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Abstract
Sublinear expectations for uncertain processes have
received a lot of attention recently, particularlymethods
to extend a downward-continuous sublinear expectation
on the bounded finitary functions to one on the non-
finitary functions. Inmost of the approaches the domain
of the extension is not very rich because it is limited
to bounded measurable functions on the set of all
paths. This contribution alleviates this problem in
the countable-state case by extending, under a mild
condition, to the extended real measurable functions
on the set of càdlàg paths, and investigates when
a sublinear Markov semigroup induces a sublinear
expectation that satisfies this mild condition.
Keywords: convex expectation, (coherent) upper ex-
pectation, monotone convergence, sublinear Markov
process, sublinear Markov semigroup

1. Introduction
This contribution is part of the recent push to generalise
the theory of (continuous-time) Markov processes from
the measure-theoretic framework [3, 18, 32, 19] to two
closely-related frameworks: those of nonlinear expectations
and imprecise probabilities. These two frameworks have
a common aim: to model uncertainty in a (more) robust
manner.
The framework of nonlinear—sublinear or even convex—

expectations was initially put forward by Peng [31], and it
dealt withMarkov processes from its conception. Since then
the following (and quite possibly more) Markov processes
have been generalised to this framework: those with finite
state space [26], countable state space [27] and ℝ𝑑 as
state space [31], Lévy processes with ℝ𝑑 as state space
[21, 29, 10] and Feller processes with a Polish state space
[28]. Most authors only consider bounded functions on
the set of all paths that are measurable with respect to
the product 𝜎-algebra, which is a domain that is not very
rich. Neufeld and Nutz [29] are a notable exception to this;
while they do assume càdlàg paths, they never go beyond
functions of the state in a single time point though.
The theory of imprecise probabilities, which is actually

a collection of frameworks including those of coherent
lower/upper probabilities and sets of (coherent conditional)
probabilities, was popularised by Walley [36]. In this frame-

work much has been done for Markov processes with finite
state space [38, 6, 22, 17], but to the best of my knowledge,
the only work regarding a non-finite state space is that on
the Poisson process [14].
This contribution builds on and continues the aforemen-

tioned work by investigating sublinear expectations for
countable-state uncertain processes in general and Markov
processes in particular on a sufficiently rich domain of
functions on the set of càdlàg paths. On the one hand, it
builds and extends some of the aforementioned work in the
framework of nonlinear expectations: Section 2 rids the ex-
tension results in [9, Section 3] from the requirement that all
functions in the domain are bounded, Section 3 establishes
a more useful version of the robust Daniell–Kolmogorov
Extension Theorem [9, Section 4] in the specific case of a
countable state space by ensuring càdlàg paths, and Sec-
tion 4 deals with semigroups following Denk et al. [9,
Section 5] and Nendel [26, 27]. On the other hand, Sec-
tions 3 and 4 essentially extend the approach in [17] from
the finite-state case to the countable-state case and the ap-
proach in [14] from the Poisson process to general Markov
processes.
In order to meet the page limit, I have relegated almost all

of the proofs to the Supplementary Material; these proofs
can also be found in Appendix A of the extended arXiv
preprint [12] of this contribution.

2. Nonlinear Expectations and Their
Extensions

A (linear) expectation is a linear, normed and isotone (real)
functional on a suitable domain. Examples include the Le-
besgue integral with respect to a probability measure and
(linear) previsions in the style of de Finetti [7]—see also
[37]. A nonlinear expectation, then, generalises this notion
by relaxing the requirement of linearity. Two examples of
such classes of functionals are the convex expectations that
appear in (robust) mathematical finance [31] and the coher-
ent upper—or sublinear—expectations that are at the core
of the theory of imprecise probabilities [35, 36]; see also
[30] and references therein. In Section 2.1 we will formally
introduce these well-known notions for domains that may
include unbounded and even extended real functions, while
Section 2.2 deals with extending these nonlinear expect-
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ations in such a way that their properties are (partially)
preserved. First, however, we introduce some necessary
terminology and notation.
Consider some (non-empty) sets Y,Z. We denote the

set of all maps from Y to Z by ZY . For any real-valued
function 𝑓 on Y, we let

‖ 𝑓 ‖ B sup| 𝑓 | = sup{| 𝑓 (𝑦) | : 𝑦 ∈ Y},

and we say that 𝑓 is bounded whenever ‖ 𝑓 ‖ < +∞. We
collect the bounded real-valued functions on Y in L(Y) ⊆
ℝY . The bounded real-valued functions on Y include the
indicator functions: for any subset𝑌 ofY, the corresponding
indicator 𝕀𝑌 ∈ L(Y) maps 𝑦 ∈ Y to 1 if 𝑦 ∈ 𝑌 and to 0
otherwise; for any 𝑦 ∈ Y, we shorten 𝕀{𝑦 } to 𝕀𝑦 .
Fix some non-empty subsetD ofℝY . An (extended real)

functional𝛷 (onD) is an extended real map onD. We call
a functional𝛷 positively homogeneous if𝛷(𝜇 𝑓 ) = 𝜇𝛷( 𝑓 )
for all 𝑓 ∈ D and 𝜇 ∈ ℝ≥0 such that 𝜇 𝑓 ∈ D, and
homogeneous if the same equality holds for all 𝑓 ∈ D
and 𝜇 ∈ ℝ such that 𝜇 𝑓 ∈ D. Furthermore, we call
a functional 𝛷 convex if 𝛷(𝜆 𝑓 + (1 − 𝜆)𝑔) ≤ 𝜆𝛷( 𝑓 ) +
(1 − 𝜆)𝛷(𝑔) for all 𝑓 , 𝑔 ∈ D and 𝜆 ∈ [0, 1] such that
𝜆 𝑓 + (1 − 𝜆)𝑔 is meaningful1 and in D and 𝜆𝛷( 𝑓 ) +
(1 − 𝜆)𝛷(𝑔) is meaningful, subadditive if 𝛷( 𝑓 + 𝑔) ≤
𝛷( 𝑓 ) +𝛷(𝑔) for all 𝑓 , 𝑔 ∈ D such that 𝑓 + 𝑔 is meaningful
and in D and𝛷( 𝑓 ) +𝛷(𝑔) is meaningful, and additive if
this inequality always holds with equality whenever it is
meaningful. Finally,𝛷 is said to be isotone (sometimes also
‘order preserving’) if𝛷( 𝑓 ) ≤ 𝛷(𝑔) for all 𝑓 , 𝑔 ∈ D such
that 𝑓 ≤ 𝑔.
We are especially interested in the behaviour of (iso-

tone) functionals with respect to monotone sequences. A
sequence ( 𝑓𝑛)𝑛∈ℕ of extended real functions on Y is said
to be monotone if it is either increasing or decreasing,
where the sequence is increasing if 𝑓𝑛 ≤ 𝑓𝑛+1 for all
𝑛 ∈ ℕ and decreasing if 𝑓𝑛 ≥ 𝑓𝑛+1 for all 𝑛 ∈ ℕ. Any
monotone sequence ( 𝑓𝑛)𝑛∈ℕ converges pointwise to a limit
lim𝑛→+∞ 𝑓𝑛 ∈ ℝY ; ( 𝑓𝑛)𝑛∈ℕ ↗ 𝑓 denotes an increasing se-
quence with pointwise limit 𝑓 , while ( 𝑓𝑛)𝑛∈ℕ ↘ 𝑓 denotes
a sequence that decreases to 𝑓 .
Now consider a functional 𝛷 on D. If 𝛷 is isotone,

then for any monotone sequence ( 𝑓𝑛)𝑛∈ℕ ∈ Dℕ, the de-
rived sequence (𝛷( 𝑓𝑛))𝑛∈ℕ is also monotone, and therefore
converges to a limit; if furthermore the pointwise limit 𝑓
of ( 𝑓𝑛)𝑛∈ℕ belongs to the domain D, then

lim
𝑛→+∞

𝛷( 𝑓𝑛) = inf
{
𝛷( 𝑓𝑛) : 𝑛 ∈ ℕ

}
≥ 𝛷( 𝑓 ).

1We follow the standard conventions—see for example [35, Ap-
pendix D], [19, Chapter 4, around Definition 8] or [34, Table 8.1]—so the
sum or difference of two extended reals is meaningful if it does not lead to
(+∞) − (+∞) or (+∞) + (−∞) .

We call the (not necessarily isotone) functional𝛷 downward
continuous2 on C ⊆ D if for all Cℕ 3 ( 𝑓𝑛)𝑛∈ℕ ↘ 𝑓 ∈ C,
lim𝑛→+∞𝛷( 𝑓𝑛) =𝛷( 𝑓 ), and simply downward continuous
if it is downward continuous on D. Similarly, we call𝛷 up-
ward continuous3 on C ⊆ D if for all Cℕ 3 ( 𝑓𝑛)𝑛∈ℕ ↗ 𝑓 ∈
C, lim𝑛→+∞𝛷( 𝑓𝑛) =𝛷( 𝑓 ), and simply upward continuous
if it is upward continuous on D.

2.1. Nonlinear Expectations

A nonlinear expectation is a functional𝛷whose domainD—
a subset of ℝY—includes all constant real functions on Y
and which is isotone and constant preserving (or ‘nor-
malised’), meaning that 𝛷(𝜇) = 𝜇4 for all 𝜇 ∈ ℝ. Due
to isotonicity, any nonlinear expectation𝛷 dominates the
infimum and is dominated by the supremum; hence, a non-
linear expectation 𝛷 with domain D ⊆ L(Y) is a real
functional.
This contribution exclusively deals with nonlinear ex-

pectations that are convex or even sublinear. Obviously,
a convex expectation is a convex nonlinear expectation,
while a sublinear expectation is a sublinear—so subaddit-
ive and positively homogeneous—nonlinear expectation;
clearly, any sublinear expectation is also a convex expect-
ation. An upper expectation5 is a sublinear expectation
whose domain D is a linear space of real functions [35,
Theorems 4.15 and 13.34] and a linear expectation is an
upper expectation that is homogeneous and additive [35,
Theorem 13.36].
Instead of a convex or sublinear expectation𝛷 on D, it

may be more convenient or appropriate to investigate the
corresponding conjugate functional𝛹 on −D B {− 𝑓 : 𝑓 ∈
D}, defined by the conjugacy relation

𝛹 ( 𝑓 ) B −𝛷(− 𝑓 ) for all 𝑓 ∈ −D .

Clearly, the conjugate functional of a convex expectation is
a nonlinear expectation that is concave instead of convex,
while that of a sublinear expectation is a nonlinear expecta-
tion that is superlinear instead of sublinear. The conjugate
of an upper expectation is what we call a lower expecta-
tion;6 for many reference works in the field of imprecise
probabilities, including [35, 36], lower expectations are the
primal object under study.
In the remainder of this section, we fix some linear

space D ⊆ L(Y) that contains all constant real functions.
Let 𝔼D be the set of all linear expectations on D. With
any convex expectation E onD, we associate the conjugate

2Often also ‘continuous from above’.
3Often also ‘continuous from below’.
4We identify any 𝜇 ∈ ℝ with the corresponding constant function ‘𝜇’

on Y whose range is {𝜇}.
5Many authors prefer the term ‘coherent upper prevision/expectation’.
6The term ‘coherent lower prevision’ is more prevalent.
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function

E∗ : 𝔼D → ℝ∪ {+∞} : 𝐸 ↦→ sup{𝐸 ( 𝑓 ) − E( 𝑓 ) : 𝑓 ∈ D}.

This conjugate function plays an important role in the
following representation result, taken from [9, Lemma 2.4];
for upper expectations, it is known as the Upper Envelope
Theorem [35, Theorem 4.38].

Lemma 1 For any convex expectation E on D and 𝑓 ∈ D,

E( 𝑓 ) = max
{
𝐸 ( 𝑓 ) − E∗ ( 𝑓 ) : 𝐸 ∈ 𝔼D , E∗ (𝐸) < +∞

}
.

Furthermore, for any upper expectation 𝐸 on D and linear
expectation 𝐸 ∈ 𝔼D ,

𝐸∗ (𝐸) < +∞ ⇔ 𝐸∗ (𝐸) = 0⇔ (∀𝑔 ∈ D) 𝐸 (𝑔) ≤ 𝐸 (𝑔),

so for all 𝑓 ∈ D,

E( 𝑓 ) = max
{
𝐸 ( 𝑓 ) : 𝐸 ∈ 𝔼D , (∀𝑔 ∈ D) 𝐸 (𝑔) ≤ 𝐸 (𝑔)

}
.

This contribution is mainly concerned with convex ex-
pectations E that are continuous with respect to monotone
sequences. The following result, taken from [9, Lemma 3.2],
links the downward continuity of a convex expectation E to
the downward continuity of the linear expectations 𝐸 ∈ 𝔼D
with E∗ (𝐸) < +∞; Miranda and Zaffalon [24, Proposition
5.1.2] give a similar result for the particular case of upper
expectations.

Lemma 2 A convex expectation E on D is downward
continuous if and only if every linear expectation 𝐸 on D
with E∗ (𝐸) < +∞ is downward continuous.

Lemma 2 is crucial in the proof of Theorem 3.10 in [9],
and consequently also in our extension of it. We will see
why in due course.

2.2. Extending Nonlinear Expectations

For the remainder of this section, we assume that the
linear subspace D of L(Y) that includes all constant
functions is also closed under pointwise minima (and then
maxima), meaning that for all 𝑓 , 𝑔 ∈ D, 𝑓 ∧ 𝑔 ∈ D (and
then 𝑓 ∨ 𝑔 = −((− 𝑓 ) ∧ (−𝑔)) ∈ D); this makes D a
linear lattice [35, Definition 1.1]. We let 𝜎(D) denote
the smallest 𝜎-algebra 𝛴 in Y such that every 𝑓 ∈ D is
𝛴/B(ℝ)-measurable—see, for example, [8, Definition I.5
b)]. Due to our assumptions, the Daniell–Stone Theorem [8,
Theorem III.35] establishes that if a linear expectation 𝐸
on D is downward continuous, then there is a unique
probability measure 𝑃𝐸 on 𝜎(D) such that

𝐸 ( 𝑓 ) =
∫

𝑓 d𝑃𝐸 for all 𝑓 ∈ D .

This means that we can extend 𝐸 to the domain of the
Lebesgue integral with respect to 𝑃𝐸 ; we adhere to the
definition in [19, Chapter 8, Definition 2], so the resulting
extension will be extended real valued. In general, the
domain of the Lebesgue integral depends on 𝑃𝐸 ; however,
it is easy to verify [see 17, Lemma 24] that the domain
definitely includes those extended real functions 𝑓 onY that
are 𝜎(D)/B(ℝ)-measurable7 and either bounded below,
meaning that inf 𝑓 > −∞, or bounded above, meaning
that sup 𝑓 < +∞. In the remainder, we restrict ourselves
to such functions; this perhaps somewhat unconventional
restriction of the domain is mathematically convenient, and
I am yet to encounter an example where the functions of
interest do not belong to it.
We collect all extended real functions on Y that are

𝜎(D)/B(ℝ)-measurable and bounded below inMb (D)
and those that are bounded above inMb (D), and we let
M(D) BMb (D) ∪Mb (D). Note thatM(D) includes

D𝛿,b B
{
𝑓 ∈ L(Y) :

(
∃( 𝑓𝑛)𝑛∈ℕ ∈ Dℕ

)
( 𝑓𝑛)𝑛∈ℕ ↘ 𝑓

}
.

The following extension result generalises Theorem 3.10
of Denk et al. [9] by extending the domain from bounded
measurable functions to extended-real measurable func-
tions that are either bounded below or bounded above,
so from M(D) ∩ L(Y) to M(D). The proof remains
largely the same, which is why we have relegated it to the
Supplementary Material.

Theorem 3 Consider a convex expectation E on D that is
downward continuous, and let Ê : M(D) → ℝ be defined
for all 𝑓 ∈ M(D) by

Ê ( 𝑓 ) B sup
{∫

𝑓 d𝑃𝐸 − E∗ (𝐸) : 𝐸 ∈ 𝔼D , E∗ (𝐸) < +∞
}
.

Then Ê is a convex expectation that extends E, is downward
continuous on D𝛿,b and upward continuous on Mb (D).
Furthermore, if E is an upper expectation, then Ê is a
sublinear expectation.

The extension Ê in Theorem 3 is the unique one with
these properties, at least when we restrict its domain to
the bounded below functions. The following result is an
immediate corollary of [9, Theorem 3.10], so we have re-
legated its proof to the Supplementary Material; in this
result, we writeDℕ 3 ( 𝑓𝑛)𝑛∈ℕ ↘≤ 𝑓 to mean any decreas-
ing ( 𝑓𝑛)𝑛∈ℕ ∈ Dℕ such that lim𝑛→+∞ 𝑓𝑛 ≤ 𝑓 .

Corollary 4 Consider a convex expectation Ê on Mb (D)
that is downward continuous on D𝛿,b and upward continu-
ous. Then for all 𝑓 ∈ Mb (D),

Ê ( 𝑓 ) = sup
{
lim

𝑛→+∞
Ê ( 𝑓𝑛) : Dℕ 3 ( 𝑓𝑛)𝑛∈ℕ ↘≤ 𝑓

}
.

7B(ℝ) denotes the Borel 𝜎-algebra generated by the ‘usual’ topology
on ℝ; for more details, see [19, Chapter 2 and Appendix C.2] or [34,
Chapter 8].

212



Sublinear Expectations for Countable-State Uncertain Processes

3. Countable-State Uncertain Processes

With Theorem 3 under our belts, we can move from the
general setting of convex expectations to the more specific
setting of sublinear expectations for uncertain processes.
With an uncertain process, I mean a ‘system’ that assumes
a state in each point of (continuous) time; a ‘subject’ is
uncertain about the state as it evolves over time, and we want
to model her uncertainty through a sublinear expectation.
As announced by the title, we will focus on uncertain

processes whose state takes values in a countable state
space 𝒳. An outcome or realisation of such an uncertain
process is a map from ℝ≥0 to𝒳, which we call a path. We
make—or our subject makes—the common assumptions
that (i) after it transitions to a new state, the system stays
in its new state for some time; and (ii) that the number of
state transitions in every bounded interval is finite. This is
equivalent to assuming that the outcomes are càdlàg paths,
meaning that they are continuous from the right and have left-
sided limits—see, for example, [18, Chapter 3, Section 5]
or [19, Section 31.1]. Thus, our outcome space is the set of
all càdlàg paths, which we denote by 𝛺 ⊆ 𝒳

ℝ≥0 . As will
become clear at the end of this section, the assumption of
càdlàg paths ensures that the domain of the constructed
sublinear expectation is sufficiently rich.
Our starting point will be an upper expectation on the set

of bounded functions on 𝛺 that are finitary, meaning that
they only depend on the states that a path 𝜔 ∈ 𝛺 assumes
in a finite set of time points. To formalise this, it will be
convenient to introduce some notation.
For all 𝑈 ⊆ 𝑉 ⊆ ℝ≥0, we let 𝜋𝑉𝑈 : 𝒳

𝑉 → 𝒳
𝑈 be

the projection that maps any 𝒳-valued function on 𝑉 to
its restriction to 𝑈 [see 32, Section II.25]; if 𝑉 = ℝ≥0,
we simply write 𝜋𝑈 and moreover restrict the domain
of 𝜋𝑈 to 𝛺 ⊆ 𝒳

ℝ≥0 . Given some 𝑈 = {𝑡1, . . . , 𝑡𝑛}, we
will sometimes identify 𝑥 = (𝑥𝑡 )𝑡 ∈𝑈 ∈ 𝒳

𝑈 with the 𝑛-
tuple (𝑥1, . . . , 𝑥𝑛) B (𝑥(𝑡1), . . . , 𝑥(𝑡𝑛)) ∈ 𝒳

𝑛 of its values.
With this notation, we can formally define the set of

finitary bounded functions on 𝛺:

𝒟 B
{
𝑓 ◦ 𝜋𝑈 : 𝑈 ∈ 𝒰, 𝑓 ∈ L(𝒳𝑈 )

}
.

It is easy to verify that𝒟 ⊆ L(𝛺) is a linear lattice, so the
results in Section 2.2 apply.
Before we get down to using Theorem 7, we should

establish that an upper expectation 𝐸 on 𝒟 is in one-to-
one correspondence with a ‘consistent collection of finite-
dimensional upper expectations’; especially in Section 4.3
further on, it will be more convenient to work with the latter.
This notion, essentially taken from [9, Definition 4.2], is the
counterpart of the well-known notion of a ‘consistent collec-
tion of finite-dimensional distributions’ [32, Section II.29]
for sublinear expectations.

Definition 5 A collection of finite-dimensional upper ex-
pectations is a collection (𝐸𝑈 )𝑈 ∈𝒰 such that for all 𝑈 ∈
𝒰, 𝐸𝑈 is an upper expectation on L(𝒳𝑈 ). Such a collec-
tion is consistent if for all 𝑈,𝑉 ∈ 𝒰 with 𝑈 ⊆ 𝑉 ,

𝐸𝑈 ( 𝑓 ) = 𝐸𝑉 ( 𝑓 ◦ 𝜋𝑉𝑈 ) for all 𝑓 ∈ L(𝒳𝑈 ).

Proposition 6 Consider a consistent family (𝐸𝑈 )𝑈 ∈𝒰
of finite-dimensional upper expectations. Then there is a
unique upper expectation 𝐸 on 𝒟 such that

𝐸 ( 𝑓 ◦ 𝜋𝑈 ) = 𝐸𝑈 ( 𝑓 ) for all 𝑈 ∈ 𝒰, 𝑓 ∈ L(𝒳𝑈 ).

Conversely, if 𝐸 is an upper expectation on 𝒟 and for
all 𝑈 ∈ 𝒰 we let

𝐸𝑈 : L(𝒳𝑈 ) → ℝ : 𝑓 ↦→ 𝐸𝑈 ( 𝑓 ) B 𝐸 ( 𝑓 ◦ 𝜋𝑈 ),

then (𝐸𝑈 )𝑈 ∈𝒰 is a consistent collection of finite-
dimensional upper expectations.

Proof The first part of the statement follows almost immedi-
ately from the consistency of the family (𝐸𝑈 )𝑈 ∈𝒰—see for
example the proof of Proposition 4.4 in [9]. The second part
of the statement follows immediately from the properties
of upper expectations.

Our aim is to use Theorem 3 to extend the upper ex-
pectation 𝐸 on the set𝒟 of finitary bounded functions to
the setM(𝒟) of 𝜎(𝒟)/B(ℝ)-measurable functions that
are bounded below or above. The reader who is familiar
with (measure-theoretic) stochastic processes will probably
wonder whether the 𝜎-algebra 𝜎(𝒟) generated by 𝒟 is
equal to the 𝜎-algebra 𝜎(ℱ) that is ordinarily used in that
setting. Let us argue that this is indeed the case.
A subset 𝐹 of 𝛺 is a cylinder event [32, Defini-

tion II.25.4]8 if there are some 𝑈 ∈ 𝒰 and 𝐴 ⊆ 𝒳
𝑈

such that

𝐹 = 𝜋−1𝑈 (𝐴) B
{
𝜔 ∈ 𝛺 : 𝜋𝑈 (𝜔) ∈ 𝐴

}
.

We collect all cylinder events inℱ. It is easy to verify that

ℱ =
{
𝐹 ⊆ 𝛺 : 𝕀𝐹 ∈ 𝒟

}
, (1)

and thatℱ is an algebra of subsets of 𝛺; since𝒟 is a linear
space, this implies that

span({𝕀𝐹 : 𝐹 ∈ ℱ}) ⊆ 𝒟.

It is a matter of definition chasing to verify that indeed

𝜎(ℱ) = 𝜎(𝒟); (2)

8In general, this definition assumes 𝐴 ∈ X𝑈 , where X is a 𝜎-algebra
on𝒳. Since𝒳 is countable, X = ℘(𝒳) and X𝑈 = ℘(𝒳𝑈 ) .
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the interested reader can find a proof in the Supplementary
Material. There even is a third way of getting to 𝜎(𝒟):
since the countable set𝒳 equipped with the discrete metric
is a Polish space, 𝛺 equipped with the so-called ‘Skorokhod
metric’ is a Polish space, and the Borel𝜎-algebra induced by
this metric space is precisely 𝜎(ℱ) = 𝜎(𝒟); the interested
reader may consult Section 31.1 in [19] or Section 5 in [18,
Chapter 3] for the details.
It remains for us to introduce some notation that simplifies

the statement of themain result of this section.We denote the
set of 𝜎(𝒟)/B(ℝ)-measurable functions that are bounded
below by ℳb B Mb (𝒟) and the set of those that are
bounded above byℳb BMb (𝒟); to simplify our notation,
we also letℳ Bℳb∪ℳb = M(D). For all𝑈 = {𝑡1, 𝑡2} ∈
𝒰, let 𝑑≠

𝑈
∈ L(𝒳𝑈 ) be defined for all 𝑥 ∈ 𝒳

𝑈 by 𝑑≠
𝑈
(𝑥) B

1 if 𝑥(𝑡1) ≠ 𝑥(𝑡2) and 𝑑≠𝑈 (𝑥) B 0 otherwise; similarly, let
𝐷≠

𝑈
B {𝑥 ∈ 𝒳

𝑈 : 𝑥(𝑡1) ≠ 𝑥(𝑡2)} and note that 𝑑≠𝑈 = 𝕀𝐷≠
𝑈
.

Theorem 7 Consider a consistent collection (𝐸𝑈 )𝑈 ∈𝒰 of
finite-dimensional upper expectations that are downward
continuous. If for all 𝑛 ∈ ℕ there is some 𝜆𝑛 ∈ ℝ≥0 such
that

lim sup
𝑠→𝑡

𝐸 {𝑠,𝑡 }
(
𝑑≠{𝑠,𝑡 }

)
|𝑠 − 𝑡 | ≤ 𝜆𝑛 for all 𝑡 ∈ [0, 𝑛],

then the corresponding upper expectation 𝐸 of Proposition 6
is downward continuous.

A formal proof for this result can be found in the Supple-
mentary Material, I will only provide a sketch here.
Our starting point is the sublinear expectation 𝐸 on 𝒟

of Proposition 6. To show that this upper expectation 𝐸 is
downward continuous, we recall fromLemmas 1 and 2 that it
suffices to show that every dominated linear expectation 𝐸 ∈
𝔼𝒟—so with 𝐸 (𝑔) ≤ 𝐸 (𝑔) for all 𝑔 ∈ 𝒟—is downward
continuous.
If we were to use the set of all paths𝒳ℝ≥0 as possibility

space instead of the set of càdlàg paths 𝛺, then a linear
expectation 𝐸 on the set of ‘finitary functions’ 𝒟 would
be downward continuous if and only if for all 𝑈 ∈ 𝒰,
the derived set function 𝑃𝑈

𝐸
: ℘(𝒳𝑈 ) → [0, 1] : 𝐴 ↦→

𝐸
(
𝕀𝜋−1

𝑈
(𝐴)

)
is countably additive—this essentially follows

from Theorem 2 in [16], see also Lemma 9 further on.
For any dominated linear expectation 𝐸 ∈ 𝔼𝒟, this would
be guaranteed by the assumption in Theorem 7 that 𝐸𝑈

is downward continuous for all 𝑈 ∈ 𝒰. Note that this is
(almost) exactly the approach that Denk et al. [9] take to
prove their Theorem 4.6.
With the set of càdlàg paths 𝛺 as possibility space, things

are more difficult. For a linear expectation 𝐸 on 𝒟 to be
downward continuous, it is still necessary but no longer
sufficient that the derived set function 𝑃𝑈

𝐸
: ℘(𝒳𝑈 ) →

[0, 1] : 𝐴 ↦→ 𝐸
(
𝕀𝜋−1

𝑈
(𝐴)

)
is downward continuous. One

could obtain a necessary and sufficient condition by com-
bining Theorem 10 in [16] with Lemma 9 further on. Here,
however, we will rely on the sufficient condition in [16,
Proposition 24]; we rephrase this result to the context here
with the help of Proposition 1, Eqn. (5) and Theorem 10
there.

Lemma 8 Consider a set function 𝑅 : ℱ → [0, 1] that is
finitely additive with 𝑅(𝛺) = 1. If

(i) for all 𝑈 ∈ 𝒰, the derived set function

𝑅𝑈 : ℘(𝒳𝑈 ) → [0, 1] : 𝐴 ↦→ 𝑅
(
𝜋−1𝑈 (𝐴)

)
is countably additive; and

(ii) for all 𝑛 ∈ ℕ, there is some 𝜆𝑛 ∈ ℝ≥0 such that

lim sup
𝑠→𝑡

𝑅 {𝑡 ,𝑠} (𝐷≠
{𝑡 ,𝑠})

|𝑠 − 𝑡 | ≤ 𝜆𝑛 for all 𝑡 ∈ [0, 𝑛];

then 𝑅 is countably additive.

We can restrict our attention to the derived set function 𝑃𝐸

due to the following measure-theoretical lemma; I could
not immediately find a reference for it, so I give a formal
proof in the Supplementary Material.

Lemma 9 Consider a linear expectation 𝐸 on 𝒟. Then
the derived non-negative set function

𝑅𝐸 : ℱ → [0, 1] : 𝐹 ↦→ 𝐸 (𝕀𝐹 ).

is finitely additive with 𝑅𝐸 (𝛺) = 1. Furthermore, 𝐸 is down-
ward continuous if and only if 𝑅𝐸 is countably additive;
whenever this is the case, 𝑅𝐸 = 𝑃𝐸 |ℱ .

I would like to emphasise that while the assumption that
the outcomes are càdlàg paths makes it more difficult to
prove downward continuity, it is also crucial to ensure that
the domainℳ is sufficiently rich. Indeed, it is well-known—
see, for example, [16, Section 3.2] or [32, Lemma II.25.9]—
that with the set 𝒳ℝ≥0 of all paths as outcome space, the
𝜎-algebra 𝜎(𝒟) = 𝜎(ℱ) generated by the cylinder events
only contains events that depend on the state of the system
in a countable subset of ℝ≥0. This then implies that ℳ
essentially only contains functions that depend on the state
of the system in a countable subset of ℝ≥0, excluding
important functions like stopping times and time averages.
In light of the material in Section 2, the obvious question

is whether Theorem 7 also holds if we relax the requirement
of sublinearity to convexity, so starting from a ‘consistent
collection (E𝑈 )𝑈 ∈𝒰 of finite-dimensional convex expecta-
tions that are downward continuous.’ Following the same
argument as before, Lemmas 1 and 2 tell us that every linear
expectation 𝐸 ∈ 𝔼𝒟 with E∗ (𝐸) < +∞—where the convex
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expectation E on𝒟 is the unique one that corresponds to
(E𝑈 )𝑈 ∈𝒰 in the sense of Proposition 6 (generalised from
sublinear to convex expectations)—should be downward
continuous. To this end, we note that for any such linear ex-
pectation 𝐸 , it follows from Lemma 1 that for all 𝑠, 𝑡 ∈ ℝ≥0
such that 𝑠 ≠ 𝑡,

𝐸 (𝜋−1{𝑠,𝑡 } ◦ 𝑑
≠
𝑠,𝑡 )

|𝑠 − 𝑡 | ≤
E{𝑠,𝑡 } (𝑑≠𝑠,𝑡 )

|𝑠 − 𝑡 | + E∗ (𝐸)
|𝑠 − 𝑡 | ,

and the second term on the right hand side grows to +∞ as
𝑠 approaches 𝑡. In other words, we cannot follow the same
strategy as before because the presence of E∗ (𝐸) in this
inequality does not allow us to invoke Lemmas 8 and 9.
One way to alleviate this issue is to rely on the necessary
and sufficient condition of Theorem 10 in [16] instead of
the sufficient condition of Proposition 24 in [16] (rephrased
here as Lemma 8), but this would certainly need a different
condition on (E𝑈 )𝑈 ∈𝒰 as the one in Theorem 7; I leave
this as an interesting avenue of future research.

4. Operators, Semigroups and Beyond
One way to construct a consistent collection of finite-
dimensional upper expectations is by glueing together an
‘initial upper expectation’ and an ‘upper transition semig-
roup’. This approach, which is also followed by Denk et al.
[9] and Nendel [26, 27], is inspired by and a generalisation
of the well-known construction method for Markov pro-
cesses, where an ‘initial distribution’ is glued to a ‘Markov
semigroup’ to end up with a consistent collection of finite-
dimensional distributions (and then a probabilitymeasure)—
see, for example, [32, Section III.7] or [19, Chapter 31] for
more details.
We will get to this construction method in Section 4.3

further on, but only after we have discussed general oper-
ators in Section 4.1 and sublinear Markov semigroups in
Section 4.2.

4.1. Operators

To simplify our notation, let us write ℒ B L(𝒳). An
operator S is a map from ℒ to ℒ, and we collect all
operators in 𝕆. One important operator is the identity
operator I, which maps any 𝑓 ∈ ℒ to itself. For any
operator S ∈ 𝕆, it is common [see 23, Section 3.2] to call

‖S‖op B sup
{
‖S 𝑓 ‖
‖ 𝑓 ‖ : 𝑓 ∈ ℒ, 𝑓 ≠ 0

}
its operator seminorm; we call an operator S bounded if
‖S‖op < +∞, and collect all bounded operators in 𝕆b. It is
easy to verify that ‖•‖op is a seminorm on𝕆b. Furthermore,
with a bit more work one can verify that

‖•‖0op : 𝕆b → ℝ≥0 : S ↦→ ‖S0‖ + ‖S‖op

is a norm, and that the space (𝕆b, ‖•‖0op) is a Banach
space; the proof is essentially the same as Martin’s [23,
Section III.2], who instead of the operator seminorm ‖•‖op
considers the Lipschitz seminorm. Clearly, the identity
operator I is bounded with ‖I‖0op = ‖I‖op = 1.
We extend (almost) all of the terminology regarding

properties of functionals to operators in the obvious ‘com-
ponentwise’ manner; for example, an operator S ∈ 𝕆 is
called subadditive if for all 𝑥 ∈ 𝒳, the component functional

[S•](𝑥) : ℒ → ℝ : 𝑓 ↦→ [S 𝑓 ] (𝑥)

is subadditve. If S ∈ 𝕆b is positively homogeneous, then
S0 = 0 and

‖S‖0op = ‖S‖op = sup{‖S 𝑓 ‖ : 𝑓 ∈ ℒ, ‖ 𝑓 ‖ = 1},

which is in accordance with the operator norm for posit-
ively homogeneous operators used in [22, Eqn. (1)] and [6,
Eqn. (4)] and the standard norm for linear—additive and
homogeneous—operators [33, Section 23.1].
There are two classes of (positively homogeneous) op-

erators that play an important role in the remainder, and
we will see in Section 4.4 further on that these are closely
connected. The first class is that of the upper transition
operators: those operators T such that for all 𝑥 ∈ 𝒳, the
corresponding component functional [T•](𝑥) is an upper
expectation (so isotone, constant preserving, subadditive
and positively homogeneous); this terminology goes back
to de Cooman and Hermans [4, Section 8], but note that
Denk et al. [9, Definition 5.1] prefer the term ‘sublinear
kernel’. It follows immediately from the properties of upper
expectations [see 35, Theorem 4.13] that for any upper
transition operator T,

‖T 𝑓 − T𝑔‖ ≤ ‖ 𝑓 − 𝑔‖ for all 𝑓 , 𝑔 ∈ ℒ. (3)

We will be particularly concerned with upper transition
operators that are downward continuous; one example is the
identity operator I. Note that this requirement of downward
continuity is trivially satisfied whenever the state space𝒳
is finite: in this case pointwise convergence implies uniform
convergence, and every upper expectation is well known to
be continuous (so in particular from above) with respect to
uniform convergence [35, Theorem 4.13 (xiii)].
The second important class are those operators S that

satisfy the positive maximum principle,9 meaning that
[S 𝑓 ] (𝑥) ≤ 0 for all 𝑓 ∈ ℒ and 𝑥 ∈ 𝒳 such that
sup 𝑓 = 𝑓 (𝑥) ≥ 0. Of special interest is the subclass
of upper rate operators, which are the sublinear and posit-
ively homogeneous operatorsQ that map constant functions
to 0 and satisfy the positive maximum principle—see [26,

9After Courrège [5, Section 1.2], see also [18, Chapter 4, Section 2]
or [32, Lemma III.6.8].
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Definition 2.1 and Theorem 2.5], [6, Definition 5] or [22,
Definition 7.2]. A rate operator is an upper rate operator
that is linear.
In the case of a finite state space, De Bock [6, Eqn. (9)]

shows that any upper rate operator is necessarily bounded.
Moreover, Krak et al. [22, Eqn. (38) and Proposition 7.6]
show that any bounded set Q of rate operators induces
an upper rate operator through its pointwise upper envel-
ope Q𝒬 ∈ 𝕆b, which maps 𝑓 ∈ ℒ to

Q𝒬 𝑓 : 𝒳 ↦→ ℝ : 𝑥 ↦→ sup
{
[Q 𝑓 ] (𝑥) : Q ∈ 𝒬

}
;

conversely, any upper rate operator Q is the upper envel-
ope of the corresponding (bounded) set of dominated rate
operators

𝒬Q B
{
Q ∈ 𝔔 : (∀ 𝑓 ∈ ℒ) Q 𝑓 ≤ Q 𝑓

}
,

where 𝔔 is the set of all rate operators. These results also
hold for bounded upper rate operators in the case that𝒳 is
not finite, but due to lack of space we will not pursue this
matter.

4.2. Sublinear Markov Semigroups

A semigroup is a family (S𝑡 )𝑡 ∈ℝ≥0 of operators such that

SG1. S𝑠+𝑡 = S𝑠S𝑡 for all 𝑠, 𝑡 ∈ ℝ>0, and

SG2. S0 = I;

such a semigroup (S𝑡 )𝑡 ∈ℝ≥0 is strongly continuous if

lim
𝑡↘0

‖S𝑡 𝑓 − S0 𝑓 ‖ = 0 for all 𝑓 ∈ ℒ

and, whenever S𝑡 ∈ 𝕆b for all 𝑡 ∈ ℝ≥0, called uniformly
continuous if

lim
𝑡↘0

‖S𝑡 − S0‖0op = 0.

We will only be concerned with semigroups (T𝑡 )𝑡 ∈ℝ>0

of upper transition operators, which we will briefly call
upper transition semigroups; in this context, the semigroup
property (SG1) is often called the ‘Chapman-Kolmogorov
equation.’ A sublinear Markov semigroup,10 then, is an
upper transition semigroup (T𝑡 )𝑡 ∈ℝ≥0 such that for all 𝑡 ∈
ℝ>0, T𝑡 is downward continuous.
Due to Eqn. (3), an upper transition semigroup (T𝑡 )𝑡 ∈ℝ≥0

is almost a special case of what Miyadera [25, Chapter 3]
andBarbu [2, Chapter III] call a ‘semigroup of contractions’;
the only property that is missing is strong continuity. That
said, we need a—at first sight—slightly different notion
of continuity than strong or uniform continuity: we say

10This definition generalises the notion of a ‘Markov semigroup’ in
[32, Section III.3] to the sublinear case.

that an upper transition semigroup (T𝑡 )𝑡 ∈ℝ≥0 has uniformly
bounded rate (after Anderson [1, Eqn. (2.35)]) if

lim sup
𝑡↘0

1
𝑡
sup

{[
T𝑡 (1 − 𝕀𝑥)

]
(𝑥) : 𝑥 ∈ 𝒳

}
< +∞; (4)

due to constant additivity, this implies that

lim
𝑡↘0
sup

{
1 + [T𝑡 (−𝕀𝑥)] (𝑥) : 𝑥 ∈ 𝒳

}
= 0. (5)

The condition of uniformly bounded rate might seem rather
strong, but we are not the first to encounter its usefulness
and/or necessity; this will become clear in Section 4.4
further on, where we give some examples of (sub)linear
Markov semigroups that satisfy this condition.

4.3. From Upper Transition Semigroup to
Finite-Dimensional Upper Expectations

Now that we have properly introduced the necessary con-
cepts, we can get down to glueing an initial upper ex-
pectation to a semigroup of upper transition operators in
such a way that we end up with a consistent collection of
finite-dimensional upper expectations.

Proposition 10 Consider an upper expectation 𝐸0 on ℒ

and an upper transition semigroup (T𝑡 )𝑡 ∈ℝ≥0 . Then there is a
unique consistent collection (𝐸𝑈 )𝑈 ∈𝒰 of finite-dimensional
upper expectations such that

(i) 𝐸 {0} ( 𝑓 ) = 𝐸0 ( 𝑓 ) for all 𝑓 ∈ L(𝒳); and

(ii) for all 𝑈 = {𝑠1, . . . , 𝑠𝑛} ∈ 𝒰, 𝑡 ∈ ℝ≥0 such that 𝑠1 <
· · · < 𝑠𝑛 < 𝑡 and 𝑓 ∈ L(𝒳𝑈∪{𝑡 }),

𝐸𝑈∪{𝑡 } ( 𝑓 ) = 𝐸𝑈 (𝑔),

where 𝑔 ∈ L(𝒳𝑈 ) maps 𝑥 = (𝑥𝑠)𝑠∈𝑈 ∈ 𝒳
𝑈 to

𝑔(𝑥) B
[
T𝑡−𝑠𝑛 𝑓 (𝑥𝑠1 , . . . , 𝑥𝑠𝑛 , •)

]
(𝑥𝑠𝑛 ).

Proof The argument is the same as in the first part of
the proof of Theorem 5.6 in [9]. The family (𝐸𝑈 )𝑈 ∈𝒰 is
constructed recursively, and the semigroup property (SG1)
ensures that the constructed family satisfies the condition
for consistency in Definition 5.

The consistent collection of finite-dimensional upper
expectations in Proposition 10 corresponds to a unique
upper expectation 𝐸 on 𝒟 due to Proposition 6. Now the
question naturally arises whether 𝐸 is downward continuous,
because then we can invoke Theorem 3 to extend 𝐸 toℳ.
With the help of Theorem 7, we get the following sufficient
condition, which I believe is one of the main results of this
contribution.
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Theorem 11 Consider a downward-continuous upper
expectation 𝐸0 on ℒ and a sublinear Markov semig-
roup (T𝑡 )𝑡 ∈ℝ≥0 . Then the unique corresponding upper ex-
pectation 𝐸 on 𝒟 induced by Propositions 10 and 6 is
downward continuous.

Proof It suffices to verify that the corresponding consistent
collection (𝐸𝑈 )𝑈 ∈𝒰 of finite dimensional distributions
satisfies the conditions in Theorem 7.
First, we prove that for all 𝑈 ∈ 𝒰, 𝐸𝑈 is downward

continuous. For 𝑈 = {0}, 𝐸𝑈 = 𝐸0 by Proposition 6 (i),
so 𝐸𝑈 is downward continuous because 𝐸0 is downward
continuous as per the assumptions in the statement. Next,
we fix any 𝑈 = {𝑡0, 𝑡1, . . . , 𝑡𝑛} ∈ 𝒰 with 𝑛 ≥ 1 and
0 = 𝑡0 < 𝑡1 < · · · < 𝑡𝑛.
For all ℎ ∈ L(𝒳𝑈 ), it follows from repeated application

of Proposition 6 (ii) and a single application of Proposi-
tion 6 (i) that

𝐸𝑈 (ℎ) = 𝐸0 (𝑔0), (6)
where the sequence 𝑔0, . . . , 𝑔𝑛 is derived recursively from
the initial condition 𝑔𝑛 B ℎ and, for all 𝑘 ∈ {0, . . . , 𝑛 −
1}, 𝑔𝑘 ∈ L(𝒳 {𝑡0 ,...,𝑡𝑘 }) is defined recursively for all 𝑥 =

(𝑥0, . . . , 𝑥𝑘 ) ∈ 𝒳
{𝑡0 ,...,𝑡𝑘 } by

𝑔𝑘 (𝑥) B
[
T(𝑡𝑘+1−𝑡𝑘 )𝑔𝑘+1 (𝑥0, . . . , 𝑥𝑘 , •)

]
(𝑥𝑘 ). (7)

Fix any L(𝒳𝑈 )ℕ 3 ( 𝑓ℓ)ℓ∈ℕ ↘ 𝑓 ∈ L(𝒳𝑈 ). Then by
Eqn. (6) for ℎ = 𝑓 , 𝐸𝑈 ( 𝑓 ) = 𝐸0 (𝑔0), where (𝑔0, . . . , 𝑔𝑛) is
the sequence as defined in Eqn. (7); similarly, for all ℓ ∈ ℕ,
𝐸𝑈 ( 𝑓ℓ) = 𝐸0 (𝑔ℓ,0) where (𝑔ℓ,0, . . . , 𝑔ℓ,𝑛) is recursively
defined as in Eqn. (7) with initial condition 𝑔ℓ,𝑛 = 𝑓ℓ . Then
for 𝑘 = 𝑛−1, and then for 𝑘 = 𝑛−2 to 𝑘 = 0, it follows from
the downward continuity of T𝑡𝑘+1−𝑡𝑘 that (𝑔ℓ,𝑘 )ℓ∈ℕ ↘ 𝑔𝑘 .
From this and the downward continuity of 𝐸0, we infer that

lim
ℓ→+∞

𝐸𝑈 ( 𝑓ℓ) = lim
ℓ→+∞

𝐸0 (𝑔ℓ,0) = 𝐸0 (𝑔0) = 𝐸𝑈 ( 𝑓 ),

as required. Finally, for all 𝑈 = {𝑡1, . . . , 𝑡𝑛} ∈ 𝒰 with
0 < 𝑡1 < · · · < 𝑡𝑛, the downward continuity of 𝐸 {0}∪𝑈—
which we have just proved—implies that of 𝐸𝑈 because
(𝐸𝑉 )𝑉 ∈𝒰 is consistent.
Second, we set out to prove that for all 𝑛 ∈ ℕ, there is

some 𝜆𝑛 ∈ ℝ≥0 such that

lim sup
𝑠→𝑡

𝐸 {𝑠,𝑡 }
(
𝑑≠{𝑠,𝑡 }

)
|𝑠 − 𝑡 | ≤ 𝜆𝑛 for all 𝑡 ∈ [0, 𝑛] . (8)

Since (T𝑡 )𝑡 ∈ℝ≥0 has uniformly bounded rate,

𝜆 B lim sup
𝛥↘0

sup

{ [
T𝛥 (1 − 𝕀𝑥)

]
(𝑥)

𝛥
: 𝑥 ∈ 𝒳

}
< +∞. (9)

For all 𝑡1, 𝑡2 ∈ ℝ≥0 such that 𝑡1 < 𝑡2 and (𝑥𝑡1 , 𝑥𝑡2 ) ∈
𝒳

{𝑡1 ,𝑡2 },
𝑑≠{𝑡1 ,𝑡2 } (𝑥𝑡1 , 𝑥𝑡2 ) = 1 − 𝕀𝑥𝑡1 (𝑥𝑡2 ),

so it follows from Proposition 6, and with 𝛥 B 𝑡2 − 𝑡1, that

𝐸 {𝑡1 ,𝑡2 }
(
𝑑≠{𝑡1 ,𝑡2 }

)
= 𝐸0

(
T𝑡1

(
𝒳 → ℝ : 𝑥 ↦→

[
T𝛥 (1−𝕀𝑥)

]
(𝑥)

) )
.

Since T𝑡1 and 𝐸0 are bounded above by the supremum and
positively homogeneous, it followsmore or less immediately
from the preceding equality and Eqn. (9) that

lim sup
𝑠→𝑡

𝐸 {𝑠,𝑡 }
(
𝑑≠{𝑠,𝑡 }

)
|𝑠 − 𝑡 | ≤ 𝜆 for all 𝑡 ∈ ℝ≥0.

So for all 𝑛 ∈ ℕ, Eqn. (8) holds with 𝜆𝑛 = 𝜆.

By combining Theorem 11 with Theorem 3 and Corol-
lary 4, we get what I believe to be the second main result
of this contribution. In order to highlight the similarity to
[9, Theorem 5.6], [26, Theorem 2.5] and [27, Definition
5.5], for all 𝑡 ∈ ℝ≥0 we let 𝑋𝑡 : 𝛺 → 𝒳 be the projector
that maps 𝜔 ∈ 𝛺 to 𝜔(𝑡).
Theorem 12 Consider an upper expectation 𝐸0 that is
downward continuous and a sublinear Markov semig-
roup (T𝑡 )𝑡 ∈ℝ≥0 with uniformly bounded rate. Then there is
a sublinear expectation 𝐸 on ℳ such that

(i) for all 𝑓 ∈ L(𝒳), 𝐸 ( 𝑓 (𝑋0)) = 𝐸0 ( 𝑓 );

(ii) for all 𝑈 = {𝑠1, . . . , 𝑠𝑛} ∈ ℝ≥0 and 𝑡 ∈ ℝ≥0 such
that 𝑠1 < · · · < 𝑠𝑛 < 𝑡 and all 𝑓 ∈ L(𝒳𝑛+1),

𝐸 ( 𝑓 (𝑋𝑡1 , . . . , 𝑋𝑡𝑛 , 𝑋𝑡 )) = 𝐸 (𝑔(𝑋𝑡1 , . . . , 𝑋𝑡𝑛 ))

where 𝑔 ∈ L(𝒳𝑛) maps 𝑥 = (𝑥1, . . . , 𝑥𝑛) ∈ 𝒳
𝑛 to

𝑔(𝑥) B
[
T𝑡−𝑡𝑛 𝑓 (𝑥𝑠1 , . . . , 𝑥𝑠𝑛 , •)

]
(𝑥𝑠𝑛 );

(iii) 𝐸 is downward continuous on 𝒟𝛿,b; and

(iv) 𝐸 is upward continuous on ℳb;

Moreover, the restriction of 𝐸 to ℳb is the unique sublinear
expectation that has these four properties.

Proof Follows from Theorem 11, Propositions 10 and 6,
Theorem 3 and Corollary 4.

In comparison to Theorem 5.6 in [9], Theorem 12 has
a more limited scope, since the former involves convex
expectations, a Polish space as state space and a ‘two-
parameter semigroup’. Theorem 12 is more useful though,
since the domain in this result is much more rich than the
one in [9, Theorem 5.6]—which only includes bounded
functions on the set of all paths that are measurable with
respect to the (for many purposes inadequate) product
𝜎-algebra. A similar comparison can be made between
Theorem 12 on the one hand and Theorem 2.5 in [26] and
Remark 5.4 [27]—which rely on Theorem 5.6 in [9]— on
the other hand, the difference with before being that all of
these results assume a countable state space and start from
a one-parameter semigroup.
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4.4. Examples of Sublinear Markov Semigroups

Theorem 12 is only useful if we can actually construct and/or
determine a sublinear Markov semigroup. To conclude this
section, we list some existing results which do exactly that.

The Linear Case Consider a (linear) Markov semig-
roup (T𝑡 )𝑡 ∈ℝ≥0 , that is, a sublinear Markov semigroup that
consists of linear (transition) operators. Then it follows
from our assumptions—and the Daniell–Stone Theorem—
that the matrix representation of (T𝑡 )𝑡 ∈ℝ≥0 is in one-to-one
correspondence with what is known as a transition (matrix)
function—sometimes also ‘transition matrix’, see [1, § 1.1],
[32, Example III.3.6], [20, Section 23.10] and [3, Part II,
§1]. The semigroup (T𝑡 )𝑡 ∈ℝ≥0 having uniformly bounded
rate not only suffices for the condition in Eqn. (5) but is
also necessary—see for example [20, Section 23.11] or
[3, Section II.19, Theorem 2]—and under this condition,
the Markov semigroup (T𝑡 )𝑡 ∈ℝ≥0 is generated by a unique
bounded linear operator Q, in the sense that for all 𝑡 ∈ ℝ>0,

T𝑡 = 𝑒𝑡Q = lim
𝑛→+∞

(
I + 𝑡

𝑛
Q
)𝑛

=

+∞∑︁
𝑛=0

𝑡𝑛Q𝑛

𝑛!
; (10)

this unique operator Q is given by

Q = lim
𝑡↘0

T𝑡 − I
𝑡

and is a rate operator that is downward continuous.
Conversely, any bounded rate operator Q ∈ 𝕆b gener-

ates a semigroup (𝑒𝑡Q)𝑡 ∈ℝ≥0 of transition operators that
has uniformly bounded rate; even more, this semigroup is
not only strongly continuous but also uniformly continu-
ous. Finally, it can be verified that (𝑒𝑡Q)𝑡 ∈ℝ≥0 is a Markov
semigroup—or equivalently, that for all 𝑡 ∈ ℝ>0, 𝑒𝑡Q is
downward continuous—if (and then only if) Q is downward
continuous; this is trivially the case whenever𝒳 is finite.
For more details regarding linear (uniformly continuous)
semigroups and exponentials of bounded linear operators,
we refer the reader to [20, 11] and references therein.

The Finite-State Case The aforementioned results in the
linear case translate to the sublinear case, at least when
the state space𝒳 is finite. In my doctoral dissertation [13,
Theorem 3.75 and Lemma 3.76], I show that an upper
transition semigroup (T𝑡 )𝑡 ∈ℝ≥0 has uniformly bounded rate
if and only if it satisfies Eqn. (5), and in that case

Q B lim
𝑡↘

T𝑡 − I
𝑡

is the unique (necessarily bounded) upper rate operator such
that

T𝑡 = 𝑒𝑡Q B lim
𝑛→+∞

(
I + 𝑡

𝑛
Q
)𝑛

for all 𝑡 ∈ ℝ≥0.

Conversely, for any upper rate operatorQ, the corresponding
family of exponentials (𝑒𝑡Q)𝑡 ∈ℝ≥0 is an upper transition
semigroup that has uniformly bounded rate and is uniformly
(and therefore strongly) continuous [22, 6, 38]. Nendel [26,
Proposition 4.9] show that for any bounded set 𝒬 ⊆ 𝔔

with upper envelope Q, (𝑒𝑡Q)𝑡 ∈ℝ≥0 is the pointwise smallest
semigroup such that 𝑒𝑡Q 𝑓 ≤ 𝑒𝑡Q 𝑓 for all Q ∈ 𝒬 and
𝑡 ∈ ℝ>0.

The Infinite-State Case The remaining case that 𝒳 is
countably infinite has received less attention. Nendel [27,
Section 5] constructs a strongly continuous upper transition
semigroup (N𝑡 )𝑡 ∈ℝ≥0 as follows. The starting point is a
set {(T𝑖𝑡 )𝑡 ∈ℝ≥0 : 𝑖 ∈ I} of Markov semigroups. He then
constructs the induced Nisio semigroup (N𝑡 )𝑡 ∈ℝ≥0 , and
shows that it is the pointwise smallest semigroup that
dominates each of the Markov semigroups in this set. In the
special case that (T𝑖𝑡 )𝑡 ∈ℝ≥0 has uniformly bounded rate for
all 𝑖 ∈ I, we collect their generators in

ℛ B

{
lim
𝑡↘0

T𝑖𝑡 − I
𝑡
: 𝑖 ∈ I

}
;

under the assumption that sup{‖Q‖ : Q ∈ ℛ} < +∞,
Nendel [27, Remark 5.6] shows that the Nisio semig-
roup (N𝑡 )𝑡 ∈ℝ≥0 is strongly continuous, and that

lim
𝑡↘0

N𝑡 𝑓 − 𝑓

𝑡
= R 𝑓 for all 𝑓 ∈ ℒ,

where R is the upper envelope of the (bounded) setℛ of
generators of the Markov semigroups.
Unfortunately, it is not immediately clear whether there

are conditions on the set of Markov semigroups under
which the induced Nisio semigroup (N𝑡 )𝑡 ∈ℝ≥0 is a sublinear
Markov semigroup that has uniformly bounded rate. In
order to adhere to the page limit, I’ve chosen not to pursue
this avenue in its full generality here; we will, however, treat
one example where this is the case.
Henceforth, we let 𝒳 B ℤ≥0, and we fix some rate in-

terval 𝛬 B [𝜆, 𝜆] ⊂ ℝ≥0. We define the sublinear Poisson
generator L: ℒ → ℒ for all 𝑓 ∈ ℒ by

L 𝑓 : ℤ≥0 → ℝ : 𝑧 ↦→ max{𝜆( 𝑓 (𝑧 + 1) − 𝑓 (𝑧)) : 𝜆 ∈ 𝛬}.

It is easy to verify that L is a bounded upper rate operator.
The sublinear Poisson generator L is the pointwise upper
envelope of a bounded set of bounded rate operators, for
example the sets {L𝜆 : 𝜆 ∈ 𝛬} and {L𝜆,L𝜆} of Poisson gen-
erators, where for all 𝜆 ∈ ℝ>0, the corresponding Poisson
generator L𝜆 ∈ 𝕆b is defined for all 𝑓 ∈ ℒ by

L𝜆 𝑓 : ℤ≥0 → ℝ : 𝑧 ↦→ 𝜆( 𝑓 (𝑧 + 1) − 𝑓 (𝑧)).
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Erreygers and De Bock [14, Theorem 10] show that for
all 𝑡 ∈ ℝ>0,

M𝑡 B lim
𝑛→+∞

(
I + 𝑡

𝑛
L
)𝑛

exists. Furthermore, it is shown in [15, Theorem 45, Pro-
position 48 and Lemma 51] that (M𝑡 )𝑡 ∈ℝ≥0 is a uniformly
continuous semigroup of upper transition operators with

lim
𝑡↘0

M𝑡 − I
𝑡

= L. (11)

First and foremost, Eqn. (11) implies that (M𝑡 )𝑡 ∈ℝ≥0 is the
Nisio semigroup induced by the sets {(𝑀𝜆,𝑡 )𝑡 ∈ℝ≥0 : 𝜆 ∈ 𝛬}
and {(𝑀𝜆,𝑡 )𝑡 ∈ℝ≥0 : 𝜆 ∈ {𝜆, 𝜆}}, where for all 𝜆 ∈ ℝ≥0,
(𝑀𝜆,𝑡 )𝑡 ∈ℝ≥0 is the Markov semigroup induced by the Pois-
son generator L𝜆. Second, Eqn. (11) implies the condition in
Eqn. (4). Third, it turns out thatM𝑡 is downward continuous
for all 𝑡 ∈ ℝ>0, whichmakes theNisio semigroup (M𝑡 )𝑡 ∈ℝ≥0
a sublinear Markov semigroup with uniformly bounded rate;
the proof of this result exclusively uses results from [14, 15],
and can be found in the Supplementary Material.

Proposition 13 The family (M𝑡 )𝑡 ∈ℝ≥0 is a sublinear
Markov semigroup that has uniformly bounded rate.

5. Conclusion
We have investigated sublinear expectations for countable-
state uncertain processes, more specifically (i) how an
upper (or sublinear) expectation on the (bounded) finitary
functions is in one-to-one correspondence with a consistent
collection of finite-dimensional upper expectations; (ii) how,
under the condition of downward continuity, we can extend
such an upper expectation to a sublinear expectation on
the bounded above or below measurable functions that is
upward and downward continuous on (a large part of) its
domain; and (iii) how we can get an upper expectation on
the bounded finitary functions that satisfies the downward-
continuity condition by combining a downward-continuous
upper expectation with a sublinear Markov semigroup.
Inevitably, we have left some questions unanswered. The

first one that springs to mind is whether in Corollary 4 we
can achieve uniqueness on the entire domain M(D) in-
stead of only on the bounded below partMb (D). A second
interesting question is whether the condition in Theorem 7
is not only sufficient but also necessary; the results in [16]
suggest that this is not the case, and may provide guidance
to find a necessary condition in terms of the upper expect-
ation. These results could also provide the key to relax
the requirement of sublinearity in Theorem 7 to convexity.
Finally, in Section 4.4 we did not investigate whether every
(downward-continuous) bounded upper rate operator gener-
ates a semigroup of (downward-continuous) upper transition
operators. I have confirmed–but not yet published—that

this is indeed the case for bounded upper rate operators;
dealing with unbounded upper rate operators—which can
only occur if 𝒳 is infinite—appears to be more involved
though, and is the subject of ongoing research.
Even more general would be to shift to sublinear Feller

processes, so Markov processes with uncountable state
spaces. Nendel and Röckner [28] have already taken the
first steps in the investigation of sublinear Feller semig-
roups, but a lot more work is needed to establish a robust
version—so with sublinear expectations instead of linear
ones—of the Dynkin–Kinney–Blumenthal Theorem [32,
Theorem II.7.17].
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