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Abstract

Communication overhead is well known to be
a key bottleneck in large scale distributed learn-
ing, and a particularly successful class of methods
which help to overcome this bottleneck is based
on the idea of communication compression. Some
of the most practically effective gradient com-
pressors, such as TopK, are biased, which causes
convergence issues unless one employs a well de-
signed error compensation/feedback mechanism.
Error compensation is therefore a fundamental
technique in the distributed learning literature. In
a recent development, Qian et al (NeurIPS 2021)
showed that the error-compensation mechanism
can be combined with acceleration/momentum,
which is another key and highly successful op-
timization technique. In particular, they devel-
oped the error-compensated loop-less Katyusha
(ECLK) method, and proved an accelerated linear
rate in the strongly convex case. However, the de-
pendence of their rate on the compressor parame-
ter does not match the best dependence obtainable
in the non-accelerated error-compensated meth-
ods. Our work addresses this problem. We pro-
pose several new accelerated error-compensated
methods using the catalyst acceleration technique,
and obtain results that match the best dependence
on the compressor parameter in non-accelerated
error-compensated methods up to logarithmic
terms.
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1 INTRODUCTION

In large scale machine learning optimization problems, the
data and training need to be distributed among many ma-
chines [Verbraeken et al.l 2019]]. Also in federated learn-
ing [Konecny et al.l |2016bla, McMahan et al., 2017} |L1
et al.,2019], training occurs on edge devices such as mobile
phones and smart home devices, where the data is originally
captured. In these applications, the distributed machine
learning can be characterized as the following composite
finite-sum problem

z€R? n
=1

1 n
min P(x) :{ me(w)w(x)}, &)
where {f(7)(x)}?_, are smooth convex functions dis-
tributed over n nodes, and v : R? — R U {+o0}
is a regularizer, which is a proper closed convex
but possibly non-smooth function. On each node T,

fO@) =13 fi(T)(ac) is the average loss over the train-
i=1

ing data stored on this node and each fi(T) is smooth and
convex.

In distributed and especially federated settings, communica-
tion is generally much slower than the local training, which
makes the communication overhead become a key bottle-
neck. In order to overcome this bottleneck, several methods
were proposed in the literature, such as using large mini-
batches [|Goyal et al.,[2017,|You et al., 2017|], asynchronous
learning [Tsitsiklis et al., 1986, |Agarwal and Duchi, [2011]
Lian et al., 2015| Recht et al.} 2011]], and gradient compres-
sion [Seide et al., 2014, |Alistarh et al.| 2017, Bernstein et al.,
2018, 'Wen et al., 2017, Mishchenko et al.,2019]. In this
work, we focus on the error-compensated method, which is
a gradient compression method and is capable to deal with
some effective but biased compressors, such as the TopK
COmMpressor.

Related Work. The error compensation/feedback mecha-
nism was first introduced in 1-bit SGD [Seide et al., [2014].
Then the error-compensated SGD (ECSGD) was proved



Catalyst Acceleration of Error Compensated Methods Leads to Better Communication Complexity

to have the same convergence rate as vanilla SGD in the
strongly convex case [Stich et al.l |2018]] and non-convex
case [Karimireddy et al.l 2019, [Tang et al.l |2019] when
P is smooth. ECSGD was further studied in [Stich and
Karimireddy, [2020] under weaker assumptions. When P is
non-smooth, it was shown that ECSGD converges at the rate
of O(1/v/sT) in [Karimireddy et al.l 2019]], where T denotes
the iteration number and J is the compressor parameter de-
fined in (). The non-accelerated linear convergence can be
obtained in EC-LSVRG-DIANA [Gorbunov et al., 2020
in the smooth case, and in the error-compensated loop-less
SVRG, Quartz, and SDCA [Qian et al., 2021al] in the com-
posite case. In a recent development, the error-compensated
loop-less Katyusha was proposed in [Qian et al., [2021c]],
and the accelerated linear rate was achieved.

Compressor. In error-compensated methods, contraction
compressors are generally used. A randomized map @ :
R? — R% is called a contraction compressor if there exists
aconstant § € (0, 1] such that

E [z —Q@)|*] < 1 -9

Some frequently used contraction compressors include
TopK [Alistarh et al., 2018]] and RandK [Stich et al.| 2018]].
Let 1 < K < d. The TopK compressor is defined as

vz e R (2)

_ @)re ifi<K,
(TopK () (i) = { 0 otherwise,
where 7 is a permutation of {1,2,...,d} such that
(|1z))x@) > (|2|)x(i41) fori = 1,...,d — 1. For TopK and
RandK compressors, we have 6 > &/4 [Stich et al., 2018].

The unbiased compressor is also frequently used in com-
pression algorithms, which is defined as a randomized map
Q : RY — R?, where there exists a constant w > 0 such

that E[Q(z)] = z, and

E[IQ@I?] < w+1)al’,  vaeeR. ()
Some frequently used unbiased compressors include ran-
dom dithering [Alistarh et al.,2017]], random sparsification
[Stich et al.l 2018]], and natural compression [Horvath et al.}
2019b]|. For any Q satisfying (3)), %HQ is a contraction
compressor satisfying (2) with 6 = 1/(w+1)[Beznosikov
et al.,[2020]. Furthermore, unbiased compressors and con-
traction compressors can be composed to generate new con-
traction compressors [Qian et al., 2021a].

1.1 Motivation

Communication Complexity of ECLK. There are two
contraction compressors ) and ()1 in ECLK [Qian et al.]
2021c]] with parameter § and d; respectively. We first claim
that when @ and 7 in ECLK are the same type of con-
traction compressor, but with possibly different compressor
parameters (for example, () and ), are both TopK, but with

different values of K), we could always choose the same
compressor parameters for () and 7 such that the total
communication complexity is less than before or remains
the same order as before.

First, from the iteration complexity results for ECLK, it is
easy to verify that the iteration complexity will decrease as
6 or 97 increases. Without less of generality, we assume the
communication cost of (x) is higher than that of Q1 (x).
Since () and @); are the same type of compressor, we will
have §; < §. Then we can change ()1 to be Q. In this way,
the total communication cost of Q(x) and Q1 (z) at each
iteration is at most twice as before, but §; will increase to 6,
which implies that the iteration complexity will decrease and
the communication complexity is at most twice as before.
Thus, for simplicity, we consider @) = @); for ECLK.

Dependence on § for the Iteration Complexity of ECLK.
We introduce the following assumption for Problem (TJ.

Assumption 1.1 1 3°" | f(7) s L -smooth, () is L-

smooth, fi(T) is L-smooth, and 1) is A-strongly convex.

Under Assumption [I.T] from Theorem 3.8 in [Qian et al,,
2021c], the iteration complexity is

o((“m;ﬂ/ﬁfﬂ/;@)bgi),

where

_ 6L , 112(1-6)L |, 28(1—-6)L |, 224(1-9)Lp 2
LQ — n + 362 + 35 + 525, (1 + 57?)

and p € (0, 1] is the update frequency of the check point.
Considering §; = 4, it is easy to see that the iteration com-

plexity of ECLK is at least O Vél\/_g‘s \/é log 1) . Hence,

when 1 — § = ©(1), the dependence on § of the communi-
cation complexity of ECLK would be 1/53, which is worse
than EC-LSVRG in the smooth case and EC-SDCA in the
composite case [[Qian et al.| 2021a]], where the dependence
on ¢ is 1/s only. This leads to the following question:

Can we design provably accelerated gradient-type
methods that work with contractive compressors
and the dependence on the compressor parameter
0 is 1/s.

Let us first recall the results for the error-compensated non-
accelerated methods. In the composite case, the depen-
dence on the compressor parameter § of EC-SDCA is better
than that of EC-LSVRG [Qian et al.,[2021al]. Noticing that
L-SVRG [Hofmann et al., 2015, |[Kovalev et al., |[2019] is
a primal method and SDCA [Shalev-Shwartz and Zhang|
2012 is a primal-dual method, the better dependence on &
of EC-SDCA than EC-LSVRG indicates that primal-dual
methods may be more suitable for the error feedback mech-
anism. Therefore, it is natural to apply error feedback to



Xun Qian, Hanze Dong, Tong Zhang, Peter Richtarik

Table 1: Communication Complexity Results for Different Error-Compensated Algorithms (¢ represents the communication
cost of the compressed vector Q(x) for x € R<. For simplicity, we choose () = 1, and assume Ly > A, Rz/w > )\, where

R is defined in Algorithm 4] hence the term 1/s is omitted.)

Algorithm

Communication complexity

Communication complexity under

when 6 < 1/m Assumptionnwhen 0 <1Ym
EC-LSVRG rg V/LfL 1 rq Lf
Smooth Case [Qian et al.| [2021a]] % (T log ¢ % ( log ¢ )
EC-SDCA "Q RR 1 TQ R? 1
[Qian et al| 20214 O (%52 0g1) O (2 L0gt)

ECLK o . o /L 1
[Qian et al,2021¢] o (wz log z) o (ws Flog 2
ECSPDC o /R, 1 o o
This work o (52\/m be log < @ o\ 3y log ¢
EC-LSVRG + Catalyst (e
Smooth Case This work Kl

EC-SDCA + Catalyst
This work

Table 2: Communication Complexity Results for EC-LSVRG + Catalyst in the Smooth Case (rQ represents the com-
munication cost of the compressed vector Q(z) for x € R? The common Assumptions and [2.1] . are omitted.

A = (SLf + 5L/n + \/1 —

§(v/LyL+/0LsL)and Ay := 6Ly + L/n++/1—6Ly.)

Assumptions Communication complexity
1
A1 > A A L I3 (VI=8(/LsL+\/SL;L)2 A=5(VT+VoL) )
kK=A1 — \ o TQ’ Tf tyam t 5 + 5 log ¢
A <A ) Ly Ly yono | VISGE L BLsD) | IZS(VE+VET) 1
k=0 O<TQ §+Tf+ﬁ+ E5Y + VY log;
Assumption |2.3] 1
AzpzA Oz |5+ RSO LLVATI IS
5y ] 5n s c
R = A2 )\
Assumption 2.3 ~
As <\ O(TQ(7+Lf+n/\+ Lf)log)
k=0

SPDC [Zhang and Xiao, [2017]], which is an accelerated
primal-dual algorithm, and expect better dependence on the
compressor parameter than ECLK. We first propose error-
compensated SPDC (Algorithm [4), but unfortunately, we
show that the dependence on ¢ of error-compensated SPDC
is at least 1/53 . This fact makes us to consider the indirect
accelerated methods.

In this work, we give a confirmed answer to the above
question by applying Catalyst [Lin et al., 2015[, which is
a generic method for accelerating first-order algorithms in
the sense of Nesterov, to non-accelerated error-compensated
methods, where the dependence on § of the communication
complexity could be O (1/5). Here O hides some logarith-
mic terms.

More specific, we use EC-LSVRG and EC-SDCA [Qian!
et all 2021a] in Section [3]and Section [4] respectively, to
solve the subproblem in Catalyst [Lin et al.,2015]]. A key
point in Catalyst is the initialization of the algorithm which
solves the subproblem. In both Section [3|and Section 4] we

first use some naive initialization ways for EC-LSVRG and
EC-SDCA. However, then the expected total communica-
tion cost will involve an additional term Ua/r,, (defined in
Section , which may be much larger than 1/s. While
the additional term Uq¢/r,, in the expected total communi-
cation cost is actually caused by communicating uncom-
pressed vectors, to avoid this additional term, we propose
new initialization ways where only compressed vectors are
communicated.

1.2 Contributions

1, First, we propose the error-compensated SPDC (EC-
SPDC), which is a combination of the error feedback mach-
anism and SPDC [Zhang and Xiaol 2017, and achieve the
accelerated linear convergence rate. In the special case
where § = 1, ECSPDC is also an extension of SPDC in the
sense that A;, in problem () is a matrix rather than a vec-
tor, and the convergence rate is actually better than SPDC.
Specifically, their convergence result does not achieve linear
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Table 3: Communication Complexity Results for EC-SDCA + Catalyst (rg represents the communication cost of the
compressed vector Q(x) for z € R, The common Assumptionsandare omitted. Az := ( —m R2 + ¥ ,YRR +

@)/(%er) and A :=

Vo ny

(B 4 B2 SNRVAET L R ) /(3 +m), where R, R, R,,, are defined in Algorlthmﬂ)

Assumptions Communication complexity
Az > A A log ¢ 1+om [RZ, \/ RR Vi RRm \/(1 5>(R2+6R2>
e A (9( <\/ ,W+—+ +
Az <A A 1 VI=SRR | \I=3RRy, (1-8)(R2+dR3 ) 1
k=0 O( <S+m+)\n'y+ + SAy + N + 52 Ay logg
Assumption 2.3 ~
Ag> A 0(7@(\/ +m\/ "’+R—2+V R)log)
R = A4 — )\
Assumption 2.3
As < O (rq (L+m+ M 4+ 22 4 A58 ) jog 1)
K =

speed up with respect to the number of nodes, while ours
can obtain linear speed up when the number of nodes is in a
certain range.

2, We apply Catalyst [Lin et al., 2015[] to EC-LSVRG in
the smooth case and EC-SDCA in the composite case [Qian
et al., [2021a]], respectively. The accelerated linear conver-
gence rates are obtained for both cases, and the dependence
on ¢ of the communication complexities is O(/s), which
matches the best dependence on the compressor parameter
in non-accelerated error-compensated methods up to loga-
rithmic terms. The communication complexities of them
are summarized in Table [2) and Table[3] and the comparison
of the communication complexity results of different error-
compensated algorithms when § < 1/m are summarized in
Table[Il

2 ERROR COMPENSATED SPDC

For primal-dual methods, the following problem is usually
studied:

min P(x ':NZZ¢’T A ) +g(z), @)

Rd
re 7=1i=1

where N = mn and A;, € R4¥t. Problem (4) is actually
equivalent to Problem . First, by choosing fi(T)(:c) =
¢ir (Al ) and ¢b = g, Problem is a special case of
Problem (I). On the other hand, by choosing A;, to be
the identity matrix, ¢;» = f; () , and g = v, Problem (4
becomes Problem (T). For snnphcuy, we assume Ly =
R?/y, L = R?/, and L = R%./y, where R2, R?, and R2,

are defined in Algorithm[d] To save space, we only list the
assumptions and main results here. The rest can be found in
the Appendix.

Assumption 2.1 The two compressors () and Q1 are con-
traction compressors with parameters ¢ and 61, respectively.

Assumption 2.2 Each ¢;; : Rt — R is convex and 1/-
smooth. The regularizer g : R* — R is A-strongly convex.

Sometimes, we will use the following assumption on the
contraction compressor to get better results.

Assumption 2.3 E[Q(z)] = dz and E[Q4(z)] = 1.

Under Assumption 2.1 and Assumption [2.7], the iteration
complexity of ECSPDC is

O((§+%+m+7€2\/%) IOg%),
where

2R
R3 =2R* 4 =
3(1-9) 14R2 TRZ

+ 4 ( + 26 525%777,2

84(1—41)R? 42R2

T Zom ) :
If Assumption [2.3]is further invoked, the iteration complex-
ity is improved to O ((% + i +m+ Rz, /& ) log = )

where

2 (1 8) (2R* | 11R3,
R =2R"+ == + 52 26n
12(1—8)R? 12R? 228R2, 432(1—6,)R?
+ % 58267 m? + 5528, m?n + 56267m?n ) *

Comparison to SPDC. If there is no compression in EC-
SPDC, i.e., § = d; = 1, the iteration complexity becomes

O (3 + 2528 F) ).

which is better than that of SPDC obtained in [Zhang and
: . N

Xiaol 2017): O (X + R[5

result achieves linear speed up with repect to n when n <

Ry /R

Dependence on §. Consider @) @, in ECSPDC.

When !/m < 6, the iteration complexity is at least

)log ) Moreover, our
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O(E ﬂ10g1>>(9(6\1[\ﬁ10g ) When § < 1/m,

we have § < R?/Rr2,. Then the iteration complexity becomes

m*

O((l—i-ézfr)log )2(’)(5\1[mlog )

Hence, the dependence of ECSPDC on § is at least 1/53 .

3 EC-LSVRG + CATALYST IN THE
SMOOTH CASE

EC-LSVRG [Qian et al. 2021a] is a combination of L-
SVRG algorithm [Hofmann et al., 2015} Kovalev et al.,2019]
Qian et al., 2021b[] and error feedback technique [Seide
et al.l 2014], and the iteration complexity has the better
dependence on the compressor parameter in the smooth case
than that in the non-smooth case. In this section, we apply
Catalyst [Lin et al., 2015]] to EC-LSVRG in the smooth case.
First, we restate the Catalyst algorithm and convergence
result as follows.

Algorithm 1 Catalyst

1: Parameters: « > 0, ag, sequence {ex } x>0

2: Imitialization: y° = 20 € R%; ¢ = \/(A + k)

3: fork=1,2,3,...do

4: Find an approximate solution of the following problem

yk—lHQ}

k .
2" ~arg min {Gr(x) = P(a) + 5z —
such that G (z%) — G < e,

5. Compute oy, € (0,1) from equation o = (1 —

ag)ag_; + qoy

6: Compute
yF = 2P+ Br(a — 2FY) with g = @izl
k—1 k
7: end for
Theorem 3.1 [Lin et al| [2015]] Choose oy = \/q with
q= )\/()\-Hi) and
€k = %(P(xo) — P*)(1 — po)* with po < Va

Then, Algorithm generates iterates {x"*} >0 such that

P(z*) — P* < C(1— po)* 1 (P(2%) — P*). (5)

with C' = ﬁ.

In Catalyst (Algorithm[I)), Gy, represents the minimum of
G). In Theorem P* is the minimum of P, and as
discussed in [Lin et al., 2015], the term P(z°) — P* in ¢,
can be replaced by its upper bound, which only affects the
corresponding constant in (3).

We use EC-LSVRG to solve the subproblem in Catalyst for
the smooth case where ¢ is smooth in Problem (I)). The
main challenge is proposing suitable initial conditions for
the subproblem and estimate the corresponding expected
inner iteration number.

To save space, we restate EC-LSVRG (and also EC-SDCA)
in the Appendix. It should be noticed that EC-LSVRG in the
smooth case is applied to the problem without the regularizer
term. Thus, to minimize G, we move v and the quadratic
term £|lz — y*71||? to each £ We use subscript (k)
and superscript K to denote the variables at the k-th outer
iteration and K -th inner iteration (for example, a:{,i) R i{,i),
x’(*k), ef(k), and hf(k)), respectively.

Next, we consider how to initialize EC-LSVRG to obtain
the accelerated convergence rate. In [Lin et al., 2015]], the

Catalyst acceleration was applied to the first-order methods
whose convergence rate has the following form

Gi(ze) — Gy < A1 = 0)'(G(z°) = G}),  (6)

where A is some constant. If we initialize hg (k) by the

gradient of f™) +p+ 5=y at (- Then the form
of the convergence rate of EC LSVRG becomes form (6),
and we can get the following lemma.

Lemma 3.2 Under Assumptions 2.1)and the premise
of Theorem[3.1] let us run EC-LSVRG (Algorithm ) to min-
imize Gy, and output z* := i"g;j) where Ty, := inf{K >
1,Gk(:f(fi)) — Gj < e,}. For the initialization of EC-
LSVRG at the k-th outer iteration, we choose p = ©(d1),
m?k) =21 e (T)(k) = 0 and h%(k) = Vf(T)(x(()k)) +
Vw( ) + k(x? Ty — y*~1). Then

E[T,] < O ((134'5114' VA=8) (L3 +1) (L+A+r)

S(A+k)

V(@=8)(Ly+2+r)(L+A+k)
‘U + ()\+m)+ ;

\/S()\—Hc)

where the notation O hides some universal constants and
some logarithmic dependencies in 6, 61, A\, k, Ly, and N.

Remark 3.3 [, It is easy to verify that an optimal choice of
p in EC-LSVRG is ©(61). Hence, we choose p = ©(41) in
Lemma([3.2)(and also in Lemma([3.4) for simplicity.

2, As discussed in [Lin et al.| |2015]], the stopping criteria
in the inner loop can be checked by calculating some upper
bound of G, (i{i)) — G¥, such as the duality gap. However,
this would cause additional computation and also communi-
cation cost. Hence, we can actually view the inner iteration
number as a parameter and use Lemma[3.2] as the guidance.

If we further invoke Assumption[2.3] we can get the follow-
ing lemma. Since the proof is similar to that of Lemma/[3.2]
we omit it.
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Lemma 3.4 Under Assumptions and the
premise of Theorem [3.1] let us run EC-LSVRG to mini-
mize Gy. Choose the output x®, Ty, and the initialization
of EC-LSVRG at the k-th outer iteration be the same as that
in Lemmal3.2] Then

~ L L VIZ(L 4+ +k)
E[Tk] <0 (% + % + )\-'er + n(A k) + 6()\—{-)1) ) :

3.1 Communication Complexity

In this subsection, we discuss the total communication cost
by using EC-LSVRG + Catalyst. Same as the claim in the
discussion of the communication complexity of ECLK, for
simplicity, we choose () = @1 in EC-LSVRG.

Denote the communication cost of an vector in R? as Uy
and the communication cost of the compressed vector in
R? by using the compressor Q) as rq. From Theorem
to achieve P(2%) — P* < ¢, the outer iteration number is

O <7“\\/JX”‘”” log %) , and from Lemma the expected inner
iteration number is

A(1, LitL/n | V/0=8)(Ls+A+r)(L+A+nr)
O<5+ e T 5O

+

VA=8) (L +2+5)(L+A+x)
V(A +k)

_ (1 1 b1
=0 (5 + )ﬁ‘rn + '\/>\+K‘/) ’

o Lf—F%—f— \/1—5(\/Lf6L+1/5LfL) and

where we denote aq :

VI=5(VI+VSL .. . .
by = %. Noticing that at each outer iteration,
we need to communicate the uncompressed vector hg (k)?
the expected total communication cost becomes

(R (bt ko) )i

ot (- )

Optimal . Since £ > 0 in Catalyst, it is easy to get the
optimal « for minimizing the expected total communication
cost. Let Ay := a1/ (% + %) If A < A4, then the opti-
mal x is Ay — A. If A > )y, then the optimal « is 0. Or
equivalently, the optimal £ = max{\;, \} — A.

U) VAt s+ S

Similarly, under the additional Assumption[2.3] from Theo-
rem [3.T]and Lemma [3.4] the expected total communication
cost is

o (st ((1+

where as := Ly + % + 7vl_55Lf. Let \g := ay/ <% + %1)
Then the optimal £ = max{Xa, A} — .

B)VAER Es))

For TopK, if we use 64 bits for each element in R, %i =

@ fﬁg IR = =0 ( Tlog d) . Even though the theoretical §

for TopK is X/d, the actual value could be much larger than
K/q in practice. Then Ua/ro may not be able to be bounded
by O(1/s), and thus the communication complexity may be
even worse than ECLK and ECSPDC. Next, we consider
how to avoid the additional term Ua/r in the expected total
communication cost.

3.2 Remove the Dependence on Ud/rq

Due to the communication of uncompressed vectors at each
outer iteration of the stratergies in Lemmas [3.2] and [3.4]
the expected total communication complexities depend on
Ua/rq, which may be much larger than 1/s. In this sub-
section, we show that we can actually remove the depen-
dence on Ui/ro by communicating the compressed vector
only. The initialization procedures and estimations of the
expected inner iteration number are states in the following
two lemmas.

Lemma 3.5 Under Assumptions[1.1) and the premise

of Theorem [3.1] let us run EC-LSVRG to minimize
koo T ,

Gy and output z" := x(k), hk (k), and e "(k), where

Ty == inf{K > 1,®F ;) + Gy(zfy)) — G} < e} For

the initialization of EC LSVRG at the k-th outer iteration,

we choose p = O(61), =9 Ty = =kl el €l gy =0or 6:’“(,61_1),
and 12 = hlkL or BRI R(yFT2 = b

(y=r =14°). Then

E[Tk] < ('N) <zli + % + \/(1_6)(Lf+)\+ﬁl)(fz+)\+ﬁ;)

O(A+r)

Ly L VA=) (L3t r) (L Atr)
trs taoe T ) :

VE(A+k)

where the notation O hides some universal constants and
some logarithmic dependencies in 6, 61, A\, k, Ly, and N.

Lemma 3.6 Under Assumptions [I.1} 2.1} 2.3 and the
premise of Theorem 3.1 - let us run EC- LSVRG to mini-
mize G, and output ak = xz;f), hf"(k), and eT (k), where
Ty := inf{K > 1,9 (k)—&-Gk( (x )) G5 < €x}. Choose
the initialization ()f EC LSVRG at the k:-th outer itera-
tion be the same as that in Lemma [3.5 Then E[T};] <

~ 1 1 \/(1 5 (L +>\+I€)
o (5 T A i (,\+n) + (>\+{<)

Communication Complexity. Same as the analysis in
Section [3.1] the expected total communication cost of EC-
LSVRG + Catalyst with the output and initialization pre-
cedures in Lemmas [3.5] and [3.6] can be obtained by sim-
ply replacing Ua/r, with 0. It is evident that the com-
munication complexity depends on 1/s only up to loga-
rithmic terms. In particular, if 1 — 6 = O(1), 6 <
min{E/L n’Ls/L} and Ly > ), then an optimal x is
v/LyL — ), and the corresponding communication com-

plexity is O (g*’ \/;bg 6) I Assumptionis further
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invoked, when 1 — 6 = ©(1), 6 < nLs/r,and Ly > X, an
optimal  is Ly — A, and the corresponding communication

L
=L log 1)

4 EC-SDCA + CATALYST

complexity is O (ng

In this section, we consider Problem @) Let¢ := % g. Then
¢ is 1-strongly convex if g is A-strongly convex. We apply
the catalyst to problem (@), and for the subproblem, we use
the error-compensated SDCA (Algorithm 3)) in [Qian et al,
2021al to solve it. At the k-th outer iteration, we use EC-
SDCA to minimize G,(z) := P(z) + %z — y*~!||?, and
we also use subscript (k) and superscript K to denote the
variables at the k-th outer iteration and K -th inner iteration
(for instance, xfi), af,i), ef(k), e{,(c), and ufz)).

To apply EC-SDCA at the k-th outer iteration in Algorithm
we need to initialize oz?ﬂ( k)" It is natural to use the values
of ayr in the last inner loop to initialize a?ﬁ( k)’ and this
is indeed the case in [Shalev-Shwartz and Zhang, [2014],
where the accelerated SDCA was studied. Then in order
to initialize u{), = m Yot 2iny Airal, ). the
uncompressed vector A;, a?ﬂ( K need to be communicated.
We state the initialization procedures formally and estimate
the expected inner iteration number in the next two lemmas.

Lemma 4.1 Assume 6 < 1 Under Assumptions
2.1 22| and the premise of Theorem [3.1) let us run
EC-SDCA (Algortthm @ to minimize Gy and output

(zF, k) = T’“H ,where Tp = inf{K >

1, \/4n+5mn\II k)+2(Gk( ) G}) < € }. Forthe
initialization of EC SDCA at the k th iteration, we choose
a?k) =aF 1 (a® =0)and eg k) = 0. Then

BT < O (3+m+ 3% + 7)),

RZ, 4. B> | VISRR | VI-SRRy

where as =
3 ny ¥ & Vo

>

be o 1 [O=8)(R*+3RE)
3= 3 —

universal constants and some logarithmic dependencies in

0, \ k, R, and N.

and the notation O hides some

Remark 4.2 In EC-SDCA, RZ/’y > A+ kK is assumed. How-
ever, by adding the term \/% log % to the iteration com-

plexity, the assumption 32/7 > X+ K is no longer needed,
which can be seen easily from the proof of Theorem 3.3 in
[|Qian et al.||2021al].

If we further invoke Assumption [2.3]on the compressors
in EC-SDCA, we can get the following better result. The
proof is similar to that of Lemma[4.T] thus we omit it.

Lemma 4.3 Assume 6 < 1. Under Assumptions
and the premise of Theorem[3.1} let us run EC-SDCA to

minimize Gy, and output (%, a*) := (xz;;“)+17 az;f)) where

Ty = inf{K > 1,3v2+omW¥f ) + 2(Ge(z( ) —
G3) < € }. For the initialization of EC-SDCA at the k-th

iteration, we choose oz(()k) =a* 1 (a’ =0)and 69_7(]6) =0.

~ 2
Then E[T;] < O (% +m+ %) , Where ay = % +
R? | VI=3R?
ET T

4.1 Communication Complexity

In this subsection, we discuss the total communication
cost by using EC-SDCA + Catalyst. From Theorem [3.1]
to get P(z ’“) — P* < ¢, the outer iteration number is

@ ( v :\/JI“ log = ) and from Lemma the expected inner

iteration number is O ( s tm+ 3+ \/fjr—n) Noticing
that at each outer iteration, we need to communicate the
uncompressed vector to initialize u?k), the expected total
communication cost is

2 VA+K b
O((T( +m + A+K/+\/>\i-7[{>rQ

+@Ud) log %)
_ 6 (2 os (2222 +

Optimal <. Since A + kK > ), it is easy to obtain the
optimal « for minimizing the expected total communication
cost. Let A3 := a3 /(% + m + Ud) Then the optimal « is

max{\, Az} — \.

U a
T‘S) VAT R+ i +b3)) .

Similarly, under the additional Assumption [2.3] from Theo-
rem [3.T]and Lemma[4.3] the expected total communication
cost is

ot ((1+me ) VT ).

Let \y = a4/( —|—m—|—Ud).
max{A, \y} — \.

Then the optimal x is

The term Ua/r(, also shows up in the expected total commu-
nication cost of EC-SDCA + Catalyst. As we analyzed in
Section the presence of Ua/ro may make the communi-
cation complexity worse than ECLK and ECSPDC. In next
subsection, we try to remove the dependence on Ua/r,.

4.2 Remove the Dependence on Ua/r,

As we can see from the analysis of the communication
complexity, the term Ua/ro shows up because of the com-
munication of uncompressed vectors. Hence, in order
to remove the dependence on Ua/rg,, we need to find
initialization procedures that do not need the communi-
cation of uncompressed vectors. Fortunately, by inves-
tigating the proofs of EC-SDCA, we find out that the

. 0 _ m 0 .
relation wg,) = /\+H)N Sy 1 Airai ) in the
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Figure 1: The Communication Complexity Performance of ECSDCA-Catalyst, ECLSVRG-Catalyst, and ECSPDC Used
with Compressors: Topl VS Random Dithering VS Natural Compression VS No Compression on a 9a Data Set
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Figure 2: The Communication Complexity Performance of ECSDCA-Catalyst VS ECLSVRG-Catalyst VS ECSPDC VS
ECLK for Topl Compressor on a9a, w6a, and mushrooms Data Sets

initialization is not necessary, and the relation 11(},2) = Then E[T},] < 10) ( +m+

m S, A”ag(k) is actually essential in the
proofs, and need to be maintained. This leads to the initial-
ization procedures in the next two lemmas, and the commu-
nication of uncompressed vectors is actually not needed for
the initialization at each outer iteration.

Lemma 4.4 Assume § < 1. Under Assumptions[2.1) 2.2]
and the premise of Theorem [3:1] let us run EC-SDCA to
o T+l k . T Tk

minimize Gy, and output z* =z o = o, ug,

and eT’C(k), where Ty, := inf{K > 1,v/4n + 5mn\I/3 ) T

2(G(x K+1) — Gy) < e} For the initialization of
EC-SDCA at the k-th iteration, we choose a(()k) = a1

(0% =0), upy, = uj}? 1 Tk(il 1)

(2 yy = O Then E[Ty] < O (5 fm4

(u(1 =0), and €° k) =
Jr

pe \/7
Lemma 4.5 Assume § < 1. Under Assumptions
23] and the premise of Theorem let us run EC-SDCA
to minimize G}, and output x* := x(,;“)+ ,ak = az;:), 55)’
and eZ’“(k) where T}, : inf{K > 1,3v2+dm \114 ) T
2(Gr(x K;rl) G}) < e }. Choose the initialization of EC-
SDCA at the k-th iteration be the same as that in Lemma

Communication Complexity. Same as the analysis in
Section4.1] the expected total communication cost of EC-
SDCA + Catalyst with the output and initialization prece-
dures in Lemmas [4.4] and [4.5] can be obtained by simply
replacing Ua/rq with 0, and only depends on 1/s5 up tp loga-
rithmic terms. In particular, if § < 1/m and RR/y > ), then
an optimal x is R}/ — ), and the corresponding commu-

)\er

nication complexity is o %j log i) . If Assumption

is further invoked, when § < 1/m and /5 > X an opti-
mal k is Rz/w — A, and the corresponding communication

2
Frog?).

S EXPERIMENTS

complexity is O (rg@

In this section, we implement our algorithms on the real

world binary logistic regression tasks:
v+ log (1 -+ exp(—yiA] @) + 3],

where A;, y; are training sample pairs. We use the data sets:
a9a, wea, phishing, and mushrooms from LIBSVM
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Figure 4: The Communication Complexity Performance of EC-SDCA VS ECSDCA-Catalyst for Topl Compressor on a9a,

wb6a, and mushrooms Data Sets

Library [[Chang and Lin| |2011]]. More experiments can be
found in the Appendix.

Compressors. In the experiments, we use Topl and some
contraction compressors transformed by unbiased ones such
as random dithering (s = v/d) and natural compression.

Parameters. We set A = 1 x 107° and n = 20. For all
experiments, we use grid search to obtain the learning rate
{107*,t =0,1,2--- }. For ECSPDC, we use bisect method
to obtain the argmax operator, 6 is chosen by Theorem|[C.7]
For ECLSVRG and ECLK, we set Q = Q1 and p = §. For
Catalyst, we choose x by grid search {10\ : t € Z}. For
the stopping criteria of the inner loop, a heuristic strategy
was proposed for Catalyst in [Lin et al., 2015|], where the
inner loop is constrained to perform at most mn iterations.
We employ this strategy similarly and the inner loop size
is searched from {kd : k = 1,2,5,10,100}, where d is the
dimension of data.

5.1 Effectiveness of TopK Compressor

First, we demonstrate the effectiveness of TopK compressor
compared with random dithering, natural compression, and
no compression. Figure[T|shows that compression can im-
prove the performance with respect to the communication

complexity in general, and TopK is specifically effective.

5.2 Comparison of Different Accelerated Error
Compensated Algorithms

We compare Catalyst-based error-compensated algorithms
and ECSPDC with ECLK, and also use the Top1 compressor.
Figure 2] shows that the performance of ECSDCA-Catalyst
is the best for our tested data sets, which indicates the po-
tential of the Catalyst-based error-compensated algorithm.

5.3 Improvements from Catalyst Acceleration

In this subsection, we compare Catalyst-based error-
compensated algorithms with their baselines, namely, ECS-
DCA and ECLSVRG, where Top1 compressor is used. Fig-
ures [3] and [4] show that Catalyst acceleration can indeed
boost the speed of both ECSDCA and ECLSVRG with re-
spect to the communication complexity significantly, which
matches our theory.
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Appendix

A  EXTRA EXPERIMENTS

A.1 Effectiveness of TopK Compressor

We demonstrate the effectiveness of TopK compressor compared with random dithering, natural compression, and no
compression. Figures[5] [6] and[7]show that compression can improve the performance with respect to the communication
complexity in general, and TopK is specifically effective.
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Figure 5: The Communication Complexity Performance of ECSDCA-Catalyst, ECLSVRG-Catalyst, and ECSPDC Used
with Compressors: Topl VS Random Dithering VS Natural Compression VS No Compression on w6a Data Set
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B EC-LSVRG AND EC-SDCA ALGORITHMS

In this section, we restate the two algorithms: EC-LSVRG and EC-SDCA in [Qian et al.}2021a].

Algorithm 2 Error compensated loopless SVRG (EC-LSVRG)

1: Parameters: stepsize 7 > 0; probability p € (0, 1]
2: Initialization: 20 = w® e R:; 2 =0 € R;w =1 € R; A2 e RG RO = L5 RO
3: for k=0,1,2,... do

4 for r=1,...,ndo
5 Sample ], uniformly and independently in [m] on each node
6 gt = VD (a*) = VD (k) + VO (wh) — hk
7: yr = Qngs +ef), it = ek + gk —yl
8: 2f = QuVFD (W) —hY), it = b+ 2k
9 ubtl =0fort=2,...,n
10: yEH = 1 with probability p
’ L 71 0 with probability 1 — p
11: Send y*, 2, and u**! to the other nodes
12: Receive y¥, 2, and u**1 from the other nodes
13: yr=n iy A=Yl
14: e IR
15: oFH05 = gk — (y* 4 nhk)
16: ohtl = proxnkw (x’”‘O:)1
okl
17: I B
w”  otherwise
18: RFHL = pk 4 2k

19: end for
20: end for
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Algorithm 3 Error compensated SDCA (EC-SDCA)
I: Parameters: 6 > 0; R, = maxi;|Aili R* =  maxeep{SAmax(Xi, AirAL)}
R? := F Amax(3 0y ity Air AL); pir = = € Rfori € [m] and 7 € [n]; positive constants v;; = R2, +nRk* € R
fori € [m] and 7 € [n]

2: Initialization: o® € R'V; 20 e R 00 = 3" 3" 420l e R% 2 =0 € RY for 7 € [n]
3: for k=0,1,2,... do
4 for r=1,...,ndo
5: Pl = Vg* (ub)
6: o = ok fori € [m]
7: Sample i}, uniformly and independently in [m] on each node
8: Aakfl = le . L - — Op;- Vqﬁi;T(A;ETx’“‘l)
9: akfl =ak iyt Aozk+1
. k+1
10: e (AmA SAaktt 4 ek
11: eftl = ek 4 AmAZ TAakH —yk
12: Send y¥ to the other nodes
13: Receive yk from the other nodes
14: ubth =k 4 LS gk

15: end for
16: end for




Catalyst Acceleration of Error Compensated Methods Leads to Better Communication Complexity

C ERROR COMPENSATED SPDC

In problem , we can replace each ¢;, (A, z) by convex conjugation, i.e.,

¢ZT(A1TTx) = Ssup {<ya A;:_JC> - d);—(y)}v

yEeR?

where ¢ is the conjugate function of ¢;,. This leads to the following convex-concave saddle point problem

min max f(z,Y) :=g(x) + NZZ (Yir, Al ) — 03 (yir)),

Rd Y RN
re € r=1i=1

where Y = (Y1, s Y 15 oos U1y s Upn) T € R and g, € RE

Algorithm 4 Error Compensated SPDC (ECSPDC)
1: Parameters: stepsize parameters ¢ > 0; n > 0, 6 € (0,1) ; R, = max;, |4l
R? = maXTG[n]{%)\max(Z? 1 A’LTAT )} R? =4 )\max(zz 1 Z:n 1 AZTAT>
2: Imitialization: 20 = 20 € R%; ¢ =0 € R?%; 49 € Rt; ud =L Ayl e e RGO =157 RO
3: fork=0,1,2,...do
4: for T =1,...,n do in parallel

S Sample 77, uniformly and independently in [m] on each node

o ot = [ aemaxger {0 AZ) =0 (y) - g5 lly — P} ifi=df
' ir yk ifi £ i

7 A= QA (i -l +ul - bt ef)

8wt — b LA (A k), h’““ = hf + Qu(uf — )

o: 65* =i+ Ai;r(yzkr - yw) uf — hf — Al

10: Send A* and Q; (u* — h¥) to the other nodes

11: Receive A and Q; (u* — h¥) from the other nodes

12: Ak =15 Ak

13: zFH = arg min, cpa {g( )+ (hF + AF 2) + la— a:] \|2}

14: RFTL = pk 4 LS Qu(uk — hE), 2T =gkt 4 g(ak Tt — 2F)

15:  end for

16: end for

Description of error-compensated SPDC (Algorithm [d). In distributed SPDC, the search direction at the k-th iteration is

. Z < ZA’LTsz + Aip T(yftl —Yir ‘F)) )

=1

where ¢], is sampled uniformly and independently in [m] := {1,2,. m} on each node. When y;, goes to the optimal
solution, the term yk'*'1 — yz - will go to zero, while another term — ZZ 1 Ai7yir may not. Then in the presence of the
compression error, the linear convergence rate could not be achleved by compressing this search direction directly. Hence,
like ECLK, we introduce a vector h* to learn u* = % S, Airyir iteratively. This learning scheme was first proposed in
DIANA [Horvath et al., |2019a]] with the unbiased compressor. More precisely, we perform the following update on each

node
hk+1 _ hk + Q ( hk)

where (J; is a contraction compressor. Now we apply the compression and error feedback mechanism to
k k+1
= hE+ A (Y5 — ysz) 7
and add h* := L ZT 1 h% back after aggregation. We use e” to denote the compression error on each node, and add it to

. before compressmn After compression, e” is updated by the compression error at the current step:

et = el ok — hE A (i yl,) — QUek +uf — BE + A (i — ul ),
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where () is also a contraction compressor. The rest steps are the same as SPDC [Zhang and Xiao], 2017]]. Next we introduce
some useful variables.

Letel := 1 Ly ek and uF = L Ly uk for k > 0. Define i = 2% — ne® for k > 0. We denote the optimal solution

T=1"T
of the above saddle point problem as (z*,Y™), where

Y= (1) e W) T () T s (W) D T

Now we are ready to construct some Lyapunov functions. For &k > 0, define

n

m
~ * * 3 A
O i= (& +3)IIE" - I+ (& +3) DD Ik — w2+ 22 ")ZHeTIIQ

T=1 =1

+FEEY) = F@ Y A m (f, YY) — f(at, V) 4 2 Z IR — )%,
where Yk = ((yfl)—r7 ey (y:j@l)—r) ey (yfil)—rv s (yﬁzn)—r)—r’ and

Wi (A4 )1 eI (D) A D0 S ok il S ¥~ )

T=11i=1

* * * An? 8) (n+A
Fm (fa, V") = fa*, YF)) 4 2 k2 4 210 “+">Z||e &

84(1—8)(n+An> 1512(1—68) (n+A
+ 3 55)2(:571 . )”hk —uF|? + (56261;22 = Z |RE — w2,

First, we introduce Lemma [C.T} which is useful in the analysis of samplings in distributed systems.

Lemma C.1 Let S = {(i",7)| 7 is chosen from [m| uniformly and independently for all T € [n]}. For any given w;, €
R! fori € [m] and T € [n], we have

2 n
|| | < (”R i, >ZZ|ww|

T7=11i=1

The following two lemmas show the evolution of the error terms Y_"_, ||e%||2 k|2

Lemmas 3.4 and B.4 in [[Qian et al., 2021c|, hence we omit them.

and ||e”||*. The proofs are similar to that of

Lemma C.2 We have
1 n
LY mdE < (1-5) Zn I an R
T=1
(1—9) 4R2 L ke
+ 2D ik -k

T7=11i=1

Lemma C.3 Under Assumption 2.3} we have

1)
Bl < (1= 3) ek + Zn o 200 5 e g

=1
n m

4(1-9 1—6) [4R? 5R2
+(5)”“’“—h’“”2+(mn)< )ZZ i - o

We analyze the evolution of ."_, ||h% — u¥||? and ||h* — u*||? in the next two lemmas.
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Lemma C.4 We have

LS mrr e < (1= ) Ly s ke
nT:1 T T = 2 nT:1 T T

1 (20-6)R? )\~ )
T R D ) D ATD

ms3n

T7=11i=1

Lemma C.5 Under Assumption[2.3| we have

51
By [ — w2 < (1= 0) IR = + 5 > (17 — ur])®

1 (R R2\x=x~ -
b () St - sk

T=1i=1
The dual problem of problem () is
D(Y) = V)= -+ - (Yir) — — LAY 8
Jnax, (Y) ;Ielggfﬂ«" N;;qb”y g (-5 AY), ®)
where g* is the conjugate function of g and
A= [A117"'7Am13"'3An17"'7Amn] ERdXtN' (9)

Recall that R? = £ Amax (30, S0 A Al) = || A%, We have the following lemma.

Lemma C.6 [Lemma 3 in|Zhang and Xiao| 2017)] Let Assumption[2.2|hold. Then for any point (z,Y) € dom(f(z,Y)),

we have ) )
P(z) < f(2,Y") + g5 llz —2*?, and DY) > f(z"Y) = 5y |Y — Y|
Theorem C.7 Let Assumption and Assumption hold. Set o = 271% "%‘ n = 27131 Vi, and § =

1 - min{m+4Rl\/W % 8% where R1 > 0 will be chosen later. (i) Let R} = R3 := 2R?> + % +

3(1-9) (14R* 7R2 84(1—61) R> 42R?
%( 2 + —5g + ((525%1711)2 + 525z Assume > 1. Then

n m
Bjok] <« (q»g R T y;;nQ) |

T=11i=1

aslongask> O ( (1 + L+ +m+ Ry /2 )logl). Inparticular, if L < O(6,), then the iteration complexity becomes
5 51 Ay € m

i \/(1 SR v (1=8)R,, m
kZO(((‘R*RfJF + 7 )\/m§+m)10gi>~

(ii)Let R3 = R2, where

2._op2y 2R% | 21(1-6) (2R? | 11R%, | 120-8)R* 12R? 208R;, 4 432(1-0)) R
R3:=2R" + = | %5 + =55 570 5252m2+ 526, min T 55262m2n

Let Assumption hold and assume %Z’ > 1. Then E[U5] < e (U9 + 3" S lyd. — vi||?) as long as k >
@) ((% + % +m+ Rs, /)\—”f/) log %) If L < O(681), then the iteration complexity becomes

V (1 5) (175)Rm m
kz(’)((( ‘*‘f‘f' + B+ tm)logt).




Xun Qian, Hanze Dong, Tong Zhang, Peter Richtarik

From Lemma|[C.6| same as Corollary 4 in [Zhang and Xiao] 2017], we can bound the primal-dual gap in the following
theorem.

Theorem C.8 Let Assumption[2.2|hold. Then we have

P(a*) - D(Y*) < (1 + %) (F@*, V") = f(@,Y*) +m (f(a",Y*) = f(z*,YF))).

Since f(z*,Y*) — f(z*,Y*) + m(f(z*,Y*) — f(x*,Y"*)) is bounded by ®% or W%, the iteration complexity of the
primal-dual gap can be deduced easily from Theorem|[C.7] Hence, we omit it.
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D PROOFS OF LEMMA [C.1, LEMMA [C.4, LEMMA [C.5, AND THEOREM [C.7]

D.1 Proof of Lemmal[C.1]

T T T T TA\T tN
Let W = (wyy, ...,w,) 1, 0], oy, os cw]ly w7 € RV, We have
2

aT Wit

= ]E Z <Ai71 T Wi T19 AiTZTzwiTQ 7'2> + E

n
Z ||AirTwiTT||2]
T=1

T1#T2
1 m 1 m 1 n m
Y <m S 2 ZAmwm> b LSS 2
T1#£T2 = = 7=11=1
1 n m
= m2 Z Z A'anle;Ajrgwj‘rz +%ZZ||AZ‘TIU7:T”2
T1#72 1,j=1 T=11i=1
1 n m 1 n m
= Z Z AZleZTl7A]TijT2>_WZ Z<Ai7wi7a ijjT +mZZ||ArrszH
71,72=114,5=1 T=114,j=1 7=11i=1
1 n m 1 n m
= 2||A == ZAiTwZ-T + =N A |
7=1|[i=1 m7'=1 i=1
n m
<3 |AW||2 || Airwir||®
T=11i=1
NR? n m 1 n m
< 2 > MwielP+ —RL Y D wie|)®
T=1 =1 T7=1 =1
_ R R2 2
= 33wl
T7=1i=1

where in the second equality, we use the fact that 7" is indpendent of i™2 for 7y # 7, and in the last inequality, we use
||A“-|| S max; - ||A“-|| = Rm and

e (A4T) = (33 4,47 =
=1 i=1
D.2  Proof of Lemma[C4
First, we have
Exl|hyt — o2
= B || — b Bl — ] 4 Bl o] - (b )|
= B ||hEH — b - Byluft — b)) +1Ek]\1Ek[u’;+1—u’;] uE k)|
= B [P~k — Bfuf* — )| 4 B — 2 HEk uk umf
< (1 + B)Eg|[RET — uk|? + (1 + % — 1) [E[uf = ub]||” + By bt — k)2 (10)
< (1= 8)(1+ BBk — k| + HE ]| Bl - b

) 2(1 — 2
(1‘1) Iz - ’:||2+(T|\Ek[uﬁ+l —]||” + Bl — ),
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where we use Young’s inequality for any S > 0 in the first inequality, in the second inequality we use the contraction
property of (1, in the last equality we choose 8 = ﬁ when d; < 1. When d; = 1, it is easy to see that the above
inequality also holds.

: k+1 k_ 1 4. k41 k
Since urtt —uf = EAZ;T(kaT - yi;T), we have

k+1 2

R
o e O

m2
R2
7m

m
= Z yz‘r _yzﬁ'”?'

From Ej[uft1 — uk] = LS~ A (g5 — yF)), we can get

2

1 || _
B[ = ub)* = — I3 Air (3 — o)
=1
1
< 7 [Ar, s A ley” ye|I?

1 T k
= m/\max (Z AiTAiT) Z ||yz7' yi‘r||2
i=1
R? & ~k k
@ Z ||y17 - yi'r||2‘
i=1
Combining the above three inequalities, we arrive at

5 1 (2(1-6)R? S
el a2 < (1= ) It o (O R ) Yt -

i=1

IN

Summing up the above inequality from 7 = 1 to n and dividing both sides of the resulting inequality by n , we can get the
result.

D.3 Proof of Lemmal[C.3
First, same as (I0), we can obtain
1 2 ,
Ethk—H k+1||2 (1 + B)Hhk+1 k||2 + B HEk[uk—H _ uk]” + EkHuk+1 _ uk||27

for any 8 > 0.
Under Assumption same as the analysis of Ej ||h**1 — V f(w*)|? in Lemma B.5 of [Qian et al., 2021c], we can get

1—61)01
Eil| A4 —u¥* < (1= 1) [BF —u¥|* + (n—) >0y —ur]®

Combining the above two inequalities yields that

1+5 —61)0
EthkJrl k+1H2 (1+B)(1 _51) Hhk k||2 + ( 1 1 Znhk 5”2

5 Ealat = o B =P

51
= (L= 80) I1* —uf |2 4 5 > [I0F = ul?
T=1

+ (1 — 51 HE k+1 uk]HQ —|—Ek||uk+1 _ uk||2,



Catalyst Acceleration of Error Compensated Methods Leads to Better Communication Complexity

where we choose = = 1, h¥+1 = ¥, thus the above inequality also holds.
Since ub ™! — b = LA (yf:;l - yfgr), we have
1 « ’
k+1 k|2 E+1
Ei|ub ™ — uF|? = E; %E A (i = i)
2

::Ek 2:4417 y1r)

n m

Lmnmaﬂ.lnl{ +-R
el WU 1/ 728
T=113i=1
From Ej[uf 1t —uf] = L 5" 5™ A (§F — yF ), we can obtain

1 n m R
B =) < —1A1? 30 D gk — oI

T=11i=1

ZZ”y’LT yf‘l’||27

T=11i=1

where A is defined in (9). Combining the above three inequalities, we can get the result.
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D.4 Proof of Theorem[C.7]

(i) Let g% := argmaxyere {(y, A,2") — 7, (y) — 5= |ly — % ||*}. Then similar to (47) in [Zhang and Xiao| 2017], we
can get

LD\ IS
(5 + ") w2 2tk i

7=11i=1
1 m n om
Z (20' ) ZEk||yk+1 - y7,7—H2 E ||yk+1 - y7,7'H2
7=11=1 T7=11=1
1 = k+1 * k
+ EEIC Zl LT y’L T ) (bll‘r(yig‘l‘))
1 n m
+7VZ;Z: () = 65 (ui7) — Ba(u® —u* +m(utt —uh), 2F), (11)

_ 1 n m T
where u* N ZT 1 Zl 1 Awy” and u* = N ZT:1 21‘:1 Air i

k+1

From the update rule of """ and optimality condition, we have

1
—(zF T —zk)y =o0.
n

Ag(x" Ty + hF + AF +
For h* + A*, we have

1 n
hF 4+ AF = EZ(hﬁJrAﬁ)

Il
S|
5
M:H
[

(RS + ek + A (yirh! = yi,) + up — BE — i)

T

1 n
= = 3 ek — et — k)
— ek . ek+1 +uk + m(uk+1 . uk)

By using the above two equalities, we can obtain

GRHL = gkl pok+l

_ xk _ n(ag(m’““) + hk + Ak) _ 77€k+1
_ l‘k _ n(@g(mk“) + ek _ ek+1 + ’U,k + m(uk—i-l _ U,k) _ ek+1)
= &F — n(dg(a*) + u* + m(uFTt —u)).

Then similar to Lemma B.3 in [Qian et al.,2021c|, we can get

1 A 1 n
k k+1 _ Kk * k+1> - k+1 ®112 _ © ak k2 k12
(= )0 = o 2 (g ) I = o = P - Dl

An? 1
= (B B N T P 4 gl — gl
Rearranging terms and taking conditional expectation, we arrive at
8 - a2 2 (o D) Bl — 2| Bt - o 4 Ealg(a*) — g(a)]
2 =\2; "1 k 4 k kL9 )
A1

+Ek<uk + m(uk'Irl — uk),ack'H —z") — gHekH2 — (2 + 2) IE;CHekHHZ. (12)
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Similar to (51) in [Zhang and Xiao| [2017]], we can get
f( MUY — fa* YY) +m (V) — fa*, YFY) — (m = 1) (f(2*, V") — f(2*,YF))
1 n
AT Z Z z‘r yzv’ - z‘r(yzr)) + ﬁ Z (qs;k'}gr(yfg;l) - (b;k']gT(ny'r)) + g($k+1) - g(.’E*)
r=1i=1 =1

+ <’LL*,{L‘k+1> o <’U,k,$*> +m<uk _ uk+17x*>.

Combining (TI), (T2), and the above equality after taking conditional expectation, we can obtain

1 =, * 1 . * *

sl ol (5 ) SN I = i P+ (- 1) (£, Y) — ", V)
T=11i=1

> (5 ) Bl =t (g 1) DS mla g 4 e - ot

—\2n 4 20 == o 4n

20m

Z DOk =yl 4 B [f @ Y) = f@ YY) 4 m (f( YY) — fat, YY)
=1 1i=1

A
+ Ep(uf — u* + m(uf Tt — o) bt - Ry gHekH2 — (2 + 727) Eglle* 12,

where we also use the fact that ZT 1 Zz 1 IE’f”yk—"_l yz'r H2 L ZT 1 Zz 1 ”yz‘r yz'r”2
Next we estimate the term Ey, (u® — u* + m(uF+! — o), 2%+ — 2%). We have

(uk+1 k+1 _ Zlc>

(W —u* +m —uf),z

= %<AY]€ - Ay* + mA(Yk+1 — Yk),a:k+1 _ xk' _ Q(xk _ xk71)>

1 0
= N(AY’““ — AY* gh T gk N(AY’“ — AY* ah — aF )

%0<Ayk+1 —AYF gk xk71>’

:= 20 to guarantee 20 = 2:°. By Cauchy-Schwarz inequality, we have

m—1

+ T<Ayk+1 _ AYk,$k+1 _ Ik> +

where we define 2!

2
|<Aylc+1 . AYk71'k +1 >| < = ” k+1 xk”2 + ﬁ||A(Yk+l _ ch)||2
n

8n

By Lemma|[C.I] we further have
2
EpAQYFH —Y9)|? = Ey

Z A1 BT yzf;l - yf;;‘l’)
n
Z Ai;r(@%r - yzkgf)
T=1

—m ZZ 158 — vi 1%

2
:]Ek

Lemma nR2 —+ R

r=14i=1
Thus, we arrive at
By (AYFHL — AYF gl ghy > —;—nEkIIm’““ —a*|? - n(nk + ) Zn: i 155 =yt I
r=1i=1
Simiarly, we can get
B (VS = AR o = 1) > Lok b nnfl_+ 1) Zf} gk

13)

(14)
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Combining the above two inequalities with (I3) and (T4), we have

1 ~ * 1 1 - * * * *

ol =t (g + ) LSSl a1 () < YY)

N 20 n T=1i=1

0
+0 (F@h V) = @ Y) + 8—||x’“ =t AV =AY gt 2T
n
o L L ) S e e
B 277 4 2 T7=1i=1 " 87)
1
+ ]Ek [f(xk+17Y*) - f(l'*, Y*) +m (f(l'*, Y*) - f('r*7yk+1))} =+ NEk<AYk+1 - Ay*’karl - ‘rk>
L[/ N(nR* + R2)\ X=X o k2 kg2 n AP k4112
e (5~ D) St ok - G (A Bl (15)

where we add the nonnegative term 6 (f(2*,Y*) — f(2*,Y™*)) to the left-hand side of the above inequality.
From Lemma[C.2] we have

3(77+M7 77 77+>\77
ZE el H* + ZH 17+ ZE leftt)?

T=1

<1 ((340) (1-3)+ 2)2 chip+ =DM (3, )Znhk—u’fﬁ
LM (3, D) (A e ) S - o

=1 1=1
3(n+ An?) AR kiz 141 =0)(n+ An?) - k k2
< N T - = —
<=, 1-= ZIIeTH + o TZﬂHhT uz |
1—8)(n+ \n? 14R2 7R2 -
4 15;; ) ( )ZZH%T ye 2. (16)
7=111=1

From Lemma[C.4] we have

42(1 — 6)(n + An?) Bl k)2 14(1 = 6)(n + An?) = |, k2
D ZE e DI

42(1—6)(7’+>\n ) 1 1 " k kn2
< E

o (52(5177,
42(1=68)(n+n?) (2(1—61)R SN ke
v~ Yirll”- 17
* 026,m3n 01 +R ZZHsz ym—H 17

T7=11i=1
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From , , , and the fact that [e[|> < L 3" ||e¥||2, we arrive at

1 A
2 L AN R R — 2
(5 +3) Bulatst = o+

) 1
ZZE it =y lI? + —Eg||lz* !

k2
—Ex —a”
T7=114i=1 8?7
1
+E’k [f(xk+1aY*) - f(l'*,Y*) +m (f(x*7Y*) - f(x*’Yk+1)>] + NEk<AYk+1 - AY*vxk+1 - xk>
3(n+ M%) < 1z, 4200 =8)(n+ M) k
S E + E h +1 k:+1 2
T LB+ =g Z |
< i ~k k12 i ( 2 Y * Yk
< ol o+ (o + 2 0) 2 S S ot i = 1) (F@ V) = £, YH))
T7=114i=1
0 0
+ 0 (f(xkaY*) - f(x*7Y*)> + 8777”3316 - xk_lHQ + N<AY]€ - AY*,$k - xk_1>
3(n + A% S\ = ke, 421 =0)(n + M%) O\ N~k kg2
—_ 1= 1-— h? —
+ 21 5) e+ = ) k=
1 (1 4np(nR%2+R2) o (14R?  TRZ  84(1—6,)R?  42R2
S el AN k1 VA 4 T A m m
(20 " =0+ M) | =55~ + 55 25m2 | 525,m?
leyw yi I (18)
T=11i=1
Define
I A I 7))l & 1 ,
dF — [ — £ 2 ) 13F — 2*11? e A * 12 ok _ k=12
= (gt 3) 1o (g 3) 2 D ks gl =t
1
+ f(l'k,Y*) - f(z*7Y*) +m (f(‘r*7Y*) - f(x*vyk)) + N<Ayk - AY*,[L‘k - xk71>
B+AP) = prye , 20 =80+ 2P) ok ke
-
+ (STL z::HeT” + 5251,” — || T uT” )
for k > 0, where 2~ 1 = 20, Assume = > > 1. Then \n = 27112 M < 1, and thus
dn(nR% + R2)) o (14R?  TRZ ~ 84(1—6,)R?  42R?
m 1 _ 6 A m m
" FA=OH I T o e T s2m?
4n(nR2+R3n)+3(1—6)n 14R?  TR?, 84(1—61)R2+ 42R2,
n 2 02 20 §263m?2 026, m?
1
=2R2 = —.
UL 2%
From , the above inequality, and the definition of ®%, we can get
Ej[0}+] < 007,
where we use (1 — %) <0, (1- %1) <46,
mel Lo L/(L)- L
m m 2n 2n 4 14+ 4Rav/m/(Ny)
and 1 ( 1) 1 1
m— 1)y Y
- ~ 77 - L — ]_ —
(20Jr 2m >/<20+2>

- - 71— ! <
m +m/(yo) m+ 2Rav/m/ (A7)
By the tower property, we further have E[(I)’f“] < OE[®%]. Apply this relation recursively, we can obtain

E[®}] < 6%).

19)
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From the definition of ®%, we know that

1
(I)]f _@2 +7ZZ||yZT leHQ H xk_1||2+N<AYk_AY*vxk_xk_l>'

T=11i=1

From Young’s inequality, we have

L (AYE - AY* ok — ok < [ 21 e
N ) <

81 N2/(2n)
_||=75k_515k_1”2 2NR? O~ s k 12
la* — 12 RS O )
S + Z Z ||yz'r - ym-”

877 n =1 1i=1

I R Rt
pi— 4071;;”%7 vi %,

which indicates that ®% < ®¥ for k > 0. Therefore, from we have
]E[(I)k] < Hk(bo - Hk ((I)g +— Z Z Hyz‘r y’LT|2>
=1 1i=1

2 —
Finally, from Rﬁ < R?, we can get the results.

(i) Under Assumption [2.3] from Lemma|C.2]and Lemma|C.3] we have

3(n + An?) 21(1 — n+>\n N+ An?
flﬁlklle’”lnﬂ ZE e tH? + IIe’“H2+TlEkHe’““ll2

3(n + An?) 4 k2, 211 —=0)(n+ \n?) k2
< DAY T _Z _Z
< MIENE) (0 sz 2HLZO 1! §7j||ef||

n 14(1 = 8)(n + An?)

84(1 — 6)(n + An?)
I — w4 22 Znhk k|

52 5212
i (?TS;?; A7°) (%?2 + HQT” + 12( > Tz: Zi; 1t — i I
From Lemma[C.4]and Lemma|[C.3] we have
84(1 —566)2(;;1+ )\nQ)Ek”th I SETE 1512(1 — — ;Z;r An?) ZE R+ 2

141 = 0)(n+ M) 84(1 — &) (n + An?) ,
+ 52 IP* = + 5o Z I — k2

84(1 —6)(n + An?) 1 k k2, 1512(1 = 6)(n+ Anp?) 51\ Nk k(2
< _ 2 _ _ 2t _
< 5526, 1-5 A% —u™||* + 5526, 1-+ ;HhT uz |

84(1 —0)(n+M*) (R* 19R;  36(1—61)R*\ x~x~ -
# M= Dd ) (1 DR S0 D0RT) S5 1ty — st
=1 i=

56261 m3n o1 n

(20)
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Combining the above two inequalities and (T3), we arrive at

1A . 1
- 2 E ~k+1 %12 Ey B+l _ % 12 ~F k1l k)2
(5 + ) Bler =+ (o + Zzl L
+ Eg [f(l’k?+1’Y*) _ f((E*,Y*) +m (f(:c*,Y*) N f(l'*,Yk+1))]

An? 21(1 -6 An?) 1
i 3(n+An )Ek‘|€k+1”2+ ( )(n + An )ZEkHeﬁHHerNEMAYkH S )

) on? =
84(1 —68)(n + An?) A 1512(1 — &) (n + An?)
E.||pk+1 — k+1)2 E, hk+1 /€+1 2
5(5251 k” u || + 526 TL2 Z || ‘r ”
< Ljar oy (L O DY) LSS e e e ) (f Y - fa YY)
— 27] 20, n = 1T 1T Y

k _ xk71”2 + %<Ayk _ AY*,a:k _ xk71>

O (f( YT — fat V) + %nx

3(n + \n? ) 21(1 — &) (n + Mnp? 5\ w
g IEAT) (3O by g 2HEZOUEAT) (4 Oy 5 et
=1

)
84(1 — &) (n + Mp?) 01 ko okp2 o 1512(1=9)(n + Anp?) S\ X k2
1— L)k — 1— 2 hE —
+ 55251 6 || w || + 55251712 6 ; || T UT”
I (& n(nR? + RZ,
e Yt -k (o - ) ra - s+ )
T=1 =1
2R?  11R2, 12(1—-6)R? 12R? 228 R2, N 432(1 — 6,)R? 2
02 20m 6n 56262m? ~ 56261m?n 56282m?n ’
Define
1A 1 =
k= (+) it — 2+( ) Y = i + —
b= (5 +3) 17 =1+ (55 ;;n 2+ gl =)
+ [ Y7) = f@ V) +m (f(x*, V) = fla*, YY) + %EMAY’“ — A" 2b — o)
3(n + An? 21(1 — n + An?)
§ HIEAT) ke 4 21 Z e e
84(L—0)(n+ M%) i gz, 1512(1 = 8)(n + An?) E_ k2
St — 2 R Z Ik = |
for k > 0, where ! = 29,
Assume % . > 1. Then \n = L ’\ﬁ < 1, and thus
4n(nR? + R?
W F7(1—8)(n+ M)
2R? N 11R2,  12(1 - 6)R? N 12R? 228R2,  432(1—61)R?
52 26n %n 56202m?2  5526;m?2n 56252m?n
1
< 2
< 2R 20

From , the above inequality, and the definition of ¥%, we can get
E[Uh+1] < gwh.
By the tower property, we further have E[¥*™!] < gE[W¥]. Apply this relation recursively, we can obtain
E[UY] < 05 w9, 22)
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From the definition of %, we know
I o= 1 1
k_ gk kw2, Lok k-1p2 , L k_ ogve ok k-1
V= g S il et R AV AV 0t
From (20), we have W5 < W¥ for k > 0. Thus, from we can obtain

1 n m .

7=11i=1

2 — 52
At the end, from % < R% and RT < R?, we can get the results.
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E PROOFS FOR EC-LSVRG + CATALYST

E.1 Proof of Lemma[3.2]

First, from Theorem 2.10 in [Qian et al.,|2021a] and the initialization rules of h (k) and €° (k) We have

I+ w) |y — (1 + 2(Gr(2fy) — GR)

E[Gy(Z : _ 1-0)K
() — G T (1-0)
where we denote 0 := min{ (’\J’;)", %, %, £}. Since G, is (A + k)-strongly convex, we have
Gi(z) — G 2 7|| &

for any x € R4, which indicates that

18(Gr(zfy)) — G)

1—(1—-f)k+1 -6~

E[Gk(z(y)) — Gi] <

Noticing that In(1 — a) + a < 0 for any a € (0, 1), we have (1 — é)é < 1<0.37. Now we first let K >
(1 —#)K+1 < 0.37, which yields
E[Gr(2()) — Gi] < 30(Gi(a(y) — GD)(1 = ).

Then similar to the proof of Lemma C.1 in [Lin et al.l 2015]], but choosing 7 as

30(Gi(2%,.) — GF
To = max i,ilog 1 — (Gl (k)) 2
0 0 1—e" €k

20.) — G*
E[T:] < max{;élog (60(Gk( ~(k)) Gk))}—f—l,

instead, we can obtain

Hﬁk

=~ then we have

Within the above inequality, similar to the proof of Proposition 3.2 in [Lin et al.,[2015], we can get E[T},] < O(1/6), where
the notation O hides some constants and some logorithmic dependencies in \, «, and 6. At last, by the stepsize rule in

Theorem 2.10 in [Qian et al.,[2021a], we can obtain the result.

E.2 Proof of Lemma 3.5
From the inequality above (27) in the proof of Theorem 2.10 in [Qian et al.l 2021a]], we have

.18 18, -
E[Gi(xyy) — Gil < ?]E[‘I’g(k)] < ?(1 —00)%® 5,

where we denote #; := min { > %, & %} Thus, we can get

. 18

; > (1—61) g ).

Then from Lemma C.1 in [Lin et al.l 2015, we know

E[T] <O (}bg (mlg/w» ~5 (}log <<I>g,(k>>> .
01 €k 01 €L
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Next we will show that log (% ) ) < (5( 1), which concludes the proof. From the definition of <I> 3.(k) and the initialization

rule at each outer iteration, we have

— * (Li+k *
OF 1y = a1 = ey — 2y + f—*)”Zne o (G — @)

T=1

+ 1220=0) Ty t)n ;zéL,fM)n Z B2 oy = VT (1) = V(1) — k(" =" )%,

3p
term in the above equality respectively. Since Gy, is (A + k)-strongly convex, we have

where we denote 7] = = (48(1_6)(ff+'€)n3 (4(L+K) +L+k+ M (1 + ﬁ—f)) + 4(L+7n”)"2> We estimate each

— * — * 4 *
2~ — el — 2l 1P < 20271 = afy |17 + 2]|egy I1? < ﬁ(Gk( ) =GR+ 2lledyy I

For the third term, define G\™ (z) := f(7)(z) + ¢(z) + 5l —y*~1||? for simplicity. If A2 ;) = th(kl ) then we have
1-0 & e _ _ _
— D IR gy = VIT(@F ) = V() — k(T — PP
T=1

1—6 « . ke _ . _
= —= DIy — V@) = V) — (et =y 2
T=1

n

1-6
- = Z;

_301-9)

Ty_s ke
h’T,k(k—l) — VG (=" Y|P

Ti_1 T Tk
<||hf,k(k_1) - VG;«—)l(w(lf—i))”z

|
T=1

HIVED (i) = VO P+ V6D, () - Ve @)

Ty — *
Since (I)Sk(k s Gk—1(33(,f_i)) — Gj_; < €p_1, we have

5261 Te 1 5261

N [ v 2L <
n ;” rk-1) T VG 1( 7= 192(Ls + wk)n3 3= = 192(Lf+f<;)n36’“ !
From the smoothness of G;Ql, we have
Tk_1 T —
—vaa (W) = VG, @)
T Te—1 T % T T *
<= Z ||VG( ) (lg 1)) VGl(c—)1(95(k—1) I + ZHVG( ) )*VGIE—)1(95(1¢—1))H2

#) (Groa(wlih) = Gioy + Gioa o >7G;:_1)

3,(k— 1)+4(L+“)(Gk (@) = Gy

For 1" VG, (aF=1) — VG (2%71)|2, we have

1 n - 3 - B B B
~O VG ) = VG P = Ryt =y
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For the third term, if h , = hzﬂ"(kl yt+ k(y*=2 — yy#~1), then we have

— Z 19,y = VT (@) = Vp(a" 1) — w(a" =y )2

Ai%ESMﬁﬁD—Vﬁw“ﬁ—kuwﬂ—dﬁ*—y“%w

Th—1 _
ey — VG @ T2

T=1
3(1 —0) — Ty oo . T B
< % Z (”h k(k 1) VGEC—)I(w(I:—i))HQ + ||VG (w kk i)) VG,(C_)l(zk 1)Hz) )

=1

Tr—1
If eg’(k) = 0, then ||e?k)H2 = ||62,(k)|‘2 =0.If 627(@ = eT:”(k_l), then
1) )
0 2 < = 0 2 < (I)Tk 1 L

Moreover, for any a > 1 and b > 1, we have log(a + b) < log(2max{a,b}) < log(a) + log(b) + 1. Using the above
estimations, we conclude that

Y At k—21|2
l%<iﬁ><o(@«€£ @)+00w = ”)+mn

Finally, from Lemmas B.1 and B.2 in [Lin et al.,[2015]], and similar to the proof of Proposition 3.2 in [Lin et al., [2015]], we
0 ~
can get log (tbig’”) <O(1).
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F PROOFS FOR EC-SDCA + CATALYST

F.1 Proof of Lemma4.1]

In the proof, we borrow the methodology of [Shalev-Shwartz and Zhang| 2014 for an accelerated proximal stochastic dual
coordinate ascent method. First, from Theorem 3.5 in [[Qian et al.} 2021al], we have

5 K
]E[\IIS (k)] <]. — min {9 4}) 6%,(]6)’

for K > 1, and 6 is chosen as in (9) in [Qian et al.,|2021al]. Moreover, from the proof of Theorem 3.5 in [Qian et al.,2021a],
it is easy to verify that for K > 1

Elep 1)) = E[Gr(z(y) — Gi] < ] (1 — min {97 4}> D (k)

Combining the above two inequalities, we get

2 S\
E[V4n + dmn¥k, ) T 2(Gr(zk (k) H -Gy < (\/471 + dmn + 9> (1 — min {0, 4}) 5(1)),(1@)7 (23)

for K > 1. Then from and similar to Lemma C.1 in [Lin et al., 2015]], we know E[T}] < 1) ( +m+ ){\1;) Next we

consider k > 1 case.

Define A = A+x, £(z) = % (z)+ &
problem of minimizing Gk as Dk( ) and v(a) =

2 and & (x) = %f(m) + 55 lle— y*~1/|2. Denote the objective function of the dual
ﬁ 71 ity Airair. Then Gi(a) = 5 37, 300, dir (Al @) +

Ak(2) and Dy(a) = =+ S0 S @F (—aur) — A&k (v(@)). Noticing that
* Kok—1 g Ko k=12 _ & Fok—1 Ko, k=12
u) = max{r,u + = —&(z) — —= = U4+ = — , 24
€ (u) = max( Ay ) =€)~ Sl = (w54 ) - Sl e
we can also write Dy (a) = L bE (—air) — AEF (v(a) + &yt 1) + £|ly*~*||%. Then we have

_Dk(akfl) —|—Dk_1(05k71)
X e _ K 1. e _ K g K _ K _
=56 (01 5y ) <R (w(at ) + 552 ) o SRR - P

(V& ((wab1) 4+ Syh=2) it Z g2y B e e Ky e
) 51 ; 5
% _ _ _ I‘QQ _ _ K _ K _
=r(V&i_y (v @),y =y + ﬁlly’“ Loy 22 4 glly’“ 22 - §||y’“ 2, (25)

where we use £* is 1-smooth in the first inequality and (24) in the last equality. From (33) in [Qian et al.l 2021a], we know
ﬁ(j;::i) = v(a(q;::i)) =v(aF 1) = u(q;j i) + ?;C 1)- Moreover, from the update of EC-SDCA, we know the output at the

k-th outer iteration 2% 1 = aczf 1“ =V&_ (u 7;: 1y)- Thus, for (V& _; (v(a*71)) 5" =" — y*72), we have

(V&1 (0@ 1) gt =y %) — (aF 1 yF =y 2)
* ~ T Tk T, _ _
= <v§k—1 ( (15 i)) - vfk—l( (1? i)) yk T yk 2>
| T . T o ikt o2
Sngq(gi)—v%d(ﬁﬂﬂ+yw — 42

1 Trk—1 |12 k—1 k—2(2
< sleghl Lyt - g2,

where we use & _; is 1-smooth in the last inequality. From |i the above inequality, and A > K, we arrive at

— Dp(a* N + Dy (akil)

_ _ K, T _ _ K _ K _
N A 5 e lI? e e [ e il [ [ [

2 |
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Furthermore, we have

K KR
G(@* 1) = G (271 + PP = SR g ),

Combining the above two inequalities, we obtain

_ _ _ _ K .
Gr(z* ") = Dr(a"™") < Gpa (2" 7") = Dy (a” 1)+§||€?;f HIP+ sl =22

Since R? < nR? and R2, < mnR?, we have

. 2p . Atk
‘Ifﬁf(k) > Gy — Dk(a{;i)) + ?Hefi)HQ > Gy — Dk(af;i)) + m”eﬁ)ﬁ

which implies that

Van + dmn gl

1
2 3,(k—1) S iek—lv

1= Di1(ah™) <

and

KTt 12 o V2n+dmn A4k I Tes 2 < \/2n+5mn\IJT,€71 < Gt
2 ||e(k*1)|| — 2 ,72n+5mn e(k*l) .

— 2 3,(k=1) = 9

Moreover, it is easy to see that G, _1(zF~1) — G5 _, = Gk_l(xz;::i;rl) — G5y < $€x—1. Therefore,

_ _ 3 _ _
R < Ge(@™ ™) = Dp(*7!) < k-1 7+ e Vi | B

Then similar to the proofs of Proposition 3.2 and Lemma C.1 in [Lin et all 2015], we can get E[T;] <
A1 M 1 /(1=0)(R2+8R2)
O(5+m+x+2+a <A+m>

F.2 Proof of Lemma 4.4

From the equality above (33) in the proof of Theorem 3.3 in [Qian et al., 2021a]], we know

~K+1 ~K
u(k) - u(k) A + Ii Z AZ TAOéZ T, k)’

where u u(k) = u(k) + e( 5" Hence, as long as

n m

1
~0 __ 0
Wy = G AN 2 2o A (26)

T=11i=1

we will have ﬂf,(c) = m ooy A”afi (k) for all K > 0. From the initialization rule at each outer iteration, it is
easy to see that (26) is satisfied for all k > 1. Therefore,

n m

affy = BTN S Aialk 27)

T=11i=1

for all K > 1 and K > 0. Moreover, from the proofs for EC-SDCA, it is easy to verify that the convergence results still
hold as long as (27) is satisfied, and it does not matter whether uyy equal to i 37 307 Airal 4 or not. Then
similar to the proof of Lemma.1] we have

E[Vdn +6mnWE ;) + 2(Gr(f ) — G}
< (erZ) (1—min{9,j})K <GOD’(k)+(p+9)\+Z|| )||2> ,
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and

3 _ _
6OD,(k) < 5 k-1 + ”v||yk byt 2||2-

Moreover, from the initialization of €? (r)» We have

200+ 0N+ & Th1 1
—Z”e k)“ <(I)3k(k 1) 2 k—1-

Then similar to the proofs of Proposition 3.2 and Lemma C.1 in [Lin et al.,|2015]], we can get the result.
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