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Abstract

Traditionally the conjunction of conditional events has
been defined as a three-valued object. However, in this
way classical logical and probabilistic properties are
not preserved. In recent literature, a notion of conjunc-
tion of two conditional events as a suitable conditional
random quantity, which satisfies classical probabilistic
properties, has been deepened in the setting of coher-
ence. In this framework the conjunction (A|H) A (B|K)
of two conditional events A|H and B|K is defined
as a five-valued object with set of possible values
{1,0,x,y,z}, where x = P(A|H),y = P(B|K), and
z=P[(A|H) A (B|K)]. In this paper we propose a gen-
eralization of this object, denoted by (A|H) A4 p (B|K),
where the values x and y are replaced by two arbitrary
values a, b € [0, 1]. Then, by means of a geometrical
approach, we compute the set of all coherent assess-
ments on the family {A|H, B|K, (A|H) Ay (BIK)},
by also showing that in the general case the Fréchet-
Hoeffding bounds for the conjunction are not satisfied.
We also analyze some particular cases. Finally, we
study coherence in the imprecise case of an interval-
valued probability assessment and we consider further
aspects on (A|H) Ay, (BIK).

Keywords: coherence, conjunction, conditional events,
conditional random quantity, prevision, imprecise prob-
ability, Fréchet-Hoeffding bounds, quasi conjunction

1. Introduction

Conditionals have been largely studied in many fields (see,
e.g., [1,9,10, 11, 13, 14, 15, 17, 20, 36, 37, 39, 40, 41,
42, 43, 46, 51, 53]). Bruno de Finetti introduced condi-
tional events as tri-events and proposed a three-valued logic
([12]). Traditionally logical operations among condition-
als or conditional events have been defined, and deeply
analyzed, in the context of three-valued logic (see, e.g.,
[1,3,4,7,12, 16, 34]). However, these approaches lead to
some problems in preserving classical logical and probabilis-
tic properties, for example the Fréchet-Hoeffding bounds
for the conjunction are not satisfied ([6, 23, 50]). In recent
literature, the study of conjunction and disjunction of con-
ditionals, seen as a suitable conditional random quantities
which satisfy classical probabilistic properties, has been
deepened in the setting of coherence ([26, 27, 28, 29, 31]).
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We recall that the notions of conjoined and disjoined condi-
tionals in terms of conditional random quantities involve
the conditional probabilities of the basic conditional events.
The three-valued logic view of conditional events sepa-
rates the conditional from its probability. More in general,
the Boolean approach of conditionals given in ([17]) is a
super-structure that contains the three-valued algebra as a
substructure. In the setting of Boolean algebras of condi-
tionals ([17]) a general theory of compound conditionals
as suitable conditional random quantities has been devel-
oped in [18]. The probabilistic properties on conjunction
and disjunction of conditionals in the conditional Boolean
algebras are consistent with the results obtained in the field
of conditional random quantities under coherence ([19]).
Based on the notion of conjunction, a suitable notion of
iterated conditionals has been defined ([24]). For some appli-
cations of iterated conditionals see e.g. [30, 47, 48, 51, 52].
Given two conditional events A|H and B|K, their conjunc-
tion (A|H) A (B|K) is defined as the five-valued random
quantity (A|H)A(B|K) = [AHBK +xHBK+yAHK]|(HV
K) € [0, 1], where x = P(A|H),y = P(B|K). In this pa-
per we propose a generalization of this object, denoted by
(A|H) Aap (BIK), that, instead of being dependent on the
probabilities x and y of the two conditional events, is de-
fined by means of two arbitrary values a, b € [0, 1], which
may be related to x and y. The values a and b represent the
numerical counterpart of the value ‘partially’ true of the
conjunction, which is obtained when a conjunct is true and
the other is void ([5]). Moreover, by exploiting a geometrical
approach, we compute the set of all coherent assessments
on the family {A|H, B|K, (A|H) Aq,p (B|K)}, by also show-
ing that in the general case the Fréchet-Hoeffding bounds
for the conjunction are not satisfied. We analyze some
particular cases and we consider interval-valued prevision
assessments.

The paper is organized as follows. After briefly recall-
ing the basics on coherence and on the conjunction of
conditional events (Section 2), in Section 3 we give the
definition of generalized conjunction of conditional events,
(A|H) Aa.p (B|K) and we present the main result which
characterizes the set of all coherent prevision assessments
on the family ¥ = {A|H, B|K, (A|H) Aqp (B|K)}. In Sec-
tion 4 we analyze the particular case where HK = 0 and
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the case where the generalized conjunction reduces to some
conditional events. Then, in Section 5 we study the coher-
ence of some interval-valued prevision assessments. We
deepen further aspects on the generalized conjunction in
Section 6. Finally, in Section 7, we conclude and we point
out future work.

2. Preliminary Notions and Results

We use the same symbol to refer to an event, that is a
two-valued logical entity which can be true, or false, and
its indicator, which can be 1, or 0. We denote by Q and
0, the sure event and the impossible one, respectively. The
negation of an event A is denoted by A. We denote by A A B
(resp., A V B), or simply by AB, the conjunction (resp.,
disjunction) of A and B. When, an event A logically implies
an event B, i.e., AB = 0, we write A C B. We say that n
events Ey, ..., E, are logically independent when there are
no logical relations among them. Given two events A and
H, with H # 0, the conditional event A|H is a three-valued
logical entity which is true, or false, or void, according to
whether AH is true, or AH is true, or H is true, respectively.
The negation Al_H of a conditional event A|H is defined as
A|_H = A|H. We recall the relation of logical implication
(also called Goodman-Nguyen inclusion relation) between
two conditional events ([33], see also [44]).

Definition 1 Given two conditional events A|H and B|K,
we say that A|H logically implies B|K, denoted by
A|H C B|K ifand only if AH € BK and BK C AH.

Conditional Prevision and Coherence. We denote by X
random quantity and by P(X) its prevision. In the betting
scheme, given any event H # 0, agreeing to the betting
metaphor, if you assess that P(X|H), is equal to y, this
means that for any given real number s you are willing
to pay an amount su and to receive sX, or sy, according
to whether H is true, or false (bet called off), respectively.
In particular, when X is (the indicator of) an event A,
then P(X|H) = P(A|H), where P(A|H) is the conditional
probability on A|H. As we will see the conjunction of two
conditional events is a conditional random quantity with
a finite number of possible (numerical) values. Then, in
what follows, for any given conditional random quantity
X|H, we assume that, when H is true, the set of possible
values of X is a finite set of real numbers. In this case we
say that X|H is a finite conditional random quantity. Given
a prevision function P defined on an arbitrary family K
of finite conditional random quantities, consider a finite
subfamily ¥ = {X;|H, ..., X,|H,} € K and the vector
M = (ui,..., ), where u; = P(X;|H;) is the assessed
prevision for the conditional random quantity X;|H;, i €
{1,...,n}. With the pair (¥, M) we associate the random
gain G = Y00, s;iHi(X; — i) = 2oy si(Xi|H; — p;). We
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denote by G4, the set of values of G restricted to H,, =
Hyv---VH,.

Definition 2 The function [P defined on K is coherent if and
onlyif,Vn > 1,V sy,...,s,,VF = {X1|Hy,..., Xu|H,} C
K, it holds that: min Gy, <0 < max Gyy,.

In other words, P on K is incoherent if and only if there exists
a finite combination of » bets such that, after discarding the
case where all the bets are called off, the values of the random
gain are all positive or all negative. In the particular case
where K is a family of conditional events, then Definition
2 becomes the well known definition of coherence for
a conditional probability function, denoted as P. Notice
that, in the general case where the conditional random
quantities in K are bounded but possibly infinitely valued,
the condition min G¢;, < 0 < max G¢, in Definition 2
becomes inf Gz, < 0 < sup Gyy,.

Remark 3 By Definition 2, given any (finite) conditional
random quantity X|H and denoting by xi,...,x,, the
possible values of X when H is true, and let u be a
prevision assessment on X|H. Then, coherence requires
that u € [min{xy,...,x,}, max{xy,...,x,}]. Indeed, if
you pay u < min{xy,...,x,} in a bet on X|H, it holds
that X — u > 0 and hence minGy > 0. Likewise,
if you pay p > max{xiy,...,x,} in a bet on X|H, it
holds that X — u < 0 and hence max Gy < 0. Thus,
X|H = XH + uH € [min{xi, . ..,x,}, max{xy,...,x}].

Geometrical Characterization of Coherence. Given a
family ¥ = {X||H, ..., Xu|H,}, foreachi € {1,...,n}
we denote by {x;i,...,x;} the set of possible values
of X; when H; is true; then, we set A;; = (X; = x;;),
i=1,...,n,j= 1,...,r,~.WesetCo=ﬁ] ~~E,, (it may
be Cy = 0) and we denote by Cy, ..., Cy, the constituents
contained in H, = Hy V ---V H,. Hence A" (A;; V---V
Air, V H;) = /)y Cp. With each Cp,, h € {1,...,m}, we
associate a vector Qp = (qni, ..., qhn), Where qn; = x;;
if Ch - Aij’ j = 1,...,}",', while qhi = M if Ch - ﬁl’;
with Cy we associate Qg = M = (u, ..., ). Denoting
by I the convex hull of Oy, ..., O, the condition M € T
amounts to the existence of a vector (A, ..., 4,,) such that:
i AnQp =M, i Ay =1, Ay > 0, Vh; in other
words, M € 1 is equivalent to the solvability of the system
(2), associated with (F, M),

Yoy Angni = i, i €{1,...,n},

S An=1, 4,20, he{l,...my. D

(2) {

Given the assessment M (1. ) on F =
{X1|H1, ..., Xn|H,}, let S be the set of solutions A =
(A1,...,4,) of system (). We point out that the solv-
ability of system (X)) is a necessary (but not sufficient)
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condition for coherence of M on . When () is solvable,
that is S # (0, we define:

Di(A)=D;(A1,....Am) = Xycocy Ars s AES,
M; = max cs, D (A), i € {1,...,n};
Io={i : M; =0},%0 ={X;|H; ,i € Ip},
Mo = (i, i € Io).
2
Then, the following theorem can be proved ([2, Thm 3]):

Theorem 4 A conditional prevision assessment M
(uis. .., un) on the family ¥ = {X||Hy,..., Xn|Hy,} is
coherent if and only if the following conditions are satisfied:
(i) the system (2) defined in (1) is solvable; (ii) if Iy # 0,
then M is coherent.

Remark 5 We observe that if A is a solution of System
(2), associated with the pair (F, M), such that @ ; (A) > 0,
j = 1,...,n, then it holds that Iy = O and hence by
Theorem 4 the assessment M on F is coherent.

We recall the following extension theorem for condi-
tional previsions, which is a generalization of de Finetti’s
fundamental theorem of probability to conditional random
quantities (see, e.g.,[35, 49, 55])

Theorem 6 Let M = (uy, ..., un) be acoherent prevision
assessment on a family of bounded conditional random
quantities F = {X,|Hy, ..., Xu|H,}. Moreover, let X|H
be a further bounded conditional random quantity. Then,
there exists a suitable closed interval [y, u’’] such that
the extension u = P(X|H) is coherent if and only if u €

[u's 1]

Imprecise Assessments. We recall below the notions
of coherence, for imprecise, or set-valued, prevision as-
sessments. As, in this paper we only consider conditional
random quantities with possible values in the unit interval,
in our case the imprecise assessments are subsets of the
unitary hypercube.

Definition 7 Let be given a family of n conditional random
quantities ¥ = {X1|Hy, . .., X,|Hy, }. An imprecise, or set-
valued, assessment A on F is a set of precise assessments

Mon F.

Let A be an imprecise assessment of . For each
J € {1,2,...,n}, the projection p;(A) be an imprecise
assessment of . For each j € {1,2,...,n}, the projection
pj(A) of A onto the j-th coordinate, is defined as ) of A
onto the j-th coordinate, is defined as

pj(A) =A{x;: uj =x;, forsome (u1,...,un) € I'}.
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Definition 8 Let be given a family of n conditional ran-
dom quantities ¥ = {X||H\, ..., X,|H,}. An imprecise
assessment A on F is coherent if and only if, for every
J € A{l,...,n} and for every x; € p;(A), there exists a
coherent precise assessment M = (py, ..., pn) onF, such
that M e Aand pj = x;.

In the context of imprecise assessments the notions of g-
coherence and total coherence have been also introduced
(122, 32]).

Remark 9 We observe that an interval-valued prevision
assessment A = [lj,u1] X -+ X [l,uy] is an imprecise
prevision assessment. In this case it holds that p;(A) =
[{j,uj]. Then, based on Definition 8, the imprecise prevision
assessment A on F is coherent if and only if, given any
J€{l,....,n}Yandanyx; € [lj, u;], there exists a coherent
precise prevision assessment M = (ui, . . ., un) on F, with
li <pi<ui,i=1,...,n and such that p; = x;.

Indicator of a Conditional Event. Given a conditional
event A|H and a probability assessment P(A|H) = x, the
indicator of A|H, denoted by the same symbol, is

1, if AH is true,
A|H = AH+xH = AH+x(1-H) =1{ 0, if AH is true,
X, if H is true.
3)

Notice that it holds that P(AH+xH) = xP(H)+xP(H) = x.
For the indicator of the negation of A|H it holds that
A|H = 1 — A|H. Given two conditional events A|H and
B|K, for every coherent assessment (x, y) on {A|H, B|K},
it holds that ([29, formula (15)])

AH +xH < BK + yK
<= A|H C B|K, or AH=0, orK C B,

that is, between the numerical values of A|H and B|K,
under coherence it holds that

AlH<B|[K < A|HCB|K, orAH=0, or K C B.
“)
By following the approach given in [8, 26, 38], once a co-
herent assessment u = P(X|H) is specified, the conditional
random quantity X|H is not looked at as the restriction of
X to H, but is defined as X, or y, according to whether H
is true, or H is true; that is,

X|H = XH + uH. (5)

Notice that the representation (5) is not circular. Once the
value u = P(X|H) is (coherently) specified by the betting
scheme, the object X|H in (5) is (subjectively) determined.
We observe that P(XH + uH) = P(X|H). Indeed,

P(XH + uH) = P(X|H)P(H) + uP(H) = pu.
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Conjunction of Two Conditional Events. We recall
below the notion of conjunction of two conditional events
in the framework of conditional random quantities ([26],
see also [36, 39]).

Definition 10 Given two conditional events A|H, B|K and
a (coherent) probability assessment P(A|H) = x, P(B|K) =
v, the conjunction (A|H) A (B|K) is defined as the following
conditional random quantity

(A|H)A(B|K) = (AHBK+xHBK+yAHK)|(HVK). (6)

Remark 11 Notice that the conjunction in (6) and can
be represented as X|H in (5) and, once the (coherent)
assessment (x,y, z), where 7z = P[(A|H) A (B|K)], is given,
the conjunction is (subjectively) determined by

(A|H) A (BIK) = AHBK + xHBK + yAHK + zHK.

Then, the set of possible values of (A|H) A (B|K), i.e.
{1,0,x, v, z}, is associated to a given (coherent) subjective
assessment (x,y, 7).

Within the betting scheme, by starting with a coherent

assessment (x,y) on {A|H, B|K}, if you extend (x, y) (in

a coherent way) by adding the assessment P[(A|H) A

(B|K)] = z, then you agree for instance to pay z, by

receiving the random amount

1, if both conditional events A|H and B|K are true;

0, if A|H or BJK is false;

x = P(A|H), if A|H is void and B|K is true ;

y = P(B|K), if A|H is true and B|K is void

zZ, that is the paid amount, if both conditional events A|H

and B|K are void. Notice that, in some particular case, the

conjunction (A|H) A (B|K), which is a five-valued object,

reduces to a conditional event, that is a three-valued object.
We recall that, the Fréchet-Hoeffding bounds, i.e., the

lower and upper bounds

)

7z =max{x+y-1,0},z” = min{x, y}

obtained under logical independence in the unconditional
case for the coherent extensions z = P(A A B) of P(A) = x
and P(B) =y, are still valid when P(A), P(B), and P(A A
B) arereplacedby P(A|H), P(B|K),and P[(A|H)A(B|K)]
([26]). We recall that the Fréchet-Hoeffding bounds are not
satisfied by other notions of conjunction, e.g., the quasi
conjunction, defined in suitable trivalent logics ([50]).

Quasi Conjunction. The Sobocinski conjunction (Ag),
or quasi conjunction ([1]), of two conditional events A|H
and B|K is defined, in a trivalent logic, as the following
conditional event

(A|H) As (B|IK) = [(AH V H) A (BK VK)]|(HV K).
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In terms of conditional random quantity, it holds that

(A|H) As (B|IK) = (AHBK + HBK + AHK)|(H Vv K).
®)
We recall that, by setting x = P(A|H), y = P(B|K), under
logical independence, the lower and upper bounds z;, z¢
for (A|H) As (B|K) are ([21])
“ly_;zy"y, if (x,y) # (1,1)
1, if (x,y) = (1, 1).

zg = max{x+y—1,0}, z¢ = {

9

3. A Generalized Notion of Conjunction

We generalize the notion of conjunction between two con-
ditional events given in Definition 10 by replacing x and y
with two arbitrary values a, b in [0, 1].

Definition 12 Given four events A, B, H, K, with H # 0
and K # 0, and two values a, b € [0, 1], we define the the
generalized conjunction w.r.t. a and b of the conditional
events A|H and B|K as the following conditional random
quantity

(A|H) Aap (BIK) = (AHBK +aHBK +bAHK)|(HV K).
(10)

In the betting framework, if you assess z = P[(A|H) Aq.p
(B|K)], then you agree for instance to pay z, by receiving
the random amount

1, if AHBK is true,

0, if AH Vv BK is true,
(A|H) Aup (BIK) =4 a, if HBK is true,

b, if AHK is true,

z, if H K is true.

In other words, you agree to pay z in order to receive:

1, if both conditional events A|H and B|K are true;

0, if A|H or BJK is false;

a, if A|H is void and B|K is true ;

b, if A|H is true and B|K is void;

Z, that is the paid amount, if both conditional events A|H
and B|K are void. Therefore

P[(A|H) Aap (BIK)] = P(AHBK|(H V K))+

+aP(HBK|(H V K)) + bP(AHK|(H V K)). (1D

We observe that (A|H) Aq.p (B|K), when H V K is true,
assumes values in [0, 1]. Then, by coherence (see Remark 3)
it must be z € [0, 1] and hence (A|H) Aqp (BIK) € [0, 1].
Of course, (A|H) Agp (BIK) = (B|K) Ap.a (A|H).

Remark 13 When we assess P(A|H) = xand P(B|K) =y,
from definitions 6 and 10 it holds that

(AlH) Axy (BIK) = (A|H) A (BIK),
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that is (A|H) Aqp (B|K) reduces to (A|H) A (B|K), when
a =xandb =y. Moreover,

P[(A|H) Ax,y (BIK)] = P(AHBK|(H V K))+

+P(A|H)P(HBK|(HVK))+P(B|K)P(AHK|(HVK)).
(12)

We also observe that, if H = K, then HBK = AHK = 0,
and hence (A|H) A,.» (B|H) = AB|H = ABH|H = AB|H
and 7 = P(ABH|H) = P(AB|H).

The next result allows to compute the set of all coherent
assessments (x, y, z) on the family {A|H, B|K, (A|H) Aa.p
(BIK)}, where a, b are arbitrary numbers in [0, 1].

Theorem 14 Let A, B, H, K be any logically inde-
pendent events. A prevision assessment M = (x,y,2)
on the family of conditional random quantities ¥ =
{A|H, (B|K), (A|H) Aap (B|K)} is coherent if and only if
(x,y) € [0,11? and z € [z, 7""], where

|

and

(x+y-1) -min{%,%,l}, ifx+y—1>0,
0, otherwise

(13)

7" = max{z], 25, min{z§, 2}’ }}, (14)

where
z{ = min{x, y},
x(b —ay) +y(a - bx)
1 —xy

Lif (x,y) = (1, 1),

if (xy) # (L 1),

’”
2

x(1-a)+y(a—x
(@0 o
Z3_ l—x

L, ifx=1,

x(b-y)+y(1-b
L (b—y)+y( ),ify;tl,
Z, = 1-y

1, ify=1.

Proof First of all we observe that, by logical indepen-
dence of A, H, B, K, the assessment (x, y) is coherent for
every (x,y) € [0, 1]%. The constituents C},’s contained in
H Vv K and the points Q},’s associated with the assessment
M = (x,y,z) on F are C; = AHBK,C, = AHBK,C3 =
AHBK,C, = AHBK,Cs = AHK,Cs = HBK,C;
AHK,Cg =HBK and Q; = (1,1,1),0, = (1,0,0), 03 =
(0,1,0), Q4 (0,0,0), Os (1,y.b), Q6
(x,1,a),07 = (0,y,0),08 = (x,0,0). Considering the
convex hull I of Oy, ..., Qg, the coherence of M requires
that the condition M € I be satisfied, that is

M=Z§l:1/1th, Zi:l/lh= 1, 4, >0, h=1,...,8.
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We observe that Q7 = y0Q3(1 — y)Q4 and Qg = x0; +
(I —=x)Qg4. Then, I is the convex hull of Oy, ..., Qg. Thus,
the condition M € 7 amounts to the solvability of the
following system in the unknowns A, ..., d¢

M=30_ 00n, X8 =1, 2,20,h=1,....6
(15)
that is

A+ A2+ A5 +xdg =X,

Al +A3+yAd5+ A=,

A +bds+alg =z,
AM+-+Ag=1,4;>20,Vi=1,...,6.

(16)

For each solution A = (41, ..., d¢) of system (16) we have
that the functions @; defined in (2) are

D1(A) = Xpcpcr An = A+ A2 + A3 + Ay + A,
Dy(A) = Xpecpck An = A1+ A2+ A3 + A4 + g,
D3(A) = Xpecpcavi An = A1+ A2+ A3 + g + As + Ag.
a7
For each given (x, y) € [0, 1], based on Theorem 6 we
determine the lower and upper bounds z’, z”’ for the coherent
extension z = P[(A|H) Aqp (BIK)].

Lower Bound. We distinguish two cases: (A) x+y—1 < 0;
B)x+y—-1>0.

Case (A). We show that z” = 0 is the lower bound
for z = P[(A|H) Agp (BIK)] by proving that the
assessment (x,y,0) on ¥ is coherent. Let a pair
(x,y) € [0,1]> be given. We first observe that
M = (x,y,0) = x02 + y03 + (1 — x — y)Q4. Then,
M € I, where 7 is the convex hull of Qy,..., Qg, with
a solution of (16) given by A = (0,x,y,1 —x — ¥,0,0).
For the functions @®; given in (17) it holds that
D1 (A) = Dy(A) = DP3(A) =1 > 0. Then, from Remark 5,
the assessment (x, y,0) on ¥ is coherent. Thus, for every
(x,y) € [0,1]? the assessment (x, y,0) is coherent and
hence z” = 0.

Case (B). Asx+y—1>0,itholds that x # O and y # 0.
We consider three subcases: (B.1) min{%, %, 1} =1;(B.2)

min{ <%, %, 1} = 4;(B.3) min{ <, %, 1} = %.

Case (B.1). We observe that a > x and b > y. We
first prove that the assessment (x, y, x + y — 1) is coherent.
Then, we show that z” = x + y — 1 is the lower bound
for z = P[(A|H) Aup (BIK)]. As M = (x,y,x +y —
)=Gx+y-101+ (1 -y)0; + (1 —x)Q3, it follows
that M € I. Then, a solution of system (16) is given by
A=(x+y-1,1-y,1-x,0,0,0). From (17) it holds that
D1 (A) = Dy(A) = DP3(A) =1 > 0. Then, from Remark 5,
the assessment (x, y,x +y — 1) on ¥ is coherent.

In order to prove that z” = x+y — 1 is the lower bound for
z = P[(A|H) Aqp (B|K)], we verify that the assessment
M =(x,y,z2), with (x,y) € [0, 11?and z < 7/ =x+y-1,
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is not coherent because (x, y, z) ¢ 7. We observe that the

points Q1, 02,03 belongtothe plane 7 : X +Y — Z = 1.

Weset f(X,Y,Z) =X +Y —Z -1 and we obtain f(Q;) =

f(Q2) = f(Q3) =0, f(Q4)=-1<0, f(Q5)=y-b<
0, f(Q¢) =x —a < 0. Then, by considering M = (x,y, z),
with z < x +y — 1, it holds that

fM)=x+y—-1-2z>0> f(Qpn), h=1,...,6,

and hence M = (x,y,z) ¢ Z.Indeed, if it were M € 1, that
is M linear convex combination of Q1y, ..., Qg, it would
follow that £(M) = f(55_, 4Qn) = S4_, A f(Qn) <
0. Thus, the lower bound for z is z’ = x + y — 1, for every
(x,y) € [0, 1]? such that min{ %, %, 1} =1.

Case (B.2). We notice that a < x and ¢ <
We show that in this case

<

b
z’:(x+y—1)min{g,—,l}=g(x+y—l).
x’y X

We first prove that that (x,y, $(x +y — 1)) is coherent.
Indeed, we observe that M = (x,y, $(x+y—1)) = (1 -
v)0s + (l_x)x(l_y) 03+ x+§_l Q¢. Then, M € T, where I is
the convex hull of Q1, . . ., O¢, with a solution of (16) given
by A = (0,1 -y, =202 ¢ o, X271y By recalling (17),
it holds that @ (A) = =2, @,(A) = @3(A) = 1 > 0. We
distinguish two cases: (i) y # 1, (if) y = 1. In the case (i)
we get @;(A) > 0, j = 1,2,3 and hence by Remark 5 it
follows that the assessment (x, y, < (x +y — 1)) is coherent.
In case (ii), as @1(A) = 0, it holds that 7y C {1}, with
the sub-assessment Mgy = x on ¥y = {A|H} coherent
because x € [0, 1]. Then, by Theorem 4, the assessment
(x,y, £ (x+y=1)) = (x,1,a) on F is coherent. Thus, in this
sub-case the assessment (x, y, % (x+y—1)) on ¥ is coherent
forevery (x, y) € [0, 1]%. In order to prove that S(x+y-1)is
the lower bound z’ for z = P[(A|H) Aqp (B|K)], we verify
that (x, y, z), with (x, y) € [0,1]?and z < 4 (x+y—1),isnot
coherent because (x,y, z) ¢ 7. We observe that the points
0,03, Q¢ belong to the plane 7 : aX +aY —xZ = a. We
set f(X,Y,Z) =a(X+Y —1)—xZ and we obtain f(Q3) =
F(Q3) = f(Q6) =0, f(Q1) =a-x <0, f(Q4) =-a <0,
f(Qs) = ay — bx < 0. Then, by considering M = (x, y, z),
with z < £(x +y — 1), it holds that f(M) = f(x,y,2) =
a(x+y-1)—xz>02> f(Qn),h=1,...,6,andhence M =
(x,y,2) ¢ I.Indeed, if it were M € I, that is M linear
convex combination of Q1, ..., Qg, it would follow that
SM) = f(Z5-1 4hQn) = X5 Anf(Qn) < 0. Thus, in
this sub-case the lower bound for z = P((A|H) Aqp (B|K))
is 2/ = 4(x+y - 1), for every (x,y) € [0, 1]* such that
min{<, %, 1} =2

Case (B.3). We notice that b < y and & > g We prove that

(x,y, %(x +y — 1)) is coherent and that 7’ = %(x +y-1)
is the lower bound for z = P[(A|H) Aap (BIK)].
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We observe that M = (x, y, %(x+y— 1) = (lfx)y(lfy) 0, +
(1-x)Q3+ %_IQ& Then, M € 1, with a solution of (16)

given by A = (0, =000 11— x 0, 2221 0) It holds that
D (A) = D3(A) = 1, Dr(A) = 1;—3‘. We distinguish two
cases: (i) x # 1, (if) x = 1. In the case (i) we get @;(A) >
0, j = 1,2,3, and hence by Remark 5, the assessment
(x,y, %(x + y — 1)) is coherent. In the case (if) we get
Iy € {2}, with the sub-assessment My = y on Fy = {B|K}
coherent because y € [0, 1]. Then, by Theorem 4, the
assessment (x, y, %(x+y —1)) = (1, y,b) on ¥ is coherent.

Thus, the assessment (x, y, %(x +y—1)) on ¥ is coherent
for every (x,y) € [0, 1]? such that min{<, %, 1} = %. In
order to prove that %(x +y — 1) is the lower bound z’ for
z = P((A|H) Aq.p (BIK)), we verify that (x,y, z), with
(x,y) € [0,1]?and z < ly—’(x+y—1),is not coherent because
(x,y,z) ¢ I.We observe that the points Q,, O3, Qs belong
to the plane 7 : bX + bY —yZ = b. We set f(X,Y,Z) =
b(X +Y — 1) — yZ and we obtain f(Q>) = f(Q3) =
f(@s) =0, f(Q) =b-y <0, f(Q4) =-b <0,
f(Qs) = bx —ay < y. Then, by considering M = (x, y, 2),
with z < g(x +y— 1), it holds that f(M) = f(x,y,2) =
b(x+y—-1)—-yz>02= f(Qn), h=1,...,6, and hence
M = (x,y,z) ¢ I. Indeed, if it were M € I, that is M
linear convex combination of Q1, . . ., Qg, it would follow
that f(M) = f(Z5-; Q) = Xp_y Anf(Qp) < 0. Thus,
the lower bound for z = P[(A|H) Aap (BIK)] is 2/ =
%(x +y-1).

Therefore, for every (x,y) € [0, 1]? the value z’ given in
formula (13) is the lower bound for z = P[(A|H) Aab
(BIK)].

Upper Bound. Due to lack of space this part of the proof
is omitted. |

A summary of the different values of the lower and upper
bounds z” and z” for the prevision of (A|H) Ayp (B|K)
are given in Tablel and in Table 2, respectively. Moreover,

Table 1: Values of the lower bound z’ of z = P[(A|H) Agp
(B|K)] for different values of x = P(A|H),y =
P(B|K),a,b € [0,1].

Case 4
A:x+y-1<0 0
Brx+y-1>0

Sub-cases:
(B.1)a>xand b >y x+y—-1
(B.2):a <xand £ < % Sx+y-1)
(B3):b<yand2 <2 | L(x+y-1)
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Table 2: Values of the upper bound z” of z = P[(A|H) Aapb
(B|K)] for different values of x = P(A|H),y =
P(B|K),a,b € [0,1].

"

Case z
o+ ( )+y( )
1 _ x(b—ay)+y(a—-bx
a(l-=y)+b(l-x)>1-xy 2y = T
(D)
a(l-y)+b(1-x) <1-xy
Sub-cases:
x<yanda <x ' =x
x<yanda>x “=w
< ; _X
y<xandb <y Zib/: o
y<xandb >y 2 = x( —y1>:r§( =b)

from Theorem 14 it follows that

Corollary 15 Let A, B, H, K be any logically independent
events. Then, the set I1 of all coherent prevision assessments
(x,y,2) on F ={A|H, (B|K), (A|H) Aa.p (B|K)}, is

Hap={(x,y,2) : (x,y) € [0,1]%z € [, 2]},
where 7' and 7" are defined in (13) and (14), respectively.

We recall that, wunder logical independence,
the set of all coherent assessment (x,y,z) on
{A|H,B|K,(A|H) A (B|K)} is the the Tetrahedron
7 of points (1,1,1),(1,0,0),(0,1,0),(0,0,0), that
is (26) 7 = {(xy.2) : (xy) € [0,1]%z €
[max{x + y — 1,0}, min{x, y}]}. As, from (13) and
(14), z7 < max{x + y — 1,0} and z”” > min{x, y} for every
(a,b) € [0,1]?, it holds that

(18)

T C I, Y(a,b) € [0,1]%

Remark 16 Given a probability assessment (x,y) on
{A|H, B|K}, it holds that 77 = max{x +y — 1,0} and
z” = min{x, y}, when a = x,b = y. That is, (A|H) Ay,
(BIK) = (A|H) A (B|K) satisfies the Fréchet-Hoeffding
bounds. In general, it may happen that, for some values of a
and b, the extension z on (A|H) Aq,p (B|K) is coherent also
when z ¢ [max{x+y—1,0}, min{x, y}|. That is the Fréchet-
Hoeffding bounds (7) are not satisfied by the conjunction
(A|H) Aa.p (B|K) for some values of a, b. For example, if
x =y =1, we have that max{x +y — 1,0} = min{x, y} = 1;
then, from (13) and (14) it holds that 7’ = 7"/ = 1 only
when a = b = 1. However, if x = y = 0, we have that
max{x +y — 1,0} = min{x, y} = 0; then, from (13) and
(14) it holds that 7 = 7"’ = 0 for every (a,b)[0, 1]?,
that is th Fréchet-Hoeffding bounds (7) are satisfied by
(A|H) Aa.p (B|K) for every (a,b) € [0,1]%
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4. Some Particular Cases

In this section we consider some particular cases of the
generalized conjunction obtained under some logical rela-
tions and for some given values of a and b. In particular
we consider the case where the conditioning events H and
K are incompatible. Then, we consider the cases where
a=b=1landa=0>b=0.

4.1. The Case H and K Incompatible

We analyze the particular case where the conditioning events
H and K are incompatible, i.e. HK = 0.

Theorem 17 Let A|H, B|K,be two conditional events with
H # 0, K # 0, and HK = 0. A prevision assessment
M = (x,y,2) on F = {A|H, B|K, (A|H) Aqp (BIK)} is
coherent if and only if (x,y) € [0,1]? and z € [Z/,Z"],
where

7z’ = min{ay, bx}, 7’ = max{ay, bx}. (19)

Proof  The constituents and the points Qp’s as-
sociateﬂ with the _fam_ily (M,?_—”)_ are C; i_AHK,
C, = HBK, C3 = AHK, C4 = HBK, Cyp = HK, and

Q1 = (Ly,b), Q2 = (x,1,a), Q3 = (0,y,0),04 =
(x,0,0), Qo =P = (x,y,z). We observe that H,, = HV K
and that 7 is the convex hull of points Q1, ... Q4. For each
given assessment (x, y) based on Theorem 6 we determine
the lower and upper bounds z’,z”” for the coherent
extension z = P[(A|H) Aq4p (B|K)]. We distinguish two
cases: (i)ay < bx, (ii)bx < ay. Case (i). We show that
the assessment (x,y,z) on ¥ is coherent if and only
(x,y) € [0,1]*> and z € [z/,z"’], where z’ = ay and
Z// — by

Lower Bound. First we prove that (x, y, ay), is coherent,
and then that z’ = ay is the lower bound for z. We observe
that M = (x, y,ay) = yQ2+ (1 —y)Q4. Then, M € I with
a solution of (16) given by A = (0,y,0,1 — y). It follows
that

D1(A) =Xpc,caAn =1 +A3 =0,
Dr(A) = Zhcpexk A=A+ =1,
D3(A) = XpecycHvk An = + A+ A3+ A4 = 1.

As @1(A) = 0, it holds that Iy C {1}, with the sub-
assessment My = x on 5y = {A|H} coherent because
x € [0,1]. Then, by Theorem 4 the assessment M =
(x,y,ay) on ¥ is coherent. Now we show that 7’ = ay
is the lower bound. Of course, if x = 0, as ay < bx =0,
it holds that ay = 0. In this case we have that z’ = 0 is
the lower bound because (A|H) Aqp (BIK) € [0,1]. We
assume now that x # 0. We observe that Q», 03, Q4 belong
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to the plane 7 : ayX + axY — xZ — axy = 0. By setting
f(X,Y,Z) =ayX + axY — xZ — axy, it holds that

f(Q1) =ay—bx <0, f(Q2)=/(Q3)=/(Q4)=0.

Then, for every M € I it holds that f(M)
f(Zho1 AhQn) = Xj_; Anf(Qn) < 0. Then, by con-
sidering M (x,y,z), with z < ay, it holds that
fM) = f(x,y,2) = x(ay —z) > 0, and hence M ¢ I.
Thus, as (x, y, ay) is coherent and (x, y, z), with z < ay is
not coherent, it follows that z” = ay it the lower bound for
(AIH) Aap (BIK).

Upper Bound. We show that the assessment M
(x,y,bx) on F is coherent. We observe that (x, y, bx) =
x01 + (1 = x)Q03. Then, M € I with a solution of (16)
given by A = (x,0, 1 — x,0). It follows that

D1(A) = P3(A) =1, P(A) =0.

As @,(A) = 0, it holds that Jy € {2}, with the sub-
assessment My = y on ¥y = {B|K} coherent because y €
[0, 1]. Then, by Theorem 4 the assessment M = (x, y, bx)
on ¥ is coherent. We show that z”/ = bx is the upper bound
for z. We distinguish two cases: y > 0 and y = 0. Let us
suppose for now that y > 0. We observe that Q1, 03, Q4
belong to the plane 7 : byX+bxY —yZ = bxy. Considering
the function f(X,Y,Z) = byX + bxY — yZ — bxy, it holds
that

f(Q1) = f(Q3) = f(Q4) =0, f(Q2) =bx—ay = 0.

Then, for every M € I it holds that f(M)
F(Z52 Qn) = X5 4nf(Qr) = 0. Then, by con-
sidering M (x,y,z), with z > bx, it holds that
fM) = f(x,y,z) = y(bx —z) < 0 and hence M ¢ 1.
Thus, the assessment M = (x,y,z) with z > bx is not
coherent and hence 7/ = bx.
If y = 0, we observe that Q1, Q», O3 belong to the plane
m:=bX+(bx-a)Y+Z=0.Weset f(X,Y,Z)=-bX +
(bx—a)Y+Z anditholdsthat f(Q1) = f(Q2) = f(Q3) =0,
f(Q4) = —bx < 0. Then, for every M € I it holds that
FM) = F(Zh_ Ah0n) = X5, 4nf(Qn) < 0. Then,
by considering M = (x,0, z), with z > bx, it holds that
fM) = f(x,0,z) = —bx+z > 0,and hence M ¢ 7. Thus,
the assessment M = (x, 0, z), with z > bx, is not coherent
and hence z”” = bx.

Case (ii). The proof can be obtained in a way similar to
the proof in Case (i), when switching x with y and a with b.
|

We observe that the bounds obtained in Theorem 17 (un-
der the logical relation HK = () are more restrictive
than the bounds obtained in Theorem 14 (under the as-
sumption of logical independence of A, H, B, K). That is,
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[min{ay, bx}, max{ay, bx}] C [z’,z"’], where 7" and 7"
are given in (13) and (14), respectively. Of course, when
a < 1and b < 1, it holds that z”” < 1. This is in agreement
to the fact that (A|H) A, (B|K) can never be 1 in this
case.

Remark 18 The result of Theorem 17 can be also obtained
in a different way by exploiting the linearity of prevision.
Indeed, when HK = 0, it holds that AHBK = 0, HBK =
BK and AHK = AH and hence

(A|H) Aap (BIK) = (aBK + bAH)|(HV K).  (20)

We observe that P(BK|(H VvV K)) = P(B|K)P(K|(H V K))
and P[AH|(HV K)] = P(A|H)P[H|(H V K)]. Then, from
(20), by the linearity of prevision, it follows that

z=P[(A|H) Aa,p (BIK)] =

+aP(HBK|(H V K)) + bP(KAH|(H V K)) =

=aP(B|K)P(K|(HV K)) + bP(A|[H)P(H|(H V K)).
2

Denoting by x = P(A|H), y = P(B|K), « = P(H|(H V
K)) =1- P(K|(H V K)), formula (21) becomes

z=ay(l — a) + bxa. (22)

It can be proved! that the assessment (x,y,a) on
{A|H,B|K,H|(H VvV K)}, with HK = 0, is coherent for
every (x,y,a) € [0,1]3. Then, from (22) we obtain that
z € [min{ay, bx}, max{ay, bx}], because a € [0, 1].

Remark 19 When a = x and b =y, from (19) we obtain
that 7/ = 7" = ay = bx = xy. That is, when HK = 0, it
holds that

PI(AIH) Ax,y (BIK)] = P[(A[H) A (B|K)]
= P(A|H)P(B|K),

which is in agreement with the result given in [24] (see also

[31]).

4.2. The Case a = b = 1 and the Quasi Conjunction

Itis interesting to notice that quasi conjunction is a particular
case of the generalized conjunction (A|H) A4 p (B|K) where
a =1 and b = 1. Indeed, by recalling (8)

(A|H) A1 (BIK) = (AHBK + HBK + AHK)|(H V K)
= (A|H) As (BIK).

For proving that (x,y, @) on {A|H,B|K,H|(H VvV K)}, with
HK = 0, is coherent for every (x, y, @) € [0, 1]° itis sufficient to check
that each of the eight vertices of the unit cube is coherent.
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Then, when H V K is true it holds that (A|H) As (B|K) >
(A|H) Agp (B|K). By applying [27, Theorem 6], it holds
that P(A|H) As (B|K) = P[(A|H) Agp (B|K)] and hence

(A|H) As (BIK) 2 (A[H) Aqp (BIK)

in all cases. Moreover, based on Theorem 14, un-
der logical independence, it follows that (x,y,z) on
{A|H, B|K, (A|H) A1.1 (BIK)} is coherent if and only if
(x,y) € [0,1]? and z € [z, 2], where z € [z/, "] with

’r_ (x+y—1)’
= 0,

=max{x+y— 1,0}

ifx+y-1>0,
otherwise

and
) x(b—ay)+y(a—bx), if (r.y) £ (1,1),
z' = 1—xy
1, if (x,y)=(1,1),
-2
u’ if (x,y) # (1, 1),
= 1 —xy
1, if (x,y) = (1,1),

because a(l—y)+b(1—-x)+xy—1=1-y+1-x+xy—1=
1-y—x+xy =1-y—-x(1-y) = (1-y)(1-x) > 0. Then, the
lower and upper bounds z” and z”’ coincide with z§ and z¢
given in (9). We observe that z is the Hamacher t-conorm
with the parameter A = 0 . Then, for every (x,y) € [0, 1],
as max(x, y) is the smallest t-conorm, it holds that

z¢ > max{x, y} > min{x, y},

and hence the quasi conjunction do not preserve the
bounds in (7). Thus, differently from the unconditional
case where P(AB) = 0 is the only coherent extension of
(1,0) on {A, B}, for the probability of the quasi conjunc-
tion (A|H) As (B|K), any value zg5 € [0, 1] is a coherent
extension of (1,0) on {A|H, B|K} because zg = 0 and
zg = 1. This is not desirable from a probabilistic point of
view because it allows to coherently assess probability 1
for the quasi conjunction even if one of the two conjuncts
has probability 1 and the other one has probability zero. A
similar comment can be also done in the particular case
where H and K are incompatible. Indeed, when HK = 0,
by instantiating equation (19) with @ = b = 1, we obtain

7 =min{x, y}, zg = max{x,y}. (23)

4.3. TheCasea=b=0

In the case where a = b = 0 the generalized conjunction
reduces to a conditional event. Indeed,

(A|H) Ao (BIK) = AHBK|(H V K).
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Based on Theorem 14, under logical independence, it fol-
lows that (x, y, z) on {A|H, B|K, (A|H) Ao, (B|K)} is co-
herent if and only if (x, y) € [0,1]%>and z € [z/,z”’], where
7z’ =0and z” = min{x, y}.

5. Interval-valued Prevision Assessments

We recall that under logical independence any assess-
ment (x,y) € [0,1]? on {A|H, B|K} is coherent. Based
on Theorem 14, we denote by [z'(x,y),z”(x,y)] the
interval of coherent prevision extensions of (x,y) to
(A|H) Aap (B|K). Given the interval-valued assessment
[x1,x2]%[y1,y2] C [0,1]>on {A|H, B|K}, weset [z*, 2]
the interval of coherent extensions z on (A|H) Ayp (B|K),
where

*

= min 7' (x,
(x,y)elx1,x2]%[y1,y2] ()

and

sk

= max 7 (x,y).
(x,y)€lxr,x2]X[y1,y2] (x.5)

The assessment ([x1,x2] X [y1,y2] X [2%,2"]) on F =
{A|H, (B|K), (A|H) Aap (B|K)} is coherent w.r.t. Defini-
tion 8. Moreover, any assessment [x1, x2| X [y1, y2] X [@, 8],
with [a, B] D [Z%, z2*"], is not coherent. Then, the interval
[z*,z**] is the least committal extension, that is the natu-
ral extension ([54], see also [45]), of the interval-valued
assessment [x1,x2] X [y1, y2], which is equivalent to the
lower probability assessment (xj,x2,1 — y;, 1 — y3) on
{A|H, B|K,A|H, B|K}. In what follows we compute the
lower and upper bounds, z* and z**, by also considering the
case where HK = (.

Theorem 20 Let A, B, H, K be any logically independent
events and let A = ([x1,x2] X [y1,y2]) be an interval-
valued assessment on {A|H, B|K}. Then, the interval of
coherent extensions of A to (A|H) Aap (BIK) is the in-
terval [z*,z"] = [2/(x1,y1), 2" (x2, y2)], where Z'(x,y)
and 7" (x, y) are defined in formula (13) and formula (14),
respectively.

Proof The proofis straightforward by showing that

Z,(xl’yl): Z/(X,y)

min
(x,y)€lxr,x2]x[y1,y2]

and

max

144
Z(x,y).
(x,y)€lx1,x2]x[y1,y2] y

72" (x2,y2) =

Due to the lack of space the rest of the proof is omitted.

We now generalize Theorem 17 for interval-valued pre-
vision assessments.
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Theorem 21 Let an interval-valued probability assess-
ment A = ([x1,x2] X [y1,y2]) on {A|H, B|K}, with H # 0,
K # 0, and HK = 0, be given. Then, the interval of coher-
ent extensions of A to (A|H) Aa.p (B|K) is the interval
[z, 2], where

z" = min{ayy, bx;}, 7" = max{ay,, bx,}. (24)
Proof The proof is straightforward by recalling that (x, y) €
[0,1]% on {A|H, B|K} is coherent when HK = 0 and by
observing that both the lower and upper bounds z” and z”
given in Theorem 17 are non-decreasing functions in the
arguments x and y. |

6. Further aspects on (A|H) A, (B|K)

In this section we deepen two further aspects of the gen-
eralized conjunction (A|H) A4 p (B|K). We first give an
interpretation of (A|H) A4.p (B|K) when we consider two
individuals O and O’. Then, we examine (A|H) A4, (B|K),
when A|H C B|K.

Let us consider two individuals O and O’. Suppose that
O’ asserts P’'(A|H) = a and P’(B|K) = b. Then, based
on Remark 13, for O’ the conjunction (A|H) Ayp (B|K)
coincides with its conjunction (AHBK + P’(A|H)HBK +
P'(B|K)AHK)|(H Vv K), which we denote by (A|H) A’
(B|K). Thus, by coherence, P’'[(A|H) Aqp (B|K)] satis-
fies the Fréchet-Hoeffding bounds, that is:

P'[(AlH) Aap (BIK)]
= P'[(A|H)A'(BIK)] € [max{a+b—1,0}, min{a, b}].

Now, suppose that O asserts P(A|H) = x and P(B|K) = y.
Then, under logical independence, the lower and upper
bounds z” and z”” on (A|H) A4.p (B|K) computed in Theo-
rem 14, for the individual O, represent the lower and upper
bounds for the coherent extension P[(A|H) A’ (B|K)] of
the assessment (x, y) on {A|H, B|K}. Therefore, in general
it holds that

PI(A[H) Aap (BIK)] =
=P[(AlH) A" (BIK)] # P[(AlH) A (BIK)],

where (A|H) A (BIK) = (A|H) Ax,y (BIK).

We recall that, when A|H C B|K, it holds that (A|H) A
(BIK) = A|H (see, e.g., [29, formula (16)]) and hence
P[(A|H) A (B|K)] = P(A|H). These relations are not
preserved by (A|H) Aq.p (B|K). Indeed, if A|[H C B|K, as
AHBK = AH, KAH = 0, and HBK = HK, from (10) it
holds that

(A|H) Aap (BIK) = (AH + aHK)|(H vV K) # A|H,
(25)
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because, when HK is true, it follows that (AlH) Aab
(B|K) = a, while A|H = x, where x = P(A|H). Moreover,
it holds that

PI(AlH) Aap (BIK)] =
= P(A|H)P(H|H V K) +aP(HK|H V K) =
=ax+ (1l - a)a,

wherex = P(A|H),a = P(H|HVK). Thus, P[(A|H) Aa.p
(B|K)] € [min{x, a}, max{x,a}], when A|H C B|K. In
particular when @ = b = 1, that is (A|H) Aqp (BIK) =
(A|H) As (B|K), from (25) it follows that (A|H) Aap
(BIK) = (AH v HK)|(A vV K) 2 (A|H) (see [25, Re-
mark 41]).

7. Conclusions

We recalled the notion of conjunction of two conditional
events A|H and B|K studied in the framework of con-
ditional random quantities defined as (A|H) A (B|K) =
[ABHK + xHBK + yAHK]|(H V K), where x = P(A|H)
and y = P(B|K). We also recalled that this notion preserves
some basic probabilistic properties and in particular the
Fréchet-Hoeffding bounds are satisfied. We generalized
the conjunction by replacing the values x and y with two
arbitrary numbers a and b in [0, 1]. The values a and b repre-
sent the values of the conjunction of two conditional events
when one conditional event is true, while the other one is
void. Thus, we defined (A|H) Aq4,p (B|K) as the conditional
random [ABHK + aHBK + bAHK]|(H Vv K). Then, for
each given pair (a, b), we computed the set of all coherent
assessments on the family {A|H, B|K, (A|H) Aa.p (B|K)}.
We observed that in the general case the Fréchet-Hoeffding
bounds for the conjunction are not preserved. Then, we
analyzed the particular case where the conditioning events
H and K are incompatible, by also computing the cor-
responding set of coherent assessments. We observed
that A, reduces to the quasi conjunction Ags, when
(a,b) = (1,1). We considered the imprecise case, by
computing the lower and upper bounds, z* and z**, for
the prevision of (A|H) A, p (B|K) in the case of an in-
terval valued probability assessment [x1,x2] X [y1, y2] on
{A|H, B|K}. Then, we analyzed further aspects on the gen-
eralized conjunction, by observing that (A|H) A4, (B|K)
reduces to the conjunction (A|H) A’ (B|K) of an individual
0’, who asserts P’(A|H) = a and P’(B|K) = b, while
it is different from the conjunction (A|H) A (B|K) of an
individual O, who asserts (P(A|H), P(B|K)) # (a, b). Fi-
nally, we observed that, differently from (A|H) A4 p (B|K),
the conjunction (A|H) A4 p (B|K) does not coincide in
general with A|H, when A|H C B|K . Further work should
concern the study of some other properties of the general-
ized conjunction under some other logical dependencies,
for instance when A = B. Moreover, we recall that the
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random win of a double-bet in soccer betting can be in-
terpreted as a suitable conjunction (A|H) A (B|K), with
P[(A|H) A (B|K)] = P(A|H)P(B|K) ([18, Example 2.1]).
Then, a real application of (A|H) A4.p (B|K) can be given
in the soccer betting framework, when, for instance, we
consider the bookmaker and the bettor as the individuals
O’ and O, respectively, discussed in Section 6.

Based on the notion of conjunction of n conditional events
given in [27], a suitable generalized version of conjunction
(and iterated conditional) can be introduced also for n
conditional events.
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