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Abstract

Many crucial problems in deep learning and sta-
tistical inference are caused by a variational gap,
i.e., a difference between model evidence (log-
likelihood) and evidence lower bound (ELBO).
In particular, in a classical VAE setting that in-
volves training via an ELBO cost function, it is
difficult to provide a robust comparison of the ef-
fects of training between models, since we do
not know a log-likelihood of data (but only its
lower bound). In this paper, to deal with this
problem, we introduce a general and effective up-
per bound, which allows us to efficiently approx-
imate the evidence of data. We provide exten-
sive theoretical and experimental studies of our
approach, including its comparison to the other
state-of-the-art upper bounds, as well as its ap-
plication as a tool for the evaluation of models
that were trained on various lower bounds.

1 INTRODUCTION

Many important models in deep learning (Bayer et al.,
2021; Burda et al., 2015; Kingma and Welling, 2013), rein-
forcement learning (Duo, 2021; Todorov, 2008; Toussaint
and Storkey, 2006) and statistical inference (Gao et al.,
2017; Khan et al., 2020) suffer from the existence of a vari-
ational gap', which means a difference between the evi-
dence and its lower bound (which follows from Jensen’s
inequality), i.e.:

variational gap = f(EX) — Ef(X), (D

where X is a random variable and f is a concave function.
A simple visualization of this effect can be delivered us-

'In fact, in such a general context it is rather known as Jensen’s
gap, but here and henceforth we call it consequently the varia-
tional gap.
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ing the concave function f(x) = —2? to transform Gaus-
sian random variable X ~ A(0,1). Indeed, in this case
fEX)=0>—1=Ef(X) (note that — f(X) ~ x?(1)).

Table 1: Estimated size of various variational gap bounds
for the evidence of data (lower is better), calculated for
VAE, IWAE-5, and IWAE-10 models, previously trained
on MNIST, SVHN, and CelebA datasets. All computations
were averaged over 3 collections of 2'° latent samples, and
over the test dataset.

VARIATIONAL GAP BOUND (VG-B)
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E VAE 0.04 1.59 2.83 6.68 334 1.34 0.67 0.13
Z IWAE-5 0.004 1.32 224 1238 6.19 248 1.24 025
S IWAE-10 0.01 1.54 2.55 18.03 9.01 3.61 1.80 0.36
7 VAE 0.44 3.16 4.84 21.08 10.54 4.22 2.11 0.42

IWAE-5 0.31 2.74 430 28.82 1441 5.76 2.88 0.58
v IWAE-10 0.28 2.83 4.40 32.00 16.00 6.40 3.20 0.64

gVAE 1.12 3.25 4.92 4545 22773 9.09 4.55 091
S IWAE-5 123 3.40 5.14 85.41 4270 17.08 8.54 1.71
O IWAE-10 0.72 3.22 4.86 75.46 37.73 15.09 7.55 1.51

VH

In machine learning literature, where typically f = log,
various approximations of the true evidence f(EX) were
proposed (see Section 2 and references therein), but are
often difficult to efficiently use in a deep neural network
architecture. One of the reasons for this is that we train
such models on mini-batches, and therefore the standard
assumption is that the cost function factorizes as the sum
over the input data set. In the other words, deep net-
works are designed to maximize (over network parameters)
Ef(X), rather than f(EX), which admits respective sam-
ple mean (unbiased) estimator.

However, there often naturally appear situations where
maximization of f(EX) is an actual goal. Probably the
most important such case is the variational autoencoder
(VAE) (Kingma and Welling, 2013; Rezende et al., 2014),
which is one of the most popular autoencoder-based gen-
erative models. Precisely, VAE uses an encoder network
q(z|x), which reduces the dimension of data and pro-
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duces their latent codes (forced to follow approximately
a given latent prior distribution p(z)), and a decoder net-
work p(x|z) that transforms the latent codes back to the
data space. Both networks are jointly trained to maximize
a variational lower bound for the log-likelihood (the evi-
dence) of data:
XJ)Z 4

e o
which is known as evidence lower bound or (briefly)
ELBO:

evidence = logE, ¢(jx)

ELBO = E, 4 jx log % A3)
The use of ELBO, instead of a direct value of log-
likelihood, seems to be a fundamental problem in VAE.
In practice, such optimization can lead to learning sub-
optimal parameters (Burda et al., 2015), when we mean
that our final goal is an approximation of data distribution.
Hence, estimating, bounding, and reducing a difference be-
tween the evidence and ELBO, i.e., the variational gap, be-
came important issues investigated so far by many authors
from the machine learning community (see Section 2 for
a respective overview of the literature). Moreover, such
problems are (in a general context) strictly related to those
concerning (reversed) Jensen’s inequality, which is a sub-
ject of studies in various fields of pure and applied mathe-
matics, including statistical inference (Brnetic et al., 2015;
Horvith, 2021; Saeed et al., 2022; Dragomir, 2013; Jebara
and Pentland, 2001; Nielsen, 2010), reinforcement learn-
ing (Dayan and Hinton, 1997; Williams et al., 2017), or
even biological studies (Ruel and Ayres, 1999).

Our work provides a comprehensive theoretical approach
regarding the variational gap. Most of all, we construct
novel upper bounds for f(EX) (and hence also for the size
of variational gap), which are given as expected values of
some random variables that depend on X, and then, in-
spired by (Burda et al., 2015), combine them with the tech-
nique of importance sampling, to derive tight bounds for
the exact value of f(EX). Additionally, as an application
in the field of deep learning, we use these general results for
precisely estimating the log-likelihood of data for genera-
tive models, which are designed to learn only some lower
bounds. Consequently, we obtain a method that allows
comparing the effectiveness of the training process, which
we examine using a few different experimental settings in-
volving VAE-like architectures, i.e., the classical (Gaus-
sian) VAE and two variants of the importance-weighted
(Gaussian) autoencoder (IWAE) (Burda et al., 2015), all
trained on MNIST, SVHN, and CelebA datasets.

Our contribution can be summarized as follows:

* we introduce novel upper bounds for the variational
gap, based on the importance sampling technique,
which allows us to calculate a tight approximation of
f(EX) for any concave function f, and provide their
formal (mathematical) justification,

» we apply these results for f = log, to provide pre-
cise estimates for the evidence (log-likelihood) of data,
which we treat as a practical method for validating the
effects of training in generative models involving lower
bound optimization, and remark both benefits and limi-
tations of our approach,

* we perform experiments that confirm our (theoretical)
claims and prove the superiority of the proposed bound
estimations for the variational gap (see Table 1), in
comparison to the other state-of-the-art techniques (we
recall them briefly in Section 2, see also Appendix B).

2 RELATED WORK

One of the most popular generative, autoencoder-based
models is variational autoencoder (VAE) (Kingma and
Welling, 2013; Rezende et al., 2014), which aims to maxi-
mize the log-likelihood of data. However, since this likeli-
hood is intractable, the main idea which stays behind esti-
mating it is to calculate and optimize evidence lower bound
(ELBO) instead, which results in appearing the variational

gap.

One of the problems with the variational gap is its behavior
since it can be tiny or tremendous, depending on the model
distribution. The importance of taking care of gaps and
their possible offending effects were mentioned in (Bayer
et al., 2021). There are several techniques to deal with the
variational gap, such as its direct estimation (Abramovich
and Persson, 2016) or finding an upper or lower bound,
to know how much we can lose. For example, Nowozin
(2018) and Maddison et al. (2017) create lower bounds us-
ing big-O notation. Bounds for the variational gap were
also derived in (Khan et al., 2020) and later used for de-
riving new inequalities (e.g., bounding Csiszar divergence
or converse of the Holder inequality), as well as in (Grosse
et al., 2015), where bidirectional Monte Carlo simulations
were involved.

To our best knowledge, approaches the most related to
the results of the present paper were introduced in (Di-
eng et al., 2017), where the authors proposed the x upper
bound (CUBO) for the evidence of the data, which was ex-
pressed in terms of the y-divergence, and in (Ji and Shen,
2019), where the evidence upper bound (EUBO), involving
the Kulback-Leibler divergence, was defined and explored.
Following Masrani et al. (2019), it should be noticed that
both EUBO and its generalization, i.e., an upper bound
variant of the thermodynamic variational objective (TVO),
can be derived as the right Riemann sum approximation of
the log-likelihood of data expressed via thermodynamic in-
tegration method. Thus, we henceforth concentrate on the
mentioned bounds when validating our approach, and (for
readers’ convenience) in Appendix B we provide basic in-
formation concerning them. Nevertheless, we would like to
emphasize that, unlike the others, our approach possesses a
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more general theoretical background that does not exclude
it from other potential applications?.

On the other hand, we can find a broad usage of variational
inference not only in the context of generative models (to
which we limit our considerations). For example, Tous-
saint and Storkey (2006) use it to present the expectation-
maximization algorithm (EM) for computing optimal poli-
cies by solving Markov decision processes. Furthermore,
Botvinick and Toussaint (2012) say that people use proba-
bilistic inference when they plan, Levine (2018) uses vari-
ational inference to derive a new view of reinforcement
learning, where decision-making is an inference problem
represented in a type of graphical model, and Duo (2021)
proposes a policy optimization algorithm in the context of
variational inference.

3 THEORETICAL STUDY

In this section, we present the main theoretical results of
the paper. In the first subsection, in Theorem 1 we derive
a general condition which, under the assumption of con-
cavity, enables us to find an upper bound for the evidence.
In the second subsection, inspired by (Burda et al., 2015),
we describe the importance sampling technique that allows
us to decrease the size of the gap by replacing the random
variable with the mean of its independent copies. The third
subsection contains the crucial results of the paper (Theo-
rems 3 and 4), in which we provide a large class of upper
bounds for the evidence. By respectively, choosing a suit-
able parameter C' in Theorem 4, this allows us to obtain for
the map f = log much tighter estimations than those given
directly by Corollary 3 (see Theorem 5 and the experimen-
tal results supplied in Section 4). In the last subsection,
we try to answer the question of where the evidence lies in
the interval given by the lower bound and the upper bound.
In particular, we show in Theorem 7 that for an important
class of log-normal distributions, it is located in the middle
of that interval.

3.1 Variational Gap

Let X be a random variable. By the classical Jensen in-
equality, for every concave function f we have f(EX) >
Ef(X). The aim of this subsection is to obtain (under the
above general assumptions) an upper bound for f(EX),
which requires computing only the expected value of some
random variable that depends on X. (Note that such an
additional supposition ensures the additivity of the bound
when applied for solving optimization problems by ma-
chine learning algorithms.) This easily follows from the
following theorem, which can also be found in (Dragomir,
2013) in a more general form. Nevertheless, for complete-
ness, we include the proof in Appendix A.

2We treat this as motivation for our future work.

Theorem 1. Let f be a smooth concave function. Then
FEX) <E(f(X)+ (Y - X) (X)), )

where X and Y are two independent random variables
with the same distribution.

Theorem 1 and Jensen’s inequality imply that the value of
f(EX) is enclosed in the interval

[Ef(X), Ef(X) +E((Y = X)f(X)]. (&)

Thus, the size of the variational gap is bounded from above
by the length of the interval (5), i.e., by the value of

E[(Y — X)f/(X)].

Proceeding to the most important case of f = log, we di-
rectly obtain the following corollary.

Corollary 1. We have
Elog X <logEX <ElogX + E¥ — 1, (6)

where X and Y are independent random variables with the
same distribution.

Remark 1. Consider, for example3, the random variable
X ~ Gamma(a,f) and the concave function f = log.
Then 1/X ~ Inv-Gamma(a,1/6). Therefore, assuming
a > 1, we can calculate that

Y 1 1

a 1’

which means that in this case, we cannot bound the vari-
ational gap effectively when a approaches 1. Taking into
account the properties of the Gamma distribution, this phe-
nomenon means that when we sample from X, we obtain
arbitrarily small (positive) values more and more likely. In
practice, such a situation may appear in a VAE setting, es-
pecially when we are dealing with outliers, which is a di-
rect motivation for the improvement introduced in the next
subsection.

3.2 Reducing Variational Gap

In this subsection, addressing the problem outlined in Re-
mark 1, we describe how to apply the importance sampling
technique to obtain a tighter (additive) approximation of
f(EX). It comes down to using (instead of X') the random
variable

Xk =¢+(X1+... 4+ Xu), ®)

representing the mean of a k-sample from X (consisting of
k independent copies of X). Clearly, EXy = EX, which
implies that f(EXy) = f(EX). The following theorem
is (in fact) a part of Theorem 1 from (Burda et al., 2015),
restated in a general setting. However, for completeness,
we include novel and independent proof.

*Here and henceforth, Gamma(a, ) and Inv-Gamma(a, 6)
denote Gamma and Inverse-Gamma distributions with the shape
parameter a > 0 and the scale parameter 6 > 0, respectively.
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Theorem 2. Let X be a random variable and f be a con-
tinuous concave function. Then for every k& > 0 we have

Ef(Xk) <Ef(Xkt1)- (&)
Moreover, f(X) converges to f(EX) almost surely, and
Jim Bf(X«) = f(EX), (10)

provided that the support of X is contained in some com-
pact interval lying in the domain of f.

Proof. Let (€2, i) be a probabilistic space and X : Q@ — R
be a random variable. By the concavity of f we directly
conclude that

1 l:)k+1 o 1 I:)k+1 1 l:)k+1

f k1 i=1Ti = f w3 i1k j=1;j&i Ti
1 k+1 1 k+1

2 =l k  j=1jeiTi

11
Then by monotonicity and linearity of the expected value,
we obtain
Ef(X >1P"+11E1 Xj)=Ef(X
f(Xk41) 2 g7 fe 21561 Xi) = Ef (X)),
(12)
where X1, ..., Xky1 are independent copies of X. This
gives the first assertion of the theorem.

Now consider the random variable Xy. From the strong
law of large numbers, it follows that X converges to EX
almost surely. Since f is continuous, this is also the case for
f(Xk) and f(EX). Hence, we conclude that Ef (X ) —
f(EX) as k — oo, whenever the support of X is contained
in some compact interval lying in the domain of f, which
completes the proof. O

Assuming bounded support for X in Theorem 2 we fol-
lowed (Burda et al., 2015), where the respective theory be-
hind the use of the importance sampling technique is based
on this assumption and illustrates the underlying case in a
simplified setting. Although, in some cases, the theorem is
tending to “survive” without this restriction (see, e.g, Re-
mark 2), the proof of a more general version would, how-
ever, cause some technical difficulties, resulting in reducing
the clarity of the presentation.

Applying (5) to the random variable X ,, we conclude that
FEX) € [Ef(Xk),Ef(Xk) +E(Yk — Xw) (X)),

13)
where X and Y are independent random variables with the
same distribution, and Xi,..., Xk and Y7, ..., Yk are in-
dependent copies of X and Y, respectively. By Theorem 2,
the left end of the above interval converges to f(EX).
Hence, a natural question arises, whether the same happens
for the right end. In the following corollary, we show that
this is the case.

Corollary 2. Let X be a random variable and f be a con-
cave function. Assume also that (m — z) f*(z) is convex in
the support of X for arbitrary constant m that belongs to
the support of X. Then the width of the interval given in
(13),ie, E((Yk — Xk)f (X)), is a decreasing sequence
with k. Moreover, if the support of X is contained in the
closed bounded interval lying in the domain of £, then the
limit is 0.

Proof. It is enough to apply Theorem 2 for the concave
function: (z — EX)f%(x). O
Now let us get back to the case of f = log, where we
directly obtain the following corollary.

Corollary 3. We have

Elog X < logEX < Elog X + IE;% ~1. (14

Moreover, EYk is a decreasing sequence with k, which

converges to 1 prowded that the support of X lies in some
compact interval contained in (0, o).

Remark 2. As we have already outlined, in some cases
we can use Theorem 2 (and hence Corollaries 2 and 3) to
make the size of a variational gap arbitrarily small, even if
we cannot respectively bound values of X almost surely.
Indeed, if we return to the example from Remark 1, we
easily see that Xk ~ Gamma(ka,0/k) and 1/(Xg) ~
Inv-Gamma(ka, k/60). Therefore, assuming ka > 1, we
can calculate that

0. (15)

E;—t—lz (I?akl) -1=
However, note that even though this means that we can find
k large enough to decrease a variational gap sufficiently,
we also see that when the value of a approaches 0, we may
be forced to wait for such an effect quite a long while in-
creasing the value of k. This is a direct motivation for the
improvement introduced in the next subsection.

3.3 Improved Bounds for Variational Gap

In this subsection, we provide another technique, which is
crucial in the estimation of the size of the variational gap
and addresses the problem described in Remark 2. Al-
though we start with a general proposition, the idea of
which lies in generalizing the bounds obtained by the con-
cavity, we eventually fix our attention on the case f = log.

Proposition 1. Assume that f, g, and h are arbitrary func-
tions such that
f(a) < g(x) + ah(zx) for every a and x. (16)
Then
fEX) < E(g(X) + Yh(X)), (17

where X and Y are two independent random variables
with the same distribution.
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Proof. The proof follows the same lines as the proof
of Theorem 1 (see Appendix A). We consider the prob-
abilistic space (€2, ) and independent random variables
X,Y: Q — R with the same distribution. We use the no-
tation

R
m=EX =, Xdu. (18)

Clearly EX = EY. Observe that, by the assumptions, for
every w € () we have

f(m) < g(X(w)) +mh(X

Integrating the above formula over all w € 2, we get

JEX) = fmydu < g(X(w)) + mA(X (@) du

=Eg(X)+EYEAR(X) =E(g9(X) + Yh(X)),
(20)
which ends the proof. O

(w))- 19

Now we focus our attention on the case when f = log.
We prove that given an arbitrary function g, we can easily
compute the optimal h.

Lemma 1. Let g: (0,00) — R be an arbitrary function.
Then

loga < g(x) + aexp(—g(xz) — 1) for all a,x > 0.
2D
Moreover, for any function h: (0, 00) — R satisfying

loga < g(x) + ah(x), (22)

we have
h(z) > exp(—g(z) —1). (23)

Proof. Consider an arbitrary function h. Let x > 0 be
fixed. We are going to find an equivalent condition for h so
that

loga < g(x) + ah(z) for all a > 0. (24)

Note that verifying (24) is equivalent to checking whether
h(z) > 082 9% forall g > 0, (25)
or, equivalently,

loga g(x) (26)

a

h(z) > supa=g

One can easily check that if w: (0,00) — R is a function

defined as
_ loga g(x) 27)

w(a) Fam—

then w'(a) = w. Consequently, w reaches the
maximal value at ax = exp(1 + g(«)). Thus, the equiva-
lent condition for A to satisfy (24) is

h(z) > w(ax) = exp(—1 — g(z)), (28)

which proves all assertions. O

As a direct consequence of Proposition 1 and Lemma 1 we
obtain the following theorem.

Theorem 3. Let g be an arbitrary function. Then
logEX <E(g(X)+Yexp(—g(X) 1), (29

where X and Y are two positive independent random vari-
ables with the same distribution.

Now consider a one-parameter family of functions

gc(z)

Then by applying any function g¢ as g in Proposition 1, we
obtain the following theorem.

Theorem 4. Let C be arbitrarily chosen. Then

=logz—1+4+C (C €R). 30)

Elog X <logEX < Elog X — 1+ C + exp(—C)E%,

(€20)

where X and Y are two independent positive random vari-
ables with the same distribution.

Observe that increasing C' decreases the last component of
the right-hand side formula in (31). Hence, the optimal
value of C' (i.e., minimizing the upper bound for log EX)
can be obtained as the one that minimizes the function
W(C) = C + exp(—C)E%. This easily leads us to the
following corollary.

Corollary 4. Under the assumptions of Theorem 4, the op-
timal value of C'is C' = log E§ which gives the following
estimates:

Elog X <logEX <Elog X +logEx%. (32)

Note that although the upper bound for log EX provided
by (32) does not have an additive form, it tells us about
the most optimal estimation we can obtain. Moreover, in
this case, we can also apply the importance sampling tech-
nique resulting in reducing the variational gap, which is an
immediate consequence of Corollaries 3 and 4.

Theorem 5. We have

Elog)?kglogEXgElog)?k—Hog]E%. 33)

Moreover, log EY k js a decreasing sequence with &, which

converges to 0, prowded that the support of X lies in some
compact interval contained in (0, o).

Remark 3. Continuing the example involving the Gamma
distributed random variable X (see Remarks 1 and 2),
which goes beyond the assumptions of Theorem 5, when
ka > 1 we have

LL N (34)

log IE;% = log k-

This means that in this case, the last conclusion of Theo-
rem 5 “survives”, too.
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3.4 Quality of Estimations

We have already proved (see (5)) that for any concave func-
tion f we have

FEX) € [Ef(X),E(f(X) + (Y = X) (X)), 35

where X and Y are independent random variables with the
same distribution. In this section, we are going to show
that the optimal choice for an approximation of f(EX) is
the middle of the above interval.

Let us start with the following general result, which relates
to a special case of the delta method (Bickel and Doksum,
2015, Section 5.3.1). For completeness, we include the
proof in Appendix A.

Theorem 6. Assume that f is a smooth function. Let X
and Y be independent random variables with the same dis-
tribution, which attain only values e-close to EX, where
e > 0issmall. Then

FEX) = Ef(X) + 3E((Y — X) /(X)) + o(e?).
(36)

Even though the assumptions of Theorem 6 are somewhat
unrealistic, it was formulated to improve readers’ intuition.
Note that the importance sampling technique leads to ran-
dom variables being more and more concentrated around
their means, which we utilize in our experiments using suf-
ficiently large samples.

Now we proceed to the case when f = log and we are
going to apply the bounds for X. Clearly, by the central
limit theorem, for large k the distribution of X can be
considered Gaussian. However, this approximation is not
satisfactory from our point of view, since we are limited
to the class of positive random variables (which are proper
arguments for the log function). Based on the results of
(Mouri, 2013), it is known that typically the distribution of
the mean of independent positive random variables can be
better approximated by the log-normal distribution LN . In
the other words, we can write Xy ~ LN (m, o). In the
following theorem, we prove that for a log-normal random
variable X, the value of log EX lies exactly in the middle
of the interval given by Corollary 4.

Theorem 7. Let X and Y be independent random vari-
ables with the same log-normal distribution. Then

logEX = Elog X + S logE%. (37)
Proof. Let X ~ LAN(m, o), which means that log X ~
N (m,0?). ThenEX = exp(m+o?/2) and, consequently,
logIEX:m~|—72, Elog X = m. (38)

Moreover, 1/X ~ LN (—m, o) and hence

logE§ zlogEY—i—logE% :m-i-;—m—l—; — 2.

(39)

By applying (38) and (39) in (37), we obtain the conclu-
sion. O

Method
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Figure 1: Estimated size of various variational gap bounds
for the evidence of data (lower is better), calculated for
VAE, IWAE-5, and IWAE-10 models, previously trained
on MNIST, SVHN, and CelebA datasets, vs. the number
of latent samples. All computations were averaged over 3
collections of samples, and over the test dataset.

4 EXPERIMENTS

In this section, we consider variational generative models
(like VAE). Let us first establish some standard notation.
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By p(x) we denote the distribution induced by the model
on the input space X = RN. By p(z) we denote the prior
distribution on the latent space Z, while g(z|x) denotes the
variational encoder and p(x|z) denotes the variational de-
coder.

Now, given a point z € RN, its model log-likelihood (evi-
dence) is expressed as follows:

P(xjz)p(2)

To simplify the notation, we put
_ P(Xjz)p(z
R(w, z) = POIZRE), (41)
In the classical VAE, we maximize
ELBO = E, q(jx)log R(z, 2), 42)

which is the lower bound for the log-likelihood.

The idea behind the IWAE model (Burda et al., 2015) is
to obtain an (asymptotically optimal) approximation of the
evidence by maximizing
1 P
IW-ELBOk = E;, 4(jx) log K i=1 R(x,zi), (43)
which is a closer (than ELBO) lower bound for the log-
likelihood.

To obtain upper bounds for the ev1dencep1t is enough to
apply Theorems 4 and 5 for X = E i—1 Xi, where
Xi = R(z,zi) and Y; = R(z, Zj), and all z; and Z; are in-
dependently sampled from ¢(-|z). Then, we conclude that
the size of the respective variational gap is bounded from
above by the following value, which we will call impor-
tance sampling variational gap bound (1S-VG-B):
_ Z-_l R(x;Zi)
a Jx)ﬁ’
(44)
where C may be chosen arbitrarily, with the optimum equal
to

IS-VG-B = C — 1 + exp(—C)E,, .5,

S ROGZ)
Rz )

CP = 1OgIEzi;Z”. () T

Starting with a case study for simple synthetic one-
dimensional data generated from the Laplace distribution,
in the following few paragraphs we provide and discuss
the results of the experiments, in which we compare our
approach to those presented in Dieng et al. (2017); Ji
and Shen (2019); Masrani et al. (2019). Mainly, we ap-
ply all considered estimation techniques for the variational
gap to selected Gaussian autoencoders (i.e., classical VAE
and two different IWAE models, on MNIST, SVHN, and
CelebA datasets), previously learned using their own ob-
jectives and VAE experimental setup.

Case Study on Synthetic Data Suppose that our data are
drawn from a known distribution p(z). Then obviously, the

true evidence of data* is expressed as  p(z)log p(z)dx.
Suppose that by training the VAE model, we construct the
approximation of p(z) in the class of distributions p (z),
where ¢ denotes the weights of the neural networks. Then
the (model) evidence is given as  p(z)logp (z)dz. Con-
sequently,

true evidence = evidence + Dkr,(p(z)|lp (z)), (46)

where Dy, denotes the Kullback-Leibler divergence. Ob-
viously, if (which is a common case) p(x) does not belong
to the family of distributions (p (z)) 2e (more precisely,
Dk (p(x)|lp (x)) > 0), then the evidence is less than the
true-evidence. Since we used the VAE model, we also have
ELBO which is less than the evidence. Finally, we obtain
upper and lower bounds for the evidence of data, which be-
come tighter with the increasing number of samples from
the latent distribution ¢ (-|) (here z represents any data
point drawn from p(x)).

0.1
—— Lower bound === True evidence
--- ELBO Evidence
0.0 Upper bound
70'31 8 16 32 64

Number of samples

Figure 2: Behavior of lower and the upper bounds for the
evidence vs. the number of samples from the latent.

We illustrate the above reasoning in the case of sim-
ple synthetic one-dimensional data generated from the
Laplace distribution Laplace(0, 0.2). We trained the VAE
model (for architecture details, see Appendix C) with one-
dimensional latent space. The experimental results (see
Figure 2) are consistent with the above-mentioned theoret-
ical discussion. The true evidence of the data coming from
the Laplace distribution equals -0.097. On the other hand,
ELBO (calculated as a value of the cost function of VAE)
is a strong lower bound for the (model) evidence which,
in turn, is less that the true evidence. Moreover, the IW-
ELBO lower bound and our upper bound converge to the
evidence of data, thus providing its tight estimate in the in-
terval [—0.137, —0.132], with the ends calculated using 64
latent samples.

“In this paragraph, unlike before, the notion “evidence” refers
to the expected value of the log-likelihood of data. In practice, this
corresponds to taking the average over the whole dataset, which
we use anyway in our experiments. Moreover, to avoid possible
misunderstanding, we draw readers’ attention to the fact that in
our paper, the evidence of data is based on the model distribution
(see (2) and (40)). This paragraph is the only place where we also
mention the true evidence.



Bounding Evidence and Estimating Log-Likelihood in VAE

----- IWAE-10 IWAE-5 — VAE

|
N
@
R

|
N
@
@w

Log-likelihood

—4020

—16130

—16140

= 16150 ="

-

likelihood

CelebA

—16160

Log

—16170

—16180,3 25 27 29 ol 13 215

Number of samples
Figure 3: Behavior of lower and upper bounds for the ev-
idence of data, calculated by our method for VAE, IWAE-
5, and IWAE-10 models, previously trained on MNIST,
SVHN, and CelebA datasets, vs. the number of latent sam-
ples. All computations were averaged over 3 collections of
samples, and over the test dataset.

Experiments for VAE and IWAE Models In our fur-
ther experiments, we validate our importance sampling
variational gap bound (given by (44) and (45)) against
the other state-of-the-art bounds, denoted by CUBO-VG-
B, EUBO-VG-B, and TVO-VG-B, depending on the evi-
dence upper bound used. All comparisons are made for
VAE, IWAE-5, and IWAE-10 models, for which the re-
spective bounds are calculated using (in total) the same
number of latent samples zj. Each model was previ-
ously trained on three classical datasets, i.e., MNIST (Le-
Cun et al.,, 1998), SVHN (Netzer et al.,, 2011), and
CelebA (Liu et al., 2015), using its own objective and
VAE experimental setup (see Appendix C for the de-
tails). The code for all experiments is available on
the GitHub repository https://github.com/gmum/
Bounding_Evidence_Estimating_LL.

The obtained results are presented in Table 1 and Figures 1

and 3. Namely, from Table 1 we learn that the proposed
method for bounding the evidence of data is superior in
comparison to all competitors, excluding TVO5-VG-B for
VAE trained on SVHN and CelebA datasets, as far as we
make calculations using the largest considered number of
latent samples (i.e., 2'9). However, estimating bounds for
such sets of data is much more demanding because of com-
plicated encoded data distributions. We believe increas-
ing the sample size up to 2!7 or 2!® (although quite time-
consuming) would further weaken the impact of outliers
and allow our method to definitely win. Additionally, a
closer inspection of Figure 1 shows that our approach is the
only one guaranteeing to decrease a computed variational
gap bound with the increasing number of samples, which
agrees with the conclusion of Theorem 5. This is due to
applying the importance sampling technique, which (to our
best knowledge) is not the case for the other methods (note
that for them, the biased estimation may result in bounds
growing with the sample size).

More complete results of our approach, including the de-
pendence of the obtained lower and upper bounds on the
number of latent samples used in the computations, are
presented in Figure 3. In practice, they allow us (for any
given dataset) to compare the effects of training between
all considered models. Note that even though the IWAE
models are learned using more latent samples, they do not
always deliver better results, i.e., greater values of the log-
likelihood of data (see also Rainforth et al., 2018). For ex-
ample, VAE trained on the MNIST dataset delivers the best
(the greatest) log-likelihood estimates’.

To prevent possible readers’ concerns, we would like to
explain that the gaps calculated on SVHN and CelebA
datasets for different numbers of latent samples do not
overlap because we use estimators (and not strict values,
provided in (44) and (45)) suffering from the presence of
outliers. To confirm this, we removed outliers and reran all
computations. The obtained results are presented in Fig-
ure 4. Note that we observe no such phenomenon anymore,
which supports our assertion.

Dependence of Variational Gap Bound on C'  We con-
ducted additional experiments to explore the dependence
of the proposed variational gap bound on the choice of
constant C' in (44). In Figure 5 we present the results ob-
tained for VAE, IWAE-5, and IWAE-10 models, previously
trained on MNIST, SVHN, and CelebA datasets. Note that
in each case, C°P! (see (45)) is a value for which IS-VG-B
reaches a minimum.

>We would like to emphasize that, although our method is also
able to evaluate the effects of even suboptimal training, we work
on properly learned models. For example, the FID score for our
Gaussian VAE equals 28.73 and is better than, e.g., 40.47 pro-
vided in (Knop et al., 2020), where a comparable experimental
setup was used.
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Figure 4: Behavior of lower and upper bounds for the
evidence of data, calculated without 1% outliers by our
method for VAE, IWAE-5, and IWAE-10 models, previ-
ously trained on SVHN and CelebA datasets, vs. the num-
ber of latent samples. All computations were averaged over
3 collections of samples, and over the test dataset.

More details on the experimental results can be found in
Appendix C.

S CONCLUSION

In this paper, we proposed novel upper bounds for the vari-
ational gap (see (4) for a basic version and (17) for an im-
proved version), and the use of the importance sampling
technique to tighten them, which allowed us to calculate a
precise estimation of f(EX) for any concave function f.
We focused particular attention on the most important case
when f = log (see (6) for a basic version as well as (29)
and (31) for improved versions), which led us to a practical
method for validating the effects of training in generative
models involving lower bound optimization. We conducted
experiments that proved the superiority of our approach in
comparison to the other state-of-the-art techniques.

Limitation In this contribution we did not consider pos-
sible applications of our approach outside VAEs, which
might be a natural direction for future work. Moreover, our
experience shows that the introduced novel bounds have
rather limited utility in the training process. Finally, cal-
culating bounds in our experiments is based on estimators
rather than strict values, which makes it sensitive to the
presence of outliers, and results in nonrigorous bounds (al-
though we note the discussed convergence results). How-
ever, we would like to emphasize that our proposed varia-
tional gap bounds are strict bounds as far as we limit our-
selves to the theoretical approach (where we deal with ran-
dom variables and their means).
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Figure 5: Estimated size of the proposed variational gap
bound, calculated using (44) for VAE, IWAE-5, and IWAE-
10 models, previously trained on MNIST, SVHN, and
CelebA datasets, vs. constant C. In each case, the opti-
mal value C°P* is marked with a short vertical line. All
computations were averaged over the test dataset.
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A  MISSING PROOFS

In this section, we provide proofs omitted from the main article.

Theorem 1. Let f be a smooth concave function. Then
FEX) <E(f(X) + (Y = X) (X)), @7

where X and Y are two independent random variables with the same distribution.

Proof. Let (£2, i) be a probabilistic space and X, Y : 2 — R be independent random variables with the same distribution.
We use notation

R
m=EX = , Xdu. 48)

Clearly EX = EY. Observe that applying Taylor’s expansion and concavity of f (which means that f® < 0), for every
w € 2 we have

fim) < f(X(w)) + (m — X (w)) (X (w)). (49)

Integrating the above formula over all w € €2 and making use of the fact that X and Y are independent random variables
with the same distribution, we obtain

FEX) = flm)du < oy FX(@)) + (m = X (@) FAX (@) du

50
=Ef(X) +EYES(X) - E(Xf(X)) = E(f(X) + (Y — X)f'(X)), ey

which completes the proof. O

Theorem 6. Assume that f is a smooth function. Let X and Y be independent random variables with the same distribution,
which attain only values e-close to EX, where € > 0 is small. Then

fEX) = Ef(X) + $E((Y — X) /(X)) + o(e?). (51)

Proof. Let (€2, 1) be a probabilistic space and X,Y: Q@ — R be random variables satisfying the assumptions of the
theorem. Put m = EX = EY. By applying Taylor’s expansion for f and f°, taking any w € 2 we have

Flm) = FX(@)) + om — X@)FX@) + 5 (m — X@)2 X)) + o) (52
and
Fm) = X)) + m — X (@) X (@) +ofe). (53
Hence,
Flm) = F(X(w)) + 5(m — X(@))(m) + 5 m — X (@) (X)) + o). (54)

Then integrating the above formula over all w € (2 and making use of the fact that X and Y are independent random
variables with the same distribution, we obtain

FEX) = Ef(X) + S (EXEF(X) ~ E(X (X)) +0(=%) = E(f(X) + L (Y ~ X)F'(X)) +o(), (59
which completes the proof. O

B OTHER BOUNDS

In this section, we follow the notation established in Section 4 of the main paper.
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x Upper Bound (CUBO) The (general) x upper bound for the evidence log p(x) was derived by Dieng et al. (2017),
with the use of the x divergence. It is given by the following formula:

n

1 p(z, 2)
CUBO,, = — logE i —_—
n n 0g Lz q(jx) q(z|$)

where n > 1. Let us note that CUBO is strictly related to the variational Rényi bound provided by Li and Turner (2016).

1
= glOgEz q(jx)R(va)na (56)

The authors of (Dieng et al., 2017) prove (see the sandwiching theorem therein) that CUBOp, is a non-decreasing function
of n > 1and

IW-ELBOy < log p(z) < CUBOp, 57

for any £ > 1. Hence, for comparison with our approach, as the respective bound for the variational gap (CUBO-VG-B)
we take a difference between CUBOp, and IW-ELBOy, i.e.

CUBOR-VG-B = CUBOy, — IW-ELBOk. (58)

Thermodynamic Variational Objective (TVO) Masrani et al. (2019) provide upper and lower bounds for the evidence
log p(z), obtained by applying the thermodynamic integration technique. It is based on bounding (via left and right Rie-
mann sum) a one-dimensional integral of the expected values of instantaneous ELBO, calculated under latent distributions
7 for § € [0, 1], lying on a geometric path between ¢(z|x) and p(z, z) (hence By = ¢q(z|x) and 51 = p(z|z)). This leads
to a lower and upper version of the thermodynamic variational objective (TVO), given by the following formulas:

1 < (2, 2) | <
L e p ) = —
TVOk = - - E,  log Gl K E,  logR(w,z2), 59
and
1 X ples) 1 X
u _ 2)
TVOg = ? ]Ez . log q(2|l‘) = ? ]EZ \ log R(ZL‘, Z), (60)

=1 I=1

where 8 = /K. Let us note that TVOL = ELBO and TVO%J coincides with the evidence upper bound (EUBO), which
was introduced by Ji and Shen (2019).

It was proved in (Masrani et al., 2019) that for any K > 1 we have
TVOR < logp(z) < TVOR. (61)

Hence, for our purpose, as the respective bound for the variational gap (TVO-VG-B) we take a difference between TVOL,i
and TVOR, i.e.:

TVOk-VG-B = TVO), — TVOk. (62)

In particular,
EUBO-VG-B = TVO,-VG-B = TVOY — TVO} = EUBO — ELBO. (63)

C EXPERIMENTAL DETAILS AND EXTENSIONS

Experimental Results for VAE and IWAE Models We validated our importance sampling variational gap bound (IS-
VG-B) against the other state-of-the-art bounds, denoted by CUBO-VG-B, EUBO-VG-B, and TVO-VG-B, depending on
the evidence upper bound used. All computations were made for VAE and IWAE models, previously trained with the use
of ELBO, IW-ELBOs5, and IW-ELBO; objectives. For the IWAE models, we used the same neural architectures as in
VAE.

Table 2, which is an extension of Table 1 from the main paper, presents the size of all considered variational gap bounds
for the evidence of data, computed with the use of various numbers of latent samples and averaged over the test dataset.
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Table 2: Estimated size of various variational gap bounds for the evidence of data (lower is better), calculated for VAE,
IWAE-5, and IWAE-10 models, previously trained on MNIST, SVHN, and CelebA datasets. All computations were aver-

aged over 3 collections of 2326 Jatent samples, and over the test dataset.

Model
#Samples

VARIATIONAL GAP BOUND

IS (OUR)
CUBO; 5
CUBO;
UBO
TVO.
TVOs
TVO10
TVOs0

=

IS (OUR)
CUBO; 5
CUBO;
EUBO
TVO,
TVOs
TVO1o
TVOs,

IS (OUR)

CUBO; 5

CUBO:
UBO

S
>
[

TVO;5
TVO1o
TVOso

=

MNIST

SVHN

CelebA

0.76 0.370.59 2.83 1.420.570.28 0.06
0.58 0.480.78 3.43 1.720.690.34 0.07
0.45 0.590.97 3.94 1.970.790.39 0.08
0.34 0.701.15 4.37 2.190.870.44 0.09
0.29 0.811.34 4.75 2.370.950.47 0.09
0.23 0.911.51 5.08 2.541.020.51 0.10
0.20 1.011.70 5.38 2.691.080.54 0.11
0.17 1.101.87 5.63 2.821.130.56 0.11
0.13 1.202.04 5.87 2.941.170.59 0.12
0.10 1.282.21 6.08 3.041.220.61 0.12
0.09 1.372.38 6.27 3.131.250.63 0.13
0.08 1.452.54 6.42 3.211.280.64 0.13
0.06 1.522.68 6.56 3.281.310.66 0.13
0.04 1.592.83 6.68 3.341.340.67 0.13

1.610.530.82 5.67 2.83 1.130.57 0.11
1.450.721.12 7.23 3.62 1.450.72 0.14
1.310.921.42 870 4.35 1.740.87 0.17
1.201.121.7210.07 5.03 2.011.01 0.20
1.131.322.0311.35 5.68 2.271.14 0.23
1.031.522.3512.61 6.31 2.521.26 0.25
0.961.732.6613.81 6.90 2.761.38 0.28
0.901.942.9714.95 7.48 2.991.49 0.30
0.852.153.3016.09 8.05 3.221.61 0.32
0.812.353.6217.18 8.59 3.441.72 0.34
0.762.573.9418.25 9.12 3.651.82 0.36
0.732.734.1819.02 9.51 3.801.90 0.38
0.592.924.4819.94 9.97 3.991.99 0.40
0.443.164.8421.0810.544.222.11 0.42

4.760.630.9516.66 8.33 3.33 1.67 0.33
4.000.841.2720.4310.21 4.08 2.04 0.41
3.461.051.5923.8011.90 4.76 2.38 0.48
3.061.261.9226.78 13.39 5.36 2.68 0.54
2.781.482.2429.3714.69 5.87 2.94 0.59
2.501.692.5631.8315.91 6.37 3.18 0.64
2.251.902.8934.1117.05 6.82 3.41 0.68
2.132.123.2136.1718.08 7.23 3.62 0.72
2.052.233.3737.2918.64 7.46 3.73 0.74
1.942.443.7039.2019.60 7.84 3.92 0.79
1.772.694.0841.28 20.64 8.26 4.13 0.83
1.712.854.3242.4921.25 8.50 4.25 0.85
1.253.024.5943.7521.88 8.75 4.38 0.88
1.123.254.9245.4522.73 9.09 4.55 091

' 0.43

1.76 0.540.83 8.73 4.361.750.87 0.17
1.11 0.681.06 9.84 4.921.970.98 0.20
0.69 0.811.2610.625.312.121.06 0.21
0.911.4411.155.582.231.12 0.22
1.001.5911.535.762.311.15 0.23
1.071.7211.785.892.361.18 0.24
1.131.8211.965.982.391.20 0.24
1.171.9112.096.052.421.21 0.24
1.211.9912.186.092.441.22 0.24
1.242.0512.256.122.451.22 0.24
0.02 1.272.1112.306.152.46 1.23 0.25
0.01 1.292.1612.336.172.471.23 0.25
0.01 1.312.2012.366.182.471.24 0.25
0.0041.322.2412.386.192.48 1.24 0.25

0.27
0.19
0.12
0.07
0.04
0.03

3.060.600.9213.30 6.65 2.661.33 0.27
2.400.801.2215.85 7.93 3.171.59 0.32
1.950.991.5117.94 8.97 3.591.79 0.36
1.591.181.8019.72 9.86 3.941.97 0.39
1.311.362.0821.2310.624.252.12 0.42
1.101.542.3622.5311.274.512.25 0.45
0.941.712.6323.6811.844.742.37 0.47
0.791.882.9024.71 12.354.942.47 0.49
0.672.053.1625.6112.815.122.56 0.51
0.582.203.4126.4113.215.282.64 0.53
0.512.353.6527.1413.575.432.71 0.54
0.442.493.8827.7713.895.552.78 0.56
0.352.624.08 28.3014.155.662.83 0.57
0.312.744.3028.8214.415.762.88 0.58

9.540.661.0035.3317.67 7.07 3.53 0.71
8.040.881.3342.5721.29 8.51 4.26 0.85
6.851.111.6748.7824.39 9.76 4.88 0.98
6.011.332.0054.0927.0510.825.41 1.08
5.371.552.3358.8129.4111.765.88 1.17
4.821.772.6663.1031.5512.626.31 1.26
4.411.993.0066.9133.4613.386.69 1.34
3.982.213.3370.4835.2414.107.05 1.41
3.602.433.6773.7936.90 14.76 7.38 1.48
3.342.654.0076.8138.4015.367.68 1.54
3.092.874.3379.6039.8015.927.96 1.59
2.973.014.5481.1540.5716.238.11 1.62
2.883.124.7082.3141.1616.46 8.23 1.65
1.233.405.1485.4142.7017.08 8.54 1.71

> 0.67

2.73 0.580.8812.696.352.541.27 0.25
1.71 0.751.1414.347.172.87 1.43 0.29
1.09 0.901.3815.467.733.091.55 0.31
1.031.5916.258.133.251.63 0.33
1.141.78 16.80 8.403.36 1.68 0.34
0.27 1.231.9417.198.593.441.72 0.34
0.17 1.302.0717.468.733.491.75 0.35
0.10 1.362.1817.648.823.531.76 0.35
0.07 1.412.2717.778.893.551.78 0.36
0.05 1.452.3417.868.933.571.79 0.36
0.03 1.482.4117.938.963.591.79 0.36
0.02 1.502.4617.978.993.591.80 0.36
0.01 1.522.5118.019.003.601.80 0.36
0.01 1.542.5518.039.013.611.80 0.36

0.42

3.390.610.9314.86 7.43 2.971.49 0.30
2.700.811.2317.69 8.84 3.541.77 0.35
2.151.011.5320.01 10.014.002.00 0.40
1.761.201.8321.9410.974.392.19 0.44
1.481.392.1223.6111.804.722.36 0.47
1.261.572.4125.0612.535.012.51 0.50
1.081.76 2.69 26.34 13.175.272.63 0.53
0.911.932.9727.4813.745.502.75 0.55
0.782.103.2428.48 14.245.702.85 0.57
0.672.273.5029.37 14.695.872.94 0.59
0.522.433.7530.18 15.096.04 3.02 0.60
0.442.573.9730.8515.426.173.08 0.62
0.352.684.1631.3615.686.273.14 0.63
0.282.834.4032.0016.006.403.20 0.64

8.810.660.9931.3215.66 6.26 3.13 0.63
7.180.881.3237.8018.90 7.56 3.78 0.76
6.141.101.6643.3821.69 8.68 4.34 0.87
5.371.321.9948.2324.11 9.64 4.82 0.96
4.811.542.3252.4826.2410.505.25 1.05
4.331.762.6556.3728.1911.285.64 1.13
3.921.982.9859.8729.9411.975.99 1.20
3.612.203.3162.9731.4912.596.30 1.26
3.342.423.6566.0033.00 13.206.60 1.32
3.072.603.9268.3134.16 13.66 6.83 1.37
2.822.784.1970.3635.18 14.077.04 1.41
2.702.944.4472.3136.16 14.467.23 1.45
1.873.174.7874.7137.36 14.947.47 1.49
0.723.224.8675.4637.7315.097.55 1.51

Algorithmic Details In each experiment, to calculate the required bounds, i.e., CUBO-VG-B, EUBO-VG-B, TVO-VG-
B, and (our) IS-VG-B, we used (56), (58), (59), (60), (62), and (63), as well as (43), (44), and (45) from the main paper. It
means that we had to estimate a few expected values that appear in the mentioned formulas. We made this by both direct
application of respective (unbiased) sample mean estimators and a method proposed by Masrani et al. (2019) (see (13)

therein) that allowed us to reuse samples from ¢(-|x) to estimate an expected value under any 7 ,. Namely, we used the






