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Supplementary Material for ’Open World Dempster-Shafer Using
Complementary Sets”

Theorem 4 Let my and my be CBPAs with frame of discernments Q1 and Q, respectively. For a new frame of discernment
Q, the evaluation distributes through the conjunctive join,

milo ® mylo = (m ®ms)|o .

Proof Proven directly.

For w € 29:
(milo ® malo)(w) = Z mi|o(u) - ma|o(v) (by conjunctive join definition)
ue2®
ve2s?
unv=w
= Z Z my(x) |- Z my(y) (by evaluation of CBPAs Equation (4))
ue2? | xe21 xB ye222 xB
ve2®? X|o=u y]e=v
unv=w
= > D ml@m+ D m(eE|| D, m(sTH+ Y ma((t,F))
ue2®? qe2* re29 5€22 te2
vﬂEZ_Q (g.T)|o=u (r.F)|o=u (s,T)|@=v (t,F)|o=v

(by splitting complementary focal elements into 7 and F' components)

= > | 2L m@m)+ Y, mi(F) || Y, m(s D)+ Y, ma((tF)

ue2®? | ge2 re2¢ 5€2% 122
ve2? \Qng=u Q-r=u Qns=v Q-t=v
unv=w

( by evaluation of complementary focal elements Equation (3))

- 3 (X mt@ny Y w3 mian: Y, mr)

ue2? ‘ge2i €2 g2 122

ve2? Qng=u Qns=v Qng=u Q-t=v
unv=w
£ m((nF) - Y m(s D)+ Y mi((rF) - Y mz((t,F)))
re2i 5€22 re2<i te2%

Q-r=u Qns=v Q-r=u Q-t=v

(by distributive expansion of a product of sums)

= > m@m) m(sD)+ Y mi(g.7) - ma((t, F))

qe2* qe21
5€2% 122
(QNng)N(LNs)=w (Qng)N(L-t)=w
D (e F) m(s T+ Y mi((n F)) - ma((t,F))
re2 re2@i
s€2% 12
(Q-r)N(Q2Ns)=w (Q-r)N(Q-t)=w

(by substitution)



= Y m@D) masTH+ Y ml(g.T)  ma((t, F))

qe21 qe21

5€2% 12

Qn(gns)=w QNn(g-t)=w

> () m((sT)+Y mi((r F) - ma((1,F)) (by set theory)
re2®i re2®i

5€2%2 te2

QN (s—r)=w Q—(rut)=w
= D) m@D) m((s T+ Y. mi(g. 1) - ma(t, F))
ge22i g2

5€252 te2

(gns,T)|o=w (g-1.T)|o=w

Y m P ma(s )Y mi((F) - mal( F))

re29i re29

s€22% 12

(s=r,T)|o=w (rut,F)|lo=w

(by evaluation of complementary focal elements Equation (3))

= > m@D)ms TN+ Y m(@ D) ma(tF))

qe21 qe21
5€2% 1€22
((q.T)N(s.T))lo=w (g, T)N(t,F))|o=w
Y m ) ms T+ Y m((nF)) - ma(( F)
re2i re2%i
5€22 te2
((s,T)N(r,F))|o=w ((r,F)N(t,F))|lo=w

(by intersection identities Equation (6))

= D m)m)
x€291 xB
ye22 xB
(xNy)lo=w

(by contracting T and F' components into complementary focal elements)

Z Z my(x) - my(y) (by substitution)

2€291Y92 x B x €291 xB
zZlo=w  ye22xB

(xNy)=z
= Z (my ® my)(2) (by conjunctive join Definition 3)
7€2°1V xB
Z|Q:W
= (m; ® my)|o(w) (by evaluation of CBPAs Equation (4))
|
Theorem 6 For a CBPA m with a frame of discernment Q and for u € 2%,
bel, ((u,T)) < bely, (1) < bel,, ((2—u, F)) .
Proof Done directly as two inequalities.
bel,, ((u,T)) = Z m(x) (by belief Definition 5)
x€22xB
xC(u,T)
x#(0,T)
= > mem)+ > m((v,F)
ve2? ve2®?
v, T)C(u,T) (v,F)C(u,T)
(v, T)#(0,T) (v,F)#(0,T)

(by splitting complementary focal elements into 7 and F components)



belm‘g (u)

Theorem 8 For a CBPA m with a frame of discernment Q and for u € 22,
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>, m((v.1)

ve2?
vQu
v£0D
< ) (v, 1) +m((2 = v, F)))
ve2®
vQu
v£0
= > mlo(v)
ve2?
vQu
v£Q
=belm|9(u)
= > mlo(v)
ve2?
vCu
v#£0
= > (m((, 1) +m((Q = v, F)))
ve2?
vQu
v£0Q
= > m((, D)+ Y m((Q=v,F))
ve2? ve2?
vCQu vQu
v#0 v#0
= D, mm)+ Y m(@-v.F)
ve22 ve2?
v (R2-u)=0 Q-ucQ-v
v#£0 v#£0
< D m@m)+ ) m((Q-v,F)
ve2? ve2®
vN(2-u)=0 Q-ucQ-v
v#£0
= D> m(emD)+ D m((y,F)
ve2? ye2?
vN(Q2-u)=0 Q-ucy
v£0
= > mE
xe29 xB
xC(Q2-u,F)
x#(0,T)

= beln (2 — u, F))

Proof Done directly in two steps.

pl, ((u,T))

Z m(x)

x€29xB
xN(u,T)#(0,T)

Z m((v,T)) + Z

29 29
(v,T)ﬁ‘(/LiT)¢(®,T) (V,F)ﬁ‘(/liT)i((D,T)

m((v, F))

(by subset identities Equation (10))

(by adding additional components)

(by evaluation identity Equation (5))

(by belief definition)

(by belief definition)

(by evaluation identity Equation (5))

(by distributive property)

(by set theory)

(by adding additional components)

(change of variables, y = Q —v)

(by contracting T and F' components into complementary focal elements)

(by belief Definition 5)
|

(by plausibility Definition 7)

(by splitting complementary focal elements into 7 and F components)



Z m((v,T)) + Z m((v, F)) (by intersection identities Equation (6))

ve2? ve2?
vNu#d u—v#0
= Z m((v,T)) + Z m((v, F)) (by set theory)
ve2? ve2?
QnvNu#d (Q-v)Nu#0
= 2| 2 mI)+ Y m((F) (by algebra)
we2? ve2? ve2?
wNu#d \QNv=w Q-v=w
= > D> mmy+ D m(w,F)
we2? ve2® ve2?
wnuzd \(v,T)|o=w (v,F)|o=w
(by evaluation of complementary focal elements Equation (3))
= Z Z m(x) (by contracting T and F' components into complementary focal elements)

we2? xe29xB
wNu#d x|o=w

= Z m|o(w) (by evaluation of CBPAs Equation (4))
we2®
wNuzd

= Pl (1) (by plausibility definition)

With the first equality pl,,((«,T)) = pl,,|,, (u) shown to be true, we now prove pl,,,((u,T)) < pl,,((2 —u, F)).

pl, (@)= > mk) (by plausibility Definition 7)

x€22xB
xN(u,T)#(0,T)

- D m((v,T)) + > m((v, F))

29 €29

(v.T)N1.T)#(0.T) (v F)n(.T)#(0.T)
(by splitting complementary focal elements into 7 and F components)
= Z m((v,T)) + Z m((v, F)) (by intersection identities Equation (6))
ve2? ve2?
vNu#0 u-v#0
< Z m((v,T)) + Z m((v, F)) (by adding additional components)
ve2? ve2®?
vNu#0
= > mmD)+ Y m(v, F)) (by set theory)
ve2? ve2®?
v—(Q2-u)#0
= Z m((v,T)) + Z m((v, F)) (by intersection identities Equation (6))
ve2? ve2??
v, T)N(Q~-u,F)#(0,T) (v, F)N(Q—-u,F)#(0,T)
= Z m(x) (by contracting T and F components into complementary focal elements)
x€2° xB
xN(D-u,F)#(0,T)
=plL,((2-u,F)) (by plausibility Definition 7)
|

Theorem 9 Belief and plausibility are related through the following equation:

m((0,7T)) +bel((u, —a) + pl((u,a)) =1 (1)
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Proof We prove this by breaking it up into two cases and expanding.
Case l:a=T

m((0,T)) +bel((u, F) +pl((u,T))

=m((0,T)) + Z m(x) + Z m(x) (by belief and plausibility Definitions 5 and 7)
x€29xB x€29xB
xC(u,F) xN(u,T)#(0,T)
x#(0,T)
= Z m(x) + Z m(x) (by grouping the first two terms together)
x€29xB x€29xB
xC(u,F) xN(u,T)+(0,T)
= > om@T)+ D mmE)+ Y m(nD)+ Y m((vF))
ve2? ve2? ve2? ve2?
(v, T)S(u,F) (v.F)C(u,F) (. T)N(w,T)#(0.T) (v, F)N(u.T)#(0,T)

(by splitting complementary focal elements into 7 and F' components)

D, m( T+ Y m((v P+ Ym0 T)+ D m((v, F))

ve2? ve2®? ve2? ve2?
vu=0 ucv unv#0Q u-v#£0

(by applying intersection and subset Equations (6) and (10))
Z m((v,T)) + Z m((v, F)) (by grouping like terms, m((v, T)) together and m((v, F)) together)

ve2? ve2?

= Z m(x) (by contracting 7" and F' components into complementary focal elements)
x€29xB

=1 (by CBPA Definition 2)

Case2:a=F

m((0,7)) +bel((u,T) +pl((u, F))

=m((0,1)+ Y, m@+ > m (by belief and plausibility Definitions 5 and 7)
x€29xB x€29xB
xC(u,T) xN(u,F)+(0,T)
x#(0,T)
= Z m(x) + Z m(x) (by grouping the first two terms together)
x€29xB x€29xB
xC(u,T) xN(u,F)#(0,T)
= > mem)+ D> m )+ Y o m@ T+ Y m((vF)
ve2? ve2® ve2? ve2®
v, T)<(u,T) (v,F)<(u,T) v, T)N(u,F)#(0,T) W, F)N(u,F)#(0,T)

(by splitting complementary focal elements into 7 and F' components)

DL mw TN+ D m(w D)+ Y, m((v, F)

ve2? ve2? ve2®
vCQu v—u#0
(by applying intersection and subset Equations (6) and (10))
= Z m((v,T)) + Z m((v, F)) (by grouping like terms, m((v,T)) together)
ve2? ve2?
= Z m(x) (by contracting T and F components into complementary focal elements)
x€29xB
=1 (by CBPA Definition 2)



