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Abstract

We focus on a decision tree model under uncertainty
using so-called hybrid probability-possibility functions.
They allow to handle behaviours lying between pos-
sibilistic decision making and probabilistic decision
making while keeping the good properties of both
approaches namely Dynamic Consistency, Consequen-
tialism and Tree Reduction. We shed light on the various
utility functionals in this setting. More precisely, in this
paper, we investigate the question of parameterizing
the compromise between possibilistic and probabilisic
models in different contexts. To this end, we outline
elicitation methods.

Keywords: decision under uncertainty, possibility the-
ory, decomposable measures.

1. Introduction

In sequential decision making, a strategy is a conditional
plan that assigns an action to each state where a decision
has to be made. Each strategy leads to a compound lottery
following Von Neumann and Morgenstern’s terminology
[8]. A tree represents the different scenarios. The optimal
strategy is the one that minimizes a criterion whose value
depends on utilities of final states and on the resulting
compound lottery.
Three assumptions are instrumental to enable an optimal
strategy to be computed using dynamic programming [6]:
* Dynamic Consistency: when following an optimal
strategy and reaching a decision node, the best decision
at this node is the one that had been considered so

when computing this strategy, i.e. prior to applying it.

* Consequentialism: the best decision at each step of the
problem only depends on potential consequences at
this point.

* Tree Reduction: a compound lottery is equivalent to a
simple one, assigning probabilities to final states.

The expected utility of probabilistic simple lotteries
was proposed by Von Neuman and Morgernstern [8] as a
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decision criterion under risk. Dubois and Prade [1] proposed
to use optimistic and pessimistic possibilistic criteria to
evaluate the global utility of a possibilistic lottery, thus
generalizing Wald maximax and maximin criteria. More
recently a new hybrid decision criteria, subsuming expected
utility and possibilistic criteria, was presented in [4], based
on a parameterized family of capacities completely defined
by a distribution of weights on the state space [2].

The aim of this paper is to deepen the understanding of
this hybrid decision model with a view to elicit it with given
data. This model comes down to a convex combination of a
possibility distribution and a probability distribution. First
we show how to retrieve, in a generally unique way, both
distributions from a lottery with weights in [0, 1] whose
sum is at least 1. Next we want to elicit the model from a data
set composed with a possibility, a probability and a decision
evaluation given by an expert. In order to do this we start
with a technical but useful result simplifying the expression
of the hybrid criteria used for the evaluation. This equivalent
expression is just based on possibility, probability and a
real-valued parameter present in the hybrid model.

The paper is organised as follows. The following section
presents the background and notations. Section 3 is devoted
to the definition of the hybrid prob-poss capacity and its
decomposition. Section 4 shows that any weight distribution
whose sum is at least 1 can be interpreted as a hybrid prob-
poss set function, thus providing an elicitation method for
the underlying probability and possibility measures and
their mixture coefficient. The aim of Section 5, which is
technical, is to propose simpler equivalent expressions of
criteria for the hybrid model. Section 6 outlines an elicitation
method of the mixture coefficient from the knowledge of
the assessed worth of prob-poss lotteries.

2. Background on Sequential Decision
Problems

Sequential decision problems under uncertainty are usually
modelled by decision trees [6] that rely on the following
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graphical model. Formally, a decision tree is a tree con-
taining three kinds of nodes: (see Figure 1 for an example):

* A setof decision nodes (depicted by rectangles). Edges
from such nodes represent decisions among which to
choose.

* A set of chance nodes (depicted by circles) reached
by edges stemming from decision nodes. Edges from
such nodes are attached probabilities (or possibilities)
and may lead to further decision nodes or to terminal
nodes.

* The setS of terminal nodes or leaves represent states of
nature; such states evaluated by a utility function: Vs; €
S, u(s;) is the degree of satisfaction of eventually
reaching state s;. For the sake of simplicity we assume,
without loss of generality, that only terminal nodes
are attached utilities. The utility degrees belong to a
totally ordered scale. The scale [0, 1] is assumed in
this paper.

In a decision tree, the children of any decision node form
the set of chance nodes that can be reached by choosing
a decision at this node. The children of any chance node
form the set of possible outcomes of the previously selected
decision - either a terminal node is observed (a state), or
another decision node is reached (and then a new action
should be chosen).

g
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Figure 1: A possibilistic decision tree.

Solving a decision tree amounts to building a strategy,
i.e. a function ¢ that associates to each decision node d; an
action (i.e., a child chance node): this is the action to be
executed when decision node d; is reached. Each possible
scenario (sequence of decisions) is modelled by a path from
the root to a terminal node of the tree.

The information at each chance node is fully captured by
a distribution (probability or possibility) over the outcomes
of the chance nodes, namely a possibility distribution 7
and/or a probability distribution p. When bearing on the
leaf nodes, such distributions define simple lotteries on the
utility degrees of states. More formally:

* A simple probabilistic lottery L? [8] is a prob-
ability distribution p on a set of utility degrees,
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A ={A44,...,4,}, where A; = u(s;). The probabilistic
lotteries will be written as LP = (p1/A1, ..., Pn/An),
with p; € [0, 1], 272, pi = 1.

* A simple possibilistic lottery L™ [1] is a normalized
possibility distribution 7 on a set of utility degrees,
A, both being expressed in the same ordered scale.
The possibilistic lotteries will be written as LP =
(m1/ A1, s mn/Ay) With 7r; € [0, 1], max | 7; = 1.

In a simple lottery L™ (resp. L?), the value n; (resp. p;)
is the possibility (resp. probability) degree of reaching
a state with utility A;. For the sake of brevity, the A;’s
such that m; = 0 (resp. p; = 0) are often omitted in the
notation of a lottery (e.g., < 1/0.8 > denotes the lottery
that provides utility 0.8 for sure, all the other utility degrees
being impossible).

A given strategy leads to a composite lottery, i.e., a
nested lottery in the form of an uncertainty (probability
or possibility) tree in agreement with the decision strategy
selected in the decision tree. In order to respect the three
properties of dynamic consistency, consequentialism, and
tree reduction, the compound lottery should be equivalent
to a simple one. For instance in a probability tree, the
probability of a state is the sum of the probabilities of all
scenarios leading to this state, the probability of a scenario
being the product of all probabilities attached to the edges
of the path. In the case of a possibility tree, the same
property applies, changing sum into maximum and product
into a more general triangular norm (e.g., minimum). This
reduction property enables to compute the utility of a
strategy using dynamic programming on the decision tree
structure.

In the next section we recall a class of set functions intro-
duced in [2] that generalizes both probability and possibility
functions and lead to generalized forms of simple and com-
pound lotteries, while preserving the tree reduction property
allowing the equivalence between compound lotteries and
simple ones, and the use of dynamic programming to com-
pute the generalized utility of strategy. As shown in [2],
these set functions are the only ones allowing the reduction
of uncertainty trees to simple (generalized) lotteries.

3. Hybrid Possibility/Probability Measures

We consider so-called hybrid 7-p measures that combine
probabilistic and possibilistic behaviors in the uncertainty
context. More precisely we will use convex combinations
of possibility and probability distributions:

p(s) =an(s)+ (1 -a)p(s), aec[0,1]
where p and 7 satisfy the constraint p(s) = 0 if n(s) < 1
for all s (see [4] for more details). Clearly p is a possibility
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distribution if @ = 1 and a probability distribution if & = 0.
As a consequence, note that 1 < Y g 0% (s) < n.

Intuitively, the decision-maker defines probabilities over
the fully possible states of nature (r(s) = 1), while more or
less impossible ones are taken into account (7(s) < 1). Itis
worth noticing that

* p%(s) > a is equivalent to p(s) > 0 and these condi-
tions imply 7 (s) = 1.

* p%(s) = aisequivalent to 7(s) = 1 and p(s) = 0.

* p%(s) < a is equivalent to (s) < 1 and p(s) = 0.

It is then clear that we have

* p%(s) =an(s) if p?(s) < a and 1 otherwise,

o p2(s) =a+(1-a)p(s)if p¥(s) > a and 0 otherwise.

For instance, consider a coin. Usually the result of flipping
it is either head (h) or tail (¢). But a very rare, yet not fully
impossible, occurrence is that the coin falls on its edge (e).
So the state of affairs is S = {4, t, e}. It is natural to consider
h, t as totally possible events, and e almost impossible. So
n(t) = w(h) = 1 > n(e) = €. Moreover, if the coin is fair
then p(t) = p(h) = 0.5, and p(e) =0, if we consider the
probability of “edge” negligible.

Hybrid distributions generate a class of decomposable
capacities, which are monotonic set functions such that
there is a triangular conorm of the form

min(l,x+y—-a)ifx>a,y >«

S(x,) ={

max(x, y) otherwise,
such that, as explained in [2],if AN B = 0:

p*(AUB) =5%p“(A), p“(B)) (1

They are actually Shafer plausibility functions [7] of the
form p%(A) = all(A) + (1 — a)P(A), where I1(A) =
maxgeq 71(s) is a possibility measure. It is an interesting
family of plausibility measures with very low complexity
since completely defined by a distribution of weights over S.
Note that S%(x, y) = max(x, y, min(1,x +y — @)). Indeed,
if x > a,y > athen x +y — @ > max(x, y). If x < a, then
xX+y—a <y.

We can define the conjugate of p® as 0% defined by
PU(A) = 1-p®(A) = 1=57_(p®(5)) =T*_(1-p°(s))
where T%(a,b) = 1 —S*(1 —a, 1 — b). The reader can
check, letting N(A) = 1 - I7(A) (a necessity measure), that
p%(A) = aN(A) + (1 —a)P(A), which is a belief function.

Example 1 On S = {sy, 52,53}, let m(s1) = 0.4, n(s3) =
n(s3) =1, p(sz2) = 0.6, p(s3) = 0.4 and a = 0.5. We

202

can build the p° distribution on S from the n and p
distributions: p°>({s1}) = 0.2, p*>({s2}) = 0.8 and
p%3({s3}) = 0.7. We then have that p°>({si,s2}) =
max(0.2,0.8) = 0.8, p*3({s1, s3}) = max(0.2,0.7) = 0.7,
p%3({s2,53}) = 0.8+ 0.7 — 0.5 = 1. This distribution de-
fines a convex set of probability distributions. It contains
the convex combinations with weight a of the probability
measures, P’, compatible with possibility distribution T,
i.e., P’ < II, and the probability measure P with distribu-
tion p. We can express this probability set by inequalities:
P({s1,82,53}) =1, 0 < P({s1}) £0.2,0.3 < P({s2}) <
0.8, 0.2 < P({s2}) < 0.7, 03 < P({s1,s2}) < 0.8,
0.2 < P({s1,s3}) <0.7and 0.3 < P({s2,s3}) < 1.

One interesting feature of this class of fuzzy measures is
that it can be expressed as uncertainty trees generalizing
probability trees involving lotteries, that can be reduced
to distributions over the set of states of affairs, as shown
in [2]. However, in order to reduce probability-possibility
lotteries, an operation * is needed to generalize probabilistic
independence, in such a way that if A and B are disjoint
sets independent of another set C, so must be A U B, i.e.,
we have that

P ((AUB)NC)=S5"(p"(A),p"(B)) * p*(C)
=S8U(p*(A) * p“(C), p"(B) x p*(C)).

This distributivity property is valid only when the operation
* 18 a triangular norm of the form

{Q+Wifx>a,y>a
X*q Yy =

min(x, y) otherwise.

provided that S*(p®*(A), p*(B)) < 1 [5, 2]. The latter
condition implies that the upper bound 1 is never trespassed
in expressions of the form min(1, x+y—a), so that the useful
part of the conorm is of the form S%(x, y) = max(x, y,x +
y—a).

Denote by C}, the set {s : p*(s) > a} = {s: p(s) > 0}.
If C}, # 0, the normalization condition p*(S) = 1 enforces
the condition:

Z p%(s) —alcard(Cy) - 1) =1.

seC}

2

Note that it can be more simply written as

Zmax(O,p"(s) —a)=1-a.

seS

For instance, the distribution p°- in Ex. 1 satisfies 0.7 —
0.5+0.8-0.5=1-0.5, involving only s,,s3. f @ = 0
(0" is a probability measure), the normalization condition
(2) reads Y s p(s) = 1. If @ = 1, (p! is a possibility
measure), the normalization condition p?(S) = 1 reads
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max,es p! (s) = 1. Note that any set-function of the form
g = all + (1 — )P for any possibility measure /7 and
probability measure P is a Shafer plausibility function as
well, without requiring the condition p(s) > 0 implies
n(s) = 1. The latter condition is due to the tree reduction
property which enforces g = p®, a decomposable set-
function with respect to a conorm S¢, with an independence
operator *,. Only such convex mixtures of probability and
possibility functions allow for the reduction of compound
lotteries into simple ones, as explained in [2, 4].

4. Elicitation of a Prob-Poss Model from
Given Weights

In this section we propose to use the hybrid model to
interpret a distribution of weights p = (p1, ... pn) € [0, 1]"
on § with n > 3;c1,;pi = 1. Let us consider the case
where a distribution p is given but it satisfies neither the
normalisation condition of probability distributions nor the
one for possibility distributions.

When representing a distribution of uncertainty, two usual
normalization options could be investigated: normalize p
to build a probability distribution (dividing the weights by
their sum), normalize p to make a possibility distribution
(dividing the weights by their maximum). This paper sug-
gests that, alternatively, we can keep the weight distribution
p and interpret it as hybrid prob-poss distribution. Namely,
we show that for any such distribution of weights, there
generally exists a unique parameter value «, a unique possi-
bility distribution 7 and a unique probability distribution p
such that p; = an; + (1 — @) p;.

The latter approach looks more natural. For instance,
the probabilistic and possibilistic renormalizations of two
different uniform p and p’ yield equal probability distribu-
tions p = p’ and possibility distributions 7 = 7’. But their
decompositions will be different.

Example 2 Consider two distributions on S = {a, b}
e 1:pqa=pp=0.6
s 2:py=p,=0.5

We can see that renormalizing these distributions in agree-
ment with possibility or probability, the resulting two distri-
butions 1 and 2 are the same (p, = p2 = 0.5 = pg = pf
and !l =x? =1 = 7r;71 = ﬂ;f), hence no distinction be-
tween 1 and 2 can be made using this kind of transformation.
Using the hybrid interpretation we easily see that:

e Casel:witha =02, 1, =np =1, andpgs = pp =0.5
we can check that p, = pp = 0.2+0.8-0.5, (a mixture
between uniform probabilities and possibilities).

e Case2: =0,y =mp =1,and pg, = pp =0.5 =
Pa = Pb, (a pure probability distribution).

Formally, the question is: given a distribution of weights
(P15...pn) €[0,1]" on Ssuchthat 37" | p; > 1, does there
exist a threshold @ € [0, 1], a possibility distribution r and a
probability distribution p on S, such that p = an+(1—a)p?
If yes, is the 3-tuple («, 7, p) uniquely defined?

Let us consider n weights with m distinct ones such
that p(my < -+ < py withm < nand R;) = {j|pj =
P} Note that if we suppose @ € [p(i+1), p(i)) Then
{s;i : pi > a} = U’].ZIR(j), with cardinality le:l [R(jl-
The normalization condition (2) reads

i i

DTIRG gy =1+a() IR = 1).

J=1 J=1

‘We can see that

o if {ilp; >0} = 1,1, px =1,p; =0if i # k, then a
is not unique: Ya € [0, 1], p = an + (1 — @) p where
mr=1Lm=0ifi #k, pr=1,p; =0ifi # k. So p®
is the convex mixture of a possibility measure and a
Dirac measure focused on sy.

o if [{ilp; > O} > 1, we must find a such that the
normalization condition (2) holds. It is clear that based
on this condition and, if p = an + (1 — @) p, we have

2 RGylpy —1
i1 IRy =1

€ [pausny-pwy). 3

Note that if [R(;)] = 1 and p(;) < 1, we cannot
choose a € [p(2),p(1)] since we cannot make the
division in (3) and the normalisation equation reads
p(1) — @ =1 — a, which is impossible.

So given the weight distribution only, with p(j) < 1, the
associated parameter o computed as in (3) must belong
to some interval [p(;41), p(;)). We can prove that such a
parameter value exists and is generally unique, as shown now.
Note that if 3", p; = 1, we have a probability distribution
and a = 0 is enforced, while 7 is arbitrary. So we focus on
the case when X7, p; > 1.

Proposition 1 For all n-tuples p € [0, 1]", such that
Z?;] pi> 1

e if p1) # 1, there exists a unique value a and a unique
. . R St IR oy -1
index i, 1 < i < m such that: @ = ==—220
2ot IRy =1

[PG+1) P(i))s

* if pay = L and |R(yy| = 1, then any & > p(2) can be
chosen.

* If pay = 1 and Ry contains several elements then
a=1



Dusois GuiLLAUME Rico

Proof We need to distinguish two cases:

* p(1) < 1. The normalization condition (2) also writes
* ,max(0, p; — @) = 1 — a. It can thus be expressed
as the intersection points of the two functions h(«@) =
l-aand f(a) =
Notice that 4 and f are both continuous. / is linear
decreasing on [0, 1] with slope —1, A(1) =0, h(0) =
1; f is piecewise linear decreasing on [0, o(1)] and
f(@) = 0onlpay.1] and f(a) = S p; > 1 =
h(0) on [0, p(m)]. So, 3a™ € (p(m), p(1)] such that
f(a*) = h(a®) and this value is unique due to the
shape and positions of these functions. So there is a
unique index 7 such that @™ € [p(;41), p(iy) of the form
indicated in (3).

» Case p(1) = 1 and R(1) = {i*}: In this case, we can
assume a = 1 since the normalization condition reads
h(1) = f(1) = 0. The capacity is then a possibility
measure p = 7. Choosing @ < p(2) is impossible
because f(a) > pr—a+l—a > 1—a.Ifthereis asingle
i* such that p;« = 1, choosing any @ with p(5) < a <1
is possible since f (@) = 1 — «, and the decomposable
capacity has distribution p = an + (1 — @)§;+, where
0; is a Dirac function on i*.

o Ifthere are more than one p; = 1, only @ = 1is possible
since f(@) >2(1 —a)if @ < 1,and f(1) = h(1).

We can summarize the results in this section as follows:

Theorem 2 Let n weights pj € [0,1],j =1,...,n such
that 2?:1 pj = 1, with max;.‘zlpj < 1. There exists a
unique value a, an integer iy such that p 41y < @ < P(iy)
a unique possibility distribution n and a unique probability

distribution p such that p = an + (1 — a)p with
e Vi<ig+1Vj ER(,-),ﬂ'j = "—fandpj =0.

* Vi>igVj€Ru,pj= al’ldﬂ']=1.

1.

Proof We just need to prove that 37, p;

1 C+ 1 ct
Z?:]])l le,>a 1 a )— +a(| =D Clll al L.
|
Note that 1fmax i Ppj=pa=land Ry = {i"} any @ €

[p(2),1] can be chosen and we have that p = an+ (1 —a@)p
with p;. = 1 and n; :pj/(l,j #i*

Example 3 Consider the distribution of weights (0.5, 0.5,

0.8, 0.9). So we have p(1y = 0.9,p) = 0.8,p3) = 0.5

and |R(1y| = |R2)| = 1 and |R(3)| = 2. We are in the case
IRy PGy —1

where the value of « is one such that a = M
Zj:l [R(j |

[P(i+1),P(i))-

i, max (0, p;—a) oninterval [0, 1].
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e Supposei=1,a € [0.8,0.9): the normalization con-
dition reads 0.9 — @ = 1 — «; there is no solution.

i =2,a € [0.50.8): the normalization condition
reads 09 —a+08 —a =1 - a; hence a = 0.7 €
[0.5,0.8), which is true.

So a = 0.7 is the solution. So, 1| = 1y = 0.5/0.7; 13 =
4 =1and0.8 =0.7+0.3p3s0 p3 =1/3,0.9=0.7+0.3py4,
so pg =2/3.

5. Hybrid Prob-Poss Utility Functionals

In this section we show how utility functionals defined for
decomposable capacities in the o family can be expressed
in terms of the possibility distribution and the probability
distribution that underlie p®.

5.1. The Utility of Generalized Lotteries

Let us recall the new decision criteria, beyond expected util-
ity and possibilistic integrals based on a hybrid probability-
possibility function. Let us consider generalized lotter-
ies LP" =< p /1, p [ >. Two utility functionals
ESOPY(LP") and E SP es(LP"), respectively optimistic and
pessimistic, are defined in [2] and explicited in [4]:

..... ;o i 4)

ESVOPI [ — S‘l
( p ) i=1
Zz|/l->a,p. >a(‘ll a)(pz (1)

{m -
= a

UOrt(LP") otherwise

if3i: 4; > @and p}* >

ESPeS(Lp”) =1- S:’:l . pld * o (1 —/li) (5)

Zi|1—/1i<a,p,§¥>a(1—/li—“)(/3,q—a)

-«

1-«a
if3i:4; <1l-aandp? >«
UPes(LP") otherwise.

where UP¢ and UPP! are respectively optimistic and pes-
simistic possibilistic utility functionals proposed by Dubois
and Prade [1] of the form:

Uort(rP™y = ; @ 5.
(L") max min(p;", 4;)
yPes LPYY) = mi 1-02,).

(L") min max(1 - p*, ;)

Note that ESOP! and EST* generalize these optimistic
and pessimistic possibility criteria, replacing max by S and
min by *,. Moreover when a = 1, then ESOP! = yOrt,
and ESTeS = UPes. When a = 0, ESOP' = ESPes is
the standard expected utility of the lottery since p° is a
probability distribution.

The new hybrid possibilistic-probabilistic generalized
criteria, ESOP!(LP") and ESPeS (L") are very appealing
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because they can be conveniently applied to decision trees.
Indeed, they respect the three major properties needed to
that effect: (Dynamic Consistency, Consequentialism and
Tree Reduction). See details in [4]. Let us recall two useful
properties proved in that paper:

Considering a lottery LP =< p1/A1, ..., pn/dn > We
define another lottery (1 — L)”, with utility scale upside
down, by (1 = L)? =< p1/(1 =21), ..., pn/(1 = 2,) >. We
have the following De Morgan-like duality relation

ESPes(LP") =1 - ESOP'(1 - LP"). (©6)
Moreover the parameter @ delimits zones where the pes-
simistic or the optimistic criteria apply:

Proposition 3 [4] ESOP!(LF") < a iff ESOP'(LF") =
UOP(LP") and i s.t. A; > a with p; > 0.
Likewise, ESPeS(LP") > 1 — a iff ESPS(LP") =

UPes (LP") and 3i s.t. A; > a with p; > 0.

Esopt

a 2 1-a 2

Figure 2: ESOP!(LP") and ESPes (LP™)

In other words, as explained in [4], the criterion
ESOPt(LP") is optimistic and possibilistic (= UP* (LP"))
so long as entries (utilities or plausibilities) are below the
threshold « (distribution included in blue area on Figure
2). Otherwise, we get a re-scaled expected value over states
with plausibilities and utilities greater than a (see green
area in Figure 2, left).

Likewise, with ESP¢S(LP"), we get a re-scaled expected
value over states with utility less than 1 — o and with
high enough plausibility i.e. greater than «. We get the
pessimistic possibilistic criterion UP¢S(LP") otherwise
(with either high utilities or low plausibilities); see the
green area in Figure 2 right side.

5.2. Improving the Expression of the Generalized
Utility Functionals

This section is devoted to new technical results in order to
obtain expressions for EST¢S(LP") and ESOP'(LP") that
explicitly use the possibility and probability distributions
underlying a distribution p. We have shown in the previous
section that (a, 7, p) are generally unique such that p =
an + (1 — a)p and we provided explicit expressions for
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(a,m,p). Let C, = {i : p* > a} = {i : p; > 0} and
At ={i: A; > a}. Note that P(C}, N A}) = P(AD).

Proposition 4

max; min(an;, A;) if CL N Af, =0,

ESOPI(LF") = :
@+ Yiear pi(di — @) otherwise.

)
Proof We can start from the expression
ESOPI(LP") = S, p® %, ;. Recall that

.....

o Ja+ (1 —a)p;ifieCy,
! am; otherwise.

Then it is clear that
» Ifi ¢ C5 N A}, then p& x4 A; = min(an;, 4;);

(a+(l-a)pi-a)(li-a)
l-a

o Ifi € C3,NA, then pfx 0 d; = a+
= +pi(/li — CL/).

It follows that if C, N A}, = 0, then S* = max and
ESOPI(LP") = max; min(an;, A;). If C, N A%, # 0, then:
ESOPN(LP") = Siccinas a+pi(Ai—a)—a(|ICLNAL|-1)
=a+Yjeas, Pi(di — @). u

When there are A; > a with p; > 0 (probable situations
with sufficient utility), the optimistic hybrid utility function
takes the form

ESOP'(LF") = a(1 - P(A})) + P(AL)E[A|A}Y]

where E[1|A7,] L AP{iYAY) = Z";A(BT;;H. In other
words, in this expression, the factor « reflects in an optimistic
way the utility of the least satisfying situations. Indeed:
@+ Yieas Pi(di — @) =a+ Yieqr Aipi —ap;
@ = Yiear api + Yiear Aipi =  a(l = P(AR)) +
iy, Aipi

So ESOPI(LP™) is a weighted average between the opti-
mistic evaluation of the least attractive situations, and the
conditional utility of the most attractive ones, weighted by
their respective probabilities.

Using semi duality relation (6), we obtain the follow-
ing result for the pessimistic hybrid utility functional
ESPes(LPY), letting Ag = {i : 1 — A; > a}.

Proposition 5 If p = an + (1 — a)p, then

min; max (1 — an;, 4;) if C N Ay =0
I —a—-Yeqr pi(1 = A; — @) otherwise.

®)

Similarly to the optimistic case, when there exist prob-
able situations with sufficiently poor utility values, the
pessimistic hybrid utility functional takes the form

EsPes(1F”) = {

ESPS(LP) = (1 = @) (1 = P(Ap)) + P(AQ)E[A|A].
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We can see from Propositions 5 and 4 that when the
possibilistic criteria are used, they only depend on the
possibility distribution and the parameter @. And when
the conditional expected utility is used it only depends
on the probability distribution and on @. So a controls
the switch from possibility-driven decision to probability-
driven decision.

6. Elicitation from Global Ratings of
Lotteries

In this section, we focus on a method to obtain the value
of the parameter @ of a hybrid prob-poss function in a
sequential decision problem, knowing the probability and
the possibility distribution, on the one hand, and the utility
of the corresponding decision.

At each chance node x of the decision tree, a distribution
px of weights is assumed over the decision or leaf nodes
in Succ(x). Since px = any + (1 — @)py, there is a subset
Succt(x) of probable successors ( px(d) > 0,7, (d) = 1)
and a subset Succ(x) \ Succ™ (x) of more or less impossible
successors (px(d) =0, m(d) < 1). So we have two nested
decision trees for the same decision problem: one with
a probability distribution on each set Succ*(x), one with
possibility distribution on Succ(x).

When a strategy is chosen, i.e, one decision for each
decision node, we are left with a generalized probability
tree, where probabilities are replaced by p? coeflicients.
The properties of the hybrid prob-poss functions are such
that such composite generalized lotteries can be reduced
to a weight distribution on the leaves (final states) of the
decision trees providing that all p® distributions present
at each chance node share the same value of « (see [3] for
details). This is reasonable if all the data about the decision
tree is provided by the same decision-maker. Comparing the
utilities of strategies come down to comparing generalized
utilities of p® distributions on final states. We suppose that
the decision-maker can provide probabilities and possibili-
ties on the decision tree, and can also assess the utilities of
the various strategies. However it seems difficult to ask for
the value a.

‘We thus start from a dataset, each item of which is made of
both distributions, namely the probability and the possibility
ones and the utility evaluation given by decision maker. In
this case we look for a unique value « across data items, that
models the behaviour of the decision maker regarding the
trade-off between possibilistic and probabilistic decision
models.

The dataset is a set of tuple (n/,p/,5/) j € J =
{1,...,m} where 7/ is a possibility distribution, plisa
probability distribution j is a strategy, and 3/ is the global
evaluation given by an expert.
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We want to identify @ such that ESOP! (LP") represents
the given dataset, i.e., ESOP’(LP-7) = BJ. Without loss of
generality, we assume that, for utilities of states, we have
A; < 441, Vi € [n — 1]. Before giving the results on the
feasibility of determining a, we give some facts on the link
between ESOP!, o and 8/.

Lemma 6 Consider a lottery LP” with p® = (p, 7, ).
If 35" pi- =1 then

e forall @ < A+, ESOP'(LP") = A;-.
e fora > A+, ESOPY(LP") € [A;-, UCPT (L7™))].

Proof First it is worth noticing that the condition 3!i*
pi+ = lis equivalent to |{i|p; > 0} = [{i*}| = 1.
If @ < A;- then ESOPH(LPY) = a + pi- (i — @) = A;-.
If @ > A; then ESOP'(LP") = max; min(an;, 4;) >
min(a X 1,4;+) A+, since pi > 0 implies
pan 1 by construction. So, ESOP!(LP)
max (A;+, max;s;» min(an;, A;)) € [A;+, max; min(7;, A;)

].
]

As a consequence, if a piece of data (x, p, 8) where p is
a Dirac function on s;, is represented by ESPP! (LP"), we
must have that 8 € [A;+, ESOP'(L™)].

Lemma 7 Consider a lottery LP* with p® = (p, 7, a).
If {ilp;i > O} > 1 with 4;m» = max;(4;|p; > 0), and
@) > Am > g, then ESOP'(LP") # ESOPI(LP™).

Proof

Ifa < A;m then ESOP!(LP") = a+Yisa Pi(di—a) <
a+Am —a=A;m.

If @ > A;m then ESOPY(LPY) = max; min(an;, A;) >
min(a X 1,4;m) = A;m. ]

The above result shows that the best utility value among
probable outcomes serves as a threshold separating additive
and maxitive behaviors of the prop-poss optimistic utility
functional.

Note that in the probabilistic area, ES?P" (L") ranges
between >/, p;id; (@ = 0)and 1 (e = 1); in the possibilistic
area, ESOP! (LP”) ranges between max’" | min(n;, ;) (@ =
1) and O (a = 0). The function @ € [0, 1] — ESOP(LP")
is non-decreasing. Moreover, we can show that

n
n .
I?flx min(7m;, 4;) = A4;m > Zpi/li.

i=1

The second inequality is obvious. The first is due to the fact
that o M = 1.

More specifically, the following property holds for
ESOP!:
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Proposition 8
For a = 4;m, ESOPH(LP") = Aim.

Proof Indeed, A;m +Z,,l>/lM pi(Ai = Aim) = A;m +0;
likewise max; mm(/l M, Ap)

max;;m min(Ad;m 7;, ;) min(4;m X 1,4;m) since
fori > i, min(A;mm;, A;) < Am. |

So, the value A;m serves as a break-point between the two
forms of ESOP!(LP"). More precisely:

Proposition 9 For a given piece of data (n, p,B) such
that |{i|p; > 0}| > 1 suppose there is a value « such that
ESOPY(LP) represents (n, p,B) (i.e. ESOP'(LP") = B
with p® = an+ (1 — a)p).

|

Proof First, note that if A, = {i : 4; > a} # 0,
ESOPH(LPY) = @ + Yjp»qPi(di — @) < A;m. Indeed,
a + Zi:/li>api(/1i —a) < a+ Zi:/li>a/pi(/liM -a) =
a(l=P(AL) + Aim P(AYL) < Am.

Besides, if AL, = {i : ; > a} = 0, ESOP!(LF") =
max; min(amr;, ;) = min(a@, A4;m) = A;m. So,

if/liM > :8’ thenﬁ =a+ Zi:/li>a/pi(/li - CZ) > a
if m < B, then 8 = max; min(an;, ;) < a.

o If A, > pB then B = ESO’”(LPQ) = a +
Yia>a Pi(di —a),Ya € [0, 4;m [ and clearly S > a.

o If 4;,m < Band [{i|p; > 0}| > 1, due to Lemma 7, we
know that 8 = ESOP!(LP") = max; min(an;, ;) <
a, Va € [A4;m,1].

From Proposition 9 we can reduce the range of possible
values of @ and identify if a data item is in the possibilistic
area or in the probabilistic area. In the following we will
distinguish between the possibilistic and probabilistic cases.
In the possibilistic case, Proposition 10 shows that « is
unique only if the evaluation S is not the utility of a state.
Otherwise, the evaluation is coherent if the best states are
not the most possible ones.

First, we need a result simplifying the expression of
ESOPt(LP") = max; min(axn;, A;) in the possibilistic area.
Not all terms min(a;, A;) are useful in the computation
of ESOP!(LP*). If i and j are such that min(a7n;, A;) >
min(an;,A;),Va € [0, 1], the latter term is dominated and
can be deleted from the expression.

Let ND be the set of indices of non dominated terms.
We have that ESOP!(LP") = max;en p min(an;, A;).

Suppose only k dominating terms remain in the
non-redundant formulation of ESOP!(Lr"), with indices
O, .. L. It is clear that Ay, = A4 < Ag -+ < Ag.
Moreover, due to non-redundancy, we must have that
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me, = mim = 1 > mp, -+ > mg. Indeed if there were
an equality between two 71¢;’s, one of the corresponding
terms would be redundant.

We can now solve the equation 8 = ESOP! (LP") for a
in the possibilistic area.

Proposition 10 Suppose a piece of data (n, p, 3) with
[{i|pi > 0}| > 1 is represented by ESOP'(LP") with 8 €
[A;m, max; min(7;, A;)]. Then there is an index j > 1 such
that /15,.71 <p< /lgj and the value « is such that

v

el Elip= 1
Proof We have seen that = ESOP/(LP") =
max;enyp min(an;, ;) = maxf.:1 min(ang;, A¢;). The

function ESOP'(LP") is continuous, piecewise linear
non-decreasing, and may have flat sections (when
ESOPI(LP") = 1;) and increasing sections (when
ESOP'(LP") = an;). Fixing B € [A;m, max; min(r;, 4;)],
there is an index j such that 8 = min(an;, A¢;). We con-
sider two cases:

* B =any < A¢. Then @ = —. This value ranges in

/lfj,]

/lgj
[ 7 T,

ey

[ when 3 ranges in [/l[jq s Agi [

A,
* B =2y < any;; thena > = ﬂ[ , cannot
J

overpass A, ; otherwise we get § = mln(cmgHl s At
contrary to the assumption (remember that 7, <

. However, ane;,

7T[j). So, if B = /lgj,a can be any value in
(52, min(1, 75)]
Note that £ < m’“ Vj=l...k-1And3L <1,
j:l...k—lForlf >1then/lg > 7y, >ﬂgaSO

J
the value of ESPP? cannot reach Ag; , (hence not /l[’ j>7,

which is contradictory with the non-redundancy assumptlon
for j < k — 1. For j = k it means that ESOP! = me; when
a=1 '

]

Now we consider a data item that we know lies in the
probabilistic area. Proposition 11 shows that the evaluation
B is coherent with ESPP! if it lies between the expected
utility and the best utlity value /lf"’ with positive probability.
And in this case « is unique.

Proposition 11 For a given piece of data (n, p, ) with
{ilpi > O} > 1, represented by ESOP'(LP") with B €
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i 1 2 [ 314715 B
A 10.01]03/05]08] 1
j=1a"[ 0206 1 110 o8
pT [ 0 0| 1]0
j=21"] 1 1 [o5]05] 0 [ 03
PPl 0406 01070
j=3|x] 0 1 [05] 1 1 [[0.82
I3l 01] 0 [06]03
j=41a] 1 1 1 1 1 [ 051
p*1027]03[03[02] 0
Table 1: Data

[ midi, 4], if 4ime > B> 3, A;pi then there exists a
unique a such that ESOP'(LP®) = B. It is of the form:

_B-PUADEIAAL] _ B~ Xjoin i
(1-P(A})) (1= X i1 P))

€ [Ai, i [

©))

Proof The proofis in the same style as the one of Proposition
1. The equation to be solved can be put in the form:

n
B-a= Zpi max(0,1; — ).
i=1

It can thus be expressed as the intersection points of the two
functions () = B—e and f(a) = X7, pi max(0, A; — @)
on interval [0, 1]. Notice that & and f are both continuous.
h is linear decreasing on [0, 1] with slope —1, A(0) =
B, h(B) = 0; f is piecewise linear decreasing on [0, ;|
and f(a) = 0 on JA4;m,1] and f(0) = X, p;. From
condition A;» > B > 3, Aipi, f(0) < B = h(0) and
f(B) = 0= h(B). So Ja* € [0,4;m] such that f(a*) =
h(a*) and this value is unique due to the shape and positions
of these functions. So there is a unique index i such that
a* € [A;,d;41) of the form indicated in (9). |

To conclude this analysis, we can answer the question
whether the decision maker judgment can be represented
by ESOP*(LP") whatever the example but « is unique
only if we have at least one example in the expected utility
part of ESOP"(LP") or at least one example using the
possibility part of ESOP* (LF*) with 8; €]A;+A;+41[. Below
is an example of elicitation.

Example 4 Let us consider the problem with 4 data items
on 5 states {1, ..., 5} represented in table 1. The intervals of
possible a’s applying proposition 9 are presented in table 2.

* Piece of data j = 1: There is only one i such that
lilp; = 1| = 1 so according to the Lemma 6 all « in
[0, 1] are possible.
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* Piece of data j = 2: A;m =03 = . So, @ = 0.3
is a solution. In the possibilistic area, E°P' =
max(min(a, 0.3), min(0.5¢, 0.5), min(0.5¢, 0.8)).

The second term is redundant. We can use proposition

9.
We have B = A so a > fr—i = ¥ =03 and
a < % = 0.6. So the possible values of a are in
[0.3,0.6].
a a

j=11] 0 1

j=2103]| 0.6

j=31] 0 | 082

j=41 0 | 051

] a \ 0.3 \ 0.51 ‘

Table 2: Candidate values of « after Prop. 9

Piece of data j =3: 4;m =1 > B =0.82. So, we are
in the probabilistic case. We know from Proposition
9 that @ < 0.82. To be more precise, we need to test
several intervals.

— We start with interval a € [0.5,0.8[, we have
. _ 0.82-0.6x0.8—0.3x1 _
from equ. (9): @ = oot = 04 ¢

[0.5,0.8]

— so we check the interval @ € [0.3,0.5], the

equation remains the same since p3 = 0. We
obtain @« = 0.4 € [0.3,0.5].

Piece of data j =4: A;m =0.8 > B=0.51. Thisisa
probabilistic case. We know from proposition 9 that

a < 0.51. The reader can check that again a = 0.4

. _ 0.51-0.3x0.5-0.2x0.8 _
since @ = 0305 =0.4.

So, the decision-maker is consistent across all four
examples: a = 0.4 is a valid choice for the 4 items.

7. Conclusion

We have pursued the study of a joint extension of possi-
bilistic and probabilistic utility functionals, that preserves
good dynamic properties in decision trees. The capacity at
work is a special case of belief functions that is a convex
mixture between a probability and a possibility function.
We have shown that any weight distribution on states whose
sum is at least one can be interpreted as determining in a
unique way such a capacity. With such a model, we can
distinguish between normal states with positive probability,
and abnormal ones that have zero probability, but are more
or less impossible. We have given explicit expressions of
generalized utility functionals based on this capacity. We
also provided first steps toward the identification of the
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mixture coeflicient @, based on human estimation of the
worth of poss-prob lotteries. Future works may focus on
the elicitation of « from a preference ordering of lotteries,
rather than human-originated numerical values.
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