb5Elr+6Gbqt+5BGxGrOo4T6EVsoEQoOEMr9QvFOu0iPGBG7V0yDYQaUC4FKDSTfqHklt0Z6CrxFqREFqj1C1/dIOZpZNNcMmM6nptgL2MaBZcwyXdTAwnjIzaAjqWKRWB62WyJCT2zSkDDWNujkM7U34mMRcaMI99ORgyHZtmbiv95nRTD614mVJIiKD5/KEwlxZhOG6GB0MBRji1hXAv7V8qHTDOOtre8LcFbXnmVNC/KXqXs3V2WqpVFHTlSJKfknHjkilTJLamRBuHkkTyTV/LmPDkvzrvzMR9dcxaZE/IHzucP17iYMw==</latexit>

T colluding clients

<latexit sha1_base64="JEPvVSEiX0il2kb+j0kepgry4N0=">AAAB+3icbVDLTgJBEOzFF+JrxaOXicTEE9lVoxxJuHjERJAENmR2mIUJs4/M9BrIhl/x4kFjvPoj3vwbB9iDgpVMUqnqSveUn0ih0XG+rcLG5tb2TnG3tLd/cHhkH5fbOk4V4y0Wy1h1fKq5FBFvoUDJO4niNPQlf/THjbn/+MSVFnH0gNOEeyEdRiIQjKKR+na5h3yCfpA1pOARkhm56tsVp+osQNaJm5MK5Gj27a/eIGZpaPJMUq27rpOgl1GFgkk+K/VSzRPKxnTIu4ZGNOTayxa3z8i5UQYkiJV5Zv9C/Z3IaKj1NPTNZEhxpFe9ufif100xqHmZiJIUecSWi4JUEozJvAgyEIozlFNDKFPC3ErYiCrK0NRVMiW4q19eJ+3LqntTde+vK/VaXkcRTuEMLsCFW6jDHTShBQwm8Ayv8GbNrBfr3fpYjhasPHMCf2B9/gCBj5QO</latexit>

Client 3

<latexit sha1_base64="cBXXqWr8VMkkBYuEM53JYAjlXzc=">AAAB+3icbVDLSgNBEOz1GeNrjUcvg0HwFHaDaI6BXDxGMA9IljA76U2GzD6YmZWEJb/ixYMiXv0Rb/6Nk2QPmlgwUFR10T3lJ4Ir7Tjf1tb2zu7efuGgeHh0fHJqn5XaKk4lwxaLRSy7PlUoeIQtzbXAbiKRhr7Ajj9pLPzOE0rF4+hRzxL0QjqKeMAZ1UYa2KW+xqn2g6whOEaazEl1YJedirME2SRuTsqQozmwv/rDmKWhyTNBleq5TqK9jErNmcB5sZ8qTCib0BH2DI1oiMrLlrfPyZVRhiSIpXlm/1L9nchoqNQs9M1kSPVYrXsL8T+vl+qg5mU8SlKNEVstClJBdEwWRZAhl8i0mBlCmeTmVsLGVFKmTV1FU4K7/uVN0q5W3NuK+3BTrtfyOgpwAZdwDS7cQR3uoQktYDCFZ3iFN2tuvVjv1sdqdMvKM+fwB9bnD4ALlA0=</latexit>

Client 2
<latexit sha1_base64="P98bTxW65G/1pPwmELPDkge3Nao=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7ArojkGcvEYwTwgWcLspDcZMvtgplcSlvyKFw+KePVHvPk3TpI9aGLBQFHVRfeUn0ih0XG+rcLW9s7uXnG/dHB4dHxin5bbOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h408aC7/zBEqLOHrEWQJeyEaRCARnaKSBXe4jTNEPsoYUECGdU3dgV5yqswTdJG5OKiRHc2B/9YcxT0OT55Jp3XOdBL2MKRRcwrzUTzUkjE/YCHqGRiwE7WXL2+f00ihDGsTKPLN/qf5OZCzUehb6ZjJkONbr3kL8z+ulGNS8TERJihDx1aIglRRjuiiCDoUCjnJmCONKmFspHzPFOJq6SqYEd/3Lm6R9XXVvq+7DTaVey+soknNyQa6IS+5IndyTJmkRTqbkmbySN2tuvVjv1sdqtGDlmTPyB9bnD36HlAw=</latexit>

Client 1

<latexit sha1_base64="GtHnNxhAJnD5UsY+EBiUwsHSbWk=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7ArojkGcvEYwTwgWcLspDcZMvtgZlYSlvyKFw+KePVHvPk3TpI9aGLBQFHVRfeUnwiutON8W4Wt7Z3dveJ+6eDw6PjEPi23VZxKhi0Wi1h2fapQ8AhbmmuB3UQiDX2BHX/SWPidJ5SKx9GjniXohXQU8YAzqo00sMt9jVPtB1lDcIw0mZObgV1xqs4SZJO4OalAjubA/uoPY5aGJs8EVarnOon2Mio1ZwLnpX6qMKFsQkfYMzSiISovW94+J5dGGZIgluaZ/Uv1dyKjoVKz0DeTIdVjte4txP+8XqqDmpfxKEk1Rmy1KEgF0TFZFEGGXCLTYmYIZZKbWwkbU0mZNnWVTAnu+pc3Sfu66t5W3YebSr2W11GEc7iAK3DhDupwD01oAYMpPMMrvFlz68V6tz5WowUrz5zBH1ifP4MTlA8=</latexit>

Client 4
<latexit sha1_base64="2dV8wDxHCOh7ECHcg7sWR7GwLEQ=">AAAB+3icbVDLTgJBEOzFF+JrxaOXicTEE9k1PjiScPGIiSAJbMjsMAsTZh+Z6TWQDb/ixYPGePVHvPk3DrAHBSuZpFLVle4pP5FCo+N8W4WNza3tneJuaW//4PDIPi63dZwqxlsslrHq+FRzKSLeQoGSdxLFaehL/uiPG3P/8YkrLeLoAacJ90I6jEQgGEUj9e1yD/kE/SBrSMEjJDNy3bcrTtVZgKwTNycVyNHs21+9QczS0OSZpFp3XSdBL6MKBZN8VuqlmieUjemQdw2NaMi1ly1un5FzowxIECvzzP6F+juR0VDraeibyZDiSK96c/E/r5tiUPMyESUp8ogtFwWpJBiTeRFkIBRnKKeGUKaEuZWwEVWUoamrZEpwV7+8TtqXVfem6t5fVeq1vI4inMIZXIALt1CHO2hCCxhM4Ble4c2aWS/Wu/WxHC1YeeYE/sD6/AGEl5QQ</latexit>

Client 5

<latexit sha1_base64="Ch5mlZlZ1kGZbiEWe2rCp0K8fsA=">AAACJnicbZDLSgMxFIYz9VbrrerSTWoRKpQyEdFuCgU3gpsK9gKdYcikmTY0cyHJCGWYp3Hjq7hxURFx56OYabuwrT8Efr5zDjnndyPOpDLNbyO3sbm1vZPfLeztHxweFY9POjKMBaFtEvJQ9FwsKWcBbSumOO1FgmLf5bTrju+yeveZCsnC4ElNImr7eBgwjxGsNHKKDcvHakQwT3qpg6BValglWJlB18tYglBahRYfhEpWl/hDeukUy2bNnAmuG7QwZbBQyylOrUFIYp8GinAsZR+ZkbITLBQjnKYFK5Y0wmSMh7SvbYB9Ku1kdmYKLzQZQC8U+gUKzujfiQT7Uk58V3dme8rVWgb/q/Vj5dXthAVRrGhA5h95MYcqhFlmcMAEJYpPtMFEML0rJCMsMFE62YIOAa2evG46VzV0U0OP1+VmfRFHHpyBc1ABCNyCJrgHLdAGBLyANzAFH8ar8W58Gl/z1pyxmDkFSzJ+fgGqNqSp</latexit>X1 =(X11, . . . ,X1K)

<latexit sha1_base64="KHFgZvqF9qbjHm1dcKwp1C/YkBc=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7ArojkGcvEkEUwMJEuYncwmQ2YfzPRKwpJf8eJBEa/+iDf/xkmyB00sGCiquuie8hMpNDrOt1XY2Nza3inulvb2Dw6P7ONyW8epYrzFYhmrjk81lyLiLRQoeSdRnIa+5I/+uDH3H5+40iKOHnCacC+kw0gEglE0Ut8u95BP0A+yhhQ8QjIjd3274lSdBcg6cXNSgRzNvv3VG8QsDU2eSap113US9DKqUDDJZ6VeqnlC2ZgOedfQiIZce9ni9hk5N8qABLEyz+xfqL8TGQ21noa+mQwpjvSqNxf/87opBjUvE1GSIo/YclGQSoIxmRdBBkJxhnJqCGVKmFsJG1FFGZq6SqYEd/XL66R9WXWvq+79VaVey+sowimcwQW4cAN1uIUmtIDBBJ7hFd6smfVivVsfy9GClWdO4A+szx+qe5Qp</latexit>

Client N

<latexit sha1_base64="FUlbYjRKFaT5U+ccP/JPjEIw1J0=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2VGRIurghuXFewD2qFkMmkbmkmG5I5YhoK/4saFIm79Dnf+jWk7C209cOFwzr3JvSdMBDfged9OYWV1bX2juFna2t7Z3XP3D5pGpZqyBlVC6XZIDBNcsgZwEKydaEbiULBWOLqZ+q0Hpg1X8h7GCQtiMpC8zykBK/Xcoy6wR8iEokTgiIB9Cq4nPbfsVbwZ8DLxc1JGOeo996sbKZrGTAIVxJiO7yUQZEQDp4JNSt3UsITQERmwjqWSxMwE2Wz9CT61SoT7StuSgGfq74mMxMaM49B2xgSGZtGbiv95nRT61SDjMkmBSTr/qJ8KDApPs8AR14yCGFtCqOZ2V0yHRBMKNrGSDcFfPHmZNM8r/mXFv7so16p5HEV0jE7QGfLRFaqhW1RHDURRhp7RK3pznpwX5935mLcWnHzmEP2B8/kDmRCV3Q==</latexit>

local dataset:

<latexit sha1_base64="vEjjkxH5gpxD1g6XPP+GGZ1S6L8=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjcTEE9lVoxxJvHjERJAENuRtKdDQ7a5tl4Rs+B1ePGiMV3+MN/+NXdiDgpM0mcy8lzedIBZcG9f9dgpr6xubW8Xt0s7u3v5B+fCopaNEUdakkYhUO0DNBJesabgRrB0rhmEg2GMwvs38xwlTmkfywUxj5oc4lHzAKRor+d0QzYiiSNuz3mWvXHGr7hxklXg5qUCORq/81e1HNAmZNFSg1h3PjY2fojKcCjYrdRPNYqRjHLKOpRJDpv10HnpGzqzSJ4NI2ScNmau/N1IMtZ6GgZ3MQuplLxP/8zqJGdT8lMs4MUzSxaFBIoiJSNYA6XPFqBFTS5AqbrMSOkKF1NieSrYEb/nLq6R1UfWuq979VaVey+sowgmcwjl4cAN1uIMGNIHCEzzDK7w5E+fFeXc+FqMFJ985hj9wPn8AwuuSEA==</latexit>X3

<latexit sha1_base64="ikVlgMlQL+lajia37K9ORt/q7wM=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIaJcFNy4r2Ae0Q7mTpm1oJjMmmUIZ+h1uXCji1o9x59+YaWehrQcCh3Pu5Z6cIBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEUdakkYhUJ0DNBJesabgRrBMrhmEgWDuY3GV+e8qU5pF8NLOY+SGOJB9yisZKfi9EM6Yo0s68f90vV9yquwBZJ15OKpCj0S9/9QYRTUImDRWodddzY+OnqAyngs1LvUSzGOkER6xrqcSQaT9dhJ6TC6sMyDBS9klDFurvjRRDrWdhYCezkHrVy8T/vG5ihjU/5TJODJN0eWiYCGIikjVABlwxasTMEqSK26yEjlEhNbanki3BW/3yOmldVb2bqvdwXanX8jqKcAbncAke3EId7qEBTaDwBM/wCm/O1Hlx3p2P5WjByXdO4Q+czx/Eb5IR</latexit>X4

<latexit sha1_base64="NjL+JaiWNoruJqa3HuMqvTyKuM4=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIjy4LblxWsLXQDuVOmrahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo4SRVmTRiJS7QA1E1yypuFGsHasGIaBYI/B+DbzHydMaR7JBzONmR/iUPIBp2is5HdDNCOKIm3Pele9csWtunOQVeLlpAI5Gr3yV7cf0SRk0lCBWnc8NzZ+ispwKtis1E00i5GOccg6lkoMmfbTeegZObNKnwwiZZ80ZK7+3kgx1HoaBnYyC6mXvUz8z+skZlDzUy7jxDBJF4cGiSAmIlkDpM8Vo0ZMLUGquM1K6AgVUmN7KtkSvOUvr5LWRdW7rnr3l5V6La+jCCdwCufgwQ3U4Q4a0AQKT/AMr/DmTJwX5935WIwWnHznGP7A+fwBxfOSEg==</latexit>X5

<latexit sha1_base64="toc05lfBpoIbngXj8OOAdvpNwLQ=">AAAB9HicbVBNSwMxFHxbv2r9qnr0EiyCp7Iroj0WvHiSCrYW2qVk09c2NJtdk2yhLP0dXjwo4tUf481/Y7bdg7YOBIaZ93iTCWLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpKFMMmi0Sk2gHVKLjEpuFGYDtWSMNA4GMwvsn8xwkqzSP5YKYx+iEdSj7gjBor+d2QmhGjIm3Pene9csWtunOQVeLlpAI5Gr3yV7cfsSREaZigWnc8NzZ+SpXhTOCs1E00xpSN6RA7lkoaovbTeegZObNKnwwiZZ80ZK7+3khpqPU0DOxkFlIve5n4n9dJzKDmp1zGiUHJFocGiSAmIlkDpM8VMiOmllCmuM1K2IgqyoztqWRL8Ja/vEpaF1XvqurdX1bqtbyOIpzAKZyDB9dQh1toQBMYPMEzvMKbM3FenHfnYzFacPKdY/gD5/MH69eSKw==</latexit>XN

<latexit sha1_base64="/6/xHs3ePXzZk0z02/vLS6bM5kI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki2mXBjcsK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jK/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaWfer/ZLZbfiLkDWiZeTMuRo9EtfvUFEk5BJQwVq3fXc2PgpKsOpYPNiL9EsRjrBEetaKjFk2k8Xoefk0ioDMoyUfdKQhfp7I8VQ61kY2MkspF71MvE/r5uYYc1PuYwTwyRdHhomgpiIZA2QAVeMGjGzBKniNiuhY1RIje2paEvwVr+8TlrVindT8R6uy/VaXkcBzuECrsCDW6jDPTSgCRSe4Ble4c2ZOi/Ou/OxHN1w8p0z+APn8wfBZ5IP</latexit>X2
<latexit sha1_base64="Hf6EAAjJs2H8VmAuXGOi22IW03Y=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaSIdllw47KCfUATymQ6aYdOJmEeQgj9DTcuFHHrz7jzb5y0WWjrgYHDOfdyz5ww5Uxp1/12Nja3tnd2K3vV/YPDo+PayWlPJUYS2iUJT+QgxIpyJmhXM83pIJUUxyGn/XB2V/j9JyoVS8SjzlIaxHgiWMQI1lby/RjraRjl2XzUHNXqbsNdAK0TryR1KNEZ1b78cUJMTIUmHCs19NxUBzmWmhFO51XfKJpiMsMTOrRU4JiqIF9knqNLq4xRlEj7hEYL9fdGjmOlsji0k0VGteoV4n/e0OioFeRMpEZTQZaHIsORTlBRABozSYnmmSWYSGazIjLFEhNta6raErzVL6+TXrPh3TS8h+t6u1XWUYFzuIAr8OAW2nAPHegCgRSe4RXeHOO8OO/Ox3J0wyl3zuAPnM8fLGGRvg==</latexit>y2

<latexit sha1_base64="KL8NmeJpYH7bJk4pGSoQsr4U1A4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq2mXBjcsK9gFNKJPppB06mYR5CCH0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvlVNbWNza3qtu1nd29/YP64VFPJUYS2iUJT+QgxIpyJmhXM83pIJUUxyGn/XB2W/j9RyoVS8SDzlIaxHgiWMQI1lby/RjraRjl2Xx0Oao33Ka7APpLvJI0oERnVP/0xwkxMRWacKzU0HNTHeRYakY4ndd8o2iKyQxP6NBSgWOqgnyReY7OrDJGUSLtExot1J8bOY6VyuLQThYZ1apXiP95Q6OjVpAzkRpNBVkeigxHOkFFAWjMJCWaZ5ZgIpnNisgUS0y0ralmS/BWv/yX9C6a3nXTu79qtFtlHVU4gVM4Bw9uoA130IEuEEjhCV7g1THOs/PmvC9HK065cwy/4Hx8Ay3lkb8=</latexit>y3

<latexit sha1_base64="Mcm5F2ru57DKI55tMR79vKDhD8Y=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFNKJPppB06mYR5CCH0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbqWxsbm3vVHdre/sHh0f145OeSowktEsSnshBiBXlTNCuZprTQSopjkNO++HsrvD7T1QqlohHnaU0iPFEsIgRrK3k+zHW0zDKs/noelRvuE13AbROvJI0oERnVP/yxwkxMRWacKzU0HNTHeRYakY4ndd8o2iKyQxP6NBSgWOqgnyReY4urDJGUSLtExot1N8bOY6VyuLQThYZ1apXiP95Q6OjVpAzkRpNBVkeigxHOkFFAWjMJCWaZ5ZgIpnNisgUS0y0ralmS/BWv7xOeldN76bpPVw32q2yjiqcwTlcgge30IZ76EAXCKTwDK/w5hjnxXl3PpajFafcOYU/cD5/AC9pkcA=</latexit>y4

<latexit sha1_base64="SNcytNjoTw/Z9hSGRm4XMYMsxyk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjSupYB/QhDKZTtqhk0mYhxBCf8ONC0Xc+jPu/BsnbRZaPTBwOOde7pkTppwp7bpfTmVtfWNzq7pd29nd2z+oHx71VGIkoV2S8EQOQqwoZ4J2NdOcDlJJcRxy2g9nN4Xff6RSsUQ86CylQYwngkWMYG0l34+xnoZRns1Hd6N6w226C6C/xCtJA0p0RvVPf5wQE1OhCcdKDT031UGOpWaE03nNN4qmmMzwhA4tFTimKsgXmefozCpjFCXSPqHRQv25keNYqSwO7WSRUa16hfifNzQ6agU5E6nRVJDlochwpBNUFIDGTFKieWYJJpLZrIhMscRE25pqtgRv9ct/Se+i6V01vfvLRrtV1lGFEziFc/DgGtpwCx3oAoEUnuAFXh3jPDtvzvtytOKUO8fwC87HN1bRkdo=</latexit>yN

<latexit sha1_base64="6xLm1LbvTV8flBaR0UjBCeVWmI8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTio8uCG5cV7AOaUCbTSTt0MgnzEELob7hxoYhbf8adf+OkzUKrBwYO59zLPXPClDOlXffLqaytb2xuVbdrO7t7+wf1w6OeSowktEsSnshBiBXlTNCuZprTQSopjkNO++HstvD7j1QqlogHnaU0iPFEsIgRrK3k+zHW0zDKs/noalRvuE13AfSXeCVpQInOqP7pjxNiYio04VipoeemOsix1IxwOq/5RtEUkxme0KGlAsdUBfki8xydWWWMokTaJzRaqD83chwrlcWhnSwyqlWvEP/zhkZHrSBnIjWaCrI8FBmOdIKKAtCYSUo0zyzBRDKbFZEplphoW1PNluCtfvkv6V00veumd3/ZaLfKOqpwAqdwDh7cQBvuoANdIJDCE7zAq2OcZ+fNeV+OVpxy5xh+wfn4BjDtkcE=</latexit>y5

<latexit sha1_base64="i74zp3pWnU8K50q76Ap00Yz9Ejs=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqkxEtMuCG5cV7AM6Q8mkmTY0kxmSjDAM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OkAiujet+O5WNza3tnepubW//4PCofnzS03GqKOvSWMRqEBDNBJesa7gRbJAoRqJAsH4wuyv8/hNTmsfy0WQJ8yMykTzklBgreV5EzDQI82w+wqN6w226C6B1gkvSgBKdUf3LG8c0jZg0VBCth9hNjJ8TZTgVbF7zUs0SQmdkwoaWShIx7eeLzHN0YZUxCmNlnzRoof7eyEmkdRYFdrLIqFe9QvzPG6YmbPk5l0lqmKTLQ2EqkIlRUQAac8WoEZklhCpusyI6JYpQY2uq2RLw6pfXSe+qiW+a+OG60W6VdVThDM7hEjDcQhvuoQNdoJDAM7zCm5M6L86787EcrTjlzin8gfP5Ayrdkb0=</latexit>y1
<latexit sha1_base64="09B9l7WnceQ9yCrjlqNP+0X/SKk=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKuiAZPAS8eI5gHJEuYnfQmQ2YfzPSKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3+YkUGh3n2yqsrW9sbhW3Szu7e/tl++CwpeNUcWjyWMaq4zMNUkTQRIESOokCFvoS2v74Zua3H0BpEUf3OEnAC9kwEoHgDI3Ut8s9hEfMJPNB6ms67dsVp+rMQVeJm5MKydHo21+9QczTECLkkmnddZ0EvYwpFFzCtNRLNSSMj9kQuoZGLATtZfPDp/TUKAMaxMpUhHSu/p7IWKj1JPRNZ8hwpJe9mfif100xqHmZiJIUIeKLRUEqKcZ0lgIdCAUc5cQQxpUwt1I+YopxNFmVTAju8surpHVedS+r7t1FpV7L4yiSY3JCzohLrkid3JIGaRJOUvJMXsmb9WS9WO/Wx6K1YOUzR+QPrM8fyQOTIw==</latexit>

labels:

<latexit sha1_base64="XUuupqP0xPdxZdhULCMQuF1/56U=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIaI8FPXisYD+gDWWz2bRLN9mwO5GWkL/ixYMiXv0j3vw3btsctPXBwOO9GWbm+YngGhzn2yptbG5t75R3K3v7B4dH9nG1o2WqKGtTKaTq+UQzwWPWBg6C9RLFSOQL1vUnt3O/+8SU5jJ+hFnCvIiMYh5ySsBIQ7t6hwfAppDhQMlEpqDzoV1z6s4CeJ24BamhAq2h/TUIJE0jFgMVROu+6yTgZUQBp4LllUGqWULohIxY39CYREx72eL2HJ8bJcChVKZiwAv190RGIq1nkW86IwJjverNxf+8fgphw8t4nKTAYrpcFKYCg8TzIHDAFaMgZoYQqri5FdMxUYSCiatiQnBXX14nncu6e113H65qzUYRRxmdojN0gVx0g5roHrVQG1E0Rc/oFb1ZufVivVsfy9aSVcycoD+wPn8AG8SUeA==</latexit>

D dropouts

Figure 1: System model. The multi-client learning setup of
PICO. Client i ∈ [N ] holds a dataset Xi with labels yi.

est clients, beyond the final model (Yu et al., 2019; Mo-
hassel and Zhang, 2017; So et al., 2020). Formally, this
condition can be stated as,

I({Xi,yi}[N ]\T ;MT |{Xi,yi}i∈T ,w(J)) = 0 (3)

for all T such that |T | ≤ T , where I is the mutual informa-
tion, andMT is the collection of all messages received or
generated by the adversaries, and J is the total the number
of training rounds. Our framework is bound to finite field
operations, and we assume that all datasets are represented
in a finite field Fq of integers modulo a large prime q, as
detailed in Appendix H. Accordingly, all operations in the
sequel are carried out within Fq .

Limitations of the state-of-the-art. To solve (1) with
the information-theoretic guarantees from (3), the state-of-
the-art is the COPML framework from So et al. (2020),
which builds on LCC (Yu et al., 2019). In this setup,
the dataset X is first partitioned into K equal-sized parts
(X1, . . . ,XK). The K parts are then encoded using a La-
grange interpolation polynomial, by combining them with
T random matrices R1, . . . ,RT , to hide their true value
against up to T adversaries. At the end, client i obtains
a coded dataset X̃i = u(X1, . . . ,XK ,R1, . . . ,RT , αi),
whose size is (1/K)th of the original dataset X. Client
i then computes the gradients on the encoded dataset X̃i,
as if they were computing on the original dataset. After J
training rounds, the final model w(J) can be reconstructed
from the computations performed on the encoded datasets,
as long as N ≥ D + (deg f)(K + T − 1) + 1, where
deg f quantifies the degree of the polynomial after J train-
ing rounds. K is called the degree of parallelization; as the
network size N grows, one can select a larger K to speed
up training, as each client needs to process only (1/K)th

of the dataset X. On the other hand, the polynomial de-
gree deg f grows exponentially after each training round,
due to the multiplications needed for the gradient in (2).
To prevent a degree explosion, an expensive degree reduc-
tion step has to be carried out after each training round,
with a quadratic communication overhead in the number of
clients. This limits scalability to larger networks.

Main problem. Our goal is to address this challenge,
where we ask the following question:

• How can we develop a scalable PPML framework to
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Table 1: Comparison of the total communication overhead (across
all clients) for PICO and COPML, where K = O(N), T =
O(N), and mi = m for all i ∈ [N ].

COPML PICO
1.Dataset encoding O(N2dm) O(Ndm)
2.Label encoding O(N2m+N2d)O(Nd)
3.Model initialization O(N2d) O(Nd)
4.Model encoding O(N2dJ) O(NdJ)
5.Gradient cmp./model update O(N2dJ) O(NdJ)

solve (1) with linear communication complexity, un-
der formal information-theoretic guarantees from (3)?

To address this challenge, in this work we introduce PICO,
a privacy-preserving collaborative learning framework with
linear communication complexity.

The key contribution of PICO is a novel encoding and de-
gree reduction strategy that incurs a linear communication
overhead (O(N) broadcast), as opposed to the quadratic
(O(N2) point-to-point) overhead of the state-of-the-art.

An offline-online trade-off. To do so, PICO decou-
ples communication into online (data-dependent) and of-
fline (data-agnostic) phases. Online phase depends on the
datasets, hence can only take place after training starts. For
this phase, we introduce a novel degree reduction mecha-
nism for LCC, that reduces the communication overhead
from O(N2) (point-to-point) to O(N) (broadcast). The re-
maining communication-intensive operations are offloaded
to the offline phase, where the communicated variables are
independent from the training data, such as randomness
generation for the encoding operation. Then, the number
of communicated variables is reduced through an efficient
randomness generation mechanism, using linear transfor-
mations with MDS (maximum distance separable) matrices
(also related to hyperinvertible matrices from (Beerliová-
Trubı́niová and Hirt, 2008)). Here, the communication
overhead for each variable is quadratic, but the total num-
ber of variables is inversely proportional to the number of
clients, overall achieving an O(N) amortized communica-
tion overhead. In doing so, PICO preserves the same com-
putation complexity as the state-of-the-art; due to the
reduced number of variables, the additional computations
with MDS matrices do not increase the overall complexity.
The flexible modular architecture also provides further op-
portunities for system-wide performance optimization. The
offline phase can take place in advance when the network
load is low, or can be overlapped with other components of
training. We next describe the details of PICO.

4 PICO FRAMEWORK

PICO consists of five main components, consisting of on-
line and offline phases as shown in Fig. 2. Table 1 presents
the communication overhead of each component with re-
spect to COPML (So et al., 2020). For ease of presentation,
we describe the offline and online phases sequentially, to

offline
5. Gradient computing and model update

pe
r r

ou
nd

 

online

4. Model encoding
onlineoffline

3. Model initialization
offline2. Label encoding

offline online

1. Dataset encoding
offline online

Figure 2: Flowchart of PICO.

show how the variables generated in the former are utilized
in the latter. We note, however, that each offline phase is
independent from past online/offline phases. Specifically,
variables generated in the offline phase of any component
do not depend on the online/offline phases of previous com-
ponents, hence all offline phases can be executed in par-
allel. We now describe the details of each component.

1. Dataset Encoding. Initially, clients encode their
datasets using locally generated randomness. The goal of
the encoding process is two-fold. First, it hides the dataset
contents against adversaries. Second, it reduces the size of
the data each client should process during training. Specif-
ically, each client computes the gradient on an encoded
dataset X̃i, whose size is (1/K)th of the original dataset
X. As the network sizeN increases, one can select a larger
K, reducing the computation load for training per worker
(called the parallelization gain) to speed up training. As
opposed to the expensive gradient computations, the en-
coding operations are much cheaper (we focus on linear
encoding mechanisms) and we delegate the more intensive
computations to the offline phase. The encoding process
consists of the following offline and online phases.

(Offline) Initially, clients agree onN+K+T distinct pub-
licly known parameters {αj}j∈[N ] and {βj}j∈[K+T ] from
Fq , where αj 6= βk for all j ∈ [N ] and k ∈ [K+T ]. Client
i then generates K + T random matrices {Rik}k∈[K], and
{Vik}k∈{K+1,...,K+T}, each of size mi

K ×d, encodes them
using a Lagrange polynomial of degree K + T − 1:

ui(z) =
∑

k∈[K]

Rik

∏

l∈[K+T ]\{k}

z − βl
βk − βl

+

K+T∑

k=K+1

Vik

∏

l∈[K+T ]\{k}

z − βl
βk − βl

(4)

and sends to each client j ∈ [N ] an encoded matrix,

R̃ij , ui(αj) (5)

which corresponds to (4) evaluated at αj . The additional
randomness {Vi,K+1, . . . ,Vi,K+T } is to hide the true
value of Rik against up to T adversaries.

(Online) In the online phase, client i ∈ [N ] partitions its lo-
cal dataset Xi into K submatrices (Xi1, . . . ,XiK), where
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Xik ∈ F
mi
K ×d
q for all k ∈ [K], and broadcasts,

X̂ik = Xik −Rik ∀k ∈ [K]. (6)

After receiving {X̂jk}j∈[N ],k∈[K], client i generates an en-
coded dataset:

X̃i ,
∑

k∈[K]

(X̂T
1k, . . . , X̂

T
Nk)

T
∏

l∈[K+T ]\{k}

αi − βl
βk − βl

+ (R̃T
1i, . . . , R̃

T
Ni)

T (7)

Intuitively, the encoding operation from (7) cancels the ad-
ditive randomness due to {Rjk}k∈[K], and at the same time
embeds the entire dataset X in a Lagrange polynomial,

u(z) ,
∑

k∈[K]

Xk

∏

l∈[K+T ]\{k}

z − βl
βk − βl

+

K+T∑

k=K+1

Vk

∏

l∈[K+T ]\{k}

z − βl
βk − βl

(8)

such that Xk , (XT
1k, . . . ,X

T
Nk)

T and Vk ,
(VT

1k, . . . ,V
T
Nk)

T , where u(βk) = Xk for all k ∈ [K],
and client i∈ [N ] obtains the encoded dataset X̃i=u(αi).
The T random matrices {Vk}k∈{K+1,...,K+T} hide the
true values of the local datasets against up to T adversaries.

Eq. (7) reflects a key intuition behind PICO. To construct
an encoded matrix X̃i = u(αi) using the Lagrange poly-
nomial (8), (So et al., 2020) lets each client secret share
their dataset Xi using Shamir’s secret sharing (quadratic
overhead). Then, encoding is done using the secret shared
datasets. Instead, PICO lets each client broadcast a masked
dataset as in (6) (linear overhead), where the true dataset is
hidden by random matrices Rik. Then, the encoded matrix
X̃i is constructed by using the additional randomness (5)
generated during the offline phase. This dramatically re-
duces the online communication overhead, by moving the
more intensive communications to the offline phase.

2. Label Encoding. In addition to encoding the datasets,
clients also encode the labels to preserve their privacy,
through the following offline and online phases.

(Offline) Client i generates K uniformly random vectors
{aik}k∈[K] of size d

(N−T )K , and sends an encoded vector,

ãij =
∑

k∈[K]

aik
∏

l∈[K+T ]\{k}

αj − βl
βk − βl

+
K+T∑

k=K+1

bik
∏

l∈[K+T ]\{k}

αj − βl
βk − βl

(9)

to client j ∈ [N ], where bik for k ∈ {K + 1, . . . ,K +
T} are uniformly random vectors of size d

(N−T )K . After
receiving {ãji}j∈[N ], client i combines them to form a new
(larger dimensional) encoded vector,

ãi , (M⊗ I)× (ãT1i, . . . , ã
T
Ni)

T (10)

=
∑

k∈[K]

ak
∏

l∈[K+T ]\{k}

αi − βl
βk − βl

+

K+T∑

k=K+1

bk
∏

l∈[K+T ]\{k}

αi − βl
βk − βl

(11)

where ⊗ is the Kronecker product, ak , (M ⊗ I) ×
(aT1k, . . . ,a

T
Nk)

T , and bk , (M ⊗ I) × (bT1k, . . . ,b
T
Nk)

T ,
I is a d

(N−T )K× d
(N−T )K identity matrix, and

M =



1 λ1 . . . λN−11
...

...
. . .

...
1 λN−T . . . λN−1N−T


 (12)

is a (N − T ) × N MDS matrix, where λ1, . . . , λN−T are
distinct public parameters from Fq . The key intuition is
that, to generate an encoded vector of size d

K , each client
only sends d

(N−T )K parameters to every other client, as op-
posed to sending d

K parameters as in conventional LCC (Yu
et al., 2019). The final encoded vector is then generated by
combining the lower-dimensional encoded vectors received
from all N clients, using the MDS matrix M.

Next, client i ∈ [N ] sends a secret share [aik]j of aik
to client j ∈ [N ], for all k ∈ [K], using Shamir’s T -
out-of-N secret sharing. After receiving the secret shares
{[ajk]i}j∈[N ], client i constructs a new (larger dimen-
sional) secret share [ak]i,(M⊗I)([a1k]

T
i , . . . , [aNk]

T
i )
T .

The goal is again to generate a secret share of dimension d
K ,

where each client sends only a vector of size d
(N−T )K (as

opposed to d
K ). The details of Shamir’s secret sharing and

cryptographic primitives are provided in Appendix A.

(Online) Let yl denote the label for data point xl ∈ Xi.
First, client i partitions

∑
l∈Xi xTl yl into K equal-sized

parts (yi1, . . . ,yiK), and sends an encoded vector

ỹij ,
∑

k∈[K]

yik
∏

l∈[K+T ]\{k}

αj − βl
βk − βl

+

K+T∑

k=K+1

rik
∏

l∈[K+T ]\{k}

αj − βl
βk − βl

(13)

to client j ∈ [N ], where rik ∈ F
d
K
q are uniformly random

vectors1. After receiving {ỹji}j∈[N ], client i broadcasts:

âi ,
∑

j∈[N ]

ỹji − ãi (14)

which is also a Lagrange polynomial of degree K+T −
1. As such, upon receiving âi from any K+T clients, all
clients can recover

∑
j∈[N ]yjk−ak for all k ∈ [K] (via

polynomial interpolation), and compute a secret share of
XTy =

∑
l∈Xi xTl yl as follows,

1Typically d�N in real-world tasks (Codella et al., 2018).
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[XTy]i , ((
∑

j∈[N ]

yj1−a1+[a1]i)
T , . . . ,

(
∑

j∈[N ]

yjK−aK+[aK ]i)
T )T (15)

3. Model Initialization. Model w(0) at time t=0 is initial-
ized randomly (offline), without revealing it to any client.
To do so, client i generates a random vector w

(0)
i of size

d
N−T , and sends a secret share [w

(0)
i ]j to client j ∈ [N ]

using Shamir’s T -out-of-N secret sharing. After receiving
[w

(0)
j ]i for j∈ [N ], client i constructs a new (larger) share,

[w(0)]i , (M⊗ I)× (([w
(0)
1 ]i)

T , . . . , ([w
(0)
N ]i)

T )T (16)

which represents a secret share of the initial model,

w(0) = (M⊗ I)× ((w
(0)
1 )T , . . . , (w

(0)
N )T )T (17)

where I is a d
N−T × d

N−T identity matrix.

4. Model Encoding. At the beginning of each round,
client i holds a secret share [w(t)]i of the current state of
the model w(t). Initially at t = 0, [w(0)]i is generated
as described during the model initialization in (16). For
all other training rounds (i.e., t > 0), [w(t)]i is obtained
after model updating from (34). At each round, clients then
encode the model using the secret shares [w(t)]i, to ensure
that gradients can later be computed on the encoded dataset
and model. At the end, client i learns an encoded model
w̃

(t)
i . Model encoding consists of the following phases.

(Offline) Client i ∈ [N ] generates T +1 uniformly random
vectors2 ri and {vik}k∈{K+1,...,K+T} of size d

N−T . Then,
ri is secret shared using Shamir’s T-out-of-N secret shar-
ing, by sending a share [ri]j to each client j ∈ [N ]. Next,
client i encodes ri by generating a Lagrange polynomial,

vi(z) ,
∑

k∈[K]

ri
∏

l∈[K+T ]\{k}

z − βl
βk − βl

+

K+T∑

k=K+1

vik
∏

l∈[K+T ]\{k}

z − βl
βk − βl

(18)

and sends each client j∈ [N ] an encoded vector,

r̃ij , vi(αj) (19)

By combining the received {r̃ji, [rj ]i}j∈[N ], client i gener-
ates a (larger dimensional) encoded vector,

r̃i , (M⊗ I)× (r̃T1i, . . . , r̃
T
Ni)

T , (20)

and a secret share of r , (M⊗ I)× (rT1 , . . . , r
T
N )T ,

[r]i , (M⊗ I)× ([r1]
T
i , . . . , [rN ]Ti )

T , (21)

(Online) Client i initially broadcasts,

[ŵ(t)]i , [w(t)]i − [r]i = [w(t) − r]i (22)
2For simplicity, we omit the time index from random vectors,

and note that at each round, a new set of random vectors is used.

After receiving {[ŵ(t)]i}i∈[N ], each client can decode,

ŵ(t) = w(t) − r (23)

via polynomial interpolation. Using (23), client i then con-
structs an encoded model,

w̃
(t)
i ,

∑

k∈[K]

ŵ(t)
∏

l∈[K+T ]\{k}

αi − βl
βk − βl

+ r̃i (24)

Intuitively, the encoding operation in (24) embeds the
model w(t) in a Lagrange polynomial,

v(z) ,
∑

k∈[K]

w(t)
∏

l∈[K+T ]\{k}

z − βl
βk − βl

+

K+T∑

k=K+1

v
(t)
k

∏

l∈[K+T ]\{k}

z − βl
βk − βl

(25)

such that vk,(M⊗ I)×(vT1k, . . . ,vTNk)T , where v(βk)=
w(t) for k ∈ [K], and client i obtains an encoded model
w̃

(t)
i = v(αi). The random vectors {vk}k∈{K+1,...,K+T}

hide the true value of w(t) against up to T adversaries.

5. Gradient Computing and Model Update. The
last component of PICO is local gradient computation and
model update, using the encoded datasets and model. At
the end, client i learns a secret share [w(t+1)]i of the model
w(t+1) for the next training round. PPML frameworks
that utilize polynomial embeddings to hide sensitive data
are bound to polynomial computations (So et al., 2020;
Yu et al., 2019). As the sigmoid function in (1) is not
a polynomial, it is often approximated with a polynomial
ĝ(x) =

∑r
i=0 θix

i for some public coefficients {θi}i∈[r]
fitted via least squares, using which one can rewrite (2) as:

w(t+1) = w(t) − η

|X |X
T (ĝ(X×w(t))− y). (26)

The degree r quantifies the accuracy of approximation
(Brinkhuis and Tikhomirov, 2005). Then, the offline and
online phases of this stage proceed as follows.

(Offline) Client i ∈ [N ] generates C , (2r+1)(K + T −
1) + 1 random vectors uik of size d

N−T , which are then
encoded using Lagrange polynomial of degree C − 1,

φi(z) ,
∑

k∈[C]

uik
∏

l∈[C]\{k}

z − θl
θk − θl

(27)

where θk = βk (hence φi(βk) = uik) for k ∈ [K], and
θk for k ∈ {K + 1, . . . , C} are distinct public parameters
from Fq . Client i then sends an encoded vector,

ũij , φi(αj) (28)

to client j ∈ [N ]. After receiving {ũji}j∈[N ], client i con-
structs a new (larger dimensional) encoded vector,

ũi , (M⊗ I)× (ũT1i, . . . , ũ
T
Ni)

T (29)
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which encodes {uk}k∈[C] within a Lagrange polynomial,

φ(z) ,
∑

k∈[C]

uk
∏

l∈[C]\{k}

z − θl
θk − θl

(30)

such that uk , (M ⊗ I) × (uT1k, . . . ,u
T
Nk)

T , where
φ(θk) = uk for all k ∈ [C], and client i obtains an en-
coded vector ũi = φ(αi). Client i then secret shares the
sum

∑
k∈[K] uik, by sending client j ∈ [N ] a share,

[
∑

k∈[K]

uik]j ,
∑

k∈[K]

uik +
∑

l∈[T ]

γljzil (31)

where zil are uniformly random vectors, and {γj}j∈[N ] are
distinct public parameters. After receiving [

∑
k∈[K] ujk]i

for j ∈ [N ], client i generates a secret share of
∑
k∈[K] uk,

[
∑

k∈[K]

uk]i , (M⊗ I)×([
∑

k∈[K]

u1k]
T
i , . . . , [

∑

k∈[K]

uNk]
T
i )
T

(Online) Using the encoded dataset X̃i and model w̃
(t)
i ,

client i computes a local gradient,

f(X̃i, w̃
(t)
i ) , X̃T

i ĝ(X̃i × w̃
(t)
i ) (32)

and broadcasts ûi , X̃T
i ĝ(X̃i × w̃

(t)
i ) − ũi, where the

gradient is hidden by ũi. From (8) and (25), one can
define a univariate polynomial h(z) = f(u(z), v(z)) =
u(z)T ĝ(u(z)×v(z)) of degree C − 1, where,

h(βk)=f(u(βk), v(βk))=f(Xk,w
(t))=XT

k ĝ(Xk×w(t))

for all k ∈ [K], and client i ∈ [N ] computes,

h(αi)=f(u(αi), v(αi))=f(X̃i, w̃
(t)
i )=X̃T

i ĝ(X̃i× w̃
(t)
i )

Define ψ(z) , h(z)− φ(z). Note that ûi = ψ(αi), hence
after receiving ûi from any set of at least deg(ψ) + 1 = C
clients, each client can reconstruct ψ(z) via polynomial in-
terpolation, and compute a secret share of the true gradient
XT ĝ(X×w(t)) =

∑
k∈[K] X

T
k ĝ(Xk ×w(t)) as follows,

[XT ĝ(X×w(t))]i ,
∑

k∈[K]

ψ(βk) + [
∑

k∈[K]

uk]i (33)

= XT ĝ(X×w(t)) +
∑

l∈[T ]

γlizl,

where zl , (M ⊗ I) × (zT1l, . . . , z
T
Nl)

T . Note that PICO
is bound to polynomial operations, consisting only of fi-
nite field addition and multiplications, whereas (2) requires
a division. To handle this, one can either treat all model
updates as operations in the integer domain, by assuming
a sufficiently large field size, as detailed in Appendix D,
or utilize the secure truncation operation from (Catrina and
Saxena, 2010) as described in Appendix I and update the
model according to (26),

[w(t+1)]i = [w(t)]i −
η

|X | ([X
T ĝ(X×w(t))]i − [XTy]i)

(34)

Dataset encoding at client 

Dataset encoding

Randomness generation at client 

Client 4Client 3

Client 1

Client 2

random mask

point-to-
point

Offline

Encoded 
dataset

<latexit sha1_base64="RMSAGJILDkZWDTCmL6lk6QLT2uc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AznOM6Q==</latexit>

i

broadcast
local dataset

masked dataset

local datasetOnline

local dataset local dataset

<latexit sha1_base64="Uma4XB9BvQDnKVbbklajexysfWs=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq5IU6QNcFNy4rGBroR2GTJppQzOZIckIdeiXuHGhiFs/xZ1/Y6atoKIHAodz7uWenCARXBuEPpzC2vrG5lZxu7Szu7dfdg8OezpOFWVdGotY9QOimeCSdQ03gvUTxUgUCHYbTC9z//aOKc1jeWNmCfMiMpY85JQYK/lueRgRMwnCrD/3s9oc+m4FVRFCGGOYE9yoI0tarWYNNyHOLYsKWKHju+/DUUzTiElDBdF6gFFivIwow6lg89Iw1SwhdErGbGCpJBHTXrYIPoenVhnBMFb2SQMX6veNjERaz6LATuYx9W8vF//yBqkJm17GZZIaJunyUJgKaGKYtwBHXDFqxMwSQhW3WSGdEEWosV2VbAlfP4X/k16tiutVfH1eaV+s6iiCY3ACzgAGDdAGV6ADuoCCFDyAJ/Ds3DuPzovzuhwtOKudI/ADztsn5xSTPg==</latexit>

X2

<latexit sha1_base64="2dw0rMfD5Y5p0pqb+jwgveBgoTw="></latexit>bX2 = X2 �R2

<latexit sha1_base64="qh2cnQU/GzkX+xK536mRuHhSanc="></latexit>bX
3
=

X
3 �

R
3 <latexit sha1_base64="LJptsBC2BMbO81K3SmAXdD1BLVk="></latexit> bX 4

=
X

4
�

R
4

<latexit sha1_base64="grX8NAeGdTqA6loNTMgkIZQ8AJk=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5DU0FZwUXDjsoJ9QBvCZDpph04mYWYi1JAvceNCEbd+ijv/xklbQUUPDBzOuZd75gQJo1LZ9odRWlvf2Nwqb1d2dvf2q+bBYU/GqcCki2MWi0GAJGGUk66iipFBIgiKAkb6weyq8Pt3REga81s1T4gXoQmnIcVIack3q6MIqWkQZoPcz9wc+mbNti5ajbrbgLZl202n7hSk3nTPXehopUANrNDxzffROMZpRLjCDEk5dOxEeRkSimJG8soolSRBeIYmZKgpRxGRXrYInsNTrYxhGAv9uIIL9ftGhiIp51GgJ4uY8rdXiH95w1SFLS+jPEkV4Xh5KEwZVDEsWoBjKghWbK4JwoLqrBBPkUBY6a4quoSvn8L/Sa9uOQ3LuXFr7ctVHWVwDE7AGXBAE7TBNeiALsAgBQ/gCTwb98aj8WK8LkdLxmrnCPyA8fYJ/TmTTA==</latexit>

X4

<latexit sha1_base64="dkw/wWRYVsRpwj4qJp4ur5rIKr4=">AAACIXicbVDLSsNAFJ34rPUVdelmsAhuLImIdqFQcOOyin1AE8JkMmmHTh7MTJQS8itu/BU3LhTpTvwZJ2lEbT0wcO459zL3HjdmVEjD+NAWFpeWV1Yra9X1jc2tbX1ntyOihGPSxhGLeM9FgjAakrakkpFezAkKXEa67ugq97v3hAsahXdyHBM7QIOQ+hQjqSRHb1gP1CNDJFMrQHLo+mkvy5zUzOAl/FFy4fi7vC1KR68ZdaMAnCdmSWqgRMvRJ5YX4SQgocQMCdE3jVjaKeKSYkayqpUIEiM8QgPSVzREARF2WlyYwUOleNCPuHqhhIX6eyJFgRDjwFWd+ZZi1svF/7x+Iv2GndIwTiQJ8fQjP2FQRjCPC3qUEyzZWBGEOVW7QjxEHGGpQq2qEMzZk+dJ56RuntXNm9Na86KMowL2wQE4AiY4B01wDVqgDTB4BM/gFbxpT9qL9q5Npq0LWjmzB/5A+/wCFHCkqw==</latexit>bX1 = X1 �R1

<latexit sha1_base64="hte5kPC4GN5WVFGxoB9HYxSV6oY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURURcuCm5cVrAPaEOYTCft0MkkzEyEGvIlblwo4tZPceffOGmz0NYDA4dz7uWeOUHCmdKO821V1tY3Nreq27Wd3b39un1w2FVxKgntkJjHsh9gRTkTtKOZ5rSfSIqjgNNeML0t/N4jlYrF4kHPEupFeCxYyAjWRvLt+jDCehKEWT/3MzdHvt1wms4caJW4JWlAibZvfw1HMUkjKjThWKmB6yTay7DUjHCa14apogkmUzymA0MFjqjysnnwHJ0aZYTCWJonNJqrvzcyHCk1iwIzWcRUy14h/ucNUh1eexkTSaqpIItDYcqRjlHRAhoxSYnmM0MwkcxkRWSCJSbadFUzJbjLX14l3fOme9l07y8arZuyjiocwwmcgQtX0II7aEMHCKTwDK/wZj1ZL9a79bEYrVjlzhH8gfX5A5iYkwc=</latexit>

X1

<latexit sha1_base64="qVHi4dSmGFHtKNYtLoFTNZ7bB3s=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5DUJrbgouDGZQX7gDaEyXTSDp08mJkINeRL3LhQxK2f4s6/cdJWUNEDA4dz7uWeOX7CqJCm+aGV1tY3NrfK25Wd3b39qn5w2BNxyjHp4pjFfOAjQRiNSFdSycgg4QSFPiN9f3ZV+P07wgWNo1s5T4gboklEA4qRVJKnV0chklM/yAa5l53n0NNrpmE6dstuQdOwHdtuOYo0641mw4aWYS5QAyt0PP19NI5xGpJIYoaEGFpmIt0McUkxI3lllAqSIDxDEzJUNEIhEW62CJ7DU6WMYRBz9SIJF+r3jQyFQsxDX00WMcVvrxD/8oapDJpuRqMklSTCy0NByqCMYdECHFNOsGRzRRDmVGWFeIo4wlJ1VVElfP0U/k96dcNyDOumUWtfruoog2NwAs6ABS5AG1yDDugCDFLwAJ7As3avPWov2utytKStdo7AD2hvny3fk24=</latexit>

X3

<latexit sha1_base64="RMSAGJILDkZWDTCmL6lk6QLT2uc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AznOM6Q==</latexit>

i

<latexit sha1_base64="vecVKDPzxoMPIyJjNBw1SXaklw0="></latexit>

eRij = Ri
↵j � �2

�1 � �2
+ Vi

↵j � �1

�2 � �1
, j 2 [4]

<latexit sha1_base64="Qi8i3Jl5Hh89SK87BBN1OYEqJWU="></latexit>

eXi =

2
6664

bX1

bX2

bX3

bX4

3
7775
↵i � �2

�1 � �2
+

2
6664

eR1i

eR2i

eR3i

eR4i

3
7775

Model encoding

Randomness generation at client Decode masked model (all clients): 

Model encoding at client 

Encoded 
model

<latexit sha1_base64="z6sXa9S+7DiWK2Z9BRG8Bg3I7bo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqcH75Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ac+njO0=</latexit>

i

from offline 
phase

model

Online

broadcast
<latexit sha1_base64="Ur2ewrkkVacbQwRa3Fb6yl90yME=">AAACL3icbZDLSsNAFIYnXmu9RV26GSyCLiyJiLpQKAjisoKthSSWyXRih04uzJxYSsgbufFVuhFRxK1v4aQt1NsPAz/fOYc55/cTwRVY1osxMzs3v7BYWiovr6yurZsbm00Vp5KyBo1FLFs+UUzwiDWAg2CtRDIS+oLd+r2Lon77wKTicXQDg4R5IbmPeMApAY3a5qXj9nmHdQlkbkig6wdZP8/vsj3Yz722jc+xM+VTfDDFsgBts2JVrZHwX2NPTAVNVG+bQ7cT0zRkEVBBlHJsKwEvIxI4FSwvu6liCaE9cs8cbSMSMuVlo3tzvKtJBwex1C8CPKLfJzISKjUIfd1ZLKl+1wr4X81JITj1Mh4lKbCIjj8KUoEhxkV4uMMloyAG2hAqud4V0y6RhIKOuKxDsH+f/Nc0D6v2cdW+PqrUziZxlNA22kF7yEYnqIauUB01EEWPaIhe0ZvxZDwb78bHuHXGmMxsoR8yPr8AiZ2pSw==</latexit>

[bw(t)]1 = [w(t)]1 � [r]1

<latexit sha1_base64="9MzDax9qetckLnD2hPcc7Kxbsxs="></latexit>

[bw(t)]2 = [w(t)]2 � [r]2

<latexit sha1_base64="kpTcNvNEUxJ2F6jxgRQyUVskD+M="></latexit>

[bw
(t
) ] 4

=
[w

(t
) ] 4
�

[r
] 4

<latexit sha1_base64="jJYmSUSBOfBYhJf4zTK5EYOvrb8="></latexit>

[bw(t)]3 = [w(t)]3 � [r]3

Gradient computing and model update

Randomness generation at client

<latexit sha1_base64="JRM4chq/ICBbZ/erYXvKFLJglf4=">AAACGHicbVDLSsNAFJ34rPVVdelmsAgupCZFtMuCG5cV7APSECaTm3bo5MHMRCkhn+HGX3HjQhG33fk3TtuA2nrgwuGce7n3Hi/hTCrT/DJWVtfWNzZLW+Xtnd29/crBYUfGqaDQpjGPRc8jEjiLoK2Y4tBLBJDQ49D1RjdTv/sAQrI4ulfjBJyQDCIWMEqUltzKRf+R+aAY9yHrh0QNvSBL89zNrHp+ju0fybUcN6vnbqVq1swZ8DKxClJFBVpuZdL3Y5qGECnKiZS2ZSbKyYhQjHLIy/1UQkLoiAzA1jQiIUgnmz2W41Ot+DiIha5I4Zn6eyIjoZTj0NOd00PlojcV//PsVAUNJ2NRkiqI6HxRkHKsYjxNCftMAFV8rAmhgulbMR0SQajSWZZ1CNbiy8ukU69ZVzXr7rLabBRxlNAxOkFnyELXqIluUQu1EUVP6AW9oXfj2Xg1PozPeeuKUcwcoT8wJt/ZOKDZ</latexit>eu
1
2 ,[u

1 ]2

<latexit sha1_base64="tL4zla4QpCy37UMio58GCgAycbE="></latexit>eu
2
1 ,[u

2 ]1

<latexit sha1_base64="eLJ6Io8Hi98Zra7XAgg9LTuILIU=">AAACFHicbVBNS8MwGE79nPOr6tFLcQiCMNohuuNgF48T3Ae0paRZuoWlaUlSYYT+CC/+FS8eFPHqwZv/xrTrQTcfCHl4nvd98+YJU0qEtO1vY219Y3Nru7ZT393bPzg0j44HIsk4wn2U0ISPQigwJQz3JZEUj1KOYRxSPAxn3cIfPmAuSMLu5TzFfgwnjEQEQamlwLxUXjlEhTTDuae8GMppGKksD1Rrlnv6mnmEuV0/zwOzYTftEtYqcSrSABV6gfnljROUxZhJRKEQrmOn0leQS4IozuteJnAK0QxOsKspgzEWvir3ya1zrYytKOH6MGmV6u8OBWMh5nGoK4udxbJXiP95biajtq8ISzOJGVo8FGXUkolVJGSNCcdI0rkmEHGid7XQFHKIpM6xrkNwlr+8SgatpnPddO6uGp12FUcNnIIzcAEccAM64Bb0QB8g8AiewSt4M56MF+Pd+FiUrhlVzwn4A+PzB1a5oDc=</latexit>{u2k}k2[C]

Decode masked gradient:         

Generate secret share of gradient:       

local gradient

true gradient

offline

mask

OnlineOffline

point-to-
point

<latexit sha1_base64="hyUVVmSDPzzXqKkaevZkiweA/Es="></latexit>

bu4 = eXT
4 ĝ(eX4 ⇥ ew(t)

4 )� eu4

<latexit sha1_base64="8rL6Sr85rUbqK9HyZ5Rqe+5ZZw4=">AAACDHicbVC7TsMwFHXKq5RXgZElokJiqhJUAQNDJRbGItGH1ESV49y0Vp2HbAdUWfkAFn6FhQGEWPkANv4GJ80ALUeydHTOufb18RJGhbSsb6Oysrq2vlHdrG1t7+zu1fcPeiJOOYEuiVnMBx4WwGgEXUklg0HCAYceg743vc79/j1wQePoTs4ScEM8jmhACZZaGtUbyikuURz8zHmgPkywVE6I5cQLVJplo1amU1bTKmAuE7skDVSiM6p/OX5M0hAiSRgWYmhbiXQV5pISBlnNSQUkmEzxGIaaRjgE4apij8w80YpvBjHXJ5Jmof6eUDgUYhZ6OplvKRa9XPzPG6YyuHQVjZJUQkTmDwUpM2Vs5s2YPuVAJJtpggmneleTTDDHROr+aroEe/HLy6R31rTPm/Ztq9G+KuuooiN0jE6RjS5QG92gDuoigh7RM3pFb8aT8WK8Gx/zaMUoZw7RHxifP9HNnLc=</latexit>bu4

<latexit sha1_base64="QMUUsmDDTEoklIJyQ+w/7lue+P4="></latexit>

bu2 = eXT
2 ĝ(eX2 ⇥ ew(t)

2 )� eu2

<latexit sha1_base64="CSFBSXEN7TIOXb4K3+6J/QP8KjY=">AAACDXicbVC7TsMwFHV4lvIKMLJEFCSmKqkQMDBUYmEsEn1ITRQ5zk1r1XnIdkBVlB9g4VdYGECIlZ2Nv8FJM0DLkSwdnXOvfXy8hFEhTfNbW1peWV1br23UN7e2d3b1vf2eiFNOoEtiFvOBhwUwGkFXUslgkHDAoceg702uC79/D1zQOLqT0wScEI8iGlCCpZJc/Tizy0syj6WQ2w/UhzGWmR1iOfaCLM1zt5W7esNsmiWMRWJVpIEqdFz9y/ZjkoYQScKwEEPLTKSTYS4pYZDX7VRAgskEj2CoaIRDEE5WBsmNE6X4RhBzdSJplOrvjQyHQkxDT00WKcW8V4j/ecNUBpdORqMklRCR2UNBygwZG0U1hk85EMmmimDCqcpqkDHmmEhVYF2VYM1/eZH0Wk3rvGndnjXaV1UdNXSIjtApstAFaqMb1EFdRNAjekav6E170l60d+1jNrqkVTsH6A+0zx+oIJ0s</latexit>bu2

<latexit sha1_base64="jPXufFRIRlM/QKtOV1a4JoYvtaA="></latexit>

bu3 = eXT
3 ĝ(eX3 ⇥ ew(t)

3 )� eu3

<latexit sha1_base64="c6Jmby46I6D1gEcNDdlgoqEz5qw=">AAACDXicbVA7T8MwGHR4lvIKMLJEFCSmKgEEDAyVWBiLRB9SE0WO67RWHSeyHVBk5Q+w8FdYGECIlZ2Nf4OTZoCWkyyd7r7PPl+QUCKkbX8bC4tLyyurtbX6+sbm1ra5s9sVccoR7qCYxrwfQIEpYbgjiaS4n3AMo4DiXjC5LvzePeaCxOxOZgn2IjhiJCQISi355qFyy0sUyiDL3QcyxGMolRtBOQ5Clea5f5r7ZsNu2iWseeJUpAEqtH3zyx3GKI0wk4hCIQaOnUhPQS4Jojivu6nACUQTOMIDTRmMsPBUGSS3jrQytMKY68OkVaq/NxSMhMiiQE8WKcWsV4j/eYNUhpeeIixJJWZo+lCYUkvGVlGNNSQcI0kzTSDiRGe10BhyiKQusK5LcGa/PE+6J03nvOncnjVaV1UdNbAPDsAxcMAFaIEb0AYdgMAjeAav4M14Ml6Md+NjOrpgVDt74A+Mzx+ugp0w</latexit>bu3

<latexit sha1_base64="norniTfMFBA9h7x4WsO5Iri/R64=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVERF24KLhxWcE+oA1hMpm0QyeTMDNRSszCX3HjQhG3/oY7/8ZJm4W2Hhg4nHMv98zxE0alsu1vo7K0vLK6Vl2vbWxube+Yu3sdGacCkzaOWSx6PpKEUU7aiipGeokgKPIZ6frj68Lv3hMhaczv1CQhboSGnIYUI6UlzzwYPNCAjJDKBhFSIz/M0jz3HM+s2w17CmuROCWpQ4mWZ34NghinEeEKMyRl37ET5WZIKIoZyWuDVJIE4TEakr6mHEVEutk0f24dayWwwljox5U1VX9vZCiSchL5erIIKee9QvzP66cqvHQzypNUEY5nh8KUWSq2ijKsgAqCFZtogrCgOquFR0ggrHRlNV2CM//lRdI5bTjnDef2rN68KuuowiEcwQk4cAFNuIEWtAHDIzzDK7wZT8aL8W58zEYrRrmzD39gfP4AvVyWjA==</latexit>bu1

<latexit sha1_base64="5Cg6LxMBPiM+PDG+pTTd8vXiyPs="></latexit>

bu1 = eXT
1 ĝ(eX1 ⇥ ew(t)

1 )� eu1

random maskOffline <latexit sha1_base64="DTmWkO+Ivv01YABm3F86v4Dd61c=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6sJFwY3LCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtsstPXAwOGce7lnTpgKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2pRsEltgw3ArupQhqHAjvh+G7md55QaZ7IRzNJMYjpUPKIM2qs5PsxNaMwytW07/WrNbfuzkFWiVeQGhRo9qtf/iBhWYzSMEG17nluaoKcKsOZwGnFzzSmlI3pEHuWShqjDvJ55ik5s8qARImyTxoyV39v5DTWehKHdnKWUS97M/E/r5eZ6CbIuUwzg5ItDkWZICYhswLIgCtkRkwsoUxxm5WwEVWUGVtTxZbgLX95lbQv6t5V3Xu4rDVuizrKcAKncA4eXEMD7qEJLWCQwjO8wpuTOS/Ou/OxGC05xc4x/IHz+QMhYJG6</latexit>r1

<latexit sha1_base64="lW6kdtF/CGwjFfNBmu50NS1PIFU=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZLaxBZcFNy4rGAf0MYymU7aoZNJmJkoJeQ/3LhQxK3/4s6/cdJWUNEDA4dz7uWeOX7MqFSW9WEUVlbX1jeKm6Wt7Z3dvfL+QUdGicCkjSMWiZ6PJGGUk7aiipFeLAgKfUa6/vQy97t3REga8Rs1i4kXojGnAcVIael2ECI18YNUZMP0LBuWK5ZpuU7DaUDLdFzHabia1Ku1es2BtmnNUQFLtIbl98EowklIuMIMSdm3rVh5KRKKYkay0iCRJEZ4isakrylHIZFeOk+dwROtjGAQCf24gnP1+0aKQilnoa8n85Tyt5eLf3n9RAV1L6U8ThTheHEoSBhUEcwrgCMqCFZspgnCguqsEE+QQFjpokq6hK+fwv9Jp2rarmlf1yrNi2UdRXAEjsEpsME5aIIr0AJtgIEAD+AJPBv3xqPxYrwuRgvGcucQ/IDx9gmC35Mt</latexit>r3
<latexit sha1_base64="YwvYTNfYlQdvL752Ks0x6icR5/0=">AAAB9XicdVDLSsNAFL2pr1pfVZduBovgKiQ1tBVcFNy4rGAf0MYymU7aoZMHMxOlhPyHGxeKuPVf3Pk3TtoKKnpg4HDOvdwzx4s5k8qyPozCyura+kZxs7S1vbO7V94/6MgoEYS2ScQj0fOwpJyFtK2Y4rQXC4oDj9OuN73M/e4dFZJF4Y2axdQN8DhkPiNYael2EGA18fxUZMPUyYblimWeN2pVp4Ys07LqdtXOSbXunDnI1kqOCizRGpbfB6OIJAENFeFYyr5txcpNsVCMcJqVBomkMSZTPKZ9TUMcUOmm89QZOtHKCPmR0C9UaK5+30hxIOUs8PRknlL+9nLxL6+fKL/hpiyME0VDsjjkJxypCOUVoBETlCg+0wQTwXRWRCZYYKJ0USVdwtdP0f+kUzXtmmlfO5XmxbKOIhzBMZyCDXVowhW0oA0EBDzAEzwb98aj8WK8LkYLxnLnEH7AePsEUkeTCw==</latexit>r4

<latexit sha1_base64="3OnkrzlsRY8anc0dosD9rJY4pC4=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwITWxoi5cFNy4rGAf0IYwmdy0QycPZiZKCfkMN/6KGxeKuO3Ov3H6ALX1wIXDOfdy7z1ewplUlvVlFJaWV1bXiuuljc2t7R1zd68p41RQaNCYx6LtEQmcRdBQTHFoJwJI6HFoeYObsd96ACFZHN2rYQJOSHoRCxglSkuuedp9ZD4oxn3IuiFRfS/IRJ67mV3NT3DnR3Jtx82quWuWrYo1AV4k9oyU0Qx11xx1/ZimIUSKciJlx7YS5WREKEY55KVuKiEhdEB60NE0IiFIJ5s8luMjrfg4iIWuSOGJ+nsiI6GUw9DTneND5bw3Fv/zOqkKrpyMRUmqIKLTRUHKsYrxOCXsMwFU8aEmhAqmb8W0TwShSmdZ0iHY8y8vkuZZxb6o2Hfn5dr1LI4iOkCH6BjZ6BLV0C2qowai6Am9oDf0bjwbr8aH8TltLRizmX30B8boG9QJoNk=</latexit> er 13
, [
r 1

] 3
<latexit sha1_base64="XoO2ZQhIsEq8PND9yR/tWBI1w70="></latexit> er 31
, [
r 3

] 1

<latexit sha1_base64="qnaBUmpdgKflmwFdf7BrxCpi3GI=">AAACGHicbVDLSsNAFJ34rPVVdelmsAgupCZS1IWLghuXFewDmhAmk5t26OTBzEQpIZ/hxl9x40IRt935N07bgNp64MLhnHu59x4v4Uwq0/wylpZXVtfWSxvlza3tnd3K3n5bxqmg0KIxj0XXIxI4i6ClmOLQTQSQ0OPQ8YY3E7/zAEKyOLpXowSckPQjFjBKlJbcypn9yHxQjPuQ2SFRAy/IRJ67mVXPT3HvR3Itx83quVupmjVzCrxIrIJUUYGmWxnbfkzTECJFOZGyZ5mJcjIiFKMc8rKdSkgIHZI+9DSNSAjSyaaP5fhYKz4OYqErUniq/p7ISCjlKPR05+RQOe9NxP+8XqqCKydjUZIqiOhsUZByrGI8SQn7TABVfKQJoYLpWzEdEEGo0lmWdQjW/MuLpH1esy5q1l292rgu4iihQ3SETpCFLlED3aImaiGKntALekPvxrPxanwYn7PWJaOYOUB/YIy/AdcnoNs=</latexit>er
14 , [r

1 ]4

<latexit sha1_base64="3pmqaQYQRfVV2npcl17WVgj8w3g="></latexit>er
2
1 ,[r

2 ]1
<latexit sha1_base64="RxOH45D37f0GtNeeM2bpLoFrljY=">AAACGHicbVDLSsNAFJ34rPVVdelmsAgupCZF1IWLghuXFewDmhAmk5t26OTBzEQpIZ/hxl9x40IRt935N07bgNp64MLhnHu59x4v4Uwq0/wylpZXVtfWSxvlza3tnd3K3n5bxqmg0KIxj0XXIxI4i6ClmOLQTQSQ0OPQ8YY3E7/zAEKyOLpXowSckPQjFjBKlJbcypn9yHxQjPuQ2SFRAy/IRJ67mVXPT3HvR3Itx83quVupmjVzCrxIrIJUUYGmWxnbfkzTECJFOZGyZ5mJcjIiFKMc8rKdSkgIHZI+9DSNSAjSyaaP5fhYKz4OYqErUniq/p7ISCjlKPR05+RQOe9NxP+8XqqCKydjUZIqiOhsUZByrGI8SQn7TABVfKQJoYLpWzEdEEGo0lmWdQjW/MuLpF2vWRc16+682rgu4iihQ3SETpCFLlED3aImaiGKntALekPvxrPxanwYn7PWJaOYOUB/YIy/AdDroNc=</latexit>er
1
2 ,[r

1 ]2

<latexit sha1_base64="vDLTG1IEaYdtKHppjACmgTfHxWo="></latexit>er
41 , [r

4 ]1

<latexit sha1_base64="kfzcbznB9OHV+JY3qUjV3+1Tl2A="></latexit>er
42 , [r

4 ]2
<latexit sha1_base64="1++gap3TMlZ1z3u8/bonovGXPGk="></latexit>er24 , [r2 ]4<latexit sha1_base64="Qzhl1DfbnN+JfhCVKTqRy2cWlWA="></latexit>er34, [r3]4

<latexit sha1_base64="3Ech7Uq8c4Khtqkm12c4qI2ppoc="></latexit>er43, [r4]3

<latexit sha1_base64="aldpD15Nvjb352KPjv7ZcqpZGJQ="></latexit> er23
, [r2

]3
<latexit sha1_base64="xBtAvpDzOTuK1HQr7r0qQVUCkS4="></latexit> er32

, [r3]2 <latexit sha1_base64="PSypk5Ekdc9CIXR53cSQTMIPBp8=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBFclUmRPsBFwY3LCvYBnaFk0kwbmskMSUYoQ3/DjQtF3Poz7vwbM20FFT0QOJxzL/fkBIng2rjuh7O2vrG5tV3YKe7u7R8clo6OuzpOFWUdGotY9QOimeCSdQw3gvUTxUgUCNYLpte537tnSvNY3plZwvyIjCUPOSXGSp4XETMJwkzNh9VhqexWXNfFGKOc4HrNtaTZbFRxA+HcsijDCu1h6d0bxTSNmDRUEK0H2E2MnxFlOBVsXvRSzRJCp2TMBpZKEjHtZ4vMc3RulREKY2WfNGihft/ISKT1LArsZJ5R//Zy8S9vkJqw4WdcJqlhki4PhalAJkZ5AWjEFaNGzCwhVHGbFdEJUYQaW1PRlvD1U/Q/6VYruFbBt5fl1tWqjgKcwhlcAIY6tOAG2tABCgk8wBM8O6nz6Lw4r8vRNWe1cwI/4Lx9Am/akfE=</latexit>r2

<latexit sha1_base64="DJgacZ/1Jxb/91aA2itxLFWNNiI=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFclaSIunBREMRlBfuAJobJdNIOnUzizEQpsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6ZEySMSmXb38bS8srq2nppo7y5tb2za1b22jJOBSYtHLNYdAMkCaOctBRVjHQTQVAUMNIJRpe533kgQtKY36pxQrwIDTgNKUZKS75ZcSl3I6SGQZBdTfz7u7pvVu2aPYW1SJyCVKFA0ze/3H6M04hwhRmSsufYifIyJBTFjEzKbipJgvAIDUhPU44iIr1sGn1iHWmlb4Wx0I8ra6r+3shQJOU4CvRknlLOe7n4n9dLVXjuZZQnqSIczw6FKbNUbOU9WH0qCFZsrAnCguqsFh4igbDSbZV1Cc78lxdJu15zTmvOzUm1cVHUUYIDOIRjcOAMGnANTWgBhkd4hld4M56MF+Pd+JiNLhnFzj78gfH5AzGyk/A=</latexit>

2 F2
q

point-to-
point

<latexit sha1_base64="KrTj1m/HBsaoambTicLAhLnS1M4=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFclUSkunBREMRlBfuAJobJdNIOnUzizEQpsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6ZEySMSmXb38bS8srq2nppo7y5tb2za1b22jJOBSYtHLNYdAMkCaOctBRVjHQTQVAUMNIJRpe533kgQtKY36pxQrwIDTgNKUZKS75ZcSl3I6SGQZBdTfz7u7pvVu2aPYW1SJyCVKFA0ze/3H6M04hwhRmSsufYifIyJBTFjEzKbipJgvAIDUhPU44iIr1sGn1iHWmlb4Wx0I8ra6r+3shQJOU4CvRknlLOe7n4n9dLVXjuZZQnqSIczw6FKbNUbOU9WH0qCFZsrAnCguqsFh4igbDSbZV1Cc78lxdJ+6Tm1GvOzWm1cVHUUYIDOIRjcOAMGnANTWgBhkd4hld4M56MF+Pd+JiNLhnFzj78gfH5AzfCk/Q=</latexit>

2 F6
q

<latexit sha1_base64="KrTj1m/HBsaoambTicLAhLnS1M4=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFclUSkunBREMRlBfuAJobJdNIOnUzizEQpsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6ZEySMSmXb38bS8srq2nppo7y5tb2za1b22jJOBSYtHLNYdAMkCaOctBRVjHQTQVAUMNIJRpe533kgQtKY36pxQrwIDTgNKUZKS75ZcSl3I6SGQZBdTfz7u7pvVu2aPYW1SJyCVKFA0ze/3H6M04hwhRmSsufYifIyJBTFjEzKbipJgvAIDUhPU44iIr1sGn1iHWmlb4Wx0I8ra6r+3shQJOU4CvRknlLOe7n4n9dLVXjuZZQnqSIczw6FKbNUbOU9WH0qCFZsrAnCguqsFh4igbDSbZV1Cc78lxdJ+6Tm1GvOzWm1cVHUUYIDOIRjcOAMGnANTWgBhkd4hld4M56MF+Pd+JiNLhnFzj78gfH5AzfCk/Q=</latexit>

2 F6
q

<latexit sha1_base64="DJgacZ/1Jxb/91aA2itxLFWNNiI=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFclaSIunBREMRlBfuAJobJdNIOnUzizEQpsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6ZEySMSmXb38bS8srq2nppo7y5tb2za1b22jJOBSYtHLNYdAMkCaOctBRVjHQTQVAUMNIJRpe533kgQtKY36pxQrwIDTgNKUZKS75ZcSl3I6SGQZBdTfz7u7pvVu2aPYW1SJyCVKFA0ze/3H6M04hwhRmSsufYifIyJBTFjEzKbipJgvAIDUhPU44iIr1sGn1iHWmlb4Wx0I8ra6r+3shQJOU4CvRknlLOe7n4n9dLVXjuZZQnqSIczw6FKbNUbOU9WH0qCFZsrAnCguqsFh4igbDSbZV1Cc78lxdJu15zTmvOzUm1cVHUUYIDOIRjcOAMGnANTWgBhkd4hld4M56MF+Pd+JiNLhnFzj78gfH5AzGyk/A=</latexit>

2 F2
q

<latexit sha1_base64="IqFhKmIOm9IXVkUIZn8TWdq0Msg=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiQi6sJFoRuXFewDkhAm00k7ZDIJMxOhhKzc+CtuXCji1m9w5984abPQ1gPDHM65l3vvCVJGpbKsb6O2srq2vlHfbGxt7+zumfsHfZlkApMeTlgihgGShFFOeooqRoapICgOGBkEUaf0Bw9ESJrwezVNiRejMachxUhpyTeP3dyNkZoEYZ4Vfm5Hhau/yKXc6XiFbzatljUDXCZ2RZqgQtc3v9xRgrOYcIUZktKxrVR5ORKKYkaKhptJkiIcoTFxNOUoJtLLZ2cU8FQrIxgmQj+u4Ez93ZGjWMppHOjKcmW56JXif56TqfDayylPM0U4ng8KMwZVAstM4IgKghWbaoKwoHpXiCdIIKx0cg0dgr148jLpn7fsy5Z9d9Fs31Rx1MEROAFnwAZXoA1uQRf0AAaP4Bm8gjfjyXgx3o2PeWnNqHoOwR8Ynz9CdJmb</latexit>{u1k}k2[C]

<latexit sha1_base64="s+VVHoZl/Gc00XRH7sV8YAIyvfQ="></latexit>

eui = (M⌦ I)

2
664

eu1i

eu2i

eu3i

eu4i

3
775

<latexit sha1_base64="d6SY0uDYNWWI9NIFCw8DBPqryuQ="></latexit>

[u]i = (M⌦ I)

2
664

[u11]i
[u21]i
[u31]i
[u41]i

3
775

<latexit sha1_base64="CJYy/OKm8RndlEItbnoj6OXUlFo="></latexit>

XT ĝ(X⇥w(t))� u =
X

i2[4]

bui

Y

j2[4]\{i}

�1 � ↵j

↵i � ↵j

<latexit sha1_base64="7VGH17qeZ5jq6JSxEXwibqLi0dI="></latexit>

[XT ĝ(X⇥w(t))]i = XT ĝ(X⇥w(t))� u + [u]i

<latexit sha1_base64="g7g5FWLCzhX4xUj4PmpEYwZxKcQ="></latexit>

eri = (M⌦ I)

2
664

er1i

er2i

er3i

er4i

3
775

<latexit sha1_base64="4py4AhW9JIbZhzzdx6WczVH9Qg0="></latexit>

[r]i = (M⌦ I)

2
664

[r1]i
[r2]i
[r3]i
[r4]i

3
775 <latexit sha1_base64="LRaIx03I5dNRFYHMAP6tqfnB9TY="></latexit>

ewi =
X

k2[K]

bw(t)
Y

l2[K+T ]\{k}

↵i � �l

�k � �l
+ eri

<latexit sha1_base64="3A0pwVOLMGik8xTiek+K3hnZ5NY=">AAACK3icbZDLSsNAFIYnXmu8VV26GSxCXVgSEXWjFN24rGAv0MYymUzaoZMLMyeWEvI+bnwVF7rwglvfw6Stt9YfBn6+cw5zzm+HgiswjFdtZnZufmExt6Qvr6yurec3NmsqiCRlVRqIQDZsopjgPqsCB8EaoWTEswWr272LrF6/ZVLxwL+GQcgsj3R87nJKIEXt/Dlu9bnDugTilkega7txP0lu4iLsJRjrpxj/4C+6/81kout6O18wSsZQeNqYY1NAY1Xa+ceWE9DIYz5QQZRqmkYIVkwkcCpYorcixUJCe6TDmqn1iceUFQ9vTfBuShzsBjJ9PuAh/T0RE0+pgWenndmSarKWwf9qzQjcEyvmfhgB8+noIzcSGAKcBYcdLhkFMUgNoZKnu2LaJZJQSOPNQjAnT542tYOSeVQyrw4L5bNxHDm0jXZQEZnoGJXRJaqgKqLoDj2gZ/Si3WtP2pv2Pmqd0cYzW+iPtI9Pkm2l9Q==</latexit>

bw(t) = w(t) � r

<latexit sha1_base64="JS2t0PtC4u8q3+RBSsDIXJfnpQw=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARXEhJWlEXLgpuXFawF2hDmExO2qGTCzMTpYS8hxtfxY0LRVwJLnwbpxdQW38Y+PnOOcw5v5dwJpVlfRmFpeWV1bXiemljc2t7x9zda8k4FRSaNOax6HhEAmcRNBVTHDqJABJ6HNre8Gpcb9+BkCyObtUoASck/YgFjBKlkWtWe/fMB8W4D1kvJGrgBVma525m1/IT3P1Bmti542a13DXLVsWaCC8ae2bKaKaGa370/JimIUSKciJl17YS5WREKEY55KVeKiEhdEj60NU2IiFIJ5vcluMjTXwcxEK/SOEJ/T2RkVDKUejpzvGucr42hv/VuqkKLpyMRUmqIKLTj4KUYxXjcVDYZwKo4iNtCBVM74rpgAhClY6zpEOw509eNK1qxT6r2Den5frlLI4iOkCH6BjZ6BzV0TVqoCai6AE9oRf0ajwaz8ab8T5tLRizmX30R8bnN0ihoiY=</latexit> eu 13
, [
u 11

] 3

<latexit sha1_base64="UsgCtodqJfLedZcG4hOVz/BkGz8=">AAACG3icbZDLSsNAFIYn9VbrrerSzWARXEhJSlEXLgpuXFawrZCGMJmctEMnF2YmSgl5Dze+ihsXirgSXPg2TtuA2vrDwM93zmHO+b2EM6lM88soLS2vrK6V1ysbm1vbO9Xdva6MU0GhQ2Mei1uPSOAsgo5iisNtIoCEHoeeN7qc1Ht3ICSLoxs1TsAJySBiAaNEaeRWG/175oNi3IesHxI19IIszXM3s5r5CbZ/kCZW7rhZM3erNbNuToUXjVWYGirUdqsffT+maQiRopxIaVtmopyMCMUoh7zSTyUkhI7IAGxtIxKCdLLpbTk+0sTHQSz0ixSe0t8TGQmlHIee7pzsKudrE/hfzU5VcO5kLEpSBRGdfRSkHKsYT4LCPhNAFR9rQ6hgeldMh0QQqnScFR2CNX/youk26tZp3bpu1loXRRxldIAO0TGy0BlqoSvURh1E0QN6Qi/o1Xg0no03433WWjKKmX30R8bnN0vCoig=</latexit>eu
14 , [u

11 ]4

<latexit sha1_base64="vAaDrgjaXKDpjzXP5iIGshAWiFw="></latexit>eu
41 , [u

41 ]1<latexit sha1_base64="utBxQLmPTJ9Fo5zMbMOtdi3O1Ag="></latexit> eu 31
, [
u 31

] 1

<latexit sha1_base64="tNedTAv1WOMSY0G4A4BAqWC4imM="></latexit> eu32
, [u

31
]2

<latexit sha1_base64="2/yPHwzW10JGdyNHux7qPXVzn18="></latexit> eu23
, [u

21
]3

<latexit sha1_base64="BqyR1EBrpl0VQU0L1KgcbIpb/uk="></latexit>eu
42 , [u

41 ]2
<latexit sha1_base64="A/wYakfuweWs/TZ7GLYJ4E5CZWA="></latexit>eu
24 , [u

21 ]4
<latexit sha1_base64="ix4/yP1U8uhoM3E2Lz3hHBH8UHY="></latexit>eu43, [u41]3

<latexit sha1_base64="/s7MhuT3mGsh3I5O0hKlNRSkc80="></latexit>eu34, [u31]4
<latexit sha1_base64="/sxzI1cefqQzLUfWSCa0jKOjjAQ=">AAACE3icbVC7TsMwFHV4lvIKMLJEVEiIoUpQBQwMlbowFok+pCaKHMdprTpOZDtIlZV/YOFXWBhAiJWFjb/BSTNAy5EsH51z7/X1CVJKhLTtb2NldW19Y7O2Vd/e2d3bNw8O+yLJOMI9lNCEDwMoMCUM9ySRFA9TjmEcUDwIpp3CHzxgLkjC7uUsxV4Mx4xEBEGpJd88V245RHEc5q5yYygnQaSy3Fetae7qa+oSNup4ee6bDbtpl7CWiVORBqjQ9c0vN0xQFmMmEYVCjBw7lZ6CXBJEcV53M4FTiKZwjEeaMhhj4alyndw61UpoRQnXh0mrVH93KBgLMYsDXVnsLBa9QvzPG2UyuvYUYWkmMUPzh6KMWjKxioCskHCMJJ1pAhEnelcLTSCHSOoY6zoEZ/HLy6R/0XQum85dq9G+qeKogWNwAs6AA65AG9yCLugBBB7BM3gFb8aT8WK8Gx/z0hWj6jkCf2B8/gB+rZ/G</latexit>{u4k}k2[C]

<latexit sha1_base64="33AVhicJN6GlUxk96hnNu3Zos9g=">AAACFHicbVBNS8MwGE79nPOr6tFLcQiCMFoV9eBhsIvHCe4D1lLSLN3C0rQkqVBCf4QX/4oXD4p49eDNf2Pa9aCbD4Q8PM/7vnnzBAklQtr2t7G0vLK6tl7bqG9ube/smnv7PRGnHOEuimnMBwEUmBKGu5JIigcJxzAKKO4H03bh9x8wFyRm9zJLsBfBMSMhQVBqyTdPlVsOUSiDLHeVG0E5CUKV5r46n+auvqYuYcO2l+e+2bCbdglrkTgVaYAKHd/8ckcxSiPMJKJQiKFjJ9JTkEuCKM7rbipwAtEUjvFQUwYjLDxV7pNbx1oZWWHM9WHSKtXfHQpGQmRRoCuLncW8V4j/ecNUhteeIixJJWZo9lCYUkvGVpGQNSIcI0kzTSDiRO9qoQnkEEmdY12H4Mx/eZH0zprOZdO5u2i0bqo4auAQHIET4IAr0AK3oAO6AIFH8AxewZvxZLwY78bHrHTJqHoOwB8Ynz9ecqA/</latexit>{u3k}k2[C]

<latexit sha1_base64="+6SNPvKIr9qfBL0NIDRLRP+EFjw=">AAAB/HicbVDLSgMxFM34rPU12qWbYBFaimVSRF0oFLoR3FToC9qhZNK0Dc1khiQjDEP9FTcuFHHrh7jzb0zbWWjrgQuHc+7l3nu8kDOlHefbWlvf2Nzazuxkd/f2Dw7to+OWCiJJaJMEPJAdDyvKmaBNzTSnnVBS7Huctr1Jbea3H6lULBANHYfU9fFIsCEjWBupb+dq8BYWKrKEioX7UuMcFUuob+edsjMHXCUoJXmQot63v3qDgEQ+FZpwrFQXOaF2Eyw1I5xOs71I0RCTCR7RrqEC+1S5yfz4KTwzygAOA2lKaDhXf08k2Fcq9j3T6WM9VsveTPzP60Z6eO0mTISRpoIsFg0jDnUAZ0nAAZOUaB4bgolk5lZIxlhiok1eWRMCWn55lbQqZXRZRg8X+epNGkcGnIBTUAAIXIEquAN10AQExOAZvII368l6sd6tj0XrmpXO5MAfWJ8/TpCRTw==</latexit>

C = (2r + 1)(K + T � 1) + 1

<latexit sha1_base64="KvToT0N/TL5UfjgKZLPMq20CK6U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDd4vV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpe47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP0EGM7w==</latexit>

i

<latexit sha1_base64="KvToT0N/TL5UfjgKZLPMq20CK6U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDd4vV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpe47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP0EGM7w==</latexit>

i

<latexit sha1_base64="/9WaP78ENp2K1VAeKYmovWhb+/s=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVwVRIp6sJFwY3LKvYBTQiTyU07dPJgZqKUkIUbf8WNC0Xc+hHu/BsnbRbaeuDC4Zx7ufceL2FUSNP81iorq2vrG9XN2tb2zu6evn/QE3HKCXRJzGI+8LAARiPoSioZDBIOOPQY9L3JVeH374ELGkd3cpqAE+JRRANKsFSSq9ftB+qDpMyHzA6xHHtBdpvnbma1cldvmE1zBmOZWCVpoBIdV/+y/ZikIUSSMCzE0DIT6WSYS0oY5DU7FZBgMsEjGCoa4RCEk82eyI1jpfhGEHNVkTRm6u+JDIdCTENPdRZ3ikWvEP/zhqkMLpyMRkkqISLzRUHKDBkbRSKGTzkQyaaKYMKputUgY8wxkSq3mgrBWnx5mfROm9ZZ07ppNdqXZRxVVEdH6ARZ6By10TXqoC4i6BE9o1f0pj1pL9q79jFvrWjlzCH6A+3zB3zYmJw=</latexit>eR14
<latexit sha1_base64="hVEkquOoJiFUdgfdIzMieKpy9GA=">AAACBHicdVDLSgNBEJz1GeMr6jGXwSB4CrtxSSJ4CHjxGMU8IAlhdrY3GTL7YGZWCcsevPgrXjwo4tWP8ObfOJtEUNGChqKqm+4uJ+JMKtP8MJaWV1bX1nMb+c2t7Z3dwt5+W4axoNCiIQ9F1yESOAugpZji0I0EEN/h0HEm55nfuQEhWRhcq2kEA5+MAuYxSpSWhoVi/5a5oBh3Ien7RI0dL7lK02FiW+mwUDLLp/Vqxa5is2yaNatiZaRSs09sbGklQwkt0BwW3vtuSGMfAkU5kbJnmZEaJEQoRjmk+X4sISJ0QkbQ0zQgPshBMnsixUdacbEXCl2BwjP1+0RCfCmnvqM7szvlby8T//J6sfLqg4QFUawgoPNFXsyxCnGWCHaZAKr4VBNCBdO3YjomglClc8vrEL4+xf+TdqVsVcvWpV1qnC3iyKEiOkTHyEI11EAXqIlaiKI79ICe0LNxbzwaL8brvHXJWMwcoB8w3j4B3OqY3g==</latexit>eR41

<latexit sha1_base64="5ZpP3Xjb/G/bIb3ZyQm8ahTJcTc=">AAACBHicdVBNS8NAEN34WetX1WMvi0XwVJIY2goeCl48VrGt0ISy2Ux0cfPB7kYpIQcv/hUvHhTx6o/w5r9xoxVU9MHA470ZZub5KWdSmeabMTM7N7+wWFmqLq+srq3XNjYHMskEhT5NeCLOfCKBsxj6iikOZ6kAEvkchv7lYekPr0BIlsSnapKCF5HzmIWMEqWlca3uXrMAFOMB5G5E1IUf5idFMc4duxjXGmZzv9OynRY2m6bZtmyrJHbb2XOwpZUSDTRFb1x7dYOEZhHEinIi5cgyU+XlRChGORRVN5OQEnpJzmGkaUwikF7+8USBd7QS4DARumKFP9TvEzmJpJxEvu4s75S/vVL8yxtlKux4OYvTTEFMPxeFGccqwWUiOGACqOITTQgVTN+K6QURhCqdW1WH8PUp/p8M7KbValrHTqN7MI2jgupoG+0iC7VRFx2hHuojim7QHXpAj8atcW88Gc+frTPGdGYL/YDx8g7eb5jf</latexit>eR42

<latexit sha1_base64="j+11y5uDNg9R1b/hIWIprqp2el0=">AAACBHicdVDLSsNAFJ34rPUVdelmsAiuSqYUreBCcOOyin1AG8JkcqNDJw9mJkoJWbjxV9y4UMStH+HOv3FiK6jogQuHc+7l3nv8VHClHefdmpmdm19YrCxVl1dW19btjc2uSjLJoMMSkci+TxUIHkNHcy2gn0qgkS+g549OSr93DVLxJL7Q4xTciF7GPOSMaiN59vbwhgeguQggH0ZUX/lhfl4UXt5oFp5dc+qO4xBCcEnIwb5jyOFhq0FamJSWQQ1N0fbst2GQsCyCWDNBlRoQJ9VuTqXmTEBRHWYKUspG9BIGhsY0AuXmn08UeNcoAQ4TaSrW+FP9PpHTSKlx5JvO8k712yvFv7xBpsOWm/M4zTTEbLIozATWCS4TwQGXwLQYG0KZ5OZWzK6opEyb3KomhK9P8f+k26iT/To5a9aOj6ZxVNA22kF7iKADdIxOURt1EEO36B49oifrznqwnq2XSeuMNZ3ZQj9gvX4Ay1SY0w==</latexit>eR24<latexit sha1_base64="8IVFa4tMsuzbj02rrv2brCQy7HQ=">AAACBHicdVBNS8NAEN34bf2qeuxlsQieQlKT2oIHwYvHKlaFppTNZqJLNx/sbpQScvDiX/HiQRGv/ghv/hs3tYKKPhh4vDfDzDw/5Uwqy3o3pqZnZufmFxYrS8srq2vV9Y0zmWSCQpcmPBEXPpHAWQxdxRSHi1QAiXwO5/7wsPTPr0FIlsSnapRCPyKXMQsZJUpLg2rNu2EBKMYDyL2IqCs/zE+KYpDvOsWgWrdMq+m23Ta2TLfpuu2mJq2G03JcbJvWGHU0QWdQffOChGYRxIpyImXPtlLVz4lQjHIoKl4mISV0SC6hp2lMIpD9fPxEgbe1EuAwEbpihcfq94mcRFKOIl93lnfK314p/uX1MhW2+jmL00xBTD8XhRnHKsFlIjhgAqjiI00IFUzfiukVEYQqnVtFh/D1Kf6fnDVMu2nax079YH8SxwKqoS20g2y0hw7QEeqgLqLoFt2jR/Rk3BkPxrPx8tk6ZUxmNtEPGK8fEh+ZAw==</latexit>eR34

<latexit sha1_base64="om8X43qn1G/bOBWupmUc8+DA/M4=">AAACBHicdVBNS8NAEN3Ur1q/oh69LBbBU0na0FbwUPDiUcXWQlvKZjNpl24+2N0oJeTgxb/ixYMiXv0R3vw3bmoFFX0w8Hhvhpl5bsyZVJb1bhQWFpeWV4qrpbX1jc0tc3unI6NEUGjTiEei6xIJnIXQVkxx6MYCSOByuHInJ7l/dQ1Csii8VNMYBgEZhcxnlCgtDc29/g3zQDHuQdoPiBq7fnqRZcPUqWVDs2xVjpr1qlPHVsWyGnbVzkm14dQcbGslRxnNcTY03/peRJMAQkU5kbJnW7EapEQoRjlkpX4iISZ0QkbQ0zQkAchBOnsiwwda8bAfCV2hwjP1+0RKAimngas78zvlby8X//J6ifKbg5SFcaIgpJ+L/IRjFeE8EewxAVTxqSaECqZvxXRMBKFK51bSIXx9iv8nnWrFrlfsc6fcOp7HUUR7aB8dIhs1UAudojPURhTdonv0iJ6MO+PBeDZePlsLxnxmF/2A8foB3/SY4A==</latexit>eR43

<latexit sha1_base64="FWyQJ5H4lTWHsC5s8PICMloYn5Q=">AAACBHicdVBNS8NAEN34bf2KevSyWARPJVulVvAgePGoYrXQhLLZTNqlmw92N0oJOXjxr3jxoIhXf4Q3/42btoKKPhh4vDfDzDw/FVxpx/mwpqZnZufmFxYrS8srq2v2+saVSjLJoMUSkci2TxUIHkNLcy2gnUqgkS/g2h+clP71DUjFk/hSD1PwItqLecgZ1Ubq2lvuLQ9AcxFA7kZU9/0wvyiKbl7fK7p21ak5jkMIwSUhBw3HkMPDZp00MSktgyqa4Kxrv7tBwrIIYs0EVapDnFR7OZWaMwFFxc0UpJQNaA86hsY0AuXloycKvGOUAIeJNBVrPFK/T+Q0UmoY+aazvFP99krxL6+T6bDp5TxOMw0xGy8KM4F1gstEcMAlMC2GhlAmubkVsz6VlGmTW8WE8PUp/p9c1WukUSPn+9Xjo0kcC2gLbaNdRNABOkan6Ay1EEN36AE9oWfr3nq0XqzXceuUNZnZRD9gvX0Cyc+Y0g==</latexit>eR23

<latexit sha1_base64="RzxxoQCRm/SJjJZ53KuO66367GY=">AAACBHicdVBNS8NAEN34bf2qeuxlsQieQlKb2IIHwYvHKlaFJpTNZqJLNx/sbpQScvDiX/HiQRGv/ghv/hu3tYKKPhh4vDfDzLwg40wqy3o3pqZnZufmFxYrS8srq2vV9Y0zmeaCQpemPBUXAZHAWQJdxRSHi0wAiQMO58HgcOSfX4OQLE1O1TADPyaXCYsYJUpL/WrNu2EhKMZDKLyYqKsgKk7Ksl/s2mW/WrdMy3XaThtbpuM6TtvVpNVotpoOtk1rjDqaoNOvvnlhSvMYEkU5kbJnW5nyCyIUoxzKipdLyAgdkEvoaZqQGKRfjJ8o8bZWQhylQlei8Fj9PlGQWMphHOjO0Z3ytzcS//J6uYpafsGSLFeQ0M9FUc6xSvEoERwyAVTxoSaECqZvxfSKCEKVzq2iQ/j6FP9Pzhqm7Zr2cbN+sD+JYwHV0BbaQTbaQwfoCHVQF1F0i+7RI3oy7owH49l4+WydMiYzm+gHjNcPDZCZAA==</latexit>eR31

<latexit sha1_base64="6VLFQ4UULhJFpE2x5B6mBwBNlLw=">AAACBHicdVDLSgNBEJz1GeMr6jGXwSB4WnZjNibgIeDFYxSTCEkIs7O9Zsjsg5lZJSx78OKvePGgiFc/wpt/4+QhqGhBQ1HVTXeXG3MmlWV9GAuLS8srq7m1/PrG5tZ2YWe3LaNEUGjRiEfiyiUSOAuhpZjicBULIIHLoeOOTid+5waEZFF4qcYx9ANyHTKfUaK0NCgUe7fMA8W4B2kvIGro+ulFlg3So3I2KJQs06o6daeOLdOpOk69qkmtXKlVHGyb1hQlNEdzUHjveRFNAggV5UTKrm3Fqp8SoRjlkOV7iYSY0BG5hq6mIQlA9tPpExk+0IqH/UjoChWeqt8nUhJIOQ5c3Tm5U/72JuJfXjdRfq2fsjBOFIR0tshPOFYRniSCPSaAKj7WhFDB9K2YDokgVOnc8jqEr0/x/6RdNu2qaZ9XSo2TeRw5VET76BDZ6Bg10Blqohai6A49oCf0bNwbj8aL8TprXTDmM3voB4y3Tw8VmQE=</latexit>eR32

<latexit sha1_base64="A4SrfIRuZYrfKbfDzusXU3SJwD4=">AAACBHicbVC7TsNAEDyHVwgvA2UaiwiJKrIBAQVFJBrKgMhDii3rfF4np5wfujuDIssFDb9CQwFCtHwEHX/DOXEBCSOtNJrZ1e6OlzAqpGl+a5Wl5ZXVtep6bWNza3tH393rijjlBDokZjHve1gAoxF0JJUM+gkHHHoMet74qvB798AFjaM7OUnACfEwogElWCrJ1ev2A/VBUuZDZodYjrwgu81zN7NOcldvmE1zCmORWCVpoBJtV/+y/ZikIUSSMCzEwDIT6WSYS0oY5DU7FZBgMsZDGCga4RCEk02fyI1DpfhGEHNVkTSm6u+JDIdCTEJPdRZ3inmvEP/zBqkMLpyMRkkqISKzRUHKDBkbRSKGTzkQySaKYMKputUgI8wxkSq3mgrBmn95kXSPm9ZZ07o5bbQuyziqqI4O0BGy0DlqoWvURh1E0CN6Rq/oTXvSXrR37WPWWtHKmX30B9rnD3tTmJs=</latexit>eR13

<latexit sha1_base64="zRzguo39ywoetvQ+CrG8p4yJ5NA=">AAACBHicdVDJSgNBEO2JW4xb1GMujUHwFKaDZAEPAS8eo5gFkhB6empiY89Cd48Shjl48Ve8eFDEqx/hzb+xJ4mgog8KHu9VUVXPiQRX2rY/rNzS8srqWn69sLG5tb1T3N3rqjCWDDosFKHsO1SB4AF0NNcC+pEE6jsCes71aeb3bkAqHgaXehrByKeTgHucUW2kcbE0vOUuaC5cSIY+1VeOl1yk6TipknRcLNsV27YJITgjpF6zDWk2G1XSwCSzDMpogfa4+D50Qxb7EGgmqFIDYkd6lFCpOROQFoaxgoiyazqBgaEB9UGNktkTKT40iou9UJoKNJ6p3ycS6is19R3Tmd2pfnuZ+Jc3iLXXGCU8iGINAZsv8mKBdYizRLDLJTAtpoZQJrm5FbMrKinTJreCCeHrU/w/6VYrpFYh58fl1skijjwqoQN0hAiqoxY6Q23UQQzdoQf0hJ6te+vRerFe5605azGzj37AevsExsWY0A==</latexit>eR21

<latexit sha1_base64="9ABycR7vh541vjyw4nf2ReUdh2A=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVwVZIi6sJFwY3LKvYBTQiTyU07dPJgZqKUkIUbf8WNC0Xc+hHu/BsnbRbaeuDC4Zx7ufceL2FUSNP81iorq2vrG9XN2tb2zu6evn/QE3HKCXRJzGI+8LAARiPoSioZDBIOOPQY9L3JVeH374ELGkd3cpqAE+JRRANKsFSSq9ftB+qDpMyHzA6xHHtBdpvnbma1cldvmE1zBmOZWCVpoBIdV/+y/ZikIUSSMCzE0DIT6WSYS0oY5DU7FZBgMsEjGCoa4RCEk82eyI1jpfhGEHNVkTRm6u+JDIdCTENPdRZ3ikWvEP/zhqkMLpyMRkkqISLzRUHKDBkbRSKGTzkQyaaKYMKputUgY8wxkSq3mgrBWnx5mfRaTeusad2cNtqXZRxVVEdH6ARZ6By10TXqoC4i6BE9o1f0pj1pL9q79jFvrWjlzCH6A+3zB3nOmJo=</latexit>eR12

<latexit sha1_base64="5kglJQs9MwwZugz2GSL9AuZWoAc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4KkmRPsBFwY3LKvYB7VgyaaYNzWSGJKOUYf7DjQtF3Pov7vwbM20FFT0QOJxzL/fkeJHg2iD04eRWVtfWN/Kbha3tnd294v5BR4exoqxNQxGqnkc0E1yytuFGsF6kGAk8wbre9CLzu3dMaR7KGzOLmBuQseQ+p8RY6XYQEDPx/OQ6HSaVdFgsoTJCCGMMM4JrVWRJo1Gv4DrEmWVRAku0hsX3wSikccCkoYJo3ccoMm5ClOFUsLQwiDWLCJ2SMetbKknAtJvMU6fwxCoj6IfKPmngXP2+kZBA61ng2ckspf7tZeJfXj82ft1NuIxiwyRdHPJjAU0IswrgiCtGjZhZQqjiNiukE6IINbaogi3h66fwf9KplHG1jK/OSs3zZR15cASOwSnAoAaa4BK0QBtQoMADeALPzr3z6Lw4r4vRnLPcOQQ/4Lx9AgsEkt0=</latexit>

R2

<latexit sha1_base64="Rt1NtOFE/UPUNsk/53SqU7rF0ok=">AAAB9XicdVDLSsNAFL3xWeur6tLNYBFchaSGtoKLghuXVewD2lgm00k7dPJgZqKUkP9w40IRt/6LO//GSVtBRQ8MHM65l3vmeDFnUlnWh7G0vLK6tl7YKG5ube/slvb22zJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjTS5yv3NHhWRReKOmMXUDPAqZzwhWWrrtB1iNPT+9zgapkw1KZcs8q1crThVZpmXV7Iqdk0rNOXWQrZUcZVigOSi994cRSQIaKsKxlD3bipWbYqEY4TQr9hNJY0wmeER7moY4oNJNZ6kzdKyVIfIjoV+o0Ez9vpHiQMpp4OnJPKX87eXiX14vUX7dTVkYJ4qGZH7ITzhSEcorQEMmKFF8qgkmgumsiIyxwETpooq6hK+fov9Ju2LaVdO+csqN80UdBTiEIzgBG2rQgEtoQgsICHiAJ3g27o1H48V4nY8uGYudA/gB4+0TISeS6w==</latexit>

R4

<latexit sha1_base64="ZCGRQOJW6EsH4Zwah80NJ1AGhGc=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAiuyoyIunBRcOOyin1AO5ZMmmlDM5khyShlmP9w40IRt/6LO//GTDsLbT0QOJxzL/fk+LHg2jjON1paXlldWy9tlDe3tnd2K3v7LR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv74+vcbz8ypXkk780kZl5IhpIHnBJjpYdeSMzID9K7rJ+6Wb9SdWrOFHiRuAWpQoFGv/LVG0Q0CZk0VBCtu64TGy8lynAqWFbuJZrFhI7JkHUtlSRk2kunqTN8bJUBDiJlnzR4qv7eSEmo9ST07WSeUs97ufif101McOmlXMaJYZLODgWJwCbCeQV4wBWjRkwsIVRxmxXTEVGEGltU2Zbgzn95kbROa+55zb09q9avijpKcAhHcAIuXEAdbqABTaCg4Ble4Q09oRf0jj5mo0uo2DmAP0CfP7x6kqY=</latexit>

R1

<latexit sha1_base64="zYo/PiZsNrLPNPvqprkI1iW82Es=">AAAB9XicdVDLSsNAFJ34rPVVdelmsAiuQlKb2IKLghuXVewD2lgm00k7dDIJMxOlhPyHGxeKuPVf3Pk3TtoKKnpg4HDOvdwzx48ZlcqyPoyl5ZXVtfXCRnFza3tnt7S335ZRIjBp4YhFousjSRjlpKWoYqQbC4JCn5GOP7nI/c4dEZJG/EZNY+KFaMRpQDFSWrrth0iN/SC9zgbpaTYolS3Tcp26U4eW6biOU3c1qVWqtaoDbdOaoQwWaA5K7/1hhJOQcIUZkrJnW7HyUiQUxYxkxX4iSYzwBI1IT1OOQiK9dJY6g8daGcIgEvpxBWfq940UhVJOQ19P5inlby8X//J6iQpqXkp5nCjC8fxQkDCoIphXAIdUEKzYVBOEBdVZIR4jgbDSRRV1CV8/hf+TdsW0XdO+qpYb54s6CuAQHIETYIMz0ACXoAlaAAMBHsATeDbujUfjxXidjy4Zi50D8APG2ydRv5MN</latexit>

R3

Figure 3: Motivating example. An illustrative example for
PICO with N = 4, d = 6, and K = T = 1. The random-
ness generated in the offline phase is utilized in the online phase.

which reduces the required field size (albeit with weaker
privacy) in practice (So et al., 2020). In our theoretical
analysis in Section 5, we assume a sufficiently large field
size and consider the former, whereas we utilize the latter
in our experiments from Section 6.
Final Model Recovery. After J training rounds, clients
collect the secret shares {[w(J)]i}i∈[N ] to decode w(J).

Our overall algorithm is given in Appendix B. Appendix C
illustrates the variables generated at each phase. In Fig. 3,
we demonstrate an illustrative example for PICO, by let-
ting N = 4, d = 6,K = T = 1. For notational simplic-
ity, we exclude the subscripts corresponding to k ∈ [K]
(as K = 1) whenever possible. We then present the
offline/online phases for the dataset and model encoding
stages, along with gradient computing and model update,
to demonstrate how the smaller dimensional random vec-
tors generated by each client are combined to generate large
dimensional shared randomness.
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5 THEORETICAL ANALYSIS

We first present the formal privacy guarantees from (3).

Theorem 1. (Information-theoretic privacy) PICO guar-
antees information theoretic-privacy:

I({Xi,yi}i∈H;MT |{Xi,yi}i∈T ,w(J)) = 0 (35)

whereMT denotes the collection of all messages received
or generated by the adversaries throughout the training.

Proof. The proof is provided in Appendix D.

We next present the total communication complexity
(across all clients), and the per-client computation com-
plexity. To explicitly demonstrate the complexity with re-
spect to the number of clients, we let mi = m for i ∈ [N ].

Theorem 2. (Communication complexity) The total com-
munication complexity of PICO isO(Ndm+ N2

K d+NdJ)

in the online phase, andO(N
2

K dm+ N2

N−T dJ) in the offline
phase. With K =O(N) and T = O(N), the communica-
tion complexity (offline+online) is linear in the number of
clients, which is O(Ndm+NdJ).

Proof. The proof is provided in Appendix E.

Theorem 3. (Computation complexity) PICO incurs a per-
client computation overhead of O(Nmd+N d

K log2(K +

T ) log log(K + T ) + J NmK (d + r) + Jdr(K +

T ) log2 r(K + T ) log log r(K + T )) in the online
phase, and O(NdmK log2(K + T ) log log(K + T ) +

JN d
N−T log2 r(K + T ) log log r(K + T ) + JNd) in the

offline phase.
Proof. The proof is provided in Appendix F.

In Appendix F, we also compare the computational com-
plexity of PICO with COPML, and show that PICO reaches
the same computational complexity as COPML.

The recovery threshold is defined as the minimum number
of clients needed for correct recovery of the final model.

Theorem 4. (Recovery threshold) In a network of N
clients, where up to T clients are adversarial, and up
to D clients may drop out (or are unavailable) in each
training round, the recovery threshold of PICO is N ≥
D + (2r + 1)(K + T − 1) + 1.

Proof. The minimum number of clients is determined by
the number of local computations required for polynomial
interpolation, which, from Section 4 is given by N −D ≥
(2r+1)(K+T − 1)+1 (same as COPML). Hence, PICO
achieves the same adversary robustness (T ), dropout re-
silience (D), and parallelization (K) guarantees, while also
slashing the communication overhead.

Remark 1. PICO can also be applied to the simpler linear
regression problem, with the same protocol steps.

We next show that the finite field training operations pre-
serve the target model update from (26).

(a) CIFAR-10. (b) MNIST.
Figure 4: Online communication overhead.

(a) CIFAR-10. (b) MNIST.
Figure 5: Online+offline communication overhead.

Theorem 5. (Correctness) PICO correctly recovers the
target model from (26), within a sufficiently large field Fq .

Proof. The proof is given in Appendix G.

6 EXPERIMENTS

Setup. We train a logistic regression model for bi-
nary classification on CIFAR-10 (Krizhevsky and Hin-
ton, 2009) (on classes plane and car), and MNIST (Le-
Cun et al., 2010) (on digits 0 and 1), with dataset sizes
(m, d) = (9019, 3073) and (11432, 785), respectively, dis-
tributed evenly across clients. The multi-client network
is implemented using the MPI4Py Message Passing Inter-
face (MPI) (Dalcı́n et al., 2005). The hyperparameters are
J = 50 and η = 1.4 × 10−7, respectively. Additional
experimental details are provided in Appendix I.

Benchmark. We evaluate the performance with respect
to the state-of-the-art multi-party logistic regression frame-
work with end-to-end information-theoretic privacy (with
N > 4), which is the COPML framework from So et al.
(2020). For both frameworks, we leverage the secure trun-
cation operation suggested in So et al. (2020) to reduce the
size of the finite field during model update. Furthermore,
we optimize (speed up) COPML by leveraging the group-
ing strategy suggested in So et al. (2020), which partitions
clients into groups of size T + 1, and communicates the
secret shares only between clients within the same group.

Performance evaluation. To ensure correct recovery of
the final model, the number of clients (for both PICO and
COPML) must satisfy the recovery threshold from Thm. 4.
In accordance with So et al. (2020), we then let r = 1, and
first consider the scenario where the degree of privacy (T )
and parallelization (K) are (almost) equal, by letting N =
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(a) CIFAR-10. (b) MNIST.

Figure 6: Online wall-clock training time.

(a) CIFAR-10. (b) MNIST.

Figure 7: Online+offline wall-clock training time.

3(K +T − 1)+1 with T = bN−36 c and K = bN+2
3 c−T .

Similar to So et al. (2020), the bandwidth and finite field
size are set as 40Mbps and q = 226 − 5, respectively.

Communication overhead. We first compare the online
communication overhead (in Mbits) of PICO and COPML
in Fig. 4. This includes all communication during the on-
line phases throughout training. We observe that PICO sig-
nificantly decreases the communication overhead, by up
to 88.3× and 91.5× on CIFAR-10 and MNIST, respec-
tively. Note that some one-time communications (i.e., se-
cret sharing the dataset/labels) were omitted in So et al.
(2020), which we also include as they are data-dependent.
In Fig. 5, we compare the overall (online+offline) commu-
nication overhead of PICO with COPML (where all com-
munication is online), and observe a reduction by up to
15.8× on CIFAR-10 and 15.9× on MNIST.

Wall-clock training time. In Fig. 6, we compare the wall-
clock training time of PICO and COPML, including all (on-
line) communication and computations. We observe that
PICO speeds-up the training time by up to 6.8× and 7× on
CIFAR-10 and MNIST, respectively. In Fig. 7, we demon-
strate the overall wall-clock time by including all online
and offline operations. We observe that PICO reduces the
overall wall-clock time by up to 4.2× and 4.1× for CIFAR-
10 and MNIST, respectively. Therefore, the additional of-
fline operations (performed in PICO) to speed-up the online
training time does not increase the overall (offline+online)
wall-clock time compared to COPML.

Model accuracy. In Fig. 8, we compare the model test
accuracy with respect to both COPML and conventional
logistic regression (representing our target accuracy) for
N = 60 on CIFAR-10. We observe that PICO achieves
comparable accuracy to both COPML and conventional lo-

Figure 8: Model convergence (CIFAR-10).

(a) CIFAR-10. (b) MNIST.

Figure 9: Online+offline wall-clock training time.

gistic regression. Note that for conventional logistic regres-
sion, training is done without any privacy constraints, in a
centralized setting where all data is located at a single party.

Impact of K (degree of parallelization). In Fig. 9, we
demonstrate the role of parameter K on the overall (of-
fline+online) wall-clock training time of PICO (including
all communication and computations), by letting N = 60
and varyingK. AsK increases, training time decreases, as
the size of the encoded dataset processed by each client is
proportional to 1/K (reducing the training load per client).
Fig. 9 also illustrates a trade-off between parallelization
(accordingly, training time) and adversary resilience, as in-
creasing K decreases the maximum number of adversaries
T that can be tolerated, as shown in Thm. 4.

7 CONCLUSION

In this work, we introduced PICO, a collaborative learn-
ing framework with linear communication complexity, un-
der the information-theoretic privacy setting. PICO can
achieve an order of magnitude reduction in the communica-
tion overhead, while providing the same accuracy, dropout-
resilience and privacy guarantees of the state-of-the-art.
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SUPPLEMENTARY MATERIAL

A SHAMIR’S SECRET SHARING AND CRYPTOGRAPHIC PRIMITIVES

In PICO, all secret shares are generated using Shamir’s secret sharing. Shamir’s T -out-of-N secret sharing protocol
(Shamir, 1979) embeds a secret x in a degree T polynomial,

f(ζ) = x+ ζr1 + . . .+ ζT rT (36)

where each coefficient {rk}k∈[T ] is generated uniformly at random from Fq . Then, each client i ∈ [N ] receives a secret
share f(αi) , [x]i, which corresponds to the polynomial f(ζ) evaluated at ζ = αi. The secret x can be reconstructed
perfectly from any collection of T + 1 secret shares using polynomial interpolation, as any polynomial of degree T can be
perfectly reconstructed from at least T+1 evaluation points. On the other hand, no information (in an information-theoretic
sense) can be revealed about the secret x from any group of T or fewer shares. As such, Shamir’s secret sharing preserves
the information-theoretic privacy of x against any collusions between up to T clients.

Shamir’s secret sharing supports addition and multiplication operations. Consider two variables x and x′, where client
i ∈ [N ] holds the secret shares [x]i and [x′]i, respectively. Then, addition and multiplication operations proceed as follows.

Addition. In order to compute a summation x+ x′, client i locally adds the secret shares [x]i and [x′]i:
[x]i + [x′]i = (x+ αir1 + . . .+ αTi rT ) + (x′ + αir

′
1 + . . .+ αTi r

′
T ) (37)

= (x+ x′) + αi(r1 + r′1) + . . .+ αTi (rT + r′T ) (38)

, [x+ x′]i (39)

hence the resulting polynomial is also Shamir’s secret sharing of the sum x + x′, masked by the random vectors (r1 +
r′1), . . . , (rT + r′T ), respectively. As such, Shamir’s secret sharing satisfies a computative property over the addition
function, i.e., the summation of two secret shares [x]i + [x′]i results in a secret share [x + x′]i of the summation x + x′.
This operation requires no communication across the clients. The final result x + x′ can be recovered by collecting the
secret shares [x + x′]i from any set of at least T + 1 clients, and using polynomial interpolation. This requires the total
number of clients to be N ≥ T + 1.

Multiplication by a public constant. In order to multiply a secret x with a public constant c, each client locally
multiplies its secret share [x]i with c, and obtains a secret share [cx]i of the resulting value cx, which follows from the fact
that c[x]i = [cx]i. This operation requires no communication between the clients.

Multiplication. In order to compute a product xx′, client i locally multiplies the secret shares:
[x]i × [x′]i = (x+ αir1 + . . .+ αTi rT )× (x′ + αir

′
1 + . . .+ αTi r

′
T ) (40)

= xx′ + αi(xr
′
1 + x′r1) + . . .+ α2T

i (rT r
′
T ) (41)

where the resulting polynomial now has degree 2T . As a result, to recover the final result xx′, polynomial interpolation
requires collecting the secret shares from at least 2T + 1 clients. This requires the minimum number of clients to satisfy
N ≥ 2T + 1. Successive multiplication operations (such as successive training rounds) will further increase the degree
(hence the minimum number of clients required), which is a major limitation. To avoid the degree explosion, after each
multiplication round, clients have to carry out a degree reduction step to reduce the degree of the shares from (40), where
new shares are generated corresponding to a polynomial of degree T (Ben-Or et al., 1988). The main intuition behind the
degree reduction step is the observation that (40) represents a polynomial of degree 2T , hence the true product xx′ can be
written as a linear function of 2T + 1 secret shares from (40), i.e., xx′ =

∑2T+1
i=1 λi〈xx′〉i for some coefficients λi, where

〈xx′〉i , [x]i[x
′]i. To perform degree reduction, each client then generates and distributes a T -out-of-N secret share of

〈xx′〉i, using Shamir’s secret sharing, where client i ∈ [N ] sends a secret share [〈xx′〉i]j to client j ∈ [N ]. Using the
received secret shares, client j then computes a new secret share [xx′]j =

∑2T+1
i=1 λi[〈xx′〉i]j = [

∑2T+1
i=1 λi〈xx′〉i]j of

xx′, where the final secret share [xx′]j corresponds to a polynomial of degree T (as opposed to 2T). On the other hand,
this step has a quadratic communication overhead (O(N2) across the N clients).

B ALGORITHM

The offline and online procedures of PICO are presented in Algorithm 1 and Algorithm 2, respectively. The offline phase
consists of randomness generation across the N users, which will later be used for masking the datasets, models, and
computations in the online phase. For clarity, the random vectors generated at round t are identified with a superscript (t).
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Algorithm 1: PICO - Offline Phase
Input: Number of clients N , polynomial coefficients (α1, . . . , αN ), (β1, . . . , βK).
Output: Random masks {R̃ij}i,j∈[N ], {[ai]j}i,j∈[N ], {r̃(t)i , [r(t)]i, [u

(t)
i ]j}i∈[N ],t∈{0,...,J−1}, random initial model

{[w(0)]i}i∈[N ].

// 1. Dataset Encoding
1 for client i = 1, . . . , N do
2 Encode the random matrices {Rik}k∈[K], {Vik}k∈{K+1,...,K+T} from (4).
3 for j = 1, . . . , N do
4 Send the encoded matrix R̃ij to client j.

// 2. Label Encoding
5 for client i = 1, . . . , N do
6 Encode the random vectors {aik}k∈[K], {bik}k∈{K+1,...,K+T} from (9).
7 for j = 1, . . . , N do
8 Send the encoded vector ãij to client j.
9 Send a secret share [ai]j to client j using Shamir’s secret sharing.

10 for i = 1, . . . , N do
11 Construct a larger dimensional encoded vector ãi , (M⊗ I)× (ãT

1i, . . . , ã
T
Ni)

T from (10).
12 Construct a larger dimensional secret share [ak]i , M× ([a1k]

T
i , . . . , [aNk]

T
i )

T for all k ∈ [K].

// 3. Model Initialization
13 for client i = 1, . . . , N do
14 Generate a random vector w(0)

i from Fq .
15 for j = 1, . . . , N do
16 Send a secret share [w

(0)
i ]j to client j using Shamir’s secret sharing.

17 for client i = 1, . . . , N do
18 Initialize the model [w(0)]i using {[w(0)

j ]i}j∈[N ] as given in (16).

19 for iteration t = 0, . . . , J − 1 do

// 4. Model Encoding
20 for client i = 1, . . . , N do
21 Encode the random vectors r(t)i , {v(t)

ik }k∈{K+1,...,K+T} as in (19).
22 for j = 1, . . . , N do
23 Send the encoded vector r̃(t)ij to client j.

24 Send a secret share [r
(t)
i ]j to client j using Shamir’s secret sharing.

25 for client i = 1, . . . , N do
26 Compute the coded vector, r̃(t)i as given in (20).
27 Compute the secret share [r(t)]i after receiving {[r(t)j ]i}j∈[N ] as given in (21).

// 5. Gradient Computing and Model Update
28 for client i = 1, . . . , N do
29 Encode {u(t)

ik }k∈(2r+1)(K+T−1)+1 as given in (27).
30 for j = 1, . . . , N do
31 Send the encoded vector ũ(t)

ij to client j.

32 Send a secret share [
∑

k∈[K] u
(t)
ik ]j to client j using Shamir’s secret sharing.

33 for client i = 1, . . . , N do
34 Compute the coded vector, ũ(t)

i after receiving {ũ(t)
ji }j∈[N ] as given in (29).

35 Compute the secret share, [
∑

k∈[K] u
(t)
k ]i after receiving {[

∑
k∈[K] u

(t)
jk ]i}j∈[N ] from (31).

C FLOWCHART OF PICO

Figure 10 demonstrates the generated offline/online variables for each component in PICO, along with the corresponding
relations between the offline and online variables. The offline phase of any component is executed independently from the
offline and online phases of other components.
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Algorithm 2: PICO - Online Phase

Input: Dataset (X ,y) = ((X1,y1), . . . , (XN ,yN )) distributed over N clients.

Output: Model parameters w(J) after J training rounds.

// 1. Dataset Encoding

1 for client i = 1, . . . , N do
2 Partition the dataset Xi into K equal-sized shards (Xi1, . . . ,XiK).
3 Broadcast the masked dataset X̂ik = Xik −Rik for k ∈ [K].

4 for client i = 1, . . . , N do
5 Generate the coded dataset X̃i from (7).

// 2. Label Encoding

6 for client i = 1, . . . , N do
7 Partition yi =

(∑
l∈Xi x

T
l yl
)

into K equal-sized shards (yi1, . . . ,yiK).

8 for client j = 1, . . . , N do
9 Encode {yik}k∈[K] as described in (13), and send the encoded vector ỹij to client j.

10 for client i = 1, . . . , N do
11 Broadcast âi =

∑
j∈[N ] ỹji − ãi from (14).

12 for client i = 1, . . . , N do
13 Reconstruct

∑
j∈[N ] yjk − ai for all k ∈ [K] using polynomial interpolation.

14 Compute a secret share [XTy]i of XTy as given in (15).

15 for iteration t = 0, . . . , J − 1 do

// 4. Model Encoding

16 for i = 1, . . . , N do
17 Broadcast [ŵ(t)]i from (22).

18 for i = 1, . . . , N do
19 Decode ŵ(t) , w(t) − r(t) using polynomial interpolation.
20 Compute the coded model w̃(t)

i in (24).

// 5. Gradient Computing and Model Update

21 for client i = 1, . . . , N do
22 Compute the gradient f(X̃i, w̃

(t)
i )=X̃T

i ĝ(X̃i × w̃
(t)
i ) in (32).

23 Broadcast û(t)
i =X̃T

i ĝ(X̃i×w̃(t)
i )− u

(t)
i .

24 for client i = 1, . . . , N do
25 Decode ψ(βk) = h(βk)− φ(βk) = XT

k ĝ(Xk ×w(t))− u
(t)
k for k ∈ [K] via polynomial interpolation.

26 Compute a secret share [XT ĝ(X×w(t))]i of the gradient XT ĝ(X×w(t)) as given in (33).
27 Update the model with [w(t+1)]i from (34).

// Final Model Recovery

28 Collect the secret shares [w(J)]i from any T + 1 clients.
29 Decode the final model w(J) via polynomial interpolation.

D INFORMATION-THEORETIC PRIVACY

Proof. For tractability of theoretical analysis, in this section we consider a sufficiently large field size, and assume all
computations are performed in the domain of integers. Consider an arbitrary set of adversaries T ⊆ N . For ease of
exposition, we focus on the worst case scenario by setting |T | = T , while noting that the same analysis holds for all
|T | < T . LetM1

T andM2
T , denote the collection of all messages received by the adversaries during the dataset encoding

(Stage 1), and label encoding (Stage 2) stages, respectively. LetM3
T denote the collection of all messages received by the

adversaries during model initialization stage (Stage 3). Similarly, letM4,t
T denote the collection of all messages received
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<latexit sha1_base64="oEgrLAcNzIeo48K37jGIKKLPrB4=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahgpRERF0W3LisYB/QxjCZTtqhkwczE7WE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6WV1bX1jfJmZWt7Z3fP3K92ZJQIQtsk4pHoeVhSzkLaVkxx2osFxYHHadebXOd+94EKyaLwTk1j6gR4FDKfEay05JrVQYDV2PPTx8xl92ndOslcs2Y1rBnQMrELUoMCLdf8GgwjkgQ0VIRjKfu2FSsnxUIxwmlWGSSSxphM8Ij2NQ1xQKWTzrJn6FgrQ+RHQr9QoZn6eyPFgZTTwNOTeVK56OXif14/Uf6Vk7IwThQNyfyQn3CkIpQXgYZMUKL4VBNMBNNZERljgYnSdVV0Cfbil5dJ56xhXzTs2/Na87SoowyHcAR1sOESmnADLWgDgSd4hld4MzLjxXg3PuajJaPYOYA/MD5/ALwYlCs=</latexit>

w
(0)
i

<latexit sha1_base64="WaE2xZAo1ChMvhC3l8aptfagbtg=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJRNRlwY3LCvYBaQyT6aQdO5mEmYlSYhb+ihsXirj1N9z5N07aLLT1wMDhnHu5Z44fMyqVZX0bpYXFpeWV8mplbX1jc8vc3mnLKBGYtHDEItH1kSSMctJSVDHSjQVBoc9Ixx9d5n7nnghJI36jxjFxQzTgNKAYKS155p7TC5Ea+kH6kHn0Nq1ZR5nr3Xlm1apbE8B5YhekCgo0PfOr149wEhKuMENSOrYVKzdFQlHMSFbpJZLECI/QgDiachQS6aaT/Bk81EofBpHQjys4UX9vpCiUchz6ejIPK2e9XPzPcxIVXLgp5XGiCMfTQ0HCoIpgXgbsU0GwYmNNEBZUZ4V4iATCSldW0SXYs1+eJ+2Tun1Wt69Pq43joo4y2AcHoAZscA4a4Ao0QQtg8AiewSt4M56MF+Pd+JiOloxiZxf8gfH5A7WNldQ=</latexit>

[w
(0)
i ]j

<latexit sha1_base64="LLNOdYiPQj7W8Cg2uB6pevNQiZc=">AAACDXicbVDLSsNAFJ3UV62vqEs3wSpUkJKIqMuCG1dSwT4giWEynbTTTiZhZqKUkB9w46+4caGIW/fu/BsnbRbaeuDC4Zx7ufceP6ZESNP81koLi0vLK+XVytr6xuaWvr3TFlHCEW6hiEa860OBKWG4JYmkuBtzDEOf4o4/usz9zj3mgkTsVo5j7Iawz0hAEJRK8vQDJ7WdEMqBH6QPmTe8S2vmUeZ6xMm8dOgQZl+7madXzbo5gTFPrIJUQYGmp385vQglIWYSUSiEbZmxdFPIJUEUZxUnETiGaAT72FaUwRALN518kxmHSukZQcRVMWlM1N8TKQyFGIe+6swPF7NeLv7n2YkMLtyUsDiRmKHpoiChhoyMPBqjRzhGko4VgYgTdauBBpBDJFWAFRWCNfvyPGmf1K2zunVzWm0cF3GUwR7YBzVggXPQAFegCVoAgUfwDF7Bm/akvWjv2se0taQVM7vgD7TPH/E3nAo=</latexit>

{[w
(0)
j ]i}j2[N ]

<latexit sha1_base64="N/edlNeGFnf9tcS8yS2ZUvHSPbU=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQQUoioi4LblxWsA9oY5hMJ+3QyYOZiVJD8FfcuFDErf/hzr9x0mahrQcGDufcyz1zvJgzqSzr21hYXFpeWS2tldc3Nre2zZ3dlowSQWiTRDwSHQ9LyllIm4opTjuxoDjwOG17o6vcb99TIVkU3qpxTJ0AD0LmM4KVllxzv9sLsBp6fvqQ3aVV6zhzXOaaFatmTYDmiV2QChRouOZXrx+RJKChIhxL2bWtWDkpFooRTrNyL5E0xmSEB7SraYgDKp10kj5DR1rpIz8S+oUKTdTfGykOpBwHnp7Mo8pZLxf/87qJ8i+dlIVxomhIpof8hCMVobwK1GeCEsXHmmAimM6KyBALTJQurKxLsGe/PE9apzX7vGbfnFXqJ0UdJTiAQ6iCDRdQh2toQBMIPMIzvMKb8WS8GO/Gx3R0wSh29uAPjM8fKe+U9w==</latexit>

[w(0)]i

<latexit sha1_base64="8BXUSI2g+FiP9fIqpzWKNRUT0Eg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFcSElE1GXBjeCmin1AEsJkOmmHTCZhZiKUkJ0bf8WNC0Xc+gvu/BsnbRbaemCYwzn3cu89QcqoVJb1bSwsLi2vrNbW6usbm1vb5s5uVyaZwKSDE5aIfoAkYZSTjqKKkX4qCIoDRnpBdFX6vQciJE34vRqnxIvRkNOQYqS05JsHbu7GSI2CML8r/JxGhau/yKXcufGKum82rKY1AZwndkUaoELbN7/cQYKzmHCFGZLSsa1UeTkSimJGirqbSZIiHKEhcTTlKCbSyyd3FPBIKwMYJkI/ruBE/d2Ro1jKcRzoynJnOeuV4n+ek6nw0sspTzNFOJ4OCjMGVQLLUOCACoIVG2uCsKB6V4hHSCCsdHRlCPbsyfOke9q0z5v27VmjdVLFUQP74BAcAxtcgBa4Bm3QARg8gmfwCt6MJ+PFeDc+pqULRtWzB/7A+PwBqpCZvA==</latexit>{Rik}k2[K]
<latexit sha1_base64="zv+ZFaicY2mAc0HIjbofCvFRSW0=">AAACGHicbVBLSwMxGMz6rPVV9eglWAShpe6KqMeCF6GXCn1BsyzZNNuGZrNLkhXKsj/Di3/FiwdFvPbmvzHb9qCtAyHDzPeRzPgxZ0rb9re1tr6xubVd2Cnu7u0fHJaOjjsqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9cf3ud99olKxSLT0JKZuiIeCBYxgbSSvdIlSFGI98oO0k3kpG2fIXGPEBEobFacKER9EWlVho9JCWVb0SmW7Zs8AV4mzIGWwQNMrTdEgIklIhSYcK9V37Fi7KZaaEU6zIkoUjTEZ4yHtGypwSJWbzoJl8NwoAxhE0hyh4Uz9vZHiUKlJ6JvJPIRa9nLxP6+f6ODOTZmIE00FmT8UJBzqCOYtwQGTlGg+MQQTycxfIRlhiYk2XeYlOMuRV0nnqubc1JzH63K9uqijAE7BGbgADrgFdfAAmqANCHgGr+AdfFgv1pv1aX3NR9esxc4J+ANr+gMJWJ+i</latexit>{Vik}k2{K+1,...,K+T}

<latexit sha1_base64="jM2HW8vjhIld6PVpdZI/O6PkRp4=">AAACFHicbVDLSsNAFJ34rPEVdekmWARBKYmIuiy4cSVV7AOaECaTm3bsZBJmJkoJ+Qg3/oobF4q4deHOvzFpu9DWA8MczrmXe+/xE0alsqxvbW5+YXFpubKir66tb2waW9stGaeCQJPELBYdH0tglENTUcWgkwjAkc+g7Q8uSr99D0LSmN+qYQJuhHuchpRgVUiecag7mfNAA1CUBZA5EVZ9P8xu8tzL7mjulJ9DeffKzXXPqFo1awRzltgTUkUTNDzjywlikkbAFWFYyq5tJcrNsFCUMMh1J5WQYDLAPegWlOMIpJuNjsrN/UIJzDAWxePKHKm/OzIcSTmM/KKyXFpOe6X4n9dNVXjuZpQnqQJOxoPClJkqNsuEzIAKIIoNC4KJoMWuJuljgYkqcixDsKdPniWt45p9WrOvT6r1o0kcFbSL9tABstEZqqNL1EBNRNAjekav6E170l60d+1jXDqnTXp20B9onz/+3Z9Y</latexit>

{eRji}j2[N ] <latexit sha1_base64="kL2IxdetDCbDZ1zmTXuBdO9ph2Q=">AAACBXicbVBNS8NAEN3Ur1q/oh71ECyCBymJiHosePFYxX5AE8JmM2nXbjZhd6OUkIsX/4oXD4p49T9489+YtDlo64OBx3szzMzzYkalMs1vrbKwuLS8Ul2tra1vbG7p2zsdGSWCQJtELBI9D0tglENbUcWgFwvAoceg640uC797D0LSiN+qcQxOiAecBpRglUuuvm8/UB8UZT6kdojV0AvSmyxzU3qX1Vy9bjbMCYx5YpWkjkq0XP3L9iOShMAVYVjKvmXGykmxUJQwyGp2IiHGZIQH0M8pxyFIJ518kRmHueIbQSTy4sqYqL8nUhxKOQ69vLM4VM56hfif109UcOGklMeJAk6mi4KEGSoyikgMnwogio1zgomg+a0GGWKBicqDK0KwZl+eJ52ThnXWsK5P683jMo4q2kMH6AhZ6Bw10RVqoTYi6BE9o1f0pj1pL9q79jFtrWjlzC76A+3zB18lmQ4=</latexit>eRij

<latexit sha1_base64="bhTPRNEqcDgikW/jOB74KSJz0po=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1IOHghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7Y+GHi8N8PMvCARXBvX/XZWVtfWNzYLW8Xtnd29/dLBYVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwFo7up33pCpXksH8w4QT+iA8lDzqixUv28Vyq7FXcGsky8nJQhR61X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Njt0Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJb/yMyyQ1KNl8UZgKYmIy/Zr0uUJmxNgSyhS3txI2pIoyY7Mp2hC8xZeXSfOi4l1VvPpluXqbx1GAYziBM/DgGqpwDzVoAAOEZ3iFN+fReXHenY9564qTzxzBHzifP3GvjK8=</latexit>

+

<latexit sha1_base64="QUvt+/GkMLUCFn7HLUywTdw1oTM=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQQUoioi4LblxWsA9oYplMJu3QyYOZG0sJATf+ihsXirj1J9z5N07aLLT1wIXDOfdy7z1uzJkE0/zWSkvLK6tr5fXKxubW9o6+u9eWUSIIbZGIR6LrYkk5C2kLGHDajQXFgctpxx1d537ngQrJovAOJjF1AjwImc8IBiX19QN7zDw6xJDaAYah66fjLLtPa3CS9fWqWTenMBaJVZAqKtDs61+2F5EkoCEQjqXsWWYMTooFMMJpVrETSWNMRnhAe4qGOKDSSac/ZMaxUjzDj4SqEIyp+nsixYGUk8BVnfmhct7Lxf+8XgL+lZOyME6AhmS2yE+4AZGRB2J4TFACfKIIJoKpWw0yxAITULFVVAjW/MuLpH1Wty7q1u15tXFaxFFGh+gI1ZCFLlED3aAmaiGCHtEzekVv2pP2or1rH7PWklbM7KM/0D5/AM39mDE=</latexit>

bw(t)

<latexit sha1_base64="x+9GeeAI5+AeU8IbOpmYmSHfwww=">AAACL3icbZDLSsNAFIYnXmu9RV26GSxCBS2JiLoRCoK4rGAvkMYymU7s0MmFmRNLCXkjN75KNyKKuPUtnLSFevth4Oc75zDn/F4suALLejHm5hcWl5YLK8XVtfWNTXNru6GiRFJWp5GIZMsjigkesjpwEKwVS0YCT7Cm17/M680HJhWPwlsYxswNyH3IfU4JaNQxr5z2gHdZj0DaDgj0PD8dZNldWoaDzO1wfIGdGZ/hoxmWOeiYJatijYX/GntqSmiqWscctbsRTQIWAhVEKce2YnBTIoFTwbJiO1EsJrRP7pmjbUgCptx0fG+G9zXpYj+S+oWAx/T7REoCpYaBpzvzJdXvWg7/qzkJ+OduysM4ARbSyUd+IjBEOA8Pd7lkFMRQG0Il17ti2iOSUNARF3UI9u+T/5rGccU+rdg3J6Xq4TSOAtpFe6iMbHSGquga1VAdUfSIRugVvRlPxrPxbnxMWueM6cwO+iHj8wuP9Knj</latexit>

[bw(t)]i = [w(t)]i � [r]i
<latexit sha1_base64="f9HBwE1Y9/jUhkTaGM1DWc/FJCc=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8lLIrol6EghdPUsF+QLuWbDbbhmaTJZlVytL/4cWDIl79L978N6btHrT1wcDjvRlm5gWJ4AZc99tZWl5ZXVsvbBQ3t7Z3dkt7+02jUk1ZgyqhdDsghgkuWQM4CNZONCNxIFgrGF5P/NYj04YreQ+jhPkx6UsecUrASg/8yqvgrggVmAq+7ZXKbtWdAi8SLydllKPeK311Q0XTmEmgghjT8dwE/Ixo4FSwcbGbGpYQOiR91rFUkpgZP5tePcbHVglxpLQtCXiq/p7ISGzMKA5sZ0xgYOa9ifif10khuvQzLpMUmKSzRVEqMCg8iQCHXDMKYmQJoZrbWzEdEE0o2KCKNgRv/uVF0jyteudV7+6sXKvkcRTQITpCJ8hDF6iGblAdNRBFGj2jV/TmPDkvzrvzMWtdcvKZA/QHzucPlvORNQ==</latexit>

i = 1, . . . , N

<latexit sha1_base64="vADfx2GbAQEP8Txpay3dZ/FG+tw=">AAACB3icbVDJSgNBEO2JW4zbqEdBBoMQQcKMiHoMePEYwSyQxNDTU5M06VnorjGEYW5e/BUvHhTx6i9482/sLAdNfFDweK+KqnpuLLhC2/42ckvLK6tr+fXCxubW9o65u1dXUSIZ1FgkItl0qQLBQ6ghRwHNWAINXAENd3A99hsPIBWPwjscxdAJaC/kPmcUtdQ1D9tD7gFy4UHaDij2XT8dZlmX36clPMm6ZtEu2xNYi8SZkSKZodo1v9pexJIAQmSCKtVy7Bg7KZXImYCs0E4UxJQNaA9amoY0ANVJJ39k1rFWPMuPpK4QrYn6eyKlgVKjwNWd41PVvDcW//NaCfpXnZSHcYIQsukiPxEWRtY4FMvjEhiKkSaUSa5vtVifSspQR1fQITjzLy+S+lnZuSg7t+fFyuksjjw5IEekRBxySSrkhlRJjTDySJ7JK3kznowX4934mLbmjNnMPvkD4/MHAs6Z9g==</latexit>

ew(t)
i

<latexit sha1_base64="Yg9mvmr29Pfzx0X8yCiU/KmkP8I="></latexit>

eXT
i ĝ(eXi ⇥ ew(t)

i )

<latexit sha1_base64="DQlIJLxNbu8A3ppDSmVo7xNua50="></latexit>

eXT
i ĝ(eXi ⇥ ew(t)

i )� eui

<latexit sha1_base64="9YB0xV75OV/YM2xRjpaDBYfxf08=">AAACJnicbVDJSgNBEO2JW4xb1KOXxiAkIGFGRL0IAS8eI2SDzCT0dHqSJj0L3TVKGOZrvPgrXjxERLz5KXYWURMfFDzeq6KqnhsJrsA0P4zMyura+kZ2M7e1vbO7l98/aKgwlpTVaShC2XKJYoIHrA4cBGtFkhHfFazpDm8mfvOeScXDoAajiDk+6Qfc45SAlrr567btExi4XtJKOzVsDwgk/bT4I2IbuM8U/lYe0k5ShFJacrocd/MFs2xOgZeJNScFNEe1mx/bvZDGPguACqJU2zIjcBIigVPB0pwdKxYROiR91tY0IHq1k0zfTPGJVnrYC6WuAPBU/T2REF+pke/qzsmxatGbiP957Ri8KyfhQRQDC+hskRcLDCGeZIZ7XDIKYqQJoZLrWzEdEEko6GRzOgRr8eVl0jgrWxdl6+68UDmdx5FFR+gYFZGFLlEF3aIqqiOKHtEzGqNX48l4Md6M91lrxpjPHKI/MD6/ABDhpgo=</latexit>

[XT ĝ(X⇥w(t))]i

<latexit sha1_base64="f9HBwE1Y9/jUhkTaGM1DWc/FJCc=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8lLIrol6EghdPUsF+QLuWbDbbhmaTJZlVytL/4cWDIl79L978N6btHrT1wcDjvRlm5gWJ4AZc99tZWl5ZXVsvbBQ3t7Z3dkt7+02jUk1ZgyqhdDsghgkuWQM4CNZONCNxIFgrGF5P/NYj04YreQ+jhPkx6UsecUrASg/8yqvgrggVmAq+7ZXKbtWdAi8SLydllKPeK311Q0XTmEmgghjT8dwE/Ixo4FSwcbGbGpYQOiR91rFUkpgZP5tePcbHVglxpLQtCXiq/p7ISGzMKA5sZ0xgYOa9ifif10khuvQzLpMUmKSzRVEqMCg8iQCHXDMKYmQJoZrbWzEdEE0o2KCKNgRv/uVF0jyteudV7+6sXKvkcRTQITpCJ8hDF6iGblAdNRBFGj2jV/TmPDkvzrvzMWtdcvKZA/QHzucPlvORNQ==</latexit>

i = 1, . . . , N

<latexit sha1_base64="g6bj7RAISIo3VwRI+Ph5lYaynz8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkpJRNRlwY3LCvYBaQyT6aQdOpmEmYlSYhb+ihsXirj1N9z5N07aLLT1wMDhnHu5Z44fMyqVZX0bpYXFpeWV8mplbX1jc8vc3mnLKBGYtHDEItH1kSSMctJSVDHSjQVBoc9Ixx9d5X7nnghJI36rxjFxQzTgNKAYKS155p7TC5Ea+kH6kN2lNXVsH2WuRz2zatWtCeA8sQtSBQWanvnV60c4CQlXmCEpHduKlZsioShmJKv0EklihEdoQBxNOQqJdNNJ/gweaqUPg0joxxWcqL83UhRKOQ59PZmHlbNeLv7nOYkKLt2U8jhRhOPpoSBhUEUwLwP2qSBYsbEmCAuqs0I8RAJhpSur6BLs2S/Pk/Zp3T6v2zdn1cZJUUcZ7IMDUAM2uAANcA2aoAUweATP4BW8GU/Gi/FufExHS0axswv+wPj8AXY3las=</latexit>

[w(t+1)]i

<latexit sha1_base64="Y+ak4B59ClZ/tXn45yJVSdMpkMQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZRERF0W3LisYB/QhDCZ3LRDJw9mJkoJATf+ihsXirj1J9z5N07aLrT1wIXDOfdy7z1+yplUlvVtVJaWV1bXquu1jc2t7R1zd68jk0xQaNOEJ6LnEwmcxdBWTHHopQJI5HPo+qPr0u/eg5Asie/UOAU3IoOYhYwSpSXPPHAeWACK8QByJyJq6Ic5KQovZ4Vn1q2GNQFeJPaM1NEMLc/8coKEZhHEinIiZd+2UuXmRChGORQ1J5OQEjoiA+hrGpMIpJtPfijwsVYCHCZCV6zwRP09kZNIynHk687yTDnvleJ/Xj9T4ZWbszjNFMR0uijMOFYJLgPBARNAFR9rQqhg+lZMh0QQqnRsNR2CPf/yIumcNeyLhn17Xm+ezuKookN0hE6QjS5RE92gFmojih7RM3pFb8aT8WK8Gx/T1ooxm9lHf2B8/gBly5iV</latexit>eai

<latexit sha1_base64="mmyiM43+WwVB4dGk4P+OPX1oR7c=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSIoSElE1GXBjSupYB/QhDKZ3LRjJ5MwM1FKyDe48VfcuFDErSt3/o2TtgttPTDM4Zx7ufceP2FUKtv+NkoLi0vLK+XVytr6xuaWub3TknEqCDRJzGLR8bEERjk0FVUMOokAHPkM2v7wsvDb9yAkjfmtGiXgRbjPaUgJVlrqmUdu5j7QABRlAWRuhNXADzOc573sjuZu8bmUd6+9vGdW7Zo9hjVPnCmpoikaPfPLDWKSRsAVYVjKrmMnysuwUJQwyCtuKiHBZIj70NWU4wikl41Pyq0DrQRWGAv9uLLG6u+ODEdSjiJfVxY7y1mvEP/zuqkKL7yM8iRVwMlkUJgyS8VWkY8VUAFEsZEmmAiqd7XIAAtMlE6xokNwZk+eJ62TmnNWc25Oq/XjaRxltIf20SFy0DmqoyvUQE1E0CN6Rq/ozXgyXox342NSWjKmPbvoD4zPH5sfnz8=</latexit>{eaji}j2[N ]

<latexit sha1_base64="E2d8IOJYmGZELhHBfiPAd5/nVOU=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQkoioi4LbgQ3FewDkhAm00k7ZDIJMxOhhOzc+CtuXCji1l9w5984abPQ1gPDHM65l3vvCVJGpbKsb6O2tLyyulZfb2xsbm3vmLt7PZlkApMuTlgiBgGShFFOuooqRgapICgOGOkH0XXp9x+IkDTh92qSEi9GI05DipHSkm8eurkbIzUOwhwVfk6jwtVf5FLu3HpFwzebVsuaAi4SuyJNUKHjm1/uMMFZTLjCDEnp2FaqvBwJRTEjRcPNJEkRjtCIOJpyFBPp5dM7CnislSEME6EfV3Cq/u7IUSzlJA50ZbmznPdK8T/PyVR45eWUp5kiHM8GhRmDKoFlKHBIBcGKTTRBWFC9K8RjJBBWOroyBHv+5EXSO2vZFy377rzZPq3iqIMDcAROgA0uQRvcgA7oAgwewTN4BW/Gk/FivBsfs9KaUfXsgz8wPn8AwmmZyw==</latexit>{aik}k2[K]

<latexit sha1_base64="tkyIhVeVB9uWCCU1+MVGf7adumM=">AAACGXicbVBLSwMxGMzWV62vqkcvwSIILWVXRD0WvAi9VOgLmmXJptk2NJtdkqxQlv0bXvwrXjwo4lFP/huzbQ/aOhAyzHwfyYwfc6a0bX9bhbX1jc2t4nZpZ3dv/6B8eNRVUSIJ7ZCIR7LvY0U5E7Sjmea0H0uKQ5/Tnj+5zf3eA5WKRaKtpzF1QzwSLGAEayN5ZRulKMR67Aepn3kpm2TIXBPEBERps+rUIOLDSKsabFbbKMtKXrli1+0Z4CpxFqQCFmh55U80jEgSUqEJx0oNHDvWboqlZoTTrIQSRWNMJnhEB4YKHFLlprNkGTwzyhAGkTRHaDhTf2+kOFRqGvpmMk+hlr1c/M8bJDq4cVMm4kRTQeYPBQmHOoJ5TXDIJCWaTw3BRDLzV0jGWGKiTZl5Cc5y5FXSvag7V3Xn/rLSqC3qKIITcArOgQOuQQPcgRboAAIewTN4BW/Wk/VivVsf89GCtdg5Bn9gff0AgFKf2A==</latexit>{bik}k2{K+1,...,K+T}
<latexit sha1_base64="IaihS7WZ1BhgTyKFgGRIVlwLDx8=">AAACBHicbVBNS8NAEN34WetX1GMvwSJ4kJKIqMeCF48V7Ac0IWw2k3btZhN2N0oJOXjxr3jxoIhXf4Q3/42btgdtfTDweG+GmXlByqhUtv1tLC2vrK6tVzaqm1vbO7vm3n5HJpkg0CYJS0QvwBIY5dBWVDHopQJwHDDoBqOr0u/eg5A04bdqnIIX4wGnESVYack3a+4DDUFRFkLuxlgNgyjHReHn9K7wzbrdsCewFokzI3U0Q8s3v9wwIVkMXBGGpew7dqq8HAtFCYOi6mYSUkxGeAB9TTmOQXr55InCOtJKaEWJ0MWVNVF/T+Q4lnIcB7qzvFPOe6X4n9fPVHTp5ZSnmQJOpouijFkqscpErJAKIIqNNcFEUH2rRYZYYKJ0blUdgjP/8iLpnDac84Zzc1ZvnsziqKAaOkTHyEEXqImuUQu1EUGP6Bm9ojfjyXgx3o2PaeuSMZs5QH9gfP4ANpqZCQ==</latexit>

eaij

<latexit sha1_base64="zQ3LvFCkw8Uot3Lus0U+MnwJfh8=">AAACCnicbZDLSsNAFIZPvNZ6i7p0Ey1CVyURUZcFN66kgr1AEsJkOmnHTiZhZiKUkLUbX8WNC0Xc+gTufBsnbRfa+sPAx3/OYc75w5RRqWz721haXlldW69sVDe3tnd2zb39jkwygUkbJywRvRBJwignbUUVI71UEBSHjHTD0VVZ7z4QIWnC79Q4JX6MBpxGFCOlrcA88nLXi5EahlGOiiC/HxV+QL2SPMrdG78IzJrdsCeyFsGZQQ1magXml9dPcBYTrjBDUrqOnSo/R0JRzEhR9TJJUoRHaEBcjRzFRPr55JTCOtFO34oSoR9X1sT9PZGjWMpxHOrOcms5XyvN/2pupqJLP6c8zRThePpRlDFLJVaZi9WngmDFxhoQFlTvauEhEggrnV5Vh+DMn7wIndOGc95wbs9qzfosjgocwjHUwYELaMI1tKANGB7hGV7hzXgyXox342PaumTMZg7gj4zPH5Bqm14=</latexit>{[ajk]i}j2[N ]

<latexit sha1_base64="42cCNSHDvkMbVcsPwyC9+DhzxoI=">AAAB/HicbVBNS8NAFHypX7V+RXv0EixCTyURUY8FLx4r2FZIQ9hsN+3azSbsboQQ4l/x4kERr/4Qb/4bN20O2jqwMMy8x5udIGFUKtv+Nmpr6xubW/Xtxs7u3v6BeXg0kHEqMOnjmMXiPkCSMMpJX1HFyH0iCIoCRobB7Lr0h49ESBrzO5UlxIvQhNOQYqS05JtNdxQhNQ3CHBV+TmeF5z/4Zsvu2HNYq8SpSAsq9HzzazSOcRoRrjBDUrqOnSgvR0JRzEjRGKWSJAjP0IS4mnIUEenl8/CFdaqVsRXGQj+urLn6eyNHkZRZFOjJMqlc9krxP89NVXjl5ZQnqSIcLw6FKbNUbJVNWGMqCFYs0wRhQXVWC0+RQFjpvhq6BGf5y6tkcNZxLjrO7Xmr267qqMMxnEAbHLiELtxAD/qAIYNneIU348l4Md6Nj8Vozah2mvAHxucPXhWVKA==</latexit>

[aik]j

<latexit sha1_base64="83f9v9hf5G+nOsZafyswe7DCYNA=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBhZRERF0W3LisYB/QhjCZTtqhk0mYmYgl5FfcuFDErT/izr9x0mahrQcGDufcyz1zgoQzpR3n26qsrW9sblW3azu7e/sH9mG9q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gelv4vUcqFYvFg54l1IvwWLCQEayN5Nv1wTDCehKEGc79bJp7PvPthtN05kCrxC1JA0q0fftrOIpJGlGhCcdKDVwn0V6GpWaE07w2TBVNMJniMR0YKnBElZfNs+fo1CgjFMbSPKHRXP29keFIqVkUmMkiqFr2CvE/b5Dq8MbLmEhSTQVZHApTjnSMiiLQiElKNJ8ZgolkJisiEywx0aauminBXf7yKuleNN2rpnt/2Widl3VU4RhO4AxcuIYW3EEbOkDgCZ7hFd6s3Hqx3q2PxWjFKneO4A+szx+SBJS4</latexit>

[ak]i

<latexit sha1_base64="bhTPRNEqcDgikW/jOB74KSJz0po=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1IOHghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7Y+GHi8N8PMvCARXBvX/XZWVtfWNzYLW8Xtnd29/dLBYVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwFo7up33pCpXksH8w4QT+iA8lDzqixUv28Vyq7FXcGsky8nJQhR61X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Njt0Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJb/yMyyQ1KNl8UZgKYmIy/Zr0uUJmxNgSyhS3txI2pIoyY7Mp2hC8xZeXSfOi4l1VvPpluXqbx1GAYziBM/DgGqpwDzVoAAOEZ3iFN+fReXHenY9564qTzxzBHzifP3GvjK8=</latexit>

+

<latexit sha1_base64="iOtanrvxXCeH00HULVdptzpwm00=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEF1ISEXVZcOOygq2FJpTJdNIOnUzCzESoIfgrblwo4tb/cOffOGmz0NYDA4dz7uWeOUHCmdKO821VlpZXVteq67WNza3tHXt3r6PiVBLaJjGPZTfAinImaFszzWk3kRRHAaf3wfi68O8fqFQsFnd6klA/wkPBQkawNlLfPvBGWGdehPUoCDOc5/2M5X277jScKdAicUtShxKtvv3lDWKSRlRowrFSPddJtJ9hqRnhNK95qaIJJmM8pD1DBY6o8rNp+hwdG2WAwliaJzSaqr83MhwpNYkCM1nEVPNeIf7n9VIdXvkZE0mqqSCzQ2HKkY5RUQUaMEmJ5hNDMJHMZEVkhCUm2hRWMyW4819eJJ2zhnvRcG/P683Tso4qHMIRnIALl9CEG2hBGwg8wjO8wpv1ZL1Y79bHbLRilTv78AfW5w+HbpXb</latexit>

âi

<latexit sha1_base64="uUxpaF7DRfnnVfUJeaFy18gnKEg=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSIoSElE1GXBjSupYB/QhDKZ3LRjJ5MwM1FKyDe48VfcuFDErSt3/o2TtgttPTDM4Zx7ufceP2FUKtv+NkoLi0vLK+XVytr6xuaWub3TknEqCDRJzGLR8bEERjk0FVUMOokAHPkM2v7wsvDb9yAkjfmtGiXgRbjPaUgJVlrqmUdu5j7QABRlAWRuhNXAD7NRnveyO5q7xedS3r328p5ZtWv2GNY8caakiqZo9MwvN4hJGgFXhGEpu46dKC/DQlHCIK+4qYQEkyHuQ1dTjiOQXjY+KbcOtBJYYSz048oaq787MhxJOYp8XVnsLGe9QvzP66YqvPAyypNUASeTQWHKLBVbRT5WQAUQxUaaYCKo3tUiAywwUTrFig7BmT15nrROas5Zzbk5rdaPp3GU0R7aR4fIQeeojq5QAzURQY/oGb2iN+PJeDHejY9JacmY9uyiPzA+fwDBR59X</latexit>{eyji}j2[N ]

<latexit sha1_base64="mdqVX3V0cCmAsq1tzHw6nJeRj0U=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcCElEVGXBTcuK/QGaQyT6aQdOpmEmYkQQsCNr+LGhSJufQl3vo2TNoK2/jDw8Z9zmHN+P2ZUKsv6MipLyyura9X12sbm1vaOubvXlVEiMOngiEWi7yNJGOWko6hipB8LgkKfkZ4/uS7qvXsiJI14W6UxcUM04jSgGClteeaBMwiRGvtB1s/v2j+c5q5HPbNuNayp4CLYJdRBqZZnfg6GEU5CwhVmSErHtmLlZkgoihnJa4NEkhjhCRoRRyNHIZFuNr0hh8faGcIgEvpxBafu74kMhVKmoa87iyXlfK0w/6s5iQqu3IzyOFGE49lHQcKgimARCBxSQbBiqQaEBdW7QjxGAmGlY6vpEOz5kxehe9awLxr27Xm9eVrGUQWH4AicABtcgia4AS3QARg8gCfwAl6NR+PZeDPeZ60Vo5zZB39kfHwDxWuYLg==</latexit>

[XT y]i

<latexit sha1_base64="KQ7XaTpR5MJOCOpzzaIUQTFrMD8=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgupCQi6rLgxmUF+4AmhMnkph07eTAzUULIwo2/4saFIm79CHf+jZM2C209cOFwzr3ce4+XMCqkaX5rS8srq2vrtY365tb2zq6+t98TccoJdEnMYj7wsABGI+hKKhkMEg449Bj0vclV6ffvgQsaR7cyS8AJ8SiiASVYKsnVG/YD9UFS5kNuh1iOvSDPisLN6V3h6k2zZU5hLBKrIk1UoePqX7YfkzSESBKGhRhaZiKdHHNJCYOibqcCEkwmeARDRSMcgnDy6ROFcaQU3whiriqSxlT9PZHjUIgs9FRneaeY90rxP2+YyuDSyWmUpBIiMlsUpMyQsVEmYviUA5EsUwQTTtWtBhljjolUudVVCNb8y4ukd9qyzlvWzVmzfVLFUUMNdIiOkYUuUBtdow7qIoIe0TN6RW/ak/aivWsfs9YlrZo5QH+gff4AW6KZIQ==</latexit>

eyij

<latexit sha1_base64="+xC8GuDdcbnHc2rqF+ayxLgGaTM=">AAACIXicbVDLSsNAFJ3UV62vqks3g0VwISUR0W6EghuXFfqCJobJdNIOnUzCzEQMIb/ixl9x40KR7sSfcdJG0NYDA4dzzmXuPV7EqFSm+WmUVlbX1jfKm5Wt7Z3dver+QVeGscCkg0MWir6HJGGUk46iipF+JAgKPEZ63uQm93sPREga8rZKIuIEaMSpTzFSWnKrDTtAauz5aZK5FF5DW8aBmzKb8pmBEUv72sl+Yo+Zy+7bicvcas2smzPAZWIVpAYKtNzq1B6GOA4IV5ghKQeWGSknRUJRzEhWsWNJIoQnaEQGmnIUEOmkswszeKKVIfRDoR9XcKb+nkhRIGUSeDqZLyoXvVz8zxvEym84KeVRrAjH84/8mEEVwrwuOKSCYMUSTRAWVO8K8RgJhJUutaJLsBZPXibd87p1WbfuLmrNs6KOMjgCx+AUWOAKNMEtaIEOwOAJvIA38G48G6/GhzGdR0tGMXMI/sD4+gYRYKVD</latexit>

yi =
X

l2Xi

xT
l yl

<latexit sha1_base64="i/+sMzaQE3qlZyaXbUEkVaYEJG4=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieJCSiKjHghePFewHNCFsNpN26WYTdjdKCfHiX/HiQRGv/gtv/hs3bQ/a+mDg8d4MM/OClFGpbPvbqCwtr6yuVddrG5tb2zvm7l5HJpkg0CYJS0QvwBIY5dBWVDHopQJwHDDoBqPr0u/eg5A04XdqnIIX4wGnESVYack3D9wHGoKiLITcjbEaBlHeKwqf+mbdbtgTWIvEmZE6mqHlm19umJAsBq4Iw1L2HTtVXo6FooRBUXMzCSkmIzyAvqYcxyC9fPJBYR1rJbSiROjiypqovydyHEs5jgPdWR4p571S/M/rZyq68nLK00wBJ9NFUcYslVhlHFZIBRDFxppgIqi+1SJDLDBROrSaDsGZf3mRdM4azkXDuT2vN09ncVTRITpCJ8hBl6iJblALtRFBj+gZvaI348l4Md6Nj2lrxZjN7KM/MD5/AIEYl4A=</latexit>eXi

<latexit sha1_base64="LkSQ9iFZkgi+keMDcn+j6ow/XAE=">AAACDHicbVDLSsNAFL3xWeur6tLNYBFcSElE1GXBjeCmgn1AEspkOmmHTiZhZiKUkA9w46+4caGIWz/AnX/jpM1CWy8MczjnXO69J0g4U9q2v62l5ZXVtfXKRnVza3tnt7a331FxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuML4u9O4DlYrF4l5PEupHeChYyAjWhurX6l7mjbDOvAjrURBmvTzvZ2yce+Ybe0y4t35uXHbDnhZaBE4J6lBWq1/78gYxSSMqNOFYKdexE+1nWGpGOM2rXqpogskYD6lroMARVX42PSZHx4YZoDCW5gmNpuzvjgxHSk2iwDiLndW8VpD/aW6qwys/YyJJNRVkNihMOdIxKpJBAyYp0XxiACaSmV0RGWGJiTb5VU0IzvzJi6Bz1nAuGs7deb15WsZRgUM4ghNw4BKacAMtaAOBR3iGV3iznqwX6936mFmXrLLnAP6U9fkDhticew==</latexit>

{X̂ik}k2[K]

1. Dataset encoding

4. Model 
encoding

pe
r r

ou
nd
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initialization

<latexit sha1_base64="LEUtMC4YDixSnLOBKOUKMYrNwpo=">AAACFXicbVBLS8NAGNz4rPUV9ehlsQhCQ0lE1GPBi9BLhb6gCWGz2bRLNw92N4US8ie8+Fe8eFDEq+DNf+OmzUFbB5YdZr6P3RkvYVRI0/zW1tY3Nre2KzvV3b39g0P96Lgn4pRj0sUxi/nAQ4IwGpGupJKRQcIJCj1G+t7krvD7U8IFjaOOnCXECdEoogHFSCrJ1Q07s0Mkx16QTXM3o5PcVtfEzlp1y4A282MpDNiqd+w8r7p6zWyYc8BVYpWkBkq0Xf3L9mOchiSSmCEhhpaZSCdDXFLMSF61U0EShCdoRIaKRigkwsnmqXJ4rhQfBjFXJ5Jwrv7eyFAoxCz01GSRQCx7hfifN0xlcOtkNEpSSSK8eChIGZQxLCqCPuUESzZTBGFO1V8hHiOOsFRFFiVYy5FXSe+yYV03rIerWtMo66iAU3AGLoAFbkAT3IM26AIMHsEzeAVv2pP2or1rH4vRNa3cOQF/oH3+AMU3nnE=</latexit>{vik}k{K+1,...,K+T}
<latexit sha1_base64="RHxUgLBK2jCVJbGxdhWlWgFUrRY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1ISEXVZcOOygn1AG8JkOmmHTiZhZiLUkC9x40IRt36KO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u3X7YPDropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6W3h9x6pVCwWD3qWUC/CY8FCRrA2km/XhxHWkyDMZO5nLK/5dsNpOnOgVeKWpAEl2r79NRzFJI2o0IRjpQauk2gvw1IzwmleG6aKJphM8ZgODBU4osrL5sFzdGqUEQpjaZ7QaK7+3shwpNQsCsxkEVMte4X4nzdIdXjjZUwkqaaCLA6FKUc6RkULaMQkJZrPDMFEMpMVkQmWmGjTVVGCu/zlVdK9aLpXTff+stE6L+uowjGcwBm4cA0tuIM2dIBACs/wCm/Wk/VivVsfi9GKVe4cwR9Ynz/vxJMz</latexit>ri

<latexit sha1_base64="M7KvgtyMSwxMbNEPbfJoBhdswQI=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJKIqMuCG5cV7APSECbTSTt28mBmIoQQf8WNC0Xc+iHu/BsnbRbaemDgcM693DPHTziTyrK+jZXVtfWNzdpWfXtnd2/fPDjsyTgVhHZJzGMx8LGknEW0q5jidJAIikOf074/vSn9/iMVksXRvcoS6oZ4HLGAEay05JkNZxhiNfGDXBRezgrXe6h7ZtNqWTOgZWJXpAkVOp75NRzFJA1ppAjHUjq2lSg3x0IxwmlRH6aSJphM8Zg6mkY4pNLNZ+ELdKKVEQpioV+k0Ez9vZHjUMos9PVkmVQueqX4n+ekKrh2cxYlqaIRmR8KUo5UjMom0IgJShTPNMFEMJ0VkQkWmCjdV1mCvfjlZdI7b9mXLfvuotk+q+qowREcwynYcAVtuIUOdIFABs/wCm/Gk/FivBsf89EVo9ppwB8Ynz/mipTc</latexit>

[ri]j
<latexit sha1_base64="y4O6wehQuedAJE62iNtIgUh7O7A=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgED1ISEfVY8OKxgv2AJoTNZtKu3WzC7kYpIRcv/hUvHhTx6n/w5r8xaXvQ6oOBx3szzMzzE86Utqwvo7KwuLS8Ul2tra1vbG6Z2zsdFaeSQpvGPJY9nyjgTEBbM82hl0ggkc+h648uS797B1KxWNzocQJuRAaChYwSXUieue/cswA04wFkTkT00A8zmedexm7zmmfWrYY1Af5L7BmpoxlanvnpBDFNIxCacqJU37YS7WZEakY55DUnVZAQOiID6BdUkAiUm02+yPFhoQQ4jGVRQuOJ+nMiI5FS48gvOstD1bxXiv95/VSHF27GRJJqEHS6KEw51jEuI8EBk0A1HxeEUMmKWzEdEkmoLoIrQ7DnX/5LOicN+6xhX5/Wm8ezOKpoDx2gI2Sjc9REV6iF2oiiB/SEXtCr8Wg8G2/G+7S1YsxmdtEvGB/fkKWZLg==</latexit>

erij

<latexit sha1_base64="mvME3pQQb4Aa770bodTKkJ0DVy0=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCBymJiHosePFYwX5AG8JmM2mXbjZhd6OUkIMX/4oXD4p49Ud489+YtDlo64OBx3szzMzzYs6Utqxvo7Kyura+Ud2sbW3v7O6Z+wddFSWSQodGPJJ9jyjgTEBHM82hH0sgoceh502uC793D1KxSNzpaQxOSEaCBYwSnUuuWR8+MB804z6kw5DosRekMsvclGU112xYTWsGvEzskjRQibZrfg39iCYhCE05UWpgW7F2UiI1oxyy2jBREBM6ISMY5FSQEJSTzp7I8HGu+DiIZF5C45n6eyIloVLT0Ms7izvVoleI/3mDRAdXTspEnGgQdL4oSDjWES4SwT6TQDWf5oRQyfJbMR0TSajOcytCsBdfXibds6Z90bRvzxut0zKOKqqjI3SCbHSJWugGtVEHUfSIntErejOejBfj3fiYt1aMcuYQ/YHx+QO/WZi6</latexit>eri

<latexit sha1_base64="GbpNKoN6nRKLW9x6cTDMUbiavp4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1ISEXVZcOOygn1AGsJkOmmHTiZhZiLU0C9x40IRt36KO//GSZuFth4YOJxzL/fMCVPOlHacb6uytr6xuVXdru3s7u3X7YPDrkoySWiHJDyR/RArypmgHc00p/1UUhyHnPbCyW3h9x6pVCwRD3qaUj/GI8EiRrA2UmDXvUGM9TiMcjnzA1YL7IbTdOZAq8QtSQNKtAP7azBMSBZToQnHSnmuk2o/x1IzwumsNsgUTTGZ4BH1DBU4psrP58Fn6NQoQxQl0jyh0Vz9vZHjWKlpHJrJIqVa9grxP8/LdHTj50ykmaaCLA5FGUc6QUULaMgkJZpPDcFEMpMVkTGWmGjTVVGCu/zlVdK9aLpXTff+stE6L+uowjGcwBm4cA0tuIM2dIBABs/wCm/Wk/VivVsfi9GKVe4cwR9Ynz+NiJLz</latexit>

[r]i

<latexit sha1_base64="bhTPRNEqcDgikW/jOB74KSJz0po=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1IOHghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7Y+GHi8N8PMvCARXBvX/XZWVtfWNzYLW8Xtnd29/dLBYVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwFo7up33pCpXksH8w4QT+iA8lDzqixUv28Vyq7FXcGsky8nJQhR61X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Njt0Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJb/yMyyQ1KNl8UZgKYmIy/Zr0uUJmxNgSyhS3txI2pIoyY7Mp2hC8xZeXSfOi4l1VvPpluXqbx1GAYziBM/DgGqpwDzVoAAOEZ3iFN+fReXHenY9564qTzxzBHzifP3GvjK8=</latexit>

+

<latexit sha1_base64="8VIl9Uvn25scIrNwAXBKhq76D04=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSKISElE1GXBjSupYB+QhDCZ3LRjJ5MwM1FKyD+48VfcuFDErRt3/o1J24W2HhjmcM693HuPnzAqlWl+a5WFxaXllepqbW19Y3NL397pyDgVBNokZrHo+VgCoxzaiioGvUQAjnwGXX94WfrdexCSxvxWjRJwI9znNKQEq0Ly9CMncx5oAIqyADInwmrgh5nIcy+7o7lTfg7l9rWb1zy9bjbMMYx5Yk1JHU3R8vQvJ4hJGgFXhGEpbctMlJthoShhkNecVEKCyRD3wS4oxxFINxvflBsHhRIYYSyKx5UxVn93ZDiSchT5RWW5tJz1SvE/z05VeOFmlCepAk4mg8KUGSo2yoCMgAogio0Kgomgxa4GGWCBiSpiLEOwZk+eJ52ThnXWsG5O683jaRxVtIf20SGy0DlqoivUQm1E0CN6Rq/oTXvSXrR37WNSWtGmPbvoD7TPH/u8n2Q=</latexit>{erji}j2[N ]

<latexit sha1_base64="YKcqvyWKE0FXnTCwZFgtfycfyWw=">AAACCnicbZDLSsNAFIZP6q3WW9Slm2gRXEhJRNRlwY0rqWAvkIQwmU7asZNJmJkIJWTtxldx40IRtz6BO9/GSduFVn8Y+PjPOcw5f5gyKpVtfxmVhcWl5ZXqam1tfWNzy9ze6cgkE5i0ccIS0QuRJIxy0lZUMdJLBUFxyEg3HF2W9e49EZIm/FaNU+LHaMBpRDFS2grMfS93vRipYRjlogjyu8IPqFeCR7l77Re1wKzbDXsi6y84M6jDTK3A/PT6Cc5iwhVmSErXsVPl50goihkpal4mSYrwCA2Iq5GjmEg/n5xSWIfa6VtRIvTjypq4PydyFEs5jkPdWW4t52ul+V/NzVR04eeUp5kiHE8/ijJmqcQqc7H6VBCs2FgDwoLqXS08RAJhpdMrQ3DmT/4LnZOGc9Zwbk7rzeNZHFXYgwM4AgfOoQlX0II2YHiAJ3iBV+PReDbejPdpa8WYzezCLxkf3xmImxI=</latexit>{[rj ]i}j2[N ]

<latexit sha1_base64="sV2Fk2LEXCwn0zCG5YRCK8dNdo4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQkoioi4L3bisYB+QhDCZTtohk0mYmQglZOXGX3HjQhG3foM7/8ZJm4W2HhjmcM693HtPkDIqlWV9G7WV1bX1jfpmY2t7Z3fP3D/oyyQTmPRwwhIxDJAkjHLSU1QxMkwFQXHAyCCIOqU/eCBC0oTfq2lKvBiNOQ0pRkpLvnns5m6M1CQI86zwcxoVrv4il3Kn4xW+2bRa1gxwmdgVaYIKXd/8ckcJzmLCFWZISse2UuXlSCiKGSkabiZJinCExsTRlKOYSC+fnVHAU62MYJgI/biCM/V3R45iKadxoCvLleWiV4r/eU6mwhsvpzzNFOF4PijMGFQJLDOBIyoIVmyqCcKC6l0hniCBsNLJNXQI9uLJy6R/0bKvWvbdZbN9XsVRB0fgBJwBG1yDNrgFXdADGDyCZ/AK3own48V4Nz7mpTWj6jkEf2B8/gCVlJnD</latexit>{uik}k2[C]
<latexit sha1_base64="SgfoYhmthMH19AvNZnQexn4z22Y=">AAACBHicbVBNS8NAEN34WetX1GMvwSJ4kJKIqMeCF48V7Ac0IWw2k3btZhN2N0oJOXjxr3jxoIhXf4Q3/42btgdtfTDweG+GmXlByqhUtv1tLC2vrK6tVzaqm1vbO7vm3n5HJpkg0CYJS0QvwBIY5dBWVDHopQJwHDDoBqOr0u/eg5A04bdqnIIX4wGnESVYack3a+4DDUFRFkLuxlgNgyjPisLP6V3hm3W7YU9gLRJnRupohpZvfrlhQrIYuCIMS9l37FR5ORaKEgZF1c0kpJiM8AD6mnIcg/TyyROFdaSV0IoSoYsra6L+nshxLOU4DnRneaec90rxP6+fqejSyylPMwWcTBdFGbNUYpWJWCEVQBQba4KJoPpWiwyxwETp3Ko6BGf+5UXSOW045w3n5qzePJnFUUE1dIiOkYMuUBNdoxZqI4Ie0TN6RW/Gk/FivBsf09YlYzZzgP7A+PwBVXaZHQ==</latexit>

euij
<latexit sha1_base64="jqwNnxuv7b8v1cXN+qtrrWgUTV0=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSIoSElE1GXBjSupYB/QhDKZ3LRjJ5MwM1FKyDe48VfcuFDErSt3/o2TtgttPTDM4Zx7ufceP2FUKtv+NkoLi0vLK+XVytr6xuaWub3TknEqCDRJzGLR8bEERjk0FVUMOokAHPkM2v7wsvDb9yAkjfmtGiXgRbjPaUgJVlrqmUdu5j7QABRlAWRuhNXAD7M0z3vZHc3d4nMp7157ec+s2jV7DGueOFNSRVM0euaXG8QkjYArwrCUXcdOlJdhoShhkFfcVEKCyRD3oaspxxFILxuflFsHWgmsMBb6cWWN1d8dGY6kHEW+rix2lrNeIf7ndVMVXngZ5UmqgJPJoDBlloqtIh8roAKIYiNNMBFU72qRARaYKJ1iRYfgzJ48T1onNees5tycVuvH0zjKaA/to0PkoHNUR1eogZqIoEf0jF7Rm/FkvBjvxsektGRMe3bRHxifP7rrn1M=</latexit>{euji}j2[N ]

<latexit sha1_base64="BzbgEoJTSpowqkpA32xCRv5yppE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieJCSiKjHghePFewHNCFsNpN26WYTdjdKCfHiX/HiQRGv/gtv/hs3bQ/a+mDg8d4MM/OClFGpbPvbqCwtr6yuVddrG5tb2zvm7l5HJpkg0CYJS0QvwBIY5dBWVDHopQJwHDDoBqPr0u/eg5A04XdqnIIX4wGnESVYack3D9wHGoKiLITcjbEaBlGeFYVPfbNuN+wJrEXizEgdzdDyzS83TEgWA1eEYSn7jp0qL8dCUcKgqLmZhBSTER5AX1OOY5BePvmgsI61ElpRInRxZU3U3xM5jqUcx4HuLI+U814p/uf1MxVdeTnlaaaAk+miKGOWSqwyDiukAohiY00wEVTfapEhFpgoHVpNh+DMv7xIOmcN56Lh3J7Xm6ezOKroEB2hE+SgS9REN6iF2oigR/SMXtGb8WS8GO/Gx7S1Ysxm9tEfGJ8/rYCXnQ==</latexit>eui

<latexit sha1_base64="MlNinS1ia30HMZAv5rHtuSFM9Ws=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4kJKIqMuCG8FNBfuAJITJdNKOmZmEmYlQQtZu/BU3LhRx6xe482+ctFlo9cCFwzn3cu89YUqJVLb9ZdQWFpeWV+qrjbX1jc0tc3unJ5NMINxFCU3EIIQSU8JxVxFF8SAVGLKQ4n4YX5Z+/x4LSRJ+qyYp9hkccRIRBJWWAnPf9WTGgjz2CHev/cJjUI3DKM+KICdx4Qd3gdm0W/YU1l/iVKQJKnQC89MbJihjmCtEoZSuY6fKz6FQBFFcNLxM4hSiGI6wqymHDEs/n75SWIdaGVpRInRxZU3VnxM5ZFJOWKg7y0vlvFeK/3lupqILPyc8zRTmaLYoyqilEqvMxRoSgZGiE00gEkTfaqExFBApnV5Dh+DMv/yX9E5azlnLuTltto+rOOpgDxyAI+CAc9AGV6ADugCBB/AEXsCr8Wg8G2/G+6y1ZlQzu+AXjI9vrDCbdQ==</latexit>

[
X

k2[K]

uik]j

<latexit sha1_base64="Vys640DanaXLEmG7p6UH+RJxzXQ=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgupCQi6rLgRnBTwT4gCWEynbRDJ5MwD6GEbN34K25cKOLWP3Dn3zhps9DWAxcO59zLvfdEGaNSOc63tbS8srq2Xtuob25t7+zae/tdmWqBSQenLBX9CEnCKCcdRRUj/UwQlESM9KLxden3HoiQNOX3apKRIEFDTmOKkTJSaEPPlzoJ87FPuXcbFH6C1CiKc10YrQhCGtoNp+lMAReJW5EGqNAO7S9/kGKdEK4wQ1J6rpOpIEdCUcxIUfe1JBnCYzQknqEcJUQG+fSTAh4bZQDjVJjiCk7V3xM5SqScJJHpLA+V814p/ud5WsVXQU55phXheLYo1gyqFJaxwAEVBCs2MQRhQc2tEI+QQFiZ8OomBHf+5UXSPWu6F0337rzROq3iqIFDcAROgAsuQQvcgDboAAwewTN4BW/Wk/VivVsfs9Ylq5o5AH9gff4A2RKbAQ==</latexit>

[
X

k2[K]

uk]i

<latexit sha1_base64="Q1KlVMuBJPHk40j6NPOV7qaSIkE=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARXEhNRNRlwY0gSAV7gSSEyXTSjp1MwsxEKCGP4cZXceNCEbfd+TZO2iy09cDAx/+fw5zzBwmjUlnWt1FZWl5ZXauu1zY2t7Z3zN29joxTgUkbxywWvQBJwignbUUVI71EEBQFjHSD0XXhd5+IkDTmD2qcEC9CA05DipHSkm+eupnjyjTys5FLuXPr5W6E1DAIszT3s8dR7vnULahw77zcN+tWw5oWXAS7hDooq+WbE7cf4zQiXGGGpHRsK1FehoSimJG85qaSJAiP0IA4GjmKiPSy6WE5PNJKH4ax0I8rOFV/T2QoknIcBbqz2FrOe4X4n+ekKrzyMsqTVBGOZx+FKYMqhkVKsE8FwYqNNSAsqN4V4iESCCudZU2HYM+fvAids4Z90bDvz+vNkzKOKjgAh+AY2OASNMENaIE2wOAZvIJ38GG8GG/Gp/E1a60Y5cw++FPG5AcwuqGr</latexit>

{[
X

k2[K]

ujk]i}j2[N ]

2. Label 
encoding

5. Gradient computing and model update

PICO

Figure 10: Detailed flowchart of PICO, for each client i ∈ [N ].

by the adversaries in model encoding stage (Stage 4) at training round t ∈ {0, . . . , J − 1}. Finally, letM5,t
T denote the

collection of all messages received by the adversaries in gradient computing and model update stage (Stage 5) at training
round t ∈ {0, . . . , J − 1}. Then, from the chain rule of mutual information (Cover and Thomas, 1999), one can rewrite
the mutual information condition from (35) as follows:

I({Xi,yi}i∈H;MT |{Xi,yi}i∈T ,w(J)) (42)

= I({Xi,yi}i∈H;M1
T ,M2

T ,M3
T ,∪t∈[J]M4,t

T ,∪t∈[J]M5,t
T |{Xi,yi}i∈T ,w(J)) (43)

= I({Xi,yi}i∈H;M1
T |{Xi,yi}i∈T ,w(J))

+ I({Xi,yi}i∈H;M2
T |M1

T , {Xi,yi}i∈T ,w(J))

+ I({Xi,yi}i∈H;M3
T |M1

T ,M2
T , {Xi,yi}i∈T ,w(J))

+

J−1∑

t=0

I({Xi,yi}i∈H;M4,t
T |M1

T ,M2
T ,M3

T ,∪t−1l=0M
4,l
T ,∪t−1l=0M

5,l
T , {Xi,yi}i∈T ,w(J))

+

J−1∑

t=0

I({Xi,yi}i∈H;M5,t
T |M1

T ,M2
T ,M3

T ,∪tl=0M4,l
T ,∪t−1l=0M

5,l
T , {Xi,yi}i∈T ,w(J)) (44)

We next investigate the individual terms in the summation (44).
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Stage 1: Dataset Encoding. First, we start with the first term in (44), which corresponds to Stage 1 of PICO, i.e.,
encoding the datasets. From the description of Stage 1, the first term in the right hand side of (44) can be written as:

I({Xi,yi}i∈H;M1
T |{Xi,yi}i∈T ,w(J)) (45)

= I({Xi,yi}i∈H; {R̃ij}j∈T
i∈H

, {Rik} i∈T
k∈[K]

, {Vik} i∈T
k∈{K+1,...,K+T}

, {X̂ik} i∈[N ]
k∈[K]

|{Xi,yi}i∈T ,w(J)) (46)

= H({R̃ij}j∈T
i∈H

, {Rik} i∈T
k∈[K]

, {Vik} i∈T
k∈{K+1,...,K+T}

, {X̂ik} i∈[N ]
k∈[K]

|{Xi,yi}i∈T ,w(J))

−H({R̃ij}j∈T
i∈H

, {Rik} i∈T
k∈[K]

, {Vik} i∈T
k∈{K+1,...,K+T}

, {X̂ik} i∈[N ]
k∈[K]

|{Xi,yi}i∈[N ],w
(J)) (47)

We next bound the first term in (149) as follows:

H({R̃ij}j∈T
i∈H

, {Rik} i∈T
k∈[K]

, {Vik} i∈T
k∈{K+1,...,K+T}

, {X̂ik} i∈[N ]
k∈[K]

|{Xi,yi}i∈T ,w(J))

= H({R̃ij}j∈T
i∈H

, {Rik} i∈T
k∈[K]

, {Vik} i∈T
k∈{K+1,...,K+T}

, {X̂ik} i∈H
k∈[K]

|{Xi,yi}i∈T ,w(J)) (48)

≤ H({R̃ij}j∈T
i∈H

, {Rik} i∈T
k∈[K]

, {Vik} i∈T
k∈{K+1,...,K+T}

, {X̂ik} i∈H
k∈[K]

) (49)

≤ log
(
q(

∑
i∈H

Tdmi
K )+(

∑
i∈T dmi)+(

∑
i∈T

Tdmi
K )+(

∑
i∈H dmi)

)
(50)

= d
( T
K

+ 1
)( ∑

i∈[N ]

mi

)
log q (51)

where (49) holds since conditioning cannot increase entropy. Equation (50) follows from the fact that uniform distribution
maximizes entropy, and that the entropy of a uniform random variable distributed over an alphabet A is equal to log |A|.
For the second term in (149), we observe that:

H({R̃ij}j∈T
i∈H

, {Rik} i∈T
k∈[K]

, {Vik} i∈T
k∈{K+1,...,K+T}

, {X̂ik} i∈[N ]
k∈[K]

|{Xi,yi}i∈[N ],w
(J)) (52)

= H({R̃ij}j∈T
i∈H

, {Rik} i∈[N ]
k∈[K]

, {Vik} i∈T
k∈{K+1,...,K+T}

, {Rik} i∈[N ]
k∈[K]

|{Xi,yi}i∈[N ],w
(J)) (53)

= H({R̃ij}j∈T
i∈H

, {Rik} i∈[N ]
k∈[K]

, {Vik} i∈T
k∈{K+1,...,K+T}

) (54)

= H({R̃ij}j∈T
i∈H
|{Rik} i∈[N ]

k∈[K]

, {Vik} i∈T
k∈{K+1,...,K+T}

)

+H({Vik} i∈T
k∈{K+1,...,K+T}

|{Rik} i∈[N ]
k∈[K]

) +H({Rik} i∈[N ]
k∈[K]

) (55)

= H({R̃ij}j∈T
i∈H
|{Rik} i∈[N ]

k∈[K]

, {Vik} i∈T
k∈{K+1,...,K+T}

)

+H({Vik} i∈T
k∈{K+1,...,K+T}

) +H({Rik} i∈[N ]
k∈[K]

) (56)

= H
({ K+T∑

k=K+1

Vik

∏

l∈[K+T ]\{k}

αj − βl
βk − βl

}
i∈H
j∈T

)
+ log(qTd

∑
i∈T

mi
K ) + log(qKd

∑
i∈[N]

mi
K ) (57)

=
∑

i∈H
H
({ K+T∑

k=K+1

Vik

∏

l∈[K+T ]\{k}

αj − βl
βk − βl

}
j∈T

)
+
Td

K
(
∑

i∈T
mi) log q + d(

∑

i∈[N ]

mi) log q (58)

=
∑

i∈H
H({Zij}j∈T ) +

Td

K
(
∑

i∈T
mi) log q + d(

∑

i∈[N ]

mi) log q (59)

where (53) holds since given {Xi,yi}i∈[N ], there is no uncertainty remaining in {Xik}i∈[N ],k∈[K], (54) holds since the
generated randomness is independent from the local datasets, (55) follows from the chain rule of entropy, (56) holds since
the random matrices are generated independently where each element is distributed uniformly at random (and independent
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from other elements) from the finite field Fq . In (59), we define:

Zij ,
K+T∑

k=K+1

Vik

∏

l∈[K+T ]\{k}

αj − βl
βk − βl

(60)

for all i ∈ H and j ∈ T . In the following, we let the first N-T users be honest (the last T users are adversarial), i.e.,
H = [N − T ] and T = {N − T + 1, . . . , N}. The sole purpose of this assumption is notational simplicity, and the same
analysis holds for any set of adversarial users T of size T . We also represent the Lagrange polynomial coefficients as:

ρjk ,
∏

l∈[K+T ]\{k}

αj − βl
βk − βl

(61)

for all j ∈ [N ] and k ∈ [K + T ]. Then, from (60), one can write:

(Zi,N−T+1, . . . ,Zi,N ) = (Vi,K+1, . . . ,Vi,K+T )



ρN−T+1,K+1 · · · ρN,K+1

...
. . .

...
ρN−T+1,K+T · · · ρN,K+T




︸ ︷︷ ︸
Γ

(62)

where Γ is a T × T MDS matrix (hence is invertible), which follows from the MDS property of Lagrange polynomi-
als as shown in Yu et al. (2019). An MDS matrix guarantees that (62) is a bijective mapping, in other words every
(Vi,K+1, . . . ,Vi,K+T ) maps to a unique (Zi,N−T+1, . . . ,Zi,N ). As a result,

H({Zij}j∈T ) = H(Zi,N−T+1, . . . ,Zi,N ) (63)
= H(Vi,K+1, . . . ,Vi,K+T ) (64)

=
Tdmi

K
log q (65)

where (64) follows from (62) and that Γ is an MDS matrix, and (65) follows from the fact that each element of Vik is
distributed uniformly at random over the finite field Fq . By combining (65) with (59), we have:

H({R̃ij}j∈T
i∈H

, {Rik} i∈T
k∈[K]

, {Vik} i∈T
k∈{K+1,...,K+T}

, {X̂ik} i∈[N ]
k∈[K]

|{Xi,yi}i∈[N ],w
(J))

= (
∑

i∈H

Tdmi

K
log q) +

Td

K
(
∑

i∈T
mi) log q + d(

∑

i∈T
mi) log q (66)

= d
( T
K

+ 1
)( ∑

i∈[N ]

mi

)
log q (67)

Finally, by combining (50) and (67) with (149), we have:

0 ≤ I({Xi,yi}i∈H;M1
T |{Xi,yi}i∈T ,w(J)) (68)

= H({R̃ij}j∈T
i∈H

, {Rik} i∈T
k∈[K]

, {Vik} i∈T
k∈{K+1,...,K+T}

, {X̂ik} i∈[N ]
k∈[K]

|{Xi,yi}i∈T ,w(J))

−H({R̃ij}j∈T
i∈H

, {Rik} i∈T
k∈[K]

, {Vik} i∈T
k∈{K+1,...,K+T}

, {X̂ik} i∈[N ]
k∈[K]

|{Xi,yi}i∈[N ],w
(J)) (69)

≤ d
( T
K

+ 1
)( ∑

i∈[N ]

mi

)
log q − d

( T
K

+ 1
)( ∑

i∈[N ]

mi

)
log q (70)

= 0 (71)

where the first inequality follows from the non-negativity of mutual information. Therefore, the first term in (44) satisfies
the following:

I({Xi,yi}i∈H;M1
T |{Xi,yi}i∈T ,w(J)) = 0 (72)
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Stage 2: Label Encoding. We next consider the second term in (44), which corresponds to the secret sharing of the
labels. Without loss of generality, we represent the secret share of aik from user i to user j as follows:

[aik]j , aik +
∑

l∈[T ]

γljzikl (73)

where zikl are random vectors of size d
K , where each element is distributed independently and uniformly at random from

Fq . Coefficients {γi}i∈[N ] are distinct public parameters agreed in advance between all N users, where γi ∈ Fq for all
i ∈ [N ] such that {γi}i∈[N ] ∩ {βk}k∈[K+T ] ∩ {αj}j∈[N ] = ∅. Using (73), we can rewrite the second term in (44) as
follows:

I({Xi,yi}i∈H;M2
T |M1

T , {Xi,yi}i∈T ,w(J)) (74)
= I({Xi,yi}i∈H; {ãij , [aik]j}i∈H,j∈T ,k∈[K], {âi}i∈[N ], {rik,bik,aik′ , zik′l} i∈T ,k′∈[K],l∈[T ]

k∈{K+1,...,K+T}

|M1
T , {Xi,yi}i∈T ,w(J)) (75)

= I({Xi,yi}i∈H; {ãij , [aik]j}i∈H,j∈T ,k∈[K], {
∑

j∈[N ]

yjk − ak}k∈[K], {
∑

j∈[N ]

rjk − bk}k∈{K+1,...,K+T},

{rik,bik,aik′ , zik′l} i∈T ,k′∈[K],l∈[T ]
k∈{K+1,...,K+T}

|M1
T , {Xi,yi}i∈T ,w(J)) (76)

= H({ãij , [aik]j}i∈H,j∈T ,k∈[K], {
∑

j∈[N ]

yjk − ak}k∈[K], {
∑

j∈[N ]

rjk − bk}k∈{K+1,...,K+T},

{rik,bik,aik′ , zik′l} i∈T ,k′∈[K],l∈[T ]
k∈{K+1,...,K+T}

|M1
T , {Xi,yi}i∈T ,w(J)) (77)

−H({ãij , [aik]j}i∈H,j∈T ,k∈[K], {
∑

j∈[N ]

yjk − ak}k∈[K], {
∑

j∈[N ]

rjk − bk}k∈{K+1,...,K+T},

{rik,bik,aik′ , zik′l} i∈T ,k′∈[K],l∈[T ]
k∈{K+1,...,K+T}

|M1
T , {Xi,yi}i∈[N ],w

(J)) (78)

where (76) follows from the fact that any polynomial of degree K + T − 1 can be determined from at least K + T
evaluation points, therefore there is a bijective mapping from any feasible set {âi}i∈[N ] to a set of K + T coefficients
{∑j∈[N ] yjk−ak}k∈[K], {

∑
j∈[N ] rjk−bk}k∈{K+1,...,K+T}. As such, the uncertainty in the former is equal to the latter.

For the second term in (78), we find that:

H({ãij , [aik]j}i∈H,j∈T ,k∈[K], {
∑

j∈[N ]

yjk − ak}k∈[K], {
∑

j∈[N ]

rjk − bk}k∈{K+1,...,K+T},

{rik,bik,aik′ , zik′l} i∈T ,k′∈[K],l∈[T ]
k∈{K+1,...,K+T}

|M1
T , {Xi,yi}i∈[N ],w

(J)) (79)

= H({ãij , [aik]j}i∈H,j∈T ,k∈[K], {ak}k∈[K], {
∑

j∈[N ]

rjk − bk}k∈{K+1,...,K+T},

{rik,bik,aik′ , zik′l} i∈T ,k′∈[K],l∈[T ]
k∈{K+1,...,K+T}

|M1
T , {Xi,yi}i∈[N ],w

(J)) (80)

= H({ãij , [aik]j}i∈H,j∈T ,k∈[K],




(M⊗ I)




a1k

...
aNk







k∈[K]

,




∑

j∈[N ]

rjk − (M⊗ I)




b1k

...
bNk







k∈{K+1,...,K+T}

,

{rik,bik,aik′ , zik′l} i∈T ,k′∈[K],l∈[T ]
k∈{K+1,...,K+T}

|M1
T , {Xi,yi}i∈[N ],w

(J)) (81)

= H({ãij , [aik]j}i∈H,j∈T ,k∈[K],




(M⊗ I)




a1k

...
a(N−T )k







k∈[K]

,





∑

j∈[N−T ]

rjk − (M⊗ I)




b1k

...
b(N−T )k







k∈{K+1,...,K+T}

,

{rik,bik,aik′ , zik′l} i∈T ,k′∈[K],l∈[T ]
k∈{K+1,...,K+T}

|M1
T , {Xi,yi}i∈[N ],w

(J)) (82)

= H({ãij , [aik]j}i∈H,j∈T ,k∈[K],








a1k

...
a(N−T )k







k∈[K]

,





∑

j∈[N−T ]

rjk − (M⊗ I)




b1k

...
b(N−T )k







k∈{K+1,...,K+T}

)
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+H({rik,bik,aik′ , zik′l}i∈T ,k′∈[K],l∈[T ],k∈{K+1,...,K+T}) (83)

= H({ãij , [aik]j}i∈H,j∈T ,k∈[K], {ajk}j∈[N−T ],k∈[K], {
∑

j∈[N−T ]

rjk − (M⊗ I) bk}k∈{K+1,...,K+T})

+ Td
( T
K

+
T

K(N − T ) +
1

N − T +
T

N − T
)
log q (84)

where (80) follows from the fact that given {Xi,yi}i∈[N ], there is uncertainty in
∑
j∈[N ] yjk for all k ∈ [K]. In (82), we

define the following square submatrix of M from (12),

M ,




1 λ1 . . . λN−T−11

1 λ2 . . . λN−T−12
...

...
. . .

...
1 λN−T . . . λN−T−1N−T


 (85)

which is an (N − T )× (N − T ) MDS matrix (hence is invertible), from which (83) follows. Equation (84) follows from
the entropy of uniform random variables, and,

bk ,




b1k

...
b(N−T )k


 (86)

For the first term in (84),

H({ãij , [aik]j}i∈H,j∈T ,k∈[K], {ajk}j∈[N−T ],k∈[K], {
∑

j∈[N−T ]

rjk − (M⊗ I) bk}k∈{K+1,...,K+T}) (87)

= H({ãij}i∈H,j∈T , {
∑

j∈[N−T ]

rjk − (M⊗ I) bk}k∈{K+1,...,K+T}|{[aik]j}i∈H,j∈T ,
k∈[K]

, {ajk}j∈[N−T ],
k∈[K]

)

+H({[aik]j}i∈H,j∈T ,k∈[K]|{ajk}j∈[N−T ],k∈[K]) +H({ajk}j∈[N−T ],k∈[K]) (88)

= H

({ K+T∑

k=K+1

bik
∏

l∈[K+T ]\{k}

αj − βl
βk − βl

}
i∈H,j∈T

,
{ ∑

j∈[N−T ]

rjk − (M⊗ I) bk

}
k∈{K+1,...,K+T}

)

+H

(
{
∑

l∈[T ]

γljzikl}i∈H,j∈T ,k∈[K]

)
+H({ajk}j∈[N−T ],k∈[K]) (89)

where (88) follows from the chain rule of entropy, and (89) holds since the random vectors are generated independently.

We next introduce the following variables to simplify the analysis of (89). First, we let,

(
∑

l∈[T ]

γlN−T+1zikl, . . . ,
∑

l∈[T ]

γlNzikl) = (zik1, . . . , zikT )︸ ︷︷ ︸
zik



γ1N−T+1 . . . γ1N

...
. . .

...
γTN−T+1 . . . γTN




︸ ︷︷ ︸
A

(90)

where A is an T × T MDS matrix, hence is invertible. From (90), it then follows for the second term in (89) that,

H

(
{
∑

l∈[T ]

γljzikl}i∈H,j∈T ,k∈[K]

)
(91)

=
∑

i∈H

∑

k∈[K]

H({
∑

l∈[T ]

γljzikl}j∈T ) (92)

=
∑

i∈[N−T ]

∑

k∈[K]

H({
∑

l∈[T ]

γljzikl}j∈{N−T+1,...,N}) (93)

=
∑

i∈[N−T ]

∑

k∈[K]

H(zikA) (94)
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=
∑

i∈[N−T ]

∑

k∈[K]

H(zik) (95)

= (N − T )KT d

(N − T )K log q (96)

= Td log q (97)

where (92) follows from the independence of the generated random variables, (94) follows from (90), and (95) holds since
matrix A is invertible, hence represents a bijective relationship between zik and zikA. Finally, (96) follows from the
entropy of uniform random variables. Similarly, for the last term in (89), we find that,

H({ajk}j∈[N−T ],k∈[K]) = (N − T )K d

(N − T )K log q = d log q (98)

which also follows from the entropy of uniform random variables.

For the first term in (89), to rewrite
{∑K+T

k=K+1 bik
∏
l∈[K+T ]\{k}

αj−βl
βk−βl

}
j∈T

as:

( K+T∑

k=K+1

bik
∏

l∈[K+T ]\{k}

αN−T+1 − βl
βk − βl

, . . . ,

K+T∑

k=K+1

bik
∏

l∈[K+T ]\{k}

αN − βl
βk − βl

)

= (bi,K+1, . . . ,bi,K+T )



ρN−T+1,K+1 · · · ρN,K+1

...
. . .

...
ρN−T+1,K+T · · · ρN,K+T




︸ ︷︷ ︸
Γ

(99)

where ρi,k is as defined in (61), and Γ is an T × T MDS matrix from (62) (hence is invertible). Using (99), we rewrite the
first term in (89) as:

H

({ K+T∑

k=K+1

bik
∏

l∈[K+T ]\{k}

αj − βl
βk − βl

}
i∈H,j∈T

,
{ ∑

j∈[N−T ]

rjk − (M⊗ I) bk

}
k∈{K+1,...,K+T}

)
(100)

= H

(
{(bi,K+1, . . . ,bi,K+T )Γ}i∈H,

{ ∑

j∈[N−T ]

rjk − (M⊗ I) bk

}
k∈{K+1,...,K+T}

)
(101)

= H

(
{(bi,K+1, . . . ,bi,K+T )}i∈H,

{ ∑

j∈[N−T ]

rjk − (M⊗ I) bk

}
k∈{K+1,...,K+T}

)
(102)

= H

(
{bi,k}i∈H,k∈{K+1,...,K+T},

{ ∑

j∈[N−T ]

rjk − (M⊗ I) bk

}
k∈{K+1,...,K+T}

)
(103)

= H

({ ∑

j∈[N−T ]

rjk − (M⊗ I) bk

}
k∈{K+1,...,K+T}

∣∣∣{bi,k}i∈[N−T ],k∈{K+1,...,K+T}

)

+H({bi,k}i∈[N−T ],k∈{K+1,...,K+T}) (104)

= H({
∑

j∈[N−T ]

rjk}k∈{K+1,...,K+T}|{bi,k}i∈[N−T ],k∈{K+1,...,K+T})+H({bi,k}i∈[N−T ],k∈{K+1,...,K+T}) (105)

= H({
∑

j∈[N−T ]

rjk}k∈{K+1,...,K+T}) +H({bi,k}i∈[N−T ],k∈{K+1,...,K+T}) (106)

= T
d

K
log q + (N − T )T d

(N − T )K log q (107)

=
2Td

K
log q (108)

where (102) holds since Γ is invertible, hence represents a bijective mapping. Equation (104) follows from the chain rule
of entropy, (105) holds since given, there is no uncertainty in (M ⊗ I) bk, (106) follows from the independence of the
random vectors, and (107) follows from the entropy of uniform random variables.
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By combining (108), (97), and (98), with (84), we can rewrite the second term in (78) as follows,

H({ãij , [aik]j}i∈H,j∈T ,k∈[K], {
∑

j∈[N ]

yjk − ak}k∈[K], {
∑

j∈[N ]

rjk − bk}k∈{K+1,...,K+T}

{rik,bik,aik′ , zik′l} i∈T ,k′∈[K],l∈[T ]
k∈{K+1,...,K+T}

|M1
T , {Xi,yi}i∈[N ],w

(J)) (109)

=
2Td

K
log q + Td log q + d log q + Td

( T
K

+
T

K(N − T ) +
1

N − T +
T

N − T
)
log q (110)

=
(
d
(2T
K

+ T + 1
)
+ Td

( T
K

+
T

K(N − T ) +
1

N − T +
T

N − T
))

log q (111)

Next, for the first term in (78), we observe that,

H({ãij , [aik]j}i∈H,j∈T ,k∈[K], {
∑

j∈[N ]

yjk − ak}k∈[K], {
∑

j∈[N ]

rjk − bk}k∈{K+1,...,K+T}

{rik,bik,aik′ , zik′l} i∈T ,k′∈[K],l∈[T ]
k∈{K+1,...,K+T}

|M1
T , {Xi,yi}i∈T ,w(J)) (112)

≤
( (N − T )Td
(N − T )K +

(N − T )TdK
(N − T )K +

Kd

K
+
Td

K
+
T 2d

K
+

T 2d

K(N − T ) +
Td

N − T +
T 2d

N − T
)
log q (113)

=
(
d
(2T
K

+ T + 1
)
+ Td

( T
K

+
T

K(N − T ) +
1

N − T +
T

N − T
))

log q (114)

Finally, by combining (114) and (111) with (78), the mutual information condition from (74) satisfies the following:

0 ≤ I({Xi,yi}i∈H;M2
T |M1

T , {Xi,yi}i∈T ,w(J)) (115)

≤
(
d
(2T
K

+ T + 1
)
+ Td

( T
K

+
T

K(N − T ) +
1

N − T +
T

N − T
))

log q

−
(
d
(2T
K

+ T + 1
)
+ Td

( T
K

+
T

K(N − T ) +
1

N − T +
T

N − T
))

log q (116)

= 0 (117)

where the inequality in (115) follows from the non-negativity of mutual information. Hence,

I({Xi,yi}i∈H;M2
T |M1

T , {Xi,yi}i∈T ,w(J)) = 0 (118)

for the second term in (44).

Stage 3: Model Initialization. We now consider the third term in (44), which corresponds to Stage 3 of PICO, i.e., model
initialization. Without loss of generality, we represent the secret share [w

(0)
i ]j sent from user i ∈ [N ] to user j ∈ [N ] as

follows:
[w

(0)
i ]j , w

(0)
i +

∑

k∈[T ]

γkj z
(0)
ik (119)

where {z(0)i1 }k∈[T ] are T random vectors of size d where each element is generated independently and uniformly at random
from the finite field Fq , and coefficients {γj}j∈[N ] are as defined in (73). We can then rewrite the mutual information
condition from the third term in (44) as follows:

I({Xi,yi}i∈H;M3
T |M1

T ,M2
T , {Xi,yi}i∈T ,w(J)) (120)

= I({Xi,yi}i∈H; {[w(0)
i ]j}i∈H,j∈T , {w(0)

i , z
(0)
ik }i∈T ,k∈[T ]|M1

T ,M2
T , {Xi,yi}i∈T ,w(J)) (121)

= I({Xi,yi}i∈H; {[w(0)
i ]j}i∈H,j∈T |M1

T ,M2
T , {Xi,yi}i∈T ,w(J)) (122)

+ I({Xi,yi}i∈H; {w(0)
i , zik}i∈T ,k∈[T ]|{[w(0)

i ]j}i∈H,j∈T ,M1
T ,M2

T , {Xi,yi}i∈T ,w(J)) (123)

= H({[w(0)
i ]j}i∈H,j∈T |M1

T ,M2
T , {Xi,yi}i∈T ,w(J))

−H({[w(0)
i ]j}i∈H,j∈T |M1

T ,M2
T , {Xi,yi}i∈[N ],w

(J))

+H({w(0)
i , zik}i∈T ,k∈[T ]|{[w(0)

i ]j}i∈H,j∈T ,M1
T ,M2

T , {Xi,yi}i∈T ,w(J))

−H({w(0)
i , zik}i∈T ,k∈[T ]|{[w(0)

i ]j}i∈H,j∈T ,M1
T ,M2

T , {Xi,yi}i∈[N ],w
(J)) (124)
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We next consider each term in (124) separately. For the first term in (124), we have that,

H({[w(0)
i ]j}i∈H,j∈T |M1

T ,M2
T , {Xi,yi}i∈T ,w(J)) ≤ (N − T )T d

N − T log q (125)

= Td log q (126)

which follows from the fact that uniform distribution maximizes entropy.

For the second term in (124), we first define,

([w
(0)
i ]N−T+1, . . . , [w

(0)
i ]N ) = w

(0)
i (1, 1, . . . , 1)︸ ︷︷ ︸

1

+(z
(0)
i1 , . . . , z

(0)
iT )︸ ︷︷ ︸

z
(0)
i



γN−T+1 · · · γN

...
. . .

...
γTN−T+1 · · · γTN




︸ ︷︷ ︸
A

(127)

= w
(0)
i 1 + z

(0)
i A (128)

where A is an T × T MDS matrix defined in (90), and 1 is a 1× T vector, where each element is equal to 1. Using (128),
the second term in (124) can be written as,

H({[w(0)
i ]j}i∈H,j∈T |M1

T ,M2
T , {Xi,yi}i∈[N ],w

(J)) (129)

≥ H({[w(0)
i ]j}i∈H,j∈T |M1

T ,M2
T , {Xi,yi}i∈[N ],w

(J), {w(0)
i }i∈H) (130)

= H({w(0)
i 1 + z

(0)
i A}i∈H|M1

T ,M2
T , {Xi,yi}i∈[N ],w

(J), {w(0)
i }i∈H) (131)

= H({z(0)i A}i∈H|M1
T ,M2

T , {Xi,yi}i∈[N ],w
(J), {w(0)

i }i∈H) (132)

= H({z(0)i }i∈H|M1
T ,M2

T , {Xi,yi}i∈[N ],w
(J), {w(0)

i }i∈H) (133)

= H

(
{z(0)i }i∈H

)
(134)

= (N − T )T d

N − T log q (135)

= dT log q (136)

where (130) holds since conditioning cannot increase entropy, and matrix A in (131) is a T × T MDS matrix as defined in
(90). Equation (133) holds since A is an MDS matrix, hence is invertible. Equation (134) follows from the independence
of the generated random vectors, and (135) follows from the entropy of uniform random variables.

For the third term in (124), we have that,

H({w(0)
i , zik}i∈T ,k∈[T ]|{[w(0)

i ]j}i∈H,j∈T ,M1
T ,M2

T , {Xi,yi}i∈T ,w(J)) (137)

≤ H({w(0)
i , zik}i∈T ,k∈[T ]) (138)

≤
( Td

N − T +
T 2d

N − T
)
log q (139)

where (138) holds since conditioning cannot increase entropy, and (139) follows from the entropy of uniform random
variables.

For the last term in (124), we find that,

H({w(0)
i , zik}i∈T ,k∈[T ]|{[w(0)

i ]j}i∈H,j∈T ,M1
T ,M2

T , {Xi,yi}i∈[N ],w
(J))

≥ H({w(0)
i , zik}i∈T ,k∈[T ]|{[w(0)

i ]j}i∈H,j∈T ,M1
T ,M2

T , {Xi,yi}i∈[N ],w
(J),w(0)) (140)

= H({w(0)
i , zik}i∈T ,k∈[T ]|{[w(0)

i ]j}i∈H,j∈T ,w(0)) (141)

= H({w(0)
i , zik}i∈T ,k∈[T ]) (142)

=
( Td

N − T +
T 2d

N − T
)
log q (143)



Xingyu Lu, Hasin Us Sami, Başak Güler

where (140) follows from the fact that conditioning cannot increase entropy, and (141) holds since:

{w(0)
i , zik}i∈T ,k∈[T ] −w(0), {[w(0)

i ]j}i∈H,j∈T −M1
T ,M2

T , {Xi,yi}i∈[N ],w
(J) (144)

forms a Markov chain, and (143) follows from the entropy of uniform random variables. For (142), we first observe,

I({w(0)
i , zik}i∈T ,k∈[T ];w

(0), {[w(0)
i ]j}i∈H,j∈T ) (145)

= I({w(0)
i , zik}i∈T ,k∈[T ];w

(0)) + I({w(0)
i , zik}i∈T ,k∈[T ]; {[w(0)

i ]j}i∈H,j∈T |w(0)). (146)

For the first term in (146), we find that,

0 ≤ I({w(0)
i , zik}i∈T ,k∈[T ];w

(0)) (147)

= H(w(0))−H(w(0)|{w(0)
i , zik}i∈T ,k∈[T ]) (148)

≤ d log q −H


(M⊗ I)




w
(0)
1
...

w
(0)
N




∣∣∣∣∣{w
(0)
i , zik}i∈T ,k∈[T ]


 (149)

= d log q −H


(M⊗ I)




w
(0)
1
...

w
(0)
N−T




∣∣∣∣∣{w
(0)
i , zik}i∈T ,k∈[T ]


 (150)

= d log q −H


(M⊗ I)




w
(0)
1
...

w
(0)
N−T





 (151)

= d log q −H






w
(0)
1
...

w
(0)
N−T





 (152)

= d log q − (N − T ) d

N − T log q (153)

= 0 (154)

where M and M are as defined in (12), and (85), respectively, (147) is due to the non-negativity of mutual information,
(149) holds since entropy is maximized by uniform distribution, (151) holds since the randomness generated by the honest
clients is independent from the randomness generated by adversaries, (152) holds since M is an (N −T )× (N −T ) MDS
matrix, hence is invertible, and (153) follows from the entropy of unfiormly random variables. From (154), we have that,

I({w(0)
i , zik}i∈T ,k∈[T ];w

(0)) = 0 (155)

Next, for the second term in (146), we find that,

0 ≤ I({w(0)
i , zik}i∈T ,k∈[T ]; {[w(0)

i ]j}i∈H,j∈T |w(0)) (156)

= H({[w(0)
i ]j}i∈H,j∈T |w(0))−H({[w(0)

i ]j}i∈H,j∈T |w(0), {w(0)
i , zik}i∈T ,k∈[T ]) (157)

where

H({[w(0)
i ]j}i∈H,j∈T |w(0)) ≤ d

N − T (N − T )T log q (158)

since uniform distribution maximizes entropy, and

H({[w(0)
i ]j}i∈H,j∈T |w(0), {w(0)

i , zik}i∈T ,k∈[T ])

= H
(
{w(0)

i 1 + z
(0)
i A}i∈H|(M⊗ I)

[
(w

(0)
1 )T · · · (w

(0)
N )T

]
, {w(0)

i , zik}i∈T ,k∈[T ]

)
(159)

= H
(
{w(0)

i 1 + z
(0)
i A}i∈H|(M⊗ I)

[
(w

(0)
1 )T · · · (w

(0)
N−T )

T
]
, {w(0)

i , zik}i∈T ,k∈[T ]

)
(160)

= H
(
{w(0)

i 1 + z
(0)
i A}i∈H|

[
(w

(0)
1 )T · · · (w

(0)
N−T )

T
]T )

(161)
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= H
(
{z(0)i A}i∈H|

[
(w

(0)
1 )T · · · w

(0)
N−T )

T
] )

(162)

= H({z(0)i }i∈H) (163)

=
d

N − T (N − T )T log q (164)

which holds since M and A are MDS matrices (invertible) and that the random vectors are generated independently. By
combining (157) with (158) and (164), we find that,

I({w(0)
i , zik}i∈T ,k∈[T ]; {[w(0)

i ]j}i∈H,j∈T |w(0)) = 0. (165)

Then, by combining (155) and (165) with (146), we have that,

I({w(0)
i , zik}i∈T ,k∈[T ];w

(0), {[w(0)
i ]j}i∈H,j∈T ) = 0 (166)

from which (142) follows.

Finally, by combining (126), (136), (139), and (143) with (124), we find for (120) the following,

0 ≤ I({Xi,yi}i∈H;M3
T |M1

T ,M2
T , {Xi,yi}i∈T ,w(J)) (167)

= H({[w(0)
i ]j}i∈H,j∈T |M1

T ,M2
T , {Xi,yi}i∈T ,w(J))

−H({[w(0)
i ]j}i∈H,j∈T |M1

T ,M2
T , {Xi,yi}i∈[N ],w

(J))

+H({w(0)
i , zik}i∈T ,k∈[T ]|{[w(0)

i ]j}i∈H,j∈T ,M1
T ,M2

T , {Xi,yi}i∈T ,w(J))

−H({w(0)
i , zik}i∈T ,k∈[T ]|{[w(0)

i ]j}i∈H,j∈T ,M1
T ,M2

T , {Xi,yi}i∈[N ],w
(J)) (168)

≤ Td log q − Td log q +
( Td

N − T +
T 2d

N − T
)
log q −

( Td

N − T +
T 2d

N − T
)
log q (169)

= 0 (170)

Hence, the third term in (44) satisfies:

I({Xi,yi}i∈H;M3
T |M1

T ,M2
T , {Xi,yi}i∈T ,w(J)) = 0. (171)

The steps for the remaining two stages follow along the same lines, from which one can find that:

I({Xi,yi}i∈H;MT |{Xi,yi}i∈T ,w(J)) = 0 (172)

E COMMUNICATION COMPLEXITY

In the following, we first analyze the per-client communication complexity of PICO.

(Online) The online communication per-client consists of the following components: 1)O(dm) for dataset encoding (Stage
1), 2) O(NdK ) for label encoding (Stage 2), 3) O(d) for model encoding (Stage 4) per training round, 4) O(d) for gradient
computing and model update (Stage 5) per training round.

(Offline) The offline communication per-client consists of the following components: 1) O(NdmK ) for dataset encoding
(Stage 1), 2) O( Nd

(N−T )K ) for label encoding (Stage 2), 3) O( Nd
N−T ) for model initialization (Stage 3), 4) O( Nd

N−T ) for
model encoding (Stage 4) per training round, 5) O( Nd

N−T ) for gradient computing and model update (Stage 5) per training
round.

Hence, the communication overhead per-client is O(dm+ N
K d+ dJ) in the online phase, and O(NK dm+ N

N−T dJ) in the

offline phase. As a result, the total communication complexity across allN clients isO(Ndm+ N2

K d+NdJ) in the online
phase, and O(N

2

K dm+ N2

N−T dJ) in the offline phase.
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F COMPUTATION COMPLEXITY

In the following we first analyze the per-client computational overhead of each stage of PICO, for both the offline and
online phases, respectively.

Offline Phase. The offline phase consists of encoding the local randomness generated by the clients, and random initial-
ization of the model as follows.

Stage 1: Generation of {R̃ij}j∈[N ] requires evaluating a Lagrange polynomial of degree K + T − 1 at N points.
It is known that interpolating a polynomial of degree κ (and evaluating it at κ points) has a computational complex-
ity of O(κ log2 κ log log κ) (Kedlaya and Umans, 2011). As such, this stage has a complexity of O(NdmK log2(K +
T ) log log(K + T )) per client.

Stage 2: Computing {ãij}j∈[N ] requires evaluating a polynomial of degree K + T − 1 at N points, which has a com-
putational complexity of O(N d

(N−T )K log2(K + T ) log log(K + T )) per client. Computing ãi in (10) has a complexity
of O(NdK ) per client (since only the non-zero terms should be multiplied due to the identity matrix). Computing the se-
cret shares {[aik]j}j∈[N ] for all k ∈ [K] requires evaluating each of the K polynomials of degree T at N points, which
has complexity O(N d

N−T log2 T log log T ) for each client. Evaluating the secret shares {[ak]i}k∈[K] has an overhead of
O(Nd) per client.

Stage 3: Computing the secret share {[w(0)
i ]j}j∈[N ] requires evaluating a polynomial of degree T at N points, which has

complexity O(N d
N−T log2 T log log T ) for each client. Finally, computation of the final secret share, w(0) from (16) has

complexity O(Nd) per client.

Stage 4: Computation of r̃
(t)
ij requires evaluating a Lagrange polynomial of degree K + T − 1 at N points, which

has a complexity of O(N d
N−T log2(K + T ) log log(K + T )) per client. Given {r̃(t)ji }j∈[N ], the computation of r̃

(t)
i

from (20) has an overhead of O(Nd) per client. Constructing the secret share [r
(t)
i ]j requires evaluating a polyno-

mial of degree T at N points, which has complexity O(N d
N−T log2 T log log T ) for each client. Afterwards, creating

the secret share [r(t)]i has a complexity of O(Nd) per client. Overall, this stage has a per client computational over-
head of O(N d

N−T log2(K + T ) log log(K + T ) + Nd) per training round. For J rounds, this leads to an overhead of
O(JN d

N−T log2(K + T ) log log(K + T ) + JNd) per client.

Stage 5: Computing {ũ(t)
ij }j∈[N ] requires evaluating a Lagrange polynomial of degree (2r + 1)(K + T − 1) at N

points, which has a complexity of O(N d
N−T log2 r(K + T ) log log r(K + T )) per client per training round. Given

{ũ(t)
ji }j∈[N ], computation of ũ

(t)
i in (29) has complexity of O(Nd) per client per training round. Next, comput-

ing
∑
k∈[K] u

(t)
ik has a computational overhead of O(K d

N−T ) per client per training round. Computing the secret

shares {[∑k∈[K] u
(t)
ik ]j}j∈[N ] requires evaluating a polynomial of degree T at N points, which incurs a complexity

of O(N d
N−T log2 T log log T ) per client per training round. Finally, given {[∑k∈[K] u

(t)
jk ]i}j∈[N ], the computation of

[
∑
k∈[K] u

(t)
k ]i has complexity of O(Nd) per client per training round. For J iterations, the computational complexity is

O(JN d
N−T log2 r(K + T ) log log r(K + T ) + JNd) per client.

Overall, the computation complexity of the offline phase is O(NdmK log2(K +T ) log log(K +T )+ JN d
N−T log2 r(K +

T ) log log r(K + T ) + JNd) per client.

Online Phase. The online phase consists of encoding the dataset and the model, gradient computations, and model update.

Stage 1: Computing X̂i has an overhead of O(md) per client, as each client holds a local dataset of size m locally.
Computing X̃i has an overhead of O(Nmd) per client.

Stage 2: Computation of yi =
∑
l∈Xi xTl yl has complexity of O(md) per client. Computation of {ỹij}j∈[N ] re-

quires evaluation of Lagrange polynomial of degree K + T − 1 at N points, which has complexity of O(N d
K log2(K +

T ) log log(K+T )) per client. Given {ỹji}j∈[N ] and ãi (from offline computation), computation of âi incurs a complexity
of O(N d

K ) per client. Next, upon receiving {âj}j∈[N ] from at least K + T clients, client i recovers
∑
j∈[N ] yjk − ak for

all k ∈ [K], which has complexity of O( dK (K + T ) log2(K + T ) log log(K + T )). Next, computation of [XTy]i from
(15) has complexity of O(d) per client.
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Table 2: Comparison of the total computation overhead (per client) for PICO with respect to COPML with mi = m for all i ∈ [N ].

COPML PICO

1. Dataset encoding O(N2 m
K
d log2(K + T ) log log(K + T ))

(online) O(Ndm)
(offline) O(N m

K
d log2(K + T ) log log(K + T ))

2. Label encoding O(N(m+d) log2 T log log T )
(online) O(N d

K
log2(K + T ) log log(K + T ))

(offline)
O(N d

(N−T )K
log2(K + T ) log log(K + T )

+Nd
K

+N d
N−T

log2 T log log T )

3. Model initialization O(Nd log2(K + T ) log log(K + T ))
(online) −
(offline) O(N d

N−T
log2 T log log T +Nd)

4. Model encoding O(JNd log2(K + T ) log log(K + T ))
(online) O(KdJ + TdJ log2 T log log T )

(offline) O(JN d
N−T

log2(K + T ) log log(K + T )
+JNd)

5. Gradient comp./
model update

O(J Nm
K

(d+ r) + Jdr(K + T )
× log2 r(K + T ) log log r(K + T ))

(online) O(J Nm
K

(d+ r) + Jdr(K + T )
× log2 r(K + T ) log log r(K + T ))

(offline) O(JN d
N−T

log2 r(K + T )
× log log r(K + T ) + JNd)

Table 3: Comparison of the total computation overhead (per client) for PICO with respect to COPML with mi = m for all i ∈ [N ],
when K,T = O(N)

COPML PICO (online+offline)
1. Dataset encoding O(Ndm log2N log logN) O(Ndm+ dm log2N log logN)

2. Label encoding O(N(m+d) log2N log logN) O(d log2N log logN)

3. Model initialization O(Nd log2N log logN) O(d log2N log logN +Nd)

4. Model encoding O(JNd log2N log logN) O(JNd log2N log logN)
5. Gradient comp./
model update O(Jm(d+ r) + JNd log2N log logN) O(Jm(d+ r) + JNd log2N log logN))

Stage 4: Computing ŵ(t) requires interpolating a polynomial of degree T , which has a complexity of
O(Td log2 T log log T ) per client per training round. Computing the encoded model w̃i has a computation overhead
of O(Kd) per client. As the above computation steps should be repeated at every training round, for a total number of J
training iterations, the computational overhead is O(KdJ + TdJ log2 T log log T ) per client.

Stage 5: Computation of the gradient X̃T
i ĝ(X̃i×w̃

(t)
i ) has an overhead ofO(NmK (d+r)) per client, at each training round.

Next, the computation of ûi has an overhead ofO(d) per client. Then, each client recovers {XT
k ĝ(Xk×w(t))−u

(t)
k }k∈[K],

which requires interpolating a polynomial of degree (2r+1)(K+T −1), which has complexityO(dr(K+T ) log2 r(K+
T ) log log r(K + T )) per client. Finally, the summation to obtain [XT ĝ(X × w(t))]i has a computational cost O(Kd)
per client. The computation overhead of model update is O(d). The above computation steps are operated over J training
iterations. For J training rounds, the computation complexity isO(J NmK (d+r)+Jdr(K+T ) log2 r(K+T ) log log r(K+
T )) per client.

Overall, the computation complexity of the online phase is O(Nmd+N d
K log2(K+T ) log log(K+T )+J NmK (d+ r)+

Jdr(K + T ) log2 r(K + T ) log log r(K + T )) per client.

Computation complexity of PICO vs COPML. In Table 2, we demonstrate the per-client computational complexity
of PICO versus COPML (So et al., 2020) for each stage. For a fair comparison, we also considered the utilization of fast
polynomial interpolation mechanisms (Kedlaya and Umans, 2011) for evaluating and interpolating polynomials in COPML
(hence the complexity we report below is even lower than the one originally reported in So et al. (2020)).

In Table 3, we demonstrate the per-client computational complexity for PICO (offline+online) and COPML, with
T = O(N) and K = O(N). We observe that the overall per-client complexity (across all algorithm steps) is
O(Ndm + dm log2N log logN + JNd log2N log logN + Jm(d + r)) for PICO and O(Ndm log2N log logN +
JNd log2N log logN + Jm(d + r)) for COPML, respectively. Hence, PICO achieves the same computation complex-
ity as COPML. This is due to the fact that PICO reduces the overall number of variables encoded, hence the additional
operations due to the matrix transformations with MDS matrices do not increase the overall computation complexity.
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G CORRECTNESS

We now demonstrate the correctness of PICO. The correctness of the encoding and decoding process is a result of the
decodability of the Lagrange interpolation polynomial, in particular, any polynomial f of degree deg(f) can be uniquely
reconstructed from any set of at least deg(f) + 1. As such, as long as the total number of clients N satisfy the minimum
number identified by the recovery threshold, i.e., N − D ≥ (2r + 1)(K + T − 1) + 1, then all polynomials, including
both the encoded computations using the Lagrange interpolation polynomial, as well as Shamir’s secret sharing (which
corresponds to a degree T polynomial), is decodable. As such, one can correctly recover w(J) from the computations
performed on the encoded datasets and models.

H FINITE FIELD REPRESENTATION

To represent the real-valued data points in a finite field Fq of integers modulo a prime q, each client initially quantizes its
local dataset from the real domain to the domain of integers, and then embeds it in a field Fq of integers modulo a large
prime q. Parameter q is selected sufficiently large to avoid wrap-around in finite field computations. The dataset Xi of
client i ∈ [N ] is quantized using a simple scalar quantization function ϕ (round(2c · xl)) for all l ∈ Xi, with the stochastic
rounding operation,

round(x) =

{
bxc if x− bxc < 0.5
bxc+ 1 otherwise (173)

applied element-wise to the features x of data point xl from dataset Xi of client i, where c is an integer parameter to control
the quantization loss. bxc is the largest integer less than or equal to x, and function ϕ : Z → Fq is a mapping used to
represent a negative integer in the finite field, also known as two’s complement representation,

ϕ(x) =

{
x if x ≥ 0
q + x if x < 0

(174)

which maps the positive/negative numbers to the first/second half of the finite field, respectively. All operations are then
carried out within the finite field Fq . After the completion of training (i.e., after J training iterations), the final model w(J)

is mapped back from the finite field to the real domain, by inverting (174), i.e., w(J) ← (ϕ−1(w(J))).

I ADDITIONAL EXPERIMENTAL DETAILS

Details on the communication protocol. In all our experiments, the inter-client communication is implemented using the
MPI4Py Message Passing Interface (MPI) for Python. The broadcast functionality of the MPI protocol communicates
messages through a tree topology, as opposed to an ideal broadcast (e.g., a cellular network). As such, the communication
overhead of PICO scales with respect to O(N logN) in the experiments, slightly higher than O(N). This suggests PICO
could in principle achieve even higher gains in an ideal broadcasting setting, such as a cellular network among devices
within the same coverage area.

Details on the datasets. For the CIFAR-10 dataset, 9019 samples are used in the training set, and an additional 1000
samples are reserved for test set. Then, each local training set is complemented with simple random crop augmentation
(to avoid having too few samples per client as the number of clients increase), leading to a total number of 18038 training
samples. Similarly, for the MNIST dataset, 11432 samples are used for training, and additional 2115 samples are reserved
for testing. Then, each local training set is again complemented with random crop augmentation, leading to 22864 training
samples. Model accuracy is then evaluated on the test set, using the model trained jointly across the N clients.

For binary classification, we consider the following two classes, the plane and car classes on CIFAR-10 and digits 0
and 1 for MNIST. Note that the size of the MNIST dataset for the two classes is larger than that of CIFAR-10. In our
experiments, we have observed that as the dataset size grows, the performance gain of PICO over the baseline increases,
for both communication overhead and online wall-clock training time. Moreover, the gain of PICO over the baseline
increases as the number of clients increase, for both the communication overhead and wall-clock training time, suggesting
PICO to be a promising candidate for large-scale collaborative learning tasks.

Secure truncation. In the experiments, for both PICO and COPML, we leverage the secure truncation protocol from
Catrina and Saxena (2010), as suggested by So et al. (2020), to reduce the size of the finite field required for model update
operations. The secure truncation protocol takes the secret shares {[x]i}i∈[N ] of a secret variable x (where client i holds a
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share [s]i), along with two public integer parameters κ1 and κ2 such that 0 < κ1 < κ2, and x ∈ F2κ2 . Then, the secure
truncation protocol returns the secret shares {[z]i}i∈[N ] of a variable z such that z = d x

2κ1 e + b where b is a Bernoulli
random variable (random bit) with probability P [b = 1] = (x mod 2κ1)/2κ1 . In other words, the secure truncation
protocol quantizes the secret x, by rounding x/(2κ1) to the nearest integer with probability 1− ρ, where ρ is the distance
between the two.

During training, secure truncation is applied for the model updating stage, to ensure that the range of the updated model
stays within the range of the finite field. In particular, after obtaining [XT ĝ(X × w(t))]i from (33), client i computes a
secret share,

[XT ĝ(X×w(t))]i − [XTy]i = [XT (ĝ(X×w(t))− y)]i, (175)

then, clients carry out a secure truncation operation to multiply XT (ĝ(X×w(t))− y with parameter η
|X | , where η

|X | < 1.
Then, the model is updated at each client i as follows,

[w(t+1)]i = [w(t)]i −
η

|X | [X
T (ĝ(X×w(t))− y)]i (176)

= [w(t) − η

|X |X
T (ĝ(X×w(t))− y)]i (177)

after which each client learns the secret share [w(t+1)]i of the model w(t+1) for the next training round. In the experiments,
we use (κ1, κ2) = (21, 24) for both datasets.


