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Abstract

We study the fundamental problem of selecting
optimal features for model construction. This
problem is computationally challenging on large
datasets, even with the use of greedy algorithm
variants. To address this challenge, we extend
the adaptive query model, recently proposed for
the greedy forward selection for submodular func-
tions, to the faster paradigm of Orthogonal Match-
ing Pursuit for non-submodular functions. The
proposed algorithm achieves exponentially fast
parallel run time in the adaptive query model,
scaling much better than prior work. Further-
more, our extension allows the use of downward-
closed constraints, which can be used to encode
certain fairness criteria into the feature selection
process. We prove strong approximation guaran-
tees for the algorithm based on standard assump-
tions. These guarantees are applicable to many
parametric models, including Generalized Linear
Models. Finally, we demonstrate empirically that
the proposed algorithm competes favorably with
state-of-the-art techniques for feature selection,
on real-world and synthetic datasets.

1 Introduction

We study the fundamental problem of selecting a few fea-
tures out of many for a given modeling problem, while sat-
isfying additional side constraints. This setup can be used
to encode certain notions of fairness in feature selection in a
principled way.1 Formally, given a function l : Rn → R>0

1In this paper, we consider several fairness constraints proposed
in the literature, but there may be other notions of fairness which
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expressing the goodness of fit, we search for a set of features
S maximizing the function

f(S) := l(β(S))− l(0). (1)

Here, 0 represents the n-dimensional zero vector, and β(S)

is a vector maximizing l(·) with support in S. If we de-
note by I the set of all solution sets that satisfy the side
constraints, then the feature selection optimization problem
with side constraints can be formalized as

argmax
S⊆[n] : S∈I

f(S) = argmax
S⊆[n] : S∈I

l(β(S))− l(0), (2)

where [n] is the index set of all the features. Often, I
corresponds to an r-sparsity constraint, i.e., a solution S is
feasible if it contains at most r features.

Several algorithms have been proposed for feature selec-
tion under sparsity constraints. Some examples include
forward step-wise selection methods (Elenberg et al., 2018;
Qian and Singer, 2019), the Orthogonal Matching Pursuit
(Needell and Tropp, 2010; Elenberg et al., 2018; Sakaue,
2020), forward-backward methods (Jalali et al., 2011; Liu
et al., 2014), Pareto optimization (Qian et al., 2015, 2020),
Exponential Screening (Rigollet and Tsybakov, 2010), and
gradient-based methods (Jain et al., 2014; Yuan et al., 2017).
These algorithms, however, are computationally inefficient
on large datasets. Furthermore, there are a limited number
of studies that take into account additional side constraints
(e.g. matroids (Chen et al., 2018; Gatmiry and Gomez-
Rodriguez, 2018)), which can be crucial when deploying
machine learning systems in the real world.

Recently, there has been a growing effort towards develop-
ing fair algorithms for many fundamental problems, such
as regression and classification (Zafar et al., 2017b; Kim
et al., 2018; Feldman et al., 2015; Agarwal et al., 2018;
Grgic-Hlaca et al., 2018b), matching (Chierichetti et al.,
2019), and summarization Halabi et al. (2020). Several
definitions of fairness can be incorporated in the learning
process as additional side constraints (Grgic-Hlaca et al.,

do not fall within our theoretical framework.



Fast Feature Selection with Fairness Constraints

2018b,a; Grgic-Hlaca et al., 2016; Chierichetti et al., 2019;
Halabi et al., 2020; Zafar et al., 2017b; Woodworth et al.,
2017; Donini et al., 2018; Agarwal et al., 2018, 2019). Mo-
tivated by this line of research, we consider the following
question: How can we efficiently perform feature selection,
while taking into account additional constraints such as
fairness?

We address this question by proposing a novel algorithm that
combines the paradigms of matching pursuit together with
the adaptive query model for the problem (2). This algo-
rithm is much faster than previously known techniques. At
the same time, it allows to incorporate certain notions of fair-
ness in the learning process, via a reduction to the p-system
side constraints (see Jenkyns (1976) and Section 2.2).
We recognize that quantifying the full meaning of the notion
of fairness with its societal context, as understood by human
beings, may be hard to achieve through mathematical for-
malism alone (Selbst et al., 2019). Indeed, p-systems may
not explicate all current or future codifications of fairness.
Our claim is not to solve the problem of fairness itself, but
rather to provide a theoretically sound framework for some
of its currently accepted manifestations, with the hope of
serving as a blueprint for further developments along similar
lines.
Optimization problems as in (2) under general side con-
straints are computationally challenging in practice. A ma-
jor bottleneck lies in the evaluation of β(S) for a given set
S, since this operation requires to re-train the model onto
every candidate set S. Another challenge is enforcing the
side constraint I that encodes the selection criteria, except
in the trivial cases where the protected classes are known a
priori (Beutel et al., 2019; Lahoti et al., 2020). Our proposed
algorithm is efficient with respect to these challenges.

Our Contribution. We propose a novel matching pursuit
algorithm for the constrained feature selection problem (2).
This algorithm uses oracle access to the gradient ∇l(β(S)),
and to an oracle for the evaluation of the feasibility of an
input solution set. The feasibility oracle is well-aligned with
previous related work (Elenberg et al., 2018; Sakaue, 2020).
Our algorithm is based on a general technique called adap-
tive sequencing, that was recently proposed for submodular
functions Balkanski et al. (2019); Breuer et al. (2020). How-
ever, previously proposed adaptive sequencing algorithms
fail on problem (2), as shown in Appendix A. On the other
hand, our algorithm converges after poly-logarithmic rounds
in the adaptive query model. In each round, calls to the or-
acle functions can be performed in parallel, resulting in a
dramatic speed-up.
The main technical contributions of this paper are two-fold:
(i) we extend the adaptive query model to a class of non-
submodular objectives using the paradigm of gradient based
pursuit algorithms; (ii) we incorporate general downward-
closed constraints in the optimization process beyond the
standard sparsity constraints. Our main result can be stated

as follows.

Theorem 1.1 (informal). Denote with OPT the global maxi-
mum of the function f(·) as in (2). There exists a randomized
algorithm that outputs a set of features S∗ such that

E[f(S∗)]
OPT

≥ 1

1 + p

�
1− exp

�
−α(1− ε)2

	�
,

for tolerance 0 < ε < 1. Here, p is a parameter that de-
pends on I , and α is a parameter that depends on l(·). For n
total number of features, this algorithm uses O

�
ε−2 log n

�
rounds of calls to ∇l(β(S)). Furthermore, this algorithm
uses expectedO

�
ε−2
√
r log n

�
rounds of calls to the oracle

for the feasibility of an input solution set, where r is the size
of the largest feasible solution.

To the best of our knowledge, our algorithm is the fastest
known algorithm for the general setting of maximizing non-
submodular functions with side constraints, with provable
guarantees and strong empirical performance (see Section 5).
Qian and Singer (2019) propose another algorithm for maxi-
mizing non-submodular functions that converges after poly-
logarithmic rounds. However, their algorithm cannot handle
general side constraints I beyond sparsity by design. Hence,
the algorithm of Qian and Singer (2019) is unsuitable for
more complex applications such as learning with fairness
constraints Grgic-Hlaca et al. (2018b). Furthermore, for
the standard r-sparsity constraint, we improve upon their
approximation guarantee (see Theorem 4.1).

Technical Overview. In our analysis, we face two ma-
jor technical challenges. The first challenge is that of re-
purposing the adaptive sequencing for functions that are not
submodular, without a significant loss in the approximation
guarantee. Adaptive sequencing has been so far employed
only for maximizing submodular functions. Interestingly, it
is known that standard adaptive sampling techniques do not
guarantee constant factor approximation for functions with
weak diminishing returns, which are typically invoked for
feature selection theoretical studies (Elenberg et al., 2018).
The second challenge consists of integrating a constrained
selection process based on orthogonal projections in the
above adaptive sequencing framework. Common objective
functions for feature selection do not have certain desir-
able properties (e.g., an antitone gradient) and the standard
analysis for adaptive sequencing fails in our setting. To
resolve these issues, we build upon the work of Elenberg
et al. (2018) to establish a connection between gradient eval-
uations of functions that are restricted strong concave, and
their marginal contributions to the optimization cost. This
connection allows us to bound the gradient evaluations in
terms of a discrete function, which is in turn used in the
analysis to obtain the desired approximation guarantees. See
Theorem 4.1 for the formal result and Appendix G for the
proof.
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2 Preliminaries

Notation. We denote withn the number of features, i.e.,
the dimension of the domain ofl(�), and we de�ne[n] :=
f 1; 2; : : : ; ng. For anys 2 [n], we denote withes the unit
vector, with a1 for the coef�cient indexed bys, and0
otherwise. Feature sets are represented by sans script fonts,
i.e.,S; T. Vectors are represented by lower-case bold letters
asx , y , � and matrices are represented by upper-case bold
letters, i.e.,X , Y , � . For a feature setS, we denote with
� (S) a vector maximizingl(�) with non-zero entries indexed
by the setS. For a feature setT and a parameter vector� ,
we de�ner l(� )T := hr l(� );

P
s2 T es i . We denote with

OPTthe optimal value attained by the functionf (�) as in(2).
We denote withI thep-system side constraint, and withr
its rank, as de�ned in Section 2.1. The notationCond(T)
denotes the setf s 2 [n] n T : T [ f sg 2 Ig .

2.1 Problem Formulation

We study optimization tasks as in the problem(2) under
some additional assumptions onl(�), which are often satis-
�ed in practical applications (see Appendix C). De�ne an
r -sparse subdomain as a set of the form
 r := f (x ; y ) 2
Rn � Rn : kx k0 � r; kyk0 � r; kx � yk0 � r g. We now
de�ne the notions of Restricted Strong Concavity (RSC)
and Restricted Smoothness (RSM) of a function.

De�nition 2.1 (RSC, RSM (Negahban et al., 2010)). A
functionl(�) is said to be restricted strong concave (RSC)
with parameterm and restricted smooth (RSM) with pa-
rameterM on a subdomain
 r iff, for all (x ; y ) 2 
 r it
holds that� m

2 ky � x k2 � l (y ) � l (x ) �hr l (x ); y � x i �
� M

2 ky � x k2.

We say thatl is (M; m )-(smooth, restricted concave), if it
ful�lls the conditions as in De�nition 2.1 with parametersM
andm. RSC/RSM often hold in practice, we refer the reader
to Appendix C for further discussion of these properties.

We model the side constraints asp-systems. In order to give
an axiomatic de�nition ofp-systems, we introduce addi-
tional terminology. Given a collection of feasible solutions
I over a ground set[n] and a setT � [n], we denote with
I j T , the restricted feasible solution set, as the collection
consisting of all setsS � T s.t. S 2 I . We de�neCond(T)
as the set of alls 2 [n] n T such thatT [ f sg 2 I . A setT
is a maximal independent set if it holds thatCond(T) = ;
A base forI is any maximal setT 2 I .

De�nition 2.2 (p-Systems (Jenkyns, 1976)). A p-systemI
over[n] is a collection of subsets of[n] such that: (i); 2 I ;
(ii) for any two setsS � T � [n], if T 2 I thenS 2 I ;
(iii) for any setT � [n] and any basesS; U 2 I j T it holds
jSj � p jUj.

The second de�ning axiom is commonly referred to as
subset-closure or downward-closed property. The rankr of

ap-systemI is de�ned as the maximum cardinality of any
feasible solutionT 2 I .

Armed with these de�nitions, we can re-visit Problem 2 with
additional assumptions, where the set of feasible solutions
I is a p-system, andl(�) is restricted strong concave and
smooth. Our problem formulation is a strict generalization
of previous related works (Elenberg et al., 2018; Sakaue,
2020; Chierichetti et al., 2019) which considered ther -
sparsity constraints encoded asI := f T � [n] : jTj � r g,
a special case of the more generalp-system constraints.
Further,p-systems are also a strict generalization of the
matroid-type constraints considered in submodular litera-
ture (Chen et al., 2018; Gatmiry and Gomez-Rodriguez,
2018).

2.2 Embedding Fairness viap-Systems

In our framework, ap-systemI enumerates which sets of
features are considered “fair”. That is, a set of featuresS
is acceptable as fair if and only ifS 2 I . Our framework
is very �exible, and it comprises many constraints used
to enumerate notions of fairness (see, e.g., Section 4 by
Chierichetti et al. (2019) and Section 2 by Grgic-Hlaca et al.
(2018b)). Non-trivial examples ofp-systems side constraints
are also found in the context of data summarization (Mirza-
soleiman et al., 2016; Feldman et al., 2017; Mirzasoleiman
et al., 2018; Quinzan et al., 2021). We now describe how
well-established notions of fairness can also be embedded
as ap-systemI .

Procedural fairness metrics:Procedural fairness focuses
on selecting features based on perceived fairness as envi-
sioned by human beings during the decision-making process,
rather than on the fairness of the outcome. It is measured by
gauging “the degree to which people consider various fea-
tures to be fair” Grgic-Hlaca et al. (2016). This is in contrast
to measuring fairness of theoutcomesof such decisions, for
example, by down weighing decisions that affect users of
protected groups (e.g., race, gender).
In this work, we consider measures for procedural fair-
ness studied by Grgic-Hlaca et al. (2016) and Grgic-Hlaca
et al. (2018b). However, our framework is not speci�c
to these de�nitions. These measures consist of monotone
set functionsh : 2[n ] ! [0; 1]. For an input feature set
T � [n], the valueh(T) quanti�es the perceived fairness of
T, with h(T) = 0 corresponding to maximum fairness and
h(T) = 1 corresponding to maximum unfairness. We can
take a speci�c example, whereh(�) is thefeature-apriori
unfairness Grgic-Hlaca et al. (2016). For a given feature
s 2 [n], denote withUs the set of users that perceive a fea-
ture to be fair. For a set of featuresT � [n], Grgic-Hlaca
et al. (2016) de�ne the feature-apriori unfairness as

h(T) := 1 �

�
�T

s2 T Us
�
�

jUj
:
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Sets of featuresT � [n] are selected only if the valueh(T)
is below a certain threshold. Given a monotone set func-
tion h as described above, we can enumerate “fair” sets of
features asI �

acc:= f T 2 [n] : h(T) � � g. Here,� 2 [0; 1]
is a user-de�ned parameter, which determines the trade-off
between fairness and accuracy. Since we requireh(�) to be
monotone, theI �

accsatis�es the downward closed property
and it is ap-system (see De�nition 2.2). The similar notions
of feature-disparity fairness and feature-accuracy fairness
can be embedded asp-systems in a similar fashion. While
procedural fairness may not imply fairness of the outcome,
it has been observed that in some cases procedurally fair
feature sets maintain good outcome fairness Grgic-Hlaca
et al. (2016); Grgic-Hlaca et al. (2018b).

Feature partitions: Our proposed approach also includes
as a special case the framework proposed by Celis et al.
(2018). Here, features are grouped into disjoint clusters
[n] = X1 [ � � � [ X` . The constraints are speci�ed using
� j which encodes the maximum number of features that
can be selected from clusterXj . In other words, feature
setsT � [n] are feasible if the number of data-points in-
tersecting a classXj does not exceed the corresponding
threshold� j . Formally, we de�ne the set of constraints
I �

cl := f T � [n] : jT \ Xj j � � j 8j 2 [`]g. This set of
constraints is amatroid, which is ap-system withp = 1 .
A generalization of the aforementioned partition matroid
was considered by Halabi et al. (2020). For each ele-
ment in any partition setXj , we are given a lower- and
an upper-bound on the number of elements that can be
selected from this set. Bounds are denoted by` j and
uj respectively. The set of constraints can be written as
I p := f T � [n] : ` j � j T \ Xj j � cj 8j 2 [`]g. This set of
constraints is, in general, not ap-system. However, Halabi
et al. (2020) show that one can consider a relaxation of the
constraint setI p :=

�
T � [n] : T � S for any setS 2 I p

	
,

which is equivalent from the optimization perspective. Any
monotone optimization objective (as in(1)) yields the same
solution sets onI p andI p. The set of constraintsI p is a
matroid, i.e., ap-system withp = 1 (Edmonds, 1970).

2.3 The Computational Model

We assume access to an oracle that returnsr l(� (T) ), for a
given input setT. Elenberg et al. (2018) highlight the bene-
�ts of using this oracle model for feature selection, since ac-
cess to the gradient is available from the inner optimization.
In the case of a linear model, the gradientr l (� (T) ) can be
easily estimated for various metricsl expressing the good-
ness of �t. For instance, ifl is the log-likelihood function,
then the gradient can be computed in explicit form. For more
complex models, stochastic lower-bounds oflogP� ( S) (x )
can be used, and then differentiated (Bamler et al., 2017;
Nowozin, 2018). Similar considerations hold for other met-
rics, such as theR2 objective (Elenberg et al., 2018). We
also assume access to the independence oracle of the under-

Algorithm 1: FASTOMP

1 S  ; ;
2 while the number of iterations is less than" � 1 and

Cond(S) 6= ; do
3 X  f s 2 [n] : f sg [ S 2 Ig ;
4 t  (1 � " ) m

jTjM kr l(� (S) )T k2
2 with T � X

maximizingkr l(� (S) )T k2
2 s.t. jTj � r ;

5 while X 6= ; and Cond(S) 6= ; do
6 f a1; a2; : : : ; ak g  RNDSEQ (X; S) and de�ne

Sj  S[ f a1; : : : ; aj g;
7 observeXj  f s 2 X: hr l(� (Sj ) ); es i 2 �

t ands 2 Cond(Sj )g;
8 j �  min j f j : jXj j < (1 � " ) jXjg;
9 X  Xj � andS  Sj � ;

10 end
11 end
12 return S;

lying p-systemI . The independence oracle takes as input
a setT, and it returns as output a Boolean value, true if
T 2 I and false otherwise. This oracle is often assumed
for optimizing functions overp-systems (Mirzasoleiman
et al., 2016; Quinzan et al., 2021). Our method also works
assuming access to a rank oracle, or a span oracle. We refer
the reader to (Chekuri and Quanrud, 2019) for a description
of these oracle models.

We evaluate performance using the notion of adaptivity. The
adaptivity refers to the number of sequential rounds of the
algorithm, wherein polynomial number of parallel queries
are made in each round (Balkanski and Singer, 2018). For-
mally, given an oraclef , an algorithm isr -adaptive if every
queryq to the oraclef occurs at a roundi 2 [r ] such that
q is independent of the answersf (q0) to all other queries
q0 at roundi . This notion is closely related to the Parallel
Random Access Machines (PRAM) model, as shown in Ap-
pendix D. We evaluate empirical speedup by the adaptivity
of the oracle to evaluater l(� (T) ). We also evaluate the
adaptivity of the independence oracle for thep-systemI .

3 Algorithmic Overview

Our algorithm, which we callFASTOMP, is presented in
Algorithm 1. This algorithm is based on a technique called
adaptive sequencing (Balkanski et al., 2019; Breuer et al.,
2020), which was recently proposed for highly scalable
maximization of submodular functions.
Say X is the complete set of candidate features, and
S is the current solution. Starting fromS  ; , the
FASTOMP iteratively generates a random sequence of fea-
turesf a1; a2; : : : ; ak g with the RNDSEQ sub-routine (de-
tails in Appendix E), such that the setf a1; a2; : : : ; ak g [ S
is a maximal independent set ofI . After a sequence is
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generated, theFASTOMP identi�es a pre�x f a1; : : : ; aj � g
that is added to the current solution. The indexj � de�ning
this pre�x is chosen such that it holdsjXj j � (1 � " ) jXj,
for all 0 � j < j � . This inequality ensures that any point
added to the current solution yieldshr l(� (S) ); es i 2 � t in
expected value. Finally, the ground setX is updated as to
include only those points that yield a good improvement to
the new solution. TheRNDSEQ sub-routine used to generate
f a1; a2; : : : ; ak g corresponds to Algorithm A by Karp et al.
(1988). Here,k is the size of the independent set returned
in the current iteration.

Adaptive sequencing via matching projections.Our pro-
posed algorithm differs from previous adaptive sequencing
techniques, since it does not use queries to the functionf
as de�ned in(1). Instead, our algorithm uses oracle ac-
cess to the functionr l(� (S) ), and featuress 2 [n] are
added to the current solution if it holdshr l(� (Sj ) ); es i � t
in expected value, witht a threshold updated during run
time. As such, our approach extends the applicability of
adaptive sequencing to gradient-based pursuit methods, as
opposed to the standard value-oracle based methods in ear-
lier works. Finding optimal solutions with this technique
requires much less computation than the previous approach
(Balkanski et al., 2019), by which pointss are selected if it
holdsf (Sj [ f sg) � t. This is because it is usually much
faster to compute an inner product, than evaluatingf (�) for
every candidateS.

Implicit estimates of OPT. All algorithms based on adap-
tive sampling techniques proposed so far require an estimate
of OPT, the value of the optimal solution set. This value
is typically not known a priori. To circumvent this prob-
lem, previous algorithms perform multiple runs for various
guesses ofOPT(Breuer et al., 2020), or they use additional
preprocessing steps (Fahrbach et al., 2019). Our algorithm
has the signi�cant advantage thatOPTis estimated implic-
itly. For a functionl(�) that is(m; M )-(smooth, restricted
concave), we have thatmaxf T : jT j� kg kr l(� (S) )T k2

2 �
2m (OPT� f (S)) . A proof of this result is deferred to Ap-
pendix G, and it is based on Elenberg et al. (2018). Hence,
theFASTOMP estimatesOPTwith a single oracle valuation,
and it does not require multiple runs or preprocessing steps.

Finding the setXj � . Common optimization functionsl(�)
for feature selection lack certain desirable properties, such
as an antitone gradient. Hence, in contrast to the submodular
case, the sequencefj Xj jgj as in Line 7 of Algorithm 1 is not
monotonic. For this reason, it is not possible to estimate the
indexj � with a binary search, as other adaptive sequencing
algorithms do (Breuer et al., 2020). We requireO (r ) phases
of re-training to estimatej � , whereas the general adaptive
sequencing technique would requireO (rn ) phases of re-
training (Balkanski et al., 2019), due to the different oracle
model.

4 Approximation Guarantees

In this section, we study the approximation guarantees for
Algorithm 1, when solving Problem (2).

Theorem 4.1. De�ne the support selection functionf (�) as
in (1), for the given functionl(�) that is (M,m)-(restricted
smooth, restricted strong concave), on the sparse sub-
domain
 2r . Consider ap-systemI of rank r over [n],
and letS� be the output of Algorithm 1 whileOPTis the
optimum solution set for the Problem 2. Then,

E [ f (S� ) ]
OPT

�
1

1 + p

�
1 � exp

�
� (1 � " )2 m3

M 3

��
;

for all 0 < " < 1. Furthermore, in the speci�c case whenI
is r -sparsity constraint over[n], then,

E [ f (S� ) ]
OPT

�
�

1 � exp
�

� (1 � " )2 m2

M 2

��
:

A full proof of this theorem is deferred to Appendix G.
We remark that, ifI is ar -sparsity constraint, then the ap-
proximation guarantee of Theorem 4.1 is asymptotically
better than the guarantee attained by other parallel algo-
rithms for this problem, such as theDASH (Qian and Singer,
2019). Speci�cally, as proven in Theorem 1 by Qian
and Singer (2019), theDASH yields an approximation of
1 � expf m4=M 4g � " on this problem. Furthermore, the
DASH cannot handle generalp-system side constraints.
The parameterp in Theorem 4.1 is always upper-bounded
by the maximum number of featuresr that we wish to select
for model construction. This upper-bound still holds if one
assumes additional underlying fairness constraints. Addi-
tional assumptions on thep-system may yield an improved
bound onp. Finally, previous related work Halabi et al.
(2020) reduces some fairness constraints to a matroid, in
which case our analysis applies withp = 1 . We also provide
bounds for the run time of the FASTOMP as follows.

Theorem 4.2. Algorithm 1 terminates afterO
�
" � 2 logn

�

rounds of calls to the oracle function, and it uses at most
O

�
" � 2r logn

�
oracle queries. Furthermore, Algorithm 1

requires expectedO
�
" � 2p

r logn
�

independent calls to the
oracle for thep-systemI , and the total expected number of
calls to the oracle for thep-systemI is O

�
" � 2nr logn

�
.

The proof of Theorem 4.2 is deferred to Appendix H. The
estimates on the rounds of adaptivity extends to thePRAM

model. If we denote withdl the depth required to eval-
uate the oracle function on a set, then theFASTOMP has
O

�
" � 2dl logn

�
depth. Note that the rounds of independent

calls to the oracle are sub-linear, but not poly-logarithmic
in the problem size. The reason is that theRNDSEQ sub-
routine requires expectedO (

p
n) rounds of independent

calls to the oracle for thep-system (see Appendix E).
Some authors have proposed non-adaptive techniques for
feature selection. IfI is anr -sparsity constraint, then Elen-
berg et al. (2018); Sakaue (2020) provide an algorithm that




	Introduction
	Preliminaries
	Problem Formulation
	Embedding Fairness via -Systems
	The Computational Model

	Algorithmic Overview
	Approximation Guarantees
	Experiments
	BenchmarksWe parallelize all algorithms for fair comparison.
	Results

	Conclusion and Ethics Discussion
	Motivating Example
	Weak Submodularity
	Restricted Strong Concavity and Smoothness for Feature Selection
	Restricted Strong Concavity and Smoothness of the Log-Conditional
	Restricted Strong Concavity and Smoothness of the  Objective

	Adaptivity and the pram Model
	The  Sub-Routine
	Parameter Tuning for Algorithm 1
	Proof of Theorem 4.1
	Preliminary Results
	If Algorithm 1 Outputs a Maximum Independent Set
	If Algorithm 1 Terminates after -1 Iterations

	Proof of Theorem 4.2
	Feature selection on Non-volatile Memory (NVM)
	The ProPublica COMPAS Dataset

