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Abstract

We present Parallel Feasible Pareto Frontier En-
tropy Search ({PF}2ES) — a novel information-
theoretic acquisition function for multi-objective
Bayesian optimization supporting unknown con-
straints and batch queries. Due to the complex-
ity of characterizing the mutual information be-
tween candidate evaluations and (feasible) Pareto
frontiers, existing approaches must either employ
crude approximations that significantly hamper
their performance or rely on expensive inference
schemes that substantially increase the optimiza-
tion’s computational overhead. By instead us-
ing a variational lower bound, {PF}2ES provides
a low-cost and accurate estimate of the mutual
information. We benchmark {PF}2ES against
other information-theoretic acquisition functions,
demonstrating its competitive performance for op-
timization across synthetic and real-world design
problems.

1 INTRODUCTION

The problem of optimizing multiple objectives is common
across science, machine learning and industry and is known
as Multi-Objective Optimization (MOO). Due to the con-
flicting nature of the multiple objectives, there is not one
single solution and we instead seek the Pareto Frontier —
a set of optimal solutions that provide a trade-off among
different objectives. More precisely, the Pareto frontier con-
sists of all solutions from which one cannot improve the
performance of a specific objective without degrading an-
other. For constrained MOO problems, the goal is to find the
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feasible Pareto frontier, i.e., the Pareto frontier containing
only points that satisfy the constraints.

Multi-Objective Bayesian Optimization (MOBO) (Yang
et al., 2019; Daulton et al., 2021; Feliot et al., 2017; Qing
et al., 2022a) is a well-established framework for solving
expensive MOO problems with strict evaluation budgets.
In order to achieve data-efficiency, BO uses cheap prob-
abilistic surrogate models to predict the performance of
not-yet-evaluated configurations. Heuristic search strate-
gies, known as acquisition functions, then use the posterior
belief of this model to direct subsequent objective function
evaluations into promising areas of the search space. The
choice of the acquisition function plays a crucial rule on the
performance of BO and so acquisition function design is an
active research area. Existing common MOBO acquisition
functions include (Yang et al., 2019; Daulton et al., 2020;
Couckuyt et al., 2014; Abdolshah et al., 2018), to name a
few.

A new class of acquisition functions for MOBO has recently
arisen based on information theory. Motivated by state-of-
the-art performance achieved by information-theoretic ap-
proaches for single-objective BO (Hernández-Lobato et al.,
2014; Wang and Jegelka, 2017; Moss et al., 2021; Hvarfner
et al., 2022), recent works (Hernández-Lobato et al., 2016;
Garrido-Merchán and Hernández-Lobato, 2019; Belakaria
and Deshwal, 2019; Suzuki et al., 2020; Belakaria et al.,
2020; Fernández-Sánchez et al., 2020) have provided several
information-theoretic approaches for MOO. These acquisi-
tion functions follow the intuitive goal of seeking to reduce
the amount of uncertainty (as quantified by differential en-
tropy (Hennig and Schuler, 2012)) held by our surrogate
model about the Pareto frontier.

However, the full potential of multi-objective information-
theoretic acquisition functions has not yet been realised,
with existing work not demonstrating the state-of-the-art per-
formance exhibited by their single-objective counterparts.
This poor performance is due to the difficulty in provid-
ing a proper and efficient characterization of the mutual
information between sampled observation and the Pareto
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frontier. Existing approaches rely on either computation-
ally expensive approximate inference schemes like expecta-
tion propagation (Hernández-Lobato et al., 2016; Garrido-
Merchán and Hernández-Lobato, 2019) and density filtering
(Fernández-Sánchez et al., 2020), or on making coarse as-
sumptions about the structure of the Pareto front (Suzuki
et al., 2020; Belakaria and Deshwal, 2019; Belakaria et al.,
2020). Indeed, both types of approximation lead to poor
empirical performance (Daulton et al., 2021).

In this work, we provide {PF}2ES, a new information-
theoretic acquisition function for MOBO. Inspired by the
recent work of (Poole et al., 2019; Takeno et al., 2022),
we use a variational lower bound to propose a novel cheap,
accurate and explainable approximation to the joint mu-
tual information between (batches of) candidate evaluations
and (feasible) Pareto fronts. Our primary contributions are
summarised as follows:

• We introduce a new information-theoretic acquisition
function for multi-objective optimization that supports
both constrained and unconstrained problems.

• We propose an efficient parallelisation strategy q-
{PF}2ES which provides effective batch optimization
across batches of q points.

• We provide theoretical links between {PF}2ES and a
common MOBO acquisition function: multi-objective
Probability of Improvement (Yang et al., 2019; Hawe
and Sykulski, 2007), the first such analysis across
information-theoretic MOBO.

• We provide a new taxonomy of comparing different
information theoretic acquisition functions focusing on
the output space (see Section 2.3) through the uncer-
tainty calibration of the Pareto frontier.

• We demonstrate {PF}2ES’s competitive performance
against existing acquisition functions across a range of
synthetic and real-life batch optimization problems.

2 PRELIMINARIES

2.1 Multi-Objective Optimization with Unknown
Constraints

Maximize fff (xxx) = ( f1(xxx); f2(xxx); :::; fM(xxx))

s:t: (g1(xxx) ≥ 0; :::;gC(xxx) ≥ 0) := ggg(xxx) ≥ 000

xxx ∈ X ∈ Rd

(1)

We consider constrained multi-objective optimization
(CMOO) problems, formally expressed as finding the maxi-
mum of a vector value function: fff = { f1; :::; fM} : xxx → RM

in a bounded design space X ⊂ Rd that need to consider
a set of unknown constraints ggg = {g1; :::;gC} (i.e., the ana-
lytic formulation is unknown), where M and C represents

the number of objectives and constraints respectively. A
candidate xxx is feasible if ggg(xxx) ≥ 000. The optimal compari-
son of different feasible candidates is determined through
the following ranking mechanism: a feasible candidate xxx
is preferable to xxx′ in the sense that ∀ j ∈ M : f j(xxx) ≥ f j(xxx′)
and ∃ j ∈ M : f j(xxx) > f j(xxx′). This specific ranking strategy
is termed as dominance (≻) and described as fff (xxx) dom-
inates fff (xxx′): fff (xxx) ≻ fff (xxx′). A feasible candidate input xxx
is called a Pareto optimal candidate if there do not exist
any other feasible candidates in the design space that are
able to dominate it; the set containing all the Pareto opti-
mal candidates is called Pareto set and denoted as xxxF . The
goal of CMOO is to efficiently identify the feasible Pareto
frontier 1 F := { fff (xxx)|∀xxx′ ∈ X \ xxxF s:t: ggg(xxx′) ≥ 000;∃xxx ∈
xxxF s:t: fff (xxx) ≻ fff (xxx′)}, which is constructed by the Pareto
set.

2.2 Multi-Objective Bayesian Optimization

For many real-world problems, the exact form of fff and ggg is
unknown, and the evaluation of the objective functions and
constraints functions hhhxxx := { f1xxx ; :::; fMxxx ;g1xxx ; :::;gCxxx} at an
input location xxx is computationally expensive. In these set-
tings, it is crucial to restrict the total number of observations
required to find the Pareto frontier F .

In order to achieve data efficiency, BO (Frazier, 2018;
Shahriari et al., 2015; Garnett, 2022) leverages a probabilis-
tic surrogate model as a computationally efficient approxi-
mation of the original expensive objective function. Within
this research we focus our discussion on the standard Gaus-
sian Process (GP) (Rasmussen, 2003) framework. Given Ntr
expensive observations D = {{xxx}i;{hhh}i}Ntr

i=1 := {XXX tr;HHH}, a
GP is able to provide a Gaussian posterior distribution of
any not-yet-evaluated hhh. Here we follow a common and
most generic assumption that each objective (and constraint)
are statistically independent. Consequently, the posterior
distribution of i′th outcome hhhi at unknown candidate(s) xxx
is a (multivariate) Gaussian with mean and (co)variance
defined as:

mmmi(xxx|D) = kkk(xxx)T KKK−1HHH i

Vi(xxx|D) = kkk(xxx;xxx)− kkk(xxx)T KKK−1kkk(xxx)
(2)

where kkk(·; ·) represents kernel and KKK is the Gram matrix
building upon existing input XXX tr, HHH i represents the ith output
of training data. See Rasmussen (2003) for a comprehensive
introduction to GPs.

To guide the search into promising areas of the search space
and provide highly efficient optimization, BO relies on an
acquisition function that uses the posterior belief to predict

1This formulation can be easily adapted to MOO problem
without constraints ggg. Since we aim to tackle both MOO and
CMOO problems using our acquisition function, we overload F
(as well as the term Pareto frontier) to represent both feasible
Pareto frontier in CMOO and Pareto frontier in the MOO problem.
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the utility of making an evaluation at any candidate input.
The original expensive objective functions and constraints
are then evaluated at the input with the largest predicted
utility and the resulting evaluation is used to update the
surrogate model. This model updating, acquisition function
building, and objective function evaluation pattern iterates
until a prede�ned stopping criterion has been met.

2.3 Information-Theoretic Multi-Objective Bayesian
Optimization

One increasingly popular class of acquisition functions
are those based on the now well-established information-
theoretic framework. Here, we seek evaluations that pro-
vide maximal information about a giventarget quantity.
In the context of MOO, the target is to reduce our uncer-
tainty about the set of optimal (feasible) trade-offs (i.e.,
Pareto set or Pareto frontier). However, this can be for-
mulated in two distinct ways. First, we can use theinput-
space formulation(Herńandez-Lobato et al., 2016; Garrido-
Merch́an and Herńandez-Lobato, 2019) and calculate our
uncertainty over where the optimal trade-offs lie in our
search space, i.e., the Pareto set. More recently,output-
spacemethods (Belakaria and Deshwal, 2019; Belakaria
et al., 2020; Ferńandez-Śanchez et al., 2020) have been pro-
posed that seek to reduce the uncertainty in the (feasible)
Pareto frontierF directly. As the discrete Pareto frontier
is just anM � jF j-dimensional quantity in contrast to the
d � jF j-dimensional quantities in the Pareto set, the output-
space method enjoys simpler calculations and easier numer-
ical approximations ( at least whend > M). Unfortunately,
although existing output-based MOO methods are much
cheaper than their input-based alternatives (Belakaria and
Deshwal, 2019), they all employ coarse approximations that
hamper their performance and hinder their interpretation.
For example, existing approaches employ approximations
like assuming factorized conditional probability distribu-
tions (Ferńandez-Śanchez et al., 2020), or using an overdone
heuristic approximation to collapseF to its outcome-wise
max (Belakaria et al., 2021).

3 f PFg2ES FOR CONSTRAINED
MULTI-OBJECTIVE OPTIMIZATION

The goal is to determinewhere to samplexxx in order to learn
as much as possible about the Pareto frontierF ? Under
the information-theoretic framework, the act of learning
is characterized by the Shannon mutual informationI(�; �)
(Cover, 1999) between our target quantityF , and the pos-
sible distribution of the concatenated objective-constraint
observationshhhxxx according to our GP surrogate models:

I (F ;hhhxxx) (3)

Current output-space methods for information-theoretic
MOO (Belakaria et al., 2020; Suzuki et al., 2020) (i.e.,

those that seek to learn the Pareto Frontier, as discussed
in Section 2.3) recast the mutual information (Eq. 3's) as the
reduction in differential entropyH of F provided by the
candidate evaluation, i.e., using the expansionI(F ;hhhxxx) =
H(F ) � H(F jhhhxxx). Following this formulation, the primary
dif�culty is providing a reliable and ef�cient approximation
of the differential entropyH(F jhhhxxx).

3.1 A Variational Lower Bound of the Mutual
Information I(F ;hhhxxx)

For f PFg2ES we avoid the dif�culties of approximating the
differential entropy by directly approximating the mutual
information itself (Eq. 3). In particular, we follow the ideas
of (Poole et al., 2019; Takeno et al., 2022) and replace the
mutual information with the following variational lower
bound:

I (F ;hhhxxx)

=
Z

F

Z

hhhxxx

p(hhhxxx;F )log
p(hhhxxx;F )

p(hhhxxx)p(F )
dF dhhhxxx

= EF

� Z

hhhxxx

p(hhhxxxjF )log
p(hhhxxxjF )q(hhhxxxjF )

p(hhhxxx)q(hhhxxxjF )
dhhhxxx

�

= EF

hZ

hhhxxx

p(hhhxxxjF )log
q(hhhxxxjF )

p(hhhxxx)
dhhhxxx+

DKL(p(hhhxxxjF )jjq(hhhxxxjF ))
i

� EF

� Z

hhhxxx

p(hhhxxxjF )log
q(hhhxxxjF )

p(hhhxxx)
dhhhxxx

�

(4)

whereDKL represents the KL-divergence and the density
q(hhhxxxjF ) is a variational approximation of the ground truth
conditional distributionp(hhhxxxjF ). The inequality in the
�nal line of Eq. 4 is due to the non-negativity of the KL-
divergence. As the gap between the true mutual informa-
tion and our lower bound can be explicitly seen as the
KL-divergence between the variational approximation and
ground truth conditional distribution, the suitability of this
lower bound depends on our ability to build a reasonable
approximationq(hhhxxxjF ) � p(hhhxxxjF ).

We now explain how to build an effective variational approx-
imationq(hhhxxxjF ). Given a realization of the Pareto frontier
F (illustrated in Fig. 1a for an unconstrained problem), the
output spaceRM+ C can be partitioned into two complemen-
tary regionsA(F ) andA(F ), i.e.,A(F ) [ A(F ) = RM+ C

2, whereA(F ) � RM+ C is thefeasible non-dominated re-
gion ff fff xxx;gggxxxg : @xxx� 2 xxxF s:t: fff xxx� � fff xxx; gggxxx � 000g in the
output space. We then setq(hhhxxxjF ) as (an extension of the

2We note the output space is actually de�ned in a bounded
space formulated by two extreme points:ideal point andanti-
ideal pointas shown in Fig. 1a to allow a practical objective space
partition, however, inf PFg2ES we set these two extreme points
to a constant vector with large values (i.e., 1e20) and omit the
notation of them afterwards.
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(a) (b) (c)

Figure 1: Partitioning the output space (bounded by the ideal point and anti-ideal point) according to a Pareto frontier:
a) GivenF : Partitioning into a dominated regionA and an non-dominated regionA. b) Given a discrete Pareto frontier
approximation ˜F : Partitioning the output space into an approximated dominated regionÃ and non-dominated regioñA by
hypervolume based decompositionP . c) A partition of the output space given a discretized feasible Pareto frontier˜F for a
constrained optimization problem.

concept ofPareto frontier truncated normal distribution
(Suzuki et al., 2020)):

q(hhhxxxjF ) =

8
><

>:

p(hhhxxx)
ZA

hhhxxx 2 A

0 else
(5)

whereZA :=
R

A p(hhhxxx)dhhhxxx = 1� ZA is the probability ofhhhxxx
be inA, which is constructed based on the frontier realiza-
tion A(F ) . The choice of variational approximationq is
motivated by that, given a �xedF , for anyxxx;hhhxxx; we assign
q(hhhxxxjF ) = 0 for hhhxxx to be feasible and non-dominated (i.e.,
there existsxxx02 xxxF such thatfff xxx � fff (((xxx000))) andgggxxx >>> 000). This
of course assumes that we are able to obtain the expensive
observations without noise which is a common scenario
(e.g., (Vakili et al., 2020)).

By substituting our approximate conditional distribution
(Eq. 5) into Eq. 4, the variational information lower bound
has the following simple expression3

I (F ;hhhxxx) � EF

" Z

hhhxxx2A(F )
p(hhhxxxjF )dhhhxxx � log

1
ZA(F )

#

= � EF
�
log

�
1� ZA(F )

��
= a f PFg2ES:

(6)

which leads to the proposedf PFg2ES acquisition function.

Explainability of f PFg2ES: Given thef PFg2ES's expres-
sion in Eq. 6, we are able to link it with the common
Multi-Objective Probability of Improvement (MOPI) (Yang
et al., 2019; Hawe and Sykulski, 2007). MOPI is the multi-
objective version of Probability of Improvement (Kushner,
1964) and measures utility by the probability that a new can-
didate will locate in the non-dominated regionA(F ), which

3By convention (Cover, 1999)0log0 = 0 and soR
hhhxxx2A p(hhhxxxjF )logp(hhhxxxjF )dhhhxxx = 0. See Appendix A of

(Takeno et al., 2022) for a discussion.

can be constructed based on a Pareto frontierF . MOPI can
be adapted to the CMOO setting, where it can be multiplied
with a Probability of Feasibility (PoF) term (aMOPI � aPoF)
following the approach of (Hawe and Sykulski, 2008; Gard-
ner et al., 2014). This, under the assumption thatfff andggg is
statistically independent, is equivalent to the probability that
a new candidate is feasible and located in the non-dominated
region.

The link betweenf PFg2ES and MOPI can be established
through the following remark (see Appendix. A for proof):

Remark 1. The following acquisition functions lead to the
same maximal candidate xxx = arg max

xxx2X
a (xxx):

1. MOO

1.1. aMOPI usingF as Pareto frontier
1.2. a f PFg2ES with jF̃j = 1 and use the sameF as 1.1.

2. Constrained MOO when

2.1. aMOPI � aPoF usingF as reference Pareto fron-
tier

2.2. a f PFg2ES with jF̃j = 1 and use the sameF as 2.1.

whereF̃ is de�ned in Eq. 8. We note this linkage provides
insights into the empirical performance off PFg2ES as well.

4 PRACTICAL CALCULATION OF
f PFg2ES AND ITS PARALLELIZATION

Practical calculation of the variational lower bound (Eq. 6)
requires some additional steps. The primary dif�culty is
that the regionA (for any given Pareto frontierF ) does not
have an analytical form. A popular approach (Belakaria
and Deshwal, 2019; Suzuki et al., 2020; Hernández-Lobato
et al., 2016; Garrido-Merch́an and Herńandez-Lobato, 2019)
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is to use a �nite representation of the Pareto frontier˜F :=
f fff j fff 2 F g s:t: j ˜F j < ¥ . Based on ˜F , a hypervolume-
based output space partitioning strategy (Lacour et al., 2017;
Couckuyt et al., 2012), denoted asP , can be used to par-
tition the output space intoNp disjoint hypercubes, thus
obtaining an approximation ofA denoted byhypervolume
based approximated non-dominated region:

A � Ã( ˜F ) = P ( ˜F ) = f Ã1; Ã2; :::; ÃNpg (7)

which is the complement of̃A( ˜F ) := f fff xxx 2 RM j9 fff 2
˜F ; fff xxx � fff g. Such partitioning is illustrated in Fig. 1b for

unconstrained MOO problems. For CMOO problem,Ã( ˜F )
can be obtained by �rst partitioning the non-dominated re-
gion in theobjective space: RM and then concatenated with
the constraint space whereggg � 000, see Fig. 1c for an illustra-
tion.

Given Ã, we are able to reach the following analytically
tractable approximation of Eq. 6:

� EF
�
log

�
1� ZA(F )

��
� �

1
jF̃j å̃

F 2F̃

"

log

 

1�
Np

å
i= 1

ZÃi

!#

(8)

whereF̃ is a set of sampled Pareto frontiers providing a
Monte Carlo (MC) approximation of the outer expectation
in Eq. 6. We build this MC sample of̃F by using a standard
multi-objective optimization algorithm (e.g., NSGAII (Deb
et al., 2002)) on samples from the GP's spectral posterior
(also known as sampling GP posterior via its Fourier features
(Rahimi and Recht, 2007)), which is a common strategy
utilized in acquisition functions for MOO (Belakaria and
Deshwal, 2019; Suzuki et al., 2020; Daulton et al., 2022).
ZÃi

is the probability thathhhxxx is in thei0th hypercubẽAi and
can be calculated as (Suzuki et al., 2020):

ZÃi
=

M+ C

Õ
k= 1

 

F (
Ãk

iu � mmmk
xxx

sss k
xxx

) � F (
Ãk

i l
� mmmk

xxx

sss k
xxx

)

!

: (9)

whereF (�) represents the cumulative density function of
the standard normal distribution,Ãk

iu; Ãk
i l

represents thek0th
dimensional upper and lower bound of thei0th hypercube,
respectively.mmmk

xxx;sss
k
xxx represent thek0th dimensional GP pos-

terior mean and standard deviation, respectively.

Unfortunately, due to the subtlety of our employed parti-
tioning strategy, we cannot simply use the r.h.s of Eq. 8
asa f PFg2ES. In particular, the hyper-volume based parti-
tion P , operating on the �nite representatioñF , means
thatÃ is anoverestimationof the non-dominated regionA.
Therefore, we are no longer guaranteed to satisfy the lower
bound property in Eq. 6 sinceZA(F ) < ZA( ˜F ) . More impor-

tantly, calculatingf PFg2ES based on the abovẽA results in
the same empiricalclustering issueobserved in MOPI, i.e.
that the probability of improvement rewards tiny improve-
ments of the Pareto frontier approximatioñF if they are

achieved with high con�dence (Emmerich et al., 2020) (see
Appendix. B for a detailed elaboration).

In order to mitigate this clustering issue whilst ensuring
that our acquisition function remains true to its motivation
as a lower bound to the mutual information, we propose
a small change to how we construct our approximation of
A. Inspired by the common empirical strategy employed
in MOPI and PI acquisition functions ((Wang et al., 2016;
Emmerich et al., 2020; Kushner, 1964)), we introduce a
small positive penalization vectoreee = [ e1; :::;eM] to shift
the discrete Pareto frontier approximation:F̃ eee := ˜F + eee
to avoid any overestimation ofA resulting from the hyper-
volume decomposition. In Appendix. D, we show that it is
possible to construct ane that ensures that our acquisition
function remains a lower bound. However, building such
an epsilon is costly, so we also propose the practical solu-
tion of settinge through a simple heuristic that achieves
very similar empirical performance (see Appendix. D). In

particular, we set epsilon asek = c
�

max( ˜F k) � min( ˜F k)
�

8k 2 M; ˜F 2 F̃. i.e. a proportion of the maximal total varia-
tion observed over the Pareto front. We show empirically
that f PFg2ES's performance is robust to the choice ofc
through sensitivity analysis (Appendix. F). We setc = 0:04
for all our experiments.

Combining all these steps, we can �nally state our proposed
acquisition function as

ã f PFg2ES = �
1

jF̃j å̃
F 2F̃

"

log

 

1�
N

å
i= 1

ZÃi (F e)

!#

: (10)

See Algorithm 1 in Appendix. D for a high-level algorithmic
summary of our calculation strategy.

4.1 Parallelisation off PFg2ES

For many practical MOO problems, it is common to have
parallel or distributed evaluation resources available, i.e. we
recommendq> 1 evaluations during each BO step. We now
propose an extension off PFg2ES that allows it to be used
for such batch optimizations. This time, the principled ques-
tion isat whichq points should we sample simultaneously
to learn as much as possible aboutF ?

Consider the random variablehhhXXX = f hhhxxx1; :::;hhhxxxqg, i.e., the
possible observations that could arise from a parallel eval-
uation of a batch ofq points. In this scenario, we want to
allocate a batch ofq pointsX that provide the most mutual
info about the (feasible) Pareto frontier. Following the same
derivation as Eq. 4 - 6, we are able to have our proposed
extension off PFg2ES for batch design:

ãq-f PFg2ES � �
1

jF̃j å̃
F 2F̃

h
log

�
1� ZÃq( ˜F eee)

�i
; (11)

whereZÃq
:=

R
Ãq

p(hhhXXX)dhhhXXX (see Eq. 17). i.e., the proba-
bility that there exists at least one batch elementhhhxxxi 2 hhhXXX
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such thathhhxxxi 2 Ã( ˜F eee) = f Ã1( ˜F eee); :::; ÃN( ˜F eee)g. Calculat-
ing the probability ofZÃ involves a complex interaction
between joint batch points within the complex regionÃ;
we hence propose to approximate this probability through
an MC approximation (a detailed derivation is provided in
Appendix. C.1):

ZÃq

�
1

NMC

NMC

å
j= 1

 Np[

i= 1

 
q[

l= 1

 
M+ C

Õ
k= 1

�
1(Ak

i l � hhhk
xxxl j

� Ak
iu)

�
!!!

�
1

NMC

NMC

å
j= 1

0

@maxi

0

@maxl

0

@
M+ C

Õ
k= 1

0

@s (
hhhk

xxxl j
� Ak

i l

t
)�

s (
Ak

iu � hhhk
xxxl j

t
)

1

A

1

A

1

A

1

A ;

(12)
wherehhhk

xxxl j
represents thek0th output dimensionality ofj0th

MC sample ofl0th batch pointhhhxxxl , ands (�) is the sigmoid
function,NMC represents the MC sample size. To ensure
the differentiability of our acquisition function, we follow
a common strategy in BO (Wilson et al., 2018; Daulton
et al., 2020) to relax the categorical event imposed by1(�)
in the �rst line of Eq. 12 by replacing it with a sigmoid
function and a small non-negative temperature parameter
t . We note Eq. 12 can be explained as calculating the event
that whether any batch element is withinÃ, averaged
throughNMC sample numbers. For joint sampling of the
batch outcomehhhXXX, we use the reparameterization trick in
combination with a sample average approximation (SAA)
(Balandat et al., 2020) to perform a continuous acquisition
function optimization process, where the base sample of
SAA has been generated through a randomized quasi-Monte
Carlo, details of the approximation and a demonstration of
q-f PFg2ES are provided in Appendix. C.2.

We stress the existence of remark. 1 con�rms that our MC-
based parallelisation strategy (Eq. 12) can be directly ap-
plied to the MOPI acquisition function as well.

Complexity Analysis Lastly, we provide complexity analy-
sis in Appendix G, A run-time comparison with other acqui-
sition functions utilized in the next section is also conducted
in Appendix H.

5 EXPERIMENTAL VALIDATION OF
f PFg2ES

We now present the empirical performance off PFg2ES
across constrained and unconstrained synthetic benchmarks
and real-life application problems. The primary focus of
these experiments is to compare our methods with other
output-based entropy search methods, we have also included
the standard EHVI acquisition functions as a performance

reference4.

Sequential MOO problem We compare against PFES
(Suzuki et al., 2020), MESMO (Belakaria et al., 2020),
EHVI (Yang et al., 2019), PESMO (Hernández-Lobato et al.,
2016), as well as providing random search as a common
baseline.

Parallel MOO problem We compare against qEHVI
(Daulton et al., 2020),f PFg2ES with a fantasizing method
(i.e., the Kriging Believer (KB) method (Ginsbourger et al.,
2010)) and random search.

Sequential CMOO problem We compare against EHVI-
PoF (the multiplication of EHVI with PoF as a common
strategy for CMOO (e.g., Mart�́nez-Frutos and Herrero-
Pérez (2016))), MESMOC (Belakaria et al., 2021), MES-
MOC+ (Ferńandez-Śanchez et al., 2020) and random search.

Parallel CMOO problem We compare against qEHVI
(Daulton et al., 2020)5, PPESMOC (Garrido-Merchán and
Herńandez-Lobato, 2020), random Search andf PFg2ES
using a fantasize method (Ginsbourger et al., 2010).

For PESMO, MESMOC+ and PPESMOC, we used the pub-
lic implementation provided by the papers. The settings
of all acquisition functions are detailed in Appendix. E.3.
For the surrogate models, we build GPs with Matérn 5/2
kernels using maximum a posteriori estimates for the ker-
nel parameters. For optimizing the acquisition functions,
we use a multi-start L-BFGS-B optimizer starting from the
min(10� qd;100) 6 best locations from 5000 random start-
ing locations. For the hyperparameter of the acquisition
function, we empirically chooset = 1e� 3 . For sampling
the (feasible) Pareto frontier̃F , we use the open-source NS-
GAII optimizer in PyMOO (Blank and Deb, 2020), where
constraints are handled by theparameter-less approach
(Deb and Agrawal, 1999). For all our information-theoretic
acquisition functions, we use �ve sampled Pareto frontiers.
All of the following experiments start with2d+ 1 random
sampled initial points. For the recommendation of optimal
candidates, we use the out-of-sample strategy (performing
recommendation based on the GP model) as a common ap-
proach in the information-theoretic acquisition function (see
Appendix. E.2 for details).

4Our code is available athttps://github.com/
TsingQAQ/trieste/tree/PF2ES_preview_
notebook .

5We note that the EHVI acquisition function typically requires
a reference point to calculate, since the setting of reference point
can introduce bias hence performance difference, in our numeri-
cal experiments we assume sucha reference point is unknown
beforehand and need to be calculated dynamically in each iter-
ation, we refer to Appendix. E.1 on how such a reference point is
speci�ed.

6The upper limit is set to restrict the computation cost of multi-
start L-BFGS-B grow continuously withq andd, especially for
higher input dimensionality and large batch size, see Fig. 12 in
Appendix H.
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Figure 2: Uncertainty Calibration of inferred Pareto Frontier during BO iterations.

First, we consider a suite of popular synthetic benchmarks.
Details of the benchmark functions, the reference point set-
tings, and benchmark results on in-sample recommendations
are provided in Appendix. E.1, I.1 respectively.

5.1 Uncertainty Calibration of Inferred Pareto
Frontier

To help discern betweenf PFg2ES and other information-
theoretic acquisition functions that choose points with the
overarching goal of reducing uncertainty in the Pareto fron-
tier, it is natural to include a performance metric that directly
measures this property.

Therefore, inspired by an approach in active learning (Qing
et al., 2021), we propose an uncertainty calibration pro-
cedure on ahypervolume based Pareto frontier indicator
distribution that re�ects the uncertainty of GPs w.r.t the
Pareto frontier. More speci�cally, the hypervolume indi-
cator functionI(�) (Guerreiro et al., 2020) is applied to
each sampled Pareto frontier̃F from the GPs. This way,
a one-dimensional distribution of hypervolume indicators
is obtained. Note that if the sampled Pareto frontiers have
converged to the (�nite approximation of the) Pareto frontier
F , the distribution will collapse to the hypervolume indi-
cator of the (�nite approximation of the) Pareto frontierF .
Hence, the expectation and uncertainty of the hypervolume
based Pareto frontier indicator distribution can serve as a
representation of the Pareto frontier estimation accuracy as
well as the uncertainty based on GPs, respectively.

The proposed uncertainty calibration metric is illustrated
in Fig. 2. For each BO iteration, the Pareto frontier indi-
cator distributionI( ˜F (GP)) is approximated by 10 MC
samples of ˜F and we present the aggregate results across
30 repetitions of experiments by their median and 10-90
percentile. It can be seen thatf PFg2ES achieved the fastest

convergence to the reference hypervolume, implying low
uncertainty about the Pareto frontier indicator distribution.

5.2 Multi-Objective Bayesian Optimization

Synthetic Problems

We now present our main experimental results. The log-
hypervolume difference achieved across 30 repetitions for
each algorithm is reported in Fig. 3. We see thatf PFg2ES
leads to competitive performance in both MOO and CMOO
problems in the case of sequential and batch sampling. Note
that the performance of EHVI, often regarded as the gold
standard, relies on setting a reasonable reference point. For
problems where there is no prior information known about
the reference point location, dynamic reference updating
strategies must be used. For example, EHVI performs
poorly on C2DTLZ2 which has disjoint Pareto frontiers
(Deb, 2019). Additional experimental results on larger batch
sizes and larger output dimensionalities are provided in Ap-
pendix. I.2 and I.3 respectively.

Four BarTruss Design

We consider a real-life mechanical design problem (MOO)
(Tanabe and Ishibuchi, 2020; Dauert, 1993), where we seek
a four elastic truss structure system with small structure vol-
ume whilst having small deformation under external forces.
The cross-section areas of the four bars in the truss system
are chosen as the design variables for the unconstrained
multi-objective optimization problem. Note the scale of the
two objectives is signi�cantly different for this problem.

The results are depicted in Fig. 4. For the sequential
case,f PFg2ES demonstrates the overall fastest convergence
speed. While all acquisition functions tend to have similar
performance in the batch scenario.




