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A COMPARISON OF GNN OPERATORS

Method Operator Type Convolution Family Operator

GCNConv [Kipf and Welling, 2016] Spatial Fα=0.5,β=1

x′
i = D̂−1/2ÂD̂−1/2XW
x′
i =

∑
j∈N (i)

eij√
d̂id̂j

xj

ChebConv [Defferrard et al., 2016] Spectral NA
X = XW1 + L̂XW2 + (2L̂2X −X)W3

with L̂ = 2
λmax

L− I

SAGEConv [Hamilton et al., 2017] Spatial Mα=0,β=1

x = W1xi +W2X̄j∈N (i)

with

X̄j∈N (i) =
∑

j∈N(i) xj

di

GraphConv[Morris et al., 2019] Spatial Fα=0,β=0 x′
i = W1xi +W2

∑
j∈N (i) eijxj

GatedGraphConv [Li et al., 2015] Spatial Variant of Fα=0,β=0

h
(0)
i = xi||0

m
(l+1)
i =

∑
j∈N (i) ej,iWh

(l)
j

h
(l+1)
i = GRU(m

(l+1)
i , h

(l)
i )

ResGatedGraphConv [Bresson and Laurent, 2017] Spatial Variant of Fα=0,β=0

x′
i = W1xi +

∑
j∈N (i) ηij ◦W2xj

with
ηij = σ(W3xi +W4xj)

GAT [Veličković et al., 2017]
GATv2Conv [Brody et al., 2021] Spatial Variant of Mα=0,β=1

x′
i = αiiWxi +

∑
j∈N (i) αijWxj

with

αij =
exp{LeakyReLU(aT [Θxi||Θxj ]}∑

k∈N(i)∪{i} exp{LeakyReLU(aT [Θxi||Θxj ]}

AGNN [Thekumparampil et al., 2018] Spatial Mα=0,β=1

X ′ = PX

Pij =
exp{β ˙cos(xi,xj)}∑

k∈N(i)∪{i} exp{β ˙cos(xi,xk)}

Transformer Conv [Shi et al., 2020] Spatial Variant of Mα=0,β=0

x′
i = W1xi +

∑
j∈N (i) αijW2xj

αij = Softmax (W3xi)
T (W4xj)√
d

TAGConv [Du et al., 2017] Spectral NA X ′ =
∑K

k=0(D
−1/2AD−1/2)kXWk

GINConv [Xu et al., 2018] Spatial Fα=0,β=1+ϵ X ′ = hθ

(
(A+ (1 + ϵ)I)X

)
)

GINEConv [Hu et al., 2019] Spatial Variant of Fα=0,β=0 x′
i = hθ

(
((1 + ϵ)xi +

∑
j∈N (i) ReLU(xj + eij)

)
)

ARMAConv [Bianchi et al., 2021] Spectral NA X ′ = 1
K

∑K
k=1 X

(T )
k

SGCConv [Wu et al., 2019] Spatial Fα=0.5,β=1 X ′ = (D̂−1/2ÂD̂−1/2)KXW

Table 1. Comparison of some of the different convolution operators. We report here some of the most famous existing convolutions
— but we deliberately omitted those applicable to edges, dynamic graphs, heterogeneous graphs, hypergraphs and other extensions.
We report the type of convolution family (as defined in Section 2) corresponding to each of the proposed convolution. The term “
variant” denotes some adaptation of the base family (for instance, learning the appropriate edge weights as part of the training
procedure, or treating the source node differently than the sum of the neighbors).
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B PROOFS OF SECTION 3

Proof[Lemma 3.1] As per section 3, we analyse the embedding that is fed into the last linear layer, denoted as:

H(K) = Sσ(H(K−1)) =
∑

v∈N (u)∪{u}

Auv

(du + β)α(dv + β)α
Zv·

where N (u) denotes the neighbourhood of node u, Auv is the (potentially weighted) adjacency matrix, with diagonal equal
to β, and Zv· = σ(H

(K−1)
v· ).

Writing ∆v = dv − du, note that H(K) can be rewritten as:

H(K) =
1

(du + β)2α

∑
v∈N (u)∪{u}

Auv

(1 + ∆v

du+β )
α
Zv· (1)

Note that ∆v

du+β ≥ −1 as long as dv − du ≥ −du − β =⇒ dv ≥ −β, which holds necessarily, since dv ≥ 1. Since the
function x → (x+ 1)−α is infinitely differentiable for x ∈ (−1,∞), using the Maclaurin expansion of (x+1)−α around 0,
we know that there exists ξ ∈ [min(0, x),max(0, x)] such that:

1

(x+ 1)α
= 1− αx+

α(α+ 1)

2

x2

(ξ + 1)α+2
(2)

It is easy to check that if ∆v

du+β ≥ 0, then 1
(1+ξ)α+2 ≤ 1. Conversely, if dv ≤ du, then 1

(ξ+1)α+2 ≤ 1
(1+ ∆v

du+β )α+2
≤

1

(1+ 1−du
du+β )α+2

≤ 1
( β+1
du+β )2+α

≤ (dmax + β)2+α = M .

Equation 1 thus becomes:

||H(K)||2 =||SZ||2 ≤ 1

(du + β)2α

∑
v∈N (u)∪{u}

Auv

(1 + ∆v

du+β )
α
||Zv||2

≤ ||Z||2,∞
(du + β)2α

∑
v∈N (u)∪{u}

Auv(1− α
∆v

du + β
+

α(α+ 1)M

2

∆2
v

(du + β)2
)

= ||Z||2,∞
(
(du + β)1−2α − α

∆̄v

(du + β)2α
+

α(α+ 1)M

2

∆2
v

(du + β)1+2α

)
where ∆̄u (respectively ∆̄2

u) are the weighted averages of the degree differences: ∆̄u =
∑

v∈N(u)∪{u} Auv∆v

du+β (respectively,

squared degree differences: ∆̄2
u =

∑
v∈N(u)∪{u} Auv∆

2
v

du+β ). In the previous equation, we have also introduced the notation
||Z||2,∞ = maxv ||Zv||2.

C PROOFS OF SECTION 4

C.1 SECTION 4: PROOF OF THE OBSERVATIONS

We begin by revisiting in greater details the observations made in section 4. To see how the two families of spatial operators
differ in the importance they attribute to topology and node feature information, consider a simple two-layer GCN such as
suggested by Kipf et al Kipf and Welling [2016]. In this setting, node embeddings can be written as: H = Sσ(SXW + b),
so that the output of the network is Y = Sσ(SXW + b)W (2) + b(2) = HW (2) + b(2). We also choose the non-linearity σ
to be the ReLU function. In this case, for the directions in which the term is positive, the embedding H (ie, the transformed
features that are being fed into the last linear layer) can be re-written as:

Hu· =

d∑
k=1

∑
v∈Ñ (u)

(SXW+b)vk≥0

(
Suv(SXW )vkW

(2)
k· + SuvbvkW

(2)
k·

)
(3)



The embedding is thus the sum of two components: a function of a (subset of) neighbouring feature vector and a term that has
the potential to encode local topology. To see why this is the case, consider a scenario where nodes in N (u) are all such that
(SXW +b)vk ≥ 0 for all k or (SXW +b)vk < 0 for all k. Denote Ã(u) = {v ∈ Ñ(u) : (SXW +b)vk ≥ 0 for all k}.
In this case, Equation 3 becomes: Hu· =

∑
v∈Ã(u)

(
Suv(SXW̃ )v·+Suv b̃v·

)
, with b̃ = bW (2) and W̃ = WW (2). Therefore,

for symmetric convolutions, the term (
∑

v∈Ã(u) Suv)b encodes information about the neighborhood (it is proportional to
the number of terms in the sum |Ã(u)|.) Conversely, for row-symmetric convolutions, this term is identically equal to b,
resulting in an embedding that is less sensitive to topology.

C.2 PROOF OF LEMMA 4.1: SYMMETRIC CONVOLUTIONS

In this subsection, we prove the results stated in lemma 4.1 for symmetric convolutions. We remind the reader of the
setting of lemma 4.1: we consider two structurally equivalent neighbourhoods (meaning that there exists a mapping ϕ that
transforms each node in the neighborhood of v into its corresponding one in the neighborhood of u — see Figure 1), but the
feature vectors are different. Mathematically, we model this situation as:

∀j ∈ N(v), Xj = Xuϕ(j) + ϵ

where ϵ is a vector with independent centered Gaussian entries with parameter σ. The purpose of this subsection is to analyze
the effect of the convolution on the relative distance between embeddings.

Lemma 4.1 is re-written here, to make this appendix self-contained:

Lemma 4.1 For symmetric convolutions, with probability at least 1− δ, with M as in 3.1, we have:

||Hu −Hu′ ||2 ≤ µ+ 2
√
2σ||W ||2,∞(du + β)1−2α ×

√
1 + 2α|∆u|+

α(2α+ 1)M

du
log(1/δ)

where µ = σ2||W ||2
(
(du + β)2−4α + 2α|∆u|+ α(2α+ 1)M ∆2

u

du

)
. Conversely, for row-symmetric embeddings:

||Hu −Hu′ ||2 ≤ µ+ 2
√
2σ||W ||2

√√√√ ∑
v∈Ñ (u)

1

(dv + β)2α
log(1/δ),

µ =
σ2||W ||2∑

v∈Ñ(u)(dv + β)−2α

1

1 + β

As previously stated, the purpose of this subsection is to analyze the effect of the convolution on the relative distance
between embeddings. Consequently, we consider a simplified one-layer setting, with no non-linearities. We argue that this
is indeed sufficient to characterize the effect of the convolution on the organization of the data, and we expect results for
deeper networks to follow by induction, and to hold by 1-Lipschitzness of the ReLU activation for ReLU non-linear GNNs.

Proof of Lemma 4.1(symmetric convolutions). Therefore, in the simplified setting, the distance between the outputs of a
GCN layer for nodes u and v can be written as:

H(k)
u −H

(k)
u′ = (SXu − SXu′)W

=
∑

v∈N (u)∪{u}

Auv

(du + β)α(dv + β)α
(Xv −Xϕ(v))W

=
∑

v∈N (u)∪{u}

Auv

(du + β)α(dv + β)α
ϵvW

(4)



Since ϵv ∼ N (0, σ2), each entry of the vector H(k)
u −H

(k)
u′ is Gaussian:

H
(k)
uj −H

(k)
u′j =

∑
v∈N (u)∪{u}

Auv

(du + β)α(dv + β)α

d∑
k=1

ϵvkWkj

∼ N (0,
σ2||W·j ||2

(du + β)2α

∑
v∈N (u)∪{u}

A2
uv

(dv + β)2α
)

The mean of ||H(k)
u −H

(k)
u′ ||2 is simply given by:

µ = E[||H(k)
u −H

(k)
u′ ||2]

=
σ2||W ||2

(du + β)2α

∑
v∈N (u)∪{u}

A2
uv

(dv + β)2α

≤ σ2||W ||2

(du + β)4α

∑
v∈N (u)∪{u}

A2
uv(1− 2α

∆v

du + β
+ α(2α+ 1)M

∆2
v

(du + β)2
)

for some constant M , using the same Taylor expansion reasoning as for Lemma 3.1. Therefore, denoting as d̃u =∑
v∈N (u) A

2
uv and ¯̃∆ =

∑
v∼N(u) A

2
uv∆v

d̃u
, ∆̃2 =

∑
v∼N(u) A

2
uv∆

2
v

d̃u
, we have:

µ ≤ σ2||W ||2

(du + β)4α

(
(d̃u + β2)− 2α∆u

d̃u
du + β

+ α(2α+ 1)M∆̃2
u

d̃u
(du + β)2

)

(i)

≤ σ2||W ||2

(du + β)4α

(
(du + β)2 + 2α|∆̃u|

du
du + β

+ α(2α+ 1)M
∆̃2

u

du + β
)

= σ2||W ||2
(
(du + β)2−4α+2α|∆̃u|(du + β)−4α + α(2α+ 1)M∆̃2

u(du + β)−1−4α
)

where line (i) follows from the fact that, assuming the edge weights are less than 1, A2
uv ≤ Auv , implying that d̃u ≤ du.

Let us now turn to the analysis of the concentration of this norm. By Gaussianity of each of its coordinate, the squared norm
||H(k)

u −H
(k)
u′ ||2 =

∑p
j=1

(∑
v∈N (u)∪{u}

Auv

(du+β)α(dv+β)α ϵv·W·j
)2

is sub-exponential.

To see this, note that since each of the p coordinate of the vector H
(k)
u − H

(k)
u′ is Gaussian with variance σ̃2

j =
σ2||W·j ||2
(du+β)2α

∑
v∈N (u)∪{u}

A2
uv

(dv+β)2α ), its square is sub-Exponential with parameter (2σ̃2
j , 4σ̃

2
j ) (Wainwright [2019]), so the

squared norm (ie the sum of the squared entries) is sub-Exponential with parameter:

(2

p∑
j=1

σ̃2
j , 4max

j
σ̃2
j ) =

(
2

σ2||W ||2

(du + β)2α

∑
v∈N (u)∪{u}

A2
uv

(dv + β)2α
, 4

σ2||W ||22,∞
(du + β)2α

∑
v∈N (u)∪{u}

A2
uv

(dv + β)2α

)
.

By property of the sub-exponential tail, we know that:

P[||H(k)
u −H

(k)
u′ ||2 − µ ≥ t] ≤ min(e−t2/(4

∑p
j=1 σ̃2

j ), e−t/(2
√
2
√∑p

j=1 σ̃2
j )) (5)

Therefore, with probability at least 1− δ, for any δ ∈ (0, 1), we must have:

||H(k)
u −H

(k)
u′ ||2

≤ µ+ 2
√
2

√√√√σ2||W ||22,∞
(du + β)2α

∑
v∈N (u)∪{u}

A2
uv

(dv + β)2α
log(1/δ)

≤ µ+ 2
√
2σ||W ||2,∞(du + β)1−2α

×

√
1 + 2α|∆u|+ α(2α+ 1)M

∆2
u

du + β
log(1/δ)



The concentration is thus a function of the node degree: the leading term is in (du + β)1−2α, and we observe again the
existence of a critical threshold at α = 0.5.

C.3 PROOF OF LEMMA 4.1: THE CASE OF ROW-NORMALIZED CONVOLUTIONS

We now turn to the proof of Lemma 4.1 for row-normalized convolutions.

Proof of Lemma 4.1(row-normalized convolutions). In the case of row-normalized convolutions, we have instead:

(SXu − SXu′)W =
∑

v∈N (u)∪{u}

suvϵvW (6)

where, as highlighted in section 3, suv is proportional to 1
(dv+β)α , but does not depend on du. In this case, following a

similar reasoning to the previous subsection:

µ = E[||H(k)
u −H

(k)
u′ ||2]

=
σ2||W ||2

Z2

∑
v∈N (u)∪{u}

s2uv with Z =
∑

v∈N (u)∪{u}

suv

≤ σ2||W ||2

Z2
max

v∈N (u)∪{u}
{suv} by Holder’s inequality

≤ σ2||W ||2

Z2
β assuming β ≥ 1 =⇒ maxv∈N (u)∪{u}{suv} ≤ β

C.4 TOY EXAMPLE 2

Conversely, u and u′ have radically different neighborhoods from a topological perspective, but have similar features:

∀j ∈ N (u) ∪N (u′), Xj = X̄u



In the symmetric case:

||(SX)u· − (SX)u′·||2

= ||
∑

v∈Ñ (u)

Auv

(du + β)α(dv + β)α
X̄

−
∑

v′∈Ñ (u′)

Au′v′

(dv′ + β)α(du′ + β)α
X̄||2

=
( ∑

v∈Ñ (u)

Auv

(du + β)α(dv + β)α

−
∑

v′∈Ñ (u′)

Au′v′

(dv′ + β)α(du′ + β)α

)2

||X̄||2

=
( ∑

v∈Ñ (u)

Auv

(du + β)2α(1 + ∆v

du+β )
α

−
∑

v′∈Ñ (u′)

Au′v′

(du′ + β)2α(1 + ∆v

du′+β )
α

)2

||X̄||2

=
(
(du + β)1−2α − α∆u

+
α(α+ 1)

2(du + β)2+2α

∑
v∈Ñ (u)

Auv(dv − du)
2

((1− tv) + tv
∆v

du+β + β)2+2α

− (du′ + β)1−2α + α∆u′

− α(α+ 1)

2(du′ + β)2+2α

∑
v′∈Ñ (u′)

Au′v′(d′v − d′u)
2

((1− tv′) + tv′
∆v′

du′+β + β)2+2α

)2

||X̄||2

where tv, tv′ ∈ [0, 1]. In this case, note that:
• When α = 0, this difference writes as: ||(SX)u· − (SX)u′·||2 = du − du′ , and is thus extremely sensitive to the

degree of the nodes,
• When α = 1, the difference can be written as:

||(SX)u· − (SX)u′·||2

=
( 1

du + β
−∆u

+
1

(du + β)4

∑
v∈Ñ (u)

Auv(dv − du)
2

((1− tv) + tv
∆v

du+β + β)4

− 1

du′ + β
+∆u′

− 1

(du′ + β)4

∑
v′∈Ñ (u′)

Au′v′(d′v − d′u)
2

((1− tv′) + tv′
∆v′

du′+β + β)4

)2

||X̄||2

In this case, the leading terms are functions of the inverse of the node degrees 1
du+β − 1

du′+β and the difference in

local homogeneity of topology ∆u −∆u′ . Consequently, the distance is still sensitive to topological properties of
the neighborhood.

• When α = 0.5: in this case, the distance writes as:

||(SX)u· − (SX)u′·||2 =
(1
2
∆u′ − 1

2
∆u +

3

8(du + β)3

∑
v∈Ñ (u)

Auv(dv − du)
2

((1− tv) + tv
∆v

du+β + β)3

− 3

8(du′ + β)3

∑
v′∈Ñ (u′)

Au′v′(dv′ − du′)2

((1− tv′) + tv′
∆v′

du′+β + β)3

)2

||X̄||2



Consequently, this distance is less directly related to the degree of the node, and relies more on the topological
traits of the neighborhood.

In the regularised case:

||(SXW1 + b1)u − (SXW1 + b1)u′ ||2 = 0 (7)

In this case, the distance is entirely driven by the features.

Results of the experiments

Figure 1: Results for our Structural Equivalents experiment

D PROOFS OF SECTION 5

To better formalize our setting, we propose considering a specific family of graphs: the degree-corrected Stochastic Block
Model Karrer and Newman [2011] on two classes of equal size n. Let each node have class Zi ∈ {1, 2}, and denote
Xi = µ(Zi) + ϵi its attributes. According to the DC-SBM model, each edge in the network is sampled according to a
Bernouilli distribution: Aij ∼ Bernouilli(θiθjωZiZj

), where θi is a popularity parameter such that, for each group g:∑n
i=1 θi1Zi=g = n, where ωij is the parameter of the model corresponding to the probability of connection between group

i and j. Note that, under this model, the expected number of edges from community (i) to (j) is simply mij = n2wij .
Therefore, picking ∀i, θi = 1 corresponds to the traditional stochastic block model. We will also assume that ∀i, θi ∈ [ 1κ , κ]
where κ > 1. In other words, the degree distribution cannot be too skewed.

The degree of each node i can thus be rewritten as:

di =

n∑
j=1,j ̸=i

Aij

E[di] =
n∑

j=1, ̸=i

θiθjωZiZj = θi[(n− θi)ω11 + nω12] = nθi[(1−
θi
n
)ω11 + ω12] = θiω̄n+ o(1).

where ω̄ = ω11 + ω12.

A trivial application of the bounded difference inequality shows that the scaled degree n−1di concentrates rapidly around its
mean (see Wainwright [2019] Chapter 2):

P[
1

n
|di − E[di]| > t] ≤ 2e−2nt2



Effect of the convolution under the DCSBM model Let us now focus on the effect of the convolution. We have:

Zi =
β

(β + di)2α
Xi +

n∑
j=1,j ̸=i

Aij

(
∑

k ̸=j,i Aki +Aij + β)α(
∑

k ̸=j,i Akj +Aij + β)α
Xj

=⇒ E[Zi] = E[
β

(β + di)2α
]E[Xi] +

n∑
j=1,j ̸=i

E
[
E[

Aij

(zi +Aij)α(zj +Aij)α

∣∣∣ ∑
k ̸=j,i

Aki + β = zi,
∑
k ̸=j,i

Aki + β = zj ]
]
E[Xj ]

(8)

Consider the term E[ Aij

(zi+Aij)α(zj+Aij)α

∣∣∣β +
∑

k ̸=j,i Aki = zi, β +
∑

k ̸=j,i Aki = zj ]. This is a binary variable, with value
1

(zi+1)α(zj+1)α with probability θiθjωZiZj
, and 0 otherwise. Therefore:

E
[ Aij

(zi +Aij)α(zj +Aij)α

∣∣∣β +
∑
k ̸=j,i

Aki = zi, β +
∑
k ̸=j,i

Aki = zj

]
=

θiθjωZiZj

(zi + 1)α(zj + 1)α

Thus the trick becomes to characterize the behaviour of the random variable Ỹ = 1
(zi+1)α(zj+1)α . Note that, by construction,

zj and zi are independent of one another. Since the function ϕ : x → x−α is continuous, by the continuous mapping
theorem, we know that ϕ(Xn) converges to ϕ(E[X]) = 1

E[limn→∞ Xn]
. Here, we have shown above that:

lim
n→∞

di
n

= θiω̄.

Therefore, assuming (without loss of generality) that Zi = 1, so that E[Xi] = µ(1):

n2αE[Zi] = E[
β

(βn + di

n )2α
]E[Xi] +

n∑
j=1,j ̸=i

E
[ θiθjωZiZj

( zin + 1
n )

α(
zj
n + 1

n )
α

]
E[Xj ]

n2αE[Zi] =
β

(ω̄θi)2α
E[Xi] +

n∑
j=1,j ̸=i

θiθjωZiZj

θαi θ
α
j ω̄

2α
µ(Zj) +O(1)

(9)

Therefore

E[Zi] =
β

n2αω̄2αθ2αi
µ(1) + n−2αθ1−α

i

ω11

ω̄2α

∑
j ̸=i,Zj=Zi

θ1−α
j µ(1) ++n−2αθ1−α

i

ω12

ω̄2α

∑
j ̸=i,Zj ̸=Zi

θ1−α
j µ(2) + o(n−2α)

=
β

n2αω̄2θ2i
µ(1) + n−2αθ1−α

i

ω11

ω̄2α
(S1 − θ1−α

i µ(1))) + n−2αθ1−α
i

ω12

ω̄2α
(S2 − θ1−α

i µ(2)) + o(n−2α)

(10)

This shows that the embedding scales as n1−2α: for α = 1, we see that the embedding will converge to 0, as is observed
empirically. Reciprocally, for α = 0, the embedding can expand. This expression is interesting as well. As we can see, the
embedding is directly proportional to θ1−α

i . Consequently, for α = 1, the leading term is independent of θi. Reciprocally,
for α = 0, the embedding is directly proportional to θi.

To see this, we provide the following example. Consider a DC-SBM graph on 300 nodes with two classes, with connectivity
parameters ω11 = ω22 = 0.1 and ω11 = ω22 = 0.005. The features here are taken to be multivariate normal with
µ(1) = 2, µ(2) = −2 and standard deviation equal to 4. We generate the θi for each group from a lognormal distribution,
with mean 0 and standard deviation 3. The histogram of the degree distribution is provided in Figure 2a, along with a plot of
the original features X ∈ Rn×2 in Figure 2b.

E[
Aij

dαi
] = E[

θiθjωZiZj

E[di] +W
] ≤

θiθjωZiZj

E[di]
(1− W

E[di]
+

W 2

E[di]2
) (11)

So as long as the fluctuations around the mean are controlled, the entire expression remains manageable.



(a) Degree distribution (b) Original node attributes.

Figure 2: Degree distribution and raw attributes in the DC-SBM serving as our example.

Figure 3: Attributes after convolution for different values of α and β = 1.



For Row-normalized convolutions:

H(1) = E[
∑
i∈G1

Aij

β +
∑

k Aik
X +

n∑
i∈G2

Aij

β +
∑

k Aik
X]

= E[(
β

(β + di)2α
+

∑
j∈G1

1

(β + di)α
1

(β + dj)α
)µ(1)

+

n∑
i∈G2

θiθjq

β + θi(
∑

j θj
µ(2)]

(12)

H(1) =
∑
i∈G1

θiθjp

θαi (m1 − θi +m2)αθαj (m1 − θj +m2)α
µ(1)

+

n∑
i∈G2

θiθjq

θαi (m1 − θi +m2)αθαj (m1 − θj +m2)α
µ(2)

= θ1−α
i

( ∑
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θ1−α
j p

(m1 − θi +m2)α(m1 − θj +m2)α
µ(1)

+

n∑
i∈G2

θ1−α
j q

(m1 − θi +m2)α(m1 − θj +m2)α
µ(2)

)
(13)

Several cases:

• When α = 0 :

H(1) = θi

( ∑
i∈G1

θjpµ
(1) +

n∑
i∈G2

θjqµ
(2)

)
H(1) = θi(m1 − θi)pµ

(1) + θim2qµ
(2)

• When α = 1 :

H(1) =
( p

(m1 +m2)2
µ(1) +

q

(m1 +m2)2
µ(1))

We also have:
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∑
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θ1−α
i θ1−α

j p

(m1 +m2)2α
(1− α

θi
m1

)(1− α
θj
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)µ(1)

+
∑
i∈G2

θ1−α
i θ1−α

j q

(m1 +m2)2α
(1− α
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θj
m1

)µ(2)

(14)

For Row-normalized convolutions:

A = θ1−α
i

[ ∑
i∈G1

θ1−α
j p

(m1 +m2)2α
(1− α(

θi
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+
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+
∑
i∈G2

θ1−α
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+
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+
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m1
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+
∑
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(m1 +m2)2α
1− α(

θi
m1

+
θj
m1

))
]

(15)



Name Node Edge Features Class Avg.
Degree

Mean
Centrality hedges hnodes

Cora 2,708 10,556 1,433 7 3.90 1.65E-03 0.81 0.83
pubMed 19,717 88,648 500 3 4.50 2.71E-04 0.80 0.79
Citeseer 3,327 9,104 3,703 6 2.74 1.02E-03 0.74 0.71

Coauthor CS 18,333 163,788 6,805 15 8.93 2.42E-04 0.81 0.83
Amazon Photos 7,650 238,162 745 8 31.13 3.82E-04 0.83 0.84

Actor 7,600 30,019 932 5 3.95 3.18E-04 0.22 0.21
Cornell 183 280 1,703 5 1.53 1.07E-04 0.31 0.21

Wisconsin 251 515 1,703 5 2.05 2.42E-04 0.20 0.13
PATTERN 108 4,884 3 2 45.22 5.45E-03 0.67 0.69
CLUSTER 117 4,104 7 6 35.08 6.07E-03 0.37 0.36

WikiCS 11,701 297,110 300 10 25.39 1.76E-04 0.69 0.64
OGBN-arxiv 169,343 1,166,243 128 40 6.89 0.66

Table 2. Statistics for datasets used for experiments. Node and edge homophily indices are calculated by the formula suggested in
[Pei et al., 2020], [Zhu et al., 2020a] respectively.
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∑
i∈G1

θ1−α
i θ1−α

j p

(m1 +m2)2α
(1− α

θi
m1

)(1− α
θj
m1

)µ(1)

+
∑
i∈G2

θ1−α
i θ1−α

j q

(m1 +m2)2α
(1− α

θi
m1

)(1− α
θj
m1

)µ(2)
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Maybe a good way of understanding things is through a sensitivity analysis.

E FURTHER RESULTS AND EXPERIMENTS

We analyzed the impact of the choice of operator across α and β using standard benchmark datasets. In particular, the node
classification task has been performed. The performance turns out to be dependent on the choice of an operator as well as
the inherent characteristics of the datasets. We use visualizations to further investigate the properties of each embedding
space in relation to the choice of operator. The code for the experiments can be found here

E.1 DATASET STATISTICS

Datasets We used twelve datasets for experiments including eight standard benchmark datasets, namely, Cora, Pubmed,
Citeseer, and Amazon Photos, Coauthor CS, and four novel benchmarks proposed by [Dwivedi et al., 2020]. These datasets
include ,in particular, synthetic graphs (PATTERN, CLUSTER) — which offer a more controlled environment to perform
experiments—, as well as social/academic networks such as WikiCS and OGBN-arxiv. We use the processed version
provided by PyTorch Geometric[Fey and Lenssen, 2019]. Detailed statistics for the datasets used in the experiments are
shown in Table 2.

We further expand on our experimental results by considering the benchmarks proposed by .

Citation networks. Cora, Citeseer, and Pubmed are standard citation network benchmark datasets.[Yang et al., 2016] In these
networks, nodes represent scientific publications, and edges denote citation links between publications. Node features are
the bag-of-words representation of papers, and node label is the academic topic of a paper.

Coauthor In Coauthor CS[Shchur et al., 2018] network, each node represents the author of the scientific publication, and
edge shows whether any of the authors coauthored the paper. Node features are bag-of-word representations of these
documents, and node labels denote the field of study.

Amazon In Amazon Photo[Shchur et al., 2018] network, nodes represent goods and edges show whether two goods are
frequently bought together. Node features are bag-of-word representation of product reviews.

WebKB. WebKBCra is a webpage dataset collected from computer science departments of various universities by Carnegie

https://github.com/sowonjeong/gnn-geometry-uai


Dataset Batch
Normalized

Num of
training

nodes

Learning
rate Epoch Num of

exp
Training
time(sec)

Dim of
hidden
layers

Num of
GCN
layers

Cora X 140 0.02 200 50 9.58 32 2
pubMed X 140 0.001 500 30 100.49 32 2
Citeseer X 1694 0.05 500 30 31.73 32 2

Coauthor CS X 9194 0.05 200 30 150.68 32 2
Amazon Photos X 3844 0.05 200 30 88.04 32 2

Actor X 3804 0.02 200 30 13.02 32 2
Cornell X 87 0.01 500 30 2.95 32 2

Wisconsin X 126 0.001 500 30 3.52 32 2
O 42 0.01 300 10 5.39 32 2PATTERN X 42 0.01 200 30 1.38 32 2
O 47 0.005 500 10 8.07 32 2CLUSTER X 47 0.005 500 30 4.36 32 2
O 5851 0.001 300 5 916.48 120 2WikiCS X 5851 0.1 200 30 124.96 32 2

OGBN-arxiv X 16124 0.005 500 5 7496.92 64 2

Table 3. Hyperparameters and training details for all datasets. Training time(sec) is the training time for the first epoch applying
neither normalization nor regularization.

Mellon University. We use Cornell, and Wisconsin among them. Nodes represent web pages, and edges are hyperlinks
between them. Node features are the bag-of-words representation of web pages. The web pages are manually classified into
the five categories: student, project, course, staff, and faculty.

Cooccurrence network Actor dataset is the actor-only induced subgraph of the film-director-actor-writer network[Pei et al.,
2020]. Each node corresponds to an actor, and the edge between two nodes denotes co-occurrence on the same Wikipedia
page. Node features correspond to corresponding Wikipedia keywords.

PATTERN and CLUSTER We used the processed version provided by PyTorch Geometric[Fey and Lenssen, 2019]. In
[Dwivedi et al., 2020], the 10,000 training graphs are used to train the model for node classification task. In our experiments,
we only used the first graph from the respective datasets and randomly split the training and test nodes within the graph for
each training epoch.

WikiCS. We used the processed version provided by PyTorch Geometric[Fey and Lenssen, 2019].

OGBN-arxiv. We used dataset from Open Graph Benchmark github repository [Hu et al., 2020].

E.2 EXPERIMENT SETUP

Models We use a two-layer GCN[Kipf and Welling, 2016] model with varying families of spatial convolution operator
across the choice of α while keeping β ∈ {0, 1}. For each experiment, we randomly split the data into training and test sets
(using the default number of train and test points in Pytorch geometric). The number of training nodes used are specified in
Table 3.

The GCN model in [Dwivedi et al., 2020] uses batch normalization between GCN layers, unlike our experiments for standard
benchmark datasets(e.g. Cora, Pubmed, Citeseer). Batch normalization alters the geometry of the embedding space, which is
the main focus of this paper. Consequently, to enable the comparison between the experiments presented in this section
and these on traditional benchmark datasets in the last, we train the model with and without batch normalization. Further
training details including data split, number of experiments and learning rate are also summarized in Table 3.

Hardware and Software Specifications. Our models are implemented with Python 3.8.8, PyTorch Geometric 2.0.5 [Fey and
Lenssen, 2019], and PyTorch 1.10.0 [Paszke et al., 2019]. We conduct experiments on a computer equipped with 2.3 GHz
Quad-Core Intel Core i7 processor and Intel Iris Plus Graphics 1536 MB.

https://github.com/snap-stanford/ogb


(a) Amazon Photos (he = 0.83) (b) Cornell (he = 0.30) (c) Wisconsin (he = 0.21)

Figure 4. Effect of α on the performance of the algorithm for our family of convolutions defined in Eq.2 and Eq.3 (30 independent
experiments, with random training and test set). Here, he denotes the edge homophily in the dataset (defined as the fraction of
edges whose vertices share the same label) Note the strong dependency of the results on α. See Appendix E for further details
and results.

E.3 EXPERIMENT RESULTS

In this section, we highlight the results of our experiments on the various datasets aforementioned. Additional plots are
provided in the folder of supplementary materials associated with this paper.

E.3.1 Node Classification

First, we want to investigate the impact of the choice of operators on the node classification task. We observe that the
performance of the node classification task varies by choice of α. We fix β = 1 — in other words, we add self-loops,
consistently with the standard GCN architecture. In general, we observe that performance are highly dependent on the
choice of α especially for the symmetrized operator, but the performance of node classification task of row-normalized
operator is relatively robust to the choice of α

Analysis For standard homophilic datasets such as Citeseer(Figure 5), clustering of each node class has become less
identifiable for a symmetric operator when α increases. On the other hand, the node class has been well separated across the
alpha for the row-normalized operator– the row-normalized operator is robust to the choice of α when it comes to node
classification performance. Conversely, for the datasets with low homophily shown in Table 3, such as Wisconsin(Figure 6),
the separation of the node label does not change much depending on the choice of α or the choice of operator. The visual
inspections on the embedding space transformed by PCA and UMAP are in line with the numerical result of test accuracy,
Figure 7.

Consistently with the results for standard benchmark sets, we observe that the performance of the model also depends
on the choice of α for PATTERN, CLUSTER, WikiCS, andOGBN-arxiv(see Table-1). Without batch normalization, the
row-normalized convolution are quite stable (the variation in α only induces gains in accuracy of 8% for Cluster, and 3%
for WikiCS). By contrast, the tuning of α has a more dramatic effect on the performance, yielding increases of up to 81%
and 17% for these two datasets. Not only the performance differs by the choice of α, the resulting embedding space is also
affected. As in Figure 12, Figure 13 shows the analogous arrangement of embedded nodes by their node degree. Particularly,
the high degree nodes are concentrated to the origin as α increases, and the lower degree nodes are located at the margin of
the embedding space for both symmetric and row-normalized operators. Overall, these experiments confirm the phenomena
observed in the previous section.

E.3.2 Degree

In this subsection, we propose to investigate how basic topological characteristics (more specifically, here, the node degree)
drive the organization of the embedding space. Consequently, to complement the analysis performed in the main text, we
conduct visual inspection on the embedding plots of our benchmark datasets colored by node degree.

Figures 11 and 12 show the embedding spaces transformed by PCA, and the size and color of points denote the node degree.
It is noted that the high degree nodes are marginalized when α close to 0, and lower degree nodes tend to be located at the
origin. As α gets closer to 1, this pattern seems to be reverted— the higher degree nodes are located at the origin and the



(a) Citeseer, symmetrized, PCA, colored by node label

(b) Citeseer, symmetrized, UMAP, colored by node label

(c) Citeseer, row-normalized, PCA, colored by node label

(d) Citeseer, row-normalized, UMAP, colored by node label

Figure 5. Citeseer. The plots are colored by node labels(product categories). Embedding spaces generated by symmetric operator,
(a), (b), as α increases the level of distinction between the cluster of different node labels decreases. Embedding space generated
by row-normalized operator seems to be robust to the choice of α– it gives relatively constant level of clustering regardless of α.



(a) Wisconsin, symmetrized, PCA, colored by node label

(b) Wisconsin, symmetrized, UMAP, colored by node label

(c) Wisconsin, row-normalized, PCA, colored by node label

(d) Wisconsin, row-normalized, UMAP, colored by node label

Figure 6. Wisconsin.The plots are colored by node label(categories for the webpage). Unlike the graph in Figure 8, it is hard to
detect the change in the level of clustering or separation of each node class as α varies. PCA transformed embedding plot for
row-normalized operator (c) even shows that the clustering of node label improves as α gets closer to 1.



(a) Citeseer (b) Wisconsin

Figure 7: Test accuracy for node classification task on two datasets: Citeseer and Wisconsin.

(a) PATTERN without Batch Normalization (b) PATTERN with Batch Normalization

Figure 8. Test accuracy for node classification task. Only the first graph of PATTERN dataset is used, and the nodes within the
graph are randomly split into training and test data per each training epoch.

(a) CLUSTER without Batch Normalization (b) CLUSTER with Batch Normalization

Figure 9. Test accuracy for node classification task. Only the first graph of CLUSTER dataset is used, and the nodes within the
graph are randomly split into training and test data per each training epoch.



(a) WikiCS without Batch Normalization (b) WikiCS with Batch Normalization

Figure 10: Test accuracy for node classification task on WikiCS

lower degree nodes are pushed out to be at the periphery.

E.3.3 Distance to the Original Space

In this subsection, we investigate the link between the relative distances between embedding points, and that of the original
data.

Distance Calculation The original dataset provides two separate views of the data, for which we can define two separate
notions of distance: (1) a distance based on the graph structure (e.g the adjacency matrix), and (2) a distance based on the
node features. For the distance in the graph, we choose to consider a distance in the graph space based on the diffusion
distance [Coifman and Lafon, 2006] using Gaussian kernel with ϵ = 0.5.

K(u, v) = exp
(
−

dshortest path(node u, node v)2α
ϵ

)
The shortest path distance is computed by build-in function in [Hagberg et al., 2008]. Distance in the feature space is
measured by the pairwise euclidean distance of node features space. Finally, the distance in the embedding space is all based
on the pairwise ℓ2 Euclidean distance.

Correlation Analysis It is a natural question to ask how embedding space closely resembles the original graph space or the
feature space. The notion of closeness can be defined in several ways, but in this experiment, we first see the correlation
between the distance in the original space and in the embedding space. We will use Spearman’s rank correlation, which
measures the monotonic relationship between the two.

Higher correlation could be interpreted as the amount of information that is retained in the embedding space regarding
graph structure or node features. From Figure 14, both dataset show decreasing correlation as alpha increases; however, the
correlation itself is actually close to 0(< 0.05). It is be reasonable to suspect no information regarding graph structure has
been preserved in the embedding space, so we will come back to this question in E.3.4

Figure 15 shows the trend in consonance with the test accuracy for the node classification task, Figure 7. That is, for
row-normalized operator the amount of node feature information is relatively constant for both standard homophilic dataset
and heterophilic dataset such as Wisconsin. On the other hand, when it comes to the symmetrized operator, for Cora
dataset, the correlation between the embedding spaces and the original feature space drops from 0.15(when α ≈ 0.6), to
0.005(when α ≈ 1). For Wisconsin dataset, the correlation still increases for the symmetrized operator, but the absolute
value of correlation for the symmetrized operator is lower than that of the row-normalized operator.

Gromov-Wasserstein Distance To this extent, we use Gromov-Wasserstein distance[Mémoli, 2011] which allows to measure
the distance between two probability spaces of different dimensions, by comparing the within distance of probability spaces.
By estimating Gromov-Wasserstein distance we can evaluate how close our embedding space is to the original space upon
the choice of operators.



(a) Coauthor CS, symmetrized, colored by degree

(b) Coauthor CS, row-normalized, colored by degree

Figure 11. Coauthor CS. The point size and color denote the node degree. For both symmetrized and row-normalized operator,
high degree nodes are located farther from the origin when α ≈ 0. As α increases, high degree nodes are concentrated on the
origin, and low degree nodes are spread out instead.

Based on the within distance calculated as described earlier, Gromov-wasserstein distance is calculated using python imple-
mented ot.gromov.gromov.wasserstein function in ot package.[Flamary et al., 2021] https://pythonot.github.io.
The detailed values from computations are shown in Figure 16 and Figure 17.

Analysis For the distance, we need to interpret in the opposite way we comprehend the correlation from earlier subsection.
The lower the distance, the more the information regarding graph structure of feature has preserved in the embedding
spaces. First, Cora shows the opposite pattern of distance with graph space and feature space. It can be viewed as for Cora,
feature information has maximally preserved when α ≈ 0.5 for both symmetrized and row-normalized operator, while the
information regarding graph structure has minimally estimated. When α ≈ 0 or α ≈ 1, the distance to the graph space is
close to 0, while the distance to the feature space is close to the highest value.

On the contrary, Wisconsin seems to have similar pattern of distance for both graph and feature spaces. Embedding space
recovered by the symmetrized operator, the information for both graph structure and node features are minimally retained
when α ≈ 0.5. With the row-normalized operator, the distances to the original spaces increase as α increases.

E.3.4 Curvature

In this section, the embedding space is compared to the original space with regard to the geometry of the original space. We
first narrow down the notion of geometry to a graph curvature. Graph curvature could explain the structural properties of
the data that cannot be fully captured by the node degree. One might reasonably wonder how this structural information or
geometry of the graph could be preserved from original space to the embedding space. We use augmented Forman curvature
for the graph defined in [Di Giovanni et al., 2022].

To calculate the graph curvature on the embedding space, we have to reconstruct the graph on the embedding space. First,
based on the euclidean distance of each node in the embedding space, we connect the same number of edges as the original
graph. With this "reconstructed graph" on the embedding space, we calculate the graph curvature. Finally, we compare how
much curvature has been preserved upon varying operators by Spearman’s rank correlation.

https://pythonot.github.io/quickstart.html


(a) Amazon Photo, symmetrized, colored by degree

(b) Amazon Photo, row-normalized, colored by degree

Figure 12. Amazon Photo. The point size and color denote the node degree. Amazon Photo networks have a few nodes with
extremely high degree(> 500). Even for such nodes, as α increases the effect of high degree vanishes and all points are clustered
near the origin.

Cora Pubmed Citeseer Coauthor
CS

Amazon
Photo Actor Cornell Wisconsin

Mean -9.6178 -18.9898 -3.2427 -14.4801 -99.8552 -8.2625 -41.9855 -46.2206
SD 16.0352 15.9152 8.5414 11.7537 110.3011 21.2629 43.2669 52.3953

Table 4: Mean and Standard deviation of augmented forman curvature[Di Giovanni et al., 2022] for 8 Datasets



(a) WikiCS, symmetrized, colored by degree, without Batch Normalization

(b) WikiCS, row-normalized, colored by degree, without Batch Normalization

(c) WikiCS, symmetrized, colored by degree, with Batch Normalization

(d) WikiCS, row-normalized, colored by degree, with Batch Normalization

Figure 13. WikiCS. The point size and color denote the node degree. As we have observed from the experiment with Cora or
Citeseer, with and without Batch Normalization, as α gets close to 1, the high degree nodes are concentrated near the origin and
the low degree nodes are spread out in the embedding space.



(a) Cora (b) Wisconsin

Figure 14. Spearman’s correlation between the pairwise distances in the graph space and pairwise distance in the embedding
space.

(a) Cora (b) Wisconsin

Figure 15. Spearman’s correlation between the pairwise distances in the feature space and pairwise distance in the embedding
space

(a) Cora (b) Wisconsin

Figure 16. Gromov-Wasserstein distance between the graph space and embedding space. For both datasets, when α is close to 0
or 1, the distance between two spaces is small for symmetrized operator.



(a) Cora (b) Wisconsin

Figure 17. Gromov-Wasserstein distance between the feature space and embedding space. Note that the distance variation across
α is very similar to the accuracy of node classification task along α on Figure 7

Figure 18 shows (a) Cora and (b) Amazon Photos, standard datasets with high homophily as shown in Table 3, Spearman’s
correlation between the original curvature and embedding curvature are relatively constant around 0.3 with row-normalized
operator. On the other hand, symmetrized operator has stronger positive correlation when α ≈ 1. For the dataset with low
homophily, denoted as heterophilic graph dataset, such as (c) Cornell or (d) Wisconsin, not only the absolute value of the
Spearman’s correlation is much lower than that of results from homophilic dataset, but also there is a decreasing trend across
the α for both symmetrized and row-normalized operator.

Based on these observations, the geometry in terms of curvature seems to be better preserved when α ≈ 1 for the dataset
with high homophily. When the graph is of low homophily, symmetrized operator works slightly better preserving the
curvature, but the absolute value of the correlation itself is fairly low compared with the result of high homophily dataset,
such as Figure 18 (a) or (b).

E.4 NODE HOMOPHILY

In this section, we focus on the effect of β on the prediction performance. Graph Neural Network implicitly assumes
that the neighboring node will share similar properties.McPherson et al. [2001] To overcome this shortcoming, there are
several attemptsZhu et al. [2020a], Pei et al. [2020],Jin et al. [2021] to improve the performance on the dataset with low
node homophily. From our experiments, we showed that by simply adjusting the β, we could gain comparable empirical
performance on low-homophilic graphs, without employing any architectural adjustment.

Analysis We have used both the synthetic dataset(Synthetic-Cora) provided by Zhu et al. [2020a] with varying levels of
node homophily, and the actual datasets(Actor, Cornell). We observed the competitive level of node classification accuracy
both on synthetic and actual datasets compared to the model with architectural adjustment.

For synthetic-Cora, we observed that both for symmetric and row-normalized operators, the node prediction accuracy
increases as β increases. However, the performance sharply drops if we increase β too much (β = 50).

For Actor data, we observed that the prediction accuracy using both symmetric and row-normalized operators monotonically
increases as β increases. Compared to the literature, 35.86%(H2GCN), 31.63%(Geom-GCN), our experiments showed
reasonable performance up to 36.3% for the symmetric and 36.3% for the row-normalized operator.

For Cornell data, we observed that the prediction accuracy using both symmetric and row-normalized operators monotoni-
cally increases as β increases. Compared to the literature, 82.16%(H2GCN), 60.81%(Geom-GCN), 69.77%(UGCN), our
experiments showed reasonable performance up to 69.2% for the symmetric operator and 70.6% for the row-normalized
operator.
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(a) Cora (b) Citeseer

(c) Cornell (d) Wisconsin

Figure 18: Spearman’s correlation between the original and embedding curvature.



(a) Cora, symmetrized, colored by embedding curvature

(b) Cora, row-normalized, colored by embedding curvature

Figure 19: Cora. The points are colored by embedding curvature and the size is proportional to the original curvature.

(a) Wisconsin, symmetrized, colored by embedding curvature

(b) Wisconsin, row-normalized, colored by embedding curvature

Figure 20: Wisconsin. The points are colored by embedding curvature and the size is proportional to the original curvature.



(a) synthetic Cora, symmetric, α = 0.5 (b) synthetic Cora, row-normalized α = 0.5

(c) synthetic Cora, row-normalized α = 1.0 (d) synthetic Cora, row-normalized α = 1.0

Figure 21. Synthetic Cora dataset provided in Zhu et al. [2020b]. Node homphily index ranges from 0.1 to 1.0. α value is fixed to
see the effect of varying β. Node classification accuracy is given across the different level of β.

(a) Actor (b) Cornell

Figure 22. Experiments on actual datasets with low node homophily. Node classification accuracy is given across the different
levels of β and fixed α = 0.5.
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