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A NEURAL TANGENT KERNEL AT INITIALIZATION

A.1 PROOF OF LEMMA 4.1

We start with a result which explicitly shows that the output ∥α(l)∥2 is sub-Gaussian for Gaussian random weights. We
recall that we are assuming ϕ(0) = 0, and note that the result can be extended to the general case straightforwardly.

Lemma A.1. Let A(l) = [α(l)(xi)] ∈ Rn×ml be the outputs of layer l. For g ∼ N (0ml−1
, σ2Iml−1

), let ϑ(l) =

ϕ( 1√
ml−1

A(l−1)g) ∈ Rn. Then, ∥ϑ(l)∥2 is a sub-Gaussian random variable with
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∥∥∥∥∥
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2

∥∥∥∥∥
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√
2(
√
log n+ 1)σ
√
ml−1

∥A(l−1)∥F

for some absolute constant c > 0.

Proof. First, note that since ϕ is 1-Lipschitz and ϕ(0) = 0, we have
∥∥∥ϕ( 1√

ml−1
A(l−1)g)

∥∥∥
2
≤
∥∥∥ 1√

ml−1
A(l−1)g

∥∥∥
2
. Now,

P

(∥∥∥∥ 1
√
ml−1

A(l−1)g

∥∥∥∥2
2

≥ ϵ2
1

ml−1
∥A(l−1)∥2F

)
= P

(
1

ml−1

n∑
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⟨α(l−1)
i , g⟩2 ≥ ϵ2

1

ml−1

n∑
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∥α(l−1)
i ∥22

)

≤
n∑
i=1

P
(

1

ml−1
⟨α(l−1)
i , g⟩2 ≥ ϵ2

1

ml−1
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i ∥22
)

=

n∑
i=1

P
(
|⟨α(l−1)

i , g⟩| ≥ ϵ∥α(l−1)
i ∥2

)
≤ 2n exp

(
− ϵ2

2σ2

)
.

In other words, with ϵ̃ = ϵ√
ml−1

∥A(l−1)∥F , for all ϵ̃ > 0 we have

P

(∥∥∥∥ 1
√
ml−1

A(l−1)g

∥∥∥∥
2

≥ ϵ̃

)
≤ 2n exp

(
− ml−1ϵ̃

2
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)
.
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Now, with ϵ̃ = σ
√
2 logn√
ml−1

∥A(l−1)∥F + ϵ, for all ϵ > 0 we have

P

(∥∥∥∥ 1
√
ml−1

A(l−1)g

∥∥∥∥
2

≥ σ
√
2 log n

√
ml−1

∥A(l−1)∥F + ϵ

)
≤ 2n exp (− log n) exp

(
− ml−1ϵ

2

2σ2∥A(l−1)∥2F

)

⇒ P

(∥∥∥∥ϕ( 1
√
ml−1

A(l−1)g

)∥∥∥∥
2

≥ σ
√
2 log n

√
ml−1

∥A(l−1)∥F + ϵ

)
≤ 2 exp

(
− ml−1ϵ

2

2σ2∥A(l−1)∥2F

)
.

Then, from Proposition A.1, it follows that ∥ϕ( 1√
ml−1

A(l−1)g)∥2 is sub-Gaussian with∥∥∥∥∥
∥∥∥∥ϕ( 1

√
ml−1

A(l−1)g

)∥∥∥∥
2

∥∥∥∥∥
ψ2

≤ c

√
2(
√
log n+ 1)σ
√
ml−1

∥A(l−1)∥F ,

for some absolute constant c. This completes the proof.

Proposition A.1. Let a1, a2 > 0. If a non-negative random variable Z satisfies P(Z ≥ a1 + ϵ) ≤ 2 exp(−ϵ2/a22), then
∥Z∥ψ2

≤ c(a1 + a2), where c is an absolute constant.

Proof. Note thatZ−a1 = [Z−a1]−+[Z−a1]+. SinceZ is non-negative, |[Z−a1]−| ≤ a1 implying ∥[Z−a1]−∥ψ2
≤ c1a1,

where c1 is an absolute constant. Further, by definition, [Z − a1]+ is sub-Gaussian with ∥[Z − a1]+∥ψ2
≤ c2a2, where c2 is

an absolute constant. Now, by triangle inequality

∥Z∥ψ2
= ∥a1 + [Z − a1]− + [Z − a1]+∥ψ2

≤ a1 + ∥[Z − a1]−∥ψ2
+ ∥[Z − a1]+∥ψ2

≤ a1 + c1a1 + c2a2

≤ c(a1 + a2) ,

where c = max(1 + c1, c2). That competes the proof.

We are now ready to prove Lemma 4.1.

Proof of Lemma 4.1. Let ϑ(l) = ϕ( 1√
ml−1

A(l−1)g) ∈ Rn. If ml < n, then λmin(A
(l)(A(l))⊤) = 0. So, we as-

sume ml ≥ n. Let wj ∈ Rml−1 denote the j-th row of W (l)
0 . For a given t > 0, let Â(l) ∈ Rn×ml so that

Â
(l)
:,j = ϕ( 1√

ml
A(l−1)w⊤

j )1[∥ϕ( 1√
ml
A(l−1)w⊤

j ∥2≤t] ∈ Rml−1 and ϑ̂(l) = ϕ( 1√
ml
A(l−1)g)1[∥ϕ( 1√

ml
A(l−1)g∥2≤t] ∈ Rn. Then,

we have

(i) λmin(A
(l)(A(l))⊤) ≥ λmin(Â

(l)(Â(l))⊤) ,

(ii) λmax(Â
(l)
:,j (Â

(l)
:,j )

⊤) ≤ t2 ,

where (i) follows immediately by definition of Â(l) and (ii) follows since for any unit vector v ∈ Rn, v⊤Â(l)
:,j (Â

(l)
:,j )

⊤v =

⟨v, Â(l)
:,j ⟩2 ≤ ∥Â(l)

:,j∥22 ≤ t2.

From Lemma A.1, we know that ∥∥ϑ(l)∥2∥ψ2
≤ c1

√
2(

√
logn+1)σ√
m

∥A(l−1)∥F . Recall that for any subGaussian random

variable Z, P(Z ≥ t) ≤ exp(1 − ct2/∥Z∥2ψ2
) for some absolute constant c. For our analysis with ∥ϑ(l)∥2, for a suitable

constant a > 0 we will use

t =

√
2(
√
log n+ 1)σ∥A(l−1)∥F√

cml−1

√
max

(
1, log

2a(
√
log n+ 1)2σ2∥A(l−1)∥2F

cλlml−1

)
. (1)

Let

Gl := Eg∼N (0ml−1
,σ2Iml−1

)

[
ϑ(l)(ϑ(l))⊤

]
= Eg∼N (0ml−1

,σ2Iml−1
)

[
ϕ

(
1

√
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A(l−1)g

)
ϕ

(
1

√
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A(l−1)g

)⊤
]
,

Ĝl := Eg∼N (0ml−1
,σ2Iml−1

)

[
ϑ̂(l)(ϑ̂(l))⊤

]
= Eg∼N (0ml−1

,σ2Iml−1
)

[
ϕ

(
1

√
ml−1

A(l−1)g

)
ϕ

(
1

√
ml−1

A(l−1)g

)⊤

1[∥ϕ( 1√
ml−1

A(l−1)g)∥2≤t]

]
.

2



Note that λl = λmin(Gl).

By Matrix Chernoff bound, for any ϵ ∈ [0, 1), we have

P
(
λmin(Â

(l)(Â(l))⊤) ≤ (1− ϵ)λmin(EW (l)
0
[Â(l)(Â(l))⊤])

)
≤ n

(
e−ϵ

(1− ϵ)1−ϵ

)λmin

(
E
W

(l)
0

[Â(l)(Â(l))⊤]

)
/t2

.

For ϵ = 1/2, with c3 = 1
2 (1− log 2), we have

P
(
λmin(Â

(l)(Â(l))⊤) ≤ ml

2
λmin(Ĝl)

)
≤ exp

(
−c3ml

t2
λmin(Ĝ) + log n

)
,

where we used the fact that E
W

(l)
0
[Â(l)(Â(l))⊤] = mlEg∼N (0ml−1

,σ2Iml−1
)[ϑ̂

(l)(ϑ̂(l))⊤] = mlĜl.

With ml ≥ t2

c3λmin(Ĝl)
log n

δ̄
, with probability at least (1− δ̄) we have

λmin(Â
(l)(Â(l))⊤) ≥ ml

2
λmin(Ĝl) . (2)

Now, note that

∥Ĝl −Gl∥2 ≤ Eg∼N (0ml−1
,σ2Iml−1

)

∥∥∥∥∥ϕ
(

1
√
ml−1

A(l−1)g

)
ϕ

(
1

√
ml−1

A(l−1)g

)⊤

1[∥ϕ( 1√
ml−1

A(l−1)g)∥2≤t]

− ϕ

(
1

√
ml−1

A(l−1)g

)
ϕ

(
1

√
ml−1

A(l−1)g

)⊤
∥∥∥∥∥
2

= Eg∼N (0ml−1
,σ2Iml−1

)

[∥∥∥∥ϕ( 1
√
ml−1

A(l−1)g

)∥∥∥∥2
2

1[∥ϕ( 1√
ml−1

A(l−1)g)∥2>t]

]
(a)
=

∫ ∞

s=0

P

(∥∥∥∥ϕ( 1
√
ml−1

A(l−1)g

)∥∥∥∥
2

1[∥ϕ( 1√
ml−1

A(l−1)g)∥2>t] >
√
s

)
ds

=

∫ ∞

s=0

P

(∥∥∥∥ϕ( 1
√
ml−1

A(l−1)g

)∥∥∥∥
2

> t

)
P

(∥∥∥∥ϕ( 1
√
ml−1

A(l−1)g

)∥∥∥∥
2

>
√
s

)
ds

(b)

≤ exp(2) exp

(
−c ml−1t

2

2(
√
log n+ 1)2σ2∥A(l−1)∥2F

)∫ ∞

s=0

exp

(
−c ml−1s

2(
√
log n+ 1)2σ2∥A(l−1)∥2F

)
ds

(c)
= exp(2) exp

(
−max

(
1, log

2a(
√
log n+ 1)2σ2∥A(l−1)∥2F

cλlml−1

))
2(
√
log n+ 1)2σ2∥A(l−1)∥2F

cml−1
,

where (a) follows since for any non-negative random variable Z, E[Z] =
∫∞
0

P(Z ≥ s)ds, (b) follows from Lemma A.1,
and (c) follows from our choice of t in (1) and since for b > 0,

∫∞
0

exp(−s/b)ds = b. To simplify further, we consider the
following two exhaustive cases:

Case 1. Assume

2a(
√
log n+ 1)2σ2∥A(l−1)∥2F

cλlml−1
≤ exp(1) ⇒ 2(

√
log n+ 1)2σ2∥A(l−1)∥2F

cml−1
≤ λl

a
exp(1) .

Then,

∥Ĝl −Gl∥2 ≤ exp(2) exp(−1)
2(
√
log n+ 1)2σ2∥A(l−1)∥2F

cml−1
≤ exp(2) exp(−1) exp(1)

λl
a

=
exp(2)

a
λl

(a)

≤ λl
2
,

where (a) follows if a ≥ 2 exp(2).

Case 2. On the other hand, assume

2a(
√
log n+ 1)2σ2∥A(l−1)∥2F

cml−1λl
≥ exp(1) .
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Then,

∥Ĝl −Gl∥2 ≤ exp(2)
cλlml−1

2a(
√
log n+ 1)2σ2∥A(l−1)∥2F

2(
√
log n+ 1)2σ2∥A(l−1)∥2F

cml−1
=

exp(2)

a
λl

(a)

≤ λl
2
,

where (a) follows if a ≥ 2 exp(2). Thus, choosing a = 15 in (1) ensures ∥Ĝl −Gl∥2 ≤ λl

2 . As a result,

λmin(Ĝl) ≥ λmin(Gl)− ∥Ĝl −Gl∥2 ≥ λl/2. (3)

Then, for ml ≥ 2t2

c3λl
log n

δ̄
, with probability at least (1− δ̄) we have

λmin(A
(l)(A(l))⊤) ≥ λmin(Â

(l)(Â(l))⊤)
(a)

≥ ml

2
λmin(Ĝ)

(b)

≥ ml

4
λl .

where (a) follows from (2) and (b) from (3). Finally, note that we have used ml ≥ n and ml ≥ t2

c3λmin(Ĝ)
log n

δ̄
in the above

analysis. Then, with v =
2(

√
logn+1)2σ2∥A(l−1)∥2

F

c3λlml−1
, the choice of t in (1), and a = 15, and noting that λmin(Ĝ) ≥ λl/2, the

analysis holds if we have

ml ≥ max
(
n, c2vmax(1, log(15v)) log

n

δ̄

)
.

for some constant c2 > 0. Choosing δ̄ = δ
L completes the proof.

A.2 PROOF OF LEMMA 4.2

Proof of Lemma 4.2. We do the proof by induction. Let x ∈ {xi, i ∈ [n]}. For l = 0, ∥α(0)(xi)∥22 = ∥xi∥22 = cϕ,σ0
d. For

l = 0 and m0 = d, so the result is satisfied at l = 0 almost surely.

Assume that the result holds for a certain l, so that for any i ∈ [n]

cϕ,σ0

(
1− hC(l)

2hC(L)

)
ml ≤ min

i∈[n]
∥αl(x)∥22 ≤ max

i∈[n]
∥α(l)(x)∥22 ≤ cϕ,σ0

(
1 +

hC(l)

2hC(L)

)
ml

⇒ max
i∈[n]

∣∣∣∣∥α(l)(x)∥22
cϕ,σ0

ml
− 1

∣∣∣∣ ≤ hC(l)

2hC(L)
. (4)

We condition on {W (l′)
0 , l′ ∈ [l]}, and focus on layer α(l+1) with random weights W (l+1)

0 = [w1,:; · · · ;wml+1,:] ∈
Rml+1×ml . Note that ∥α(l+1)(x)∥22 =

∑ml+1

j=1 (α
(l+1)
j (x))2. Since ϕ is 1-Lipschitz and ϕ(0) = 0, |ϕ(a)| ≤ |a|, we have

E
W

(l+1)
0

∥α(l+1)(x)∥22 =

ml+1∑
j=1

Ew0,j,: [(α
(l+1)
j (x))2] = ml+1E

g∼N
(
0ml

,
σ2
0

cϕ,σ0
Iml

) [ϕ2( 1
√
ml

⟨g, α(l)(x)⟩
)]

= ml+1E
g∼N

(
0ml

,
σ2
0

cϕ,σ0
Iml

) [ϕ2(∥α(l)(x)∥2√
ml

〈
g,

α(l)(x)

∥α(l)(x)∥2

〉)]

= ml+1E
z∼N

(
0,

σ2
0

cϕ,σ0

) [ϕ2(∥α(l)(x)∥2√
ml

z

)]
(5)

= ml+1Ez∼N (0,σ2
0)

[
ϕ2
(
∥α(l)(x)∥2√
cϕ,σ0

ml
z

)]
. (6)

Now, from Proposition A.2 with β = ∥α(l)(x)∥2√
cϕ,σ0ml

, we have

cϕ,σ0 − σ2
0

∣∣∣∣∥αl(x)∥22cϕ,σ0ml
− 1

∣∣∣∣ ≤ Ez∼N (0,σ2
0)

[
ϕ2
(
∥α(l)(x)∥2√
cϕ,σ0ml

z

)]
≤ cϕ,σ0 + σ2

0

∣∣∣∣∥αl(x)∥22cϕ,σ0ml
− 1

∣∣∣∣
(a)⇒ cϕ,σ0

(
1− ϑ20hC(l)

2hC(L)

)
≤ Ez∼N (0,σ2

0)

[
ϕ2
(
∥α(l)(x)∥2√
cϕ,σ0

ml
z

)]
≤ cϕ,σ0

(
1 +

ϑ20hC(l)

2hC(L)

)
, (7)
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where (a) follows from (4).

Combining (6) and (7), we have

cϕ,σ0

(
1− ϑ20hC(l)

2hC(L)

)
ml+1 ≤ E

W
(l+1)
0

∥α(l+1)(x)∥22 ≤ cϕ,σ0

(
1 +

ϑ20hC(l)

2hC(L)

)
ml+1 . (8)

Let κ := ∥(α(l+1)
j (x))2∥ψ1

. Then, we have κ = ∥(α(l+1)
j (x))∥2ψ2

(a)

≤ 4c̄σ2
0

mlcϕ,σ0
∥α(l)(x)∥22

(b)

≤ 6c̄σ2
0 = Õ(1), where (a)

follows from a similar procedure to Lemma A.1 where c̄ > 0 is some absolute constant, and (b) follows from (4).
Conditioned on {W (l′)

0 , l′ ∈ [L]}, since α(l+1)
j (x), j ∈ [ml+1], are independent, from Bernstein’s inequality we have

P

∣∣∣∣∣∣
ml+1∑
j=1

(α
(l+1)
j (x))2 − E

W
(l+1)
0

∥α(l+1)(x)∥22

∣∣∣∣∣∣ ≥ t

 ≤ 2 exp

[
−cmin

(
t2

ml+1κ2
,
t

κ

)]
for some absolute constant c > 0. Then, by union bound

P

max
i∈[n]

∣∣∣∣∣∣
ml+1∑
j=1

(α
(l+1)
j (xi))

2 − E
W

(l+1)
0

∥α(l+1)(x)∥22

∣∣∣∣∣∣ ≥ t

 ≤ 2n exp

[
−cmin

(
t2

ml+1κ2
,
t

κ

)]
Choosing t = cϕ,σ0

2hC(L)
κ

min(c,
√
c)
(ml+1)

3/4(logml+1 + log n) ≤ cϕ,σ0

2hC(L)ml+1, we have

E
W

(l+1)
0

∥α(l+1)(x)∥22 −
cϕ,σ0

2hC(L)
ml+1 ≤ min

i∈[n]
∥α(l+1)(xi)∥22 ≤ max

i∈[n]
∥α(l+1)(xi)∥22 ≤ E

W
(l+1)
0

∥α(l+1)(x)∥22 +
cϕ,σ0

2hC(L)
ml+1

(a)⇒ cϕ,σ0

(
1− 1 + ϑ20hC(l)

2hC(L)

)
ml+1 ≤ min

i∈[n]
∥α(l+1)(xi)∥22 ≤ max

i∈[n]
∥α(l+1)(xi)∥22 ≤ cϕ,σ0

(
1− 1 + ϑ20hC(l)

2hC(L)

)
ml+1

(b)⇒ cϕ,σ0

(
1− hC(l + 1)

2hC(L)

)
ml+1 ≤ min

i∈[n]
∥α(l+1)(xi)∥22 ≤ max

i∈[n]
∥α(l+1)(xi)∥22 ≤ cϕ,σ0

(
1− hC(l + 1)

2hC(L)

)
ml+1 ,

where (a) follows from (8) and (b) follows since hC(l + 1) = 1 + ϑ20hC(l), with probability at least

1− 2n exp

[
−min

(
c2ϕ,σ0

m
1/2
l+1

8hC(L)2
,
cϕ,σ0

m
3/4
l+1

4hC(L)

)
2(logml+1 + log n)

]
≥ 1− 2

m2
l

.

Applying union bound over all layers completes the proof.

Proposition A.2. Let cϕ,σ0
:= Ez∼N (0,σ2

0)
[ϕ2(z)]. Then,

cϕ,σ0
− σ2

0 |β2 − 1| ≤ Ez∼N (0,σ2
0)
[ϕ2(βz)] ≤ cϕ,σ0

+ σ2
0 |β2 − 1| .

Proof. We have∣∣∣Ez∼N (0,σ2
0)
[ϕ2(βz)]− Ez∼N (0,σ2

0)
[ϕ2(z)]

∣∣∣ ≤ Ez∼N (0,σ2
0)
[|ϕ2(βz)− ϕ2(z)|]

= Ez∼N (0,σ2
0)
[|ϕ(βz)− ϕ(z)||ϕ(βz) + ϕ(z)|]

(a)

≤ |β − 1|Ez∼N (0,σ2
0)
[|z|(|ϕ(βz)|+ |ϕ(z)|)]

(b)

≤ |β − 1|Ez∼N (0,σ2
0)
[|z|(β + 1)|z|)]

≤ |β2 − 1|Ez∼N (0,σ2
0)
[|z|2]

= σ2
0 |β2 − 1| ,

where (a) and (b) follows from the 1-Lipschitzness of ϕ. As a result, we have

cϕ,σ0
− σ2

0 |β2 − 1| ≤ Ez∼N (0,1)[ϕ
2(βz)] ≤ cϕ,σ0

+ σ2
0 |β2 − 1| .

This completes the proof.
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A.3 PROOF OF LEMMA 4.3

We start with a specific consequence of the Schur product theorem (Oymak and Soltanolkotabi, 2020, Lemma 6.5) applied
to r-th order Hadamard product of positive definitive matrices.

Proposition A.3. Let B = AA⊤ where A ∈ Rn×p. Let b0 = mini∈[n]Bii. Then, for any r ≥ 1 λmin((AA
⊤)⊙r) ≥

br−1
0 λmin(AA

⊤).

Proof. Recall that for PSD matrices P,Q, it holds that λmin(P ⊙Q) ≥ mini∈[n]Qii · λmin(P ). Further, note that Bii ≥ 0
and b0 ≥ 0 by construction. Then,

λmin((AA
⊤)⊙r) = λmin(B

⊙(r−1) ⊙B) ≥ min
i∈[n]

(B⊙(r−1))ii · λmin(B) ≤ br−1
0 λmin(AA

⊤) .

That completes the proof.

Now, we are ready to prove Lemma 4.3.

Proof of Lemma 4.3. For convenience, let

λl+1 := λmin

(
Eg∼N (0ml

,σ2Iml
)

[
ϕ

(
1

√
ml

A(l)g

)
ϕ

(
1

√
ml

(A(l)g)⊤
)])

Let Ul ∈ Rn×ml have ith row Ul,i: =
α(l)(xi)

∥α(l)(xi)∥2
, so that Ul is a row normalized version of A(l). Let Cl = diag(cl,i) where

cl,i =
∥α(l)(xi)∥2√

ml
. Note that 1√

ml
A(l) = ClUl. Further, from Lemma 4.2, mini,l cl,i ≥

√
cϕ,σ0

2 and maxi,l cl,i ≤
√

3cϕ,σ0

2

with probability at least 1 − 2n
∑L
l=1

1
ml

. Let M (l)
r (ϕ) = diag

(
µ
[c2iσ

2]
r (ϕ)

)
, and let (µ(l)

r,0)
2 = mini∈[n]

(
µ
[c2iσ

2]
r (ϕ)

)2
.

Then, for any integer r > 0, we have

λl+1 = λmin

(
Eg∼N (0ml

,σ2Iml
)

[
ϕ (ClUlg)ϕ (ClUlg)

⊤
])

(a)

≥ σ6r
(cϕ,σ0

2

)3r
λmin

(
(M (l)

r (ϕ)(Ul)
⋆r)(M (l)

r (ϕ)(Ul)
⋆r)⊤

)
(b)

≥ (µ
(l)
r,0)

2σ6r
(cϕ,σ0

2

)3r
λmin

(
((Ul)

⋆r)((Ul)
⋆r)⊤

)
≥ (µ

(l)
r,0)

2σ6r
(cϕ,σ0

2

)3r
λmin

(
(UlU

⊤
l )⊙r

)
(c)

≥ (µ
(l)
r,0)

2σ6r
(cϕ,σ0

2

)3r
λmin

(
UlU

⊤
l

)
= (µ

(l)
r,0)

2σ6r
(cϕ,σ0

2

)3r 1

ml
λmin

(
C−1
l A(l)(A(l))⊤C−1

l

)
≥ (µ

(l)
r,0)

2σ6r
(cϕ,σ0

2

)3r 2

3cϕ,σ0ml
λmin

(
A(l)(A(l))⊤

)
(d)

≥ (µ
(l)
r,0)

2σ6r
(cϕ,σ0

2

)3r 1

6cϕ,σ0

λl ,

where (a) follows from Lemma A.3,

Eg̃∼N (0ml
,σ2Iml

)

[
ϕ(ClUlg)ϕ(ClUlg)

⊤] ⪰ ∞∑
r′=0

σ6r′(min
i
cl,i)

6r′(M (l)
r (ϕ)(Ul)

⋆r′)(M (l)
r (ϕ)(Ul)

⋆r′)⊤

⪰ σ6r
(cϕ,σ0

2

)3r
(M (l)

r (ϕ)(Ul)
⋆r)(M (l)

r (ϕ)(Ul)
⋆r)⊤

for any r > 0; (b) follows since for a diagonal matrix M with µ2
0 = mini∈[n]M

2
ii and a compatible matrix U ,

inf
v:∥v∥2=1

v⊤(MU)(MU)⊤v = inf
v:∥v∥2=1

v⊤M(UU⊤)M⊤v ≥ inf
v:∥v∥2=1

v⊤MM⊤v inf
w:∥w∥2=1

w⊤UU⊤w

≥ µ2
0λmin(UU

⊤) ;
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(c) follows from Proposition A.3; and (d) follows from Lemma 4.1.

Proceeding recursively, using σ2 = ν20 =
σ2
0

cϕ,σ0
, we have

λl+1 ≥
(µ

(l)
r,0)

2

6cϕ,σ0

σ6r
(cϕ,σ0

2

)3r
λl

≥
(µ

(l)
r,0)

2

6cϕ,σ0

(
σ2
0

2

)3r

λl

≥

(
(µ

(l)
r,0)

2

6cϕ,σ0

)2(
σ2
0

2

)6r

λl−1

≥

(
(µ

(l)
r,0)

2

6cϕ,σ0

)l(
σ2
0

2

)3rl

λ1

That completes the proof.

A.4 BACKGROUND ON HERMITE POLYNOMIALS AND HERMITE SERIES EXPANSIONS

Let L2(R, w(x)) denote the set of all functions f : R → R such that∫ ∞

−∞
f2(x)w(x)dx <∞ . (9)

Probabilist’s and Physicist’s Hermite Polynomials. The normalized probabilist’s Hermite polynomials are given by:

Hr(x) =
(−1)r√
r!

e
x2

2
dr

dxr
e−

x2

2 . (10)

The polynomials are orthogonal with respect to the weight function w(x) = e−
x2

2 in the sense that∫ ∞

−∞
Hr(x)Hr′(x)w(x)dx =

√
2πδrr′ , (11)

where δrr′ = 1, if r = r′, and 0 otherwise, i.e., the Kronecker delta. The corresponding unnormalized probabilist’s Hermite
polynomials are given by H̄r(x) =

√
r!Hr(x).

The normalized physicist’s Hermite polynomials are respectively

H̃r(x) =
(−1)r√
r!

ex
2 dr

dxr
e−x

2

. (12)

The polynomials are orthogonal with respect to the weight function w̃(x) = e−x
2

in the sense that∫ ∞

−∞
H̃r(x)H̃r′(x)w̃(x)dx =

√
2π2rδrr′ , (13)

where δrr′ is the Kronecker delta. The corresponding unnormalized physicist’s Hermite polynomials are given by ¯̃Hr(x) =√
r!H̃r(x).

Generalized Hermite Polynomials. Our analysis of potentially inhomogeneous activation functions will need the substan-
tially more flexible notion of normalized generalized Hermite polynomials H [q]

r (x), for a given q > 0, which are orthogonal
with respect to w[q](x) = 1√

2πq
e−x

2/2a, and are given by

H [q]
r (x) =

(−1)r√
r!

e
x2

2q
dr

dxr
e−

x2

2q . (14)

7



It is easy to see that H [1]
r (x) = Hr(x), the probabilist’s Hermite polynomial in (10), and H [ 12 ]

r = H̃r(x), the physicist’s
Hermite polynomial in (12). Furthermore, the generalized Hermite polynomials can be written as scaled versions of
probabilist’s Hermite polynomials as

H [q]
r (x) = a

r
2Hr

(
x
√
q

)
. (15)

Hermite Series. The polynomials {Hr(x)}∞r=0 form an orthonormal basis for L2
(
R, e

−x2/2
√
2π

)
which is a Hilbert space

with inner product

⟨ϕ1, ϕ2⟩ =
∫ ∞

−∞
ϕ1(x)ϕ2(x)

e−x
2/2

√
2π

dx . (16)

Thus, any function in L2
(
R, e

−x2/2
√
2π

)
can be represented as a Hermite series expansion

ϕ(x) =

∞∑
r=0

µr(ϕ)Hr(x) , (17)

where µr(ϕ) is the r-th Hermite coefficient given by

µr(ϕ) =

∫ ∞

−∞
ϕ(z)Hr(z)

e−z
2/2

√
2π

dz . (18)

Note that ϕ ∈ L2
(
R, e

−x2/2
√
2π

)
if and only if ∥ϕ∥2 = ⟨ϕ, ϕ⟩ =

∑∞
r=0 µ

2
r(ϕ) <∞.

For our analysis with inhomogeneous activation functions, we will need to use Hermite series expansions with generalized

Hermite polynomials. The polynomials {H [q]
r (x)}∞r=0 form an orthonormal basis for L2

(
R, e

−x2/2a
√
2πa

)
which is a Hilbert

space with inner product

⟨ϕ1, ϕ2⟩ =
∫ ∞

−∞
ϕ1(x)ϕ2(x)

e−x
2/2q

√
2πq

dx . (19)

Any function in L2
(
R, e

−x2/2q
√
2πq

)
can be represented as a Hermite series expansion:

ϕ(x) =

∞∑
r=0

µ[q]
r (ϕ)H [q]

r (x) , (20)

where µ[q]
r (ϕ) is the r-th Hermite coefficient given by

µ[q]
r (ϕ) =

∫ ∞

−∞
ϕ(z)H [q]

r (z)
e−z

2/2q

√
2πq

dz . (21)

Note that ϕ ∈ L2
(
R, e

−x2/2q
√
2πq

)
if and only if ∥ϕ∥2 = ⟨ϕ, ϕ⟩ =

∑∞
r=0(µ

[q]
r (ϕ))2 <∞.

A.5 EXPECTATION OF PRODUCT OF HERMITE POLYNOMIALS

Our NTK analysis for general activation functions, including inhomogeneous functions, depends on the following key
result on expectation of product of Hermite polynomials. The equivalent prior analysis in (Oymak and Soltanolkotabi,
2020; Nguyen and Mondelli, 2020; Nguyen et al., 2021b) only works for homogeneous functions, and uses basic Hermite
polynomials. Our general analysis instead uses generalized Hermite polynomials.
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Lemma A.2. Let ux,uy ∈ Rd be unit vectors, and let cx, cy ∈ R++ be positive constants. Then, for r, r′ = 0, 1, . . . and
δrr′ denoting the Kronecker delta, we have

Eg̃∼N (0d,σ2Id)

[
H

[c2xσ
2]

r (cx⟨g̃,ux⟩)H
[c2yσ

2]

r′ (cy⟨g̃,uy⟩)
]
= σ6rc3rx c

3r
y ⟨ux,uy⟩rδrr′ . (22)

Proof. Let g ∼ N (0, Id) so that σg is identically distributed as g̃ ∼ N (0, σ2Id), and consider any s, t,∈ R. Then,

Eg̃∼N (0d,σ2Id) [exp(scx⟨g̃,ux⟩+ tcy⟨g̃,uy⟩)] = Eg∼N (0d,Id) [exp(sσcx⟨g,ux⟩+ tσcy⟨g,uy⟩)]

=

d∏
j=1

Eg∼N (0d,Id) [exp(sσcxgjux,j + tσcygjuy,j)]

=

d∏
j=1

exp

(
σ2(scxux,j + tcyuy,j)

2

2

)

= exp

(
s2σ2c2x

2
∥ux∥22 +

t2σ2cy
2

∥uy∥22 + stσ2cxcy⟨ux,uy⟩
)
,

so that, since ∥ux∥22 = ∥uy∥22 = 1, we have

Eg∼N (0d,Id)

[
exp

(
sσcx⟨g,ux⟩ −

s2σ2c2x
2

)
exp

(
tσcy⟨g,uy⟩ −

t2σ2c2y
2

)]
= exp

(
stσ2cxcy⟨ux,uy⟩

)
. (23)

We consider the functions f, h : Rd → R defined as

f(s) = exp

(
sσcx⟨g,ux⟩ −

s2σ2c2x
2

)
, h(t) = exp

(
tσcy⟨g,uy⟩ −

t2σ2c2y
2

)
. (24)

Consider the Taylor expansion of f(s) with respect to f(0) given by

f(s) =

∞∑
r=0

fr(0)
sr√
r!
, where fr(0) =

1√
r!

dr

dsr
esσcx⟨g,ux⟩−

s2σ2c2x
2

∣∣∣∣
s=0

. (25)

With z = ⟨g,ux⟩ and z̃ = z
σcx

, we have

fr(0) =
1√
r!

dr

dsr
esσcxz−

s2σ2c2x
2

∣∣∣∣
s=0

=
1√
r!
e

z2

2
dr

dsr
e−

1
2 (z−sσcx)

2

∣∣∣∣
s=0

=
1√
r!
e

z2

2
dr

dsr
e−

σ2c2x
2 ( z

σcx
−s)

2
∣∣∣∣
s=0

=
1√
r!
e

σ2c2xz̃2

2
dr

dsr
e−

σ2c2x
2 (z̃−s)2

∣∣∣∣
s=0

(a)
=

(−1)r√
r!

e
σ2c2xz̃2

2
dr

dz̃r
e−

σ2c2x
2 (z̃−s)2

∣∣∣∣
s=0

=
(−1)r√
r!

e
σ2c2xz̃2

2
dr

dz̃r
e−

σ2c2xz̃2

2

(b)
= H

[
1

σ2c2x

]
r (z̃) ,

where (a) follows by the transport or advection equation d
dsψ(z̃ − s) = (−1) ddz̃ψ(z̃ − s) and the equality of mixed partial

derivatives for any sufficiently smooth function ψ, and (b) follows by definition of generalized Hermite polynomials in (14).
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Now, note that

H

[
1

σ2c2x

]
r (z̃)

(a)
=

1

σrcrx
Hr(σcxz̃)

=
1

σrcrx
Hr(z)

=
1

σrcrx
Hr (⟨g,ux⟩)

=
1

σrcrx
Hr

(
cx
σcx

⟨g̃,ux⟩
)

(b)
=

1

σ2rcrx
H

[c2xσ
2]

r (cx⟨g̃,ux⟩) .

where (a) and (b) follow from (15). Thus,

f(s) =

∞∑
r=0

fr(0)
sr√
r!
, where fr(0) =

1

σ2rc2rx
H

[c2xσ
2]

r (cx⟨g̃,ux⟩) . (26)

Similarly, considering the Taylor expansion of h(t) with respect to h(0), we have

h(t) =

∞∑
r′=0

hr′(0)
tr

′

√
r′!

, where hr′(0) =
1

σ2r′c2r′y

H
[c2yσ

2]

r′ (cy⟨g̃,uy⟩) . (27)

Then, from (23), we have

Eg̃∼N (0d,σ2Id)

[( ∞∑
r=0

1

σ2rc2rx
H

[c2xσ
2]

r (cx⟨g̃,ux⟩)
sr√
r!

)( ∞∑
r′=0

1

σ2r′c2r′y

H
[c2yσ

2]

r′ (cy⟨g̃,uy⟩)
tr

′

√
r′!

)]

=

∞∑
r=0

σ2rcrxc
r
y⟨ux,uy⟩r

r!
srtr .

Since the equality holds for arbitrary s, t ∈ R, equating coefficients of srtr
′

on both sides, we have

Eg̃∼N (0d,σ2Id)

[
H

[c2xσ
2]

r (cx⟨g̃,ux⟩)H
[c2yσ

2]

r′ (cy⟨g̃,uy⟩)
]
= σ6rc3rx c

3r
y ⟨ux,uy⟩rδrr′ , (28)

where δrr′ is the Kronecker delta. That completes the proof.

The following result is an important consequence of Lemma A.2.

Lemma A.3. Let ϕ be an inhomogeneous activation function. Let ux,uy ∈ Rd be unit vectors and cx, cy be positive
constants. Then, we have

Eg̃∼N (0d,σ2Id) [ϕ(cx⟨g̃,ux⟩)ϕ(cy⟨g̃,uy⟩)] =
∞∑
r=0

µ
[c2xσ

2]
r (ϕ)µ

[c2yσ
2]

r (ϕ)σ6rc3rx c
3r
y ⟨ux,uy⟩r . (29)

Further, let U = [u1, · · · ,un]⊤ ∈ Rn×m be such that ∥ui∥2 = 1, i ∈ [n]. Let C = diag(ci) ∈ Rn×n, ci > 0, and

c0 = mini∈[n] ci > 0. Let Mr(ϕ) = diag
(
µ
[c2iσ

2]
r (ϕ)

)
. Then,

Eg̃∼N (0d,σ2Id)
[
ϕ(CU g̃)ϕ(CU g̃)⊤

]
⪰

∞∑
r=0

σ6rc6r0 (Mr(ϕ)U
⋆r)(Mr(ϕ)U

⋆r)⊤ , (30)

where U⋆r ∈ Rn×mr is such that the ith row U⋆ri,: = (u⊙r
i )⊤, i.e., r times Kronecker product of ui with itself.
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Proof. Consider the generalized Hermite series expansion of ϕ(·) in terms of the generalized Hermite functions H [σ2]
n :

ϕ(cx⟨g̃,ux⟩) =
∞∑
r=0

µ
[c2xσ

2]
r (ϕ)H

[c2xσ
2]

r (cx⟨g̃,ux⟩) . (31)

Then, we have

Eg̃∼N (0d,σ2Id) [ϕ(cx⟨g̃,ux⟩)ϕ(cy⟨g̃,uy⟩)]

= Eg̃∼N (0d,σ2Id)

[( ∞∑
r=0

µ
[c2xσ

2]
r (ϕ)H

[c2xσ
2]

r (c⟨g̃,ux⟩)

)( ∞∑
r′=0

µ
[c2yσ

2]

r′ (ϕ)H
[c2yσ

2]

r′ (c⟨g̃,uy⟩)

)]

=

∞∑
r,r′=0

µ
[c2xσ

2]
r (ϕ)µ

[c2yσ
2]

r′ (ϕ)Eg̃∼N (0d,σ2Id)

[
H

[c2xσ
2]

r (cx⟨g̃,ux⟩)H
[c2yσ

2]

r′ (cy⟨g̃,uy⟩)
]

(a)
=

∞∑
r=0

µ
[c2xσ

2]
r (ϕ)µ

[c2yσ
2]

r (ϕ)σ6rc3rx c
3r
y ⟨ux,uy⟩r .

where (a) follows from Lemma A.2.

The matrix case result follows by noting that for any i, j ∈ [n], c3ri c
3r
j ≥ c6r0 , ⟨ui,uj⟩r = ⟨u⊗r

i ,u⊗r
j ⟩, and µ[c2iσ

2]
r (ϕ) form

the diagonal elements of Mr(ϕ). That completes the proof.

A.6 ADDITIONAL REMARKS ON λ1

The main result in Theorem 4.1 establishes λmin(Kntk(·; θ0)) ≥ c0λ1 where

λ1 = λmin

(
Eg∼N (0d,σ2Id)

[
ϕ

(
1√
d
Xg

)
ϕ

(
1√
d
Xg

)⊤
])

,

where σ2 = ν20 =
σ2
0

cϕ,σ0
. We made some high level informal remarks on why and when λ1 > 0 in Remark 4.2. Such

results have been studied in the recent literature (Du et al., 2019; Zou et al., 2020; Allen-Zhu et al., 2019; Oymak and
Soltanolkotabi, 2020; Nguyen et al., 2021b). We provide additional details on the topic.

Related to assumptions in Du et al. (2019), the simplest analysis comes from assuming λmin(XX
⊤) = cϕ,σ0dλ0 > 0 for

some positive constant λ0, where the scaling is simply because ∥xi∥22 = cϕ,σ0d. With X̄ := 1√
dcϕ,σ0

X so that rows of X̄

satisfy ∥x̄i∥2 = 1 and λmin(X̄X̄
⊤) = λ0 > 0. Let C0 = diag(c0,i) where c0,i =

√
cϕ,σ0 . Note that 1√

d
X = C0X̄ . Let

M
(0)
r (ϕ) = µ

[σ2
0 ]

r (ϕ) diag(1) , and let (µ(0)
r,0)

2 =
(
µ
[σ2

0 ]
r (ϕ)

)2
. From Lemma A.3, for any integer r > 0, we have

λ1 = λmin

(
Eg∼N (0d,σ2Id)

[
ϕ

(
1√
d
Xg

)
ϕ

(
1√
d
Xg

)⊤
])

≥ σ6r (cϕ,σ0
)
3r
λmin

(
(M (0)

r (ϕ)(X̄)⋆r)(M (0)
r (ϕ)(X̄)⋆r)⊤

)
≥ (µ

(0)
r,0)

2σ6r (cϕ,σ0
)
3r
λmin

(
(X̄)⋆r)(X̄)⋆r)⊤

)
= (µ

(l)
r,0)

2σ6r (cϕ,σ0)
3r
λmin

(
X̄X̄⊤)⊙r

)
≥ (µ

(l)
r,0)

2σ6r (cϕ,σ0)
3r
λmin

(
X̄X̄⊤)

≥ (µ
(l)
r,0)

2σ6r (cϕ,σ0
)
3r
λ0 ,

which gives the desired result.

λ1 can also be lower bounded by making assumptions on the activation function ϕ, e.g., the separability and/or the
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distribution of xi (?Allen-Zhu et al., 2019; Oymak and Soltanolkotabi, 2020; Nguyen et al., 2021b). For any unit vector v,

λ1(v) := v⊤E
g∼N

(
0d,

σ2
0

cϕ,σ0
Id
)[ϕ(√cϕ,σ0

X̄g)ϕ(
√
cϕ,σ0

X̄g)⊤]v

= v⊤Eg∼N (0d,σ2
0Id)[ϕ(X̄g)ϕ(X̄g)

⊤]v

= Eg∼N (0d,σ2
0Id)[∥ϕ(X̄g)

⊤v∥22] .

Note that with g̃ = X̄g , it suffices to show Eg̃[⟨ϕ(g̃), v⟩2] = EZ=⟨ϕ(g̃),v⟩[Z
2] ≥ χ0 > 0, for some uniform positive

constant χ0 since λ1 = infv λ1(v). For any c > 0, by Markov’s inequality, we have

P(∥ϕ(X̄g)⊤v∥2 ≥ c) = P(∥ϕ(X̄g)⊤v∥22 ≥ c2) ≤ E[∥ϕ(X̄g)⊤v∥22]
c2

⇒ E[∥ϕ(X̄g)⊤v∥22 ≥ c2P(∥ϕ(X̄g)⊤v∥2 ≥ c) .

Thus, the problem boils down to lower bounding P(∥ϕ(X̄g)⊤v∥2 ≥ c) for a suitable choice of c, or, more conveniently
P(∥ϕ(X̄g)⊤v∥2 ≥ c∥v∥∞) and using ∥v∥∞ ≥ 1√

n
. Proceeding further rigorously needs specific assumptions on the

activation ϕ, as has been done in recent related work (Oymak and Soltanolkotabi, 2020; Allen-Zhu et al., 2019; ?).
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