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Abstract

We study the fundamental problem of selecting
optimal features for model construction. This
problem is computationally challenging on large
datasets, even with the use of greedy algorithm
variants. To address this challenge, we extend
the adaptive query model, recently proposed for
the greedy forward selection for submodular func-
tions, to the faster paradigm of Orthogonal Match-
ing Pursuit for non-submodular functions. The
proposed algorithm achieves exponentially fast
parallel run time in the adaptive query model,
scaling much better than prior work. Further-
more, our extension allows the use of downward-
closed constraints, which can be used to encode
certain fairness criteria into the feature selection
process. We prove strong approximation guaran-
tees for the algorithm based on standard assump-
tions. These guarantees are applicable to many
parametric models, including Generalized Linear
Models. Finally, we demonstrate empirically that
the proposed algorithm competes favorably with
state-of-the-art techniques for feature selection,
on real-world and synthetic datasets.

1 Introduction

We study the fundamental problem of selecting a few fea-
tures out of many for a given modeling problem, while sat-
isfying additional side constraints. This setup can be used
to encode certain notions of fairness in feature selection in a
principled WayP_-] Formally, given a function [ : R® — R

'In this paper, we consider several fairness constraints proposed
in the literature, but there may be other notions of fairness which
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expressing the goodness of fit, we search for a set of features
S maximizing the function

£(S) =1(B®) - 1(0). (1)

Here, 0 represents the n-dimensional zero vector, and 3 ®)
is a vector maximizing {(-) with support in S. If we de-
note by Z the set of all solution sets that satisfy the side
constraints, then the feature selection optimization problem
with side constraints can be formalized as

argmax f(S) = argmax 1(3®) —1(0), (2
SC[n]: SET SCl[n]: SET

where [n] is the index set of all the features. Often, 7
corresponds to an r-sparsity constraint, i.e., a solution S is
feasible if it contains at most r features.

Several algorithms have been proposed for feature selec-
tion under sparsity constraints. Some examples include
forward step-wise selection methods (Elenberg et al., [2018;
Qian and Singer, 2019), the Orthogonal Matching Pursuit
(Needell and Tropp, [2010; [Elenberg et al., 2018}; [Sakaue,
2020), forward-backward methods (Jalali et al., 2011} [Liu
et al.| 2014)), Pareto optimization (Qian et al., [2015] |2020),
Exponential Screening (Rigollet and Tsybakov}, [2010)), and
gradient-based methods (Jain et al., 2014} Yuan et al., 2017).
These algorithms, however, are computationally inefficient
on large datasets. Furthermore, there are a limited number
of studies that take into account additional side constraints
(e.g. matroids (Chen et al 2018; |Gatmiry and Gomez-
Rodriguez, [2018)), which can be crucial when deploying
machine learning systems in the real world.

Recently, there has been a growing effort towards develop-
ing fair algorithms for many fundamental problems, such
as regression and classification (Zafar et al., |2017bj, |[Kim
et al.l 2018} [Feldman et al.l 2015} |Agarwal et al.| 2018
Grgic-Hlaca et al., [2018b)), matching (Chierichetti et al.}
2019), and summarization Halabi et al.| (2020). Several
definitions of fairness can be incorporated in the learning
process as additional side constraints (Grgic-Hlaca et al.|

do not fall within our theoretical framework.
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2018bla; |Grgic-Hlaca et al., 2016} |Chierichetti et al.| 2019
Halabi et al., [2020; (Zafar et al.l 2017b; |[Woodworth et al.|
2017;Donini et al., 2018} |Agarwal et al.,|2018/2019). Mo-
tivated by this line of research, we consider the following
question: How can we efficiently perform feature selection,
while taking into account additional constraints such as
fairness?

We address this question by proposing a novel algorithm that
combines the paradigms of matching pursuit together with
the adaptive query model for the problem (2). This algo-
rithm is much faster than previously known techniques. At
the same time, it allows to incorporate certain notions of fair-
ness in the learning process, via a reduction to the p-system
side constraints (see Jenkyns|(1976) and Section .

We recognize that quantifying the full meaning of the notion
of fairness with its societal context, as understood by human
beings, may be hard to achieve through mathematical for-
malism alone (Selbst et al., 2019)). Indeed, p-systems may
not explicate all current or future codifications of fairness.
Our claim is not to solve the problem of fairness itself, but
rather to provide a theoretically sound framework for some
of its currently accepted manifestations, with the hope of
serving as a blueprint for further developments along similar
lines.

Optimization problems as in (2)) under general side con-
straints are computationally challenging in practice. A ma-
jor bottleneck lies in the evaluation of ﬁ(s) for a given set
S, since this operation requires to re-train the model onto
every candidate set S. Another challenge is enforcing the
side constraint Z that encodes the selection criteria, except
in the trivial cases where the protected classes are known a
priori (Beutel et al.,2019;|Lahoti et al.,[2020). Our proposed
algorithm is efficient with respect to these challenges.

Our Contribution. We propose a novel matching pursuit
algorithm for the constrained feature selection problem Q
This algorithm uses oracle access to the gradient Vl(ﬁ( )
and to an oracle for the evaluation of the feasibility of an
input solution set. The feasibility oracle is well-aligned with
previous related work (Elenberg et al., [2018; |Sakaue, [2020).
Our algorithm is based on a general technique called adap-
tive sequencing, that was recently proposed for submodular
functions |Balkanski et al.|(2019)); Breuer et al.|(2020). How-
ever, previously proposed adaptive sequencing algorithms
fail on problem (2)), as shown in Appendix [A] On the other
hand, our algorithm converges after poly-logarithmic rounds
in the adaptive query model. In each round, calls to the or-
acle functions can be performed in parallel, resulting in a
dramatic speed-up.

The main technical contributions of this paper are two-fold:
(i) we extend the adaptive query model to a class of non-
submodular objectives using the paradigm of gradient based
pursuit algorithms; (ii) we incorporate general downward-
closed constraints in the optimization process beyond the
standard sparsity constraints. Our main result can be stated

as follows.

Theorem 1.1 (informal). Denote with OPT the global maxi-
mum of the function f(-) asin (2). There exists a randomized
algorithm that outputs a set of features S* such that

E[f(S)] . 1

1-— —a(l —e¢)?
T ZTxp Lo ell-e

for tolerance 0 < ¢ < 1. Here, p is a parameter that de-
pends onZ, and « is a parameter that depends on l(-). Forn
total number of features, this algorithm uses © ¢~ 2logn

rounds of calls to V1 (B(S)). Furthermore, this algorithm
uses expected O e~2/rlogn rounds of calls to the oracle
for the feasibility of an input solution set, where r is the size
of the largest feasible solution.

To the best of our knowledge, our algorithm is the fastest
known algorithm for the general setting of maximizing non-
submodular functions with side constraints, with provable
guarantees and strong empirical performance (see Section[5).
Qian and Singer| (2019) propose another algorithm for maxi-
mizing non-submodular functions that converges after poly-
logarithmic rounds. However, their algorithm cannot handle
general side constraints Z beyond sparsity by design. Hence,
the algorithm of |Qian and Singer| (2019) is unsuitable for
more complex applications such as learning with fairness
constraints (Grgic-Hlaca et al.| (2018b). Furthermore, for
the standard r-sparsity constraint, we improve upon their
approximation guarantee (see Theorem [.T)).

Technical Overview. In our analysis, we face two ma-
jor technical challenges. The first challenge is that of re-
purposing the adaptive sequencing for functions that are not
submodular, without a significant loss in the approximation
guarantee. Adaptive sequencing has been so far employed
only for maximizing submodular functions. Interestingly, it
is known that standard adaptive sampling techniques do not
guarantee constant factor approximation for functions with
weak diminishing returns, which are typically invoked for
feature selection theoretical studies (Elenberg et al.l 2018)).
The second challenge consists of integrating a constrained
selection process based on orthogonal projections in the
above adaptive sequencing framework. Common objective
functions for feature selection do not have certain desir-
able properties (e.g., an antitone gradient) and the standard
analysis for adaptive sequencing fails in our setting. To
resolve these issues, we build upon the work of [Elenberg
et al.| (2018) to establish a connection between gradient eval-
uations of functions that are restricted strong concave, and
their marginal contributions to the optimization cost. This
connection allows us to bound the gradient evaluations in
terms of a discrete function, which is in turn used in the
analysis to obtain the desired approximation guarantees. See
Theorem [.1] for the formal result and Appendix [G] for the
proof.
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2 Preliminaries ap-systeml is de ned as the maximum cardinality of any
feasible solutiorm 21 .

Notation. We denote witm the number of features, i.e.

the dimension of the domain &f ), and we de neln] =

f1;2;:::;ng. For anys 2 [n], we denote witheg the unit

vector, with al for the coef cient indexed bys, and0

’ Armed with these de nitions, we can re-visit Problgin 2 with
additional assumptions, where the set of feasible solutions
| is ap-system, andl( ) is restricted strong concave and

therwise. Featur ts are represented b 1S SCriot for: mooth. Our problem formulation is a strict generalization
Otherwise. Fealure Sets are represented by sans script 1o ?’previous related works (Elenberg et al., 2018; Sakaue,
i.e.,S; T. Vectors are represented by lower-case bold letterg

asx,y, and matrices are represented by upper-case boi2020; Chierichetti et all, 2019) which considered the
letters, i.e.X ,Y, . For afeature se®, we denote with gparsﬁy constraints encodedlas= T [n]: jTj rg,

. . S a special case of the more genepadystem constraints.
(® a vector maximizind( ) with non-zero entries indexed P g y

by th S, For a featur nd rameter vector Further,p-systems are also a strict generalization of the
ythe Seb. 7o a. eature sepand a parameter vector, matroid-type constraints considered in submodular litera-
wedener I( )t =hrl( ), ,esi. We denote with

OPTthe optimal value attained by the functib ) as in(@). ture (Chen et glj, 2018; Gatmiry and Gomez-Rodriguez,

. d : > 2018).
We denote witH thep-system side constraint, and with )
its rank, as de ned in Sectidn 3.1. The notatiGondT)
denotesthe sdts 2 [n]nT: T [f sg21g. 2.2 Embedding Fairness vig-Systems
2.1 Problem Formulation In our framework, g-systeml enumerates which sets of

features are considered “fair”. That is, a set of feat@es
We study optimization tasks as in the probl¢&) under s acceptable as fair if and only &2 | . Our framework
some additional assumptions i), which are often satis- is very exible, and it comprises many constraints used
ed in practical applications (see Appendi} C). De ne an to enumerate notions of fairness (see, e.g., Section 4 by
r-sparse subdomain as a set of the form:= f(x;y) 2 [Chierichetti et al.[(2019) and Section 2[by Grgic-Hlaca ét al.
R" R":kxko 1 kyko rkx yko rg Wenow (2018)). Non-trivial examples @systems side constraints
de ne the notions of Restricted Strong Concavity (RSC)are also found in the context of data summarizafion (Mirza-
and Restricted Smoothness (RSM) of a function. soleiman et dl[, 2016; Feldman el al., 2017; Mirzasolejman

De nition 2.1 (RSC, RSM [(Negahban et al., 2010)) et al|,[2018; Quinzan et al., 2021). We now describe how
functionl( ) is said to be restricted strong concave (RSC)NeII-estainshed notions of fairness can also be embedded
with parametem and restricted smooth (RSM) with pa- as ap-systeml .

rameterM on a subdomain . iff, for all (x;y) 2 (it pyocedural fairess metrics: Procedural faimess focuses

hohl/lds that Sky xkz I(y) 1(x) hr 1(x);y xi on selecting features based on perceived fairness as envi-
Zky  xka. sioned by human beings during the decision-making process,

rather than on the fairness of the outcome. It is measured by

We say that is (M; m)-(smooth, restricted concave), if it gauging “the degree to which people consider various fea-

ful lls the conditions as in De nitior] 2.] with parameteid ey e
tures to be fair” Grgic-Hlaca et al. (2016). This is in contrast
andm. RSC/RSM often hold in practice, we refer the reader, " ! d ( ). Thisis

0 A did T for further di : £ th " to measuring fairness of thmitcomef such decisions, for
0 Appendi{ for further discussion of these properties. example, by down weighing decisions that affect users of

We model the side constraints gsystems. In order to give protected groups (e.g., race, gender).

an axiomatic de nition ofp-systems, we introduce addi- In this work, we consider measures for procedural fair-
tional terminology. Given a collection of feasible solutions ness studied by Grgic-Hlaca et al. (2016) and Grgic-Hlaca
| over aground sgh] and asel  [n], we denote with et al. (2018b). However, our framework is not speci c

| j v, the restricted feasible solution set, as the collectiorfo these de nitions. These measures consist of monotone

consisting of all set§ T s.t.S21.WedeneCondT) set functionsh : 2" 1 [0;1]. For an input feature set
asthe setofak 2 [n]nT suchthafl [f sg21.AsetT T [n], the valueh(T) quanti es the perceived fairness of
is a maximal independent set if it holds tl@andT) = ; T, with h(T) = 0 corresponding to maximum fairness and
A base forl is any maximal set 21 . h(T) =1 corresponding to maximum unfairness. We can

take a speci c example, whellg ) is thefeature-apriori

De nition 2.2 (p-Systems/ (Jenkyhs, 1976)\ p-systeml . ; :
(p-Sy ( y A sy unfairness Grgic-Hlaca et al. (2016). For a given feature

over[n] is a collection of subsets ¢f] such that: (i), 21 ;

(i) forany two setsS T [n],if T 21 thenS21; S 2 [n], denqte withUs the set of users that pergeive a fea-
(iii) for any setT ~ [n] and any baseS;U 2 I j 1 it holds ture to be fair. For a set of featurés [n], Grgic-Hlaca
IS pjui ' et al. (2016) de ne the feature-apriori unfairness as

T
The second de ning axiom is commonly referred to as 27 Us

subset-closure or downward-closed property. The raok h(T) =1 jUj
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Sets of feature$  [n] are selected only if the valu€T)  Algorithm 1. FASTomp
is below a certain threshold. Given a monotone set funcz
tion h as described above, we can enumerate “fair” sets'o hile th ber of iterati is less than? and
features aé gee:= T 2 [n]: h(T) g. Here, 2 [0:1] 2 while the number of iterations is less than* an

is a user-de ned parameter, which determines the trade—offconds) § ; do

between fairness and accuracy. Since we reduifeto be X 1s 2"[n]r;1f gl S (Zs)lg ’2 .
monotone, thé 5 satis es the downward closed property t @ ke 1C ) rkewith T X
and it is ap-system (see De nition 2.2). The similar notions maximizingkr 1( )kZ s.t.jTj r;

of feature-disparity fairness and feature-accuracy fairness while X 6 ; and CondS) 6 ; do

can be embedded assystems in a similar fashion. Whiles faj;ap;::i;akg RNDSEQ(X;S) and de ne
procedural fairness may not imply fairness of the outcome, S S[f a;:::,80;

it has been observed that in some cases procedurally faif observeX; f s2 X: hrl( (5)): e4i2
feature sets maintain good outcome fairness Grgic-Hlaca| t ands 2 Cond S )g;

et al. (2016); Grgic-Hlaca et al. (2018Db). 8 j min; fj: jX;j< @ ")jXg;
Feature partitions: Our proposed approach also includes X Xj andS § ;

as a special case the framework proposed by Celis efal. end

(2018). Here, features are grouped into disjoint clusterend

[N]= Xy[ [ X. The constraints are speci ed using return S
j which encodes the maximum number of features that

can be selected from clust¥j. In other words, feature

setsT  [n] are feasible if the number of data-points i”'lying p-systeml . The independence oracle takes as input
tersecting a clasX; does not exceed the correspondinga setT, and it returns as output a Boolean value, true if
threshold ;. Formally, we de ne the set of constraints T 2 | and false otherwise. This oracle is often assumed
lg = fT [TV Xjj ;8 2[g. This set of  for optimizing functions ovep-systems (Mirzasoleiman
constraints is anatroid which is ap-system withp = 1. etal., 2016; Quinzan et al., 2021). Our method also works
A generalization of the aforementioned partition matmidassuming access to a rank oracle, or a span oracle. We refer

was considered by Halabi et al. (2020). For each elehe reader to (Chekuri and Quanrud, 2019) for a description
ment in any partition seX;, we are given a lower- and f these oracle models.

an upper-bound on the number of elements that can be ] ) o
selected from this set. Bounds are denoted pyand Ve evaluate performance using the notion of adaptivity. The

u; respectively. The set of constraints can be written a€daptivity refers to the number of sequential rounds of the
lp=fT [nl: i T\ X ¢ 8 2[]g. Thissetof algorithm, wherein polynomial number of parallel queries
constraints is, in general, nopesystem. However, Halabi are made in each round (Balkanski and Singer, 2018). For-
et al. (2020) show that one can consider a relaxation of th&"ally, given an oraclé, an algorithm is-adaptive if every
constraintsetp:= T [n]: T SforanysetS21p , duerq to the oracld occurs at a round 2 [r] such that
which is equivalent from the optimization perspective. Any 1S independent of the answeréq) to all other queries
monotone optimization objective (as(h)) yields the same 9" at roundi. This notion is closely related to the Par_allel
solution sets ot p andT p. The set of constrainispisa ~ Random Access Machines (PRAM) model, as shown in Ap-
matroid, i.e., ap-system withp = 1 (Edmonds, 1970). pendix D. We evaluate empirical speedup by the adaptivity
of the oracle to evaluate I( (7). We also evaluate the
adaptivity of the independence oracle for fheysteml .

2.3 The Computational Model

We assume access to an oracle that returifs (M), fora 3 Algorithmic Overview

given input sefl . Elenberg et al. (2018) highlight the bene-

ts of using this oracle model for feature selection, since ac-Our algorithm, which we calFASTopmp, iS presented in
cess to the gradient is available from the inner optimizationAlgorithm 1. This algorithm is based on a technique called
In the case of a linear model, the gradierl{ (") canbe  adaptive sequencing (Balkanski et al., 2019; Breuer et al.,
easily estimated for various metricexpressing the good- 2020), which was recently proposed for highly scalable
ness of t. For instance, if is the log-likelihood function, maximization of submodular functions.

then the gradient can be computed in explicit form. For moreSay X is the complete set of candidate features, and
complex models, stochastic lower-bounddagfP (s (x) S is the current solution. Starting frol8 ; , the

can be used, and then differentiated (Bamler et al., 201 EASTomp iteratively generates a random sequence of fea-

also assume access to the independence oracle of the undsra maximal independent set bf After a sequence is
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generated, thEAsToup identies aprexfas;:::;3 g 4  Approximation Guarantees

that is added to the current solution. The inglexde ning

this pre x is chosen such that it holdX;j (1 ")jX], In this section, we study the approximation guarantees for
forall0 j<j . Thisinequality ensures that any point Algorithm 1, when solving Problem (2).

added to the current solution yieltds I ( (S)); esi? tin Theorem 4.1. De ne the support selection functidr( ) as
expected value. Finally, the ground 3ets updated as to in (1), for the given functiom( ) that is (M,m)-(restricted
include only those points that yield a good improvement tosmooth, restricted strong concave), on the sparse sub-
the new solution. TheNDSEQ sub-routine used to generate domain ,;. Consider ap-systeml of rankr over[n],

(1988). Herek is the size of the independent set returnedoptimum solution set for the Problem 2. Then,
in the current iteration. E[F(S)] 1

Adaptive sequencing via matching projectionsOur pro- OPT 1+p
posed algorithm differs from previous adaptive sequencin
techniques, since it does not use queries to the funétion
as de ned in(1). Instead, our algorithm uses oracle ac-
cess to the functiom I( ¥), and features 2 [n] are E[f(S)] ,m?
added to the current solution if it holdis 1( 9));eqi  t —opt I e (1 )5z
in expected value, with a threshold updated during run

time. As such, our approach extends the applicability ofa full proof of this theorem is deferred to Appendix G.
adaptive sequencing to gradient-based pursuit methods, @fe remark that, if is ar-sparsity constraint, then the ap-
opposed to the standard value-oracle based methods in egfoximation guarantee of Theorem 4.1 is asymptotically
lier works. Finding optimal solutions with this technique petter than the guarantee attained by other parallel algo-
requires much less computation than the previous approagithms for this problem, such as tisH (Qian and Singer,
(BalkanSki et al., 2019), by which pOirwre selected if it 2019) Speci Ca”y' as proven in Theorem 1 by Qian
holdsf (§ [f sg) t. Thisis because itis usually much and Singer (2019), thBAsH yields an approximation of
faster to compute an inner product, than evaluati6y for 1 expfm4=M4g " on this problem. Furthermore, the
every candidaté. DAsH cannot handle generpisystem side constraints.
Implicit estimates of OPT All algorithms based on adap- 1h€ parametepin Theorem 4.1 is always upper-bounded
tive sampling techniques proposed so far require an estimat®y the maximum number of featureshat we wish to select
of OPT the value of the optimal solution set. This value for model construction. This upper-bound still holds if one:
is typically not known a priori. To circumvent this prob- @SSumes addlt_lonal underlying fa|rnes§ constr_alnts. Addi-
lem, previous algorithms perform multiple runs for various tional assumptions on tiesystem may yield an improved
guesses oDPT(Breuer et al., 2020), or they use additional Pound onp. Finally, previous related work Halabi et al.
preprocessing steps (Fahrbach et al., 2019). Our algorithf£020) reduces some fairess constraints to a matroid, in
has the signi cant advantage th@PTis estimated implic- Which case our analysis applies wiite 1. We also provide
itly. For a functionl( ) that is(m; M )-(smooth, restricted Pounds for the run time of theABTowp as follows.
concave), we have thahax;t. jtj kg Kr I( 9)rk3 Theorem 4.2. Algorithm 1 terminates afte® " 2logn
2m (OPT f(S)). A proof of this result is deferred to Ap- rounds of calls to the oracle function, and it uses at most
pendix G, and it is based on Elenberg et al. (2018). Hencé) " °rlogn oracle queries. Furthermore, Algorithm 1
the FASTowmp estimateOPTwith a single oracle valuation, requires expecte® " 2" rlogn independent calls to the
and it does not require multiple runs or preprocessing stepsracle for thep-syster , and the total expected number of
calls to the oracle for th@-system isO " 2nr logn .

1 exp (1 ")ZW ;
g%or all 0 <" < 1. Furthermore, in the speci c case whén
is r-sparsity constraint ovelin], then,

Finding the setX; . Common optimization functionlg )
for feature selection lack certain desirable properties, sucithe proof of Theorem 4.2 is deferred to Appendix H. The
as an antitone gradient. Hence, in contrast to the submodul@stimates on the rounds of adaptivity extends torhem
case, the sequentjeX; jg; asinLine 7 of Algorithm 1isnot  model. If we denote with, the depth required to eval-
monotonic. For this reason, it is not possible to estimate thgate the oracle function on a set, then BesToyp has
indexj with a binary search, as other adaptive sequencingd " 2d, logn depth. Note that the rounds of independent
algorithms do (Breuer et al., 2020). We requidér) phases  calls to the oracle are sub-linear, but not poly-logarithmic
of re-training to estimatg , whereas the general adaptive in the problem size. The r%ason is that theDSEQ sub-
sequencing technique would requidgrn) phases of re- routine requires expected (" n) rounds of independent
training (Balkanski et al., 2019), due to the different oraclecalls to the oracle for thp-system (see Appendix E).
model. Some authors have proposed non-adaptive techniques for
feature selection. If is anr-sparsity constraint, then Elen-
berg et al. (2018); Sakaue (2020) provide an algorithm that






	Introduction
	Preliminaries
	Problem Formulation
	Embedding Fairness via -Systems
	The Computational Model

	Algorithmic Overview
	Approximation Guarantees
	Experiments
	BenchmarksWe parallelize all algorithms for fair comparison.
	Results

	Conclusion and Ethics Discussion
	Motivating Example
	Weak Submodularity
	Restricted Strong Concavity and Smoothness for Feature Selection
	Restricted Strong Concavity and Smoothness of the Log-Conditional
	Restricted Strong Concavity and Smoothness of the  Objective

	Adaptivity and the pram Model
	The  Sub-Routine
	Parameter Tuning for Algorithm 1
	Proof of Theorem 4.1
	Preliminary Results
	If Algorithm 1 Outputs a Maximum Independent Set
	If Algorithm 1 Terminates after -1 Iterations

	Proof of Theorem 4.2
	Feature selection on Non-volatile Memory (NVM)
	The ProPublica COMPAS Dataset

