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Abstract

We consider online reinforcement learning in
Mean-Field Games (MFGs). Unlike traditional
approaches, we alleviate the need for a mean-field
oracle by developing an algorithm that approxi-
mates the Mean-Field Equilibrium (MFE) using
the single sample path of the generic agent. We
call this Sandbox Learning, as it can be used as a
warm-start for any agent learning in a multi-agent
non-cooperative setting. We adopt a two time-
scale approach in which an online fixed-point re-
cursion for the mean-field operates on a slower
time-scale, in tandem with a control policy up-
date on a faster time-scale for the generic agent.
Given that the underlying Markov Decision Pro-
cess (MDP) of the agent is communicating, we
provide finite sample convergence guarantees in
terms of convergence of the mean-field and con-
trol policy to the mean-field equilibrium. The
sample complexity of the Sandbox learning algo-
rithm is O(e~*) where ¢ is the MFE approxima-
tion error. This is similar to works which assume
access to oracle. Finally, we empirically demon-
strate the effectiveness of the sandbox learning
algorithm in diverse scenarios, including those
where the MDP does not necessarily have a single
communicating class.

1 INTRODUCTION

Mean-Field Game (MFG) framework, concurrently intro-
duced by Huang et al. [Huang et al.| (2006} 2007) and Lasry
& Lions Lasry and Lions| (2006} 2007)), addresses some of
the challenges faced by the widely applicable Multi-Agent
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Reinforcement Learning (MARL) framework |Shoham et al.
(2007); \Ghasemi et al.| (2020); Zhang et al.| (2021); [Mao
et al.[(2022). In particular, MFG framework captures the
limiting case where the number of agents N — oo and this
deals with the non-stationarity of the environment caused
by agents best responding to each other - referred to as
the “curse of many agents" [Sonu et al.| (2017). In the in-
finite population setting, the effect of individual deviation
becomes negligible causing any strategic interaction among
the agents to disappear. As a result, it becomes sufficient to
consider without loss of generality the interaction between a
generic agent and the aggregate behavior of other agents (the
mean-field). The solution concept used in MFGs (analog
of Nash equilibrium) is called the Mean-Field Equilibrium
(MFE). The MFE prescribes a set of control policies which
are known to be e-Nash for a large class of N-agent games
Saldi et al.| (2018)), such that e — 0 as N — oo. Hence
finding the MFE presents a viable method to solving large
population games. In this work we propose an RL algorithm
to approximate the (stationary) MFE |Guo et al.| (2019); Xie
et al.| (2021)) without assuming access to a mean-field oracle
(henceforth referred to as oracle).

Most literature in RL for MFGs assumes access to such
an oracle, which is capable of simulating the aggregate
behavior of a large number of agents under a given control
policy. But this assumption may be prohibitive and the
generic agent may not have access to such an oracle, but only
knows its own state, action and reward sequence. Hence the
question arises:

Can the generic agent provably learn the stationary MFE
without access to a mean-field oracle?

We answer this question in the affirmative by proposing an
RL algorithm which computes the MFE without access to an
oracle, but instead using the single sample path of the agent
(without re-initializations) to approximate the aggregate be-
havior of large number of agents. We also provide high
confidence finite sample bounds for approximation of the
MEE to an arbitrary degree. We term this learning approach
Sandbox Learning, since it allows an agent to approximate
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equilibrium policies in a multi-agent non-cooperative envi-
ronment, without interacting with other agents or an oracle.
As aresult, sandbox learning can be used to provide a warm-
start to agents before entering an N-agent non-cooperative
learning environment.

1.1 Main Results

Our core technical insight is that, instead of assuming access
to the oracle, the problem may be cast as a stochastic fixed
point problem using the generic agent’s single sample path,
thus allowing development of oracle-free RL algorithm for
the MFG. In contrast, prior works require access to mean-
field oracle |Guo et al.| (2019)); Xie et al.|(2021)); | Anahtarci
et al.| (2019); |Fu et al.|(2020),which is a strong assumption,
as it implicitly assumes the knowledge of the distribution
of all other agents, which never holds in practice.The main
results of the paper are as follows.

1. To efficiently learn the MFE and avoid degenerate poli-
cies, the Sandbox learning algorithm simultaneously up-
dates the mean-field and the policy of the agent. This si-
multaneous update induces a time-varying Markov Chain
(MC) for the generic agent which complicates the anal-
ysis of the algorithm. In Section [3] we craft episodic
learning rates for the sole purpose of making the MC
slowly time-varying inside the episode, making the algo-
rithm amenable for analysis.

2. In Section ] we provide finite sample analysis of Q-
learning and dynamics matrix estimation under the
slowly time-varying MC setting, using a communicating
MDP condition from literature |Arslan and Yiiksel (2016)).
This condition generalizes the pre-existing conditions for
RL-MFGs in literature. The slowly time-varying MC
setting is shown to introduce a small drift in the ap-
proximation error, which can be reduced by slowing the
inter-episodic learning. Lemmas 2] and [3| might be of in-
dependent interest to researchers in RL for time-varying
MDPs.

3. The estimates of Q-function and dynamics matrix are
used to construct approximate optimality and consis-
tency operators, respectively. These operators are used
to update the policy and mean-field using two time-scale
learning. Finally in Section ] Corollary I} we obtain
finite sample convergence bounds of this two time-scale
algorithm to an e-neighborhood of stationary MFE, under
a standard contraction mapping assumption.

4. In Section[5} we numerically illustrate the effectiveness
of the Sandbox learning algorithm on a congestion game.
We empirically demonstrate that the Sandbox learning
algorithm performs well even in the absence of the com-
municating MDP assumption, if there is a single closed
communicating class. This is due to the fact that the MC
transitions to the communicating class in finite time.

Proofs of theoretical claims are provided in the Supplemen-
tary Materials.

1.2 Relevant Literature

The work most closely related to this paper is|Angiuli et al.
(2022) which uses a unified-RL algorithm to solve the MFG
problem in cooperative and non-cooperative settings, but
lacks rigorous analysis of the RL algorithm. The key dif-
ferences are that (a) the algorithm in |Angiuli et al.| (2022)
relies on re-initializations while our algorithm operates on a
single sample path, (b) the algorithm proposed in|Angiuli
et al.| (2022) updates the Q)-function at a faster time-scale
while ours updates the control policy at a faster time-scale,
and (c) we explicitly define the learning rates to have a cer-
tain episodic structure. These differences are shown to be
pivotal in obtaining the finite sample convergence bounds
for the Sandbox learning algorithm. Below we provide a
table juxtaposing our work with the contributions of other
works in RL for MFGs.

Oracle- Single  Finite

less? sample sample

path  bounds
~ [Elie et al[(2019) X X X
Cui and Koeppl| (2021)) X X X
Fu et al.[(2020) X X v
Guo et al.|(2019) X X v
Anahtarci et al.| (2022 X X v
Xie et al.| (2021) X X v
Angiuli et al.| (2022) v X X
This work v v v

A complete literature review is provided in the Section 6]

2 FORMULATION & BACKGROUND

Consider an infinite horizon N-agent game over finite state
and action spaces S and A, respectively. The state and
action of agent ¢ € [IN] at time ¢ are denoted by s} € S and
a; € A, respectively. Agent 4’s initial state is drawn from a
distribution s} ~ p; € P(S), and the state dynamics of the
agent is coupled with the other agents through the empirical
.distribution eiv. = = > el 1{s] = s}, Wl.lere we alsq
include agent ¢, without any loss of generality. Agent ¢
generates its actions using policy 7} € II} := {n} | 7} : SX
P(S) — P(A)}, dependent on its state and the empirical
distribution e . The state of agent 7 transitions according to

S%Jrl ~ P(-| sy, a5, ),81 ~ piyap ~ m(sg,ep ). (1)
Similarly, the reward accrued to the agent depends on its
state, action, and the empirical distribution at time ¢, 7} =
R(s},aj,eY) € [0,1]. The presence of e/ in both (T)
and ry is a key point of departure from a standard MDP
setting, as it permits other agents’ possibly non-cooperative
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behavior to determine the evolution of the state and the
reward of agent ¢. The over-arching goal of each agent
1 =1,..., N is to maximize its total reward discounted by
afactor 0 < p < 1, defined as

Vi n ™) =E[ Y pR(shaiel) [ si o], @

t=1

where ¢ := (7}, 7}, ... ) € IT" is the policy of agent i and
7" := {7} ;c[n]\; 18 the concatenation of policies of all
other agents. In an N-agent non-cooperative game, the dom-
inant solution concept is a Nash equilibrium, where none
of the agents can increase their total reward by unilaterally
deviating from its Nash policy. Based upon this notion, we
define an e-Nash equilibrium as follows.

Definition 1 (Basar and Olsder (1998)). A set of policies
7% = {n'*, ..., 7N*} is termed an e-Nash equilibrium if
Vi € [N], Vi(r™*, m=%) + e > Vi(rt, m=),vr' € TI%

If € — 0, e-Nash approaches Nash equilibirum. Due to the
exponential dependence on the number of agents /N required
to compute exact Nash equilibria Basar and Olsder| (1998)),
we restrict focus to computing e-Nash equilibria. In the case
that the number of agents N — oo, known as the mean-field
equilibrium (MFE), one obtains an e-Nash equilibrium Saldi
et al.| (2018)); [Moon and Basar| (2014), specifically, ¢ — 0 as
N — 0.

Therefore, subsequently, we focus on the MFG, the infinite
population analog of the N-agent game.The empirical dis-
tribution is replaced in that case by a mean field distribution
p = limy 4o €, its infinite population stationary coun-
terpart. The stationary MFE of the MFG is guaranteed to
exist under certain Lipschitzness assumptions |Saldi et al.
(2018)); Jovanovic and Rosenthal| (1988)) (Assumptionm). As
in the N-agent game, the generic agent in a MFG has state
space S, action space .4, and the initial distribution of its
state is p; ~ P(S). Next, we define the agent’s transition
dynamics (T)) and total reward (2)) in the mean-field setting
with mean-field . € P(S):

St41 ~ P(- | sp,ae, 1), 81 ~ p1,ae ~ w(se, ). (3)

The actions of the generic agent are generated using a sta-
tionary stochastic policy 7 € II := {7 : S x P(S) —
P(A)}. We restrict ourselves to the set of stationary poli-
cies, without loss of generality, since the optimal control
policy for an MDP induced by stationary  is also station-
ary [Puterman| (2014). The instantaneous reward r; accrued
to a generic agent at time ¢ is dependent on its state, con-
trol action, and the mean-field, that is, r; = R(s, at, p).
The generic agent aims to maximize its total discounted
reward given the mean-field ;o and with the discount factor
0<p<l,

V7r7p, = E{ZptR<st7at7,u> | S1~P1|- (4)

t=1

Next we define the Mean-Field Equilibrium (MFE) by in-
troducing two operators. First define the optimality operator
I'y(p) := argmax, V., as the operator which outputs the
optimal policy for the MDP induced by mean-field p. We
consider policies where the probability is split evenly among
optimal actions for a given state and mean-field. We also
define 'y (7, 11) as the consistency operator which computes
mean-field consistent with the policy 7 and mean-field p. If
' =To(m, p), thenVs' € S

W)=Y P Isapmlalspuls). 6

(s,a)eSx.A

This is also referred to as the Fokker-Planck-Kolmogorov
equation in the literature Bensoussan et al.| (2015)), and ver-
sions of it appear in the literature on probability flow equa-
tions in MDPs [Puterman| (2014)). Consistency means that if
infinitely many agents (with initial distribution ) follow a
control policy 7, the resulting distribution will be y’. Using
these two operators, we can define the MFE of the MFG as
follows.

Definition 2 (Saldi et al.{(2018)). The pair (7, 1) is an MFE
of the MFG if & = T'1(fi) and j = Ta(7, i)

Intuitively this two-part coupled definition can be inter-
preted as (1) 7 is the optimal policy for the MDP in-
duced by mean-field £, and (2) mean-field i is consis-
tent with the control policy 7. A naive way of approx-
imating the MFE could be through repeated use of the
composite operator I'y(T'; (+), -) but this iteration is known
to be non-contractive (Cui and Koeppl (2021)). Instead
we replace 'y (- with the approximate optimality operator
I} () = softmaxy (-, Q}), where Q% is the Q-function
of the MDP induced by mean-field p and, the softmax(+)
function is defined as

exp(AQ(s, a))
Za/g_A eXP(AQ(& a’)) ’

Vs € S,Va € A. Evidently as A — oo, '} — T'y. Next
using the approximate optimality operator '} we define an
approximate MFE known as Boltzman-MFE (B-MFE).
Definition 3 (Cui and Koeppl (2021)). For a given A > 0,
the pair (7*, p*) is a Boltzman-MFE (B-MFE) of the MFG
if 7 = TMu*) and p* = Do(*, 1*).

(6)

softmaxy (s, Q)q :=

The Boltzman-MFE is an approximate MFE and approaches
the MFE as A — oo (Theorem 4, |Cui and Koeppl (2021)).
Henceforth, we will devote ourselves to finding the B-MFE
for a large enough A, so as to closely approximate the MFE.
Next we introduce the standard contraction mapping as-
sumption in MFGs |Guo et al.| (2019); Xie et al.[(2021)).

Assumption 1. There exists a A > 0 and Lipschitz constants
dy, ds and d3 such that

10 (1) = DY ()|l 7v < daflpe — /|1,
T (m, ) — To(n', p)|[1 < do|m — |2y,
Do (7, 1) — Do, ')y < dsllpw — /|2
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and d := didy + d3 < 1 for policies w, 7' € 11 and mean-
fields u, 1/ € P(S).

Assumption [I]is guaranteed to be true for a small enough
A > 0|Cui and Koeppl| (2021). This results in a trade-off
as higher values of \ increase closeness between MFE and
B-MFE, but may cause Assumption [I] to be violated, and
vice-versa. This issue is well-known in MFGs over finite
state and action spaces |Cu1 and Koeppl| (2021). Contraction
mapping conditions (as in Assumption 1) are widely used in
RL for standard MFGs |Guo et al.| (2019); Xie et al.| (2021));
Fu et al.|(2020). Lemma 5 in |Guo et al.| (2019) provides
candidate values for these constants. The ||-|| v norm used
in Assumption|[T]is the Total variation bound|Cui and Koeppl
(2021)) and is defined for a function f : AxS — R such that
| fllzy = maxses D ,calf(a | s)|. Under Assumption
[T} the existence and uniqueness of the B-MFE of the MFG
has been proven in literature |Cui and Koeppl|(2021); /Guo
et al.|(2019); Xie et al.| (2021) using the standard contraction
mapping theorem. Hence, the B-MFE approximates the
MEE for large values of A and the MFE is known to be e-
Nash for the finite population game (Theorem 2.3|Saldi et al.
(2018))). In the next section, we propose an RL algorithm
to approximate the B-MFE without access to a mean-field
oracle, by utilizing the sample path of a generic agent itself.

3 SANDBOX REINFORCEMENT
LEARNING

Consider a setting where a generic agent has no knowledge
of the transition probability P, the functional form of the
reward R or a mean-field oracle, which is often required in
such studies — see |Guo et al.| (2019); [Fu et al. (2020); Xie
et al.[(2021);/Cui and Koeppl (2021)). In this section, we pro-
pose a Sandbox RL algorithm to compute the B-MFE. Our
methodology operates by updating the mean-field and the
control policy concurrently using approximations of the op-
timality and consistency operators, I'} and I, respectively,
defined prior to Definition [3| The approximation to I'} is
defined by softmax ) (-) of estimated Q-function obtained
using ()-learning update, whereas approximation of opera-
tor I's relies on estimating the transition probabilities of the
Markov Chain (MC) of the generic agent. But the concur-
rent update of mean-field and control policy causes the MC
of the generic agent to be time-varying. This time-varying
MC setting may cause instability in the approximation of the
operators, resulting in divergence of mean-field and control
policy updates.

To ensure good approximation of operators, we adopt an
episodic two time-scale learning rate as shown in Figure
[[] Inside an episode, the learning rates are summable (or
fast-decaying), allowing the degree of non-stationarity in
the MC inside the episode to be slowly time-varying. Doing
so then enables us to ensure that the approximation errors of
the optimality and consistency operators are under control.

——Control policy learning rate
——Mean-field learning rate ||

0.8 Episode 1 Episode 2

v v

Episode 3

0.6 T Summable rates

Non-Summable rates

Figure 1: Episodic Two time-scale learning rate

Therefore, given a reasonable estimate for the consistency
operator, the control policy is updated on a faster time-scale.
Similarly the mean-field is updated at a slower time-scale
using the consistency operator. We note that inverting the
entity updated on a faster/slower time-scale will result in the
solution to the Mean-Field Control problem |Angiuli et al.
(2022). In the following subsection we describe how we can
estimate the two operators.

3.1 Approximate Mean-Field consistency and
optimality operators

We start by describing how the Sandbox learning algorithm
uses the MC of the generic agent to approximate the con-
sistency operator I';. Recalling the definition of I's (3)), if
p' =Ty(m, ), then

p ()= P(s'| s,a,m)m(a | s, pm)pu(s)
seESacA
= ZPWJ,,(S,S’);L(S), vs'eS

sES

where Py , is the transition dynamics matrix of the generic
agent under control law 7 and mean-field p. Hence if ' =
I's(m, i), the vector 1/ € P(S) can be written as

p =Pl )

To come up with an estimator for I'; we will need to estimate
the dynamics matrix Py ,. Toward this end, we can take
a sample path of the Markov chain induced by 7 and p of
length T to obtain approximation of y' through the use of
an estimation of the occupancy (visitation) measure, and we
can determine to what extent this estimate would be optimal
through its ability to solve equation (7). More specifically,
for a fixed pair of states (i,j) € S x S, the empirical
transition probabilities P canbe computed by keeping track
of the state visitation numbers N (i) and N (4, j) as follows:

. N(i,j)+1/8

Plid) = =i ®)
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where N (i,j) = [{l € [T] : s; = i,s141 = j}|,N(i) =
djes NF(i, 7) and s; is the state visited by the MC at time
t € [T]. Notice that we use smoothing (by adding 1/S
and 1 to the numerator and the denominator, respectively)
to avoid degenerate cases during the transition probability
estimation. The transition probabilities P approximate the
true transition probabilities Py ,,. Hence the approximate

consistency operator is then given by PTN, and the associ-
ated mean-field is updated by sequentially applying PTM
with a specific step-size [cf. (I2)] in (I0), which we defer
to the next subsection in order to underscore its concurrence
with policy updates that are derived in terms of the Bellman
equations.

Now we describe how the Sandbox learning algo-
rithm approximates the optimality operator I'?.  As
described in Section Iy = softmax,(-,Q7),
where softmaxy(-) is defined in (€) and Qj(s,a) =
argmax E[>".°, R(ss, ar, p)|s1 = s,a1 = a] is the op-
timal @-function for the MDP induced by the mean-field p
and is the fixed point of the Bellman equation

QZ(& Cl) = R(57 a, M) + pEs’er(-)[nza,“X QZ(8/7 a/)}'

The algorithm uses ()-learning update to approximate the
optimal Q-function. The asynchronous Q-learning update
Lewis et al.| (2012); [Even-Dar et al.| (2003)) can be written
as follows,

Qiy1(st,at) =
(1= B)Q¢(s¢) + Bt (Tt + pimax Qt(8t+17a))a ©

where 8; := cg/(t+1)" and 0.5 < v < 1. Let us denote the
approximate optimality operator as I'; := softmax (-, Q),
where Q is the estimate obtained using the ()-learning up-
date (9). The estimation error in I'; is due to the estimation
error in the ()-learning, and is monotonically increasing
with A\. With this technical machinery introduced for the
approximate consistency operator and the Bellman opera-
tor, we are now ready to introduce the Sandbox learning
algorithm. This is the focus of the following subsection.

3.2 Sandbox Reinforcement Learning algorithm

The Sandbox learning algorithm is presented in Algorithm
Throughout the algorithm the superscript k& € [K] refers
to the episode, and subscript ¢ € [T refers to the timestep
inside the episode. Each episode k lasts for T timesteps. The
state s1 is initialized using distribution p; and a new state
sk ', 1 s generated at each timestep ¢ (line , and hence the
algorithm evolves over a single sample path (of the generic
agent) without re-initialization. The mean-field u} and the

control policy 7F are updated at each timestep according to

pf =Py [(1 = i g1+ (10)
Cﬁ,t ((Ptk)—ruf—l)a ]l{t=1}} )
= (1—ck )y + (11)

ck (1 = ¢y)softmaxy (-, QF) + ¢l 4)).

The update of mean-field involves the operation
[P (enety [, ], which projects ju onto the e-net S(e") if and
only if x = 1. This projection step is performed on the
first time-step of each episode k. In the analysis (Section
we show that €™ = O(e?) at worst, where ¢ > 0 is
the approximation error in the B-MFE. The update of the
mean-field is performed using the approximate consistency
operator (PF)T ;% |, and the control policy is updated us-
ing the approximate optimality operator softmax (-, QF).
The control policy updates also involve an exploration noise
¢f]l| A|» Which results in sufficient exploration of the state-
action space (Lemmal[I)) without effecting the convergence
bounds (Theorem[I] & Corollary|[I)). The expression for ex-
ploration coefficient ¢ is provided in the proof of Lemma
The learning rates for the update, ¢}, , and ¢ ,, are episodic
two time-scale:

_ _cﬂl

PGl ol
ot =y g T 00

12)

where 0 < 0§ < v < 1 < ¢ < co. The episodic nature of the
learning rates is due to the 1/t¢ factor, ¢ > 1 in both rates,
which makes it summable, resulting in slowly time varying
MC inside the episode. The two time-scale nature of the
learning rate is due to # < - where the update of the policy
7F is faster than that of the mean-field x. Furthermore,
the learning rates cﬁt and cfnt are non-summable since
0 < 6,v < 1. This episodic two time-scale nature is pivotal
in proving that Sandbox RL converges to the B-MFE of the
MFG as shown in the next section.

4 FINITE TIME BOUNDS FOR SANDBOX
LEARNING

Most results in RL for MFGs break down in our setting as
they assume a time invariant MC. In contrast, concurrent
update of the mean-field and the control policy in the Sand-
box learning algorithm induces a time-varying MC. In this
section we analyze how the slowly time-varying MC under
the episodic learning rates (I0)-(TI) is more amenable to
analysis and leads to good approximations of I'} and T'y
operators. Toward this end we first prove convergence of
the transition probability and (-learning estimation inside
each episode k € [K] in Lemmas [2and 3] These results
are worthy of interest independent of the Sandbox learning
algorithm, due to the slowly time-varying MC setting. In
contrast, earlier works |Guo et al.| (2019); Xie et al.| (2021);
Anahtarci et al.[(2019) deal with approximating just '} un-
der a time invariant MC. Then in Theorem [l we show that
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Algorithm 1: Sandbox RL for MFG
1: Initialize: initial state s} ~ py, policy 7} and
mean-field pd

2: fork € {1,2,...,K} do
3 forte{1,2,...,T} do
4: Update pf, wF using (T0), (TT)) respectively.

5: Generate single transition
sk~ P(-| s, al, ,uff) and reward
vt = R(sf, af, puf) with aj ~ 7 (sf, ).
6: Transition probability estimation: For
(i,j) e S x S
« NF(i,5) +1/8
Pk (1,5 t—, 13
tJrl( J) N (Z) ( )
where NJ( =|{telt]:sf=is;, =
7} ) E: es Nf (ZJ)
7: Q- learmng QtH(sf,af)
(1- ﬁt)Qf + Bt (Tf + pmaxeea Q]’&C(Si€+17 a))
8:  end for
Hk+1 k+1 k+1
9. Pt ; 1P7’2H, }j =Qk, ,uit =
phomp =g, sy —5}%+1
10: end for

11: Output Appr0x1mateB -MFE
( Zk 1 WlaKZk 1 ﬂl)

good approximation of I'? and I, operators (due to good Q-
learning and transition probability estimation, respectively)
results in decreasing average error in policy and mean-field.
Finally, in Corollary[I} we present finite sample analysis for
the two time-scale Sandbox learning algorithm.

Lemmal[2|presents error bounds on transition probability esti-
mation (8) for a slowly time-varying MC, under a communi-
cating MDP condition as given below. Assumption [2] gener-
alizes the pre-existing conditions for RL-MFGs in literature.
The online RL-MFG works of /Guo et al.|(2019) and|Xie et al.
(2021) (and references therein|Shah and Xie| (2018)); [Farah
mand et al.|(2016)) assume either a covering time assump-
tion or require i.i.d. samples from stationary distribution.
The offline RL-MFG works of |Anahtarci et al.| (2019) and
Fu et al.[(2020) rely on i.i.d. samples from unique stationary
distribution of MC which requires ergodicity. Communi-
cating MDP (Assumption[2)) is more general than covering
time or ergodicity conditions |Chandrasekaran and Tewari
(2021)). Before stating the communicating MDP condition,
we introduce the set S(e™') which is a set of mean-field
distributions. This set (also termed e-net|Guo et al.|(2019)
over P(S)) defined as S(e™) = {u!,..., uMN=} C P(S)
is a finite set of simplexes over S such that ||y — p'[|; < €™
for any u € P(S),3u’ € S(e""). The existence of the set
is guaranteed due to the compactness of P(S).

Assumption 2. (Communicating MDPs Arslan and Yiik
sel| (2016)) For any mean-field i € S(€"") (which is a finite

set) and any pair of states s,s' € S, there exists a finite
horizon H(fi) such that for t > H(fi) there exists a set of
actions ay, . . ., Qg,

P(ss=5"|a1=ay,...,ap = ay, 51 = s,u = f1) > 0.
Informally Assumption [2] means that every agent in the
game has a path from any state to any other state for mean-
fields in S(e™). Assumption [2]is satisfied in several real-
world scenarios. Production of an exhaustible resource by
competing producers (e.g. oil) is a typical multi-agent set-
ting where Assumptionm@]is satisfied |Guéant et al.| (2011)),
since the agents can achieve any level of reserve by in-
creasing/decreasing their production. Capital accumulation
games [Fershtman and Muller| (1984) and asset management
games [Lacker and Zariphopoulou| (2019) have a similar
structure thus satisfying Assumptionm 2] It is also satisfied
in cyber-security applications Kolokoltsov and Bensoussan
(2016)), as any infection state can be reached by choosing
the right policy and a strictly positive MF e-net. In Section
[5] we numerically investigate a setting where such an as-
sumption is not satisfied. Next, under the communicating
MDP assumption, we prove sufficient exploration of state
and action space, under the policy update (TT).

Lemma 1. (Sufficient Exploration) If Assumption 2| is
satisfied, stochastic kernel P(- | s,a, p) is Lipschitz in p,
and ( is large enough, then under the control policy update
(Algorithmline E]), there exists a o € (0,1) such that for
any (s,a) € |S x Alandt > H := maxjcg(eey H(f1),
P((s¢,at) = (s,a) | Fiepr) > 0.

Lemma [I)implies that the communicating MDP assumption
coupled with the policy update (TI)), is more general than
the sufficient exploration condition used in Q-learning for
MDPs (Qu and Wierman|(2020) Assumption 3) as well as
for N-player stochastic games (Hu and Wellman| (2003))
Assumption 1). Furthermore, it is more general than an
ergodicity assumption used in the stochastic optimization
literature |Srikant and Ying|(2019). We further note that the
sufficient exploration condition has also been used in two
time-scale settings in the literature Wu et al.[(2020). Next
we quantify the error in transition probability estimation in
Lemma 2] under Assumption [2]and Lipschitz conditions on
transition probability P |Angiuli et al.[(2022). The estima-
tion error is denoted by e’fp, and is the norm of the difference
between the transition probability estimate Pﬁ and the true
transition probability induced by the control policy and the
mean-field at the first timestep (7F, u%, respectively).

Lemma 2. Given that Assumption[2)is satisfied and tran-
sition probability Py , is Lipschitz in policy ™ and mean-
field pu such that || Py, — Py HHF < LE||w — o' ||ry and
|Pry — Pryllp < Ls|lw — 1|1, the error in transition
probability estimation for episode k is

ep = | PF —

=0T )+ 0(T~

P uellp
H+0(2'79)
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with probability at least 1 — § p where Pﬂ;ch is the transi-
tion probability under control law 7% and mean-field .

The Lipschitz conditions in Lemma 1 will follow if tran-
sition probability is continuous in the mean-field p and
the policy (- | s), due to the compactness of mean-field
and policy spaces, P(S) and P(A), respectively. And in
most real-world examples, such as asset|Reis and Platonov
(2019) and crowd management [Priuli (2014)), continuity
of transition probability w.r.t. mean-field and policy is en-
sured. Lemma [2| shows that the estimation error €%, con-
tains a drift term O(2'~¢) due to the slowly time-varying
MC setting which can be decreased by increasing the inter-
episodic learning parameter . Aside from drift, €¥, grows
at O(T~1/2) + O(T~1), where O hides logarithmic factors.
Hence increasing the duration of episode 1" will result in
decrease in estimation error. The proof of the lemma is
given in the Supplementary Notes and relies on Freedman’s
inequality [Freedman| (1975).

Next we analyze the error in Q-learning estimation (9)) for
each episode k£ € [K|. This update has been shown to
converge to the optimal @ function under a sufficient explo-
ration condition (stronger than Assumption [2) for a time in-
variant MC |[Even-Dar et al.| (2003)); Qu and Wierman| (2020).
In Lemma [3] we show that this update converges (albeit
with a drift) under the comunicating MDP condition for the
slowly time-varying MC setting and with 0.5 < v < 1. This
estimation error is denoted by eg, and is the norm of the dif-
ference between the estimate of the optimal Q-function Q%
and the true ()-function Qf’k = Q:k for the MDP induced

by the mean-field p%. As in Lemma a drift term O(217¢)
creeps in due to the slowly time-varying MC setting.

Lemma 3. Under Assumption 2} the estimation error in
Q-learning for episode k is

6122 = ||Q’:7” - ?klloo
= O(T"™*)+ O(T' ") + O(T"*7") + 02" )
with probability at least 1 — 6.

The slowly time-varying MC also contributes O(7'~¢~")
error component but that is dominated by the O(T!~2")
term due to v < 1 < (. The error terms, which are
O(T'=2") and O(T"/2~"), are decreasing for increasing T,
and hence to get a small eg we need a large enough 7'. Com-
bining the bounds from Lemmas [2] and [3] we can surmise
that given that the inter-episode learning parameter ¢ and the
episode length 7" are large enough, the transition probability
estimation and -learning will be good enough, leading
to good approximations of the consistency and optimality
operators, I'y and I'}, respectively.

Now we are in a position to present Theorem [T} relying
on good approximations of the consistency and optimal-
ity operators. Theorem |l| below bounds the average er-
ror in policy e¥ := |7} — I'?(uf)|rv and mean-field

el := |luy — p*lly over episodes k € [K], given that
ek < ep,eg < eq/log(K) for some ep, e > 0.
Theorem 1. Let the approximation errors be denoted by
ep o= |Imf = Ty (ud)llrv and e = |pf — p*|l1 and
€ < (cude)/K" for € > 0. Under Assumptions
with the estimation errors satisfying e]]% < ep, e("é <e€q /A
for some ep,eqg > 0, the average approximation errors
decrease at the following rates:

K-1
1
T D e =O(K"™1) + O(eq) + O(K"™7)

k=1

+O(K ) +0(2"9),

| K2 | Kol
- k — ~y—1 - k
K & e, =O(K77")+0(e) + O(ep) + K 2 er

with probability at least 1 — dg, where 0 < 0 < v <1<
¢ < oo.

The challenges in establishing Theorem|T]are due to the two
time-scale learning rates and non-regularized MFG setting.
The proof of Theorem 1|keeps track of errors e and eﬁ for
each episode k and the average of these errors is shown to
approach 0 due to tight approximation of the optimality and
consistency operators and the two time-scale update under
the contraction Assumption[I} Apart from the familiar drift
terms O(21~¢) and estimation error bounds €p and €, all
other terms are decreasing with increasing total number of
episodes K at rates governed by 6, v and (. Next we present
a corollary to Theorem [T which gives us the final bound
quantifying the approximation error between output of the
Sandbox learning algorithm and the B-MFE of the MFG.
The proof of Corollary |1|depends on the result of Theorem
[[]and is provided in the Supplementary Notes.

Corollary 1. If all conditions in Theorem |l|are satisfied,
we have

1 = k * 1 = k *
e, e X
k=1 TV k=1
O(K"™ ) +0(2'%) + O(ep) + O(K™)
+ O(eq) + O(K=")4+0(e).

1

The terms O(K%~1), O(K7~') and O(K%~7) enter due to
the two-time-scale learning setting and are monotonically
decreasing with the number of episodes K. The conver-
gence rates of these terms can be tuned by choosing 6 and ~y
as explained next. The terms O(eq) and O(ep) enter into
the analysis due to the estimation errors in the ()-function
and the dynamics matrix P, respectively. These quantities
can be made arbitrarily small by increasing the number
of timesteps in each episode 7', due to Lemmas 1 and 2.
Lastly, the term O(2177) is a drift term which enters due to
inter-episodic learning. This can be made arbitrarily small
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by increasing the value of . But the value of v # oo as
that stops inter-episodic learning and may cause degenerate
policies. The error introduced by the projection step in the
mean-field update line [ of Algorithm|[T]is O(e).

If the learning rates are chosen such that § = 0.01,y =
0.5,v = 1,¢ = Q(log(1/e)), then the output of Algorithml[]
will be € close to the B-MFE with high probability (for small
enough ¢ > 0), given that episode length is T = Q(e2?)
and the number of episodes is K = Q(e~2). Notice that
under these conditions, €™ = O(€?). Hence the sample
complexity of the algorithm is O(¢~*). Finally, the differ-
ence between the MFE and the B-MFE will be determined
by the A parameter with higher values resulting in a close ap-
proximation of MFE by the B-MFE |Cui and Koeppl| (2021).
In the next section we apply the algorithm to a congestion
game.

S NUMERICAL RESULTS

We simulate Sandbox learning for a congestion MFG [Toumi
et al.| (2020) on a grid. In particular we investigate the
convergence of the algorithm for the cases (1) when the
communicating MDP assumption is satisfied, and (2) when
it is not satisfied. The state space S = {1,...,5}2, action
space A = {—1,1}2, and discount factor p = 0.7. The
initial distribution of the agent p; is uniform over the state
space. If the agent takes action a € A in state s € S, the
resulting state will be s’ = Ps[s + a] with probability 1 — p
or the agent may be ‘jostled’ into one of the neighboring
states, with probability p for small p > 0. This stochastic-
ity is meant to model the jostling present in crowds. The
agent’s reward is r(s, ) = (1 — ¢ - p(s)) - R(s) where
¢ = 0.5 is the congestion averse parameter and R(s) is
the state dependent component of the reward. The state-
dependent rewards R(s) are concentrated around favorable
states {(3,3), (3,4), (4, 3), (4,4) }. Hence the agent prefers
states with higher R(s) values but might be deterred by the
congestion in the state p(s).

The initial control policy 7§ and mean-field i are uniform
over actions and states, respectively. The initial estimate of
the Q-function Q1 is zero and transition probability estimate
P! is uniform. By choosing learning coefficient cg = 5,
learning rate v = 0.55 and episodic length 7' = 5 x 10* we
observe in Figure [2] that Q-learning and transition probabil-
ity estimation converge very well inside episode k£ = 1.

Furthermore, by choosing ¢,, = ¢, = 0.5 and the two time-
scale learning rates as § = 0.55 < v = 0.6 we see that
the control policy and mean-field estimates converge after
K = 300 many episodes in Figure 3] For this particular
simulation we forego the projection step as it does not have
a significant impact on the convergence of the algorithm.

Next, we consider the setting where the state space consists
of two communicating classes, thereby nullifying the com-

Q-function

Transition Probability

1 2 3 4 5
Time x 10*

Figure 2: Convergence of transition probability and Q-
function estimation for episode k = 1

Mean field Policy

0 100 200 300 0 100 200 300
Episodes Episodes

Figure 3: Convergence of mean-field and control policy
estimates

municating MDP assumption (Assumption [2). In particular,
the states C* := {(4,5), (5,4), (5,5)} form a communicat-
ing class which is not closed and the rest of the state space
is a closed communicating class C°. The reward function
(s, 1) is exactly the same as the previous simulation but
the transition probabilities are modified to prevent transition
C% — C*, ensuring that C? is closed and C' is not closed.
The learning rates and other estimates are initialized as be-
fore. Figure [ shows the convergence of mean-field and
control policy estimates in the Sandbox learning algorithm.

Mean field

0.12 Policy

0.1

0.08

0.06

0.04

0.02

1 100 200 300 1 100 200 300
Episodes Episodes

Figure 4: Convergence of mean-field and control policy
estimates in the absence of Assumpti0n|2|

The simulation shows good convergence properties of the al-
gorithm even in absence of the communicating MDP condi-
tion. This is due to the fact that the MC transitions (in finite
time) from C! into C° and stays there, allowing good ap-
proximations of I'y, I'y operators, resulting in convergence.
If there were multiple closed classes with initial distribution
spread amongst them, the algorithm’s performance would
be variable.
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6 EXTENDED LITERATURE

Mean-Field Games (MFGs) originated concurrently in the
works of [Huang et al.| (2006, [2007)) (termed as Nash Cer-
tainty Equivalence) and |Lasry and Lions| (2006, [2007) (who
coined the term MFG). Since its inception, there have been
several works extending the classical concept of MFGs in
various directions, such as heterogenous agents Moon and
Basar| (2014), scarce interactions |Caines and Huang| (2019);
Zaman et al.| (2021)), risk-sensitive criteria Tembine et al.
(2013); Moon and Basar| (2016)); |Saldi et al.| (2020) and
cooperative equilibria Bensoussan et al.| (2018)); [Barreirot
Gomez and Tembine| (2021). MFGs have also been applied
to a variety of real-world applications such as decentral-
ized charging of EVs|Ma et al.| (201 1)), economics Carmona
(2020) and congestion dynamics |Lachapelle and Wolfram
(2011), among others. Although most of these works have
been in the continuous time setting, research in discrete-time
MFGs which are much more amenable to Reinforcement
Learning have also been gaining momentum recently |Saldi
et al.| (2018); Moon and Bagar| (2014)).

RL for MFGs was first dealt with in \Guo et al.| (2019) for
the finite and in Elie et al.|(2019) for infinite state and action
spaces. The work of |Guo et al.| (2019) proposes a double-
loop RL algorithm for MFGs with finite state and action
spaces MFGs, which involves a projection step onto an e-net.
This projection step helps in establishing convergence by uti-
lizing a uniform action gap bound over the e-net. A fictitous
play algorithm was proposed Elie et al.| (2019)), involving
repeated updates of the mean-field and control policy to
approximate the MFE. The first set of works to deal with RL
for the benchmark Linear Quadratic (LQ) MFGs were [Fu
et al.[|(2020); Zaman et al.| (2020, [2022). These works have
provided finite sample bounds for the LQ-MFG in the sta-
tionary [Fu et al.|(2020) and the non-stationary Zaman et al.
(2020l 2022)) settings, by building on policy gradient |[Fazel
et al.|(2018]) and zero-order stochastic optimization meth-
ods |Malik et al.|(2019)) for the Linear Quadratic Regulator
problem. The recent work of |[Yongacoglu et al.[(2022) deals
with independent learning for a novel setting of N-player
mean-field games. The work of [Lee et al.|(2021) learns the
MEFE in the special setting of strategic complementarities
where a single step of centralized Q-learning followed by
a single step of policy execution by many agents is shown
to converge to the MFE. The idea of entropy-regularized
MFGs was introduced in Xie et al.| (202 1)); |Cui and Koeppl
(2021) along with existence and uniqueness results and RL
algorithms to compute the entropy-regularized MFE. The
work of |Anahtarci et al.[|(2019) also deals with the entropy-
regularized MFGs, by utilizing a fitted ()-iteration based
approach. There have been several works on Deep-RL tech-
niques for MFGs, such as |Perrin et al.| (2021)); |Subramanian
and Mahajan|(2019), where Perrin et al.| (2021) uses Deep
RL techniques to learn a flocking model observed in nature
and Subramanian and Mahajan|(2019) proposes a Neural

Network based policy update mechanism. The paper Xie
et al.| (2021)) proposed a single-loop RL algorithm, such
that each critic step leads to a mean-field update as well.
This is in contrast to the standard RL for MFG algorithms
which have a double-loop structure where multiple critic
steps can be executed while keeping the mean-field con-
stant. Our work also has a single-loop structure as each
critic step of control policy update leads to a concurrent
update of the mean-field. Furthermore, we consider learn-
ing along a single sample path of the generic agent without
re-initializations.

In addition, the majority of the literature in RL for MFGs
assume access to an oracle which can provide the mean-field
(or a noisy estimate of it) under a given control policy. This
work, on the other hand, proposes the Sandbox learning
algorithm which uses the sample path of the agent itself to
estimate the mean-field. The work closest to our setting is
Angiuli et al.|(2022)) which adopts an oracle-less setting but
does not provide a finite sample convergence bound of the
RL algorithm. Furthermore, the two time-scale update in
Angiuli et al.| (2022) updates the (Q-function at a faster rate
whereas Sandbox learning algorithm updates the control
policy at the faster rate using a softmax of the estimated
@-function. Furthermore, we prove that the episodic nature
of learning rates in Sandbox learning is crucial to obtaining
finite sample convergence guarantees. Sandbox learning can
be extended to entropy-regularized setting by employing a
fitted ()-iteration (as in[Anahtarci et al.| (2019)).

7 CONCLUSION & FUTURE WORK

In this paper we have developed the Sandbox learning algo-
rithm with finite-time guarantees to approximate the station-
ary MFE of a MFG without access to a mean-field oracle,
using the single sample path of the generic agent. The sam-
ple complexity of the Sandbox learning algorithm is O (e~%)
where ¢ is the MFE approximation error. The proof of con-
vergence has relied on goodness of transition probability
and @-function estimates (along slowly time-varying MC).
The control policy and the mean-field were then updated
using two time-scale learning rates and approximate con-
sistency and optimality operators. We also generalize the
covering time and ergodicity assumptions in literature by
proposing a communicating MDP assumption. This work
opens up several interesting research directions. It would
be worthwhile to explore finite sample bounds for Sandbox
learning under a weakly communicating MDP condition.
Another important research direction would be to explore
how feature embeddings can improve the scalability beyond
the tabular MFG setting. Furthermore, extending oracle-
less learning to the benchmark setting of Linear Quadratic
MFGs may also help in solving several real-world scenarios
such as, consensus and formation flying.
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Supplementary Materials

A Proofs of Results in Section 4

Throughout this section the cardinalities of the state and action spaces are denoted by S = |S| and A = | A

, respectively.

A.1 Proof of Lemmal[ll

Proof. Let us consider exploration noise coefficient of the form ¥ = 1) for some ¢ € (0,1 — ¢, ), and ¢, and 6 defined
in Section[3.2] The proof consists of two parts; in the first part we show that under the policy update (TT) using learning
coefficient 1 the probability of any action a € A for any state s € S, will have a uniform lower bound 7} (a | s) > 7 > 0
forall k € [K],1 < ¢t < T. In the second step, we show that using this uniform lower bound and the communicating MDP
assumption (Assumption2)), the sufficient exploration condition as shown in the statement of Lemma [I] holds.

To prove the lower bound 7, we start by proving a lower bound on 7% (a | s) for a given episode k € [K]and 1 <t < T.
Recalling the update (TI)) for 1 < ¢ < T

m = (1= )miy + i (1= w)softmaxs (, QF) + ¥l )

where the last part on the right hand side is the uniform exploration noise 1| 4, = (ﬁ7 ey ﬁ). This can be written as
follows:
t t
mf = g+ Y ek (1= ¥)softmaxy (-, QF) + D ek g vl 4, (14)
=1 =1
where

t

t
&= H(1 — k), g =k H (1—ck ).

s=l s=l+1
From the control policy update we analyze the last part of the right-hand-side. In particular, we will prove that
fié Cfr,[l,t-s-l] > Z?:g cﬁj[l,t] for 1 <t < T. First we see that,
t—1
Cﬁ,[z,t] = cfr,l(l - ler,t) H (1- Ci,s) =(1- cfr,t)cfr,[l,tfl] (15)
s=l+1

Using this equality, we can show

t+1 t t

k _ .k k _ k k k
Z Crlt+1] = Cr,t41,641] T Z Critr1] = Crppr T (L—czip) Z Cr,[1.4]
=1 =1 =1

t t t
= Crig (1 - C’fr,[z,t]) Y g =Dy (16)
=1 =1 =1

where the second equality is obtained using (T3). In the inequality we have used the fact that 3;_, cfr’[l’t] < 1 for all
1 <t < T which can be shown using inductive reasoning. The base case is true since cﬁ 1 = cfnl = Z—’g < lsincee, <1

and ¢ > 1. Now assume that Zle Cfn[z g < 1; then,

t+1

¢

k _ ok k k k k _
§ Crlli+1] = Crpy1 T (1—cxi41) E Coflt] SCrpp1 Tl —Cropr =1
=1 =1

Hence we have proved that S™F_, % = > cF =ck foralll <t <T.Letusdefine 7¥ := mingec 4 ses 7 (a | s) as
p 1=2 Cx1,4] Z Cr[1,1] = Gl ¢ €A,s€S Ty

the lower limit on exploration noise in policy 7~ for 1 < ¢ < T Using (T4) and the definition of 7 and we can deduce

k~ =k k k ~k ko ok
T 2 Cr1,To + ch,[l,t]d) 2 Cr 1m0 + /Al
1=1
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for 1 < t < t where the second inequality uses Zle c g > o ) = ck | forall 1 < ¢ < T. This gives us a k-dependent

lower bound on 7F. Next we convert it into a uniform lower bound independent of k. Let us define a uniform lower bound
dependent on k, % := min; ;<7 7¥. Using (TT)), we can write

Using this relation and the definition of 7%, we deduce that

F2> (1 )r e w/IAl

Using recursion we can write this as

k k
¥ >0 gt + Zﬁz,kzb/\fll, where 9; 3, = H(l —cyq)and ¥y = Cir,lﬂzﬂ,k 17

=1 s=l

Next we will show that Zle D0/ A] > 9119 /] A| = cxtp/| Al for all k € [K] which coupled with (I7) naturally leads
to the conclusion that 7% > ¢,1/|.A|. By definition, we have

k—1 k—1

K
D O /|Al = Ot/ Al + Zﬁl KO/Al = i /Al + (1= 2191 k—1/| Al
=1

=ch, (ﬂf - Z 191,k-1¢>/|¢4| + Zﬁl,k—1¢/|¢4| > Zﬂz,k—ﬂ/f/\fu
=1 =1 =1

where the last inequality follows from the fact that Zle Y < 1forall k € [K] which can be shown using inductive
reasoning. The base case is true since ¥1,; = ¢, < 1. Now assume that Zle Y11 < 1; then

k+1 k
k1 k-1 !
Zﬂl,k+1:§k+1,k+1+ 11— Z <A 1t =1

We have proved that Zle Uk > 0119 = cptp for all k € [K], and hence using we can deduce that 7% > ¢ 9 /| A
which implies 7 (als) > 7 := ¢;¢/|A| > 0 forany s € Sand a € A.

Next we show how using this uniform lower bound 7 along with the communicating MDP assumption (Assumption [2)
sufficient exploration can be proved. From Assumptionfor any i,j € S and i € S(e™") we know that there exists a finite
horizon H (ji) and a set of actions a1, . . ., @z ;) such that

PLi=P(sgu =Jjlar=a,...,agq = augp), s1 = i,p = fi) > 0. (18)

Let us define P := min; jes,pes(en) P and due to the finiteness of S and S(e"") we can guarantee P > 0. Due to the
Lipschitzness of stochastic kernel P w1th respect to p forany s € S,a € A, and p, i’ € A(S),

1P(- | 8,0, 1) = P(- | 5,0, 1)1 < Lyllp— /|1

for Lipschitz constant L,, > 0. This allows us to lower bound P(s'|s, a, uf') where u¥ evolves according to the update rule
(T0). Hence for any s,s' € S,a € Aand uf € A(S),

P(s'ls,a, uy) > P(s'|s, a, i) — [P(s'|s, a, i) — P(s'|s, a, )]
ZP( |Sa/’L1 P«Zcuk

Lucﬂ
2¢

> P(s'|s,a, pf) — (19)
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and we know that 1§ € S(€™!) due to the projection step in (T0). As a result, the change in stochastic kernel P(- | s, a, uuf)
can be bounded by controlling the inter-episodic learning coefficient {. Let us define the probability of reaching state j € A

from state i € S in time ¢ > H := maxeg(ee) H(f1) under the stochastic kernels induced by mean-field (uf, ..., uf)
as P(s; = jlsy =4, (u¥, ..., uF)). From Assumptionwe know that there exists a set of actions (a1, . .., a;) such that
P(s; = jls1 =1i,(ay = a1,...,a; = az), (¥, ..., u¥)) > P. Using these facts we can deduce,

P(St:jlsl :Zv(ullc7>/”'1]f€)) ZP(St:.ﬂSl :i7(a1 :aflv-“vat:dt)7(ullcv'-~a/”'f))

= H Z P(si41 = 8141]81 = 81,00 = ay, ) wf (ar = ayls; = )

=1 s1=1,51€S,5,=]

t—1
> H Z P(sip1 = S8 = 81,00 = @y, p))w

=1 s1=1,51€S,5,=]

- - - L,c
>H( > Pl =dals =Sz7az=az,ﬂlf)—|3|%)ﬂ
=1 s1=1,5E€S,sr=]

> H Yo Plsisr = Sials = 8,00 =, puf) - O(1)

=1 s1=1%,51€5,5,=]

L
> P - C(2H)|S| 242> > /2

The first inequality is obtained using the fact that under exploration noise ¥F = v € (0,1 — ¢, ), 7F(a|s) is lower bounded
by 7. The second inequality follows from Lipschitzness of stochastic kernel P and inter-episodic learning coefficient ¢ > 1
as shown in (I9). The third inequality is obtained by using the fact that probability P(s’|s, a, 1) < 1 and for ¢ high enough
|S|=5 Luce < 1. The fourth inequality uses the lower bound on P“ fori,j € Sand i € S(€™") as shown in (I8). The final

bound uses the fact that for  large enough C'(2H)|S| sz“ m2H < p/2. O

A.2 Proof of Lemma[2l

Proof. In this proof we provide finite sample convergence bounds for the transition probability estimation (§)) under the
slowly time-varying MC setting. The proof of Lemma [] relies on Freedman’s inequality [Freedman| (1975) similar to
the analysis of Theorem 4 in Hsu et al.|(2019). Our lemma generalizes transition probability estimation for the slowly
time-varying MC setting. The proof relies on introducing a stochastic process Y; (dependent on visitation of a fixed pair of
states ¢, j) which is shown to be a Martingale difference sequence. The transition probability estimation error is shown to be
a function of the sum of Y; and a drift term due to the slowly time-varying MC setting. The drift term is shown to be small
due to the Lipschitz property of transition dynamics and the slowly time-varying MC. Then, using Freedman’s inequality,
we show that the estimation error is monotonically decreasing with the visitation number of the pair of states ¢, j. Finally,
we prove a high confidence lower bound on the visitation number of any pair of states 7, j under the sufficient exploration
condition (Lemmal(l), yielding our convergence result.

We recall the definition of €%, := || Pk — PF||p where we use P¥ as a shorthand for Pk = We use Freedman’s inequality

to obtain the estimation error for estimator Pﬁ as in [Hsu et al.| (2019). Furthermore, since we are dealing with a single
episode k we suppress the use of episode k for clarity. Let F; be the o-field generated by {s1, 1, 71, - . -, S, tt, 7t }. Let us
start by fixing a pair of states (7, j) for any ¢,j € S. Next let us define a stochastic process Y; such that ¥; := 0 and for
t>2

Yy o= U{s,—1 = i} (1{ss = j} — Pio1(i, )

where P;_1 (3, j) is the transition probability of going from state i to j from time ¢ — 1 to ¢. The stochastic process (Y).e[r)
is a Martingale Difference Sequence since Y; is F;-measurable, and for ¢ > 2

ElY; | Fior] = E[1{s;—1 = i} (1{s; = j} — Pi—1(4,5)) | Fe—1],
= s = i} (Pioa(id) = Pioalig)) = 0.
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Furthermore, Vt € [T],Y; € [—-Pi—1(i,5),1 — Pi—1(i,5)] C [—1, 1]. Summing up Y; for ¢t € [T,

Sp = ZYt = Z]l{st,l =i} (1{s; = j} — Pi-1(i,5)),

t=2
T
= " 1{se1 =i} (1{s = j} — Pi(i,§) + Pr(i,5) — Pro1(i ),
t=2
T ~
= Nij — NiP1(4,5) + Z L{st—1 = itP-1(4, j), (20)

t=2
where P, := P, — P, is the drift in the true transition probability. For use in Freedman’s inequality, consider the process
E[Y? | Fioa] = E[1{s;—1 = i} (1{s; = j} P14, 5) + P21 (6, 5)) | Fiaa],
= {si-1 = i} Pioa (i, ) (1 = Pioa (i, )
= Usio1 = i} (Pa(i5) = Proa (i) = PP(i, ) + 2Pi(i, 5) Pema (,5) = P24 (i.)),
= 1{si—1 =i} Pr(i,5) (1 — Pu(i,§)) + U{ss1 = i} Pro1(4,5) (2P1(6, 5) — 1 — Pioa(i, ).
Since E[Y;? | F;—1] > 0, both terms in the above expression are positive. Hence its summation V7 will be

Vi =Y EN? | Fioa] = NiPi(i, §) (1 = Pi(i, §)) + > U{si1 = i}Pi1 (4, §) (2P1(i, §) — 1 = Py (i, ). (21)

t=2 t=2
Again both parts of the above expression are positive. Recalling (T3) we write the estimation error as

L . N = N:Pi(i,§)+1/5 = Py(i, j
Pr(i.j) — Po(i j) = i 1(i,4) +1/ 1(4,.4)

N; +1 ’
_ Nij— NiPi(i,5)  1/S— Pi(i, )
N; +1 N; +1 ’
_ St Wsi =iPaig) | 1/5 = Pulii)
N; +1 N; +1 ’

where the last equality is due to (Z0). Applying Corollary 1 from [Hsu et al.| 2019), which is based on Freedman’s inequality,
we get

|Pr(i, j) — P1(4,5)]

2¢Vrtrse  4Trsp + ZtT=2 {s;—1 = i}|Po1 (i, )| + [1/S = Pi(i, )]

- (Nz =+ 1)2 Nq; +1 ’
B QCNZP1(27])(1 - Pl(i7j))TT7(Sp
B (N; +1)2
~ ~ 1
N 2¢ 3y Wsem1 = i} Pio1 (i, §) (2P1(3,5) — 1 — Pie1(4,5) ) Tr.6p \ 2
(NZ + 1)2
Arrs, + 0o sy = Y| Pioa (i, )] + [1/S — Pi(i, j)]
+ :
N, +1
.. .. T ~ ..
< 2eN; Py (i, ) (1 = Pi(i,5)) 1,65 n \/202t:2|Pt_1(1,j)ITT,ap
- (N; +1)2 N;+1
L Arse + il P (.0)] +11/5 = P )|
N; +1 ’

T s .. ~
2715, \/2c YoialPea () ITrse  drp s, + S0P (i, )| + [1/8 — Py(i, )]
< N+1+ + (22)

Ni+1 Ni+1 ’
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with probability at least 1 — §p/(25?), where 77,5, = O(log(%liog())). We used equation (21) to obtain the second
inequality. Analyzing |P;(i, )|,

|]5t(7/>])| < HPl - PtHF = ||P7f1’lt1 - P7Tt#‘t||F7

< Z HP‘M we ‘frz Hit1 ”F + ||P7Tl [ P‘ffz+1,m+1HF)v
=1

1
< Z( Bl — wlh + Ll mg — mllrv)
=1

IN

(LAII‘DC/L,Z + L7]TDC7T,I) )
=2

t
(L%e, + Lper) Zl ¢
1=2

Lie, + LPC71—217<
< 7€ 1
where ¢, ; 1= ¢, 1™ Coen = Cnlt™ ¢ and Lp = 10(L” ¢y + Licr) for ¢ > 1.1. The second inequality above is due to the

Lipschitz conditions on Pin Lemma 2]and the third inequality is due to the fact that |||y, ||7]|7v < 1 forany p € P(S)
and € P. Now the estimation error can be bounded using (22)) and :

|Pr(i, j) — P14, )]

A/ 2cTT 5 ﬂpT _ I 1-¢ — i
< \/m—F P 2% + 4TT,5P + LPT2 + ‘I/S Pl(z7j)|’ (24)

IN

= Lp2'=¢. (23)

with probability at least 1 — §p/(252). Next we need to lower bound N;. In the following lemma we show that due to the
sufficient exploration condition, NV; grows at least linearly with 7" with high probability.

Lemma 4. Using Lemma N; > T/T. with probability at least 1 — 6p/(25?), where

T, ::0( log<26i3)) 25)

Proof For a fixed state i € S, define event £* such that ZkTe 1{i; = i} > k, for a given integer k such that 1 < k <
K. := [T/T.]. We show that £X is a high probability event given the sufficient exploration condition (Lemma .Fora
given i € S, define a random variable,

X! =iy =4} — E[l{i; = i} | Fr_r]

This random variable is an 7 adapted process with E[X/ | F;_,] = 0 and |X]| < 1. Let [ be an integer 0 < | < 7. For a
fixed {, define the process Yllk = X}, and define filtration F; j, := Fjr1;. We can deduce that

E[Y) | Fre-1) =E[Xi, 1 | Frrpi—r] =0, Vel <1,

and Ylfk is ;. , measurable. Combining these facts, Yfk is a Martingale Difference Sequence. Using Azuma-Hoeffding
inequality and Lemmawe can deduce that for a given i € S and k = K, where T, := O(In(253/6p) /o), Zle I{i; =
i} > K. with probability at least 1 —§p/(252). Taking a union bound over all i € S, we get Ztho iy =i} > K., VieS
with probability at least 1 — 6p/(252). O

Using (24) and Lemma ] the estimation error can be written as

|Pr(i, j) — P1(i, )]

- 2CTT7,:;PT€ N /2CTT;PEPTS2% L s, + \1/ST— Pi(i,5))T. it
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with probability at least 1 — §p/S?. Using a union bound over all pairs (4, 5) € S x S, the definition of Frobenius norm and
the equivalence between 1 and 2 vector norms,

1P = Prllr = O(T2) + O(T ™) + 0(2'7).

with probability at least 1 — §p. Hence we have completed the proof. O

A.3 Proof of Lemma[3

Proof. In this proof we provide finite sample convergence bounds for the Q-learning update (9) within the slowly time-
varying MC setting. The proof of Lemma 3] follows an approach similar to proof of Theorem 4 in[Qu and Wierman| (2020)
and extends the results to a slowly time-varying MC and learning exponent 0.5 < v < 1, which is empirically observed
to have better convergence properties. We also find that convergence cannot be guaranteed for 0 < v < 0.5. The proof
starts with breaking down the error e’é into several components. Then we obtain bounds on those components by proving
certain properties like boundedness and the Martingale Difference Sequence property. Following that we prove that the error
accumulated due to the slowly time-varying MC setting is small due to the Lipschitz properties of the transition probability
and reward function. Finally combining all these results, the total error itself is shown to be converging using the contraction
mapping property of the discounted Bellman update.

This proof uses the fact that the coefficient of the learning rate cg in the Q-learning update () is lower bounded by

% max {V +¢—1, m} In this proof we suppress the use of superscript & since we are dealing with a single episode.

Recall the definition of e := [|Q1 — Q1| Where Q7 := Q7;, the optimal Q-function for the MDP induced by mean-field
1. The Q-learning update can be written down as:

Qi1 = Qi+ Bilel [F(ue, Qr) — Qu] +w(t, pu)les, (26)
where 3; = (tiiﬁ), and
w(t, ) = pImax Qe(se+1, @) = Bornp(-fsq a0, [M2X Q:i(s',a")], (27

F(Mtv Qt)(sa a) = 7"(8, a, ;u't) + pES’NP("St,-,(lu/Lt)[g’lgﬁ Qt(SI, CLI)}

The noise w(+, -) is bounded by w, is measurable with respect to F;1 and E[w(t, p¢) | F¢] = 0. We further decompose
the update rule using D, := E[eZeit | Fi—-]. The matrix D, is a diagonal matrix with elements (d; ;);csx.4, Where
di; = P(iy = i | Fi—+), and from the sufficient exploration condition (Lemma we know that d; ; > o > 0.

Qir1 = Qi + Bt De(F(pe, Q) — Q) + /Bt(eg;e’it = Dy)(F(pe; Q1) — Q1) + Brw(t, pue)es,
= Q1 + BeDy(F(pe, Qi) — Q) + Be(el i, — Di)(F(pi—r, Qi—r) — Qi—r) + Brw(t, i )es,
+ ﬁt(eg;eit - Dt)(F(,u’ta Qt) - F(/u't—‘ra Qt—T) - Qt + Qt—T)

Let us define

e = (e} ei, — Dy)(F(ptt—r, Qu—r) — Qi—r) + Brw(t, e )es,,
61 = (el es, — D) (F (e, Qo) = Flpi—r, Qur) = Qo + Qu—r)

The process €, is F;41 measurable and

E[Gt | .th-,—]
=E[e} ei, — D¢ | Foor)(F(ptt—r, Qt—r) — Qi—r) + E[E[w(t, 12) | Files, | Foer] = 0.

Hence, ¢, is a shifted Martingale Difference Sequence. Writing down the Q-function as a sum from 7 (Lemmal[T) to ¢, we
get

t t
Qis1=Br_1.Qr + z B+ F(p, Qr) + Z BBt (ex + 1), (28)
k=1 k=1
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where By, = S Dy, Hf:kH(I — BiDy), Ek,t = Hf:kﬂ(l — 81 D;), and By, ¢ and Bk’t are diagonal matrices composed
of elements by, + ; and l;k,m respectively. We also define 3}, + and Bk,t such that

t t
Bt = B H (1= Bio) > by, Br,t = H (1= 510) > b,
I=k+1 I=k+1

Next we compute the optimality gap etQ = ||Q: — QF |0, Where Q7 is the fixed point of the operator F'(fi, -).

Lemma 5.

t t
631 < By_14e9@ + ,OmlfchZ bk,meg + H Z BrBr.t(€r + ¢k)HOO
k=1

+ LB chw+Zﬁkthw} (29)

Proof. Using (28) and subtracting Q; ; from both sides,

t t
Q41— Qi1 = Br_14(Qr — Q7)) + Z Bt (F(pr, Qr) — Q711) + Z BBt (ex + d1)

k=T k=1
Hence we get,

ey = Br_14e5 +Pbupzbkm€k +HZ/BkBkt 5k+¢k)”
k=T

[ Brosa@ - @i+ X Bt - @i
k=T

We can use the Simulation lemma and Lipschitzness of transition probability Py ,, and reward function R, with respect
to the mean-field 1 (with corresponding constants L%, and L%, respectively), to prove Lipschitzness of Q* with . Due to
Lipschizness, we know that for u, i/ € P(S)

[P = Prwlle < Lpllp = p'lln, - 1Ry = Rurlloo < Liglle — 1111

and using the Simulation Lemma |Lewis et al.[(2012)) we know that
L@s ,
VE V| < (L“ 7) -
1V = Viloo < (Lt g 25 )= w1

where V7 is the value function of the MDP induced by mean-field 4 and (1 — p)~ ! is an upper bound on the value functions
due to bounded rewards. Hence

Qs (s.a) = Qju(s,0) o0 = p((P(- | 5,0, 1), Vi () = (P(- | 5.0, 1), Vi (1))
=p((P(- | s,0,1), Vi (")) = (P(- | 5,0, 1), Vi (4))
+H(P( ] s,0,0), Vi () = (P(- | s,0,1), Vi (),

"
< p(Lh+ 5B Yl =l + ol = s = Dyl = 1l
21— p) ) @

_Lp
21—p
where Ly, := p(L, + L5 /(1 — p)). And thus

1QF — Qf+1||oo < LM e — pes1lla

now that we have shown the Lipschitzness of Q* with respect to p. Furthermore, as ||y — peq1]1 < cue, Where
Cut = (t+1)< , we get

t

t t t
| Br-1.4(Q% — Qfy1) + Z Bt (QF — Qi) < L [BT—l,f, Z Cugl + Z Bre,t Z C,L,z}

k=T l=T1 k=t =k

This concludes the proof. O
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We next start by bounding the terms €; and ¢, in the error decomposition (29).

Lemma 6.
2 o
letoe < — +C+w=:¢,
I=p
Ll;D T T
[belloo < (L + fp) Z‘|Mt7k+1 — pe—kll1 + 252 Br—k
k=1 k=1

Proof. Recalling the definition of e,
lelloo = ll(ef €i, — D) (F(pi—r, Qeer) — Qi—r) + Brw(t, pue)es, || oo
< el ei, — Dilloc | F (ttt—r, Qt—r) — Qt—rlloo + |w(t, p1e)|soll€s, || oo

2
< NE(pt—r, Qt—r)lloo + |Qt—rlloc + @ < i, +C+w=:¢

where C' = 1and w = 125 due to [|Q;]c < 1=, contractive property of F and the definitions of noise w (27) and

Q-update (26). Similarly for ¢ we get g
¢l oo = H(ez,:eit — D) (F(pt, Qt) — Fpht—ry Qi—7) — Qt + Qt—1)|| 0>
< F (gt Qe) — Fppt—rs Qt—r)loo + |Qt—7 — Q[ oo,

<Y P (g1, Qerrr) = Flpt—i, Qi) oo + > Q- ki1 — Qe—klloo-
k=1 k=1

We first analyze the first summand in equation (30)

I (et ey 15 Qe —rr1) — F(prt—ry Qe—1)loo
<N F (prt—tot1, Qe—tog1) — F(prt—tt1, Qt—i)|| oo + |1 F (1t —tt1, Qi—t) — F(ttt—k, Qt—1)|l 00>
<PIQi—kt1 — Qi—rlloo + HSIE}ZX|R(8, a, pe—p+1) — R(s, a, p—)|

1
+HSI%X|P( | svavﬂltfk%*l) - P( | Saavﬂtfk)‘ﬂv

LM
<PlQt—kt1 — Qi—klloo + (Llé + 1 Pp) ht—rg1 — pe—rllr

Similarly the second summand in (30) is
||Qt7k+1 - Qtfk”oo = Bt*k”e;{,_k (F(/Ltfkv Qtsz) — Qi—p + U/(t - k7Mt7k))€it_k ||007
< Bkl F (tt—k, Qt—1)|loo + Bt—k|Qt—klloc + @ < B—re.
Substituting (31)), (32)) into (30)

L

T T
lPtlloo < (L + T p> ];”Nt—k—i-l — -kl + 25; Bi—k-

Cﬂ

Having proved bounds on ¢; and ¢;, we now prove some properties of the learning rates ¢, ; := =%~ and 3; =

t+1)<
where 0.5 < v <1,( > 1andcg > g

Lemma 7. Below we present some results regarding the learning rate 3, and the associated variables.

L Bee < (53)77 < (53)",

cp k4+2\¢80 ca
2 B < e (12) 7 < 265

A

(30)

€2y

(32)

O

Cp
(t+1)”
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t 2 2cﬁ
3. Ek}:l /Bk,t S 2cgo—2v+1 (t+2)2” 1

t k—1 205(7'+1)”7' 1
4. Ek:r 5]4?,15 l=k—1 pr < 1+cgo—2v (t4+2)2v—1

Proof. For part (1) we start by recalling the definition of Bk,t for k € [t]

t t
Bk,t: H (1- = H elog(li%)a
=k+
t

1 I=k+1 I=k+1
t
< efchl —=e Zf:k-H zC T =exp| — s ,
o l+1
I=k+1 I=k+1
t+1
cgo t+2
<ex — ———dy | = ex —cgolog | —— ,
S e
(R (R2)
S\ t+2 “\t+2 )
The first inequality is due to the fact that 3, := ti’i)y > 775 since v < 1. The last inequality is due to the fact that cgo > v

and £ < ¢.

For part (2), recalling the definition of 3, ; and using the bound on Bk,t, we get

c50
~ c k+2 c
Br,t = BB, < _h () <2 P

(k+1)r\t+2 (t+2)v

For part (3), analyzing each summand

2cgo
) % k+2) G (k42)2
Bix < =7

(k+1)2u t_|_2 t+2)2<:/ga (k_|_1)2y )
2c2
¢ et

Substituting into the sum

t t 26% t+1
+ 1 2cgo—2v < / +1 2050'—21/d ;
kzzlﬁ ;;1 t”%" : S Gwaper f, WFY Y
205 (t+2)2cga—2u+1 26% 1

< =
T (t+2)%69 2cg0 —2v+1 2cp0 —2v+ 1 (t +2)2v—1
For part (4), as k — 7 <1 < k — 1, in the expression ZZ:T Bt Zf:_kl# By, we get
5 = e < cs < cg(T+1)
((+1)» —(k—7+1) (k+1)
The summation can be written down as

cpT(T+ 1) ! cgT kE+2 cwc,;(TJrl)’“
ZB’” Z ﬁl<zﬁ’” (k+1)” S};(k+l)”<t+2> (k+1) "’

=T l=k—1

2¢2 (1 + 1) 2¢2(r +1)vr gttt
,3 cgo—2v B 2v—cgo
E+1)° < I 1 59
< E (520 ( ) S e /T (y+1) Y,

205(7' + 1)V7 (t 4 2)tFeso—2 - 2¢3(T + 1)1 1
— (t+2)7  14cgo—2v T 14cgo—2w (t+2)2 1

Hence the inequalities have been proved. O
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Having proved some properties of the learning rates in Lemma [7] we are now able to bound the two parts of the quantity
H EZ:T 5;6316,15(61C + o) H as follows. The bound on the first quantity relies on the properties of the learning rates and

the second bound relies on the fact that €; is a Martingale Difference sequence.

Lemma 8.

c3
B H ,
Hzﬂ’“ kit P t+22V T Gy

~ C
B H <—
sz:;ﬁk keck|| S Gy

with probability at least 1 — dg, where

ol = 405(1 + )T

—_— 33
7 14 cpo — 2 (33)
L% N 2¢,c5m(1+7)¢
02 _ (LP« P ) LB 34
¢ R+17P C/}O’*V*<+17 ( )
1 2 1)T?SA
. = 0¢ (r+ D2 lo (M), (35)
A /20[30 —2v+1 dg
Proof. We start with the first inequality
t . t
H ZﬂkBk,t%H < Zﬁk,t”@kaoo
k=1 e k=T
t L# T T
<> Bra ((L” 1 fp) > Ntth—r1 = prilloo + 2@2 /kal)v
k=1 =1
t k—1
<Y Bt Y, B (Llé ) Z Bt Z g1 = tualsos
k=1 l=k—71 k=tau l=k—71
1
1
< a4 15 Y e 3 e (36)

k=tau l=k—1

Now we obtain an upper bound for the expression ZZ:T Br.t Zf:_qu cu,1- Due to the fact that k — 7 <[ < k — 1 in the

. t k—1 c ¢ (T+1)¢
expression 3y, Br.t 2 o—p—r Cpt and thus ¢, ) = g5 < e

Zﬁ Z Zﬁ cu(r + 1T <zt: wr (k42) T el + 1)
kit Cul = P+ T L k+1 t+2 (k+1)7 "’

k=tau l=k—1

cpepT(T+ 1 1
2 1o
Z (t+2)87 (k4 1)v+<-cso’
0#057'(7' +1)S (t +2)csov—¢H < cuepT(T+1)° 1
T (427 cgo—v—C(+1 T cgo—v—(+1(t+2)rH

(37)

since cgo > v + ¢ — 1. Substituting (37) into (36) we get

&
Hzﬁ’“B“d”“H (t+2) = I gy

Next we move to the second inequality. Recalling the definition of ¢,

€t = (6’ L Ciy — Dt)(F(/“Lt—T7 Qt—T) - Qt—‘r) + ﬂtw(tv ,L}Jt)eit,
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which is F;; shifted martingale difference sequence, E[e; | F; — 7] = 0. We will use a variant of the Azuma-Hoeffding
bound which can handle shiffed Martingale Difference Sequences |Qu and Wierman| (2020). Each element in the vector
ZZ:T Bkék,tek can be upper bounded by |ZZ:T Bre€i ki 1,i| where €; i is the ith element in the vector ;. Using Lemmas
13 & 14 from |Qu and Wierman|(2020) we get

t t
Z Br€ikbrti| = Z Bréik H (1—Bidii)| < sup < Z B t€i k| + 2€5k0,t> ,
k=t I=k+1 T§k°<t k=ko+1
¢
2(r+1)tSA
<E |2(r+1) Z %, log <M> + sup 2€08k,.+,
: 0Q T<ko<t

k=141

2(r + 1)tSA>

,/2050—21/4— \/t+22” ! g< J8)

Cﬁﬂ'
ko +2
+ sup 2€ e <O+ ) ,

r<ko<t (ko+1)V\ t+2

+ 1)c
T 8 <2(T+1)tSA> e %

«/2050—21/—1— \/t—|—221’ il o) (t+2)’
10¢ (T +1)cj . <2(T+1)tSA>
,/2650—21/4— (t+2)2v= 1 Je) ’

with probability at least 1 — § /S A. Applying the union bound over Vi € S x A, we get

t
~ C. 10e 2(r+1)tSA
B ‘ <— C.= + 1)c 1 (7)
H ’;ﬁk k,t€k o = (t+ 2),,71/2 hcﬂa —o, 1 (r 5
with probability at least 1 — d,. O
Now we aim to bound the last term in (29)
Lemma9. If( > 1, then
1
ﬂ‘r 1tzcul+26ktzc,ul C
Proof.
57’ ltzcul+26ktzcul <5T ltzcul+26ktzcul
< ZC/L,Z
l=T1
c 1
< * . O
—(—-17¢1L

Now that we have bounded all the terms in (29) we will show that the error term e? can be bounded by a decreasing function
of time ¢. Toward this end we introduce a lemma that will help us with the proof of the main result.

Lemma 10. Forany0 < w < landt >,

t t
1 1 1 1
etizzbkm‘ < ) gtizzbkmiﬁi
i w w bt (-1 ¢—1
= (k+1) VPt +2) = T VPT
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Proof. Recall that by, ; ; = Brdk.; Hf: ki1 (1 — Bidy,;). We first prove the inequality for e; by recursion. We start with the
base case.

1 1
T:bTTii_ U7
€ T+ D prd (r+1)»’
2\ 1 1) 1
= ‘rdTi = ‘rdri 1
p v<7+1> G i ’<+r+1> (r+2)
w
and since 7 is chosen such that (1+T—+1) < Tforw<1 we have
< 1
er < ———
N DL
Now assume that for some ¢t > 7, ¢;_1 < W.Then
t—1
1 1
=) bitim——g tbhtim—0
et Z k.t G+ + Ot¢, (EDE
=(1—4d Zb ! + Bid 1
tlt, g k,t— 17.(k+ ) tt1<t+1>w7
1
= (1 — Bedy,i)er— dii >
( Bedsi)ei—1 + Bedy, G+ 1)
<(1-pd -);+Bd #
= tUt e \/ﬁ(t—Fl)w tUt,e (t+1)w7
1= Budyi(1— /p)
Vvet+ 1w 7
050' 1
(1 V) p—_—
U YP) e
cgo )(t+2)w 1
=(1—-——-+-—(1- ,
( (t+1)V( Vo) (t+1)w \/ﬁ(t+2)“’
_ cgo )( 1 )w 1
=(1-———(1- 1+
( (t+ l)V( Vo) t+1 \/ﬁ(t +2)w

For any > —1, (1 + z) < e* and thus

Cpo 1 w _ Cﬁ"y(lf\[)+L
V=BT ) (14 )" < e <y
( Gy LV ) s =

. e s 1
where the last inequality is due to cg > a=vie Hence we have proved that

1
e < ————
FT Bt +2)Y
Now we prove the inequality for g; using recursion again. For the base case it is easy to see that
1 1 1
gr = bT,T,Z‘ﬁ = /BTdT,iﬁ < W

Now assume that g, 1 < Then

f< v

1 1

9t = (1= Bedri)ge—1 + Brdei—— ) < (1 — Bedsi)—— + Budri——
-

1—ﬁtdtz( —\//7)<(1_ cgo 1 < 1
- N - (t+ 1) N \/;37'5*1’

which proves the recursion step and completes the proof. O

1
N
(1-vp)
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Now we prove the main result using Lemma[I0] Recalling (29),

t t
ey < Br_14e$ +psup Y by el + H > BiBrler + ¢k)HOO
k=1 k=1

t t t
+ Llé |:B‘r71,t Z Cu,l + Z Bk,t Z Cp,,li| (38)
=T =k

k=1
Using Lemmasand|§|and using C, := 10Lg ¢y, for ¢ > 1.1,

C & Ce Cy

(t+ 2)21/71 + (t+ 2)C+u71 + (t+ 2)1/71/2 + 7¢-1

t
ey < Bro1e¥ +psup Y by e + (39)

k=1
. Q &y fo Gy Ca .. . e )
We will prove that e, < T + GDcrT + G + &1 using induction. The base case is trivially true; now
assume this to be true for ¢:

¢ _ _ _ _
~ C C! C C
Q Q ) 1 2 3 4
ey < Brojer + /)Sll}pkz:;bk,m<(t 1z + E G + t+ 1)1/—1/2 + 741)
1 2
C¢ + C¢ + C. + CM
(t+2)2u71 (t+2)€+ufl (t+2)1/71/2 7¢-1
VPCL+CL pCa+CF \/pCs+ Ce+2(1+ 1) /(1 —p)  /pCi+C,
= 2v—1 CHrv—1 v—1/2 + ¢—1 ’
(t+2) (t+2) (t+2) T
o Cs Cs o
<
— (t_|_2)2u—1 + (t_|_2)§+u—1 + (t+2)l/71/2 7—(—1

+

with probability 1 — d¢ (using a union bound type argument) where

LG G+ Ar+ ) =p) . Ch
Cl == 502 - 703 = , Lg = )
1—-/p 1—-/p 1—-4/p 1—-/p
Finally
€@ = 1Qr — Q1>
S ”QT - Q%Hoo + ”Qj:l“ - QTHOO;
T-1
<R+ 1Q0 — Qe
t=1
c c c c 1
1 2 3 4
< )= _
S g + {42y + (t+2)l’—1/2 + v + Ly ;HMH el
c c c c =y
1 2 3 4
< LY
= (t42)2v-1! T (t + 2)¢+v-1 T (t +2)v—1/2 + 7¢-1 TR kz_l Cunts
— O(T172U) + O(Tlfgfv) + @(Tl/ny) + 0(217()
given that ¢ > 1.1 with probability at least 1 — dq. O

A.4 Proof of Theorem[Il

Proof. In this proof we provide finite sample bounds for the convergence of approximation errors in control policy and
mean-field, e¥ and el’j, respectively. We start by characterizing the approximation errors in control policy and mean field
e® and eﬁ on the first timestep in each episode k. Then the evolutions of these approximation errors are studied under
two timescale learning rates. First we analyze the approximation error in control policy eX which is evolving at a faster
learning rate compared to the approximation error in the mean-field el’j. This error is shown to converge due to the good
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approximation of the -function (Lemma increase of Lipschitz coefficient A\* at a logarithmic rate and fast learning
rate c. Next the approximation error in mean-field e* .. (which is evolving under the slower timescale) is also shown to
converge due to the good transition dynamics estimation (Lemma 2)), the contraction mapping property (Assumption|I)) and
the convergence of €.

First we recall the update rules in Algorithm ]
= P (ener) [(1 - Cﬁ,t):“fﬂ + Cﬁ,tf]f,tv ]ltzl] where Fl 4= (Pk) T
o =(1- cfr’t)wf,l + c’f,’t((l — ¢)f’§’t + 1) 4/), where Fg’t = softmax, (-, Q¥)

where f’f,t and f"it are the approximate consistency and optimality operators. The RL update can now be written down for
the first timestep of episode k + 1,

Pt = Py(em) 1o
)

[(
= Pg(em) [(1 - CkH p + CkH(PT) s 1]»
= Py(om) [(1 = i) (uf + AF) + 5P T (uf + AF), 1],

1— Ck‘-‘rl k+1 +Ck+1(Pk+1)T‘U,k+1 1}

1 = (1 R+ 71 (1 - )sotmans( QE) + )
= (1= hhah + R (1 = w)softmaxa (-, Q1) + vl ),
= (1= N (rf + AE) + (1 — o) softmaxy (-, Q) + 9L 4)),

where AF := pf. — puf and A% := 7}, — 7} are the drifts in mean-field and policy, respectively, in the episode k. Since

all the time indices in the above inequalities are 1, we suppress all time indices from here on. Coupled with the fact that

it = ckHland T = cﬁ“, the update rules can be written as
PETE = Poaen [(1 = e ™) (" + AR) + 1 (PR T (1" + A)), 1],
T = (1= (" + A7) + e (1 = g)softmaxy (-, Q) + ¢l ). (40)
Here we use PF := ﬁ and Q* := Q% for conciseness. The estimation errors for transition matrix and (Q-function are
denoted as
ep = P* = Po ey ety = 11Q° = Qoo
Now we compute the evolution of the approximation errors. We start with e® := ||7% — I} ()| py:

ertt = ||lat DY () |7,

<7 =T ) oy + T2 (") = T2 v
< [(1 = ) (* + AR) + et tsoftmaxy (-, QF) — softmax (-, Qp) 7w + da [ — p¥ [l + 25y,
< (1= cElrk =T lov + (1= T IAY v
+ &Y [softmaxy (-, Q%) — softmaxy (-, Q:k)HTV +dy || — P+ ETes2,
< (1—chel + | A [lry + ki [|softmax (-, Q) — softmaxy (-, Q)| 7v
+dy || =l e /2. @1

where the third inequality is due to ¢ < e/4. To simplify the above expression we prove the Lipschitz property of the
softmax (-, Q) operator.

Lemma 11. The softmax, (-, Q) satisfies the Lipschitz property for A > 0 and Q : S x A — R,
|softmax, (-, Q) — softmax, (-, Q)| 7v < ASVA[Q — Q|| e

Proof. The Lipschitzness of softmax can be obtained using Proposition 4 in|Gao and Pavel (2017)). Let us denote the policy

xp(AQ(s,a
under softmaxy (-, Q) as ¢y such that ) (als) = Za’,‘;jgxg(&@gj’a,)). Now

||softmax (-, Q) — softmaxy (-, Q")||7v = ||7r22 - WC’\?/HTV,

= gleaj‘cz fﬂ'é‘g(a|s) — ﬂg\g/(a|s)f (42)

seS
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From Proposition 4 in|Gao and Pavel (2017), we know that for any s € S

178 Cls) = m Gz = [ (rdals) = my (als))* < AQ(s, ) = Q(s, ),

acA
= Z (Q(s,a) - Q’(s,a))z,

acA
< MWA[IQ(s, ) — Q'(5,)loos
< MWAIQ - Q-

The second inequality is due to the equivalence between 2 and oo vector norms. This equivalence also gives us

2
7y (1) = oy Cls)lla = [ (w)(als) — 7 (als)) Zlaneaj(|7ré‘2(a|s)—7rg,(a|s)|
a€A

Recalling (#2),

|lsoftmax (-, Q) — softmax, (-, Q")|lrv = I;leajiz ]wg(a|s) - wé?, (als)|
s€S

< Zmeajl( ’W&\Q(a|s) - 71'22/ (als)],
s€S “
<SASVANIQ = Qe

where the last inequality is obtained using (@3) and (#4).

Now we can further simplify @T)) as:

b < (1= ek + | A oy + ETIASVAIQY — Qilloo + da [T — i |ly + T e/2,
(1 — Bk 4| AR py + ETINSV Al + i dy (2 + AR + AR + it le/2.

IN

(43)

(44)

(45)

The first inequality is due to Lemma|[l1]and the second inequality is due to (@0) and the fact that |||, < 1 forany u € P(S).

The norms of the drift terms are bounded by

T—-1 2174- T-1
k k - k k k —
85y <D < iy A< Yo <
t=2 t=2

—_

Rearranging the inequality @3),

1 21-¢ cktl 21-¢ ckool-¢ ¢
k k k+1 1
e A A FASVAG + ’““d1< <1)+c’:ﬁ141+2’
k k+1 k+1 k

1— Cu €
§T+10 2 C+)\S\/7€Q+12 d1+106k+1+§,

k:—l—l

(46)
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for ¢ > 1.1. Now taking the average over k =1,..., K — 1, we get
| K=l .
K 4 n
k=1
1 K-1 , g ek+1 k1 Cﬁ D
S? <]€_~_1+)\S\/76Q+12 k+1d1+100k+1>+10.2 +§,
k=1 Cr a0
K—1 K—1
1 1 LN k1, 1 k
S? (ck+1 _CT)GW -‘r? Z ()\S\/ZEQ
k=2 4 77 k=1
k41
c 1 1 K 1—¢ | €
+ (12d, + 20) k+1>+63rKeﬁ_cff+1Ke7r +10-2 —1—5,
K-1 K-1
2 1 1 1 %
S? (Ck+1 Ck)"'?z (AS Aegy
k=2 T k=1

24 40) S 0= 71214
(d1+0)ﬂk >+ K+0 +2

(41 +40)cy gy 2 o1 C+2

<7 k
KJFS\/Z/\eQJr(HQ_V)CTr 2K

where the second to last inequality is due to the fact that e,kT < 2. Since eg <eq /A, where €Q > 0, then
iKile’“< + SV Aeq + MK‘QV—FL—FN 2144—*
K & T~ Kck (1460 —75)ca 2K 2’

<OK"™) +0(eq) + O(K7) + O(K 1) + 02" ) + O(e)

where K is the total number of episodes.

Now we analyze the mean-field approximation error evolution ef; := [|u* — z1*||;. Let us define 4" := (1 —
AR) 4 ck+L(PEYT (4% + AR). Then,
et = [l = gty = [Psgem [A51, 1) = Ta(TY (1), 1)
< P ey [, 1] = 5|1 4 (I8 = Do (0 ("), 1)1,
< (L=t =+ @ = e IAL T+ e IR T (" + A = Ta(r®, 1)

k+1

+ T, 1) = Do (T3 (1), 1) 12] + €,

< (1= el + ARl + PR T (" + AR) = Ta(r®, 1P

4 IPa(rt, i) — o x>m+mwﬂ<% %—m@%ﬂ 1] + e,

< (U= e + 1A%+ e 1P T (1" + AR) = Pl Il + daflm® = T2 (1"

(d1d2 +d3) || = a] + e,

et < (L= e d)ey + L+ el AL + e (PR T = Pl i + ¢t daely + €,
<(1- CZ-HCZ)GZ +(1+ cﬁ)HAﬁHl + cﬁ“@”ﬁk — Pre e llp + cZ"’ldgefr + €™
<(1- cﬁ“ci)eﬁ + 110,’321_4 + cﬁ“ Sk, + c,’j*‘ldgef} + e

ck+1
Cu

(47)

(48)

) (pF +

where the second to last inequality is due to the equivalence between induced 1 norm and the Frobenius norm. Rearranging

the above inequality,

1 k VSek,  dyek ehet
k < _ k k+1 + 11 721 ¢ 4 — P + 2771' + _
oS g ) g d d g
1 2 —C S k d k net
< kr(k k+1)+22 +\F*EP+ Zn 151*
ta d d d eptld
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Taking average over k =1,..., K — 1, we get

K-1 K-1
1 & 1 [ 1 & k1 Sek, dger enet } 21=¢
— e < — —(ef —elT )+ — =T+ -| +11 ,
K P 133 K po Cﬁ+1d 12 Y d d Cﬁ+1
> 21—( 1 K-1 d k net
< 1t +ﬁ6p+2[26” ;1_]
KK d i TE&|Td T
= 1-¢ 1 K net .y 1 K-1 k
< KegKHl - +\/§6P+KZ€ Z+sz2§”7
C =2 Cr k=1
SO(K™T™ 1)+ 0(2'7%) + O(ep) + O(K™1) + O(eq) + O(K*™7) + O(K ") + O(e)

where the second inequality is obtained using steps similar to (#7)) and the fact that €* % < ep. The last inequality is obtained
using ([@8) and the fact that €™ < ¢, de/K7. The proof is thus concluded. O

A.5 Proof of CorollaryT]

Proof. This is a corollary to Theorem T}

| K-l | K-l K- | K-
k * k * k *
e S|+ |z Xt an A - et
k=1 k=1 k= k=1
| K K-
<% 7" = T3 (") + = Z T3 (") — 7| + — Z " = ),
k=1 k=1
K1 -
§?k1|| —F1(N)||+TZ||M — K

=O(K" )+ 027 + O(ep) + 0(K9 D+ O(eq) + O(e) + O(K"™7) + O(K ).

where the last inequality follows from Theorem [I]
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