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Before presenting the proof of the propositions, we need the following definition on Tensor Connect Product (TCP), which
computes the tensor core merging.

Definition 1 (Tensor Connect Product (TCP) [Wang et al., 2017])). Let Z;, € R *lex7kt1 k=1 ... N be N 3-order
tensors. The tensor connect product (TCP) between Zj, and Zj. 1 is defined as,

ZHERD —fold (L (21) X R (Zr41))
where fold(X) denotes the operation of reshaping the unfolding matrix X back to tensor X and
L(X) = (X(3)" € RO en

R(X) = X3y € Rm*Urresn)

First, we consider the computation of the Gram matrix using only two core tensors. According to the tensor core merging of
two core tensors Zj, and Zj 1, we establish the following lamma.

k+1)

Lemma 1. Let Z;, € R™>*/xXTk+1 =1 ... N, be 3-rd order tensors. The Gram matrix on[2] can be computed as

Gzhrtn = ka] k), ngkJrl) = (I)(Qka'-i-l) (1)

where Qi (:,i X rey1 +4) = Vec{(Zk( ,51)) Zi(sy 5, §) T}, with vec{.} denoting the vectorization operation, and ®(X) is
a reshape operation by which X € R™ xn? g first divided into m x n blocks {X”} 2, € R™*", then reshaped as

(X) = [vec{X]}} vec{X3} ... vec{sz}}T
1 PROOF OF LEMMA 1

Proof. From TCP in Deﬁnition we can express the fiber-wise relation between mode-2 fibers of Zj, Zx41 and Z (kk+1)

as
Tk+1

Z<k k+1 2 7.] sz-i-l m, a.] ®Z/€( )5 (2)

with ¢ € [1,74],7 € [1,7k+2] and ® denotes the kronecker product. Then, the (4, j)-th entry of the Gram matrix of Zg]’kﬂ)

can be computed as

T
o k+1),T rp (K kb 1
2™ 2, = (E ) 2 0n). G)
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where p; = [i/rg+1],¢; = mod (i — 1,7,41) + 1. Substituting (2) in (3) and using the property

(A®B)(C®D)=(AC)® (BD), (4)
we have that
k,k+1 kk+1
o I ALY )

where
vy = vec{ Z;(pi, -, :)TZk(pj, 50}
Vo = VGC{Z’]€+1(:7 0 qi)Zk+1(Z, b Qj)T} .
k+1)

Therefore, by defining Qy,(:,7 X 741 + 7) = vec{(Zr(:,:,4)) Z(:,:, 5)T }, the Gram matrix of Zg] can be computed
as

Gzenin = Zﬁ’kﬂ)’TZEkij) = ®(Qr Q1) (6)

where ®(X) is a reshape operation by which X € R™**n* s first divided into m x n blocks {Xi; }l 11 € R™*", then
reshaped as

(X) = [vec{XT];} vec{X%} ... vec{Xﬁn}]T

2 PROOF OF PROPOSITION 1

Following (1) in the proof of Lemma 1, for Z=¢ € R *IIi=1 TxX7e+1 which is a subchain obtained by merging c cores
{21 }%_,. according to TCP, we can express the fiber-wise relation between mode-2 fibers of Z, and Z<¢~! as

25,5, §) = Zz m,,§) ® 257 (i,5,m) . )

With the above recursion equation we have

Z=(i,1, 4)

Te Te—1 8
= Ze(m, 1)) ® <Z Zeo1(m,:, ) (Z Z5(m,:,j) ® Z1(i,: ))) ®
m=1 m=1

Again, using the property in (@), we can obtain that
{Zéf’Tzéﬂ =vIQl...Q" \v,, 9)
where
vi = vec{Z1(pi, 1) Z1(pj, s, 0)}
vo = vec{ Z.(5, 5, 4i) Ze (s, 1, q5) T}
Qi (s, 0 X Thg1 +J) = vee{(Zx(:,5,7)) 21y 0) k=2, = 1
pi = [i/rer1],qs = mod (i —1,7eq1) +1

Then, the Gram matrix of Zé]c can be computed as

<e,T
Gz = 2525 = <kH Qk> , (10)
=1

where Qp,(:, i X 141 + ) = vec{(Zx(:,:,4)) Zr(:,:,5)T ) for k > 1 and
Vec{(Zl(:7 ) ))Zl(v 7.7) },CiS even

Qi(:,ixro+74)= {vec{(&(% AL :,z) }, cis odd
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