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Abstract

This paper proposes probabilistic conformal pre-
diction (PCP), a predictive inference algorithm
that estimates a target variable by a discontinuous
predictive set. Given inputs, PCP constructs the
predictive set based on random samples from an
estimated generative model. It is efficient and
compatible with conditional generative models
with either explicit or implicit density functions.
We show that PCP guarantees correct marginal
coverage with finite samples and give empirical
evidence of conditional coverage. We study PCP
on a variety of simulated and real datasets. Com-
pared to existing conformal prediction methods,
PCP provides sharper predictive sets.

1 INTRODUCTION

A core problem in supervised machine learning is to predict
a target variable Y ∈ Y given a vector of inputs X ∈ Rp.
In this problem, a predictive function q(Y |X) is fitted on
an observed dataset D = {(Xi, Yi)}Ni=1 and then used to
predict the target YN+1 of a new data point with inputs
XN+1. While much of machine learning focuses on point
predictions of Y , the problem of predictive inference aims
at more robust prediction. In predictive inference, our goal
is to create a predictive set that is likely to contain the
unobserved target (Geisser, 1993).

In particular, the field of conformal prediction develops pre-
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dictive inference algorithms that aim for calibrated coverage
probabilities (Papadopoulos et al., 2002; Vovk et al., 2005).
Assume the data pairs (Xi, Yi) are sampled independent
and identically distributed (i.i.d) from a population distri-
bution P(X,Y ). Given an input X , a conformal prediction
algorithm provides a set Cα(X) such that

PX,Y (Y ∈ Ĉα(X)) ≥ 1− α. (1)

The scalar α ∈ [0, 1] is a predefined miscoverage rate and
Ĉα(X) ⊂ Y is the predictive set. A set that satisfies Eq. (1)
is called a valid predictive set. Since the trivial set Ĉα(X) =
Y is valid, a major desideratum is to keep the size of the
predictive set small and thus informative. This property
is known as sharpness (Lei et al., 2015). In this paper,
we develop a new method for conformal prediction that
produces valid and sharp predictive sets.

Existing conformal prediction methods often produce a con-
tinuous interval as the predictive set (Lei and Wasserman,
2014; Barber et al., 2019b; Romano et al., 2019; Sesia and
Romano, 2021; Messoudi et al., 2021). Such intervals are
appropriate in some predictive situations. However, consider
a target distribution with separated high-density regions. In
this setting, to ensure validity the set must include all of the
high-density regions; but since it is continuous it must also
include the low-density regions between them. In a nutshell,
the continuity of the predictive sets posits a tension between
the validity and sharpness.

For example, consider a prediction problem that estimates
the drop-off location of a taxi passenger based on the pas-
senger’s information. The target distribution is likely to be
multimodal, centered around locations such as tourist attrac-
tions and transit centers. A continuous predictive set have
to encompass these regions, regardless of how far apart they
are. A more informative set would contain the regions them-
selves, but not the areas between them. The multimodal
target distribution is prevalent in practice such as the effects



Probabilistic Conformal Prediction Using Conditional Random Samples

(a) Sample Data (b) CDSplit (c) CHR (d) PCP (Ours) (e) HD-PCP (Ours)

Figure 1: NYC Taxi data. The covariates are pickup location (red pin) and other passenger information; The targe is the
dropoff location (blue pin). Left to right: Five random samples from Travel Data; Predictive sets output by CDSplit (Izbicki
et al., 2020), CHR (Sesia and Romano, 2021), PCP, and HD-PCP for one travel record.

of a stroke on brain regions (Gillmann et al., 2021) and the
action rewards of a robot (Myers et al., 2022).

Fig. 1 provides an example of the taxi application. Panel (a)
illustrates the data, the destinations of NYC taxi passengers.
Given a new set of inputs, panels (b) and (c) show existing
conformal prediction methods, which predict large regions
for the possible destinations. Panels (d) and (e) show the
results of our algorithms (probabilistic conformal prediction
(PCP)), which form sharper predictive sets from distinct
subregions of the map. Fig. 2 illustrates the algorithm.

In more detail, PCP builds on the split conformal prediction
framework (Lei and Wasserman, 2014; Papadopoulos et al.,
2002). It begins by randomly splitting the observed data
D into a preliminary setD pre and a calibration setD cal. It
then has three stages. (1) It �ts a conditional generative
modelq(Y j X ) to the preliminary dataD pre. (2) For each
point (X i ; Yi ) in the calibration setD cal, it generatesK
independent samples of preditionsŶX i = f Ŷi 1; � � � ; ŶiK g
from the �tted modelq(Y j X i ). It then calculates the dis-
tance between each sampled predition and the true label
Yi . These quantities are called thenonconformity scores
and measure the goodness-of-�t of the generative model.
(3) Finally, it calculates and records the(1 � � ) empirical
quantile of the nonconformity scores. The quantile will be
used to construct the predictive sets.

To form the predictive set of a new datapoint, �rst PCP gen-
erates prediction samples from the �tted target distribution.
Then each sample is expanded to a ball that centers at the
sample point and has a radius equal to the quantile com-
puted from the calibration set. Finally, the predictive set is
de�ned as the union of the balls over the samples. Because
it is centered at high-density regions, this predictive set is
sharp. Further, as we prove below, it is valid.

There are several advantages to PCP (and a related exten-
sion, high-density PCP). First, it adapts automatically to
the landscape of the target distribution, providing sharp and
valid predictive sets regardless of the underlying distribution.
Second, the generative model for PCP may have an explicit

or implicit density function as long as it can generate ran-
dom samples. Without requiring an explicit density, PCP
is compatible with the likelihood-free prediction (Alsing
et al., 2019; Chan et al., 2018) and is less prone to model
misspeci�cation (Mirza and Osindero, 2014). Last, (HD-
)PCP can be applied to multi-target regression where the
target variableY 2 RT , T � 1 (Breiman and Friedman,
1997; Messoudi et al., 2021). As we shall see, (HD-)PCP
scales ef�ciently with the target dimension and creates a
sharp predictive set by capturing the targets' dependencies.

2 RELATED WORK

PCP provides a contribution to the growing �eld of confor-
mal prediction. Some conformal prediction methods are
based on predicting summary statistics of the target distri-
bution, for example, by �tting a mean response function
(Lei et al., 2018), conditional quantile functions (Romano
et al., 2019) and approximate histograms (Sesia and Ro-
mano, 2021). However, these methods produce a single
continuous interval as the predictive set, which might be too
loose for multimodal targets.

Other conformal prediction methods estimate the full target
distribution. Distributional conformal prediction (DCP) is
based on the estimated cumulative density function (Cher-
nozhukov et al., 2021) but its prediction is often sensitive
to the tail estimation (Sesia and Romano, 2021). CDSplit
uses a level set of the estimated probability density function
as the predictive set (Izbicki et al., 2020). Similar to PCP,
CDSplit can produce discontinuous predictive sets. How-
ever, the level set might be loose when the distribution has
high dispersion and it has to be computed approximately.
PCP is more computationally ef�cient than CDSplit, and
further it is compatible with likelihood-free predictions due
to the sampling-based design. Empirically, across multi-
ple datasets, PCP creates sharper predictive sets than these
existing conformal methods.

Finally, there are a few conformal methods for multi-
target regression (Messoudi et al., 2020, 2021; Neeven and
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Smirnov, 2018). Compared to these methods, PCP models
the target variables jointly and can produce discontinuous
predictive sets. As we show in the empirical studies, PCP
provides sharper and more interpretable predictions.

3 PROBABILISTIC CONFORMAL
PREDICTION

Problem setupConsider i.i.d. pairs of covariatesX i and a
target variableYi , i.e., D = f (X i ; Yi )gN

i =1 , from a distribu-
tion P(X; Y ). We observe dataD and the covariatesX N +1

of a new data point. To form a predictive setĈ(X N +1 )
for the unobserved targetYN +1 with valid uncertainty es-
timation, we create a predictive setĈ� (�) : X 7! Y that
satis�es Eq. (1) for� 2 [0; 1]. Since an arbitrary wide pre-
dictive set has valid coverage, a predictive set should be as
sharp as possible. Classic conformal prediction is based on
leave-one-out estimation (Vovk et al., 2005), which has high
computational cost due to multiple model �tting. In this
paper, we adopt the split conformal prediction framework,
which improves computational ef�ciency by data-splitting
(Lei et al., 2018; Papadopoulos et al., 2002). It randomly
splits the observed data to a preliminary set and a calibration
set. The model is �tted on the preliminary set and kept �xed
in computing the nonconformity scores on the calibration
set and the test set.

3.1 Generative model �tting

The proposed PCP depends on random samples from a
conditional generative model (CGM)q(Y jX ) that approxi-
mates the target variable distributionp(Y jX ). This differs
from standard conformal prediction methods that are based
on �tting the summary statistics such as the conditional
mean and quantiles of the target (Lei and Wasserman, 2014;
Romano et al., 2019) and that depend on evaluating prob-
ability densities (Izbicki et al., 2020; Chernozhukov et al.,
2021; Hoff, 2021). Since the only requirement is to sample
from q(Y jX ), we consider both typical CGMs with explicit
density functions and popular CGMs with implicit density.
In particular, we consider PCP with explicit models such as
Kernel Mixture Network (KMN) (Ambrogioni et al., 2017),
Mixture Density Network (MixD) (Bishop, 1994), and im-
plicit models such as GAN (Mirza and Osindero, 2014). See
Section D for more details about CGMs used. We regard
CGMs as backbone models for PCP.

3.2 Uncertainty calibration with random samples

Suppose a conditional density model is �tted on a prelim-
inary datasetD pre. We use the �tted modelq(Y jX ) and
the calibration data to construct a predictive set for a new
test data point. For a data point(X i ; Yi ) in the calibration
set, the algorithm �rst generatesK random sampleŝYik ,
k = 1 ; � � � ; K independently fromq(Y jX i ), denoted as

Ŷ i = f Ŷi 1; � � � ; ŶiK g. Then, it computes the distance from
the observed outcome to this set of samples as

E i = min
1� k � K






 Yi � Ŷik






 : (2)

The scalarE i is set as the nonconformity score. The norm
k�k in Eq. (2) is user-speci�ed. For the regression problems
considered in this paper, we choose the Euclidean norm.

The score in Eq. (2) adopts the standard notation of dis-
tance between a point and a set. Intuitively, a small score
indicates that the speculated outcomesŶik are close to the
observed outcomeYi , whereŶik are from the approximate
densityq(Y jX i ) andYi is from the true underlying density
p(Y jX i ). We use the empirical quantile of the noncon-
formity scores from the calibration data to construct the
predictive set. The� -th empirical quantile is de�ned as
Q� (E1:n ) = inf E f (

P n
i =1 1[E i � E ])=n � � g where

� 2 [0; 1] and1[�] is the indicator function.

For a new data point with covariatesX , we generate
Ŷ = f Ŷ1; � � � ; ŶK g with Ŷk � q(Y jX ). Suppose that the
desired nominal coverage is1 � � . Then, each samplêYk

is expanded to a regionRk = f y : jjy � Ŷk jj � r g with
r = Q1� � (f E1; � � � ; En g [ f1g ). We callRk an element
region of the data pointX . The proposed predictive set is
the union of the element regions,

Ĉ(X; Ŷ) = [ K
k=1 Rk

= [ K
k=1

�
y :






 y � Ŷk






 � Q1� � (E1:n [ f1g )

	
: (3)

As a special case, when the outcome is a scalar, the
predictive set can be written explicitly as

Ĉ(X; Ŷ) = [ K
k=1

h
Ŷk � Q1� � (E1:n [ f1g );

Ŷk + Q1� � (E1:n [ f1g )
i
: (4)

The proposed PCP algorithm is summarized in Algorithm 1.

3.3 Properties of the nonconformity score

The nonconformity score in Eq. (2) measures the local
conformity with several desired properties. First, the min-
imization operator in Eq. (2) leads to high conformity when
one of the generated samples is close to the observed target,
regardless of the positions of other samples. Considering
a multimodal target distribution, some samples can capture
the modes that the observedY is not at but do not increase
the nonconformity score. The points at the low density
regions between the modes would have high nonconformity
scores and hence are not included in the predictive set. This
is in contrast to other ways of score design such as the mean
distance betweenf Ŷik g andYi . Second, the score in Eq. (2)
re�ects the goodness-of-�t. Consider a CGM with high
density and a CGM with low density at the region where
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Figure 2: Illustration of PCP. Data: i.i.d dataD = f (X i ; Yi )gN
i =1 ; Modeling: K random samples generated from a �tted

q(Y j X ); Calibration: compute scoresE i and the quantile� y; Prediction: construct the predictive setĈ(X ) for a test data.

p(Y j X ) is high. Though at a �rst glance, for aspeci�c data
point, both CGMs might produce a set of samples leading to
similar scores. However, the quantileQ1� � (E1:n [ f1g )
is computed over multiple points. The CGM with a better �t
has more samples around the observed target, thus produc-
ing a smaller score in expectation due to the minimization
operator, a lowerQ1� � , and �nally a sharper predictive set.

As shown in Eq. (3), the predictive set can be either contin-
uous or discontinuous. Therefore, it can produce a sharp
estimate by automatically adapting to the target distribu-
tion. When the generative model is not �tted well, PCP
maintains a valid marginal coverage, properly quantifying
the predictive uncertainty. When the generative model �ts
well, the predictive set allocates its volume according to the
random samples. For example, ifp(Y jX ) is multimodal
and the multimodality is captured by the estimatedq(Y jX ),
the predictive set would consist of discontinuous sets around
the modes where each set is relatively small.

Though in some situations, a continuous interval prediction
is preferred in terms of interpretability (Sesia and Romano,
2021), when the target is multimodal, a discontinuous set
might be more interpretable. For example, when predicting
a watch price based on its appearance without knowing the
brand, a price range($100; $200)[ ($1000; $1200)might
be more informative than($100; $1200). Nevertheless, one
can take the convex hull of a discontinuous set to form a
continuous interval but not vice versa.

By the construction of the predictive set in Eq. (3), the esti-
mated densityq(Y jX ) can be explicit or implicit, allowing
for a wide range of CGMs. Moreover, the predictive set in
Eq. (3) can be computed without approximation, making
PCP scalable to a high dimensional targetY .

3.4 Statistical guarantees

PCP has a guaranteed marginal coverage as in Theorem 1.

Theorem 1. Suppose(X i ; Yi ), i 2 f 1; 2; � � � ; ng and
(X; Y ) are exchangeable, then

Algorithm 1 Probabilistic Conformal Prediction

Input: DataD = f (X i ; Yi )gN
i =1 , modelq(Y jX ), nominal

level � , test pointX , sample sizeK .

Step I: Conditional generative model
1: Split the data into three foldsZ tr, Z val, Z cal with set of

index asI tr, I val, I cal respectively
2: Fit q(Y jX ) on Z tr with hyper-parameter chosen by

cross validation onZ val

Step II: Predictive set for a test point

1: For i 2 I cal, sampleŶi 1; � � � ; ŶiK � q(Y jX i )
2: For test pointX , sampleŶ1; � � � ; ŶK � q(Y jX )
3: Compute nonconformity scoref E i gi 2 I cal by Eq. (2),

EN +1 = 1 , ~I cal = I cal [ f N + 1g
4: Setr as the(1 � � ) empirical quantile off E i gi 2 ~I cal

5: Compute the predictive set̂C(X; Ŷ) by Eq. (3)

Output: Predictive set̂C(X; Ŷ)

(1) the predictive set in Eq.(3) satis�es

PX;Y; Ŷ(Y 2 Ĉ(X; Ŷ)) � 1 � � ; (5)

(2) when the scoresE1; � � � ; En are distinct almost surely,

PX;Y; Ŷ(Y 2 Ĉ(X; Ŷ)) � 1 � � +
1

n + 1
: (6)

Theorem 1 demonstrates that the marginal coverage of PCP
is valid and tight. In particular, the condition of the upper
bound is satis�ed whenp(Y jX ) is continuous in the regres-
sion setting. Note that the coverage probability in Theorem 1
is with respect to both(X; Y ) andŶ, which requires new
adaptations of the standard conformal inference proof. The
details are in Section A.

In practice, we take the quantile ofE1:n instead of the in-
�ated scoresE1:n [ f1g in Eq. (3). The following corollary
offers the coverage guarantee under such modi�cation.

Corollary 1. Under the conditions of Theorem 1 and sup-
pose� � 1=(n+1) , if the quantile in Eq.(3) is Q1� � (E1:n ),
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thenP(Y 2 Ĉ(X; Ŷ)) 2 [1� � � 1=(n +1) ; 1� � +1=(n +
1)]; if the quantile in Eq.(3) is Q(1 � � )(1+ 1

n ) (E1:n ), then

P(Y 2 Ĉ(X; Ŷ)) 2 [1 � �; 1 � � + 1=(n + 1)]

Conditional coverage.The guarantees in Theorem 1 is not
for a �xed X i . The miss of conditional coverage has been
shown as a consequence of the distribution-free assumption
(Barber et al., 2019a). Some existing work establish condi-
tional coverage under strong assumptions such as unimodal
and bounded target distribution (Sesia and Romano, 2021),
asymptotic assumption withn ! 1 , and the consistency of
the predictive model (Chernozhukov et al., 2021; Sesia and
Romano, 2021). In this paper, instead of invoking strong
assumptions, we empirically evaluate the conditional cover-
age of PCP with metrics developed and adopted by a variety
of conformal prediction studies (Romano et al., 2020; Gibbs
and Candès, 2022; Tau�q et al., 2022; Xu and Xie, 2022).

3.5 High Density Probabilistic Conformal Prediction

Ideally, we may want the predictive sets to contain only
high density regions to offer interpretable predictions. As
shown in Section B, for different sets with the same coverage
probability under a multimodal distribution, the high density
region has the smallest size.

In PCP, the generated random samples include low density
samples. This may lead to many isolated sets and make
interpretation dif�cult. To mitigate this problem, we propose
High Density Probabilistic Conformal Prediction (HD-PCP)
to �lter out � fraction low-density samples to identify the
high density regions whenq(Y jX ) is explicit. Instead of
samplingK samples fromq(Y jX ) like in PCP, we keep
(1 � � ) fraction ofK samples with the highest estimated
density. The HD-PCP algorithm is summarized in Section B.
The marginal coverage guarantee still holds for HD-PCP.

Corollary 2. Under the conditions of Theorem 1, HD-PCP
has the same marginal coverage as PCP.

4 EXPERIMENTS

In this section, we conduct a comprehensive analysis demon-
strating the advantages of PCP compared to previously pro-
posed conformal prediction methods. We aim to answer the
following questions: (a) how does PCP perform in terms
of coverage and predictive set size when compared with
baseline models on synthetic datasets?(b) Does the �ltering
improve the predictive set of HD-PCP?(c) How well do
PCP and HD-PCP perform on real datasets with a single
target?(d) How do the backbone models impact the perfor-
mance of PCP?(e) Does PCP provide better predictive sets
in tasks with multi-dimensional targets?

We �rst conduct experiment on classic 2D synthetic data
to answer question(a) and(b). Then, we compare PCP

and HD-PCP with a full set of baseline methods on sev-
eral selected real datasets to address question(b), (c) and
(d). Finally, we conduct experiments on multi-dimensional
regression tasks to address question(e).

Baselines.We consider CHR (Sesia and Romano, 2021),
DistSplit (Izbicki et al., 2020), CDSplit (Izbicki et al., 2020),
DCP (Chernozhukov et al., 2021), and CQR (Romano et al.,
2019) as our comparison baselines. For CHR, we use two
different conditional density estimation models based on
neural networks and random forest, and we denote them as
CHR-NN and CHR-QRF. We evaluate all baselines with
their public implementations except for CDSplit. We im-
plement a python-based CDSplit based on the of�cial R
code to use the same backbone generative model for a fair
comparison, denoted as CDSplit-KMN and CDSplit-MixD.

Choosing the hyperparameter K.We conduct an ablation
study on the effect of the sample sizeK of PCP. As shown
in Fig. 5, empirically we �nd when K increases, the average
size of the predictive sets �rst reduces fast and then reduces
slow. In practice, we set K moderately large to balance
the sharpness and the computational cost,i.e., K = 40 or
K = 1000 (two-dimensional targets).K = 1000 is chosen
since it is at the same magnitude as402.

4.1 Synthetic data experiments

To evaluate the effectiveness of the proposed methods, we
compare the predictive set of PCP and HD-PCP with other
baseline methods on synthetic data. We show the evaluation
results of the s-curve and the 25-Gaussians in Fig. 3 and
place detailed results in Appendix E.

Fig. 3 illustrates that when the dataset has multimodal
p(Y jX ) distribution, models considering multimodality,
such as CDSplit and (HD-)PCP, work apparently better
than the models that can only provide unimodal predictions
(question(a)). Quantitatively, all models achieve the target
marginal coverage (1 � � ), while the average set sizes of
CDSplit and (HD-)PCP are several times smaller than that
from CHR. CDSplit and PCP both can provide sharp and
informative predictive sets for these multimodal datasets
and PCP is slightly better with respect to the set size. The
right two panels show the effect of �ltering high density
samples. The predictive sets by HD-PCP become cleaner
and concentrated on the correct modes. Correspondingly,
the average set size of HD-PCP is smaller than PCP. The
histogram moving from blue bins to orange bins also shows
the effectiveness of the �ltering (question(b)).

4.2 Real data experiments

We study regression tasks on several real datasets to evaluate
PCP and HD-PCP. We consider multiple types of generative
modelsq(Y j X ), including implicit models (GAN Goodfel-
low et al. (2014)) and semi-implicit model (Yin and Zhou,
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Figure 3: Visualization of predictive sets (� = 0 :1) on 2D toy datasets: s-curve and 25-Gaussians. We shows the predictive
sets on 100 test data samples. Blues lines: the predictive sets from each method; Blue dots: test points that are not covered
by the predictive sets; Reds dots: test points covered. We report the marginal coverage and the average set size across
test datapoints in the x-axis label. The �fth column shows the histogram of the number of predicted intervals of PCP and
HD-PCP. We setK = 40 for (HD-)PCP,� = 0 :2. Detailed experiments are in Section E.

(a)p(Y jX ) with varying covariance� (b) Coverage (c) Set Size

Figure 4: (a): Conditional data distributionp(Y jX ) for multi-target synthetic dataset. (b), (c): Marginal coverage and
set size for baselines. Though all methods achieve similar coverage in (b), PCP produces the smallest set size when the
covariance� increases as shown in (c).

2018a,b), explicit models (KMN (Ambrogioni et al., 2017),
MixD (Bishop, 1994), and QRF (Meinshausen, 2006)). We
denote them as PCP-GAN, PCP-SIVI, PCP-KMN, PCP-
MixD and PCP-QRF respectively.

Datasets.We conduct real data experiments on 9 public-
domain datasets: bike sharing data (bike), physicochemical
properties of protein (bio), blog feedback (blog), and Face-
book comment volume, variants one (fb1) and two (fb2),
medical expenditure panel survey number 19 (meps19),
number 20 (meps20), and number 21 (meps21) (Romano
et al., 2019) and temperature forecast data (Cho et al., 2020).
See Section F for detailed data statistics.

Evaluation Protocol. We compute the marginal coverage,
conditional coverage (approximated by the worst-slab cov-
erage (Cauchois et al., 2021; Romano et al., 2020)), and the
predictive set size for all datasets. We report results based
on 50 random splits for all datasets.

Table 1 shows numerical results. For our methods, we report
PCP-MixD and HD-PCP-MixD; for baselines, we report the
backbone model that works generally the best across the 9
datasets with respect to the set size in the main paper. See
detailed results in Section F: Table 1 reports the best results
among the variants of each method in terms of predictive
sets ; Table 5, Table 6 and Table 7 report full experiment
results.

We observe that all conformal methods achieve(1 � � )
marginal coverage. Thus, our comparison focuses on the
size of predictive sets. As shown in Table 1, HD-PCP-MixD
outperforms all the other baselines on 7 out of 9 datasets
in terms of the predictive set size. If choosing an optimal
backbone model for each dataset, our methods outperform
baselines on all datasets. Comparing HD-PCP with PCP,
we �nd that the �ltering technique brings consistent perfor-
mance improvement. Table 1 shows that PCP outperforms
the baselines by a large margin, especially on blog, face-
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