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A PROOFS

Al PROPOSITION

Proof. We begin by observing that we can write WJ" as

-1
W= (m XX+ ST IXIXo) (mTIXTX). (A)
m
We apply the strong law of large numbers to obtain that
mIX/ X, 2% Cov(X,) and n X! X, 25 Cov(X,).

Due to the fact that lim % = ¢ for some ¢ > 0, we conclude
m— 00

a.s.

W 25 W = (Cov(X,) 4 ¢- Cov(X,)) " Cov(X,).

We observe that

I— W) = (Cov(X,) +c-Cov(X,)) ' ¢ Cov(Xy).
Since both covariance matrices are positive definite, so is Cov(X;) 4 ¢ - Cov(X,). We conclude that the smallest singular

value of I — W, is strictly greater than 0. This means

[Elagy_ ] -l = 1@, - W) Al > Al

for some fixed constant ¢ > 0. We obtain therefore

0< lim [[E[a%, | —of[; < lim MSE (&%)

m—r o0

where we invoked Jensen’s inequality. We see that W, is constant and bounded. We note that almost sure convergence
implies convergence in probability. We can thus apply Lemma [B.T] which yields the desired result

0< lim MSE (&%) < lim MSE (a4 ).

m— o0 m—00
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A.2 PROPOSITION 4.2

Proposition 4.2. Let lim,, .o ™) = 0. Then, it holds that

m

lim MSE (&) = 0.

m— o0
Proof. Similar to the proof of Proposition[4.1] we employ the formulation of (A) and consider the term
21X X,
m

We see that lim % = 0 and by the strong law of large numbers, n 1 X[ X, 2%, Cov(X,). Hence, we obtain that
m—roo

n _ .S.
—-n X)X, 55 0.
m

By the continuous mapping theorem, we conclude that

a.s.

W ——= 1,
and by Lemma|[B.2] this implies that

lim MSE (&4,,) < lim MSE(@") = 0,

m—r o0 m— 00

A.3 PROPOSITION[4.3]

Proof. We rewrite Wf’ as follows:

1

Wi = (7! (n71XIXo) 6}y + AAT 41,

1

1 - -1, _ _ -1, A A -1
(! (XIXo) o+ (XX G + AAT + )

where we insert any almost surely converging estimators for A, af,‘  and UEQ/I do(X) instead of their ground-truth values. By

almost sure convergence of linear estimators individually, we see that this holds specifically for A= al —a™. Also, we
can use the strong law of large numbers to conclude almost sure convergence of &%l  and &f,‘ do(X)*

We now show W LN I,: First, we see that

1

(em)™ (01 XIXo) 63y “50 and mt (XX 63 00y 255 0,

: 1Ty 22 —1xT ~2 —1 yani
since m™ X' X; TY |do(X) and n™ X X, Oy |x converge almost surely to constants and m ™~ vanishes. Hence,

a.s.

W 2 (AAT +,) (AAT +61,) ' =1,

Ad THEOREM

Proof. We have that I, is bounded in norm, almost surely. So we can apply Lemma to see that

lim MSE (aZ ) < lim MSE(af") = 0.

m— o0 W1 m— o0



A5 PROPOSITION

Proof. By Theorem W 4| it suffices to show that V/\\% 225 1,,. Since the other quantities Cov(&™), Cov(&aZ) for estimating

‘W7 remain unchanged compared to V/\\7T, it suffices to show that the modified computation of Am we call Afi converges

almost surely to the true A = o, — e, where @, and «, are short-hand for E;, [Y|X = x| and Eops [V |X = x], respectively.
We observe that Afi has a closed-form solution

AL = — (XX, + A L) ' X[ (3 — X,@2) (B)

= (X" X+ AeI) X XK@l — (X! X+ ML) 7' Xy, ©)

since & is again a closed-form solution to an ordinary least squares problem. Considering the first term in (C), we conclude
almost sure convergence with respect to o (it is simply the ridge regression solution on the interventional data, which is
well-known to converge almost surely for fixed A\;2). The second term satisfies

(XITXI +/\ZQIP)_1X1TXI &5 Ip and ag a.s. o,

This leads to the desired conclusion. O

B ADDITIONAL LEMMAS

Lemma B.1. Let W™ — W™ £y Oand let there exist ¢ > 0, m’ € N, such that ||[W™||y < ¢, for all m > m/, almost
surely. Then, it holds that
lim MSE (a{ym) < lim MSE (a2 ),

m—00 m—00 wm
p . e
where — denotes convergence in probability.

Proof. We derive a lower bound on MSE (&%m) by using the formulation

MSE (&%,,) =E [L{||[W" - W™}, < ¢} |la%,, — all3] +
- D)
E[L{[W" =W, > e} |la%, —al], ve>o.
We bound the second summand of (D)) from below by zero. For the first summand, we use reverse triangle inequality, which
yields

E[L{IW" = W™l < e} la,, —all3] = E[1{IW" - W™, < ¢} |a%,, — % — (= &) 1]

> E[L{|IW" - W2 < e} l|am - all] 2@ [1{IIWm — Wlls < e} 162, — &8 lB] ElIGTn - i3] +
E|1{|[W™ -~ W], < e} |62, — &%m13]
> MSE(@%n)-E [1 {||vAvm — W™y > e} @ — aug] -
o[B8 [1 {0 — Wl < ) 63, ~ & 2] E 16 — ol
(E)

For any constant W, W’ € RP*P  we rewrite

E[[[(W - W)a" + (W —W)ag][3]

E [law. — awll3]

IN

2 (||W —W/|3Tr (E [a@"a" T]) + |[W — W/|3Tr (E [agas ']))

2[[W — W3

(IIE[@" 15 + Tr(Cov(a™)) + ([E[as]ll3 + Tr(Cov(ag))) |,

'We note that W™ may be random.



where we have used Young’s inequality in the first step. We see that both ||E [a™] ||3 and ||E [@?] ||3 remain bounded Vm,
while Tr (Cov (&)) and Tr (Cov (@]™)) decrease monotonically in m. Hence, we conclude that for any €’ > 0, there exists
an € > 0 such that

E [||a%, - a;;:,||ﬂ < ¢, Vm € Nand YW, W’ € RP*P st ||[W — W||5 < . F)

Since |[W™|]2 < ¢ for all m > m/, we have that ||a{%.. — a3 is also bounded by some constant ¢’ > 0, for all m > m/,
almost surely. We now fix an €’ > 0 and choose a corresponding e such that (F) holds. We then conclude from (E) that

MSE (&%, ) = E[L{|[W" - W"||, < c}|[a%,, - ali]

Y]

MSE (@) — 21/¢' E [ — o[ — P (11w =Wy > €) ¢

Y

MSE (&%) — 2ve'd — P (HvAvm — W[y > e) ¢,

for all m > m/. Thus, we conclude

lim MSE( w) > lim MSE (awn) — 2Ve'c.

m— oo m— oo

We can repeat this procedure for any €' > 0 and therefore conclude

lim MSE > lim MSE (Qwm),
(&%)

m— o0 m—00

which is the desired result. O

Lemma B.2. Let W™ — W™ 5 0 and let there exist some ¢ > 0, m’ € N, such that [[W™||2 < ¢,Ym > m/, almost
surely. Then, it holds that
lim MSE (&% ) < lim MSE(a%m).

m—r oo m—r o0

Proof. We again employ the formulation from (D)), but this time to construct an upper bound. For the first term of (D)), we
see that

E[L{|[W" =W < e} &, —all}] = E[1{IW" - W[ < c} |82, — &% + G - all}

< MSE (&%) + 2\/1E [11 {||Wm —Wm||, < e} [N ] E[||@% . — 2] +
E|1{|[W™ -~ W"||; < e} |62, — &%m13],

(&)
by triangle inequality and the Cauchy-Schwarz inequality. Since for m > m/ it holds that ||[W™||5 < ¢, almost surely, there
exists a constant ¢’ > 0 such that E [||a%. — a||3] < ¢, forall m > m’. This is true because the two estimators &;"
and & have both bounded mean squared error for any sample size m.

Analogously to the proof for Lemma we now fix an ¢ > 0 and choose a corresponding € such that (F) holds. For
m > m/, we then conclude from (G) that

E[1{IW™ = W™, < } l|az,, — al]

< MSE (&%) +2y/¢ E[[|a5.. —ali3] + ¢ (FD
< MSE (aym) +2Ved + €.

This bounds the first term of (D). For the second term of (D)), we use almost sure convergence of W™ — W™, Since W™
is bounded in the limit, almost surely, so is W. Formally, ||[W™ ||y < ¢’ ,Ym > m/ for some m’ € N, almost surely.



s i

We use this to bound Ha’v%m — |3 < ¢ for all m > m/, almost surely, for some ¢’ > 0. Now, we apply iterated

expectations to the second term of (D) to see that for all m > m/’

E[1{IW™ - W™, > e} lag,, —al] = Eg. [ﬂ{||wm—wmu2>e} Ean s |82 _a|gH

wm w"’L
< P (||Wm — W™y > e) ¢,
@
almost surely. Now, we can combine the inequalities (H) and (I) to obtain

MSE (a%) < MSE (&%) + 2Ved + ¢ + P(||Wm — W™y > e) ¢

for all m > m'. Almost sure convergence implies consistency of W™ — W™ with respect to 0, so we see that
P <||Wm - W™y > e) vanishes in the limit m — oo, for all € > 0. We can repeat this procedure for any € > 0.
This implies the desired result. O

C DETAILED DERIVATION OF OPTIMAL WEIGHTING SCHEMES
In general, we observe that

Bias(ay) =Wa+ (I-W)(a+A)—a=(I-W)A,

Cov(a4y) = WCov(a" )W + (I - W)Cov(al)(I-W) .

C.1 OPTIMAL SCALAR WEIGHT

Here, we have

a%MSE (a;'}lp)

_ %“Bias (a:&p) Hz + a%Tr (Cov (aL’fIP))

=  —2(1—w)||A|]3 + 2wTr (Cov(a™)) — 2(1 — w)Tr (Cov(arl)) 0.
By rearranging, we get

Te(Covi@ag) + Al
Tr(Cov(a™)) + Tr(Cov(a®)) + ||A||§

mo__
w, =

C.2 OPTIMAL DIAGONAL WEIGHT MATRIX

Here, we see that the objective decouples into a sum over the individual dimensions

MSE (agjlp) zp: (1 _w<’<>)2A<k>2 + w®2Covth) (Gm) + (1 —w(k)>2C0v(k’k)(ag).

k=1

Thus, we optimize for each dimension k separately and obtain

W ® Cov ™ (ag) +AM? .
Covl®R) (am) 4+ Cov PP (an) 4+ Ak 2




C.3 OPTIMAL WEIGHT MATRIX

Using %Tr(WAWT) = 2WA, since A is symmetric, we observe that

9 ~m
= 2W (Cov(a™) + Cov(ay) + AAT) —2(AAT + Cov(al))

= 0.
We see that this minimum is attained for

(Cov(al) + AAT) (Cov(a™) + Cov(ar) + AAT) .

D NON ZERO-MEAN EXOGENOUS VARIABLES

All results established here can readily be extended to settings, where any of the exogenous variables have non-zero mean,
i.e., UNx, Bip, = E[Nx], Ny, pny (see (I)-(3)) may be non-zero. In order to extend the practical estimators introduced
here, one needs to consider the following two pre-processing steps:

First, we center both treatment distributions separately, without scaling:

X, x; —n ! Z X, Viel,..,n, @)
JeEl,...,n

X, +— x;—m~ ! Z Xj, Vicn+1,..,n+m. (K)
jeENn+1,...,n+m

In this manner, both treatment variables become zero-mean.

Furthermore, we add a dummy dimension with value one to all treatment vectors:

x! + (x},1), Vi€l,..,n+m.

This naturally adds one more dimension also to ¢, which corresponds to the intercept term. We then use the constructed x;/
to compute the weight matrices proposed in this work.

Finally, we see that the intercept term must be identical for both distributions, interventional and observational:

EY | X' =x] = v EZ|X =x]+a"x + un, -
We then have in the observational setting (data points 1, ..., n) that
YEZ|X =x]=~"pun, +7"EN,B (Eny + BEN,BT) T (x — E[X'])
= ’7TIJ‘NZ + ATX/7

where E[X'] = 0 due to (J).

For the interventional data, we have independence between X’ and Z by definition and so we trivially get

'yTE[Z | X'=x] = 'yT,uNZ

here. Thus, the intercept is v | ptn, + fn, for both distributions and we fix Alr+1) =,



E SAMPLE IMBALANCE

We see that the ground truth covariance matrices of &} and & adapt to changes in the sample sizes, keeping the distributions
of all variables fixed. For instance, we see that

Cov(a}") = (X X)) 0¥ 40y = M~ (m ™ X X)) T 0¥ 4o x)-

The term (m~'X, XI)_lail do(x) is bounded in probability, for large enough m. Accordingly, this implies that
Cov(a™) 2o Thus, when keeping n fixed, we obtain W L I,, for m — oo.

On the other hand, if we keep m fixed and consider the limit n — oo instead, we observe that
W™ 2 AAT(Cov(a™) + AAT) 1.

P . PN L .
We note that we do not have W* — 0 here in general, because the bias in arg remains, independent of the sample size n.
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