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Abstract

Local dependence graphs for discrete time processes encapsulate information concerning the de-
pendence relationships between the past of the multidimensional process and its present state and
as such can represent feedback loops. Even in the discrete time setting some natural questions re-
lating the conditional (in)dependence statements in the stochastic process to separation properties
of the underlying local dependence graph are scattered throughout the literature. We provide an
unifying view and fill in certain gaps. In this paper we examine graphical characteristics for two
kinds of conditional independences: those occurring in Markov chains under the stationary regime
and independences between the past of one subprocess and the future of another given the past of
the third subprocess.

Keywords: Local dependence graphs, dynamic Bayesian networks, composable Markov processes

1. Introduction

Probabilistic models of causality were originated in 1960s by Granger (1969) in the context of time
series. Granger’s definition explicitly and essentially involved ordering of events in time, assuming
that a cause always precedes an effect. The pioneering work of Pearl (1985) dating from 1980s
introduced graph-theoretic representation of causal relations. The Pearl’s theory did not involve
time. In its original form this theory was restricted to directed acyclic graphs (DAGs), and thus
did not encompass the phenomena of feedback in cause-effect dependences. Later work initiated in
Pearl and Dechter (1996) generalised graphical models of causality allowing for cycles in directed
graphs. Models based on “structural equations” have been intensively examined and extended. The
monograph Peters et al. (2017) is an excellent overview. Recent developments, with focus on mixed
graphs and marginalisation, can be found in Bongers et al. (2021). However, this approach leads
to certain difficulties and paradoxes (c.f. Neal (2000)), if the cycles are present in the underlying
graph. A priori it is not clear whether a given set of structural equations has a unique solution and
this makes the task of building models rather hard.

On the other hand, a class of “composable Markov processes” (CMPs) introduced as early as in
1970 by Schweder (1970) provides natural and flexible examples of causality models which include
time and use directed cyclic graphs (DCGs) to represent “local” (causal) dependences. Research on
CMPs was pursued by Nodelman et al. (2002) (who independently introduced these processes under
the name of CTBNs) and by Didelez (2007a). Local dependence graphs have been also defined and
examined for other classes of structured stochastic processes, such as point processes (Didelez,
2008; Mogensen and Hansen, 2022) and diffusion processes (Mogensen and Hansen, 2020).
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Presumably the simplest causal temporal models are those based on discrete time processes, as
in Eichler and Didelez (2010) and Eichler (2007). Local dependence graphs for such processes
were considered e.g. in Eichler and Didelez (2007) and Eichler and Didelez (2010). In a sense,
investigation of a discrete time graphical model can be reduced to considering a space-time graph
representing a dynamic Bayesian network (DBN), cf. Figure 1. The structure of conditional inde-
pendences in such a model is widely regarded as perfectly understood. Nonetheless, in our paper
we point out several facts that are scattered throughout the literature and we provide an unifying
view. We give simple independent proofs of “Markov properties of the graph of local dependence”
concerning some natural questions. Put differently, Markov properties translate probabilistic state-
ments about conditional (in)dependence into separability characteristics of the underlying graph.
In particular we describe conditional dependence of the whole sub-processes under the assumption
of independent initialisation (Theorem 3.2) and the dependence of the future of some variables on
the past of other variables (Theorem 3.9). These results are already present in the literature (e.g.
Eichler (2007, Theorem 4.5)) but usually without the ‘only if* part. Moreover the role of the initial
distribution is often overlooked. We show that the assumption of stationary initialisation leads to
a different graphical characterisations of the independences of whole subprocesses (Theorem 3.4).
To our knowledge this last result is new.

We conjecture that most our results can be generalised to the case of continuous time processes
(under a suitable definition of the local dependence graph). For example, Theorem 3.2 remains true
for also for CTBNs. Generalisations of Theorem 3.9 and Theorem 3.4 to continuous time setting
remain open questions, as far as we know.

The results presented in this paper can be used in designing the tests of local independence that are
crucial for structure learning algorithms.

2. The setup

Let X = (X,(t),v € V,t = 0,1,...) be a multivariate discrete time stochastic process with
components indexed by elements of a finite set V. Assume that random variables at node v, that
is X, (), take values in a measure space S, (in most examples S, is either R equipped with the
Lebesgue measure or a finite set with the counting measure); moreover let S = [ ], ., S,. We will
use the notations X, = (X,(t),t = 0,1...) and X(t) = (z,(t),v € V). Note that processes
are denoted in bold, contrary to random variables with values in S. For C < V we will write
Xe=(Xy:vel)and Xe(t) = (Xy(t) :vel).

Let G = (V, &) be a directed graph with possible cycles. We write v — w or, equivalently, w « v
if (v, w) € £; we write v + w otherwise. For v € V we put pa(v) = {w : w — v}. Assume that all
the vertices of G have self-loops (v — v for every v € V).!

Our standing assumption is the following. For arbitrary measurable subsets F,, of S,, and ¢ > 0:

P (Yoey Xo(t) € Eo|X(5),5 < t) = [ [P(Xu(t) € Bl Xpaw)(s),s < t). (1)

1. This assumption is made mostly to simplify notation and is not essential so far as only discrete time processes are
concerned. On the other hand it seems to be natural and needed for generalisations to some continuous time processes
(e.g. Continuous Time Bayesian Networks).
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Thus, we assume that the “mechanism of generating” X, (¢), given the past of the whole process,
acts independently for every node v and depends only on parents of this node. This can be expressed
as the following two conditional independence statements.
(Xy(t),v € V) are conditionally independent given (X (s) : s < t) fort > 0, )
X, (t) is conditionally independent of (Xy\pa(v)(5) 1 8 < 1) given (Xpa(s) 18 <t).  (3)
Condition (3) formalises the relation between the graph G and the process X. It says that only
variables X,,(s) with w — v and s < t have potential causal influence on X, (¢). Condition (2)

excludes “contemporaneous local dependence” and basically boils down to the assumption that our
model contains all relevant “confounding variables”.?

Definition 2.1 If (1) holds then we say that G is a local dependence graph for X.

@, _©O—06

Q
O<0O<0O=
O<0O<0On

Figure 1: A very simple local dependence graph on the set V = {z, y, z} (left panel) and its space-time graph
with the set of vertices V x {0,1,2,...} and the set of edges of the form (v,s) — (w,t) where
s < tand v — w is an edge of the local dependence graph. For better readability only edges
(v,t — 1) — (w, t) are shown and self-loops in the local dependence graph are not indicated.

3. Conditional Independence Properties

We are going to examine conditional independence statements about process X and to find corre-
sponding statements in terms of graph G.

We will have to consider several types of separability relations in graph G. Some of them are well-
known, whereas the notion of c-separation (Definition 3.3) is new. To begin with, we define a trail*
between u € V and w € V as a sequence

u = U07617vl762’1}2763’ i '7en_17vn_17€n7/vn = w7

where vy, v1,...,v, are distinct nodes and ey, ..., e, are edges, where e; = (v;_1 — v;) or
e; = (vi_1 < v;).> Let v; be a non-end node in the trail, that is s # 0 and 7 # n. We say that

2. If (2) is omitted then the relevant graph must include, apart from arrows, also another type of edges (c.f. undi-
rected “dashed edges” in Eichler and Didelez (2007), “bidirected edges” and “blunt edges” in Mogensen and Hansen
(2020)).

3. The term “local” refers here to time adjacency and not to space adjacency. We follow the terminology introduced by
Didelez (2007a, 2008) and prevailing in the literature, despite the fact that this terminology might be misleading.

4. What we call a trail is sometimes called a path in the literature, but in our opinion this last name is better suited for
directed connections.

5. Definition of a frail requires some caution, because there are subtle differences between several definitions appearing
in the literature.
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There is a chain connexion at v; if we have v;_1 — v; — V11 OF Vj—1 < V; < Vjy1.
There is a fork connexion at v; if we have v;_1 «— v; — V;41.

There is a collider connexion at v; if we have v; 1 — v; < v;1.

A directed path from u to w is a trail such that all arrows are directed to the right, i.e. ¢; = (v;—1 —
v;). We define the set of ancestors and the set of descendants as follows:

an(v) = {v} u {w : there exists a directed path from w to v},

de(v) = {v} U {w : there exists a directed path from v to w}.

Moreover, for A € V we put pa(A) = [ J,c 4 pa(v), an(A) = (J,c 4 an(v), de(A) = (J,e 4 de(v).

Below A, 3, C stand for any three disjoint subsets of V with C possible empty. A trail (directed
path) from A to B is a trail (directed path) fromana € Atoab € B.

Let us begin with the classical definition of d-separation (Pearl, 1985).
Definition 3.1 Let us say that B is d-blocked from A by C if every trail from A to B

* contains a chain < ¢ «— a chain — ¢ — or a fork <— ¢ — with c € C or a collider — v —

with de(v) n C = .

We will then write A 14 BIC.

(@) (®
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Figure 2

Example [In the graph shown on Figure 2 {b} is d-blocked from {a} by & or {x,y, p,r}. It is not
d-blocked by {y}.

Not only does Definition 3.1 apply to directed graphs with cycles but also a version of Pearl’s
seminal result remains true in this more general setup. In the following theorem we consider a
process with independent initial distribution,

P (Vuey X4(0) € E,) = [ [P(X0(0) € E,). (4)
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Theorem 3.2

(a) Consider a discrete time process X which satisfies (1) and (4) with respect to G. If B is
d-blocked from A by C then Xp 1L X 4]|Xc.

(b) If B is not d-blocked from A by C then there exists a process X satisfying (1) and (4) such
that XBJi XA’XC.

Let us emphasise that in the above theorem X 4, X3 and X stand for the whole sub-processes,
e.g. X¢ = (Xc¢(t) :t=0,1,...) and so on. Several results similar to Theorem 3.2 can be found
in the literature and they date back to 1996 (Pearl and Dechter, 1996; Neal, 2000). Didelez (2007a,
Proposition 5) has an analogous result for continuous time Markov processes. However, these
results are obtained in different setups under different sets of assumptions. Although Theorem 3.2
seems to be known and can be easily deduced from an analogous result for DAGs by analysing the
space-time graph, we were not able to find an exact reference. Therefore we provide a self-contained
proof in the Appendix A (it is essentially identical to the proof given in (Koski and Noble, 2009,
Theorem 2.2) for the case of DAGs). This proof covers also the case of continuous time Markov
processes (cf. the last Remark in the Appedix A).

Note that condition (4) is essential in Theorem 3.2. It can be replaced by a weaker assumption but
cannot be entirely omitted.® For example, to obtain conclusion (a), it is sufficient to assume that the
probability distribution of X (0) factorises along a DAG, say Gy, obtained by removing some edges
from G.

More interesting is the case of X being a strictly stationary process. For simplicity assume that
X is a homogeneous (in time) ergodic Markov chain starting from the stationary distribution 7.
It is hardly surprising that in this situation there are less conditional independences than under
independent initial distribution. We proceed to define a notion of c-separation which describes
conditional independences in the stationary regime.

Definition 3.3 Let us say that B is c-blocked from A by C if every trail from A to B
* contains a collider — v < with de(v) N C = (.
We will then write A 1. B|C.

Example In the graph shown on Figure 2 {b} is c-blocked from {a} by any subset of {x,q,r}. It is
not c-blocked by {x,y, p,r} (note that it is d-blocked by this set).

Theorem 3.4 Consider a homogeneous Markov chain X = (X, (t)) satisfying (1) with respect to
graph G. Assume that X is ergodic, has unique stationary distribution m and X (0) ~ 7, that is the
process X is strictly stationary. If A is c-blocked from B by C then

o XA(t)LXp(t)|Xc(t) forallt = 0.

e XU Xg/Xe.

6. The role of the initial distribution is sometimes overlooked, as e.g. in the cited above Proposition 5 in Didelez (2007a).
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Note that the first item above concerns a random variable X with values in S with law 7, while the
second item refers to the whole process X.

Remark We conjecture that c-separation is also necessary for conditional independence in the
following weak sense: if A is not c-blocked from B by C then there exist a stationary Markov chain
satisfying (1) such that

* X4(0) L Xp5(0)|Xc(0),
e X4 Xg|Xe.

We proceed to describe the properties of “predictive conditional (in)dependence”, that is structural
dependence of the present and future of the process on its past. Let us write

X(<t)=(X(s):s<t), X(=t)=(X(s):s=1),
and similarly define X¢ (< t) and X¢ (> t) for C < V. Note that the very notion of local dependence

graph in Definition 2.1 is based on the idea of predictive independence.

Proposition 3.5 Assume that process X satisfies conditions (1) and (4). Then v - w implies
conditional independence X, (t) 1L X, (< t)| Xy, (< t). More generally, if A + B, that is pa(B) n
A = &, then Xp(t) L X 4(< )Xy (< 1)

To find graph statements corresponding to more general predictive (in)dependence it is necessary to
define asymmetric separability relations. Let us begin with a notion of J-separation introduced by
Didelez (2008, Definition 7).

Definition 3.6 Ler us say that B is §-blocked from A by C if every trail from A to B which ends
with an arrow — b € B

* contains a chain < ¢ «— a chain — ¢ — or a fork < ¢ — with c € C or a collider — v «—

with de(v) N C = .
We will then write A +5 B|C.

Example In our running example from Figure 2 {b} is 6-blocked from {a} by {y} (whereas it is
not d-blocked by this set). The only non-6-blocking set is {p}.

The relevance of the above definition is explained by the following result.

Theorem 3.7

(a) Consider a process X = (X,(t)) satisfying (1) and (4) with respect to graph G. If B is
d-blocked from A by C then Xp(t) 1L X 4(< t)|Xpuc(< t).

(b) If B is not 5-blocked from A by C then there exists a process X satisfying (1) and (4) such
that Xg(t) L Xa(< t)‘Xguc(< t).
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A result exactly analogous to Theorem 3.7 (a) in a setting of continuous time processes can be found
in (Didelez, 2008, Theorem 1). Theorem 3.7 seems to belong to the folklore. Therefore we omit its
proof, noting that it can also be obtained by a simple modification of the proof of the forthcoming
Theorem 3.9.

The “local dependence” in the sense of Definition 2.1 considered in Theorem 3.7 deals with de-
pendence of the present on the past. To describe dependence of the future on the past we need
yet another notion of separability which appears (without a name) in (Eichler and Didelez, 2007,
Theorem 4.8).

Definition 3.8 Ler us say that B is e-blocked from A by C if every trail from A to B which ends
with an arrow — be B

* contains a chain < c¢ < or a fork — ¢ — with ¢ € C or a collider — v <« such that
de(v) nC =, or
* contains a chain — ¢ — with ¢ € C that occurs earlier than some collider — v «— with
de(v) nC # .
We will then write A +. B|C.

Example In the graph shown on Figure 2 {b} is e-blocked from {a} by {y} (but it is not d-blocked
by this set). It is not e-blocked by {p, r} (although it is d-blocked).

In other words, we can traverse through chains, forks and colliders as in the usual sense of Pearl’s
d-separation (< x <, > x —, «— x — forx ¢ C or — v « for de(v) N C # ), moreover we can
move through — ¢ — for ¢ € C but only after the last collider (this is an empty condition if there
are no colliders).

Note that A +. BJC is equivalent to A +5 an(B)|C. Part (a) of the following Theorem can be
easily recognized as (Eichler and Didelez, 2007, Theorem 4.8), part (b) is new.

Theorem 3.9

(a) Consider a process X = (X,(t)) satisfying (1) and (4) with respect to graph G. If B is
e-blocked from A by C then Xp(= t)1LX A(< t)|Xpuc(< t).

(b) If B is not e-blocked from A by C then there exists a process X satisfying (1) and (4) such
that Xp(= t) L Xa(< t)|Xpoe(< t).
4. Proofs

Proof [Proof of Theorem 3.4]
We are going to define three disjoint sets Ao, By and Co such that

* No arrows enter A from V\As, no arrows enter By from V\Bs, no arrows enter Co from
V\Cs.
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In this proof the phrases ‘open’/‘blocked’ always refer to Definition 3.3.
To begin with, let

Ai = {v eV :thereis atrail from a € A to v not blocked by a collider ¢ ¢ an(C)}.

By convention we assume that A © 4; (degenerate trail is not blocked) and also that .A; contains
all nodes connected to some a € A by a single edge (whatever its direction). Note that .4; can
contain nodes in an(C). Now we put

A} = {v e A; : there is a trail from r ¢ A; to v not blocked by a collider ¢ ¢ an(C)},

and
Ag = A1\ Aj.

To verify that there are no arrows entering .45 from outside, suppose the contrary, i.e. w — v with
v € Ay and w ¢ As. By definition of Ag, we see that we cannot have w ¢ Aj, so w € A]. But the
trail leading from some r ¢ A; to w can be augmented by adding the arrow w — v. This trail from
7 to v is not blocked at w, just because w is not a collider. Thus v € A, contrary to our assumption.

Sets By, B and B, are defined analogously. Our next step is verifying that
° AQ M BQ = @ .

Indeed, if v € A5 < A; then there is an open trail from a € A to v. If moreover we had v € By < By
then there would exist an open trail from b € BB to v. Since b ¢ A1, we would obtain that v € .A’l
which is a contradiction.

Now we are ready to define
Co = an(C)\ (A2 U By)

and to verify that no arrows enter Cy from outside. Indeed, if we had an arrow A2 3 a — ¢ € an(C)
then this would imply ¢ € Ay (because a in not a collider on a trail from A to ¢) and moreover
c ¢ A} for otherwise there would exist an open trail from A to ¢ to r ¢ A; (c € an(C) never blocks
a trail). Therefore ¢ must belong to As. For the same reason, if By 3 b — ¢ € an(C) then ¢ must
belong to B,. Finally if V\(As U B2) 3 v — ¢ € an(C) then obviously v € an(C).

The basic observation is that X 4,, X, and X, are Markov chains. For readability, in the following
we assume that all the transition probabilities and the stationary distribution have densities with
respect to some reference measure. If we denote the set V\ (A2 U B2 U C2) by R then the transition
probabilities (transition densities) of X have the following form:

P(x,7 x) = P(fozv 'T.Az)P(:EESzv sz)P(x/Cg’ l‘cz)P(ZEg}, :C'R)'
The stationary probability distribution (density) 7 satisfies
r(z) = f ()P, 2)da,
x/
ie.
W(x.Az » LByy LCqs IE’R)

= jl 7r(x142,x%Q,xé2,$§2)P(:vi42,:UA2)P(x%2, :UBQ)P(:J:’C2, xe,)P(2, xr)da’.
X

8
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Marginalising w.r.t. firstly x and then z7, we get
T(T Ay, 2By, TCy)

= J‘ 7r($.//42 Y 1";32 Y xICQ )P(:L‘iAQ ) ':U.A2 )P(x/BQ ’ ':UBQ )P(xlcg ’ ZZ:C2 )dfoQ dx/EQ d$é2 ‘
x

i“2@23’2@232
Iterating the above equation we obtain
(2 A, T8y, TCy)
— J;:Az i 7'['(1’:42, :z/32,:c'CQ)P”(J:;b,xAQ)P"(x'BQ,xBQ)P"(J:/CQ,xCQ)dx;de:/Bde/CQ,

where P™ denotes n-step transition probabilities. Since the chain is ergodic, we have P" (2, ) —p, o
7(z). We can first pass to the limit and then marginalise w.r.t. ¥’y , 233 , 7¢, to obtain

(T Ays By, Tey) = T(Ta,)T(28,)T(2C,)-

Thus X 4,, X, and X¢, are m-independent. In particular, (X 4, X 4,~c), (X5, XB,~c) and X, ~c
are independent. It is clear that C = (A2 " C) U (B2 nC) U (C2 n C), hence

m(xa, 28, 2¢) = (XA, TAn)T (2B, TBy~c) T (Teanc)-

It follows that X 4 and X are conditionally independent given X.

Analogous reasoning leads to the proof of the second conclusion (in the stationary regime we have
conditional independence of the whole subprocesses, X 4 1L X3|Xc). |

Proof [Proof of Theorem 3.9] It is clear that the joint probability distribution of X factorises along
the space-time graph G with the set of vertices V x {0,1,2,...} and the set of edges of the form
(v,s) — (w,t) where s < t and v — w is an edge in G (cf. Figure 1). For Y < V we define
UL t)={(u,s): uel,s < t}. We similarly define U (< t), U(t) and U(> t).

Proof of part (a) Fix t € Ny. For now on we refer to times less that ¢ as ‘the past’ and to the
remaining times as ‘the future’. Take any trail

(av tO)v €1, (Ulv t1)7 €2, (’02, t2>7 €3,.--,6n-1, (Un—l, tn—l), €n, (b7 tn)
in G from (a,tg) to (b,t,), where a € A, b € B, ty < t < t, and e; is either — or « for each
i =1,2,...,n. Let us denote this trail by 7 and suppose it is not d-blocked by (B u C)(< t).

We show that this leads to a contradiction, which by the classical theory of d-separation implies
Xp(= 1) LXa(< 1)[Xpuc(< t).

Clearly
tiv1 >t; ifejp =— )
tiy1 <t; otherwise

This implies that forany 1 < k < n

if tx > t then e, =— (6)
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Figure 3: Local dependence graph on 7
nodes (the first line) and its space-time
graph (for better readability only edges
(v,s) = (w,s + 1) are included). Nodes
in gray are observed up to time ¢t = 3
(excluded). The lower path cannot be a
d-open path between a(< t) and b(> t)
since it has an arrow <« in the future (e.g.
(w,4) <« (b,3)) which inevitably leads
to a collider to the left of it ((z,4) —
(v,5) <« (w,4)) whose center is by ne-
cessity unobserved with all its descendands
(as they belong to the future) and hence it
is d-closed.

(cf. Figure 3). Indeed, assume that t;, > t. As t; > tg, by (5) we have ¢; =— for some 1 < ¢ < k.
Let e,,, be the furthest — to the left of vy, (i.e. m = max{i < k: ¢;, =—}). Then m = k, otherwise
— (Um, tm) < would be a collider with neither the middle node, nor any of its descendants, not in
(BuC)(<t) (as ty, =t = t). That would d-block 7.

In particular from (6) we obtain e,, =— and the trail 7 defined by
a, e1,v1,€2,V2,€3,...,n-1,Un—-1,€n, b7

is a trail in G that connects A and B and ends in an arrow — b. Since B is e-blocked from A by C,
this trail is e-blocked. This implies one of the following

* There is a collider — v <« such that neither v nor any of its descendants in G are in C.
As a result, neither (vg, ) nor any of its descendants are in (B U C)(< t). This means that
— (v, ty) < d-blocks 7, which is a contradiction. For example, in Figure 3 no connection
of the form (z,s) — (y,s + 1) < (z, s) can be d-open since neither (y, s + 1) nor any of its
descendants is in (B u C)(< t).

* There is a fork « v, — with vy, € C. Therefore « (v, t;) — is a fork in 7 and hence t;, >t
(otherwise (vg, tx) € C(< t) would block 7). This contradicts (6).

For instance, in Figure 3 if (y, s) < (2,8 — 1) — (v, s) is d-open then it necessarily happens
in the non-observed future, but it impossible in the view of (6).

* There is a chain < v, <« with v € C. We obtain a contradiction in the same way, as in the
case of a fork.

* There is a chain — v, — with v;, € C and a collider — v; < with de(v;) nC # (J that occurs
afterwards (k < [). We can consider the earliest such collider (i.e. e; =— fori = k+1,...,1).
This means that ¢, < ¢;. On the other hand, — (v, t;) — is open in G which means that
tr = t (otherwise (vg,tr) € (B U C)(< t)). Similarly, ¢; < t since the collider — (v, ;) <
is open in G and hence (v, ;) or one of its descendants is in (B U C)(< t). We obtained
tr, < t;and ty =t > t;, a contradiction.

10
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E.g. in Figure 3 the connection (z,s) — (z,s + 1) — (v,s + 2) < (w, s + 1) cannot be
d-open since that would mean that the center of the chain connection is in the future and the
center of the collider connection is in the past.

All the possibilities implied by the assumption that 7 is not d-blocked by (B u C)(< t) have led us
to a contradiction. This implies that A(< ¢) and B(> t) are d-blocked by (B u C)(< t), which
finishes the proof.

Proof of part (b) Take any trail in G that connects a € A to b € B and is not e-blocked by C:
G,€1,V1,€2,V2,€3,...,En_1,Un_1,€En, D,
where e,, =—. Let us denote this trail by 7 and let 7 be the trail in G given by

(a7 t0)7 €1, (Uh tl)? €2, (1)27 t2>7 €3,-.-,€6n-1, ('Un_l, tn—l)a €n, (b7 tn)

where tg = n and ¢1,...,t, are defined by ey, . .., e, via
ti +1 if €i+1 =
tiv1 = . 7
i+l { t; — 1 otherwise )

For any collider — (v;,t;) < on 7 choose w; € de(v;) N C (such wj exists as 7 is -open) and let dj,
be the length of the shortest directed path from v; to w; in G. Set t = tg + max;. _,(y, +,){ti + di}
(any ¢ that is larger from ¢p and max;. _,(y, 1) {tx + di} will do).

Figure 4: An exemplary -open path 7 in
local dependence graph (upper diagram)
and its counterpart 7 in the space-time
graph. The start time ¢y = 5 is chosen
so that 7 has no chance to stop at nega-
tive time. The cut-off time ¢ = 8 is chosen
so that the descendant (x, 7) of the collider
(y, 6) is observed. Despite the fact that the
collider is d-open, the path 7 is d-closed
because of the chain (z,5) — (v,6) —
(w,7) because it has an observed center.
This is why we ‘bypass it’ (dotted arrows)
to obtain a d-open path 7 from a(< ¢) to
b(=t)

We now modify the trail 7 to obtain a new one. If there is a right-directed chain in 7 with its
middle node in C, let r be the index of the earliest one. Otherwise let r = n. If ¢, < t, replace
(UT—17 tr—l) - (Um t?“) with

(Ur—latr—l) - (Ur—lvtr—l + 1) ... (Ur—ht - 1) - (UT’7t)

and (vy, t;) with (v, t; + t — t,) for [ > r. It is clear that in this way we obtain a trail from (vg, ¢()
to (v, T) in G, where T' = max{t,, t, + t — t,}. Let us denote this trail by 7.

Firstly we show that 7 connects A(< t) to B(> t). By the definition of ¢ we have ¢ty < t and
(a,t9) € A(< t). Note that e, =— for [ > r; it follows from the fact that 7 is e-open and hence

11
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there can be no colliders to the right of v,.. This implies t; > t, for k > r, in particular ¢,, > t,,
hence T' > ¢ and (b, T") — which is the endpoint of 7 — belongs to B(> t).

Now we prove that 7 is not d-blocked by (B u C)(< t). Three consecutive nodes on 7 can be in the
one of the following forms:

) (Vk—1,tp—1), €x, (Vs t), €hr1, (Vg1 tpyr) fork <r
Note that vg_1, e, Vg, €x+1, Vg+1 1S €-open in G. This means that

e vp ¢ Cand (eg,exy1) € {(—,—),(«,—>), (<, <)}. Then (i) is not d-blocked by
(BuC)(<t)as (v, tr) ¢ (BUC)(<t)

* (e, er+1) = (—, <) and there exists wy, € de(vy) N C. By the definition of ¢t we have
(wg, tg + di) € de((vg, tx)) N C(< t) and again (i) is not d-blocked by (B n C)(< t).

(i1) (Urfl,trfl + 17— 1) — (Urfl,trfl + Z) — (Uk+1,tr—1 + 1+ 1) fori >t —t,
These are clearly d-open since by the definition of  we get v,_; ¢ C.

(i) (vg—1,tp—1 +t —t,) = (v, tx +t —t,) > (Vgs1,thr1 +t—t,) fork =r
As k > r we have tj, > t,, hence ty, +t —t, >t and (v, tp +t —t,) ¢ (BuUC)(<t). This
means that (iii) is not d-blocked by (B u C)(< t).

We proved that the trail 7 joins A(< t) with B(> ¢) in G and it is not d-blocked by (B U C)(<
t). By the classical theory of d-separation this means that there is a probability distribution that

factorises along G in which X (> ¢)JL X 4(< t)|Xguc(< t); this probability distribution defines
the relevant process. n

5. Summary

We summarise our findings in a compact form of the following table that relates the well known
separability relationships to our observations.

Separability property in G Symbol Independence property of X

(1) Every trail between A and B is d-blockedby C A 14 B|C Xl X 4|X¢ (independent start)

(2) Every trail between A and B is c-blockedby C A 1. B|C XplX 4|X¢ (stationary)

(3) No arrows from A to B A+ B Xp(t) LX a(< )Xy a(< t)
(4)  Every trail from A to B is §-blocked by C Abs BIC Xpt)LX (< t)|Xpoc(<t)
(5) No directed paths from A to B A+ B Xp(=t) X a(< )X al< 1)
(6) Every trail from A to B is e-blocked by C A+ BIC Xg(=t)LXA(< )| Xpoc(< 1)

We believe that the results presented should remain valid under the continuous time regime, which
is the topic of our on-going research.

12
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Note that among presented separation types some imply others. It is an easy exercise to show the
implications presented on the following diagram.

d-separation <« c-separation

U U

d-separation < e-separation

No other implication is true. This leaves us with only six possible configurations of these separation
types. All of them are represented in the table below. The last row contains blocking sets C that
result in consecutive configurations in the graph from Figure 2 (where A = {a} and B = {b}).

d v v
c v
5§ v v v v v
e/ v v
g Azyt {p,ry {yy {p,ryt {p}
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Appendix A. Proof of Theorem 3.2

Recall that G = (V, &) is a directed graph with possible cycles. We assume that all nodes have
self-loops (v € pa(v) for every v € V). Definition of d-separation is exactly the same as in the
acyclic case. Below A, B and C are disjoint sets of nodes, with C possible empty.

We say that B is d-blocked from A by C if every trail from A to B

* contains a chain < ¢ <« a chain — ¢ — or a fork < ¢ — with c € C or a collider — v —

with de(v) n C = .

(By our definition, a trail cannot contain any node more than once.)

We consider a discrete time stochastic process X = (X, (t),v € V,t =0, 1,...). Random variables
at node v, that is X, (¢), take values in a measure space S, equipped with some measure denoted
by dx,. We assume that all probability distributions under consideration are absolutely continuous
with respect to products of these reference measures. A generic notation for a density will be p.
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Assume that X satisfies the following two conditions: for arbitrary measurable E, < S,,

P (Voey Xo(t) € B[ X (s),s < t) = HIP’(Xv(t) € Byl Xpa()(5), s < t)

and
P (Ve Xof H P(X E,).

In terms of densities, our two basic assumptions can be rewritten as follows:

p(x(t)]z(s),s < t) pru )T pa(w)(5), 5 < 1) (A.1)

and

) = [ [ p(4(0)). (A2)

Let us set a finite but arbitrary time horizon n. We will work with densities on the space of tra-
jectories of a time-truncated process (X, (t),v € V,t = 0,1,...,n), thatis X = [ [ .\, X,, where
X, = SPL Itis clear that it is sufficient to prove Theorem 3.2 for this time-truncated process.
From now on, to simplify notation, we just write X = (X,(¢),v e V,t =0,1,...,n).

Theorem 3.2 asserts the following.

(a) Consider a discrete time process X which satisfies (A.2) and (A.1) with respect to G. If B is
d-blocked from A by C then Xp 1L X 4]|Xc.

(b) If B is not d-blocked from A by C then there exists a process X satisfying (A.2) and (A.1)
such that Xg . X 4| Xe.

Our proof is based on the following factorisation result for the joint density of X. Define

(Xv”Xpa v) Hp pa(v ( ) § < t)'
t=1

Proposition A.1 (i) The joint density of X admits a factorisation

= H p(XU pra(v))

vey
(ii) Moreover, for every A <V and every fixed Xp,(.4)\ 4 We have

f Hp (Xo[[Xpa())dxa = 1.

X4 veA

(We use the notations dx 4 = | [,,c 4 dx,, where dx, = dz,(0)dx,(1) - - - da,(n). For emphasis we
indicate the integrated variables under the symbol of integral.)
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Proof Using equations (A.1) and (A.2), we can express the joint density as

= Hp(%(o)) H Hp(:xv(t)|xpa(v)(s), s <t).

t=1 v
Changing the order of the products yields the factorisation formula asserted in (i).

To verify (ii) we just take the integrals in the time-reversed order,
XA x4(0) zA(n—1) z4(n)

that is firstly with respect to x4(n) = (x,(n) : v € A) then with respect to x_4(n — 1) and down to
x.4(0), repeatedly using the fact that

H p(xv(t)‘xpa(v)(s)a § < t)dxA(t) =L
zA(t) veA

The product over ¢ telescopes. In the end we obtain that the integral over x 4 is equal to 1. |

Remark [n spite of its simplicity, we think that Proposition A.1 is of independent interest and has
an appealing interpretation. Assertion (ii) allows us to interpret | [, 4 P(Xv|Xpa(v)) as a probability
density on the space of trajectories of sub-process X 4. A moment of reflection reveals that this is
the density of conditional-by-intervention probability distribution, given that X ,,(ay 4 is forced to
assume value Xy, 4)\ A (we speak of intervention on the whole trajectories).

In the sequel we will use the following notation. Let &/ and W be disjoint subsets of nodes (in
particular, they can be singletons). We write &/ — WV to indicate that WV is not d-blocked from U
and U -~ W otherwise (with respect to the set C which is fixed and need not be explicitly indicated).
Note that &/ -~ W is equivalent to &/ L4 W|C but in our opinion the former is more readable in the
proof.

Proof [Proof of Theorem 3.2 (a)]

Our starting point is the factorisation formula for density p(x) given in Proposition A.1 (i). We
define the following subsets of V. Firstly, D = V\(A u B u C). Now we put

* Dyp={veD: A—wvand B—v}.

* Dy={veD: A—wvand B+ v}

* Dp={veD: A+ vand B—v}.

* Diest = D\(Das v D v Dg).
Ca={veC:pa(v)n(AuDy) # I}
Cs = {veC: pa(v) (B Dg) # D).
* Crest = C\(CA UCB)-

7. Note that in the expression | [, ., P(Xv[Xpa(v)), components x,, with w € A appear also after the symbol of
conditioning “||”, in contrast with the usual conditional-by-observation density p(X.4|Xpa(an.4)-
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Sets A, B, D g, Drest, DA, Di,Ca,Cp, Crest are disjoint (C4 nCp = & because A -~ B). We split
p(x) = [ [, p(Xv|[Xpa(v)) into products over those subsets:

p(X)Z 1_[ p(XUHXpa(v)) 1_[ p(XUHXpa(U)) 1_[ p(XUHXpa(v))

v€D AB VEDrest VECrest

x Hp(XUHXpa(U)> 1_[ p(Xv”Xpa(v)) 1_[ p(xv”Xpa(v))

veA veC 4 veD 4

x Hp(XUHXpa(v)) H p(XUHXpa(v)) H p(Xv”Xpa(v))'

veB veCp veDp

Let us introduce the following notational convention: for subsets W, U < V we will write p(W)
instead of p(xyy) and

p(WHU) = H p(XWHXpa(v))?
veW

whenever pa(WW) < U, that is whenever all parents of any node in WV belong to . It turns out that
we can rewrite the joint probability distribution in a schematic form:

p(V> = p(DABHV) p(Drest ”Drest o C) p(crestHDrest U C)
x p(AJAUDAUC)p(Ca|AUDAUC)P(Da| AU DA U Drest U C) (A.3)
x p(B|BuwDguCl)pCr|BuDsuC)p(Ds|BuwDr U Drest U C).

For better readability we postpone the justification of (A.3) to the end of this proof. Further no-
tational convention concerns marginalization, i.e. “integrating out” a subset of variables. Let us

f[...] - f[“']de'

w Xy

write

Now, we have that

P(A, B, C) = J J f f P(DABHV) p(,DrestHDrest U C) p(crestHDrest v C)
Dp JDA IDrest YD ans

X p(AAUD4UC)p(CaA|A VDA UC)P(DA|AUDA U Dyest U C)
x p(B|BuDpul)pCr|BuDpuCl)pDp|BuDp U Dt wC).

Since D 45 appears only in the first factor and nowhere in the conditions, SDAB p(DaglV) =1
(here we have used assertion (ii) of Proposition A.1).

Now we assume that Dyesy = (J. The two remaining integrals over D4 and Dg factorise. The
integral over D 4 depends only on A and C, the other one only on 3 and C. Thus we see that

p(A,B,C) =9(C)
x L PAJA L DAL C) p(Cal AU DA L C)p(DalAUDALC)
« L) p(B|B U Dg U C) p(Cs|B U Ds L C) p(Ds|B U D L C)
= 1p(C) x P1(A,C) x 2(B,C).
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Thus we have shown that A -~ B and Dyt = & imply X 1L X 4|Xe.

If Dyest # D let B = B U Dyest and Doy = {v ¢ AU B UC: A - vand B’ -~ v}. Note
that D, is in fact an empty set; if v ¢ AU B’ U C then v ¢ A U B U C and hence the conditions
A -~ vand B -~ v imply that v € D,est Which contradicts v ¢ B’. By the definition of Dieg
we have A -~ Dier and hence A -~ B'. As Dl = & our previous considerations lead to

Xp L X 4| X, in particular Xz 1l X 4| Xe.

What remains is to verify that (A.3) holds. We have to show that the following statements are true,
provided that we have d-separation A -~ B:

1. Sets A, B, Dag, DA, Di, Drest; Ca, CB, Crest are mutually disjoint.

2. pa(Drest) S Drest v C,

3. pa(Crest) € Drest U C,

4. pa(A)c AuDyguCandpa(B)yc BuDgul

5. pa(Dg) € AUDy U Diest U Cand pa(Dg) € B U D U Drest U C,
(

6. pa(C4) € AuDyguCandpa(Cg) € BuDpul.

The argument goes as follows.

Firstly, we claim that de(D4g) < D.g. Indeed, let v € D 45. There are C-active trails A — v
and v — B. Since v ¢ C and v must block the trail between A and BB, we infer that the trails must
create a collider at v and no descendant of v can belong to C. All descendants of v are d-connected
to both A and B and hence they cannot belong to A or B (as those sets are d-separated) or D 4 or
Dg (simply by their definition). Therefore all descendants of v are in D 45. Consequently, no node
in D 45 can be a parent of a node ¢ D 4. This fact will be used below several times.

We now proceed to verification of conditions 1-7.

1. We only need to show that C4 n Cg = . For any v € C 4 there exists w € pa(v) such that
w € Aorw — A. If additionally we had v € Cg then there would exist u € pa(v) such that
u € B or u — B. This would imply that a trail from .A to B via v has a collider at v € C,
which is impossible, because A -~ B.

2. If v € Dyegt and w € pa(v) then w ¢ A and w ¢ D 4, because otherwise there would be an
C-active trail v — A, contrary to the definition of Dyes;. Analogously, w ¢ B and w ¢ Dg.
Therefore w € Dyegt U C.

3. Assume that v € Cyegt and w € pa(v). It is clear that w ¢ A U D4 and w ¢ B U Dg, by
definition of C,est. Therefore w € Dyest U C.

4. If v € Aand w € pa(v) then clearly w ¢ B U Dp because otherwise we would have an
C-active trail A — B. Moreover we cannot have w € Diest, for this would contradict the
definition of D,es. Therefore w ¢ B U D U D,est and we conclude that w € A U Dy U C.
The proof of pa(B) < B u Dg v C is analogous.
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5. If v € D4 and w € pa(v) then clearly w ¢ B U Dg because otherwise we would have v — B,
contrary to the definition of D 4. We conclude that w € A U D4 U Diest U C. The proof of
pa(Dg) € B U Dp U Dyest U C is analogous.

6. If v € C4 then v ¢ Cp by item 1, so no parent of v can belong to B U Dp. We also know that
no parent of v can belong to D 45. No parent of v can belong to D, otherwise there would
be an active trail A — D,est (With a collider at v € C), contrary to the definition of Dyest. The
proof of pa(Cg) < B U D u C is analogous.

We have shown that (A.3) is true and this concludes the proof. |

Proof [Proof of 3.2 (b)] We adopt the notation from the proof of Theorem 3.9. Take any trail in G
that connects a € A to b € 5 and is not d-blocked by C:

a, e, v, €2,V2,€3,...,n-1,Un—-1,€n, b.

Let us denote this trail by 7 and let 7 be the trail in G given by

(CL, t0)7 €1, (Uly t1)7 €2, (U25 t?)a €3,...,En—-1, (Unfh tnfl)a €n, (by tn)
where tg = n and ¢1,...,t, are defined by ey, ..., e, via
ti+1 ife; =—
i1 = . A4
ti1 { t; — 1 otherwise (A4

For any collider — (v;,t;) < on 7 choose w; € de(v;) N C (such w; exists as T is d-open)
and let dj, be the length of the shortest directed path from v; to w; in G. Take any 7' larger than
Max;, _,(y, t,) it +di} and max;<, t;. We claim that 7 is an C(< T)-active trail between A(< T)
and B(< T) in G. Itis straightforward to verify: if a fork, chain or collider connection is d-
open in 7 then its counterpart in 7 must be d-open in 7. By the classical theory of d-separation
this means that there is a probability distribution that factorises along G in which Xp(< T) L
X A(< T)|Xe(< T); this probability distribution defines the desired process. [

Remark In our proof of Theorem 3.2 (a) we have not directly used the assumptions on the process
X but we only have appealed to the properties stated in Proposition A.1. Consequently, the proof
is valid also for those continuous time processes, for which the conclusion of Proposition A.1 holds
true. An important example is the class of continuous time Bayesian networks (CTBNs). The fac-
torisation formula from Proposition A.1 (i) for CTBNs can be found e.g. in Nodelman et al. (2002),
Fan et al. (2010) and (Miasojedow and Niemiro, 2017, eq. (12)). A version of such formula is also
in (Didelez, 2007b, p. 183, formula (9)). One should be cautious though, because ‘likelihood’ is
defined up to multiplicative constants and with initial distribution being ignored. Thus factorisation
for p(x) in Proposition A.1 (i) follows directly but Proposition A.1 (ii) requires careful examination.
We think this second part of Proposition A.1 is needed in a proof of an analogue of Theorem 3.2 for
CTBNs and this point seems to be overlooked in the literature.
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