Finite-sample Guarantees for Nash Q-learning with Linear Function
Approximation
(Supplementary Material)

We restate Theorem [3.1|below with a change of variables that moves the dependency on the number of agents from the
upper bound of the regret to the probability expression. This is the version of the Theorem we will prove when referring to
Theorem [3.1] from the main paper.

Theorem (Performance of the NQOVI algorithm). There exists an absolute constant cg > 0 such that, for any fixed
0 € (0,1), if we set \ = 1 and 8 = cgdH /1, with v := log(dK H/0), then, with probability at least 1 — (n + 2)0,

Regret(K) < O (ﬁx/ﬁmﬂ) . (.1)

Let Z>( (Z>1) be the set of non-negative (positive) integers.

All results that are direct adaptations or restatements from existing results in the single RL literature from (Jin et al.| [2020)
will have their detailed proofs if necessary to understand the nuances of their adaptation to our setting. Such proofs will be
deferred to the last Section [C|of the supplementary material.

A AUXILIARY RESULTS

The following proposition is an immediate adaptation of an existing one in (Jin et al.,2020) for MDPs.

Proposition A.1 (Bounded parameters for Q-functions — Proposition 2.3 and Lemma B.1 in (Jin et al., 2020)). Consider
a linear stochastic game MG. Given a policy profile w, we have that for any i € [n], there exist paremeters wy;" € R¢,

h € [H), such that Q™ (x,a) = (¢(x,a), w™) for any (z,a) € S x A and szﬂ < 2HV/d.

The following lemma is a restatement of another one in (Jin et al.|[2020), though with some different notation.

Lemma A.1 (Concentration bound for self-normalized processes — Lemma D.4 in (Jin et al., 2020)). Let {F,}22 be a
filtration. Let {x,}>° ; be a stochastic process on S such that x, € F,, and let {¢,}> | be an R-valued stochastic process

such that ¢, € Fr_q and |¢,|| < 1. Let G be a function class of real-valued functions such that sup,cs |g(z)| < H
for any g € G, and with e-covering number N, with respect to the distance dist(g,g’) = sup,cg|g(x) — ¢'(z)|. Let

Ay =My + Zle b-p.. Then for every A € Z>1, every g € G, and any § € (0, 1], we have that with probability at least

1-0,
d A+ A/d N, 8A2%¢?
< 2|z - e .
<4H {210g< 3 )+log 6}4— \

A 2
Z ¢-{9(z;) — Elg(z,)|Fr-1]}
=1

—1
Ay

The following lemma is a key result in the proof of Theorem[3.1] as seen in Section ] from the main paper.
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Lemma A.2 (Bounding the covering number). Let i € [n], and let w; € RY be such that | w;| < L, A € R¥*? be such that
its minimum eigenvalue is greater or equal than \, and, for all (z,a) € S x A, let ¢(x,a) € R? be such that ||¢(z,a)|| < 1,
and let B > 0. Define the function class

Vi:{V:S—HR’V(-): max E  ai~v [mln{w o(-, +5\/¢ a)TA=1¢(-, a), }}}7 (A.1)

veEA(A;) a—i~m—i(0)

where m_;(-) € A(A_;). Let N, be the €;-covering number of V; with respect to the distance dist(V, V') = sup,cs |V (z)—
V'(z)|. Then,
log N, < dlog(1+4L/e) + d*log[1 + 8d"/%5% /(Ae?)].

Proof. LetV,V' € V;. Letu(z,a) := \/qb (z,a) TA=1p(z,a) and @ (x, a) := \/¢(z, a) )~lé(x,a), and let g(x,a) =
min {w; ¢(x,a) + fu(z,a), H} and §'(z a) min {0, ¢(z,a) + B’ (1’ a),H}. Then

dist(V, V') = su max E  a~v [g(z,a)]— max E e~ [§(z,a ’
(V;v7) sup | max E o @ o)l = max B a9z, a)]
(a)
< sw [E e G0 —E e [§(@0)]
zes | a_immi(a) i (@
VvEA(A;)
= sup |E a~v  [g(x,a) — 7 (2,a)]
ves | a_inmi(@)
veEA(A;)
< sup E ai~mv |g(z,a) — §'(z,a)]
eri a_i~m_i (T
veA(A;) (A2)
< sup|g(z,a) - g'(w,a)
€S
acA
< sup | min{w; ¢(«, a) + fu(z, a), H} — min{(@}) " ¢(z, a) + ' (z,a), H}]
Ga
®) —T — —/\ T —/
< Sug |wz ¢(I,G> + BU(Z’,G) - ((wz) d)(xaa) —|—,B’LL (JT,CL))|
ach
< sup |(w; — @) d(x,a)| + Bsup |u(z,a) — @ (z,a)|
€S €S
acA acA
Inequality (a) follows from the property |max,caa4,) f(¥) — max,eaca,) (V)] < max,eaca, [f(¥) — (V)]
for any f,h : A(A;) — R since, leting 7 = argmax,ca(a,) f(v) and v = argmax,ca(4,) h(v), we ob-
serve that: (i) if max,ca(a,) f(¥) > max,eaca,) M(v), then max,ea(a,) f(V) — max,eaa,) (V) < f(P) —
h(lj) S max,,eA(Ai) ‘f(l/) ( >| and (11) if rnax,,eA(A ) f(l/) S max,,eA(Ai) h(l/), then max,,eA(Ai) h(l/) —

max,ecaca,) f(¥) < h(V) — f(7) < max,caca,) |f(v) — h(v)|. Inequality (b) follows from min{-, H} being a non-
expansive operator.

We can continue bounding,

(a)
dist(V, V') < sup ‘(@z‘—@{-)%’

#:llolI<1
+ TA*] _ TA/ —1
o BVeTAT =\ foT(h) 1)
- A3
Lla—al+ swp py/|o@a)T A - R))o(wa)] Ay

#:lloll<1
= s — @l + 8y A1 — (&)1
<l — @)l + By/ A1 — (A1,

where (a) follows from the assumption sup, ¢ s maxqec 4 ||¢(x, a)|| < 1, and (b) follows from the inequality |/p — \/q| <
V/|p — q| for any p, ¢ > 0. Now, we notice that (A.3) is a bound of the same form of equation (28) from (Jin et al., 2020,




Lemma D.6), and so we can use the proof of this lemma to obtain that the e;-covering number of V;, denoted by N, can be
upper bounded as log N, < dlog(1 + 4L/e) + d?log[1 + 8d/23%/(\e?)]. This finishes the proof. O

B PROVING THEOREM

For simplicity, we will use the following notation: at episode k, we denote 7>F = {W;;k} nelm) as the policy induced by
{Q M H h=1 as performed by agent ¢ € [n] (line 14 of Algorithm 1) across time steps h € [H], thus for a fixed step h € [H]
we let Vh (x zh) = L ) [Qh (2%, a)] with ¥ (x’,ﬁ) being a Nash equilibrium from the stage game (Q;k(xﬁ, ))ien)-
With some abuse of notation, we similarly define V,fk(q;) =K Q5 K (1, a)] with 7¥ () being a Nash equilibrium

from the game (Q;k(x, ))icin)- Let ¢}, == ¢(x7,, aj,).

arvrh(z)

B.1 PRELIMINARY TECHNICAL RESULTS

We now bound the parameters {wzk } i,k k) e[n] x [H] x [ from the NQOVT algorithm.

Lemma B.1 (Parameter bound — Lemma B.2 in (Jin et al.| 2020)). For any (i, k,h) € [n] x [K] x [H], the parameter wZ’k

in the NQOVI algorithm satisfies ) w;kH <1+ H)y/ @.

Now we use Lemma[A.2]and Lemma[A.T]to prove a useful concentration bound for NQOVL.

Lemma B.2 (Concentration bound on value functions for NQOVI — Lemma B.3 in (Jin et al., 2020)). Consider the setting
of Theorem There exists an absolute constant C' independent of cg such that for any fixed § € (0, 1), the following event
E; holds with probability at least 1 — § for a fixed i € [n]: for every (k,h) € [K] x [H],

< CdH\log|(cs + 1)AK H/5).
(-

i K
Z¢h h+1 (@h41) — PuVy (2h a7)]

The following lemma crucially depends on the principle of optimism.

Lemma B.3 (Difference with an arbitrary Q-function — Lemma B.4 in (Jin et al.,[2020)). Consider the setting of Theorem
There exists an absolute constant cg such that for = cgdH /v with v = log(dK H/§) and any fixed joint policy 7, such
that for any i € [n): given the event £; defined in Lemmal|B.2| we have for all (z,a,h,k) € S x A x [H] x [K] that

(@(x,a),wy") = Q7 (w,a) = Pa(Vify = Vi) (w,a) + AV (2, a),

Sfor some Azk(x, a) such that |A2’k(x, a)| < B\/(b(x, a)T(AF)1¢(z, a).

The following key lemma makes use of optimism by using Lemma [B.3]and of the fact that we choose a Nash equilibrium at
each stage game.

Lemma B.4 (Optimism bounds). Consider the setting of Theorem[3.1) Given the event &; defined in Lemma|B.2] we have
that for all (x,a,h, k) € S x Ax [H] x [K],

2,br(m i, %,br( wk ),k i
hb (r=om ’1(35 a) < Qv¥(x,a) and V) br(r=s), () < VPR(a).
Proof. We prove the claims by inductionin A = H +1,...,1. The base case H + 1 is trivial, since Qlej(lﬂ’i)’ (z,a) =

QH+1(J: a) = 0. Now, at step h + 1 we have the induction hypothesis Qh br(r2).a ’l(x a) < Qh+1( a). Then we have
that

Vi,br(ﬂ’ii),ﬂ’lfi (i) E i,br( 7"—1 k
hl (z) = ,nax aiwz;ﬁz:“(m)[QhH “(z,a)]
(b)
< E a; ~V
- VEHAI%J)‘{L) a_i~m® (@) [Qh+1( )] (B.1)

(c) i,
= anﬂﬁ+l(m ith—l (:177@)]

= Viti(,a),



where (a) follows by definition of best response, (b) from the induction hypothesis, and (c) from the fact that NQOVI chooses
a Nash equilibrium at every stage game.

Now, we have

i,br(m ,Tr]ii (a) i 1 i,br 71'71 T
Q)" (w,a) < (Bl a), wi) + Bu(VEE, — Vil T (@,a) + By (e, @) T(AL) 1 é(x,a)
® i,k T(AKk)—1
< (d(x,a), w") + By/B(z, a) T (AF) 16 (z, a) 52
() ibr(rk ),wh . i, _
L4 QT (e, ) < min{(g(a, a),wh") + By/ 0l a) T (AF)~16(x, 0), H)
= h (1’70),
ibr(mk )7k,
where (a) follows from Lemma |B.3} (b) from ( , and (c) from @, < H. From here we can repeat the steps
- k k .
in (BI) to obtain V;’br(ﬂ’i)’ﬂ’i (z) < V;"* (). This finishes the proof. O

B.2 PROOF OF THEOREM

Let us first condition on the event (), & where &; is defined in Lemma Since P[not &;] < ¢, applying union bound let
us conclude that P[(;¢(,,) &] = 1 — nd.

For any k € [K], given the policy 7% = {m}'}c[,] defined by NQOVI, we define the functions @ﬁ and XA/hk recursively as:
Vi () = Qfyy(x) = 0and

Qhlw,a) = PuViy(w,0) + 26/ (#))T(AF) 716},
Vi (@) = Byurt [QF (x, 0)]
forany h = H,...,1and (z,a) € S x A. Notice that since 23/ (%) T (A¥)~1¢k < 28,/(¢f)Tof = 28||¢f|| < 28, we

have that @Z and ‘7}5 are nonnegative with maximum value 25H.

Let k € [K]. We claim that for any (h,z,a) € [H] x S x A,

maX(Qh (z,a) — Z”k (z,a)) < @lfb(x,a), and

1€[n] . . (B.3)
max(V (@) ~ Vi (@) < V(o).
We prove the claim by inductionin h = H + 1,...,1. The base case H + 1 is trivial, since Q?_H(a: a) = QY +1( a) =

Qk b +1(95 a) = 0 for every ¢ € [n]. Now, at step h + 1 we have the induction hypothesis maxle[h](Qh Jrl( ,a) —

Q hL( a)) < @Z +1(2, a). Taking expectations over a ~ 7y, (x) let us immediately obtain

.k

max (Vi (@) = Vi (o) < Vil (@), (B4)

Now, for any i € [n],

Qi (x.a) — Q" (,a) = min{(w}") d(z,a) + By/d(z,a) T (A)) 1o (x,0), H} — Q) (z.a)

(a)
< Pu(Vi — Vi (. 0) +26y/6(x.0) T (AS) 16 (z, a)

(CNIEPN
< PLU @ a) + 28, /0w,0) T (AF) 19l )

= Q¥ (x,a),

(B.5)




where (a) follows from Lemmaand (b) from (B.4). Taking expectations let us obtain V,zk(a:) - V,f Ly () < IA/;{“(JJ)
This finishes the proof for the claim in (B.3).

We now introduce the following notation: 6% := anﬂﬁ(mﬁ)[éﬁ (zF,a)] — @ﬁ(xﬁ, ay),and £, | = IP’h‘A/,fH(:r]fL, af) —
ViF () with £ := 0. Then, for any (h, k) € [H] x [K],

‘/}}f@(‘rﬁ) = anwf(mf)[éi(xlfiv CL)]
= ok + Qe oh)
= 0F + PuVil (25, af) + 281/ () T (AF) ' ¢)

= 5}’? + ff’fﬂ +2 (‘?Z)T(A]fi)*léﬁlﬁ, + th+1($§+1)'

Now, let us focus on the regret performance metric.

K i,br(ﬂ'k,-),ﬂ'k,- ik
Regret(K) = > max(Vy" " (5,) - 17 (s,)
Pt i€[n]
(@) & ik
< ) max(V""(so) = Vi"" (s0))
Pt i€[n]
) K. (B.6)
< 1k(50)
k=1
K H K H K H
=D D DD 28 Y (@) T (AR ek,
k=1 h=1 k=1h=1 k=1 h=1
—_— Y
) an (T11)

where (a) follows from Lemma and the fact that we are conditioned on the event ﬂ?zl &i; (b) follows from (B.3).

We first analyze the term (I) from (B.6)). Let us define the filtration {F(; 1)}k n)cc+ Where L* is a sequence such that
L* C Z>1 x [H] and its elements are arranged as follows. Firstly, we let the second coordinate take values from 1 to H
and repeat this periodically ad infinitum, so that each period has H elements of £*. Finally, we let the first coordinate take
the value corresponding to the current number of periods so far progressed in the second coordinate (and so its value is
unbounded). Consider any element (k, h) € £*. We denote by (k, h) ™! its previous element in £*. We let F(;, ) contain

the information of the tuple (x%, a%) whose indexes (k, h) belong to the set £* up to the element (k, h) € L*.

We then can conclude that {£ ,’j}( k,hyec+ is a martingale difference sequence due to the following two properties:

1. & € Fyop-r. For b = 1, E[¢f|Fxn-1] = 0 is trivial, so we focus on h = 2,...,H. Then, since
af ~ Pr_1(-lzf_1,af_,) (ine 16 of NQOVI), we have E[V}(z5)|Fn-1] = Eyrop, VE()] =

P, V¥ (ak_,af_,), which immediately implies E[¢} | Fjn)-1] = 0.

LGl ekl

2. |EE| < [Py ViF(ak_y ak ) + [VF(2F)| < 48H < oo since ViF(z) € [0,28H] forany z € S.
Therefore, we can use the Azuma-Hoeffding inequality to conclude that, for any € > 0,
K H . _9¢2
Pr (};hz_lfh > e) < exp ((KH)(1652H2))

We choose € = /8K H3[2log (). Then, with probability at least 1 — 4,

K H
H=> > &< \/SKH?’B? log ((1;) < 8BHVKHu, (B.7)

k=1h=1



recalling that ¢ = log (dK H ) We call £ the event such that (B.7) holds.

The term (II) can be analyzed in a very similar way as in (I) to show that {5’;}( k,h)ec+ 1s a martingale difference sequence,
and thus obtain that with probability at least 1 — 6,

K H
an = Z > 6r <8BHVKH.. (B.8)

k=1 h=1
We call € the event such that (B.8) holds.
We now analyze the term (III) from (B.6). Then for a fixed h € [H],

K

D (@h)T(AF) T of < 2log

k=1

det(A; 1)
det(\y)

where the inequality follows from the so-called elliptical potential lemma (Abbasi-yadkori et al.,|2011, Lemma 11), whose
conditions are satisfied from our bounded sequence {¢¥} X | and the fact that the minimum eigenvalue of A¥ is lower
bounded by \ = 1 for every (h, k) € [H] x [K]. Now, we have that A% ™' is a positive definite matrix whose maximum

M < | SIS oh@)T]| + A < K+ A and so det(AF ) < det((K + A)Ta) =
(K + \)%. We also have that det(\I;) = A?. Then, we obtain that

K

d
D (@R T(AR) T ¢) < 2log [KA“} = 2dlog(K +1) < 2d., (B.9)

k=1
where the last inequality holds since log(K + 1) < log (dKH) =ford > 2,6 > 0.

Now, going back to term (III),

H K K
) = 28> "> "\ (6F)T(AF) 1o < 28 Z VE D (e5)T(AF) 1ok (%) 28HV?2dK., (B.10)
h=1

h=1k=1 k=1

where (a) follows from the Cauchy-Schwartz inequality, and (b) from (B.9).
Now, using the results in (B.7), (B.8), and back in (B.6), we conclude that,

Regret(K) < 88HVKH.+80HVKH.+2HVdKL
(@)
= 16c5VRKH52 + 205V K HYW2 < 18csVdBK H52, (B.11)
where (a) follows from /¢ < ¢ which follows from equation (C.5).

Finally, applying union bound let us conclude that ]P’[ﬂie[n] &ENEN E] >1— (n+ 2)d, i.e., our final result holds with
probability at least 1 — (n + 2)0. This finishes the proof of Theorem O

C REMAINING PROOFS

Proof of LemmalA.]] First, from our assumptions, for any g € G, there exists a g in the e-covering such that g = g + A,
with sup,.cs |Ag ()| < €. Then,

{g(g:,r) - E[g(x‘rﬂf‘r—l]}

ALl

2 2 (C.1)

)

-1
AA

{9(z7) — E[g(z)|Fr1]} {Ag(z7) = E[Ag(2r)|Fral}

-1
AL

@ (I



where we used [la + b|| < [|al| + [|b] = fla+b]* < [la|*+[[b]* + 2 lal| [b]] < 2|lal|* +2 [|b]|* for any a,b € R, and
which actually holds for any weighted Euclidean norm.

We start by analyzing the term (I) in equation (C.I). Let ¢, := g(z,) — E[g(x,)|F-—1]. Now, we observe that 1)
Ele;|Fr-1] = 0and 2) e, € [—H, H] since g(z,) € [0, H]. From these two facts we obtain that &, |F,_1 is H-sub-
Gaussian. Therefore we can apply the concentration bound of self-normalized processes from Theorem 1 of (Abbasi-yadkori
et al.l[2011) along with a union bound over the e-covering of G to conclude that, with probability at least 1 — 4,

@ =

Er

det(A )2 det( M)~ Y2\ @ _ . (d A+ AB/d N,
- < 1og( S/ ) < 2H (2 log (}\) + log (5>>, (C2)

where (a) follows from det(AI;) = A% and from the determinant-trace inequality from Lemma 10 in (Abbasi-yadkori et al.}
2011) which let us obtain det(A4) < (A + AB/d)“.
Now we analyze the term (II) in equation (C.I). Let &, := Ay(x,) — E[A4(x;)|Fr—1]. Then,

&

A A A A
(@)
<3 ol < 3 led < S 1A ()] 4 [E[A ()| Froa]l < 3 2¢ = 246,
=1 =1 =1

T=1
where (a) follows from ||¢, || < 1. Thus, using this result, we obtain

2
1

1
m< = 4A%62.
()_A )\

Er

We finish the proof by multiplying by two the terms (I) and (II), and then adding them up to use them as an upper bound

to (CI) . O

Proof of Lemma For any vector v € R?,

ik
o Twy™| = 0T ( IZ% h max Qpi1(Thg1, a)]l

a~T
T=1 7* as in line 7 of Algorithm 1

E

-1

(a)

<(A+H)Y v (A}) "7l
1

3
Il

) k—1

(141 [zw (Ab)- HZ(%)T(A’Z)%Z]

T=1

(1+H)\/&

(1+H) \/ ||vH

where (a) follows from the bounded rewards and Q" h +1( -) < H; (b) from applying Cauchy-Schwarz twice as in the
following series of inequalities: given ¢ = (q1,. .., Gm) and ¢ = (p1, . . ., pm) Where ¢; and p; are vectors of same arbitrary
dimension we have > " | ¢ pil < Y207 llall il < v/ 2oimy laillv/ iy lpall 5 (¢) follows from (Jin et al., 2020,

Lemma D.1); and (d) from (A¥)~! < A~11,. The proof concludes by considering that Hw;kH = max,;|y|=1 [V whk . O




Proof of Lemma([B.2] We obtain that, with probability at least 1 — 8, § € (0,1),

2
k—

k ik
Z Vhl+1 xh+1) - PhV}:+1($;»a2)]

(g

(@) — —1)2.2
< 4H? d log At (k=1)/d (k—1)/d +log N¢, + log1 + Lk 1)’

O [‘2’1 g()\+ (k;)\— 1)/d) + dlog <1 A+ H) k= 1))

VA
1/2 p2 1\2.2
+d?log (1 4 & b ) + log (15] + 8k —1)°¢

Ae2 A

where (a) is a direct application of Lemma@; and (b) follows from the realization that, from lines 9 and 10 in Algorithm 1,
vy fl( -) € V with V as in Lemma and so we can use the bound on the covering number derived in such lemma with

L=(14H)y/ @ by using the bound from Lemma

Recalling that A = 1 and 5 = cgdH: with ¢ = log(dK H/J) in the setting of Theorem [3.1] we claim that, after setting

€= dfg in our previous equation, there exists an absolute constant C' > 0 independent of cg such that

2

k—
Z TVEE (xh) — PRV (a7, af)] < Cd*H?log((cs + 1)dK H/9). (C.4)
=1 (ARt
Proving (C-4) would conclude the proof.
We first introduce a couple of useful results:
dKH
= log <6> > log(dKH) > log(4) > 1, (C.5)
1)dKH
log <(Cﬁ+5)> =log(ecg+1)+¢>1> 1. (C.6)

Replacing A = 1 and e = % in the right-hand side of (C.3) and doing some algebraic calculations, let us conclude that

® SK3/2 1 832 K2
2172 _ _ s 13/2 172
C3) < 4d*H [1og <1+ d) +log <1+ 772 ) +log (5 (” dsmm)ﬂ (C.7)
+ 8d%2H?2.

Replacing 8 = cgdH+/1 in the previous expression and doing some algebraic work let us obtain

2172 8K3/2 27172 1/2 2
(€7 < 8d*H? log ( 1+ 7 | +4d°H? log 5(1+8cd K2

@ (1) (C 8)

+ 8d2H? log (W)

where the inequality has made use of (C.6). We now upper bound the terms highlighted in (C-8). Then,

(1) < 8d*H? log (1 + 8K3/2)

(14 cp)?(dKH)?
52

(a)
< 8d2H?log ( ) + 8d2H? log(9) log <

(CB + 1)dKH>
6 )

(cs+1)dKH
)

= (16 + 81og(9))d* H? log (



where (a) follows from (C.6) and ¢z > 0. Similarly,

@ 1)%(dK H)?

< 4d*H?lo + 4d* H? log(8)

(cs +1 dKH) >

= 4d’H?1o ( o+ 1 dKH) ) + 4d*H?1og(1) 4 4d> H? 10g(8)

D g2 12 10g ((2F 1 dKH)

+4d*H?0 + 4d* H? log(8)

2 (12 + 410g(8))d2H2 o (W)

where (a) follows from ¢z > 0, (b) from 6 < 4, (c) from log(:) < ¢ (since ¢ > 1 from (C.3)), and (d) from ¢ <
log (M) and from (C.6).

Now, joining the upper bounds for (I) and (IT) in (C.8), we finally obtain

2

k—
Z ViE (@) = PaViik (a7, af)] < (36 + 8log(9) + 4log(8))d> H? log((cs + 1)dK H/5)

(ARt
which proves the claim and thus the proof. U
Proof of Lemma([B.3| For any (i, k) € [n] x [K],
k-1
i,k 7,7 — T/ T i,k T 7,7
wy" —wy™ = (AR Z On(rh + Vit (why1)) — wy,
T=1

Ell

(d) 7' ’L 1,7 T T i,k T
Ak -1 Z o ( ¢ - IP’th+1(xh7ah) + Vh+1($h+1)) —w

= ((Z G Aﬁ) wy
T=1

+ Z o7 (V};i (The1) — th}fﬂ (Ths aﬁ)))

=

k—1
= (A ) ( )‘w;zﬂ +Z¢; Vﬁfl Ih+1) —PhVifl(ﬂ?Z,aﬁ))>

T=1

ky—1, 0,7 ik
= —A(AR) lw;ﬂ 1§ on (V) h+1 (Thi1) — ]P’hV;fH(fﬂﬁ»aﬁ))
—_———
()

an

Z%Ph fof1 h+1)(xhaah)

(1)

where (a) follows from the fact that, for any (z, a, h) € S x A x [H], Qi (z,a) == (¢(z,a), wy™) = (rp +IP’hV,ff1)(x, a)
for some w?fr € R (this follows from Proposition|A.1|and the Bellman equation); and (b) follows from the definition of

Ak Since (¢(z, a), w2k> Z’ﬁ (z,a) = (¢(z,a), w;k — w;fr) for any (z,a) € S x A, then we look to bound the inner
product of each of the terms (I) — (IIT) with the term ¢(z, a).



Regarding the term (I),

(0, @), )] = [(6(z,a), MAR) )| = A((AR) (), (AF) 2w}
(AF)-1 \/Qs(x,a)T(A’}fb)fld)(w’a) < \&Hw;{ﬁ

<A

T(AR)16(,a)

where the last inequality follows from || - ||(A;cl)_1 < \%/\ -1

For the term (II), since the event &; from Lemmais given and A = 1, we directly obtain

k—

[(¢(x, ), AD)| = |< Z (Vit1(@h 1) = PhVZfl(wZ7aE))>'

ok
h+1 xh+1) PhV}Ll(x;T” ap,))

[¢(z, Q)H(Aﬁ)*l

Ap)—?

< CdH \flog((cs + )AK H/6)\[6(x.a)T (Af)~16(x, )

where C is an absolute constant independent of cg > 0.

For the term (1),
(#(,a), (D)) = < Z¢hPh h_i,_l h+1)(fchaah)>

= < Z¢h oh) / Vhlfl fof1)($/)dﬂh(x/)>
2 <¢><x,a>, /S (Vi - v,ff1><w’>duh<w’>>

am
_)\<¢(a:,a),(/\ﬁ)_ /(Vh’fl V,Zfl)(ac’)dﬂh(l‘/)>

(II1.2)

—~
=

where (a) follows from the definition of A’;L. We immediately see from our assumption on linear stochastic game that
(IL1) = Py (VoF, = V) (2, a) and

|(I1.2)| < /\H/ V,jfl ngl (z ’)d,uh(x/) 7 \/¢(x,a)T(A;§)—1¢(x,a)

<va| [t - hfl<'>duh<x

VR [l ot )T (AF)Nolo,0) € 2HVER oo, 0) (A) ol

)| Votwar 406w,

where (a) follows from the value functions being bounded, and (b) from the definiton of the linear MDP.

Finally, putting it all together with A = 1, we conclude that,

|<¢(x,a) w;lk> Q;‘j(xaa) _P}L(Vhifl - V}:fl)(xva”

< (Jlie MKH[S) + 2HYVT) \fo,0) T (4)o(,0)

< <4H\/Zl + CdH\/log((65 + l)dKH/cS)) \/(;S(a:, a)T (AF)=¢(z,a)
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where the last inequality follows from Proposition
Now, from equation (C.6) in Lemma we have \/log((cg + 1)dK H/$) > 1 independently from ¢z > 0, and thus

[{o(z,a), wﬁf} Z’ﬁ(x,a) ]P’h(Vh_H Vh+1)(w a)| < C’dH\/log ((cg +1)dKH/S) \/gb (z,a) (Ak) Lo(x,a),

for an absolute constant C' = C' + 4 independent of cg.

Finally, to prove this lemma, we only need to show that there exists a choice of the absolute positive constant cg so that
C'\/log((cs + 1)dK H/§) < cg+/t, which is equivalent to

Cr/t+1og(cs +1) < egve (C.9)

since \/log ((HCB dKH) \/log ) 4+ log(1 + cg) = v/t + log(1 + cp).

Two facts are known: 1) ¢ € [log(2), 0o) by its definition and d > 2; and 2) C'is an absolute constant independent of c.

Since we know we are looking for ¢ > 0 and using the bound log(z) < = — 1 for any positive z € R, we conclude that
proving the following equation implies (C.9), -
C\/t+cs < gV (C.10)

After some algebraic calculations, we can show that

cg > % Jr1 ct
7= 2log(2) " 2\ (log(2))?

suffices. This finishes the proof. O

+ 402 (C.11)
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